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62�im`2 [m�MiBx�iBQM 7Q` T�`bBKQMBQmb �M/
BMi2`T`2i�#H2 T`2/B+iBp2 KQ/2Hb

�MQMvKQmb �mi?Q`b
S�T2` mM/2` /Qm#H2@#HBM/ `2pB2r

�#bi`�+i

6Q` `2;mH�iQ`v �M/ BMi2`T`2i�#BHBiv `2�bQMb- i?2 HQ;BbiB+ `2;`2bbBQM Bb biBHH
rB/2Hv mb2/ #v }M�M+B�H BMbiBimiBQMb iQ H2�`M i?2 `27mM/BM; T`Q#�#BHBiv Q7
� HQ�M 7`QK �TTHB+�MiǶb ?BbiQ`B+�H /�i�X hQ BKT`Qp2 T`2/B+iBQM �++m`�+v
�M/ BMi2`T`2i�#BHBiv- � T`2T`Q+2bbBM; bi2T [m�MiBxBM; #Qi? +QMiBMmQmb �M/
+�i2;Q`B+�H /�i� Bb mbm�HHv T2`7Q`K2/, +QMiBMmQmb 72�im`2b �`2 /Bb+`2iBx2/
#v �bbB;MBM; 7�+iQ` H2p2Hb iQ BMi2`p�Hb �M/- B7 MmK2`Qmb- H2p2Hb Q7 +�i2;Q`B+�H
72�im`2b �`2 ;`QmT2/X >Qr2p2`- � #2ii2` T`2/B+iBp2 �++m`�+v +�M #2 `2�+?2/
#v 2K#2//BM; i?Bb [m�MiBx�iBQM 2biBK�iBQM bi2T /B`2+iHv BMiQ i?2 T`2/B+iBp2
2biBK�iBQM bi2T Bib2H7X "v /QBM; bQ- i?2 T`2/B+iBp2 HQbb ?�b iQ #2 QTiBKBx2/
QM � ?m;2 �M/ mMi`�+i�#H2 /Bb+QMiBMmQmb [m�MiBx�iBQM b2iX hQ Qp2`+QK2
i?Bb /B{+mHiv- r2 BMi`Q/m+2 � bT2+B}+ irQ@bi2T QTiBKBx�iBQM bi`�i2;v, }`bi-
i?2 QTiBKBx�iBQM T`Q#H2K Bb `2H�t2/ #v �TT`QtBK�iBM; /Bb+QMiBMmQmb [m�M@
iBx�iBQM 7mM+iBQMb #v bKQQi? 7mM+iBQMbc b2+QM/- i?2 `2bmHiBM; `2H�t2/ QT@
iBKBx�iBQM T`Q#H2K Bb bQHp2/ pB� � T�`iB+mH�` M2m`�H M2irQ`F �M/ biQ+?�b@
iB+ ;`�/B2Mi /2b+2MiX h?2 bi`�i2;v ;Bp2b i?2M �++2bb iQ ;QQ/ +�M/B/�i2b
7Q` i?2 Q`B;BM�H QTiBKBx�iBQM T`Q#H2K �7i2` � bi`�B;?i7Q`r�`/ K�tBKmK �
TQbi2`BQ`B T`Q+2/m`2 iQ Q#i�BM +miTQBMibX h?2 ;QQ/ T2`7Q`K�M+2b Q7 i?Bb
�TT`Q�+?- r?B+? r2 +�HH ;HK/Bb+- �`2 BHHmbi`�i2/ QM bBKmH�i2/ �M/ `2�H /�i�
7`QK i?2 l*A HB#`�`v �M/ *`û/Bi �;`B+QH2 *QMbmK2` 6BM�M+2 U� K�DQ` 1m@
`QT2�M ?BbiQ`B+ TH�v2` BM i?2 +QMbmK2` +`2/Bi K�`F2iVX h?2 `2bmHib b?Qr
i?�i T`�+iBiBQM2`b }M�HHv ?�p2 �M �miQK�iB+ �HH@BM@QM2 iQQH i?�i �Mbr2`b
i?2B` `2+m``BM; M22/b Q7 [m�MiBx�iBQM 7Q` T`2/B+iBp2 i�bFbX

R JQiBp�iBQM

�b bi�i2/ #v >QbK2` C` 2i �HX UkyRjV- BM K�Mv �TTHB+�iBQM +QMi2tib U+`2/Bi b+Q`BM;- #BQ@
bi�iBbiB+b- 2i+XV- HQ;BbiB+ `2;`2bbBQM Bb rB/2Hv mb2/ 7Q` Bib bBKTHB+Biv- /2+2Mi T2`7Q`K�M+2 �M/
BMi2`T`2i�#BHBiv BM T`2/B+iBM; � #BM�`v Qmi+QK2 ;Bp2M T`2/B+iQ`b Q7 /Bz2`2Mi ivT2b U+�i2@
;Q`B+�H- +QMiBMmQmbVX >Qr2p2`- iQ �+?B2p2 ?B;?2` BMi2`T`2i�#BHBiv- +QMiBMmQmb T`2/B+iQ`b �`2
bQK2iBK2b /Bb+`2iBx2/ bQ �b iQ T`Q/m+2 � ǳb+Q`2+�`/Ǵ- BX2X � i�#H2 �bbB;MBM; � ;`�/2 iQ �M �T@
THB+�Mi BM +`2/Bi b+Q`BM; UQ` � T�iB2Mi BM #BQbi�iBbiB+b- 2i+XV /2T2M/BM; QM Bib T`2/B+iQ`b #2BM;
BM � ;Bp2M BMi2`p�HX .Bb+`2iBx�iBQM Bb �HbQ �M QTTQ`imMBiv 7Q` `2/m+BM; i?2 UTQbbB#Hv H�`;2V
KQ/2HBM; #B�b r?B+? +�M �TT2�` BM HQ;BbiB+ `2;`2bbBQM �b � `2bmHi Q7 i?2 HBM2�`Biv �bbmKTiBQM
QM i?2 +QMiBMmQmb T`2/B+iQ`b BM i?2 KQ/2HX AM/22/- i?Bb `2bi`B+iBQM +�M #2 Qp2`+QK2 #v
�TT`QtBK�iBM; i?2 i`m2 T`2/B+iBp2 K�TTBM; rBi? � bi2T 7mM+iBQM r?2`2 i?2 imMBM; Q7 i?2
bi2Tb �M/ i?2B` bBx2b �HHQrb KQ`2 ~2tB#BHBivX >Qr2p2`- i?2 `2bmHiBM; BM+`2�b2 Q7 i?2 MmK#2`
Q7 T�`�K2i2`b +�M H2�/ iQ �M BM+`2�b2 BM p�`B�M+2 UQp2`}iiBM;V �b b?QrM BM u�M; � q2##
UkyyNVX h?mb- � T`2+Bb2 imMBM; Q7 i?2 /Bb+`2iBx�iBQM T`Q+2/m`2 Bb `2[mB`2/X GBF2rBb2 r?2M
/2�HBM; rBi? +�i2;Q`B+�H 72�im`2b r?B+? i�F2 MmK2`Qmb H2p2Hb- i?2B` `2bT2+iBp2 `2;`2bbBQM +Q@
2{+B2Mib bmz2` 7`QK ?B;? p�`B�M+2X � bi`�B;?i7Q`r�`/ bQHmiBQM 7Q`K�HBx2/ #v J�D@E�ƖbF�
2i �HX UkyR8V Bb iQ K2`;2 i?2B` 7�+iQ` H2p2Hb r?B+? H2�/b iQ H2bb +Q2{+B2Mib �M/ i?2`27Q`2 H2bb
p�`B�M+2X
6`QK MQr QM- i?2 ;2M2`B+ i2`K [m�MiBx�iBQM rBHH bi�M/ 7Q` #Qi? /Bb+`2iBx�iBQM Q7 +QMiBMmQmb
72�im`2b �M/ H2p2H ;`QmTBM; Q7 +�i2;Q`B+�H QM2bX Aib �BK Bb iQ BKT`Qp2 i?2 T`2/B+iBQM �++m`�+vX
am+? � [m�MiBx�iBQM +�M #2 b22M �b � bT2+B�H +�b2 Q7 `2T`2b2Mi�iBQM H2�`MBM;- #mi bmz2`b
7`QK � ?B;?Hv +QK#BM�iQ`B�H QTiBKBx�iBQM T`Q#H2K r?�i2p2` i?2 T`2/B+iBp2 +`Bi2`BQM mb2/

R
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iQ b2H2+i i?2 #2bi [m�MiBx�iBQMX h?2 T`2b2Mi rQ`F T`QTQb2b � bi`�i2;v iQ Qp2`+QK2 i?2b2
+QK#BM�iQ`B�H Bbbm2b #v BMpQFBM; � `2H�t2/ �Hi2`M�iBp2 Q7 i?2 BMBiB�H [m�MiBx�iBQM T`Q#H2K
H2�/BM; iQ � bBKTH2` 2biBK�iBQM T`Q#H2K bBM+2 Bi +�M #2 2�bBHv QTiBKBx2/ #v � bT2+B}+ M2m`�H
M2irQ`FX h?Bb `2H�t2/ p2`bBQM b2`p2b �b � TH�mbB#H2 [m�MiBx�iBQM T`QpB/2` `2H�i2/ iQ i?2
BMBiB�H +`Bi2`BQM �7i2` � +H�bbB+�H i?`2b?QH/BM; UK�tBKmK � TQbi2`BQ`BV T`Q+2/m`2X
h?2 QmiHBM2 Q7 i?Bb rQ`F Bb i?2 7QHHQrBM;X AM i?2 M2ti b2+iBQM- r2 7Q`K�HBx2 #Qi? +QMiBMm@
Qmb �M/ +�i2;Q`B+�H [m�MiBx�iBQMX a2H2+iBM; i?2 #2bi [m�MiBx�iBQM BM � T`2/B+iBp2 b2iiBM; Bb
`27Q`KmH�i2/ �b � KQ/2H b2H2+iBQM T`Q#H2K QM � ?m;2 /Bb+`2i2 bT�+2X AM a2+iBQM j- � T�`@
iB+mH�` M2m`�H M2irQ`F �`+?Bi2+im`2 Bb mb2/ iQ QTiBKBx2 � `2H�t2/ p2`bBQM Q7 i?Bb +`Bi2`BQM
�M/ T`QTQb2 ;QQ/ [m�MiBx�iBQM +�M/B/�i2bX a2+iBQM 9 Bb /2/B+�i2/ iQ MmK2`B+�H 2tT2`BK2Mib
QM #Qi? bBKmH�i2/ �M/ `2�H /�i� 7`QK i?2 }2H/ Q7 *`2/Bi a+Q`BM;- ?B;?HB;?i2MBM; i?2 ;QQ/
`2bmHib Qz2`2/ #v i?2 mb2 Q7 i?Bb M2r K2i?Q/ rBi?Qmi �Mv ?mK�M BMi2`p2MiBQMX � }M�H
b2+iBQM +QM+Hm/2b i?2 rQ`F #v bi�iBM; �HbQ M2r +?�HH2M;2bX

k Zm�MiBx�iBQM �b � +QK#BM�iQ`B�H +?�HH2M;2

kXR Zm�MiBx�iBQM, /27BMBiBQM

:2M2`�H T`BM+BTH2 h?2 [m�MiBx�iBQM T`Q+2/m`2 +QMbBbib BM im`MBM; � d@/BK2MbBQM�H `�r
p2+iQ` Q7 +QMiBMmQmb �M/fQ` +�i2;Q`B+�H 72�im`2b x = (x1, . . . , xd) BMiQ � d@/BK2MbBQM�H +�i@
2;Q`B+�H p2+iQ` pB� � +QKTQM2Mi rBb2 K�TTBM; q = (qj)d1,

q(x) = (q1(x1), . . . , qd(xd)),

r?2`2 2�+? Q7 i?2 qj Ƕb Bb � p2+iQ` Q7 mj /mKKB2b,

qj,h(·) = 1 B7 xj 2 Cj,h, 0 Qi?2`rBb2- 1  h  mj , URV

r?2`2 mj Bb �M BMi2;2` �M/ i?2 b2ib Cj,h �`2 /2}M2/ rBi? `2bT2+i iQ 2�+? 72�im`2 ivT2 �b r2
/2b+`B#2 Dmbi #2HQrX

_�r +QMiBMmQmb 72�im`2b A7 xj Bb � +QMiBMmQmb +QKTQM2Mi Q7 x- [m�MiBx�iBQM qj ?�b iQ
T2`7Q`K � /Bb+`2iBx�iBQM Q7 xj �M/ i?2 Cj,hǶb- 1  h  mj - �`2 +QMiB;mQmb BMi2`p�Hb

Cj,h = (cj,h�1, cj,h] UkV

r?2`2 cj,1, . . . , cj,mj�1 �`2 BM+`2�bBM; MmK#2`b +�HH2/ +miTQBMib- cj,0 = �1- cj,mj = 1X
6Q` 2t�KTH2- i?2 [m�MiBx�iBQM Q7 i?2 mMBi b2;K2Mi BM i?B`/b rQmH/ #2 /2}M2/ �b mj = 3-
cj,1 = 1/3- cj,2 = 2/3 �M/ bm#b2[m2MiHv qj(0.1) = (1, 0, 0)X

_�r +�i2;Q`B+�H 72�im`2b A7 xj Bb � +�i2;Q`B+�H +QKTQM2Mi Q7 x- [m�MiBx�iBQM qj +QMbBbib
BM ;`QmTBM; H2p2Hb Q7 xj �M/ i?2 Cj,hb 7Q`K � T�`iBiBQM Q7 i?2 b2i- b�v {1, . . . , lj}- Q7 H2p2Hb Q7
xj ,

mjG

h=1

Cj,h = {1, . . . , lj}.

6Q` 2t�KTH2- i?2 ;`QmTBM; Q7 H2p2Hb 2M+Q/2/ �b ǳRǴ �M/ ǳkǴ rQmH/ vB2H/ Cj,1 = {1, 2} bm+?
i?�i qj(1) = qj(2) = (1, 0, . . . , 0)X

LQi�iBQMb 7Q` i?2 [m�MiBx�iBQM 7�KBHv AM #Qi? +QMiBMmQmb �M/ +�i2;Q`B+�H +�b2b- F22T
BM KBM/ i?�i mj Bb i?2 /BK2MbBQM Q7 qj X 6Q` MQi�iBQM�H +QMp2MB2M+2- i?2 U;HQ#�HV Q`/2` Q7
i?2 [m�MiBx�iBQM q Bb b2i �b

|q| =
dX

j=1

mj .

h?2 bT�+2 r?2`2 [m�MiBx�iBQMb q HBp2 rBHH #2 /2MQi2/ #v Q BM i?2 b2[m2HX

k
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GBi2`�im`2 `2pB2r h?2 +m``2Mi T`�+iB+2 Q7 [m�MiBx�iBQM Bb T`BQ` iQ �Mv T`2/B+iBp2 i�bF-
i?mb B;MQ`BM; Bib +QMb2[m2M+2b QM i?2 }M�H T`2/B+iBp2 �#BHBivX Ai +QMbBbib BM QTiBKBxBM; �
?2m`BbiB+ +`Bi2`BQM- Q7i2M iQi�HHv mM`2H�i2/ UmMbmT2`pBb2/ K2i?Q/bV Q` �i H2�bi 2tTHB+BiHv
UbmT2`pBb2/ K2i?Q/bV iQ T`2/B+iBQM- �M/ KQbiHv mMBp�`B�i2 U2�+? 72�im`2 Bb [m�MiBx2/ B`@
`2bT2+iBp2 Q7 Qi?2` 72�im`2bǶ p�Hm2bVX h?2 +�`/BM�HBiv Q7 i?2 [m�MiBx�iBQM bT�+2 Q +�M #2
+�H+mH�i2/ 2tTHB+Bi2Hv rX`XiX d- (mj)d1 �M/- 7Q` +�i2;Q`B+�H 72�im`2b- lj X Ai Bb ?m;2- bQ i?�i �
;`22/v �TT`Q�+? Bb BMi`�+i�#H2 �M/ bm+? ?2m`BbiB+b �`2 M22/2/X J�Mv �H;Q`Bi?Kb ?�p2 i?mb
#22M /2bB;M2/ �M/ � `2pB2r Q7 �TT`QtBK�iBp2Hv kyy /Bb+`2iBx�iBQM bi`�i2;B2b- ;�i?2`BM; #Qi?
+`Bi2`B� �M/ `2H�i2/ �H;Q`Bi?Kb- +�M #2 7QmM/ BM _�Kő`2x@:�HH2;Q 2i �HX UkyReVX 6Q` 7�+iQ`
H2p2Hb ;`QmTBM;- r2 7QmM/ MQ bm+? i�tQMQKv- #mi bQK2 /Bb+`2iBx�iBQM K2i?Q/b- 2X;X �2 BM/2@
T2M/2M+2 i2bi@#�b2/ K2i?Q/b +�M #2 M�im`�HHv 2ti2M/2/ iQ i?Bb ivT2 Q7 [m�MiBx�iBQM- r?B+?
Bb 7Q` 2t�KTH2 r?�i i?2 *>�A. �H;Q`Bi?K- T`QTQb2/ #v E�bb URN3yV �M/ �TTHB2/ iQ 2�+?
+�i2;Q`B+�H 72�im`2- `2HB2b QMX

kXk Zm�MiBx�iBQM 2K#2//2/ BM � T`2/B+iBp2 T`Q+2bb

GQ;BbiB+ `2;`2bbBQM QM [m�MiBx2/ /�i� Zm�MiBx�iBQM Bb � rB/2bT`2�/ T`2T`Q+2bbBM; bi2T
iQ T2`7Q`K � H2�`MBM; i�bF +QMbBbiBM; BM T`2/B+iBM;- b�v- � #BM�`v p�`B�#H2 y 2 {0, 1}- 7`QK �
[m�MiBx2/ T`2/B+iQ` q(x)- i?`Qm;?- b�v- � T�`�K2i`B+ +QM/BiBQM�H /Bbi`B#miBQM p✓(y|q(x)) HBF2
HQ;BbiB+ `2;`2bbBQMX *QMbB/2`BM; [m�MiBx2/ /�i� BMbi2�/ Q7 `�r /�i� ?�b � /Qm#H2 #2M2}iX
6B`bi- i?2 [m�MiBx�iBQM Q`/2` |q| �+ib �b � imMBM; T�`�K2i2` 7Q` +QMi`QHHBM; i?2 KQ/2HǶb
~2tB#BHBiv �M/ i?mb i?2 #B�bfp�`B�M+2 i`�/2@Qz Q7 i?2 2biBK�i2 Q7 i?2 T�`�K2i2` ✓ UQ` Q7 Bib
T`2/B+iBp2 �++m`�+vV 7Q` � ;Bp2M /�i�b2iX h?Bb +H�BK #2+QK2b +H2�`2` rBi? i?2 2t�KTH2 Q7
HQ;BbiB+ `2;`2bbBQM r2 7Q+mb QM- �b � biBHH p2`v TQTmH�` KQ/2H 7Q` K�Mv T`�+iBiBQM2`bX Ai Bb
+H�bbB+�HHv /2b+`B#2/ #v

HM
✓

p✓(1|q(x))
1� p✓(1|q(x))

◆
= ✓0 +

dX

j=1

✓0
j · qj(xj), UjV

r?2`2 ✓ = (✓0, (✓j)d1) 2 R|q|+1 �M/ ✓j = (✓1j , . . . , ✓
mj

j ) rBi? ✓
mj

j = 0- j = 1 . . . d- 7Q` B/2MiB@
}�#BHBiv `2�bQMbX a2+QM/- �i i?2 T`�+iBiBQM2` H2p2H- i?2 T`2pBQmb imMBM; Q7 |q| i?`Qm;? 2�+?
72�im`2Ƕb [m�MiBx�iBQM Q`/2` mj - 2bT2+B�HHv r?2M Bi Bb [mBi2 HQr- �HHQrb �M 2�bB2` BMi2`T`2@
i�iBQM Q7 i?2 KQbi BKTQ`i�Mi T`2/B+iQ` p�Hm2b BMpQHp2/ BM i?2 T`2/B+iBp2 T`Q+2bbX .2MQiBM;
i?2 /�i�b2i #v (t,v)- rBi? t = (x1, . . . ,xn) �M/ v = (y1, . . . , yn)- i?2 HQ;@HBF2HB?QQ/

`q(✓; (t,v)) =
nX

i=1

HM p✓(yi|q(xi)) U9V

T`QpB/2b � J�tBKmK GBF2HB?QQ/ 2biBK�iQ` ✓̂q Q7 ✓ 7Q` � ;Bp2M [m�MiBx�iBQM qX 6Q` i?2 `2bi
Q7 i?2 T�T2`- i?2 �TT`Q�+? Bb 2t2KTHB}2/ rBi? HQ;BbiB+ `2;`2bbBQM �b p✓ #mi Bi +�M #2 �TTHB2/
iQ �Mv Qi?2` T`2/B+iBp2 KQ/2H- �b rBHH #2 `2+�HH2/ BM i?2 +QM+Hm/BM; b2+iBQMX

Zm�MiBx�iBQM �b � KQ/2H b2H2+iBQM T`Q#H2K �b /B+mbb2/ BM i?2 T`2pBQmb b2+iBQM- �M/
2KT?�bBx2/ BM i?2 HBi2`�im`2 `2pB2r- [m�MiBx�iBQM Bb Q7i2M � T`2T`Q+2bbBM; bi2Tc ?Qr2p2`-
[m�MiBx�iBQM +�M #2 2K#2//2/ /B`2+iHv BM i?2 T`2/B+iBp2 KQ/2HX *QMiBMmQmBM; Qm` HQ;BbiB+
2t�KTH2- � bi�M/�`/ BM7Q`K�iBQM +`Bi2`B� bm+? �b i?2 "A* Ua+?r�`x URNd3VV +�M #2 mb2/ iQ
b2H2+i i?2 #2bi [m�MiBx�iBQM q,

q̂ = �`; K�t
q2Q

⇢
`q(✓̂q; (t,v))�

1

2
⌫q HM(n)

�
U8V

r?2`2 ⌫q Bb i?2 MmK#2` Q7 +QMiBMmQmb T�`�K2i2`b iQ #2 2biBK�i2/ BM i?2 ✓@T�`�K2i2` bT�+2X
LQi2 ?Qr2p2` i?�i �M 2t?�mbiBp2 b2�`+? Q7 q̂ 2 Q Bb �M BMi`�+i�#H2 i�bF /m2 iQ Bib ?B;?Hv
+QK#BM�iQ`B�H M�im`2X 6Q` 2t�KTH2- rBi? d = 10 +�i2;Q`B+�H 72�im`2b rBi? lj = 4 H2p2Hb 2�+?-
|Q| Bb ;Bp2M #v i?2 aiB`HBM; MmK#2` Q7 i?2 b2+QM/ FBM/ iQ i?2 TQr2` d- r?B+? Bb �TT`QtX
6 · 1011X �Mvr�v- i?2 QTiBKBx�iBQM U8V `2[mB`2b � M2r bT2+B}+ bi`�i2;v i?�i r2 /2b+`B#2 BM
i?2 M2ti b2+iBQMX

j
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_2K�`F QM KQ/2H B/2MiB}�#BHBiv h?2 b?B7iBM; Q7 +miTQBMib UkV �Mvr?2`2 bi`B+iHv #2@
ir22M irQ bm++2bbBp2 `�r p�Hm2b Q7 � ;Bp2M +QMiBMmQmb 72�im`2 BM/m+2 i?2 b�K2 [m�MiBx�iBQMX
h?mb- i?2 B/2MiB}�#BHBiv Q7 bm+? [m�MiBx�iBQMb Bb Q#i�BM2/ 7`QK i?2 /�i�b2i t #v }tBM; �`#B@
i`�`v +miTQBMib #2ir22M bm++2bbBp2 /�i� p�Hm2b- 72�im`2 #v 72�im`2X h?2 +QMiBMmQmb T�`i Q7
Q i?2M #2+QK2b � /Bb+`2i2 b2iX

j h?2 T`QTQb2/ M2m`�H M2irQ`F #�b2/ [m�MiBx�iBQM

jXR � `2H�t�iBQM Q7 i?2 QTiBKBx�iBQM T`Q#H2K

AM i?Bb b2+iBQM- r2 T`QTQb2 iQ `2H�t i?2 +QMbi`�BMib QM qj iQ bBKTHB7v i?2 b2�`+? Q7 q̂X AM/22/-
i?2 /2`Bp�iBp2b Q7 qj �`2 x2`Q �HKQbi 2p2`vr?2`2 �M/ +QMb2[m2MiHv � ;`�/B2Mi /2b+2Mi +�MMQi
#2 /B`2+iHv �TTHB2/ iQ }M/ �M QTiBK�H [m�MiBx�iBQMX

aKQQi? �TT`QtBK�iBQM Q7 i?2 [m�MiBx�iBQM K�TTBM; � +H�bbB+�H �TT`Q�+? Bb iQ
`2TH�+2 i?2 #BM�`v 7mM+iBQMb qj,h Ub22 1[m�iBQM URVV #v bKQQi? T�`�K2i`B+ QM2b rBi? �
bBKTH2t +QM/BiBQM- M�K2Hv rBi? ↵j = (↵j,1, . . . ,↵j,mj ),

q↵j (·) =
�
q↵j,h(·)

�mj

h=1
rBi?

mjX

h=1

q↵j,h(·) = 1 �M/ 0  q↵j,h(·)  1,

r?2`2 7mM+iBQMb q↵j,h(·)- T`QT2`Hv /2}M2/ ?2`2�7i2` 7Q` #Qi? +QMiBMmQmb �M/ +�i2;Q`B+�H
72�im`2b- `2T`2b2Mi � 7mxxv [m�MiBx�iBQM BM i?�i- ?2`2- 2�+? H2p2H h Bb r2B;?i2/ #v q↵j,h(·)
BMbi2�/ Q7 #2BM; b2H2+i2/ QM+2 �M/ 7Q` �HH �b BM URVX h?2 `2bmHiBM; 7mxxv [m�MiBx�iBQM 7Q`
�HH +QKTQM2Mib /2T2M/b QM i?2 ;HQ#�H T�`�K2i2` ↵ = (↵1, . . . ,↵d) �M/ Bb /2MQi2/ #v
q↵(·) =

�
q↵j (·)

�d
j=1

X h?Bb �TT`QtBK�iBQM Bb DmbiB}2/ #v i?2 7QHHQrBM; �`;mK2MibX 6`QK
� /2i2`KBMBbiB+ TQBMi Q7 pB2r- /2MQiBM; #v Q̃ i?2 bT�+2 Q7 q↵- r2 ?�p2 Q ⇢ eQX 6`QK � bi�@
iBbiB+�H TQBMi Q7 pB2r- mM/2` bi�M/�`/ `2;mH�`Biv +QM/BiBQMb �M/ rBi? � bmBi�#H2 2biBK�iBQM
T`Q+2/m`2 Ub22 H�i2` 7Q` i?2 T`QTQb2/ 2biBK�iBQM T`Q+2/m`2V- r2 ?�p2 +QMbBbi2M+v Q7 (q↵̂, ✓̂)
iQr�`/b (q,✓)X 6`QK �M 2KTB`B+�H TQBMi Q7 pB2r- r2 rBHH b22 BM a2+iBQM 9 �M/ BM T�`iB+mH�`
BM 6B;m`2 k- i?�i i?Bb bKQQi? �TT`QtBK�iBQM q↵ +QMp2`;2b iQr�`/b ǳ?�`/Ǵ [m�MiBx�iBQMb» qX
6Q` +QMiBMmQmb 72�im`2b- r2 b2i 7Q` ↵j,h = (↵0

j,h,↵
1
j,h) 2 R2

q↵j,h(·) =
2tT(↵0

j,h + ↵1
j,h·)Pmj

g=1 2tT(↵0
j,g + ↵1

j,g·)
r?2`2 ↵j,mj Bb b2i iQ (0, 0) 7Q` B/2MiB}�#BHBiv `2�bQMbX

6Q` +�i2;Q`B+�H 72�im`2b- r2 b2i 7Q` ↵j,h = (↵j,h(1), . . . ,↵j,h(lj)) 2 Rlj

q↵j,h(·) =
2tT (↵j,h(·))Pmj

g=1 2tT (↵j,g(·))
r?2`2 lj Bb i?2 MmK#2` Q7 H2p2Hb Q7 i?2 +�i2;Q`B+�H 72�im`2 xj X

S�`�K2i2` 2biBK�iBQM qBi? i?Bb M2r 7mxxv [m�MiBx�iBQM- i?2 HQ;BbiB+ `2;`2bbBQM 7Q` i?2
T`2/B+iBp2 i�bF Bb i?2M 2tT`2bb2/ �b

HM
✓

p✓(1|q↵(x))
1� p✓(1|q↵(x))

◆
= ✓0 +

dX

j=1

✓0
j · q↵j (xj), UeV

r?2`2 q ?�b #22M `2TH�+2/ #v q↵ 7`QK 1[m�iBQM UjVX LQi2 i?�i �b q↵ Bb � bQmM/ �TT`QtB@
K�iBQM Q7 q Ub22 �#Qp2V- i?Bb HQ;BbiB+ `2;`2bbBQM BM q↵ Bb +QMb2[m2MiHv � ;QQ/ �TT`QtBK�iBQM
Q7 i?2 HQ;BbiB+ `2;`2bbBQM BM q 7`QK 1[m�iBQM UjVX h?2 `2H2p�Mi HQ;@HBF2HB?QQ/ Bb ?2`2

`q↵(✓; (t,v)) =
nX

i=1

HM p✓(yi|q↵(xi)) UdV

»lT iQ � T2`Kmi�iBQM QM i?2 H�#2Hb h = 1 . . .mj iQ `2+Qp2` i?2 Q`/2`BM; BM Cj,h Ub22 1[X UkVVX

9
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�M/ +�M #2 mb2/ �b � i`�+i�#H2 bm#biBimi2 7Q` U9V iQ bQHp2 i?2 Q`B;BM�H QTiBKBx�iBQM T`Q#@
H2K U8V- r?2`2 MQr #Qi? ↵ �M/ ✓ ?�p2 iQ #2 2biBK�i2/- r?B+? Bb /Bb+mbb2/ BM i?2 M2ti
b2+iBQMX q2 rBb? iQ K�tBKBx2 i?2 HQ;@HBF2HB?QQ/ UeV r?B+? rQmH/ vB2H/ T�`�K2i2`b (↵̂, ✓̂)c
i?2b2 �`2 +QMbBbi2Mi B7 i?2 KQ/2H Bb r2HH@bT2+B}2/ UBX2X i?2`2 Bb � ǳi`m2Ǵ [m�MiBx�iBQM mM/2`
+H�bbB+�H `2;mH�`Biv +QM/BiBQMbVX hQ ǳTmb?Ǵ eQ 7m`i?2` BMiQ Q- r2 /2/m+2 q̂ 7`QK � K�tBKmK
� TQbi2`BQ`B T`Q+2/m`2 �TTHB2/ iQ q↵̂,

q̂j,h(xj) = 1 B7 h = �`; K�t
1h0mj

q↵̂j,h0 , 0 Qi?2`rBb2X U3V

A7 i?2`2 �`2 b2p2`�H H2p2Hb h i?�i b�iBb7v U3V- r2 bBKTHv i�F2 i?2 H2p2H i?�i +Q``2bTQM/b iQ
bK�HH2` p�Hm2b Q7 xj iQ #2 BM �++Q`/�M+2 rBi? i?2 /2}MBiBQM Q7 Cj,h BM 1[m�iBQM UkVX h?Bb
K�tBKmK � TQbi2`BQ`B T`BM+BTH2 rBHH #2 2t2KTHB}2/ BM 6B;m`2 k QM bBKmH�i2/ /�i�X

jXk � M2m`�H M2irQ`F@#�b2/ 2biBK�iBQM bi`�i2;v

L2m`�H M2irQ`F �`+?Bi2+im`2 hQ 2biBK�i2 T�`�K2i2`b ↵ �M/ ✓ BM i?2 KQ/2H UeV- �
T�`iB+mH�` M2m`�H M2irQ`F �`+?Bi2+im`2 +�M #2 mb2/X h?2 KQbi Q#pBQmb T�`i Bb i?2 QmiTmi
H�v2` i?�i Kmbi T`Q/m+2 p✓(1|q↵(x)) r?B+? Bb 2[mBp�H2Mi iQ � /2Mb2Hv +QMM2+i2/ H�v2` rBi?
� bB;KQB/ �+iBp�iBQM �(·)X
6Q` � +QMiBMmQmb 72�im`2 xj Q7 x- i?2 +QK#BM2/ mb2 Q7 mj M2m`QMb BM+Hm/BM; �{M2 i`�Mb@
7Q`K�iBQMb �M/ bQ7iK�t �+iBp�iBQM Q#pBQmbHv vB2H/b q↵j (xj)X aBKBH�`Hv- �M BMTmi +�i2;Q`B+�H
72�im`2 xj rBi? lj H2p2Hb Bb 2[mBp�H2Mi iQ lj #BM�`v BMTmi M2m`QMb UT`2b2M+2 Q` �#b2M+2 Q7 i?2
7�+iQ` H2p2HVX h?2b2 lj M2m`QMb �`2 /2Mb2Hv +QMM2+i2/ iQ mj M2m`QMb rBi?Qmi �Mv #B�b i2`K
�M/ � bQ7iK�t �+iBp�iBQMX h?2 bQ7iK�t QmiTmib �`2 M2ti �;;`2;�i2/ pB� i?2 bmKK�iBQM BM
KQ/2H UeV- b�v ⌃✓ 7Q` b?Q`i- �M/ i?2M i?2 bB;KQB/ 7mM+iBQM � ;Bp2b i?2 }M�H QmiTmiX �HH
BM �HH- i?2 T`QTQb2/ KQ/2H Bb bi`�B;?i7Q`r�`/ iQ QTiBKBx2 rBi? � bBKTH2 M2m`�H M2irQ`F- �b
b?QrM BM 6B;m`2 RX

+QMiBMmQmb p�Hm2 xj

+�i2;Q`B+�H p�Hm2 1

XXX

+�i2;Q`B+�H p�Hm2 lj

bQ7i

bQ7i

bQ7i

bQ7i

⌃✓ � QmiTmi

bQ7iK�t
H�v2`r2B;?ib

↵j

bB;KQB/
7mM+iBQM

bmK@
K�iBQM
7mM+iBQM

bQ7i QmiTmib
q↵j (xj)

6B;m`2 R, S`QTQb2/ b?�HHQr �`+?Bi2+im`2 iQ K�tBKBx2 UdVX

aiQ+?�biB+ ;`�/B2Mi /2b+2Mi �b � [m�MiBx�iBQM T`QpB/2` "v `2HvBM; QM � biQ+?�biB+
;`�/B2Mi /2b+2Mi- i?2 bKQQi?2/ HBF2HB?QQ/ UdV +�M #2 K�tBKBx2/ Qp2` (↵,✓)X h?2 `2bmHib
b?QmH/ #2 +HQb2 iQ i?2 K�tBKBx2`b Q7 i?2 Q`B;BM�H HBF2HB?QQ/ U9V B7 i?2 KQ/2H Bb r2HH@bT2+B}2/-
r?2M i?2`2 Bb � i`m2 mM/2`HvBM; [m�MiBx�iBQMX AM i?2 KBb@bT2+B}2/ KQ/2H +�b2- i?2`2 Bb MQ
bm+? ;m�`�Mi22X h?2`27Q`2- iQ #2 KQ`2 +QMb2`p�iBp2- r2 2p�Hm�i2 �i 2�+? i`�BMBM; 2TQ+?
(t) i?2 [m�MiBx�iBQM q̂(t) `2bmHiBM; 7`QK i?2 K�tBKmK � TQbi2`BQ`B T`Q+2/m`2 2tTHB+Bi2/
BM 1[m�iBQM U3V- i?2M +H�bbB+�Hv 2biBK�i2 i?2 HQ;BbiB+ `2;`2bbBQM T�`�K2i2` pB� K�tBKmK
HBF2HB?QQ/- �b /QM2 BM 1[m�iBQM U9V,

✓(t) = �`; KBM
✓

`q(t)(✓; (t,v))

�M/ i?2 `2bmHiBM; "A*(t) �b BM U8VX A7 T Bb � ;Bp2M K�tBKmK MmK#2` Q7 Bi2`�iBQMb Q7 i?2
biQ+?�biB+ ;`�/B2Mi /2b+2Mi �H;Q`Bi?K- i?2 [m�MiBx�iBQM `2i�BM2/ �i i?2 2M/ Bb i?2M /2i2`@

8
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KBM2/ #v i?2 QTiBK�H 2TQ+?
t⇤ = �`; KBM

t2{1,...,T}
"A*(t).

*?QQbBM; �M �TT`QT`B�i2 MmK#2` Q7 H2p2Hb *QM+2`MBM; MQr i?2 MmK#2` Q7 BMi2`p�Hb Q`
7�+iQ` H2p2Hb m = (mj)d1- i?2v ?�p2 �HbQ iQ #2 2biBK�i2/ bBM+2 BM T`�+iB+2 i?2v �`2 mMFMQrMX
GQQTBM; Qp2` �HH +�M/B/�i2b m Bb BMi`�+i�#H2X "mi BM T`�+iB+2- #v `2HvBM; QM i?2 K�tBKmK �
TQbi2`BQ`B T`Q+2/m`2 /2p2HQT2/ BM 1[m�iBQM U3V- r2 KB;?i /`QT � HQi Q7 mMb22M 7�+iQ` H2p2Hb-
2X;X B7 q↵j,h(xi,j) ⌧ 1 7Q` �HH i`�BMBM; Q#b2`p�iBQMb xi,j - i?2 H2p2H h ǳp�MBb?2bǴ- BX2X q̂j,h = 0X
AM T`�+iB+2- r2 `2+QKK2M/ iQ bi�`i rBi? � mb2`@+?Qb2M m = mK�t �M/ r2 rBHH b22 BM i?2
2tT2`BK2Mib Q7 a2+iBQM 9 i?�i i?2 T`QTQb2/ �TT`Q�+? Bb �#H2 iQ 2tTHQ`2 bK�HH p�Hm2b Q7 m
�M/ iQ b2H2+i � p�Hm2 m̂ /`�biB+�HHv bK�HH2` i?�M mK�tX h?Bb T?2MQK2MQM- r?B+? `2/m+2b
i?2 +QKTmi�iBQM�H #m`/2M Q7 i?2 [m�MiBx�iBQM i�bF- Bb �HbQ BHHmbi`�i2/ BM i?2 M2ti b2+iBQMX

9 LmK2`B+�H 2tT2`BK2Mib

h?Bb b2+iBQM Bb /BpB/2/ BMiQ i?`22 +QKTH2K2Mi�`v T�`ib iQ �bb2bb i?2 p�HB/Biv Q7 Qm` T`QTQb�H-
i?�i r2 +�HH ?2`2�7i2` ;HK/Bb+X 6B`bi- bBKmH�i2/ /�i� �`2 mb2/ iQ 2p�Hm�i2 Bib �#BHBiv iQ
`2+Qp2` i?2 i`m2 /�i� ;2M2`�iBM; K2+?�MBbKX a2+QM/- i?2 T`2/B+iBp2 [m�HBiv Q7 i?2 M2r
H2�`M2/ `2T`2b2Mi�iBQM �TT`Q�+? Bb BHHmbi`�i2/ QM b2p2`�H +H�bbB+�H #2M+?K�`F /�i�b2ib 7`QK
i?2 l*A HB#`�`vX h?B`/- r2 mb2 Bi QM *`2/Bi a+Q`BM; /�i�b2ib T`QpB/2/ #v *`2/Bi �;`B+QH2
*QMbmK2` 6BM�M+2- � K�DQ` 1m`QT2�M +QKT�Mv BM i?2 +QMbmK2` +`2/Bi K�`F2iX h?2 Svi?QM
MQi2#QQFb Q7 �HH 2tT2`BK2Mib- 2t+Hm/BM; i?2 +QM}/2MiB�H `2�H /�i�- +�M #2 7QmM/ QM i?2 }`bi
�mi?Q`Ƕb r2#bBi2X

9XR aBKmH�i2/ /�i�, 2KTB`B+�H +QMbBbi2M+v �M/ `Q#mbiM2bb

q2 7Q+mb ?2`2 QM /Bb+`2iBx�iBQM Q7 +QMiBMmQmb 72�im`2b UbBKBH�` 2tT2`BK2Mib +QmH/ #2 +QM@
/m+i2/ QM +�i2;Q`B+�H QM2bVX hrQ +QMiBMmQmb 72�im`2b x1 �M/ x2 �`2 b�KTH2/ 7`QK i?2
mMB7Q`K /Bbi`B#miBQM QM [0, 1] �M/ /Bb+`2iBx2/ #v mbBM;

q1(·) = q2(·) = (1]�1,1/3](·),1]1/3,2/3](·),1]2/3,1](·)).

>2`2- 7QHHQrBM; UkV- r2 ?�p2 d = 2 �M/ m1 = m2 = 3 �M/ i?2 +miTQBMib �`2 cj,1 = 1/3 �M/
cj,2 = 2/3 7Q` j = 1, 2X a2iiBM; ✓ = (0,�2, 2, 0,�2, 2, 0)- i?2 i�`;2i 72�im`2 y Bb i?2M b�KTH2/
7`QK p✓(·|q(x)) pB� i?2 HQ;BbiB+ KQ/2H UjVX
6`QK i?2 ;HK/Bb+ �H;Q`Bi?K- r2 bim/B2/ i?`22 +�b2b,

U�V 6B`bi- i?2 [m�HBiv Q7 i?2 +miQz 2biBK�iQ` ĉj,2 Q7 cj,2 = 2/3 Bb �bb2bb2/ r?2M i?2 bi�`iBM;
K�tBKmK MmK#2` Q7 BMi2`p�Hb T2` /Bb+`2iBx2/ +QMiBMmQmb 72�im`2 Bb b2i iQ Bib i`m2 p�Hm2
m1 = m2 = 3c

U#V a2+QM/- r2 2biBK�i2/ i?2 MmK#2` Q7 BMi2`p�Hb m̂1 Q7 m1 = 3 r?2M i?2 bi�`iBM; K�tBKmK
MmK#2` Q7 BMi2`p�Hb T2` /Bb+`2iBx2/ +QMiBMmQmb 72�im`2 Bb b2i iQ mK�t = 10c

U+V G�bi- r2 �//2/ � i?B`/ 72�im`2 x3 �HbQ /`�rM mMB7Q`KHv QM [0, 1] #mi mM+Q``2H�i2/ iQ y
�M/ 2biBK�i2/ i?2 MmK#2` m̂3 Q7 /Bb+`2iBx�iBQM BMi2`p�Hb b2H2+i2/ 7Q` x3X h?2 `2�bQM Bb
i?�i � MQM@T`2/B+iBp2 72�im`2 r?B+? Bb /Bb+`2iBx2/ Q` ;`QmT2/ BMiQ � bBM;H2 p�Hm2 Bb /2
7�+iQ 2t+Hm/2/ 7`QK i?2 KQ/2H- �M/ i?Bb Bb � TQbBiBp2 bB/2 2z2+iX

6`QK � bi�iBbiB+�H TQBMi Q7 pB2r- 2tT2`BK2Mi U�V �bb2bb2b i?2 2KTB`B+�H +QMbBbi2M+v Q7 i?2
2biBK�iBQM Q7 Cj,h- r?2`2�b 2tT2`BK2Mib U#V �M/ U+V 7Q+mb QM i?2 +QMbBbi2M+v Q7 i?2 2biBK�@
iBQM Q7 mj X h?2 `2bmHib �`2 bmKK�`Bx2/ BM h�#H2 R r?2`2 N8W +QM}/2M+2 BMi2`p�Hb U*AV �`2
;Bp2M- rBi? � p�`vBM; b�KTH2 bBx2X LQi2 BM T�`iB+mH�` i?�i i?2 bHB;?i mM/2`2biBK�iBQM BM U#V
Bb � +H�bbB+�H +QMb2[m2M+2 Q7 i?2 "A* +`Bi2`BQM QM bK�HH b�KTH2bX

9Xk "2M+?K�`F /�i�

hQ i2bi 7m`i?2` i?2 2z2+iBp2M2bb Q7 ;HK/Bb+ BM � T`2/B+iBp2 b2iiBM;- r2 ;�i?2`2/ e /�i�b2ib
7`QK i?2 l*A HB#`�`v, i?2 �/mHi /�i�b2i Un = 48, 842- d = 14V- i?2 �mbi`�HB�M /�i�b2i

e
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a�KTH2 bBx2 U�V ĉj,2 U#V m̂1 U+V m̂3

n = 1, 000 [0.656, 0.666] [2.679, 2.941] [1.326, 1.554]
n = 10, 000 [0.666, 0.666] [3.000, 3.000] [1.399, 1.621]

h�#H2 R, U�V *A Q7 ĉj,2 7Q` cj,2 = 2/3X U#V *A Q7 m̂ 7Q` m1 = 3X U+V *A Q7 m̂3 7Q` m3 = 1X

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
0

0.2

0.4

0.6

0.8

1
q0,1 q0,2 q0,3

x1
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c0,1
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ĉ0,2

U�V Zm�MiBx�iBQM q̂(t)
1 (x1) `2bmHiBM; 7`QK i?2 i?`2b?QH/BM; U3V �i Bi2`�iBQMb t = 5 �M/ mbi�`i = 3X
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q↵0,0

q↵0,1

q↵0,2

c0,1
c0,2
ĉ0,2
ĉ0,3

U#V Zm�MiBx�iBQMb q̂(t)
1 (x1) `2bmHiBM; 7`QK i?2 i?`2b?QH/BM; U3V �i Bi2`�iBQMb t = 300 �M/ mbi�`i = 3X

6B;m`2 k, Zm�MiBx�iBQMb q̂(t)
1 (x1) Q7 2tT2`BK2Mi U�V `2bmHiBM; 7`QK i?2 i?`2b?QH/BM; U3VX

Un = 690- d = 14V- i?2 "�M/b /�i�b2i Un = 512- d = 39V- i?2 *`2/Bi@b+`22MBM; /�i�b2i
Un = 690- d = 15V- i?2 :2`K�M /�i�b2i Un = 1, 000- d = 20V �M/ i?2 >2�`i /�i�b2i
Un = 270- d = 13VX 1�+? Q7 i?2b2 /�i�b2ib ?�p2 KBt2/ U+QMiBMmQmb �M/ +�i2;Q`B+�HV 72�im`2b
�M/ � #BM�`v `2bTQMb2 iQ T`2/B+iX hQ ;2i KQ`2 BM7Q`K�iBQM �#Qmi i?2b2 /�i�b2ib- i?2B`
`2bT2+iBp2 72�im`2b- �M/ i?2 T`2/B+iBp2 i�bF �bbQ+B�i2/ rBi? i?2K- `2�/2`b K�v `272` iQ i?2
l*A r2#bBi2ÞX
LQr i?�i r2 K�/2 bm`2 i?�i Qm` �TT`Q�+? Bb 2KTB`B+�HHv +QMbBbi2Mi- BX2X Bi Bb �#H2 iQ }M/
i?2 i`m2 [m�MiBx�iBQM BM � r2HH@bT2+B}2/ b2iiBM;- r2 rBb? iQ p2`B7v Qm` +H�BK i?�i 2K#2//BM;
i?2 H2�`MBM; Q7 � ;QQ/ [m�MiBx�iBQM BM i?2 T`2/B+iBp2 i�bF pB� ;HK/Bb+ Bb #2ii2` i?�M Qi?2`
K2i?Q/b i?�i `2Hv QM �/ ?Q+ +`Bi2`B�X �b r2 r2`2 T`BK�`BHv BMi2`2bi2/ BM HQ;BbiB+ `2;`2bbBQM-
r2 rBHH +QKT�`2 Qm` �TT`Q�+? iQ � M�śp2 HBM2�` HQ;BbiB+ `2;`2bbBQM- � HQ;BbiB+ `2;`2bbBQM QM
+QMiBMmQmb /Bb+`2iBx2/ /�i� mbBM; i?2 MQr bi�M/�`/ J.GS �H;Q`Bi?K 7`QK 6�vv�/ � A`�MB
URNNjV �M/ +�i2;Q`B+�H ;`QmT2/ /�i� mbBM; �2 i2bib Q7 BM/2T2M/2M+2 #2ir22M 2�+? T�B` Q7
7�+iQ` H2p2Hb �M/ i?2 i�`;2i BM i?2 b�K2 7�b?BQM �b i?2 *?BJ2`;2 /Bb+`2iBx�iBQM �H;Q`Bi?K
T`QTQb2/ #v E2`#2` URNNkVX �b i?2 Q`B;BM�H mb2 +�b2 bi2Kb 7`QK *`2/Bi a+Q`BM;- r2 mb2 i?2
T2`7Q`K�M+2 K2i`B+ mbm�HHv KQMBiQ`2/ #v *`2/Bi a+Q`BM; T`�+iBiBQM2`b- r?B+? Bb i?2 :BMB
+Q2{+B2Mi- /B`2+iHv `2H�i2/ iQ i?2 �`2� lM/2` i?2 _P* *m`p2 U:BMB = 2⇥ �l* � 1VX
h�#H2 k b?Qrb Qm` �TT`Q�+? vB2H/b bB;MB}+�MiHv #2ii2` `2bmHib QM i?2b2 `�i?2` bK�HH /�i�b2ib
r?2`2 i?2 �//2/ ~2tB#BHBiv Q7 [m�MiBx�iBQM KB;?i ?2HT i?2 T`2/B+iBp2 i�bFX

Þ.?22`m � E�``� h�MBbFB/Qm UkyRdV , ?iiT,ff�`+?Bp2XB+bXm+BX2/mfKH

d
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.�i�b2i �//BiBp2 HBM2�`
HQ;BbiB+ `2;`2bbBQM

�/ ?Q+
K2i?Q/b

Pm` T`QTQb�H,
;HK/Bb+

�/mHi 3RX8 39X3 3RXy
�mbi`�HB�M djXe e8XN NkXR
"�M/b 93XR 98X9 83X8
*`2/Bi@b+`22MBM; 3RXj 33X8 NjX9
:2`K�M 8kXR 8dXN dyX9
>2�`i dNX9 deXy 39Xy

h�#H2 k, :BMB BM/B+2b Q7 Qm` T`QTQb2/ `2T`2b2Mi�iBQM H2�`MBM; �H;Q`Bi?K ;HK/Bb+ �M/ irQ
#�b2HBM2b, � ǳM�śp2Ǵ HQ;BbiB+ `2;`2bbBQM �M/ �/ ?Q+ K2i?Q/b UJ.GS f �2 i2bibV Q#i�BM2/ QM
b2p2`�H #2M+?K�`F /�i�b2ib 7`QK i?2 l*A HB#`�`vX

SQ`i7QHBQ �//BiBp2 HBM2�`
HQ;BbiB+ `2;`2bbBQM

*m``2Mi
T2`7Q`K�M+2

�/ ?Q+
K2i?Q/b

Pm` T`QTQb�H,
;HK/Bb+

�miQKQ#BH2 HQ�Mb 83X3 88Xe eyX9 88Xy
_2MQp�iBQM HQ�Mb 8kXj 8yXN 89Xk 9NXe
ai�M/�`/ HQ�Mb jNXd jdXR 9eXj 9RXy
_2pQHpBM; HQ�Mb eRX8 83X8 ekXN eyXj
J�bb `2i�BH HQ�Mb 8kX8 93Xd ejXd eRXj
1H2+i`QMB+b HQ�Mb 8kXe 88X3 eRXe edXy

h�#H2 j, :BMB BM/B+2b Q7 Qm` T`QTQb2/ `2T`2b2Mi�iBQM H2�`MBM; �H;Q`Bi?K ;HK/Bb+- i?2 irQ
#�b2HBM2b Q7 h�#H2 k �M/ i?2 +m``2Mi b+Q`2+�`/ UK�Mm�H f 2tT2`i `2T`2b2Mi�iBQMV Q#i�BM2/
QM b2p2`�H TQ`i7QHBQb Q7 *`2/Bi �;`B+QH2 *QMbmK2` 6BM�M+2X

9Xj *`2/Bi a+Q`BM; /�i�

.Bb+`2iBx�iBQM- ;`QmTBM; �M/ BMi2`�+iBQM b+`22MBM; �`2 T`2T`Q+2bbBM; bi2Tb `2H�iBp2Hv ǳK�M@
m�HHvǴ T2`7Q`K2/ BM i?2 }2H/ Q7 *`2/Bi a+Q`BM;- mbBM; �2 i2bib 7Q` 2�+? 72�im`2 Q` bQ@+�HH2/
q2B;?ib Q7 1pB/2M+2 Uw2M; UkyR9VVX h?Bb #�+F �M/ 7Q`i? T`Q+2bb i�F2b � HQi Q7 iBK2 �M/
2zQ`i �M/ T`QpB/2b MQ T�`iB+mH�` bi�iBbiB+�H ;m�`�Mi22X
h�#H2 j b?Qrb :BMB +Q2{+B2Mib Q7 b2p2`�H TQ`i7QHBQb 7Q` r?B+? i?2`2 �`2 n = 50, 000- n =
30, 000- n = 50, 000- n = 100, 000- n = 235, 000 �M/ n = 7, 500 +HB2Mib `2bT2+iBp2Hv �M/
d = 25- d = 16- d = 15- d = 14- d = 14 �M/ d = 16 72�im`2b `2bT2+iBp2HvX �TT`QtBK�i2Hv
?�H7 Q7 i?2b2 72�im`2b r2`2 +�i2;Q`B+�H- rBi? � MmK#2` Q7 7�+iQ` H2p2Hb `�M;BM; 7`QK 2 iQ 100X
q2 +QKT�`2 i?2 `�i?2` K�Mm�H- BM@?Qmb2 �TT`Q�+? i?�i vB2H/b i?2 +m``2Mi T2`7Q`K�M+2-
i?2 M�śp2 HBM2�` HQ;BbiB+ `2;`2bbBQM �M/ �/ ?Q+ K2i?Q/b BMi`Q/m+2/ BM i?2 T`2pBQmb b2+iBQM
�M/ }M�HHv Qm` ;HK/Bb+ T`QTQb�HX "2bB/2 i?2 +H�bbB}+�iBQM T2`7Q`K�M+2- BMi2`T`2i�#BHBiv Bb
K�BMi�BM2/ �M/ mMbm`T`BbBM;Hv- i?2 H2�`M2/ `2T`2b2Mi�iBQM +QK2b Q7i2M +HQb2 iQ i?2 ǳK�Mm�HǴ
�TT`Q�+?, 7Q` 2t�KTH2- i?2 +QKTHB+�i2/ BM@?Qmb2 +Q/BM; Q7 DQ# ivT2b Bb `Qm;?Hv ;`QmT2/
#v ;HK/Bb+ BMiQ 2X;X ǳrQ`F2`Ǵ- ǳi2+?MB+B�MǴ- 2i+X LQiB+2 i?�i 2p2M B7 i?2 ǳM�śp2Ǵ HQ;BbiB+
`2;`2bbBQM `2�+?2b bQK2 p2`v /2+2Mi T`2/B+iBp2 `2bmHib- Bib TQQ` BMi2`T`2i�#BHBiv bFBHH UMQ
[m�MiBx�iBQM �i �HHV 2t+Hm/2b Bi 7`QK bi�M/�`/ mb2 BM i?2 +QKT�MvX
h?2 mb27mHM2bb Q7 /Bb+`2iBx�iBQM �M/ ;`QmTBM; Bb +H2�` QM *`2/Bi a+Q`BM; /�i� �M/ �Hi?Qm;?
;HK/Bb+ /Q2b MQi �Hr�vb T2`7Q`K bB;MB}+�MiHv #2ii2` i?�M i?2 K�Mm�H �TT`Q�+?- Bi �HHQrb
T`�+iBiBQM2`b iQ 7Q+mb QM Qi?2` i�bFb #v b�pBM; � HQi Q7 iBK2- �b r�b �H`2�/v bi`2bb2/ QmiX
�b � `mH2 Q7 i?mK#- � KQMi? Bb ;2M2`�HHv �HHQ+�i2/ iQ /�i� T`2@T`Q+2bbBM; 7Q` � bBM;H2 /�i�
b+B2MiBbi rQ`FBM; QM � bBM;H2 b+Q`2+�`/X PM :QQ;H2 *QHH�#Q`�iQ`v- �M/ `2HvBM; QM E2`�b
U*?QHH2i 2i �HX UkyR8VV �M/ h2MbQ`~Qr U�#�/B 2i �HX UkyR8VV �b � #�+F2M/- Bi iQQF H2bb i?�M
�M ?Qm` iQ T2`7Q`K /Bb+`2iBx�iBQM �M/ ;`QmTBM; 7Q` �HH /�i�b2ibX

8 *QM+Hm/BM; `2K�`Fb

62�im`2 [m�MiBx�iBQM U/Bb+`2iBx�iBQM 7Q` +QMiBMmQmb 72�im`2b- ;`QmTBM; Q7 7�+iQ` H2p2Hb 7Q`
+�i2;Q`B+�H QM2bV BM � bmT2`pBb2/ KmHiBp�`B�i2 +H�bbB}+�iBQM Bb � `2+m``BM; T`Q#H2K BM K�Mv

3
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BM/mbi`B�H +QMi2tibX h?Bb b2iiBM; r�b 7Q`K�HBx2/ �b � ?B;?Hv +QK#BM�iQ`B�H `2T`2b2Mi�iBQM
H2�`MBM; T`Q#H2K �M/ � M2r �H;Q`Bi?KB+ �TT`Q�+?- M�K2/ ;HK/Bb+- ?�b #22M T`QTQb2/ �b �
b2MbB#H2 �TT`QtBK�iBQM Q7 � +H�bbB+�H bi�iBbiB+�H BM7Q`K�iBQM +`Bi2`BQMX
h?Bb �H;Q`Bi?K `2HB2b QM i?2 mb2 Q7 � bQ7iK�t �TT`QtBK�iBQM Q7 2�+? /Bb+`2iBx2/ Q` ;`QmT2/
72�im`2X h?Bb T`QTQb�H +�M �Hi2`M�iBp2Hv #2 `2TH�+2/ #v �Mv Qi?2` mMBp�`B�i2 KmHiB+H�bb
T`2/B+iBp2 KQ/2H- r?B+? K�F2b Bi ~2tB#H2 �M/ �/�Ti�#H2 iQ Qi?2` T`Q#H2KbX S`2/B+iBQM
Q7 i?2 i�`;2i 72�im`2- ;Bp2M [m�MiBx2/ 72�im`2b- r�b 2t2KTHB}2/ rBi? HQ;BbiB+ `2;`2bbBQM-
�Hi?Qm;? ?2`2 �b r2HH- Bi +�M #2 br�TT2/ rBi? �Mv Qi?2` bmT2`pBb2/ +H�bbB}+�iBQM KQ/2HX
�M 2biBK�iBQM bi`�i2;v TmiiBM; M2m`�H M2irQ`FbǶ ;QQ/ +QKTmi�iBQM�H T`QT2`iB2b iQ mb2 r�b
BMi`Q/m+2/ r?BH2 K�BMi�BMBM; i?2 BMi2`T`2i�#BHBiv M2+2bb�`v iQ bQK2 }2H/b Q7 �TTHB+�iBQMX
h?2 2tT2`BK2Mib b?Qr2/ i?�i- �b r�b b2Mb2/ 2KTB`B+�HHv #v bi�iBbiB+B�Mb BM i?2 }2H/ Q7
*`2/Bi a+Q`BM;- /Bb+`2iBx�iBQM �M/ ;`QmTBM; +�M BM/22/ T`QpB/2 #2ii2` KQ/2Hb i?�M bi�M/�`/
HQ;BbiB+ `2;`2bbBQMX h?Bb MQp2H �TT`Q�+? �HHQrb T`�+iBiBQM2`b iQ ?�p2 � 7mHHv �miQK�i2/ �M/
bi�iBbiB+�HHv r2HH@;`QmM/2/ iQQH i?�i �+?B2p2b #2ii2` T2`7Q`K�M+2 i?�M �/ ?Q+ BM/mbi`B�H
T`�+iB+2b �i i?2 T`B+2 Q7 /2+2Mi +QKTmiBM; iBK2 #mi Km+? H2bb Q7 i?2 T`�+iBiBQM2`Ƕb p�Hm�#H2
iBK2X
�b /2b+`B#2/ BM i?2 BMi`Q/m+iBQM- HQ;BbiB+ `2;`2bbBQM Bb �//BiBp2 BM Bib BMTmib r?B+? /Q2b
MQi �HHQr iQ i�F2 BMiQ �++QmMi +QM/BiBQM�H /2T2M/2M+v- �b bi�i2/ #v "2``v 2i �HX UkyRyVX
h?Bb T`Q#H2K Bb Q7i2M /2�Hi rBi? #v bT�`b2Hv BMi`Q/m+BM; ǳBMi2`�+iBQMbǴ- BX2X T`Q/m+ib Q7
irQ 72�im`2bX h?Bb H2�/b �;�BM iQ � KQ/2H b2H2+iBQM +?�HH2M;2 QM � ?B;?Hv +QK#BM�iQ`B�H
/Bb+`2i2 bT�+2 i?�i +QmH/ #2 bQHp2/ rBi? � bBKBH�` �TT`Q�+?X AM � #`Q�/2` +QMi2ti rBi? MQ
`2bi`B+iBQM QM i?2 T`2/B+iBp2 KQ/2H- hb�M; 2i �HX UkyR3V �H`2�/v K�/2 mb2 Q7 M2m`�H M2irQ`Fb
iQ 2biBK�i2 i?2 T`2b2M+2 Q` �#b2M+2 Q7 bi�iBbiB+�H BMi2`�+iBQMbX h?2 T�`bBKQMBQmb �//BiBQM
Q7 T�B`rBb2 BMi2`�+iBQMb �KQM; [m�MiBx2/ 72�im`2b- i?�i KB;?i BM~m2M+2 i?2 [m�MiBx�iBQM
T`Q+2bb BMi`Q/m+2/ BM i?Bb rQ`F- Bb � 7mim`2 �`2� Q7 `2b2�`+?X

�+FMQrH2/;K2Mib

h?2 �mi?Q`b �`2 i?�MF7mH iQ *`2/Bi �;`B+QH2 *QMbmK2` 6BM�M+2 7Q` T`QpB/BM; /�i� �M/
7mM/BM; i?`Qm;? � *A6_1 S?.- K�/2 TQbbB#H2 #v i?2 �bbQ+B�iBQM L�iBQM�H2 /2 H� _2+?2`+?2
2i H� h2+?MQHQ;B2 U�L_hVX J�Mv i?�MFb �HbQ ;Q iQ S�b+�H :2`K�BM 7Q` ?Bb mb27mH BMbB;?ib
QM i?2 �`+?Bi2+im`2 �M/ QTiBKBx�iBQM T`Q+2/m`2b Q7 M2m`�H M2irQ`FbX

_272`2M+2b
J�`iőM �#�/B- �b?Bb? �;�`r�H- S�mH "�`?�K- 1m;2M2 "`2p/Q- w?B72M; *?2M- *`�B; *Bi`Q-

:`2; aX *Q``�/Q- �M/v .�pBb- C2z`2v .2�M- J�ii?B2m .2pBM- a�MD�v :?2K�r�i- A�M
:QQ/72HHQr- �M/`2r >�`T- :2Qz`2v A`pBM;- JB+?�2H Ab�`/- u�M;[BM; CB�- _�7�H CQx27Qr@
B+x- GmF�bx E�Bb2`- J�MDmM�i? Em/Hm`- CQb? G2p2M#2`;- .�M/2HBQM J�Mû- _�D�i JQM;�-
a?2``v JQQ`2- .2`2F Jm``�v- *?`Bb PH�?- JBF2 a+?mbi2`- CQM�i?QM a?H2Mb- "2MQBi ai2BM2`-
AHv� amibF2p2`- EmM�H h�Hr�`- S�mH hm+F2`- oBM+2Mi o�M?Qm+F2- oBD�v o�bm/2p�M- 62`@
M�M/� oBû;�b- P`BQH oBMv�Hb- S2i2 q�`/2M- J�`iBM q�ii2M#2`;- J�`iBM qB+F2- um�M
um- �M/ sB�Q[B�M; w?2M;X h2MbQ`6HQr, G�`;2@b+�H2 K�+?BM2 H2�`MBM; QM ?2i2`Q;2M2Qmb
bvbi2Kb- kyR8X l_G ?iiTb,ffrrrXi2MbQ`7HQrXQ`;fX aQ7ir�`2 �p�BH�#H2 7`QK i2MbQ`@
~QrXQ`;X

qBHHB�K . "2``v- C�+[m2HBM2 >_ .2J2`Bii- �M/ CmbiBM 1b�`2vX h2biBM; 7Q` BMi2`�+iBQM BM
#BM�`v HQ;Bi �M/ T`Q#Bi KQ/2Hb, Ab � T`Q/m+i i2`K 2bb2MiB�H\ �K2`B+�M CQm`M�H Q7 SQHBiB+�H
a+B2M+2- 89URV,k93Ĝkee- kyRyX

6`�MÏQBb *?QHH2i 2i �HX E2`�bX ?iiTb,ffF2`�bXBQ- kyR8X

.m� .?22`m �M/ 1} E�``� h�MBbFB/QmX l*A K�+?BM2 H2�`MBM; `2TQbBiQ`v- kyRdX l_G
?iiT,ff�`+?Bp2XB+bXm+BX2/mfKHX

lb�K� 6�vv�/ �M/ E2FB A`�MBX JmHiB@BMi2`p�H /Bb+`2iBx�iBQM Q7 +QMiBMmQmb@p�Hm2/ �ii`B#mi2b
7Q` +H�bbB}+�iBQM H2�`MBM;X AM Rji? AMi2`M�iBQM�H CQBMi *QM72`2M+2 QM �`iB}+B�H AMi2HHB;2M+2-
TTX RykkĜĜRykN- RNNjX

N

https://www.tensorflow.org/
https://keras.io
http://archive.ics.uci.edu/ml
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.�pB/ q >QbK2` C`- ai�MH2v G2K2b?Qr- �M/ _Q/M2v s aim`/Bp�MiX �TTHB2/ HQ;BbiB+ `2;`2b@
bBQM- pQHmK2 jN3X CQ?M qBH2v � aQMb- kyRjX

:Q`/QM o E�bbX �M 2tTHQ`�iQ`v i2+?MB[m2 7Q` BMp2biB;�iBM; H�`;2 [m�MiBiB2b Q7 +�i2;Q`B+�H
/�i�X �TTHB2/ bi�iBbiB+b- TTX RRNĜRkd- RN3yX

_�M/v E2`#2`X *?BK2`;2, .Bb+`2iBx�iBQM Q7 MmK2`B+ �ii`B#mi2bX AM S`Q+22/BM;b Q7 i?2 i2Mi?
M�iBQM�H +QM72`2M+2 QM �`iB}+B�H BMi2HHB;2M+2- TTX RkjĜRk3X ���B S`2bb- RNNkX

�H2Fb�M/`� J�D@E�ƖbF�- SBQi` SQF�`QrbFB- �;MB2bxF� S`Q+?2MF�- 2i �HX .2H2i2 Q` K2`;2
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1 Continuous and categorical data generation

In [1]: import random
import numpy as np
import pandas as pd
import sklearn as sk
import sklearn.preprocessing
import matplotlib.pyplot as plt
plt.rc('text', usetex=True)
plt.rc('font', **{'family': "sans-serif"})
params = {

'text.latex.preamble':
[r'\usepackage{amsmath}', r'\usepackage{amsfonts}', r'\usepackage{bm}']

}
plt.rcParams.update(params)
from matplotlib2tikz import save as tikz_save

In [2]: from IPython.display import set_matplotlib_formats
set_matplotlib_formats('pdf', 'png')
plt.rcParams['savefig.dpi'] = 75

plt.rcParams['figure.autolayout'] = False
plt.rcParams['figure.figsize'] = 10, 6
plt.rcParams['axes.labelsize'] = 18
plt.rcParams['axes.titlesize'] = 20
plt.rcParams['font.size'] = 16
plt.rcParams['lines.linewidth'] = 2.0
plt.rcParams['lines.markersize'] = 8
plt.rcParams['legend.fontsize'] = 14

plt.rcParams['text.usetex'] = True
plt.rcParams['font.family'] = "serif"
plt.rcParams['font.serif'] = "cm"

In [3]: # n: sample size; d1: continuous features' dimension;
# x_quant: U([0,1]); xd_quant: "true" generating data of Y
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n = 1000
d1 = 2
cuts = ([0, 0.333, 0.666, 1])

In [4]: # x_quant is cut in thirds into xd_quant
x_quant = np.array(np.random.uniform(size=(n, d1)))
xd_quant = np.ndarray.copy(x_quant)
for i in range(d1):

xd_quant[:, i] = pd.cut(x_quant[:, i], bins=cuts, labels=[0, 1, 2])

2 Target feature generation following a true discrete logistic regression

In [5]: # The true logistic regression parameter is fixed
if d1 > 0:

theta_quant = np.array([[0] * d1] * (len(cuts) - 1))
theta_quant[1, :] = 2
theta_quant[2, :] = -2

In [6]: # The log odd probabilities of Y given each x_i can be exactly calculated
log_odd = np.array([0] * n)
for i in range(n):

for j in range(d1):
log_odd[i] += theta_quant[int(xd_quant[i, j]), j]

In [7]: # Y is then drawn from this pdf
p = 1 / (1 + np.exp(-log_odd))
y = np.random.binomial(1, p)

3 Some simple visualization

In [8]: # The true features generating Y are discrete so the number
# of points per unique value of log-odd ratio must be calculated
import collections
points_bokeh_size = np.zeros((len(np.unique(p)), 2))
points_bokeh_y = np.zeros((len(np.unique(p)), 2))
points_bokeh_y[:, 1] = 1
for i in range(len(np.unique(p))):

points_bokeh_size[i, 0] = 100 * collections.Counter(
y[np.where(p == np.unique(p)[i])])[0] / n

points_bokeh_size[i, 1] = 100 * collections.Counter(
y[np.where(p == np.unique(p)[i])])[1] / n

In [9]: # The red curve is the classical sigmoid curve; green points are of class 1
# and their relative size represent how many samples take these values;
# likewise, blue points are of class 0.
plt.scatter(

np.unique(log_odd),

2



points_bokeh_y[:, 0],
marker='o',
s=points_bokeh_size[:, 0],
c="blue")

plt.scatter(
np.unique(log_odd),
points_bokeh_y[:, 1],
marker='o',
s=points_bokeh_size[:, 1],
c="green")

plt.plot(np.unique(log_odd), np.unique(p), color="red")
plt.show()
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In [10]: # The original value of the continuous features and their generated Y
# can be plotted; the provided cuts (.333 and .666) are clearly visible
# and separate different proportions of classes 0 and 1.
# Clearly, such complicated boundaries could not be determined via
# a classical linear logistic regression.
plt.scatter(

x_quant[0:10000, 0],
x_quant[0:10000, 1],
marker='o',
s=points_bokeh_size[:, 0],
c=(np.where(y[0:10000] == 0, "green", "red")))

plt.hlines(0.333, 0, 1, colors='blue')
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plt.hlines(0.666, 0, 1, colors='blue')
plt.vlines(0.333, 0, 1, colors='blue')
plt.vlines(0.666, 0, 1, colors='blue')
plt.show()

0.0 0.2 0.4 0.6 0.8 1.0

0.0

0.2

0.4

0.6

0.8

1.0

We could do a similar graphic for categorical features.

4 Some Math

We generated some data = (xi,j)1in,1jd1+d2.

We preprocessed this data with a specified q? = (qj)
d1

1
s.t.:

1  j  d1, q?j (xj) = (1]�•;0.333](xj), 1]0.333;0.666](xj), 1]0.666,•[(xj))
We then went on to prespecify a regression coefficient q? and generated the target feature y s.t.:

Y ⇠ pq?(·| f ?(x)) where ln

✓
p(1|q(x); q)

1 � p(1|q(x); q)

◆
= q0 + Âd1

j=1
qj

0 ⇥ qj(xj)

This gives us n responses = (yi)n
1
.

In practice, we are just given (, ) and wish to recover the "true" model q?
, q?. To do so in a finite

sample setting, we give ourselves a model selection criterion like BIC, AIC, test set AUC, ...

All discretization / grouping schemes q 2 Q cannot be tested (very high combinatorics) so

that there is a need for additional assumptions / modelling + estimation procedure to reduce the

computational burden and have at least some statistical guarantees (in n) to recover q?
.

N.B.: If the true data generating mechanism is not a discrete logistic regression, we get a rep-

resentation of X that yields the "best" logistic regression (on discrete data w.r.t. a given criterion /

loss), which is in practice very useful in the field of Credit Scoring (initial use case of this work).

We rely on a softmax approximation of q, i.e. qaj,h µ exp(aj,h,0 + aj,h,1xj), where the likelihood

of (q, q) is "swapped" for (a, q).
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Refer to the paper for the proper justifications.

5 Neural network architecture

To estimate q and a, we can use shallow neural networks by stating that: - If we allow qj to take mj
values (we discretize in mj intervals), then we need mj softmax neurons per raw continuous feature

xj. Other features shall not be connected to these neurons; - If we wish to group xj (categorical)

into mj  oj levels, we one-hot encode each factor level and have an input neuron per level; we

densely connect each of these neurons to mj softmax neurons.

Again, refer to the paper for the proper justifications.

In [11]: # We rely on Keras for all calculations and the TensorFlow backend.
import tensorflow as tf
sess = tf.Session()
from keras import backend as K
K.set_session(sess)

/anaconda3/lib/python3.6/site-packages/h5py/__init__.py:36: FutureWarning: Conversion of the second argument of issubdtype from �float� to �np.floating� is deprecated. In future, it will be treated as �np.float64 == np.dtype(float).type�.
from ._conv import register_converters as _register_converters

Using TensorFlow backend.

In [18]: # According to the previous section, each feature has its own
# densely connected hidden layer

from keras import *
from keras.layers import *
from keras.callbacks import LambdaCallback, Callback, ReduceLROnPlateau, TensorBoard
import sklearn.linear_model

liste_inputs_quant = [None] * d1

liste_layers_quant = [None] * d1

liste_layers_quant_inputs = [None] * d1

m_quant = [5, 5]

for i in range(d1):
liste_inputs_quant[i] = Input((1, ))
liste_layers_quant[i] = Dense(m_quant[i], activation='softmax')
liste_layers_quant_inputs[i] = liste_layers_quant[i](liste_inputs_quant[i])

In [19]: # A few utility functions are necessary to convert these parameters into
# the pdf parametrized by alpha as described in the previous section.

# First, we transform the hidden layer's weights into a multinomial pdf
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def from_layers_to_proba_training():

results = [None] * (d1)

for j in range(d1):
results[j] = K.function([liste_layers_quant[j].input],

[liste_layers_quant[j].output])(
[x_quant[:, j, np.newaxis]])

return (results)

In [20]: # Second, we need to affect each discretizing / grouping to the argmax of
# the previously calculated probabilities.

def evaluate_disc():
proba = from_layers_to_proba_training()

results = [None] * (d1)

X_transformed = np.ones((n, 1))

for j in range(d1):
results[j] = np.argmax(proba[j][0], axis=1)
X_transformed = np.concatenate(

(X_transformed, sk.preprocessing.OneHotEncoder().fit_transform(
X=results[j].reshape(-1, 1)).toarray()),

axis=1)

# Last we fit a logistic regression on the discretized / grouped features
# and evaluate its BIC

proposed_logistic_regression = sk.linear_model.LogisticRegression(
fit_intercept=False)

proposed_logistic_regression.fit(X=X_transformed, y=y.reshape((n, )))

BIC_training = 2 * sk.metrics.log_loss(
y,
proposed_logistic_regression.predict_proba(X=X_transformed)[:, 1],
normalize=False

) + proposed_logistic_regression.coef_.shape[1] * np.log(n)

return (BIC_training)

In [21]: # We concatenate all the layers (each feature has its layer; layers are
# in two lists depending on them being quantitative or qualitative).
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# We define the ouptput as a sigmoid (logistic regression).
# We use an Adadelta optimizer.
# We wish to optimize the log likelihood of the resulting model.

from itertools import chain
full_hidden = concatenate(

list(chain.from_iterable([liste_layers_quant_inputs])))
output = Dense(1, activation='sigmoid')(full_hidden)
model = Model(

inputs=list(chain.from_iterable([liste_inputs_quant])), outputs=[output])
opt = optimizers.RMSprop(lr=0.5, rho=0.9, epsilon=None, decay=0.0)
model.compile(loss='binary_crossentropy', optimizer=opt, metrics=['accuracy'])

In [22]: # At each training epoch, we must evaluate the quality of the derived

class LossHistory(Callback):
def on_train_begin(self, logs={}):

self.losses = []
self.best_criterion = float("inf")
self.best_outputs = []
self.epochs = 0

def on_epoch_end(self, batch, logs={}):
self.losses.append(evaluate_disc())
self.epochs += 1
outputs = []

for j in range(d1):
outputs.append(

K.function([liste_layers_quant[j].input],
[liste_layers_quant[j].output])(

[x_quant[:, j, np.newaxis]]))
if self.epochs in [1, 3, 5, 10, 20, 50, 100, 200]:

plt.xlim((0, 1))
plt.ylim((0, 1))
for k in range(outputs[j][0].shape[1]):

plt.plot(
np.sort(x_quant[:, j]),
outputs[j][0][np.argsort(x_quant[:, j]), k],
label=r'${q}_{\bm{\alpha}_{' + str(j) + ',' + str(k) +
'}}$',
color=['b', 'g', 'r', 'c', 'm', 'y', 'k', 'w'][k + 2])

plt.title('Continuous feature ' + str(j) + ' at iteration ' +
str(self.epochs))

plt.ylabel(r'${q}_{\bm{\alpha}_{' + str(j) + ',h}}$')
plt.xlabel(r'$x_1$')
plt.axvline(
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x=0.33333,
label=r'$c_{' + str(j) + ',1}$',
color='g',
linestyle='--')

plt.axvline(
x=0.66666,
label=r'$c_{' + str(j) + ',2}$',
color='b',
linestyle='--')

plt.text(
0.10,
0.95,
r'$\boldsymbol{q}_{' + str(j) + ',1}$',
fontsize=14,
verticalalignment='top')

plt.text(
0.50,
0.95,
r'$\boldsymbol{q}_{' + str(j) + ',2}$',
fontsize=14,
verticalalignment='top')

plt.text(
0.90,
0.95,
r'$\boldsymbol{q}_{' + str(j) + ',3}$',
fontsize=14,
verticalalignment='top')

df = pd.DataFrame(
np.column_stack((x_quant[:, j],

np.argmax(outputs[j][0], axis=1))),
columns=['continuous', 'discrete'])

grouped_data = df.groupby(
'discrete', as_index=False)['continuous']

results = [grouped_data.max(), grouped_data.min()]
results[0]['continuous'].values[::-1].sort()
results[1]['continuous'].values[::-1].sort()
moyennes = np.column_stack(

(results[0]['continuous'].values[1:, np.newaxis],
results[1]['continuous'].values[:-1, np.newaxis]
)).mean(axis=1)

for k in reversed(range(moyennes.shape[0])):
plt.axvline(

x=moyennes[k],
label=r'$\hat{c}_{' + str(j) + ',' +
str(moyennes.shape[0] - k + 1) + '}$',
color=['b', 'g', 'r', 'c', 'm', 'y', 'k', 'w'][k],
linestyle='-')

plt.legend(loc='center right')
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plt.show()

if self.losses[-1] < self.best_criterion:
self.best_weights = []
self.best_outputs = []
self.best_criterion = self.losses[-1]
for j in range(d1):

self.best_weights.append(liste_layers_quant[j].get_weights())
self.best_outputs.append(

K.function([liste_layers_quant[j].input],
[liste_layers_quant[j].output])(

[x_quant[:, j, np.newaxis]]))

In [23]: from matplotlib import colors as mcolors
colors = list(mcolors.CSS4_COLORS.keys())
history = LossHistory()

callbacks = [
ReduceLROnPlateau(

monitor='loss',
factor=0.5,
patience=10,
verbose=0,
mode='auto',
min_delta=0.0001,
cooldown=0,
min_lr=0), history

]
model.fit(

list(chain.from_iterable([list(x_quant.T)])),
y,
epochs=200,
batch_size=30,
verbose=0,
callbacks=callbacks)
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Out[23]: <keras.callbacks.History at 0x1c2feaa390>
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N.B.1: In this quick example, all inputs are in [0:1] so we did not perform any (batch) normal-

ization.

N.B.2: The callback function could be improved, for example by not "hardcoding" x_qual and

x_quant but getting either the training sample or the validation sample (if any) from the keras

model. A possible solution to this here.

N.B.3: A lot of "tweaks" stemming from the deep learning community regarding optimization

and bias / variance trade-off (e.g. Early Stopping rules, refined versions of stochastic gradient

descent, ...) can improve the result but are out of the scope of this notebook.

N.B.4: Quantizations are given up to a permutation on the index h; for example, here for

feature 1, qa,1,1 and qa,1,4 are "queezed" to 0.

We were able to approximately recover the true discretization / grouping mechanism q? that
is the representation of the original data that yields the "best" logistic regression.
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https://stackoverflow.com/questions/47079111/create-keras-callback-to-save-model-predictions-and-targets-for-each-batch-durin
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