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ABSTRACT

We propose a new variational lower bound on the KL divergence and show that
the Mutual Information (MI) can be estimated by maximizing this bound using a
witness function on a hypothesis function class and an auxiliary scalar variable. If
the function class is in a Reproducing Kernel Hilbert Space (RKHS), this leads to
a jointly convex problem. We analyze the bound by deriving its dual formulation
and show its connection to a likelihood ratio estimation problem. We show that the
auxiliary variable introduced in our variational form plays the role of a Lagrange
multiplier that enforces a normalization constraint on the likelihood ratio. By
extending the function space to neural networks, we propose an efficient neural MI
estimator, and validate its performance on synthetic examples, showing advantage
over the existing baselines. We then demonstrate the strength of our estimator in
large-scale self-supervised representation learning through MI maximization.

1 INTRODUCTION

Mutual information (MI) is an ubiquitous measure of dependency between a pair of random variables,
and is one of the corner stones of information theory. In machine learning, the information maxi-
mization principle for learning representation from unlabeled data through self-supervision (Bell &
Sejnowski, 1995) motivated the development of many MI estimators and applications (Hjelm et al.,
2019; Noroozi & Favaro, 2016; Kolesnikov et al., 2019; Doersch et al., 2015; van den Oord et al.,
2018b; Hu et al., 2017). The information bottleneck (Tishby et al., 1999; Kolchinsky et al., 2017) is
another principle that triggered recent interest in mutual information estimation. MI is also used to
understand the information flow in neural networks, in learning clusters (Krause et al., 2010) and in
regularizing the training of Generative Adversarial Networks (GANs) (Chen et al., 2016).

In many of those machine learning applications and other scientific fields, one has to estimate MI
given samples from the joint distribution of high dimensional random variables. This is a challenging
problem and many methods have been devised to address it. Since MI is defined as the Kullback-
Leibler (KL) divergence between the joint distribution and the product of marginals, one can leverage
non parametric estimators of f-divergences (Nguyen et al., 2008; Nowozin et al., 2016; Sriperumbudur
et al., 2009). Specifically of interest to us is the Donsker-Varadhan (DV) representation of the KL
divergence (Donsker & Varadhan, 1976) that was used recently with neural networks estimators
(Belghazi et al., 2018; Poole et al., 2019). Other approaches to estimating the MI are through finding
lower bounds using variational Bayesian methods (Alemi et al., 2016; 2017; Barber & Agakov, 2003;
Blei et al., 2017), as well as through geometric methods like binning (Kraskov et al., 2004).

In this paper we propose a new estimator of MI that can be used in direct MI maximization or as
a regularizer, thanks to its unbiased gradients. Our starting point is the DV lower bound of the KL
divergence that we represent equivalently via a joint optimization that we call η-DV on a witness
function f and an auxiliary variable η in Section 2. In Section 3, we show that when the witness
function f is learned in a Reproducing Kernel Hilbert Space (RKHS) the η-DV problem is jointly
convex in both f and η. The dual of this problem sheds the light on this estimator as a constrained
ratio estimation where η plays the role of a Lagrange multiplier that ensures proper normalization of
the likelihood ratio. We also show how the witness function can be estimated as a neural network akin
to Belghazi et al. (2018). We specify our estimator for MI in Section 4, and show how it compares
to alternatives in the literature (Nguyen et al., 2008; Belghazi et al., 2018; Poole et al., 2019). The
experiments are presented in Section 5. On synthetic data, we validate our estimators by estimating
MI on Gaussian variables and by regularizing GAN training as in Chen et al. (2016). On real data,
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Figure 1: Overview of the paper. Top row shows several KL divergence lower bounds for two probability
distributions P and Q. By substituting P = pxy , Q = pxpy , and defining f as a neural network, we obtain
corresponding MI estimators. η-DV and η-MINE are the proposed bound and its derived estimator. Further
details are provided in the text.

we explore our estimator in deep MI maximization for learning representation from unlabeled data.
Figure 1 shows an overview of all the bounds and related MI estimators discussed in this paper.

2 LOWER BOUNDS ON KL DIVERGENCES AND MUTUAL INFORMATION

Consider two probability distributions P and Q, where P is absolutely continuous w.r.t. Q. Let p and
q be their respective densities defined on X ⊂ Rd. Their KL divergence is defined as

KL(P,Q) = Ex∼P log

(
p(x)

q(x)

)
=

∫
p(x) log

(
p(x)

q(x)

)
dx.

We are interested in the MI between two random variables X , Y where X is defined on X ⊂ Rdx ,
and Y on Y ⊂ Rdy . Let pxy be their joint densities and px, py the marginals of X and Y respectively.
The MI is defined as follows:

I(X;Y ) = KL(pxy, pxpy), (1)
which is the KL divergence between the joint density and the product of marginals. Non-parametric
estimation of MI from samples is an important problem in science and machine learning. In what
follows, we review variational lower bounds on KL to enable such estimation.

Variational Characterization of KL divergence. Let H be any function space mapping X to R.
The first variational characterization of the KL divergence goes back to Donsker & Varadhan (1976):

KL(P,Q) ≥ DH
DV(P,Q) = sup{Ex∼Pf(x)− log(Ex∼Qef(x)) : f ∈H }, (2)

where the equality holds if and only if (iif) f∗ = log(p/q) ∈H . We refer to this bound as the DV
bound.

The second variational representation was introduced in Nguyen et al. (2008); Nowozin et al. (2016)
and derived through convex duality to be finally stated as follows:

KL(P,Q) ≥ DH
f (P,Q) = 1 + sup{Ex∼Pf(x)− Ex∼Qef(x) : f ∈H }, (3)

with equality iif f∗ = log(p/q) ∈H . We call this bound the f -div bound (as in f -divergence).

From Eq. 2 and Eq. 3 we see that the variational bounds are attempting to estimate the log-likelihood
ratio f∗= log(p/q), and the tightness of the bound depends on the representation power of H .
In order to compare these two lower bounds, observe that log(t) ≤ t − 1, t > 0. Therefore
log
(
Ex∼Qef(x)

)
≤ Ex∼Qef(x) − 1 which means that for any function space H we have:

KL(P,Q) ≥ DH
DV(P,Q) ≥ DH

f (P,Q), (4)

from which we conclude that the DV bound is tighter than the f -div bound.

Now, given samples {xi, i= 1 . . . N, xi ∼ P}, {yi, i= 1 . . . N, yi ∼ Q}, estimating the KL diver-
gence can be done by computing the variational bound from Monte-Carlo simulation. Specifically,
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for the DV bound we have the following estimator:

D̂H
DV(P,Q) = sup

{
1

N

N∑

i=1

f(xi)− log

(
1

N

N∑

i=1

ef(yi)

)
: f ∈H

}
. (5)

Note that the Mutual Information Neural Estimator (MINE) (Belghazi et al., 2018) considered the
above formulation with the hypothesis class H being a neural network. For the f -div bound we
have similarly the following estimator:

D̂H
f (P,Q) = 1 + sup

{
1

N

N∑

i=1

f(xi)−
1

N

N∑

i=1

ef(yi) : f ∈H

}
, (6)

for which Nguyen et al. (2008) introduced and studied a convex estimator with H being an RKHS.

While DV bound is tighter than the f -div bound, in order to learn the function f using stochastic
gradient optimization, f -div is a better fit because the cost function is linear in the expectation,
whereas in the DV bound we have a log non-linearity being applied to the expectation. This non-
linearity introduces biases in the mini-batch estimation of the cost function as noted in Belghazi et al.
(2018). In the following, we show how to alleviate this problem and remove the non-linearity at the
price of an additional auxiliary variable that will enable better optimization for the DV bound.

An η-trick for the DV Bound. We start with the following elementary Lemma, that gives a
variational characterization of the log. All proofs are given in the Appendix A.
Lemma 1. Let x > 0, we have: log(x) = minη e

−ηx+ η − 1.

Using Lemma 1 we can now linearize the log in the DV bound.
Lemma 2 (η−Donsker-Varadhan). Let H be any function space mapping X to R:

KL(P,Q) ≥ DH
η-DV(P,Q) = − inf{L(f, η) : f ∈H , η ∈ R} (7)

L(f, η) = e−ηEx∼Qef(x) − Ex∼Pf(x) + η − 1, (8)
We refer to this bound as η-DV bound.

Note that for η=0 we recover the f -div bound. Using Lemma 2, we can now rewrite the estimator
for the DV bound in Eq. 5 as follows:

D̂H
DV(P,Q) = − inf

f,η
L̂(f, η), where L̂(f, η) = e−η

1

N

N∑

i=1

ef(yi) −
N∑

i=1

f(xi) + η − 1, (9)

enabling unbiased stochastic gradient optimization of the function f . We note that similar variational
tricks of non-linearities have been devised for g(η)=

√
η in Argyriou et al. (2008); Bach et al. (2011).

3 η-DV BOUND, CONVEXITY, MMD RATIO ESTIMATES AND LAGRANGIANS

We established that the DV bound is tighter than the f -div and derived η-DV as an alternative to
DV, enabling unbiased stochastic optimization. However, the role of η in improving the lower bound
remains unclear. To highlight its role, we consider the η-DV bound from Eq. 7, and restrict the
hypothesis function class to an RKHS, similarly to Nguyen et al. (2008). Working in the dual, we
can compare η-DV estimator to the f -div estimator and further understand this hierarchy of lower
bounds. See Figure 2 for an illustration.

For simplicity, and without loss of generality, we let RKHS be a finite dimensional feature map, i.e.,
H = {f |f(x) = 〈w,Φ(x)〉 ,Φ : X → Rm, w ∈ Rm}. Now for f ∈H , the loss given in Eq. 8 for
η-DV can be rewritten as follows:

L(f, η) =∆ L(w, η) = e−ηEx∼Qe〈w,Φ(x)〉 − 〈w,Ex∼PΦ(x)〉+ η − 1. (10)

Following Nguyen et al. (2008), we consider the following regularized loss: L (w, η) = L(w, η) +

Ω(w), and the corresponding sample-based formulation L̂ (w, η) = L̂(w, η) + Ω(w), where Ω(w)

is a convex regularizer, e.g., Ω(w) = λ
2 ‖w‖

2
2 . The η-DV primal problem can now be defined as:

η-DV–P : min
w,η

L(w, η) + Ω(w). (11)
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Figure 2: Comparison of dual formations of η-DV and f -div in RKHS. Here r is an estimator for density ratio
p/q and MMDΦ(P,Q) = ‖Ex∼PΦ(x)− Ey∼QΦ(y)‖. As can be seen, both duals have a relative entropy term,
but the f -div bound does not impose the normalization constraint on the ratio, which biases the estimate, while
η-DV uses η as the Lagrangian multiplier to impose the constraint EQ[r] = 1 and ensure density normalization.

In the following, we show that L (w, η) is jointly convex in (w, η) and derive its dual, which will
shed light on the nature of the likelihood ratio estimate as well as the role of η.

Convex Estimate in RKHS. In Lemma 3 we first establish the convexity of the η-DV loss function.

Lemma 3. L and L̂ are jointly convex in w and η.

L̂ε(u, η) = L̂(u, η)+Ω(u)+εe−η.Our KL estimate is therefore given as D̂H
DV(P,Q) = −L̂(w∗, η∗),

where (w∗, η∗) = arg min(u,η) L̂ε(u, η).

η-DV Dual is a Constrained Likelihood Ratio Estimation. Another angle for estimating the KL
divergence is through likelihood ratio estimation (Mohamed & Lakshminarayanan, 2016). Given
a ratio estimate r̂ of p/q, the KL divergence can be computed as EQr̂ log(r̂), which can be easily
estimated using samples from Q.

In Theorem 1, proven in Appendix A, we show that the dual problem (denoted D), corresponding
to the primal minimization problem (denoted P) of η-DV, reduces to a constrained likelihood ratio
estimation problem (denoted C).
Theorem 1. Let Ω∗(.) be the Fenchel conjugate of Ω(.). The η-DV bound restricted to an RKHS,
amounts to the following regularized convex minimization: P = − (minw,η L(w, η) + Ω(w)), that
has the following dual form:

D = min
r>0

max
η

∫

X
r(y) log (r(y)) q(y)dy + (η − 1)

(∫

X
r(y)q(y)dy − 1

)
+ Ω∗ (∆(r)) ,

where ∆(r) =
∫
X Φ(x)p(x)dx−

∫
X r(y)q(y)Φ(y)dy.

Noticing that η − 1 plays the role of a Lagrangian multiplier, this is equivalent to the following
likelihood ratio estimation problem:

C = min
r>0

∫

X
r(y) log (r(y)) q(y)dy + Ω∗

(∫

X
Φ(x)p(x)dx−

∫

X
r(y)q(y)Φ(y)dy

)

subject to:
∫

X
r(y)q(y)dy = 1.

Therefore, we have P = D = C. Let (w∗, η∗) be an optimizer of P . Let r∗ be an optimizer of D,
then the KL estimate is given by: DH

DV (P,Q) =
∫
X r
∗(y) log (r∗(y)) q(y)dy = L(w∗, η∗).

The regularizer Ω(w) = λ
2 ‖w‖

2 can now be given the following interpretation based on the results
of Theorem 1. Recall the definition of the MMD (Gretton et al., 2012) between distributions using an
RKHS: MMDΦ(P,Q) = ‖Ex∼PΦ(x)− Ey∼QΦ(y)‖. Replacing the Fenchel conjugate Ω∗(.) by its
expression in Theorem 1, we see that η-DV is equivalent to the following dual (η-DV–D)

η-DV–D : min
r>0

max
η

∫

X
r(y) log (r(y)) q(y)dy+(η−1)

(∫

X
r(y)q(y)dy − 1

)
+

1

2λ
MMD2

Φ(rq, p)

(12)
which can be written as a constrained ratio estimation problem (η-DV–C)

η-DV–C : min
r>0

∫

X
r(y) log (r(y)) q(y)dy +

1

2λ
MMD2

Φ(rq, p), subject to:
∫

X
r(y)q(y)dy = 1.

(13)
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Hence, it is clear now that the η-DV optimization problem is equivalent to the constrained likelihood
ratio estimation problem r given in Eq. 13, where the ratio is estimated using the MMD distance in the
RKHS between rq and p. It is also easy to see that p/q is a feasible point and for the universal feature
map MMDΦ(rq, p) = 0 iif r = p/q, therefore, for a universal kernel, p/q is optimal and we recover
the KL divergence for r = p/q. When comparing η-DV–D from Eq. 12 and η-DV–C from Eq. 13, we
see that η−1 plays the role of a Lagrangian that ensures that rq is indeed a normalized distribution. In
practice, we solve the primal problem (P), while the dual problem (D) and its equivalent constrained
form (C) explain why this formulation estimates the KL divergence and the role of η as a Lagrangian
multiplier that enforces a normalization constraint. Let r∗ be the solution, then we have:

DH
DV(P,Q) =

∫

X
r∗(y) log (r∗(y)) q(y)dy = −L(w∗, η∗). (14)

For comparison, the f -div bound, restricted to an RKHS, is equivalent to the following ratio esti-
mation (follows from the proof of Theorem 1 by eliminating max on η, and setting η= 0), and is
consistent with the results of Nguyen et al. (2008) (see Eq. 51 therein):

f -div : min
r>0

∫

X
r(y) log (r(y)) q(y)dy + 1−

∫

X
r(y)q(y)dy +

1

2λ
MMD2

Φ(rq, p). (15)

Let r∗ be the optimum, then the KL divergence can be estimated as follows Nguyen et al. (2008):

DH
f (P,Q) =

∫

X
r∗(y) log (r∗(y)) q(y)dy +

(
1−

∫

X
r∗(y)q(y)dy

)
. (16)

Comparing DH
DV(P,Q) and DH

f (P,Q) we see that they both have a relative entropy term but the
f -div bound does not impose the normalization constraint on the ratio, which biases the estimate. We
end with the following remark: In Theorem 1, if we replace the loss L by its empirical counterpart L̂
from Eq. 9, the equivalent Dual takes the following form:

min
ri>0

1

N

N∑

i=1

ri log (ri) + Ω∗
(

1

N

N∑

i=1

Φ(xi)−
1

N

N∑

i=1

riΦ(yi)

)
, subject to:

1

N

N∑

i=1

ri = 1,

and the KL estimate is given by: D̂H
DV(P,Q) = 1

N

∑N
i=1 r

∗
i log (r∗i ) = −L̂(w∗, η∗).

From RKHS to Neural Estimation. One shortcoming of the RKHS approach is that the method
depends on the choice of feature map Φ. We propose to learn Φ as a deep neural network as in MINE
(Belghazi et al., 2018). Given samples xi from P, yi from Q, the KL estimation problem becomes:

D̂NN
DV(P,Q) = −

(
min

Φ
min
η,w

e−η
1

N

N∑

i=1

e〈w,Φ(yi)〉 −
N∑

i=1

〈w,Φ(xi)〉+ η − 1

)
, (17)

which can be solved using BCD on (w, η,Φ). Note that if Φ(·) is known and fixed, then optimization
problem in Eq. 17 becomes convex in η and w. We refer to this bound as η-DV–convex.

What Do Neural Estimators of KL or MI Learn? We conclude with the following observations:

1. Ratio estimation via Feature Matching. KL divergence estimation with variational bounds boils
down to a ratio estimation using a form of MMD matching.

2. Choice of Feature/Architecture. The choice of the feature space or the architecture of the neural
network introduces a bias in the ratio estimation; also observed in Tschannen et al. (2019).

3. Ratio Normalization. η-DV bound introduces a normalization constraint on the ratio, that ensures
a better consistent estimate.

4. Impact of Regularizers. The choice of the regularizer dictates the choice of the metric. For
instance, Ozair et al. (2019) used gradient penalties as a regularizer, and this corresponds to a ratio
matching in the Sobolev discrepancy sense. Please see Appendix A.1 for more details.

4 η-DV MUTUAL INFORMATION ESTIMATION

We now specify the KL estimators given in Section 3 for the MI estimation problem. Given a function
space H defined on X × Y ,

I(X;Y ) ≥ IH
DV (X;Y ) = sup

f∈H
Epxyf(x, y)− log

(
EpxEpyef(x,y)

)
≥ IH

f -div(X;Y ), (18)
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where IH
f -div(X;Y )=supf∈H Epxyf(x, y)− EpxEpyef(x,y).

Equivalently, with the η-trick we have:

IH
DV (X;Y ) = − inf

f∈H ,η
e−ηEpxpyef(x,y) − Epxyf(x, y) + η − 1. (19)

Now, given iid samples from marginals xi ∼ px and ỹi ∼ py, i = 1 . . . N , and samples from the joint
(xi, yi) ∼ pxy, i = 1 . . . N , we can estimate the MI as follows:

ÎH
DV (X,Y ) = D̂H

DV(px,y, pxpy) = − inf
f∈H ,η

e−η
1

N

N∑

i=1

ef(xi,ỹi) − 1

N

N∑

i=1

f(xi, yi) + η − 1, (20)

when H is an RKHS, η can be seen as a Lagrangian ensuring that the ratio estimation r(x, y) of
pxy
pxpy

is normalized when integrated on pxpy, i.e., η is a Lagrangian associated with the constraint∫
X×Y r(x, y)px(x)py(y)dxdy = 1. In Table 1 we review other variational bounds for MI based on
f -div, DV, and η-DV bounds (a-MINE from Poole et al. (2019) is discussed next).

MI Estimator Loss to minimize L̂ Constraints
(bound)
DV-MINE

log
(

1
N

∑N
i=1 e

f(xi,ỹi)
)
− 1

N

∑N
i=1 f(xi, yi) f is a DNN(DV)

Unbiased 1
N

∑N
i=1 e

f(xi,ỹi)

m
− 1

N

∑N
i=1 f(xi, yi)

f is a DNN, m running
DV-MINE avg. of 1

N

∑N
i=1e

f(xi,ỹi)

f-MINE 1
N

∑N
i=1 e

f(xi,ỹi) − 1
N

∑N
i=1 f(xi, yi)− 1

f is in RKHS (convex)
(f -div) or f is a DNN
a-MINE 1

N

∑N
i=1

(
ef(xi,ỹi)

a(ỹi)
+ log(a(ỹi))

)
− 1

N

∑N
i=1 f(xi, yi)− 1

a is a DNN, a > 0
(DV) f is a DNN
InfoNCE 1

N

∑N
i=1

(
log 1

N

∑N
j=1 e

f(xi,ỹj) − f(xi, yi)
)

f is a DNN(-)
η-MINE

e−η 1
N

∑N
i=1 e

f(xi,ỹi) −
∑N
i=1 f(xi, yi) + η − 1

f is in RKHS
(ours:η-DV) or f is a DNN; η ∈ R
η-MINE-convex

e−η 1
N

∑N
i=1 e

〈w,Φ(xi,ỹi)〉 −
∑N
i=1 〈w,Φ(xi, yi)〉+ η − 1

Φ(·) is fixed
(ours:η-DV) w ∈ Rdim(Φ), η ∈ R

Table 1: Given iid samples from marginals xi∼px and ỹi∼py and samples from the joint (xi, yi) ∼ pxy , we
list some MI estimators, corresponding variational bounds, associated losses, and constraints on the function
space. MI estimators include biased and unbiased DV-MINE from DV (Belghazi et al., 2018), f-MINE from
f -div (Nguyen et al., 2008; Nowozin et al., 2016), InfoNCE (van den Oord et al., 2018a), a-MINE from DV
(Poole et al., 2019) and η-MINE, η-MINE-convex from η-DV(ours).

Improved Donsker-Varadhan for Mutual Information and a-DV Bound Discussion. In the
following Lemma we show that for the particular case of MI estimation, the DV bound can be made
tighter:
Lemma 4. For any function g that maps X × Y to R+ we have:

KL(px,y, pxpy) + Epx log(Epyg(x, y)) ≥ Epx,y log(g(x, y))

Therefore: I(X;Y ) = supf∈G (X×Y) Epx,yf(x, y) − Epy log(Epxef(x,y)) where G (X × Y) is the
entire space of functions defined on X × Y . For any function space H map X × Y to R we have:

I(X;Y ) ≥ IH
a-DV(X;Y ) := sup

f∈H
Epx,yf(x, y)− Epy log(Epxef(x,y)).

Using Jensen’s inequality, we can easily derive the following hierarchy of lower bounds:

I(X;Y ) ≥ IH
a-DV(X;Y ) ≥ IH

η-DV(X;Y ) ≥ IH
f -div(X;Y ). (21)

In Theorem 2, we apply the η-trick of Lemma 1 to IH
a-DV(X;Y ), where we replace each

log
(
Epxef(x,y)

)
using the variational form of log which leads to η(y). The interchangeability

between minimization and expectation and going from scalar η for each y to a function η(.) needs
some care and we prove it in the Appendix B.1, appealing to the interchangeability principle (Lemma 1
in Dai et al. (2016)).
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Theorem 2 (η-trick for Improved DV Bound). Let H be a space of bounded functions defined on
X ×Y we have: I(X;Y ) ≥ − inff∈H ,η∈G(Y) Epx.pyef(x,y)−η(y) +Epyη(y)− 1−Epx,y (f(x, y)),
where G (Y) is the entire space of functions defined on Y . Let Hη be a function space subset of
G (Y) we obtain:

I(X;Y ) ≥ IH
a-DV(X;Y ) = sup

f∈H ,η(.)∈Hη

Epx,yf(x, y)− Epx.pyef(x,y)−η(y) − Epyη(y) + 1. (22)

Hence, we recover the lower bound given in Poole et al. (2019) (given in Table 1), that was derived
through other variational principles. In the following, we make a few remarks about IH

a-DV(X;Y ):

1. The IH
a-DV(X;Y ) bound, as given in Poole et al. (2019), can be also obtained by setting η(y) =

log(a(y)), a(y)>0. While this seems equivalent, the restriction of a to R+ (η is in R) changes
the landscape of the optimization problem and the interchangeability principle does not apply in a
straightforward way.

2. Poole et al. (2019) refers to a(y) as a “critic” (as in the reinforcement learning literature). As
shown in our analysis in Section 3, when we restrict H to an RKHS, η(y) plays a role of a
Lagrangian multiplier or a dual potential in a ratio estimation problem. In this case it is enforcing
multiple constraints

∫
X r(x, y)p(x)dx = 1 for each y, instead of imposing a single constraint∫

X
∫
Y r(x, y)p(x)p(y)dxdy=1 as in the IH

η-DV(X;Y ) bound.

3. No Free Lunch: while IH
a-DV(X;Y ) is tighter than our IH

η-DV(X;Y ) bound, it comes at the
price of estimating a function η(y) together with the witness function f . This triggers a higher
computational cost and larger estimation errors.

4. We show in Appendix C how IH
a-DV(X;Y ) can be extended to conditional MI estimation.

5. Generality: η-DV bound is applicable for general probability distributions P and Q: KL(P,Q) ≥
DH
η-DV(P,Q), while IH

a-DV(X;Y ) only works for P = pxy and Q = pxpy .

Finally, in Algorithm 1 we outline the steps of η-MINE for MI estimation.

Algorithm 1 η-MINE (Stochastic BCD )

Inputs: X,Y dataset X ∈ RN×dx , Y ∈ RN×dy , such that (xi = Xi,., yi = Yi,.) ∼ pxy
Hyperparameters: αη, αθ (learning rates), nc (number of critic updates)
Initialize η, θ parameter of the neural network fθ
for i = 1 . . .Maxiter do

for j = 1 . . . nc do
Fetch a minibatch of size N (xi, yi) ∼ pxy
Fetch a minibatch of size N (xi, ỹi) ∼ pxpy {ỹi obtained by permuting rows of Y }
Evaluate L̂(fθ, η) = e−η 1

N

∑N
i=1 e

fθ(xi,ỹi) − 1
N

∑N
i=1 fθ(xi, yi) + η − 1

Stochastic Gradient step on θ:
θ ← θ − α∂L̂(fθ,η)

∂θ {We use ADAM}
end for
Update η:
η ← η − αη ∂L̂(fθ,η)

∂η

end for
Output: fθ, η, ÎH

η-DV(X,Y ) = 1
N

∑N
i=1 fθ(xi, yi)− e−η 1

N

∑N
i=1 e

fθ(xi,ỹi) − η + 1

5 EXPERIMENTS

In this Section, we conduct a set of experiments using synthetic and real data on a number of
applications to compare the proposed η-MINE MI estimator to the existing baselines.

MI estimation. We compared different MI estimators on three synthetically generated Gaussian
datasets [5K training and 1K testing samples]. Each evaluated MI estimator was run 10 times and
its average performance (together with the standard deviation) is shown in Fig. 3.a. As can be seen,
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Figure 3: Performance of different MI estimators on synthetic Gaussian datasets. Top: MI estimation. Data was
sampled from 2-, 10- and 20-dimensional Gaussian distributions with randomly generated means and covariance
matrices. As we increase the data complexity, the difference between estimators decreases, although we observed
that η-MINE (or its convex extension) on average performed better than the baseline methods, converging to the
true MI [red line] faster. Bottom: MI for GAN regularization. Top row: unconditional GAN baseline fails at
capturing all 25 modes in the Gaussian mixture. Middle row: MI-regularized conditional GAN using DV-MINE
(Belghazi et al., 2018) converges after 140K steps of the generator. We found this estimator to be sensitive to the
hyper-parameters and unstable during training. Bottom row: MI-regularized conditional GAN using η-MINE;
the model converges in 50K steps of the generator.

MI estimation in high dimensions is a challenging task, where the estimation error for all methods
increases as the data dimensionality grows [red line shows true value for MI]. Nevertheless, the
proposed η-MINE is able to achieve on average more accurate results compared to the existing
baselines. We also see that the convex formulation of η-MINE has overall a better performance and
fast convergence rate. This estimator has a linear witness function that is defined as f(·) = 〈w,Φ(·)〉
using pre-trained fixed feature map Φ(·) from the regular η-MINE. In the experiments that follow we
compare the proposed estimator η-MINE to DV-MINE, as a main baseline approach.

MI-regularized GAN. We investigate GAN training improvements with MI, and especially dimin-
ishing mode collapse, as addressed in Belghazi et al. (2018) in Section 5.1. Belghazi et al. (2018)
uses a 25-Gaussian dataset to show improvements on GAN Clustering by using MI objective for
regularization. As in InfoGAN (Chen et al., 2016), the conditional generator G is supplied with
random codes c along with noise z, we maximize the mutual information between I(G(z, c), c) using
η-MINE estimators. In Fig. 3.b, we repeat this task and establish that η-MINE can recover all the
modes within a fewer steps than DV-MINE (50K vs. 140K) and with a stable training.

Self-supervised: Deep InfoMax (Hjelm et al., 2018). In unsupervised or self-supervised learning,
the objective is to build a model without relying on labeled data but using an auxiliary task to learn
informative features that can be useful for various downstream tasks. In this experiment we evaluate
the effectiveness of the proposed η-MINE estimator for unsupervised feature learning using the
recently proposed Deep InfoMax method from Hjelm et al. (2018). For feature representation we
used an encoder similar to DCGAN (Radford et al., 2015), shown in Fig. 4.a and evaluated results on
CIFAR10 and STL10 datasets (STL10 images were scaled down to match CIFAR10 resolution).
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Figure 4: (a) Encoder architecture and classification accuracy (top1) on CIFAR-10 dataset for different pre-
trained encoders. Each number represents test accuracy of the system trained by maximizing MI between
features from layers pointed by the corresponding arrows. Interestingly, the highest accuracy was obtained by
pre-training encoder composed of just the first two convolutional layers (see (b) and (c) for details of this process).
(b) Model pre-training by maximizing MI between features from different layers [additionally transformed by
a neural net, aimed at constructing witness function f(·)]. (c) After pre-training, we fix encoder and attach a
trainable linear layer to perform traditional supervised training on the same or different datasets.

Table 2: Classification accuracy (top1) results on CI-
FAR10 (C10) and STL10 (S10) for unsupervised pre-
training task with DV-MINE and η-MINE using encoder
in Fig. 4.b. For reference we also list results for su-
pervised (CE) training using full encoder in Fig. 4.a.
η-MINE-based pre-training achieves overall better re-
sults when evaluated on same or different data, even
outperforming the supervised model on S10.

Test

C10 S10

Train DV η Sup. DV η Sup.

C10 77.5 74.8 84.2 55.1 56.4 -
S10 67.5 68.3 - 61.8 63.3 61.3

The encoder is trained by maximizing MI
I(x′, y′) between features from one of the shal-
low layers l (x′ = El(x)) and a deeper layer
k (y′ = Ek(y)). We examined different layer
combinations and found that the encoder com-
posed of only the first two convolutional layers
give the best performance on the downstream
tasks. As shown in Fig. 4.b the encoder features
are passed through additional trainable neural
network layers, whose job is to build a classi-
fier f(x′, y′), discriminating cases when x′ are
y′ are coming from the same image and cases
when x′ are y′ are unrelated. Finally, we at-
tach a linear layer to the pre-trained and now
fixed encoder (see Fig. 4.c) to perform super-
vised training. In Tab. 2 we present the results
for two MI estimators: η-MINE and DV-MINE, whose loss functions are listed in Tab. 1. As can be
seen, η-MINE-based pre-training performs competitively with DV-MINE, achieving overall better
results on both datasets, showing practical benefits of the proposed approach.

Self-Supervised: Jigsaws with MI. The self-supervision Jigsaw pretext task (Noroozi & Favaro,
2016; Kolesnikov et al., 2019) aims at solving an image jigsaw puzzle by predicting the scrambling
permutation π. From image X with x= {x1 . . . x9} 3×3 jigsaw patches, and permutation y=πi :
[1, 9]→ [1, 9], scrambled patches xπi ={xπi(1) . . . xπi(9)} generate the puzzle. Each patch is passed
through an encoder E, which needs to learn meaningful representations such that a classifier CJ can
solve the puzzle by predicting the scrambling order πi (Noroozi & Favaro, 2016) (see Fig. 5.a). While
this standard formulation relies on a CE-based classification of the permutation, we propose here to
use MI Jigsaw, where we train the encoder E to maximize I(E(xπi);πi) by using MI estimators DV-
and η-MINE, as seen in Fig. 5.b. A patch preprocessing similar to Kolesnikov et al. (2019) avoids
shortcuts based on color aberration, patch edge matching, etc. (Noroozi & Favaro, 2016); for details
of our implementation, see Appendix D. All our models are built on a 10% subset of ImageNet (128K
train., 5K val., 1K classes) as proposed by Kolesnikov et al. (2019). This is a larger set than Tiny
ImageNet (200 classes) used in many publications. E is a ResNet50 for all our experiments. In our
ImageNet target classification task, E from CE and MI Jigsaw trainings are frozen (at 200 epochs)
and followed by linear classifier C (Fig. 5.c); an adequate setup for comparing encoders as argued by
Kolesnikov et al. (2019).

All models are compared on target task in Tab. 3. Best accuracy numbers are reported for Cs trained
for exactly 200 epochs. For all results, E is trained from Jigsaw task (CE or MI) and frozen, with
only C trained as in Kolesnikov et al. (2019). DV- and η-MINE share the same f architecture.
η-MINE gives better accuracy performance compared to DV-MINE. CE model trained from a Jigsaw-
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supervised encoder E provides an upper-bound for supervised performance for E from the Jigsaw
task. Despite CE being better than η-MINE and DV-MINE, η-MINE does a respectable job at learning
a useful representation space for the target task, better than DV-MINE. More details about the Jigsaw
experiments setup can be found in Appendix D.

Table 3: ImageNet (10% subset) classification ac-
curacy results (in %). DV-MINE and η-MINE are
using fixed Encoder from MI training. CE is for
using a CE Jigsaw Encoder. Numbers reported
are average and standard deviations over 8 models
from different initialization seeds.

DV-MINE η-MINE CE

top1 8.5 ± 1.3 11.0 ± 1.1 12.9 ± 0.3
top5 20.0 ± 2.5 24.1 ± 2.2 28.1 ± 0.6
top10 27.8 ± 3.1 32.7 ± 2.2 37.7 ± 0.6

⇡
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y
<latexit sha1_base64="Tv2vudTNr0UMXu1Gtj8i+e1tMF0=">AAAB6HicbVA9SwNBEJ2LXzF+RS1tFoNgFe6ioGXAxsIiARMDyRH2NnPJmr29Y3dPCEd+gY2FIrb+JDv/jZvkCk18MPB4b4aZeUEiuDau++0U1tY3NreK26Wd3b39g/LhUVvHqWLYYrGIVSegGgWX2DLcCOwkCmkUCHwIxjcz/+EJleaxvDeTBP2IDiUPOaPGSs1Jv1xxq+4cZJV4OalAjka//NUbxCyNUBomqNZdz02Mn1FlOBM4LfVSjQllYzrErqWSRqj9bH7olJxZZUDCWNmShszV3xMZjbSeRIHtjKgZ6WVvJv7ndVMTXvsZl0lqULLFojAVxMRk9jUZcIXMiIkllClubyVsRBVlxmZTsiF4yy+vknat6l1Ua83LSv0uj6MIJ3AK5+DBFdThFhrQAgYIz/AKb86j8+K8Ox+L1oKTzxzDHzifP+wNjQs=</latexit>

x⇡<latexit sha1_base64="4LqxO8gRZ3Uvko9eeWDQZQwiqJo=">AAAB7nicbVBNSwMxEJ2tX7V+VT16CRbBU9mtgh4LXjx4qGA/oF1KNs22oUk2JFmxLP0RXjwo4tXf481/Y9ruQVsfDDzem2FmXqQ4M9b3v73C2vrG5lZxu7Szu7d/UD48apkk1YQ2ScIT3YmwoZxJ2rTMctpRmmIRcdqOxjczv/1ItWGJfLATRUOBh5LFjGDrpPZTP+spNu2XK37VnwOtkiAnFcjR6Je/eoOEpIJKSzg2phv4yoYZ1pYRTqelXmqowmSMh7TrqMSCmjCbnztFZ04ZoDjRrqRFc/X3RIaFMRMRuU6B7cgsezPxP6+b2vg6zJhUqaWSLBbFKUc2QbPf0YBpSiyfOIKJZu5WREZYY2JdQiUXQrD88ipp1arBRbV2f1mp3+VxFOEETuEcAriCOtxCA5pAYAzP8ApvnvJevHfvY9Fa8PKZY/gD7/MHrW6P0g==</latexit>x
<latexit sha1_base64="7QK30voijpaN/s9AAPl2AHowgg8=">AAAB6HicbVA9SwNBEJ2LXzF+RS1tFoNgFe6ioGXAxsIiAfMByRH2NnPJmr29Y3dPDCG/wMZCEVt/kp3/xk1yhSY+GHi8N8PMvCARXBvX/XZya+sbm1v57cLO7t7+QfHwqKnjVDFssFjEqh1QjYJLbBhuBLYThTQKBLaC0c3Mbz2i0jyW92acoB/RgeQhZ9RYqf7UK5bcsjsHWSVeRkqQodYrfnX7MUsjlIYJqnXHcxPjT6gynAmcFrqpxoSyER1gx1JJI9T+ZH7olJxZpU/CWNmShszV3xMTGmk9jgLbGVEz1MveTPzP66QmvPYnXCapQckWi8JUEBOT2dekzxUyI8aWUKa4vZWwIVWUGZtNwYbgLb+8SpqVsndRrtQvS9W7LI48nMApnIMHV1CFW6hBAxggPMMrvDkPzovz7nwsWnNONnMMf+B8/gDqiY0K</latexit>

E(x⇡)
<latexit sha1_base64="BkaWkDb1MMYgYp0YCH+pWdHy8EQ=">AAAB8XicbVBNSwMxEJ2tX7V+VT16CRahXspuFfRYEMGDhwr2A9ulZNNsG5pklyQrlqX/wosHRbz6b7z5b0zbPWjrg4HHezPMzAtizrRx3W8nt7K6tr6R3yxsbe/s7hX3D5o6ShShDRLxSLUDrClnkjYMM5y2Y0WxCDhtBaOrqd96pEqzSN6bcUx9gQeShYxgY6WH6/JTL+3GbHLaK5bcijsDWiZeRkqQod4rfnX7EUkElYZwrHXHc2Pjp1gZRjidFLqJpjEmIzygHUslFlT76eziCTqxSh+FkbIlDZqpvydSLLQei8B2CmyGetGbiv95ncSEl37KZJwYKsl8UZhwZCI0fR/1maLE8LElmChmb0VkiBUmxoZUsCF4iy8vk2a14p1VqnfnpdptFkcejuAYyuDBBdTgBurQAAISnuEV3hztvDjvzse8NedkM4fwB87nDwZrkIY=</latexit> CE Loss

<latexit sha1_base64="EPAAY60jXNa8iw4kF11dv9kQvqE=">AAAB7nicbVDLSgNBEOz1GeMr6tHLYBA8hd140GMgCB5yiGAekCxhdjKbDJnHMjMrhCUf4cWDIl79Hm/+jZNkD5pY0FBUddPdFSWcGev7397G5tb2zm5hr7h/cHh0XDo5bRuVakJbRHGluxE2lDNJW5ZZTruJplhEnHaiSX3ud56oNkzJRztNaCjwSLKYEWyd1KnfoYYyZlAq+xV/AbROgpyUIUdzUPrqDxVJBZWWcGxML/ATG2ZYW0Y4nRX7qaEJJhM8oj1HJRbUhNni3Bm6dMoQxUq7khYt1N8TGRbGTEXkOgW2Y7PqzcX/vF5q49swYzJJLZVkuShOObIKzX9HQ6YpsXzqCCaauVsRGWONiXUJFV0IwerL66RdrQTXlepDtVxr5HEU4Bwu4AoCuIEa3EMTWkBgAs/wCm9e4r14797HsnXDy2fO4A+8zx+N/48V</latexit>

⇡̃
<latexit sha1_base64="K3N4rzN6QkDGJCRJX8dOfIL/bvk=">AAAB8nicbVBNS8NAEN34WetX1aOXxSJ4KkkV9Fjw4sFDBfsBSSibzaZdutkNuxOhhP4MLx4U8eqv8ea/cdvmoK0PBh7vzTAzL8oEN+C6387a+sbm1nZlp7q7t39wWDs67hqVa8o6VAml+xExTHDJOsBBsH6mGUkjwXrR+Hbm956YNlzJR5hkLEzJUPKEUwJW8gPgImZFkPHpoFZ3G+4ceJV4JamjEu1B7SuIFc1TJoEKYozvuRmEBdHAqWDTapAblhE6JkPmWypJykxYzE+e4nOrxDhR2pYEPFd/TxQkNWaSRrYzJTAyy95M/M/zc0huwoLLLAcm6WJRkgsMCs/+xzHXjIKYWEKo5vZWTEdEEwo2paoNwVt+eZV0mw3vstF8uKq37ss4KugUnaEL5KFr1EJ3qI06iCKFntErenPAeXHenY9F65pTzpygP3A+fwC30ZGR</latexit>Encoder

<latexit sha1_base64="9eqHl8RmgCDm8n+ycQ4DYf8rC78=">AAAB7nicbVBNS8NAEJ34WetX1aOXxSJ4Kkk96LEgggcPFewHtKFsNpN26WYTdjdCCf0RXjwo4tXf481/47bNQVsfDDzem2FmXpAKro3rfjtr6xubW9ulnfLu3v7BYeXouK2TTDFssUQkqhtQjYJLbBluBHZThTQOBHaC8c3M7zyh0jyRj2aSoh/ToeQRZ9RYqXMrWRKiGlSqbs2dg6wSryBVKNAcVL76YcKyGKVhgmrd89zU+DlVhjOB03I/05hSNqZD7FkqaYzaz+fnTsm5VUISJcqWNGSu/p7Iaaz1JA5sZ0zNSC97M/E/r5eZ6NrPuUwzg5ItFkWZICYhs99JyBUyIyaWUKa4vZWwEVWUGZtQ2YbgLb+8Str1mndZqz/Uq437Io4SnMIZXIAHV9CAO2hCCxiM4Rle4c1JnRfn3flYtK45xcwJ/IHz+QNElI+M</latexit> Classifier
<latexit sha1_base64="vIcvTgTgmzy4V1xrdw1paNEk+Xw=">AAAB8XicbVC7TsMwFL0pr1JeBUYWiwqJqUrKAGOlLgwMRaIP0UaV4962Vh0nsh2kKupfsDCAECt/w8bf4LQZoOVIlo7Pude+9wSx4Nq47rdT2Njc2t4p7pb29g8Oj8rHJ20dJYphi0UiUt2AahRcYstwI7AbK6RhILATTBuZ33lCpXkkH8wsRj+kY8lHnFFjpceGoFrbK6pBueJW3QXIOvFyUoEczUH5qz+MWBKiNCx7pee5sfFTqgxnAuelfqIxpmxKx9izVNIQtZ8uJp6TC6sMyShS9khDFurvjpSGWs/CwFaG1Ez0qpeJ/3m9xIxu/JTLODEo2fKjUSKIiUi2PhlyhcyImSWUKW5nJWxCFWXGhlSyIXirK6+Tdq3qXVVr97VK/S6PowhncA6X4ME11OEWmtACBhKe4RXeHO28OO/Ox7K04OQ9p/AHzucPqbKQ7w==</latexit>

(a)
<latexit sha1_base64="k1eSHQJ5509+pRU/JnBXsE7Qp80=">AAAB6nicbVA9SwNBEJ2LXzF+RS1tFoMQm3AXBS0DNhYWEc0HJEeY2+wlS/b2jt09IYT8BBsLRWz9RXb+GzfJFZr4YODx3gwz84JEcG1c99vJra1vbG7ltws7u3v7B8XDo6aOU0VZg8YiVu0ANRNcsobhRrB2ohhGgWCtYHQz81tPTGkey0czTpgf4UDykFM0Vnoo43mvWHIr7hxklXgZKUGGeq/41e3HNI2YNFSg1h3PTYw/QWU4FWxa6KaaJUhHOGAdSyVGTPuT+alTcmaVPgljZUsaMld/T0ww0nocBbYzQjPUy95M/M/rpCa89idcJqlhki4WhakgJiazv0mfK0aNGFuCVHF7K6FDVEiNTadgQ/CWX14lzWrFu6hU7y9LtbssjjycwCmUwYMrqMEt1KEBFAbwDK/w5gjnxXl3PhatOSebOYY/cD5/AIz7jVg=</latexit>

⇡
<latexit sha1_base64="ssrxXj83Q3bN+D6gc+nqqGiBzRk=">AAAB6nicbVA9SwNBEJ2LXzF+RS1tFoNgFe6ioGXAxsIiovmA5Ah7m7lkyd7esbsnhCM/wcZCEVt/kZ3/xk1yhSY+GHi8N8PMvCARXBvX/XYKa+sbm1vF7dLO7t7+QfnwqKXjVDFssljEqhNQjYJLbBpuBHYShTQKBLaD8c3Mbz+h0jyWj2aSoB/RoeQhZ9RY6aGX8H654lbdOcgq8XJSgRyNfvmrN4hZGqE0TFCtu56bGD+jynAmcFrqpRoTysZ0iF1LJY1Q+9n81Ck5s8qAhLGyJQ2Zq78nMhppPYkC2xlRM9LL3kz8z+umJrz2My6T1KBki0VhKoiJyexvMuAKmRETSyhT3N5K2IgqyoxNp2RD8JZfXiWtWtW7qNbuLyv1uzyOIpzAKZyDB1dQh1toQBMYDOEZXuHNEc6L8+58LFoLTj5zDH/gfP4AVA2N2w==</latexit>

y
<latexit sha1_base64="Tv2vudTNr0UMXu1Gtj8i+e1tMF0=">AAAB6HicbVA9SwNBEJ2LXzF+RS1tFoNgFe6ioGXAxsIiARMDyRH2NnPJmr29Y3dPCEd+gY2FIrb+JDv/jZvkCk18MPB4b4aZeUEiuDau++0U1tY3NreK26Wd3b39g/LhUVvHqWLYYrGIVSegGgWX2DLcCOwkCmkUCHwIxjcz/+EJleaxvDeTBP2IDiUPOaPGSs1Jv1xxq+4cZJV4OalAjka//NUbxCyNUBomqNZdz02Mn1FlOBM4LfVSjQllYzrErqWSRqj9bH7olJxZZUDCWNmShszV3xMZjbSeRIHtjKgZ6WVvJv7ndVMTXvsZl0lqULLFojAVxMRk9jUZcIXMiIkllClubyVsRBVlxmZTsiF4yy+vknat6l1Ua83LSv0uj6MIJ3AK5+DBFdThFhrQAgYIz/AKb86j8+K8Ox+L1oKTzxzDHzifP+wNjQs=</latexit>

x⇡<latexit sha1_base64="4LqxO8gRZ3Uvko9eeWDQZQwiqJo=">AAAB7nicbVBNSwMxEJ2tX7V+VT16CRbBU9mtgh4LXjx4qGA/oF1KNs22oUk2JFmxLP0RXjwo4tXf481/Y9ruQVsfDDzem2FmXqQ4M9b3v73C2vrG5lZxu7Szu7d/UD48apkk1YQ2ScIT3YmwoZxJ2rTMctpRmmIRcdqOxjczv/1ItWGJfLATRUOBh5LFjGDrpPZTP+spNu2XK37VnwOtkiAnFcjR6Je/eoOEpIJKSzg2phv4yoYZ1pYRTqelXmqowmSMh7TrqMSCmjCbnztFZ04ZoDjRrqRFc/X3RIaFMRMRuU6B7cgsezPxP6+b2vg6zJhUqaWSLBbFKUc2QbPf0YBpSiyfOIKJZu5WREZYY2JdQiUXQrD88ipp1arBRbV2f1mp3+VxFOEETuEcAriCOtxCA5pAYAzP8ApvnvJevHfvY9Fa8PKZY/gD7/MHrW6P0g==</latexit>x
<latexit sha1_base64="7QK30voijpaN/s9AAPl2AHowgg8=">AAAB6HicbVA9SwNBEJ2LXzF+RS1tFoNgFe6ioGXAxsIiAfMByRH2NnPJmr29Y3dPDCG/wMZCEVt/kp3/xk1yhSY+GHi8N8PMvCARXBvX/XZya+sbm1v57cLO7t7+QfHwqKnjVDFssFjEqh1QjYJLbBhuBLYThTQKBLaC0c3Mbz2i0jyW92acoB/RgeQhZ9RYqf7UK5bcsjsHWSVeRkqQodYrfnX7MUsjlIYJqnXHcxPjT6gynAmcFrqpxoSyER1gx1JJI9T+ZH7olJxZpU/CWNmShszV3xMTGmk9jgLbGVEz1MveTPzP66QmvPYnXCapQckWi8JUEBOT2dekzxUyI8aWUKa4vZWwIVWUGZtNwYbgLb+8SpqVsndRrtQvS9W7LI48nMApnIMHV1CFW6hBAxggPMMrvDkPzovz7nwsWnNONnMMf+B8/gDqiY0K</latexit>

E(x⇡)
<latexit sha1_base64="BkaWkDb1MMYgYp0YCH+pWdHy8EQ=">AAAB8XicbVBNSwMxEJ2tX7V+VT16CRahXspuFfRYEMGDhwr2A9ulZNNsG5pklyQrlqX/wosHRbz6b7z5b0zbPWjrg4HHezPMzAtizrRx3W8nt7K6tr6R3yxsbe/s7hX3D5o6ShShDRLxSLUDrClnkjYMM5y2Y0WxCDhtBaOrqd96pEqzSN6bcUx9gQeShYxgY6WH6/JTL+3GbHLaK5bcijsDWiZeRkqQod4rfnX7EUkElYZwrHXHc2Pjp1gZRjidFLqJpjEmIzygHUslFlT76eziCTqxSh+FkbIlDZqpvydSLLQei8B2CmyGetGbiv95ncSEl37KZJwYKsl8UZhwZCI0fR/1maLE8LElmChmb0VkiBUmxoZUsCF4iy8vk2a14p1VqnfnpdptFkcejuAYyuDBBdTgBurQAAISnuEV3hztvDjvzse8NedkM4fwB87nDwZrkIY=</latexit>Encoder

<latexit sha1_base64="9eqHl8RmgCDm8n+ycQ4DYf8rC78=">AAAB7nicbVBNS8NAEJ34WetX1aOXxSJ4Kkk96LEgggcPFewHtKFsNpN26WYTdjdCCf0RXjwo4tXf481/47bNQVsfDDzem2FmXpAKro3rfjtr6xubW9ulnfLu3v7BYeXouK2TTDFssUQkqhtQjYJLbBluBHZThTQOBHaC8c3M7zyh0jyRj2aSoh/ToeQRZ9RYqXMrWRKiGlSqbs2dg6wSryBVKNAcVL76YcKyGKVhgmrd89zU+DlVhjOB03I/05hSNqZD7FkqaYzaz+fnTsm5VUISJcqWNGSu/p7Iaaz1JA5sZ0zNSC97M/E/r5eZ6NrPuUwzg5ItFkWZICYhs99JyBUyIyaWUKa4vZWwEVWUGZtQ2YbgLb+8Str1mndZqz/Uq437Io4SnMIZXIAHV9CAO2hCCxiM4Rle4c1JnRfn3flYtK45xcwJ/IHz+QNElI+M</latexit>

MI Loss
<latexit sha1_base64="9oxFyqIaSgUVZMl4eiry9IfOemQ=">AAAB7nicbVBNSwMxEJ31s9avqkcvwSJ4Krv1oMeCF4UKFewHtEvJptk2NJuEJCuUpT/CiwdFvPp7vPlvTNs9aOuDgcd7M8zMixRnxvr+t7e2vrG5tV3YKe7u7R8clo6OW0ammtAmkVzqToQN5UzQpmWW047SFCcRp+1ofDPz209UGybFo50oGiZ4KFjMCLZOat/fobo0pl8q+xV/DrRKgpyUIUejX/rqDSRJEyos4diYbuArG2ZYW0Y4nRZ7qaEKkzEe0q6jAifUhNn83Ck6d8oAxVK7EhbN1d8TGU6MmSSR60ywHZllbyb+53VTG1+HGRMqtVSQxaI45chKNPsdDZimxPKJI5ho5m5FZIQ1JtYlVHQhBMsvr5JWtRJcVqoP1XKtnsdRgFM4gwsI4ApqcAsNaAKBMTzDK7x5ynvx3r2PReual8+cwB94nz+jh48j</latexit> (b)

<latexit sha1_base64="WO9Tf8Ntz4j44qe7P1nI0+bORJk=">AAAB6nicbVA9SwNBEJ2LXzF+RS1tFoMQm3AXBS0DNhYWEc0HJEfY2+wlS/b2jt05IYT8BBsLRWz9RXb+GzfJFZr4YODx3gwz84JECoOu++3k1tY3Nrfy24Wd3b39g+LhUdPEqWa8wWIZ63ZADZdC8QYKlLydaE6jQPJWMLqZ+a0nro2I1SOOE+5HdKBEKBhFKz2Ug/NeseRW3DnIKvEyUoIM9V7xq9uPWRpxhUxSYzqem6A/oRoFk3xa6KaGJ5SN6IB3LFU04safzE+dkjOr9EkYa1sKyVz9PTGhkTHjKLCdEcWhWfZm4n9eJ8Xw2p8IlaTIFVssClNJMCazv0lfaM5Qji2hTAt7K2FDqilDm07BhuAtv7xKmtWKd1Gp3l+WandZHHk4gVMogwdXUINbqEMDGAzgGV7hzZHOi/PufCxac042cwx/4Hz+AI6AjVk=</latexit>

x
<latexit sha1_base64="7QK30voijpaN/s9AAPl2AHowgg8=">AAAB6HicbVA9SwNBEJ2LXzF+RS1tFoNgFe6ioGXAxsIiAfMByRH2NnPJmr29Y3dPDCG/wMZCEVt/kp3/xk1yhSY+GHi8N8PMvCARXBvX/XZya+sbm1v57cLO7t7+QfHwqKnjVDFssFjEqh1QjYJLbBhuBLYThTQKBLaC0c3Mbz2i0jyW92acoB/RgeQhZ9RYqf7UK5bcsjsHWSVeRkqQodYrfnX7MUsjlIYJqnXHcxPjT6gynAmcFrqpxoSyER1gx1JJI9T+ZH7olJxZpU/CWNmShszV3xMTGmk9jgLbGVEz1MveTPzP66QmvPYnXCapQckWi8JUEBOT2dekzxUyI8aWUKa4vZWwIVWUGZtNwYbgLb+8SpqVsndRrtQvS9W7LI48nMApnIMHV1CFW6hBAxggPMMrvDkPzovz7nwsWnNONnMMf+B8/gDqiY0K</latexit>

CE Loss
<latexit sha1_base64="EPAAY60jXNa8iw4kF11dv9kQvqE=">AAAB7nicbVDLSgNBEOz1GeMr6tHLYBA8hd140GMgCB5yiGAekCxhdjKbDJnHMjMrhCUf4cWDIl79Hm/+jZNkD5pY0FBUddPdFSWcGev7397G5tb2zm5hr7h/cHh0XDo5bRuVakJbRHGluxE2lDNJW5ZZTruJplhEnHaiSX3ud56oNkzJRztNaCjwSLKYEWyd1KnfoYYyZlAq+xV/AbROgpyUIUdzUPrqDxVJBZWWcGxML/ATG2ZYW0Y4nRX7qaEJJhM8oj1HJRbUhNni3Bm6dMoQxUq7khYt1N8TGRbGTEXkOgW2Y7PqzcX/vF5q49swYzJJLZVkuShOObIKzX9HQ6YpsXzqCCaauVsRGWONiXUJFV0IwerL66RdrQTXlepDtVxr5HEU4Bwu4AoCuIEa3EMTWkBgAs/wCm9e4r14797HsnXDy2fO4A+8zx+N/48V</latexit>Encoder

<latexit sha1_base64="9eqHl8RmgCDm8n+ycQ4DYf8rC78=">AAAB7nicbVBNS8NAEJ34WetX1aOXxSJ4Kkk96LEgggcPFewHtKFsNpN26WYTdjdCCf0RXjwo4tXf481/47bNQVsfDDzem2FmXpAKro3rfjtr6xubW9ulnfLu3v7BYeXouK2TTDFssUQkqhtQjYJLbBluBHZThTQOBHaC8c3M7zyh0jyRj2aSoh/ToeQRZ9RYqXMrWRKiGlSqbs2dg6wSryBVKNAcVL76YcKyGKVhgmrd89zU+DlVhjOB03I/05hSNqZD7FkqaYzaz+fnTsm5VUISJcqWNGSu/p7Iaaz1JA5sZ0zNSC97M/E/r5eZ6NrPuUwzg5ItFkWZICYhs99JyBUyIyaWUKa4vZWwEVWUGZtQ2YbgLb+8Str1mndZqz/Uq437Io4SnMIZXIAHV9CAO2hCCxiM4Rle4c1JnRfn3flYtK45xcwJ/IHz+QNElI+M</latexit> Classifier
<latexit sha1_base64="vIcvTgTgmzy4V1xrdw1paNEk+Xw=">AAAB8XicbVC7TsMwFL0pr1JeBUYWiwqJqUrKAGOlLgwMRaIP0UaV4962Vh0nsh2kKupfsDCAECt/w8bf4LQZoOVIlo7Pude+9wSx4Nq47rdT2Njc2t4p7pb29g8Oj8rHJ20dJYphi0UiUt2AahRcYstwI7AbK6RhILATTBuZ33lCpXkkH8wsRj+kY8lHnFFjpceGoFrbK6pBueJW3QXIOvFyUoEczUH5qz+MWBKiNCx7pee5sfFTqgxnAuelfqIxpmxKx9izVNIQtZ8uJp6TC6sMyShS9khDFurvjpSGWs/CwFaG1Ez0qpeJ/3m9xIxu/JTLODEo2fKjUSKIiUi2PhlyhcyImSWUKW5nJWxCFWXGhlSyIXirK6+Tdq3qXVVr97VK/S6PowhncA6X4ME11OEWmtACBhKe4RXeHO28OO/Ox7K04OQ9p/AHzucPqbKQ7w==</latexit>

c
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Figure 5: (a) Jigsaw CE training. (b) Jigsaw MI train-
ing. (c) ImageNet Classification CE training.

6 CONCLUSION

In this paper we introduced a new lower bound on the KL divergence and showed how it can be used
to improve the estimation of mutual information using neural networks. Theoretically we proved that
the dual of our η-DV formulation reduces to a constrained likelihood ratio estimation. In practice, the
stability of η-MINE is due to its unbiased gradient. We tested our estimator η-MINE on synthetic data
and applied it on various real-world tasks where MI can be used as a regularizer, or as an objective in
self-supervised learning. We used η-MINE in unsupervised learning of representations through MI
maximization and by solving Jigsaw puzzles. We leave for a future work the analysis and various
possible applications of conditional mutual information neural estimators.
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Supplementary Material for Improved Mutual Information Estimation

The supplementary material is organized as follows:

• In Appendix A we layout proofs of Lemmas 1, 2 and 3. Those lemmas provide the η-DV
formulation. We also give in this Appendix the proof of the main Theorem 1. This theorem
gives the dual formulation of this variational bound in RKHS with Tikhonov Regularization
and sheds the light on the ratio estimation interpretation of η-DV.

• We give in Appendix A.1 the impact of other regularizers on the estimation of KL divergence
in RKHS.

• In Appendix B, we show that further improved bounds can be obtained for the particular
case of mutual information leading to an improved Donsker-Varadhan. We show that by
using the interchangeability principle, we can obtain an equivalent functional η-DV bound
that is related to a-MINE introduced in Poole et al. (2016).

• In Appendix C, we show how those improved variational bounds can be extended to
conditional mutual information.

• In Appendix D, we give more details on the experimental setup of self-supervised learning
with the jigsaw task.

A TECHNICAL PROOFS

Proof of Lemma:1. Let g(η) = e−ηx+ η− 1. We have g′(η) = −e−ηx+ 1 and g′′(η) = e−ηx > 0.
Hence g is convex and admits a unique minimum. First order optimality gives us: g′(η∗) =
−e−η∗x+ 1 = 0, hence e−η

∗
x = 1 and η∗ = log(x). Finally, we get

g(η∗) = e− log(x)x+ log(x)− 1 = elog( 1
x )x+ log(x)− 1 = 1 + log(x)− 1 = log(x).

Proof of Lemma 2. By Donsker-Varadhan representation we have:

DH
DV(P,Q) = sup

f∈H
Ex∼Pf(x)− log

(
Ex∼Qef(x)

)

= − inf
f∈H

log
(
Ex∼Qef(x)

)
− Ex∼Pf(x)

= − inf
f∈H
{inf
η
e−ηEx∼Qef(x) + η − 1} − Ex∼Pf(x)

= − inf
f∈H ,η∈R

{e−ηEx∼Qef(x) − Ex∼Pf(x) + η − 1}.

Proof of Lemma 3. L is a sum of a linear function in w, η and Ω(w), that are both convex. We need
to prove that fb(w, η) = e−ηe〈w,b〉 is jointly convex, since L can be written as a sum of fb and other
convex functions:
∇wfb(w, η) = e−ηe〈w,b〉b, ∇2

wfb(w, η) = e−ηe〈w,b〉b⊗ b PSD (Positive Semi-Definite)

∂2fb
∂w∂η

= −e−ηe〈w,b〉b, ∂2fb
∂η2

= e−ηe〈w,b〉.

The Hessian of fb(w, η), Hfb, has the following form:

Hfb(w, η) =

[
∂2L

∂w⊗∂w
∂2L
∂w∂η

∂2L
∂η∂w

∂2L
∂η2

]
=

[
e−ηe〈w,b〉b⊗ b −e−ηe〈w,b〉b
−e−ηe〈w,b〉b> e−ηe〈w,b〉

]

Let us prove that for all (w, η): (w′, η′)>Hfb(w, η)(w′, η′) ≥ 0,∀(w′, η′). We have:

(w′, η′)>Hfb(w, η)(w′, η′) = e−ηe〈w,b〉(〈w′, b〉)2 − 2η′e−ηe〈w,b〉 〈w′, b〉+ η′2e−ηe〈w,b〉

= e−ηe〈w,b〉
(
(〈w′, b〉)2 − 2η′ 〈w′, b〉+ η′2

)

= e−ηe〈w,b〉 (〈w′, b〉 − η′)2 ≥ 0.
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Hence, fb is jointly convex in η and w, and so is L. Now adding the perturbation εe−η to the loss, we
get

w′, η′)>Hfb(w, η)(w′, η′) = e−ηe〈w,b〉 (〈w′, b〉 − η′)2
+ εe−η > 0,

for finite η and hence we have a strict convexity.

Proof of Theorem 1. Let’s consider:

f(x) = 〈w,Φ(x)〉 , and ϕ(t) = et.

Recall that the Fenchel conjugate of f is f∗(p) = supx 〈p, x〉 − f(x). It follows that ϕ∗(t) =
t log(t)− t if t > 0, 0 for t = 0, and∞ otherwise.

min
w,η

e−ηEy∼Qϕ (〈w,Φ(y)〉)− Ex∼P 〈w,Φ(x)〉+ η − 1 + Ω(w)

= min
w,η

e−η
∫

X
ϕ (〈w,Φ(y)〉) q(y)dy −

〈
w,

∫

X
Φ(x)p(x)dx

〉
+ η − 1 + Ω(w)

= min
w,η,z

e−η
∫

X
ϕ (z(y)) q(y)dy −

〈
w,

∫

X
Φ(x)p(x)dx

〉
+ η − 1 + Ω(w) s.t. z(y) = 〈w,Φ(y)〉

Introducing Lagrangian’s α we have

= min
w,η,z

max
α

e−η
∫

X
ϕ (z(y)) q(y)dy −

〈
w,

∫

X
Φ(x)p(x)dx

〉
+ η − 1 + Ω(w)−

∫

X
α(y)(〈w,Φ(y)〉 − z(y))dy

= max
α

min
w,η,z

e−η
∫

X
ϕ (z(y)) q(y)dy −

〈
w,

∫

X
Φ(x)p(x)dx

〉
+ η − 1 + Ω(w)−

∫

X
α(y)(〈w,Φ(y)〉 − z(y))dy

using strong duality (convex function and lower semi-continuous) to swap min, max (Ekeland & Turnbull, 1983)

= max
α

min
η
−
(

max
z
−
(∫

X
(ϕ (z(y)) q(y)e−η + α(y)z(y))dy

))

−
(

max
w

〈
w,

∫

X
Φ(x)p(x)dx+

∫

X
α(y)Φ(y)dy

〉
− Ω(w)− η + 1

)

= max
α

min
η
−
(∫

X
q(y)e−η max

z
−ϕ(z)− α(y)

q(y)e−η
z

)
− Ω∗

(∫

X
Φ(x)p(x)dx+

∫

X
α(y)Φ(y)dy

)
+ η − 1

= max
α<0

min
η
−
(∫

X
q(y)e−ηϕ∗(− α(y)

q(y)e−η
)

)
− Ω∗

(∫

X
Φ(x)p(x)dx+

∫

X
α(y)Φ(y)dy

)
+ η − 1

= max
α>0

min
η
−
(∫

X
q(y)e−ηϕ∗(

α(y)

q(y)e−η
)

)
− Ω∗

(∫

X
Φ(x)p(x)dx−

∫

X
α(y)Φ(y)dy

)
+ η − 1

= −min
α>0

max
η

(∫

X
q(y)e−ηϕ∗(

α(y)

q(y)e−η
)

)
+ Ω∗

(∫

X
Φ(x)p(x)dx−

∫

X
α(y)Φ(y)dy

)
− η + 1

Hence, we have for α > 0, and finite η:

∫

X
q(y)e−ηϕ∗

(
α(y)

q(y)e−η

)
dy =

∫

X
q(y)e−η

(
α(y)

q(y)e−η
log(

α(y)

q(y)e−η
)− α(y)

q(y)e−η

)
dy

=

∫

X
q(y)e−η

(
α(y)

q(y)e−η
log(

α(y)

q(y)e−η
)− α(y)

q(y)e−η

)
dy

=

∫

X
[α(y) log

(
α(y)

q(y)e−η

)
− α(y)]dy

=

∫

X
α(y) log

(
α(y)

q(y)

)
dy + (η − 1)

∫
α(y))dy.

Define

r(y) =
α(y)

q(y)
> 0
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then we have

(A) :

∫

X
q(y)e−ηϕ∗

(
α(y)

q(y)e−η

)
dy =

∫

X
r(y) log (r(y)) q(y)dy + (η − 1)

∫

X
r(y)q(y)dy,

and

(B) : Ω∗
(∫

X
Φ(x)p(x)dx−

∫

X
α(y)Φ(y)dy

)
= Ω∗

(∫

X
Φ(x)p(x)dx−

∫

X
r(y)q(y)Φ(y)dy

)
.

Hence, by replacing (A) and (B) by their expressions, we get:

min
w,η

L (w, η)

= −min
α>0

max
η

(∫

X
q(y)e−ηϕ∗(

α(y)

q(y)e−η
)

)
+ Ω∗

(∫

X
Φ(x)p(x)dx−

∫

X
α(y)Φ(y)dy

)
− η + 1

= − min
r(.)>0

max
η

∫

X
r(y) log (r(y)) q(y)dy + (η − 1)

(∫

X
r(y)q(y)dy − 1

)

+ Ω∗
(∫

X
Φ(x)p(x)dx−

∫

X
r(y)q(y)Φ(y)dy

)

Now consider again the η-DV Bound:

−min
w,η

L (w, η)

= min
r>0

max
η

∫

X
r(y) log (r(y)) q(y)dy + (η − 1)(

∫

X
r(y)q(y)dy − 1)

+ Ω∗
(∫

X
Φ(x)p(x)dx−

∫

X
r(y)q(y)Φ(y)dy

)

= min
r>0

∫

X
r(y) log (r(y)) q(y)dy + Ω∗

(∫

X
Φ(x)p(x)dx−

∫

X
r(y)q(y)Φ(y)dy

)

s.t.
∫

X
r(y)q(y)dy = 1.

We see that η-DV amounts to a likelihood ratio r estimation, where we match with the dual norm Ω∗

the difference of kernel mean embedding of p, and rq. And η plays a role of a Lagrange multiplier that
enforces the constraint that rq is a normalized distribution. In particular, consider Ω(u) = λ

2 ||u||22, so
that Ω∗(v) = 1

2λ ||v||2, and hence we have the following equivalent problem of the regularized η-DV
bound:

min
r>0

∫

X
r(y) log (r(y)) q(y)dy +

1

2λ

∥∥∥∥
∫

X
Φ(x)p(x)dx−

∫

X
r(y)q(y)Φ(y)dy

∥∥∥∥
2

2︸ ︷︷ ︸
MMD matching of rq and p

s,t.
∫

X
r(y)q(y)dy = 1.

︸ ︷︷ ︸
Normalization Constraint

Another way of coming informally to the regularized η-DV objective is to start from expression of
KL using r:

min
r>0

∫

X
r(y) log(r(y))q(y)dx

MMDΦ(rq, p) < ε∫

X
r(x)q(x) = 1.

We see that r in the dual function in estimating the ratio, η is the Lagrangian of the inequality
constraint, and the MMD is added to the cost as a penality.
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A.1 IMPACT OF REGULARIZERS ON KL ESTIMATION

As discussed before, the choice of the regularizer Ω translates to a particular type of metric used in
estimating the likelihood ratio: Ω(.) = ‖.‖22 translates in a ratio estimation in the MMD sense. Here,
we consider other choices of regularization used in Fisher discriminant analysis (Harchaoui et al.,
2008; Mroueh & Sercu, 2017), specifically:

η-DV–Fisher : min
f,η

L(f, η) +
λ

2
Ex∼ P+Q

2
f2(x), (23)

or gradient penalty regularizer (Gulrajani et al., 2017; Mroueh et al., 2018; 2019):

η-DV–Sobolev : min
f,η

L(f, η) +
λ

2
Ex∼ P+Q

2
‖∇xf(x)‖2 . (24)

It is easy to see that when we restrict f to H , η-DV–Fisher has the same objective as in Eq. 11
with Ω(w) = λ

2 〈w, (C(P,Q))w〉, where C(P,Q) = E P+Q
2

Φ(x) ⊗ Φ(x) is a covariance matrix.

Similarly, η-DV–Sobolev corresponds to Eq. 11 with Ω(w)= λ
2 〈w, (D(P,Q))w〉, where D(P,Q)=

E(P+Q)/2

∑d
j=1 ∂jΦ(x) ⊗ ∂jΦ(x) is a Gramian of derivatives. The convex conjugate Ω∗(w) is

therefore 1
2λ

〈
w, (C†(P,Q))w

〉
and 1

2λ

〈
w, (D†(P,Q))w

〉
, for η-DV–Fisher and η-DV–Sobolev

respectively (where † denotes the pseudo-inverse).

Let δP,Q =EPΦ(x) − EQΦ(y). Recall from Harchaoui et al. (2008) that the Fisher discrepancy is
F 2

Φ(P,Q)=
〈
δP,Q, C(P,Q)†δP,Q

〉
, and from Mroueh et al. (2018; 2019) the Sobolev discrepancy is

S2
Φ(P,Q)=

〈
δP,Q, D(P,Q)†δP,Q

〉
. Now replacing Ω∗ by its expression in Theorem 1 we see that the

choice of the regularizer dictates the discrepancy used for the ratio estimation:

η-DV-Fisher : min
r>0

∫

X
r(y) log (r(y)) q(y)dy +

1

2λ
F 2

Φ(rq, p), subject to:
∫

X
r(y)q(y)dy = 1,

η-DV-Sobolev : min
r>0

∫

X
r(y) log (r(y)) q(y)dy +

1

2λ
S2

Φ(rq, p), subject to:
∫

X
r(y)q(y)dy = 1.

B FURTHER BOUNDING MUTUAL INFORMATION: a-MINE FORMULATION
FROM INTERCHANGEABILITY PRINCIPLE

We start by the classical result of Donsker and Varadhan:
Lemma 5 (Donsker-Varadhan). For any Distribution P and any distribution Q and any non-negative
function g for which Ex∼P log g(x) is finite, we have:

KL(P,Q) + log(Ex∼Qg(x)) ≥ Ex∼P log(g(x)).

This gives us a representation of KL divergence:

KL(P,Q) = sup
g>0

Ex∼P log(g(x))− log(Ex∼Qg(x)) = sup
f

Ex∼Pf(x)− log(Ex∼Qef(x)).

The following Lemma shows that a finer application of the Donsker-Varadhan Lemma gives an
improved variational representation of MI :
Lemma 6. Let g > 0

KL(px,y, pxpy) + Epx log(Epyg(x, y)) ≥ Epx,y log(g(x, y)).

Hence, we get

I(X;Y ) = sup
g>0

Epx,y log(g(x, y))− Epx log(Epyg(x, y))

= sup
f∈G (X×Y)

Epx,yf(x, y)− Epx log(Epyef(x,y))

= sup
f∈G (X×Y)

Epx,yf(x, y)− Epy log(Epxef(x,y))

where G (X × Y) is the entire space of functions defined on X × Y .
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Proof.

KL(px,y, pxpy) + Epx log(Epyg(x, y)) = Epxy log(
pxy
pxpy

) + Epx log(Epyg(x, y))

= Epx
(
Epy|x log(

py|x
py

) + log(Epyg(x, y))

)

= Epx
(
KL(py|x, py) + log(Epyg(x, y))

)
.

Now applying Donsker-Varadhan Lemma, we have:

KL(py|x, py) + log(Epyg(x, y)) ≥ Epy|x log(g(x, y)).

We conclude therefore that

KL(px,y, pxpy) + Epx log(Epyg(x, y)) ≥ Epx
(
Epy|x log(g(x, y))

)

= Epx,y log(g(x, y)).

B.1 η-TRICK AND INTERCHANGEABILITY PRINCIPLE FOR IMPROVED DV

We just showed that an improved Donsker-Varadhan representation of Mutual Information can be be
derived as follows:

I(X;Y ) = sup
f∈G (X×Y)

Epx,yf(x, y)− Epy log(Epxef(x,y)).

We show in this section that, by using interchangeability principle, we can replace the ”log” non
linearity preceding the expectation with an ”functional” η-trick.

We start first by stating the interchangeability principle between expectation and minimum operations:
Lemma 7 (Interchangeability Principle see Lemma 1 in (Dai et al., 2016)). Let ξ be a random
variable on Ξ and assume for any ξ ∈ Ξ, the function g(., ξ) : R → (−∞,+∞) is a proper and
lower semi-continuous convex function. Then

Eξ min
u∈R

g(u, ξ) = min
u(.)∈G (Ξ)

Eξg(u(ξ), ξ).

Applying the interchangeability principle and the variational representation of log we obtain the
following Theorem:
Theorem 3 (Theorem 2 restated: η-trick for improved DV Bound). Let H be a space of bounded
functions defined on X × Y , we have:

I(X;Y ) ≥ − inf
f∈H ,η∈G(Y)

Epx.pyef(x,y)−η(y) + Epyη(y)− 1− Epx,y (f(x, y)),

where G (Y) is the entire space of functions defined on Y . Let Hη be a function space subset of
G (Y), we obtain:

I(X;Y ) ≥ IH
a-DV(X;Y ) = sup

f∈H ,η(.)∈Hη

Epx,yf(x, y)− Epx.pyef(x,y)−η(y) − Epyη(y) + 1.

Proof. We know from Lemma 6 that for any function space H

I(X;Y ) ≥ − inf
f∈H

Epy log(Epxef(x,y))− Epx,y (f(x, y)). (25)

Applying the η-trick for each log in the expectation:

Epy log(Epxef(x,y)) = Epy min
η∈R

e−ηEpxef(x,y) + η − 1. (26)

We assume here that the function space f is bounded. Before applying the interchangeability Lemma
7, let us verify that all assumptions hold for
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g(η, y) = e−ηEpxef(x,y) + η − 1.

Convex. g(., y) is convex. Considering derivatives wrt to η: g′(η, y) = −e−ηEpx(ef(x,y)) + 1, and
g′′(η, y) = e−ηEpx(ef(x,y)) > 0.

Proper Function. g(η, .) is a proper function, since f is bounded (−M ≤ f(x, y) ≤M):

g(0, y) = Epxef(x,y) − 1 ≤ eM − 1 <∞.

and
g(η, y) > −∞,∀η,

since
g(η, y) ≥ g(η∗, y) = log(Epxef(x,y)) ≥ −M,∀η.

Lower semi-continuity. g(η, .) is lower semi-continuous since it is continuous (sum of continuous
functions).

Now back to Eq. 26, we are ready to apply the interchangeability principle given in Lemma 7:

Epy log(Epxef(x,y)) = Epy min
η∈R

e−ηEpxef(x,y) + η − 1

= Epy min
η∈R

g(η, y)

= min
η(.)∈G (Y)

Epyg(η(y), y)

= min
η(.)∈G (Y)

Epy
(
e−η(y)Epxef(x,y) + η(y)− 1

)
.

Using this equivalent form, we have:

inf
f∈H

Epy log(Epxef(x,y))− Epx,yf(x, y)

= inf
f∈H

min
η(.)∈G (Y)

Epy
(
e−η(y)Epxef(x,y) + η(y)− 1

)
− Epx,y (f(x, y)

= inf
f∈H ,η∈G(Y)

Epx.pyef(x,y)−η(y) + Epyη(y)− 1− Epx,y (f(x, y).

It follows that

I(X;Y ) ≥ − inf
f∈H ,η∈G(Y)

Epx.pyef(x,y)−η(y) + Epyη(y)− 1− Epx,y (f(x, y)

= sup
f∈H ,η∈G(Y)

Epx,yf(x, y)− Epx.pyef(x,y)−η(y) − Epyη(y) + 1.

Consider now a function space Hη from Y → R we have:

I(X;Y ) ≥ sup
f∈H ,η∈Hη

Epx,yf(x, y)− Epx.pyef(x,y)−η(y) − Epyη(y) + 1,

The MI lower bound is looser than regular η−MINE, since we have two lower bounds passing from
all function spaces G (X × Y) on to H , then going from G (Y) to Hη.

No free lunch: tighter bound but we need to estimate a function η(x) which makes bigger estimation
errors. To get a good estimate of η(x), to obtain its optimal value log(Epyef(x,y)), we need for each
x many samples from py (which means many epochs of cycling through the same data in random
order). The η-trick with only a scalar variable is better computationally, since it enjoys convexity and
has better optimization properties. But as it is clear from this discussion, η function of a modality is
good for conditional MI estimation which we will discuss next.
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C CONDITIONAL MUTUAL INFORMATION

To illustrate the power of improved Donsker-Varadhan and its variational representation with the η-
trick and interchangeability principle, we show how to extend this to Conditional Mutual Information
estimation.

We have a (X,Y ) pair of random variables that may depend on another variable Z. This conditional
dependence is of high importance in all applications of joint embedding or in the information
bottleneck principle, etc.

I(X;Y |Z) = KL(pxyz, px|zpy|zp(z)),

meaning that conditioned on Z, how much X and Y are dependent.

Therefore we have:

I(X;Y |Z) = Ez∼pzKL(px,y|z||px|zpy|z).
Now applying Donsker-Varadhan Lemma, we have for all z and for any function f

KL(px,y|z||px|zpy|z) + logEpx|zpy|zf(x, y, z) ≥ Epx,y|z log(f(x, y, z)).

Now marginalizing on Z, we get

Ez∼pzKL(px,y|z||px|zpy|z) + Ez∼pz logEpx|zpy|zf(x, y, z) ≥ Ez∼pzEpx,y|z log(f(x, y, z)).

Hence,

I(X;Y |Z) ≥ Ez∼pzEpx,y|z log(f(x, y, z))− Ez∼pz logEpx|zpy|zf(x, y, z),

and

I(X;Y |Z) = sup
f∈F ,f>0

Ez∼pzEpx,y|z log(f(x, y, z))− Ez∼pz logEpx|zpy|zf(x, y, z). (27)

Now using the η-trick for each z, followed by the interchangeability principle, we have the final
variational form:

I(X;Y |Z) = sup
f∈F ,η

Ez∼pzEpx,y|zf(x, y, z)− Ez∼pz
(
e−η(z)Epx|zpy|ze

f(x,y,z) + η(z)− 1
)
.

(28)

D JIGSAW SELF-SUPERVISION AND MUTUAL INFORMATION

Jigsaw Task Preprocessing For Jigsaw self-supervision task, the encoder needs to learn features
from images randomly cropped and tiled into 3×3 jigsaw puzzles. In order to avoid shortcuts based
on matching edges of patches or picking up on color aberration as discussed in Noroozi & Favaro
(2016), images are resized to 292×292, randomly cropped into 255×255 and jigsawed into 3×3
or 85×85 per patch wherein a 64×64 patch is randomly cropped, avoiding potentially easy edge
matching. 255×255 crops are randomly assigned to gray scales with a probability of 2⁄3 prior to patch
extraction. Each patch RGB channel is normalized to zero mean, unit variance. At test time, the
255×255 crops are obtained from images center crops.

ImageNet 10% For the Jigsaw experiments, we decided to subsample ImageNet to 10% within
each class for both training and validation sets (128K training and 5K validation images). The
reason is that running on all of ImageNet 1.3 Million images was not practical for reasonable training
turnaround on our infrastructure given what we had to train one set of encoder models from the
pretext task and one set of classifier models for the target task. Even though we only train classifiers
for the target task (as explained later in this section), we still need to forward input features through
the Encoder which can still be computationally costly despite only backpropagating through the
classifier. This 10% subset of ImageNet was proposed by (Kolesnikov et al., 2019) and can be used
for faster training turnaround while still being larger than the Tiny ImageNet dataset (200 classes,
500 training, 50 vaildation, 50 test images per class) often used in publications.
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Jigsaw CE Training For self-supervision Jigsaw pretext task (Noroozi & Favaro, 2016; Kolesnikov
et al., 2019) we aim at solving an image jigsaw puzzle by predicting the scrambling permutation π.
Given an image X with x={x1, . . . , x9} 3×3 jigsaw patches, and a permutation y = πi : [1, 9]→
[1, 9], scrambled patches xπi ={xπi(1), . . . , xπi(9)} generates the puzzle. The Encoder E is based on
a ResNet50 and outputs 2048 features for each patch. The classifier C (or ”descrambler” in this case)
is a simple Neural Network with a linear projection upfront from 2048 to 512 for each patch features
that are then stacked (1×(9*512)) and linearly projected to a 512 dimensional subspace, followed
by batch normalization, ReLU, dropout, and another linear projection from 512 to 100 (number of
our subset of permutations from Noroozi & Favaro (2016)). E and C area trained with minibatch
made from 16 permutations of 10 images (160 effective minibatch size). The 10 images and 16
permutations are randomized for each minibatches. For both E and C updates, we use ADAM with
(β1 = 0.9, β2 = 0.999) with a learning rate of 10−4 that stays fixed for all epochs and no weight
decay. We let the model build for a total of 200 epochs with a random seed fixed (for reproducibility).
We perform 4 independent builds with 4 different random seeds. We let the model build and just
survey the Jigsaw solving accuracy assess the health of training only, not to select and encoder model
as performance in pretext task is not a good predictor of performance in the target task (as observed
in Kolesnikov et al. (2019). We run for 200 epochs so to be able to turnaround results fast on our
infrastructure, not for the goal of early stopping as no overfitting was observed.

Jigsaw MI training For MI Jigsaw training, we train E so to maximize MI such that
max
E

I
(
E(xπ(1)), . . . , (xπ(9));π

)
, which means minimizing the following losses derived from Eq. 8:

LDV(f) = logEx,y∼PxPy [exp (f(x, y))]− Ex,y∼Pxy [f(x, y)] (DV-MINE algo.)

Lη-DV(f, η) = e−ηEx,y∼PxPy [exp (f(x, y))]− Ex,y∼Pxy [f(x, y)] + η − 1, (η-MINE algo.)

where x are scrambled images patches, and y are scrambling permutations. (x, y)∼pxpy are sampled
from marginals px and py (x was not scrambled by permutation y) while (x, y)∼Pxy are sampled
from the joint distribution (y permutation scrambled x). For MI training, we need to define the witness
function f(x, y). x is the set of 9 patches feature vectors from E and y is a one-hot embedding
of our 100 permutations from Noroozi & Favaro (2016). x and y are first linearly projected in a
common dimensionality of 512. Then x goes through a shallow network made of 2 sequential stages
each composed of CNN, batch normalization, ReLU, and max pooling. After these 2 stages, we
have about a combined 9216 features that we project to 512 dimensional space (same as dimension
used for the projection of y). f(x, y) is then just the dot product of 512 feature vectors from x and
y once normalized, i.e. a cosine distance that can give scores between -1 and 1. We train using
minibatches of 10 images and 16 permutations (160 effective minibatch size) as sampling from the
joint distribution pxy , allowing for 16 unused permutations for sampling from marginal distribution
pxpy. Therefore expectation terms in the losses above for joint and marginal distribution samples
are using the same number of samples (160) for each minibatch. Again, we use ADAM for E and
f(x, y) with (β1 = 0.9, β2 = 0.999) with a learning rate of 10−4 that stays fixed for all epochs and
no weight decay. For η-MINE, we use ADAM for η with the same parameters as for E and f(x, y)
but with a learning rate of 10−2 to allow for faster updates of η. η is initialized to 0 for η-MINE. We
run models for 200 epochs of training. A fixed random seed is given to ensure reproducibility. We use
4 seeds to ensure variability of our model builds (same seeds as used for Jigsaw CE). Once again, we
observe the training and validation loss as indicators of a training’s health and observe no overfitting.

ImageNet 10% Target Task For our target classification task, Encoders E from 200 epochs of
Jigsaw Task training are frozen and used to train a classifier C for ImageNet 10% with 1000 output
classes. C is composed only of a linear projection from 2048 to 1000 classes. For each input image,
we resize the images to 232×232 and take a 192×192 center crop before turning it into a 3×3 cells
grid where each individual patch (now 64×64) is forwarded through E to get a 2048-dimensional
vector for each of the 9 patches. Then, we take the mean of these 9 vectors and pass this 2048-dim
mean vector to the classifier C as done in Kolesnikov et al. (2019). Only the classifier C is trained
using ADAM with (β1 = 0.9, β2 = 0.999) with a learning rate of 10−4 that stays fixed for all
epochs and no weight decay. We let C build for a total of 200 epochs with a random seed fixed (for
reproducibility); we used 2 seeds for each classification build, for a total of 8 final model configuration
(4 seeds for CE and MI Jigsaw training and 2 seeds for Target Task task classification). The reason
for 4 and 2 seeds is just so that our infrastructure can handle all the required builds (200 epochs of
training each time). We then report average and standard deviation over a set of 8 accuracies (top1,
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top5 and top10 in %) on the validation set (5K) in Tab. 3. We used ADAM with these parameters for
all classifier builds. Here again random seeds were fixed.

Model CE We built a ”baseline” we call mode CE in Tab. 3. The CE model is an attempt at
providing a meaningful upper-bound on the performance on our MI trained Encoders by using a
Jigsaw CE trained encoder, freezing it and just learning C. 200 epochs of training is used, 2 random
seeds as well. Despite being better than η-MINE (and DV-MINE), the difference is only 1.9%
absolute for top1 (for η −MINE). This means that our MI training, and particularly η-MINE, does
a respectable job at learning a useful representation space for the target task.

21


	Introduction
	Lower Bounds on KL Divergences and Mutual Information
	-DV Bound, Convexity, MMD Ratio Estimates and Lagrangians 
	-DV Mutual Information Estimation 
	Experiments
	Conclusion
	Technical Proofs
	Impact of regularizers on KL Estimation

	Further Bounding Mutual information: a-MINE Formulation from Interchangeability Principle
	-trick and interchangeability principle for improved DV

	Conditional Mutual Information
	Jigsaw self-supervision and Mutual Information

