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Abstract

Linear Autoencoders (LAEs) have shown strong performance in state-of-the-art
recommender systems. However, this success remains largely empirical, with
limited theoretical understanding. In this paper, we investigate the generalizability —
a theoretical measure of model performance in statistical learning — of multivariate
linear regression and LAEs. We first propose a PAC-Bayes bound for multivariate
linear regression, extending the earlier bound for single-output linear regression
by Shalaeva et al. [45]], and establish sufficient conditions for its convergence. We
then show that LAEs, when evaluated under a relaxed mean squared error, can
be interpreted as constrained multivariate linear regression models on bounded
data, to which our bound adapts. Furthermore, we develop theoretical methods to
improve the computational efficiency of optimizing the LAE bound, enabling its
practical evaluation on large models and real-world datasets. Experimental results
demonstrate that our bound is tight and correlates well with practical ranking
metrics such as Recall@K and NDCG@K.

1 Introduction

In recent years, simple linear recommendation models have consistently demonstrated impressive
performance, often rivaling deep learning models [11} 24} [35]. In particular, linear autoencoders
(LAEs) such as EASE [48]] and EDLAE [49] have shown a surprising edge over classical linear
methods like ALS [23]]. Despite their empirical success and widespread adoption, the theoretical
understanding of why LAEs perform so well remains limited. Moreover, much of recommender
system research has focused heavily on empirical comparisons, where weak baselines and unreliable
sampled metrics often render evaluations biased and difficult to reproduce [11}[10]. A solid theoretical
foundation is therefore urgently needed to explain and justify the true performance of recommendation
models beyond purely empirical assessments.

Statistical learning theory [S1] provides such a foundation by estimating a model’s theoretical perfor-
mance over the underlying data distribution. A classic result in this area is the uniform convergence
PAC bound established by Vapnik and Chervonenkis [52]. Although this bound guarantees conver-
gence, it characterizes the worst-case generalization gap and is typically vacuous for large models
such as neural networks, thus failing to reflect true model performance in practice [39, [13]. To
address this limitation, a variant PAC framework incorporates information-theoretic techniques to
bound the expected generalization gap, which often yields tighter results [20]. One notable example
is the PAC-Bayes bound, first introduced by McAllester [37]. Recently, Dziugaite and Roy [[13]]
empirically demonstrated that PAC-Bayes bounds can remain non-vacuous even for large neural
networks, suggesting that PAC-Bayes theory provides a more accurate and practically meaningful
characterization of model performance.

While statistical learning has been extensively developed for a wide range of machine learning
and deep learning models [51} 16} [53]], its application to recommendation systems remains largely
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underexplored, with only a few exceptions [47, 46, [16]. To the best of our knowledge, it has not yet
been directly applied to LAEs. In this work, we aim to advance the theoretical understanding of LAE
performance through PAC-Bayes theory.

When evaluated under mean squared error, LAEs are closely related to multivariate linear regression
models. Prior works have developed several PAC-Bayes bounds for linear regression. Notably,
Alquier et al. [S] proposed a PAC-Bayes bound for general machine learning models with unbounded
loss; Germain et al. [[17]] adapted this bound to linear regression models with mean squared loss, but
their result does not converge; and Shalaeva et al. [45] improved Germain’s bound deriving a strictly
tighter and convergent version. We aim to extend existing PAC-Bayes bounds for linear regression to
the setting of LAEs. Several challenges arise in doing so:

Multivariate Data: Existing PAC-Bayes bounds for linear regression primarily focus on the single-
output setting. Extending them to the multivariate (multi-output) case is nontrivial, as the outputs can
exhibit statistical dependencies. To derive a valid bound in this setting, more general assumptions on
the data distribution must first be established to capture potential output dependence.

LAE-specific Characteristics: LAEs differ from multivariate linear regression in several important
aspects. They typically operate on bounded data, so the standard Gaussian data assumption used
in linear regression does not apply. Moreover, LAEs impose unique structural constraints, such
as the zero-diagonal constraint on the weight matrix and the hold-out constraint on data. These
characteristics must be rigorously defined and integrated into the theoretical framework.

Computational Inefficiency: Optimizing PAC-Bayes bounds is typically computationally expensive,
as estimating the distance between prior and posterior in high-dimensional spaces is complex [41]].
Since LAE models often contain hundreds of millions of parameters and are computed on large
real-world datasets (Table [2), developing computationally efficient methods is crucial for practical
bound evaluation.

This paper addresses the aforementioned challenges and makes the following key contributions:

* (Section[3)) We generalize Shalaeva’s Gaussian data assumption [43] to the multivariate setting
(Assumption [3.T) and propose a corresponding PAC-Bayes bound for multivariate linear regression
(Theorem [3.2)), extending Shalaeva’s single-output bound [45]. We further establish sufficient
conditions (Theorem 3.3)) that guarantee convergence for both bounds.

* (Section[d)) We propose a relaxed mean squared error for evaluating LAE models and show that,
under this loss, LAEs can be viewed as constrained multivariate linear regression models on
bounded data. Building on this, we adapt our PAC-Bayes bound to LAEs by replacing the Gaussian
data assumption with a bounded one (Assumption[4.T)) and incorporating LAE-specific constraints:
the zero-diagonal constraint on weights and the hold-out constraint on data (Section 4.2).

* (Section[5) We develop theoretical methods to improve the computational efficiency of optimizing
the bound. Following Dziugaite and Roy [13], we restrict the prior and posterior distributions
to be Gaussian (Assumption [5.1)), leading to a closed-form expression for the tightest bound
(Theorem[5.2). We further establish a practical upper bound with reduced complexity to mitigate
the computational cost introduced by the zero-diagonal constraint (Theorem [5.4).

* (Section [f)) We evaluate the bound for LAEs on real-world datasets. Experimental results demon-
strate that our bound is tight and correlates well with practical evaluation metrics such as Recall@K
and NDCG@XK, suggesting that it effectively reflects the actual model performance of LAEs.

All proofs of the theorems, lemmas and propositions in the main paper are provided in Appendix [A]
Related Works are in Appendix [D| Conclusions and Discussions are in Appendix

2 Preliminaries

Notation: We denote S = {(x;,y;)}", as the dataset, where z; € R™ and y; € RP? for all 4, and
m is the number of samples. For each sample (x;,y;), x; is the input and y; is the target. Let
fw : R™ — RP be the linear regression model parameterized by W € RP*™. The model prediction
is fw(xz;) = Wax;, and the mismatch between target and prediction is measured by the squared
Frobenius norm loss ||y; — Wx;||%.

Denote X = [z1, %2, ..., Tm] € R™*™ as the input matrix and Y = [y1, Y2, ..., Ym] € RP*™ as the
target matrix. The empirical risk, representing the average loss on the observed dataset S, is then
defined as R°™ (W) = L 3" |ly; — Wa;|[% = L||Y — WX||%. To evaluate performance on
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unseen data, we assume that each (x;,y;) is i.i.d. sampled from an unknown distribution D, and
define the true risk as R™ (W) = E(, oo [y — Wz||%].

To construct a PAC-Bayes bound, we treat fy; as a stochastic model by considering W a random
variable. Denote 7 as the prior distribution over W and p as the posterior distribution. 7 represents
our initial belief about W before observing any data, whereas p represents our updated belief after
incorporating information from the dataset .S [28].

Multivariate Linear Regression [25]: From the definition above, the linear regression equation can
be written as Y = WX + E, where E = [e1, €9, ..., €,,] € RPX™ is the error matrix.

Usually the first dimension of every z; is set 1 (i.e., X, is a vector of all 1s) to represent the bias
term. We say the linear regression is multivariate (or multi-output) if p > 1.

Multivariate linear regression typically assumes that the error vectors e; and e; are independent for
i # 7, but allows dependencies among the elements within each e;. This leads to our statistical
assumption stated in Assumption [3.1]

Alquier’s Bound [5] adapted to Linear Regression: Alquier’s bound is a general bound that can
be applied to any model with unbounded loss. When adapted to the linear regression model using our
notation, Alquier’s bound can be stated as follows: Given m, for any A > 0 and § > 0,
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where U p(\,m) = In By Egopm [XE“W=E™)] and D(p||7) = By, [m gg%ﬂ

denotes the Kullback-Leibler (KL) Divergence where the measure p is absolutely continuous with
respect to . The loss is typically assumed following a light-tailed distribution, such as sub-Gaussian
or sub-exponential, to ensure that U (A, m) is bounded [17, (18] [19].

Note that Alquier’s bound holds simultaneously for all posteriors p. If replacing Vp with any single p
such as a Gaussian posterior or a Gibbs posterior, the bound still holds.

Shalaeva’s Bound [45]: Shalaeva’s bound is an application of Alquier’s bound to the single-
output linear regression model, i.e., the case p = 1. It additionally assumes that D satisfies: 1.
x; ~ N(0,021), and 2. there exists W* € R*" such that y; = W*xz; + e; where e; ~ N(0,02).
Here o, and o, are fixed constants. Although Germain et al. [17] showed that these assumptions
ensure ¥ p(A, m) is bounded, their bound is independent of m and therefore does not guarantee
convergence as m increases. Shalaeva et al. [45] further showed that, under the same assumptions,
.. (A, m) has a strictly tighter upper bound: For any weight matrix W € R1*",

A 2)\2 2
() = By — PO gy, exp ( “W) @

where v, = o2||W —W*||3+02. This bound depends on m and can be used to establish convergence.

Convergence of Shalaeva’s Bound: The convergence analysis in Shalaeva et al.’s paper [43] is

presented informally. Here we formally state their results as follows: Since lim,;, o (1+ j‘: /VZ ym/2 =

exp (Av,, ), for any A > 0, the convergence of ¥, p (A, m) follows from

A A
lim ¥, p(A,m)= lim lrl]EWN,reXp)\(vivw) =InEwr lim exp/\(vivw) =0 (3)

Upon careful examination of their analysis, we found that additional conditions are required to
guarantee (3], which were not discussed in their original paper. Specifically, swapping lim and E is
valid only under certain conditions. For example, by the dominated convergence theorem [44,15]],
the condition can be Eyy . [exp(Av,, )] < oo. If the choice of (A, 7) does not satisfy this condition,
convergence is not guaranteed. These issues are discussed in Section [3.2]and Appendix

Collaborative Filtering Recommenders for Implicit Feedback: In collaborative filtering, an
implicit feedback dataset is typically represented as a binary user-item interaction matrix H €
{0,1}™*™, with n items and m users (Section 1.3.1.1, [1). Each H,; denotes an interaction:
H;; = 1 means that user j has interacted with item %, while H;; = 0 means no observed interaction.

Suppose H is a test set. To evaluate a model, we typically hold out a fraction 1 — p (p € (0,1)) of 1s
in H (Section 7.4.2, [1]]; also [32, /48] [38]]). Formally, we use a binary mask matrix A € {0, 1}"*™



to perform the hold-out operation. A denotes a random matrix, where each A;; is independently
drawn from a Bernoulli distribution conditioned on H;;: P(A;; = 1|H;; = 1) = p, P(A;; =

Let A be a realization of A. Define the input matrix as H"* = A ® H and the target matrix as
H#eet = (1 — A) @ H, where ® denotes the Hadamard (element-wise) product and 1 € {1}"*™
For any 4, j such that H;; = 1, we say H;; is held out if A;; = 0, which yields H;;™" = 0 and
H ;;rget = 1. Consequently, H"™P" retains a p fraction of the 1s in H, while the remaining 1 — p
fraction are held-out and moved to H'™" ",
A collaborative filtering model takes H™"! as input and generates a prediction matrix HP"¢ ¢ R"*™,
Model performance is typically evaluated by how well (1 — A) ® HP™® approximates H', The
masked prediction (1 — A) ® HP indicates that only the entries in HP* that coincide with the
held-out interactions contribute to the evaluation. This approximation quality is typically measured
using ranking-based metrics such as Recall@K or NDCG@K (Section 7.5.3, 7.5.4, [11]).

LAE Models and EASE [48]: LAE models are a class of collaborative filtering models. They are
typically represented by a square matrix W € R™*™ and trained by solving arg miny, |H — WH|,
where H denotes the training set. The model takes H as input and generates a prediction W H, which
aims to reconstruct H itself. W is commonly constrained by a zero diagonal (i.e., diag(W) = OE]) to
prevent overfitting towards the identity matrix I [48],/49,50]. Some studies relax this constraint by
allowing a diagonal with bounded norm instead [38].

EASE is one of the most popular LAE models, obtained by solving
argmin |[H — WH|% +~v|W|F st diag(W) =0 “4)
w

where  is the regularization parameter. Let 1V be the solution of (), then W} has a closed from:
Let P = (HHT +~I) ", then (Wy);; = 0if i = j and (Wp);; = —Pi;/ Py if i # j.

3 PAC-Bayes Bound for Multivariate Linear Regression

3.1 The Statistical Assumption and the Bound

We first generalize Shalaeva et al.’s Gaussian data assumption [45]] to the multivariate data with
dependent outputs and potentially degenerate covariance. Based on this assumption, we derive our
bound and show that Shalaeva’s bound is a special case of ours.

Assumption 3.1. Let u, € R™, ¥, € R"*" be positive semi-definite, and ¥, € RP*P be positive-
definite, suppose D satisfies: 1. z; ~ N (i, X2 ); 2. there exist W* € RP*™ and e ~ N (0, 3. ) such
that for any given z;, y; = W*z; + e, in other words, y;|z; ~ N (W*z;, X,).

The positive semi-definite assumption of 3, allows it to be singular, implying a degenerate Gaussian
distribution whose support lies on a lower-dimensional manifold embedded in R™. This includes
the standard multivariate linear regression setting in which the first element of each x; is 1 and the
remaining n — 1 elements are Gaussian. In this case, the first row and first column of X, are 0.

Under Assumption|[3.1] for any model W € RP*™ the prediction error y; — Wz; = (W* —W)z; +e
follows the Gaussian distribution N (p,,,, 2, ), where

foy = E[(W" = W)z +e] = (W* = W)E[z;] + Ele] = (W" = W),

Sy =BV = W)(ws = a) + (W = W)(@i = o) + €T = (W = W)Sa (W = W) + 5,
Note that 33, is positive definite due to the positive definiteness of ¥.. Let X, = STAS be its
eigenvalue decomposition where S is orthogonal and A = diag(n1, 72, ..., n,) with n; > 0 for all <.

Both S and A depend on 1. The PAC-Bayes bound for multivariate linear regression is then
stated as follows:

!The same symbol 1 will be used elsewhere in this paper to represent all-ones matrices of different sizes.

’The notation diag is defined as follows: If W € R™*", then diag(W) € R™ denotes the vector consisting
of the diagonal elements of W. If w € R", then diag(w) € R™*" denotes the diagonal matrix whose diagonal
entries are the elements of w.



Theorem 3.2. Denote b = SE;VI/%LW. Given T, for any A > 0 and 6 > 0,
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U, p(A,m)=InEw~r [exp (A (tr(Z )—&—,uTu : <InEw~rexp (7WF>
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The bound of Theorem [3.2]is a general case of Shalaeva’s bound. It can be reduced to Shalaeva’s
bound by taking p = 1, y1,, = 0, ¥, = 02] and . = o2 for some constants o, 0.

3.2 Convergence Analysis

This section presents the convergence analysis of Theorem [3.2] We provide a sufficient condition
based on the dominated convergence theorem that guarantees convergence, thereby completing and
rigorously formalizing the convergence analysis of Shalaeva’s bound [45]]. This condition is stated as
follows:

Theorem 3.3. If A and 7 satisfies Ew ~r [exp (A[|(Zs + popl)V2(W* = W)||3)] < oo, then
limy, 00 ¥r p(A, m) = 0.

Here are some examples of the combinations (A, 7r) that satisfy the condition of Theorem

1. Let 7 be a distribution with bounded support, then for any A\ > 0, the condition holds, because
there exists a constant G > 0 with ||W||p < G such that

Ewer [exp (AI(Ss + ol 2 W = W)IE) | < Ewer [exp (MI(Ss + pend) I3 W = W3]

< Bwa [exp (M(Za + potsd) 215 (W 1+ 1W12)?)] < exp (NI(Se + pard)2E (W7 Jl7 +G)) < o0

2. Let 7 be a Gaussian distribution parameterized by iy € R"*"™ and o > 0, such that each W;; is
independently drawn from N ((Up)ij, 02). Let X+ pzpl = QT AQ be its eigenvalue decomposition,
where A = diag(v1, va, ..., V) and vy is the largest eigenvalue, then

(AV_j(Q_]*(W*7MO>*i)2>
p p ©Xp 172)\021/]‘
Ewer [oxp (M(Se + a0 = W))] = [T11

i=1

j=1

(1 —2xo2;)"/?
In this case, the sufficient condition holds for any A € (0

1
72,117)

Applying Theorem to Shalaeva’s bound, then (3) is guaranteed if A and 7 satisfies
Ew~r [exp (Ac2[|W* — W|3)] < cc. Moreover, since

Ewer [exp (AoZ||[W* = W3)] < Ewer [exp (AoZ|[W* = W3 4+ Ao?)] = Ewrrlexp(Av,, )]

a sufficient condition is therefore Eyy .. [exp(Av,, )] < oo.

4 PAC-Bayes Bound for LAEs

This section presents a PAC-Bayes bound for LAEs. The model W can be obtained using any training
method, such as EASE, EDLAE or ELSA; our bound only focuses on analyzing its test performance
and is independent of the training procedure.

4.1 Adapting to Bounded Data Assumption

Most real-world recommendation datasets are bounded rather than Gaussian. For example, the
user-item interaction matrix H introduced in Section [2]is binary. If we assume that each user vector
H,; isi.i.d. sampled from an underlying distribution, this distribution must have bounded support.
Therefore, to adapt the PAC-Bayes bound for multivariate linear regression to recommendation
datasets, we replace the Gaussian assumption on D (Assumption [3.1)) with the following bounded-
support assumption:



Assumption 4.1. Suppose D is characterized by three finite cross-correlation matrices ¥,, =
E(z,y)~D [z2T], Yoy = IE(Ly)ND[xyT] and ¥y, = E(, oD [yyT], where X, is positive definite.

This assumption is indeed general. It holds for all D with bounded support, and also holds for
certain D with unbounded support such as Gaussian, since Assumption [3.1]implies Assumption §.1]
Consequently, it enables the derivation of a more general bound, although in this work we focus on
its application to bounded-data settings.

We first note that the true risk under Assumption 4. 1|can be expressed in an explicit form:
Lemma 4.2. Given any W, the true risk can be expressed as

R (W) = W2 — 21,5525 — 125,552 + t(Zy,) (©)

zy“rx zy“xx

, which is obtained by

Then, in , we have the upper bound ¥, p(A\,m) < InE, [e/\R"ue(W)}

removing — R*™ (W) due to its non-positivity. This upper bound, originally used by Germain et al.
(Appendix A.4, [17]), does not ensure convergence since it is independent of m, but it simplifies
computation. By plugging in (6), we get

Proposition 4.3. Denote B = fEny;Il/Q and C = MCCE)=IZL2221%)  Then (1) holds, with
U p(A, m) upper-bounded by

1/2

Urp(A,m) <InE, [emm(w)} =InCE, [6M|W2” +BH2F} @)

4.2 Applying the PAC-Bayes Bound to LAEs

Recall from Sectionthat the LAE model is defined by a squared matrix W € R™*", and evaluated
by comparing the closeness between the masked prediction (1 — A) © (W(A @ H)) and the target
(1 — A) ® H. This closeness is typically measured by ranking-based metrics such as Recall@K and
NDCG@K, which are discrete and difficult to analyze statistically. To simplify the analysis, we use
mean squared error (MSE; see Section 7.5.1, [[1]) instead. The classic MSE is defined as the mean
squared Frobenius norm of all held-out interactions:

1
—1-A)oH-1-A)e WA )|k

where the mask 1 — A on prediction distinguishes it from a multivariate linear regression. We relax
the MSE by removing this mask, allowing all predicted interactions to participate in the evaluation
rather than only the held-out ones:

1
—a-A) e H-W@Ao )3 ®)
Let X = A® H be theinputand Y = (1 — A) ©® H be the target. The 1s in X, ; represent items
observed by user j, while the 1s in Y, ; represent items that are hidden but potentially of interest
to the user. The classic MSE only evaluates on held-out items, i.e., those with (Xij =0,Y;; = 1).
In contrast, our relaxed MSE (8)) also accounts for items with with (X;; = 0,Y;; = 0), indicating
that items unobserved and unlikely to interest the user should not be recommended; and those with
(Xi; = 1,Y;; = 0), indicating that the model should avoid recommending items already observed by
the user (see Section 7.3.4, [1]). Consequently, (8) can be viewed as a special case of the empirical
risk of linear regression R*™ (W) = L||Y — WX ||%,, with output dimension p = n, and under the
following LAE-specific constraints:

1. Hold-out constraint on X and Y: For any ¢, j, X;; and Y;; are either O or 1, but cannot both be 1.
2. Zero-diagonal constraint on W: diag(W) = 0 (Optional).

Since both X and Y are derived from H and A, the true risk can be defined by introducing statistical
assumptions on H and A respectively. For H, we assume that each user vector H.,; is i.i.d. sampled
from a multivariate Bernoulli distribution M, and denote X1, = Ep. g [hhT] as the cross-correlation
matrix of M. For A, denote B as the distribution from which each column A,; is independently
drawn. Note that B depends on M, and this dependence encodes the hold-out mechanism: for & ~ B
and h ~ M, P(§; = 1lh; =1) =p, P(6; =0lh; =1) =1 —pand P(§; = 0lh; = 0) = 1. In the
true risk R™(W) = E(, ) p [|ly — Wa||%], by plugginginz =6 © h, y = (1 — 8) © h, we get



R™ (W) = Es~ghor [[|(1—8) ©h — W (5 @ h)||F] )

By Lemma4.2] we further obtain the following result:
Lemma 4.4. (9) can be written in the same form as ((6) by plugging in

See = 0°Shn + (1 = p)I @ Zhn), Syy = (1= )T +p(1 —p) I © Zin), Say = p(1 = p)(Zpn — I © Zpp)

Furthermore, ¥, is positive definite if ¥y, is positive definite.

If W is subject to a zero-diagonal constraint, such as models trained from EASE, EDLAE or ELSA,
then an additional condition diag(W') = 0 is applied to both the empirical risk (8) and the true risk
(©). The PAC-Bayes bound for LAEs is formed by plugging (8) and (9) into (I). Since Assumption
M.1]holds for this bound, it directly leads to (7).

5 Practical Methods for Computing the PAC-Bayes Bound for LAEs

In the PAC-Bayes bound for LAEs proposed in Section[d] the choice of 7 and p is so far unspecified,
and the computation of the bound has not yet been addressed. This section develops theoretical
methods to improve the computational efficiency, enabling the bound to be evaluated on large models
and datasets.

Our goal is to optimize the right hand side of (I): Given ¢, find 7, p, A that minimize

CIM| 1 1 1 1
Ew~p[R p(W)]+XD(PH7T)+XIHS+X‘I’mD(A,m) 10)
N——
part 1 part 2

with R°™ (W) given by (8) and R™ (W) given by (9). However, solving for A, m, p simultaneously
is generally intractable [4]]. We therefore consider a weaker problem: Given A and 7, we optimize
with respect to p. We compute the optimal p for different choices of A\ and 7, and select the
combination yielding the tightest bound.

We discuss the computation of part 1 of (I0) in Section[5.Tand part 2 in Section[5.2]

5.1 Closed-form Solution for the Optimal p under Gaussian Constraint
Given 7 and A, we search for the optimal p by

. o 1
arg min Eyy,[RT™(W)] + XD(pHTF) (11)
o

Not all choices of 7 and p make (TI) easy to solve. For example, given any 7, the optimal p is
— IJ( )
the Gibbs posterior, defined as p(dW) = M [4]. However, the Gibbs posterior is

generally a complex distribution without a closed-form density function or parameterization, making
it analytically intractable in practice.

To obtain a tractable and efficient solution, we instead optimize @ under the constraint that 7, p
are restricted to specific distribution families. Notably, Dziugaite and Roy [13]] proposed a practical
way to compute PAC-Bayes bounds for deep neural networks by assuming 7 and p to be entry-wise
Gaussian distributions, which allows the KL-Divergence D( p || 7 ) to be computed analytically. We
follow Dziugaite and Roy’s assumption [13]] and formally state it as follows:

Assumption 5.1. Let A, B € R™ " with B > 0 (entry-wise non-negative), and denote N'(A, B)
as the entry-wise Gaussian distribution such that W ~ A (A, B) means each W;; is independently
drawn from N'(A;;, Bij). Assume p = N'(U,S) and 7 = N (Uy, 02 J), where U, Uy, S € R™*"
with § > 0 (entry-wise positive), J € {1}"*" is the all-ones matrix, and o > 0.

Applying the constraint diag(W) = 0 to p and 7 implies setting diag(i/) = 0,diag(S) = 0,
diag(Up) = 0 and diag(c2.J) = 0, since a deterministically zero random variable has zero mean and
Zero variance.

Since neural network models are typically non-linear and do not admit closed-form solutions for
the optimal p, Dziugaite and Roy [13] solved for the optimal p using stochastic gradient descent



with gradients estimated via Monte Carlo sampling, which requires a trade-off between sample
size and computational cost. Surprisingly, due to the linearity of to LAE models, we find that their
assumption adapted to LAEs admits a closed-form solution for the optimal p, as shown in Theorem
[5.2] This closed-form solution enables efficient, direct computation of p, avoiding sampling, iteration
or trade-off procedures.

Theorem 5.2. (a) Under Assumption[5.1] the closed-form solution of the optimal p of is given by

C(lyxme YV (Axxme L) s o1 :
U= (mYX + 2002 0) (mXX + 2102 ) ) Szj - %XJ*XJQ; + (7172 f()}" 1] € {1,27...771}
(b) If we add the constraint diag(W') = 0 to both p and 7, then the optimal p becomes

1

Sij = 2>\X XT

, Sii=0 for i, €{1,2,....,n}andi #j

B - 1 1. 1o 1 -1
U= <mYX + gygato 2d1ag(x)> (mXX + 2A021)

1 1 -
. T
© diag |:<mXX —|—2)\U2I) :|

5.2 Reducing the Complexity of ¥ (A, m) under the Zero-Diagonal Constraint

where

1 1 1 1 -t
_ i L T L T
r = 2 - diag |:(mYX + o2 0) ( XX* + 2)\02[)

and © denotes element-wise division.

Under Assumptions and the closed-form expression of ¥ (A, m) is too complex to derive
explicitly, making direct computation infeasible. We therefore compute the upper bound given in
(7) instead. This section shows that, under the zero-diagonal constraint, this computation has a high
complexity of O(n?), which we reduce to O(n?) by establishing a simpler upper bound.

We first consider the case without the constraint diag(WW) = 0. Since we assume 7 = N (Uy, 02 J)
in Assumption [5.1} WZ ~ N((Uo)T,01), thus (Wi.XH2 + Bi)T = SHPWT + BL ~
N(Z 1/2(2/{0) + BL,02%,.). In this case, the E, {eARme(W)} term in (7) can be further expressed

as follows:

Proposition 5.3. Let A = 0°%,,, and A = STAS be the eigenvalue decomposition where S is
orthogonal and A = diag(n1,m2, ..., 1m,) withny > ... > 1y > O Denote |1}t = Ei{f(b{o)ﬁ + BL.

n n /\(Ei)
E. { AR™E( W)} CH H exp ( - 2)77;/2 . where b= SAfl/Zui (12)

1=17=1

The computational complexity of is O(n?), mainly due to the eigenvalue decomposition of A.

Now we discuss the case that diag(W) = 0 is applied. Denote 7’ as the distribution 7 with the
constraint diag(W) = 0, that is, for W ~ 7/, W;; = 0 for all 4. Then 7’ = N (Up, 0?(J — I)) where
diag(Up) = 0, and WL ~ N ((Uo)L, 02 (I — I')) where I' is a matrix with I; = 1 and other entries

being 0. Therefore, (W, S5 + B;)T ~ N (21/ 2(Uo)T. + BL, 02 (Sgu — (23;42)*2-(2;42)5)).
Denote A = ¢%(Z,, — (Zif)*i(ﬁl}céz)*i), then A is singular and positive semi-definite.
Let A® = §( )TA(Z'_)S () be the eigenvalue decomposition where S () is orthogonal and A" =
d1ag(77§ ), 5), ...,777(,,1)) with 77?) > ... > nﬁp > 0. Then

AB)25 D
e nrnl eXp< 1—2an? ) ‘ ‘ ‘ .
E, [e’\R (W)} = CH H ] 75 where b = 5 (A(z))_1/2/ﬂ (13)
i=1j=1 (1 — 2/\n§”))

3We slightly abuse the notation of S and A. In Theorem they denote the decomposition of ¥, , whereas
here they denote the decomposition of A.




The issue with (I3)) is its high computational complexity: We need to compute the eigenvalue
decomposition for each A in order to obtain S*) and A(¥). Since each eigenvalue decomposition
costs O(n?), the computation of costs O(n*), which is impractical for large n.

is difficult, we instead compute an upper bound, as

Since the direct computation of E [e)‘lee(W)}

established by the following theorem:
Theorem 5.4. Given and , forany A\ € (0, ﬁ) where 1)1 is the largest eigenvalue of A,
]Eﬂ_/ |:e>‘me(W):| S ]Eﬂ_ |:6>\R(ruC(W):|

Theorem [5.4] holds for any Uy, including the special case where diag(Uy) = 0 for both 7" and 7.
This theorem allows us to compute E [e’\R‘me(W)} instead of E,/ [e’\R‘me(W)} , thereby reducing the

complexity from O(n?) to O(n?).

5.3 The Final Bound and the Algorithm for its Computation

The final step in computing the bound is to select A that yields the tightest bound. Following [4], we
search over a finite grid A = {\1, A2, ..., A} where L is the number of elements in A and A; > 0 for
i € {1,2,..., L}; details are provided in Appendix |Cl Applying this grid search to , we obtain the
final bound: Given 7, for any A € A and § > 0, with probability at least 1 — §, the following bound
holds for any p:

Bu [ (V)] < Ew RO+ [D(pllm) +10 5 + B [AV]) - aa)

We now summarize computation of (I4) under the LAE setting in Algorithm[I] By default, the
algorithm assumes that the zero-diagonal constraint on W is applied. For unconstrained W, the
algorithm can be adapted by switching the solution for p from Theorem[5.2](b) to Theorem[5.2](a),
and by computing D( p || 7 ) using the unconstrained case instead of (42).

Note that this algorithm requires ¥1,;, = Ej,¢[hhT] as input, which depends on M. In practice, M
may be an oracle distribution, making 5 unknown and inaccessible. However, there are practical
scenarios where a non-oracle M is available. For example, if there exists a larger and fixed dataset
H¥hole ¢ {0, 1}"””, (m’ > m) such that the columns of H are sampled without replacement from
the columns of H"™!°, we can take M as the population distribution over the columns of H"Me,
This is similar to the matrix completion setting of Srebro et al. [47], where all entries of a fixed matrix
are treated as underground truth and observed entries are sampled from them. Under this assumption
Yhh = #H whole( prwhole)T" jg known and accessible. We provide further discussion in Appendix

Algorithm 1 Computing the PAC-Bayes bound for LAEs
Input: 3, p, d, 0, A = {A1, Aa, ..., A\p}, X, Y, and an LAE model W (with diag(TV) = 0).
Compute X5, Xpy, Xy With Xpp,, p by Lemmald.4]
Set m = N (W, a%I) (i.e., let Uy = W such that W is the mean prior of ).
Let G = {} be a set to store the results.
for each \; in A:
Compute p = N (U, S) with 7, \; by Theorem|5.2{(b).
Compute D( p|| ) with p, 7 by in Appendix [H
Compute Eyy . ,[R*™ (W)] with p, X, Y by in Appendix[F
Compute By, [R™(W)] with p, Sea, Lay, Syy by @1) in Appendix [F and let it be the left
hand side of (T4)), denoted as LH;.

Compute By, [N (V)] with 7, 5, Sy, By s by .
Compute the right hand side of l) denoted as RH;, with Ey,[R*™(W)], D(p||7),Ex {@)‘Rm(w)} _

Append (LH;,RH;) to G.
Output: the pair (LH*,RH") in G, where RH* = min; <;<{RH; }.




6 Experiments

In this section, we conduct experiments to compute the PAC-Bayes bound for LAEs using Algorithm
[T]on real-world datasets, evaluate the tightness of the bound, and empirically assess its correlation
with practical ranking metrics such as Recall@K and NDCG@K.

We adopt the strong generalization evaluation setting, which divides the entire dataset into a training
set and a test set with disjoint users [48] [38]. Let the entire dataset be H""' € {0, 1}"*™" We split
it into a training set H" € {0, 1}7*(™'=m) and a test set H'*' € {0, 1}"*™ by setting m = 0.3m/.
The test set H"™" is further split into an input matrix X and a target matrix Y, with a hold-out fraction
1—p= % The LAE model W is obtained by solving the EASE objective on the training set
H'n (The EASE model can also be replaced by other LAE models such as EDLAE or ELSA.
Our bound only focuses on evaluation and is independent of the training method.). We set v in
(@) to values of 50, 100, 200, 500, 1000, 2000 and 5000 to generate seven different LAE models and

evaluate them accordingly. Other inputs of the algorithm are set as follows: § = 0.01, ¢ = 0.001,
A =1{1,2,4,8,16,32, 64,128, 256,512}

Our experiments run on a machine with 500 GB RAM and an Nvidia A100 GPU. The GPU has 80
GB RAM. We use three datasets: MovieLLens 20M (ML 20M), Netflix and MSD, with their details
shown in Table [2]in Appendix [F]

The results are presented in Table On the left side, each pair (LH, RH) is the output of Algorithm
[1l where LH and RH represent the left-hand side and right-hand side of (T4), respectively. Detailed
values of the components of RH are provided in Table [3|in Appendix [F| The results demonstrate
that our bound is tight: in all cases, RH is within 3 times LH, in contrast to Dziugaite and Roy’s
non-vacuous bound for deep neural networks [[13]], where RH can reach up to 10 times LH in their
experiments.

The right side of Table [I]reports Recall@50 and NDCG @ 100 for each model on test sets, with both
metrics referenced from the EASE paper [48]. Across all datasets, models with smaller LH and RH
generally achieve higher Recall@50 and NDCG @ 100. This negative correlation reflects the expected
relationship: LH and RH are loss-based, where lower values are better; Recall@50 and NDCG@ 100
are ranking metrics, where higher values are better. Although minor deviations exist — for example, on
MSD, the best LH/RH occur at v = 1000, while the best Recall@50/NDCG@ 100 occur at v = 500
— the overall trend demonstrates a strong alignment between LH/RH and Recall@50/NDCG @ 100,
suggesting that our bound effectively reflects the practical performance of LAE models. Further
discussion on this alignment is provided in Appendix

Table 1: Experiment results

Models PAC-Bayes Bound for LAEs Ranking Performance
ML 20M Netflix MSD ML 20M Netflix MSD
~ = 50 LH 61.66 87.22  15.96 Recall@50 0.3434  0.2567 0.3454
RH  128.66 178.11 32.60 NDCG@100 04342 0.3766 0.3187
v =100 LH 60.75 86.54 15.85 Recall@50 0.3453  0.2580 0.3472
RH 12590 17625 32.26 NDCG@100 04373 03785 0.3205
~ = 200 LH 60.06 8596 15.76 Recall@50 0.3471  0.2592 0.3486
RH  123.67 17455 31.94 NDCG@100  0.4402  0.3804 0.3220
~ = 500 LH 59.46 85.35 15.66 Recall@50 0.3489  0.2605 0.3490
RH 12141 172.64 31.62 NDCG@100  0.4439  0.3826 0.3225
~ = 1000 LH 59.19 85.00 15.64 Recall@50 0.3502  0.2612 0.3475
RH 120.17 171.44 31.50 NDCG@100 0.4464  0.3840 0.3210
~ = 2000 LH 59.09 84.72  15.68 Recall@50 0.3510 0.2619 0.3434
RH 11934 17045 31.52 NDCG@100  0.4487 0.3854 0.3171
~ = 5000 LH 59.19 84.48 15.83 Recall@50 0.3506  0.2625 0.3340

RH 118091 169.47 31.77 NDCG@100 04509 0.3871 0.3079
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A Proofs of Theorems, Lemmas, and Propositions

Proof of Theorem[3.2}
Given W and (x,y) ~ D, denote v = y — W, thenv ~ N (u,, %, ). Let @ € RP*P such that
= QQT. Such Q exists since we can take Q = 21/2 ST A28, but we do not assume it to be
umque Let e ~ N(0, ), then we can write v = Qe + by - Thus,
R™(W) = E(zy)~D “|y - WJ?H%] = E. [HQE t+ Hy H%‘] = E. [(Q€ + MW)T(Qe + :uw)]
= E[e" QT Qe + p), Qe + ¢ QT puyy + pi g1y ] = w(QTQ) + p1 pryy
= w(QQT) + py, pryy = w(Sy) + oy, iy (15)

Also, we can express the random variable ||v||% in quadratic form (Representation 3.1a.1, [36]):
[o]|7 = v"v = (Qe + 1y )T (Qe + piyy)
= Qe+ 1y ) TELPE, B0V (Qe + 1y )
(ZW1/2Q€+Z 1/2MW)TE ( _1/2Q6+Z_1/2ﬂw)
(ZW1/2Q€+ N 1/2MW)TSTAS< 1/2Q€—|—Z 1/2’uw)
= (S%,1°Qe+ 85,12 ) IS, 2Qe + S22y, ) (16)

Denote ¢ = SE1/2Qe, then € ~ N (0, I), because E[¢'] = SEY/?QE[¢] = 0 and
Covl[e'] = E[¢'¢"] = SO 2QE[ec"]QTS /2ST =1

Asb = SE‘jvl/?,uW, we can write

P
[vllF = (¢ +b)TAE +b) =D mi(e] +b)?
i=1

Hence, each €, + b, is independently from N(b;, 1), and each (¢} + b;)? is independently from the
non-central ch1 squared dlstrlbutlon of noncentrality parameter b? and with degree 1 of freedom.
Thus the MGF of (€} + b;)? i

2
bz P\ T
Mie )2 (1) = Eqeprpz[eH)7] = 1 —<2t)1/2 a7)

Let v; = y; — Wax; such that vy, va, ..., Uy, are i.i.d. from N (p,, , ¥, ), then

1 m
R (W Z ly; — Wal|5 = . > lvsliz
j=1

Hence the MGF of R*™ (W) is

t —
M pen t:IEle[etR "<W>}:]EN,,L exp | - 12
rew(w) (t) = Esup S~Dm | exp mj;H%HF

:<E&@mkn{ij@ﬂ>m=:G%ww[“p<;§:m&“””ﬁ]>

i P exp (mbl;t’m)
<HE<e+b2[exp< " (¢} +b)>D = 1;[1(—

P 1 — 2tn;/m)"?

m

i=1 ni/m)
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By (13) and (18), we can expand ¥, p(\, m) as

‘1/7r,D ()\, m) = In Ew orEgopm [BA(R"UE(W)_REIHP(W)]

— InEwr {eAR““e(W)ESNDm [e—,\Re"“’(W)]}

D —)\mb?m
exp( i=1 "m+2o;

P (142X /m)™?

=InEwr |exp (A (r(Z,,) 4+ pl py)) (19)

Use the inequality that for any > 0 and k& > 0, eFHE < (£ + 1)’“ and the fact tr(X,, ) = >0, n;,
we have

P —Amb?m
exp( i=1 mi2An;

InEw, |exp (A (tr(2,,) + pr

_ exp ( D —)\'mbfm)
i=1 m+2An;
S ln ]EWNW exp (>\ (tr(EW) + /”L,JV:/MW)) P 7an]'
i Hi:l exp (7n+2>\m)

P 2 14
T mb;n; mAn;
= InEy ., exp (AUWMW + DA m+ 2/\m-) -2 m+ 2/\m>
=1 =1

P 2,2 2
20%n7 — Ambin;
=InEyw.rexp ()\,u:‘;uw + E W)
i=1 ¢

p 2 P 2 2 D 2
2 n; 2\ n;
<InEy.,exp ()\(uVTVMW _ E bfm) + W) =InEw.rexp <(n;1m)>
i=1

The last equality above is because

p
> b =b"Ab = pl £ UVPSTASY VP, = pl oy,

i=1
Since
p
2773 = tr(STA2S) = tr(E‘%V) = tr(ZwZVTV) — ||2W||%
i=1
we have y , i 2
2\ - 2 22218
In Eyw ., exp <(Z—1m)> =InEp ., exp </\||W||F>
m m
O
Proof of Theorem[3.3}

By (19), given any A > 0, we let { f, }men be a sequence of functions where

P —/\mbfm
exp( i=1 mi2An;

P (L2 /m)™

Sm (W) =exp (A (r(S,) + 1] )

for m > 0, and
JoW) = exp (A (@(Sy,) + iy, 11y )
Note that each f; is a non-negative function.

4Since 71 <In(z + 1) forany x > —1, replacing = with %, and taking exponential on both sides, we get
IR < (Z 4+ 1)
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Since W ~ wand W € RP*P, let E = RP*P, then f,, is a measurable function on F, 7 is a Borel
probability measure on E, and we can express E, [f,,] as a Lebesgue integral (Section 10.1, [15]):

e U] = / f d

Now we prove the following three conditions:
@ frn(W) < fo(W) foranym >0and W € E.
For any given W, n; and b; are fixed for all ¢, where n; > 0 and bf > 0. Thus for any m > 0,

b —Amb? . .
the numerator of f,, satisfies exp (Zle m’i’;&:) < 1, and the denominator of f;,, satisfies

b (L +2Xny/ m)™? > 1. Note that the numerator is monotonically decreasing with m and the
denominator is monotonically increasing with m.

(b) frn — 1 pointwisely as m — oo.

For any W,
7)\mb2ni
exp( f 1 m+2)\17] )
lim f,,, (W) = exp (A (tr(Z,,) + p2 p lim -
Mmoo’ M ( ( w w W))m—mo p (1+2/\771/m)m/2
—Amb? i
oo (St 225

— ex r "
= p()\ (t (ZW)+MWMW)) prl l1m (1+2)\77z/m)m/2
exp (— )‘Zz i) _

= exp ()\ (tr(EW) + Haﬂw)) f 1 €Xp ()\771)

The last inequality uses the facts that Y7 b2n; = p o, and >0 my = tr(S,,).
(C) fE f() dm = ﬂ—[fo] < Q.

Ex[fo] = Erexp (A ((S,,) + 1T )
E

(A (e(
rexp (A (W™ = W)Ea (W = W)T + 3e) + [|(W* = W)pol[E])

[
[P P
=FE exp | A

Li=1 i=1

=E,exp ()\ zp: —W)is [S0 + papll ] (W* = W)L + r(Ze) )

|

(S0 + popi) 2 (W - W)Hj, + tr(ze)D

— exp (Mr(E)) Er exp <)\ [H(Zw + poi?) ! (W - W)HiD < 00

2
The last inequality holds because E, exp ()\ {H (Ew + qug)lﬂ (W* — W)HF}) < oo is our
assumption and exp (Atr(X.)) is a constant.

Since the conditions (a), (b) and (c) hold, by the dominated convergence theorem (Theorem 11.32,
[44]), we have

lim E;[fn] = lim fde—/ lim fmdwz/ldw:Eﬁ[l]:l
Em—)oo E

m—r oo m—r oo

Since In is continuous on (0, c0), we can interchange lim and In. Therefore,

lim ¥, p(A,m)= lim ImE;[fn]=In lim E;[f,]=Inl1=0
m— 00 m— oo m— oo
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Proof of Lemma

R™(W) =E[lly - Wel[z] = Y Elllys — Wia|[3] = Z Wi E[zaT]W], — 2WiEly;z] + E[y]]
i=1

n

=Y (WS ) (Wi ST = 2(Wi 2502 (Bay)wi + (Syy)ii

s
Il
—

(I/Vi*zalcéc2 - (Eavy)T‘E_l/Q)(VVi*E:lpéc2 - (Ewy)T'E_l/Q)T - (Zwy)T'E_l(Ewy)*i + (Eyy)ii

*7 rr *7 xrx *7 xrx

I

&
Il
—

Wi S22 = (Bay)eiZaa 1o = 1152272 Bap)willF + Sy

*7 rT

I
NE

@
Il
-

%

21/2 L 2% - |12t UQH%"‘“(EW)

zy“~xx Ty l.L

. . .. . —1/2 .
Since we assume Y, is positive definite, Em/ exists.

O
Proof of Proposition
By Lemma[4.2]
E, [EAR“""‘(W)} :E,r[ AIwel? =51, 202 s - I15L, = I;/Qnﬁtr(zyy))]
—E, {Anwz”z zfyzrﬁ/?n%} A ) -IZ5,25%0F) — o R, [exnwz;mBni} (20)
O

Proof of Lemma
Sincex =d ®handy = (1 — §) ® h, we have

)
Yoo =B [z2"] =E[(6 0 h) (5@ h)T]
Sey =E[2y"] =E[Oh)((1-68)h)]
Sy =By =E[(1-6) ©h)(1-8)©h)]

We first prove X, Fori,j € {1,2,...,n} with¢ # j, (X,4):; = E[;0,h;h;]. Note that §;0,h;h;
is a Bernoulli random variable (as its value can either be 0 or 1), §,; depends on h;, and &; depends
on h;. We have

—P(8; =18, =1,h;=1,h; =1)P(8; = 1|h; = 1,h; = 1) P (hy = 1,h; = 1)
=P(6; =1lh; = 1)P(d; = 1\hj =1)P(h; = 1,h; =1)
= p°E [hihs) = p*(Zan)ij 21
For any i, (X,,)ii = E[(6;h;)?]. Using the property that a Bernoulli random variable X has
E[X?] = E[X],
E[(8;h:)?] = P (8;h; =1) = P (8; = 1,h; = 1) = P (8; = 1|h; = 1) P (h; = 1) = pE[h,]

= pE[h7] = p(Shn)ii (22)
Combining (ZT) and (22), we get
Sae =P Shn + (1 —p)(I © Shp) (23)
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Since (X,,)i; = E[(1 — 8;)(1 — 8;)h;h;] and (X,,)i; = E[((1 — 8;)h;)?], replacing p with 1 — p
in (23), we get £y = (1 — p)?Spn + p(1 — p)(I © Shn).

Since (Z_fl‘y)z‘y = E[éz(l - (S])hzhj] = p(l - p)Ehh and (Exy)m = E[éz(l - (SZ)h?] =0 (Note that
8;(1 — 8;)h? = 0 regardless of whether §; is 0 or 1.), we have Yoy =01 —p)(Epn — I © Zpp).

Note that in @), if 2y, is positive definite, then 1 ® Xy, is also positive definite (Theorem 7.5.3 (b),
[22]), which implies that X, is positive definite.

O
Proof of Theorem[5.2}
(a) Since E,[W] =U and E,[WTW] = UTU + diag (31—, Sk1, D opey Sk2s coos 2oy Skn)s
em] 1
E [RTM(W)] = —E,[IIY - WX|%] = Z]E [1Yar = WXall]
a3

1 m
~ > YiYu - 2V B, [W] X, + XL E,[WTW] X,

1 m
= ZEP[(Y*Z ~WX) (Y = WXa)] =
— =1

Z DY =2V U X+ XEUTU X, + X diag <Z Sk, Zsm, Zs,m> X
k=1

k=1 k=1
(24)

And D( p|| 7 ) can be expressed as

1 n n _ 2
Dlplim) = 5 |w@Ine—1) =33 nSu - Sury y I Lol )

g

Denote f(U, S|y, 0, A) = E,[R*™(W)] 4+ +D(p|| ), our optimization problem becomes

min fU,SUy, 0, \) (26)
The optimal ¢/ and S are obtained by solving 2, f (U, S|ty, o, \) = 0 and & f (U, S|tho, o, X) = 0.
First we show the partial derivatives of the + D( p|| 7 ) term:

0 ]. B (uij—(Z/{o)ij) 0 1 . 1 1

Then we show the partial derivatives of the E,[R*™ (/)] term. By , for any 1, j,

62” [Remp( )] = %% ZXE diag (Z Skl,ZSkg,...,ZSkn> X*l

k=1 k=1 k=1
6‘2” - ZXJZSUXJI = Z X X1
af, p[RE™P (W au Z VT U X+ XEUTU X, = - i (—ijz 2 i(uk*x*zf)
ij i M M Mij =
= ZZ ( 2Yu X + 88 (U X 41) ) i (—2Yu X + 2(Ui X)X 1)
-1 =1
= % (-Yi X[, + Ui X X))
Wrap up the above results, we get
U Slto.0.) = X, X — (= ) @
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d 2 (Uij — (Uo)i;)
g, [ S0 X) = o (=Y XJ. + Un XX, + =575 (28)
Therefore, by , the solution of % U, S|Up, 0, \) = 01is that
1
Sii=5————— foranyi,j€{1,2,...n (29)
S 2l
By (28) we have
d 2 T o1 o]’
Thus the solution of % U,S|Uy,0,X) = 01is
—1
1 1 1 1
U=-vxr U | [ —xXT I 31
(m t o 0) (m o ) GD

Now we show that f(U, S|Up, o, A) is a convex function, such that the solutions of S in and U
in (3T) are the global minimizer of (26). By (27) and (28) we have

2x. xT , _1_ ifi = | =
Ao Ao = w7 . o .\ miE s 1=NRr,]
9S:;08k 0 otherwise OU;;OU 0 otherwise

Denote v € R2"* where for i = L,2,..,nandj = 1,2, ... ,n, Vi 1)ynyj; = Uj and vpzy (i_1ypq; =
Sij. Let Hy € R2" 27" pe the Hessian matrix where (Hj);; =

H; = [61 g] where A = 2(XX7) ® I,, + 1251,,2 and B is a n® x n? diagonal matrix with

2
7f Then we can write
v Ov;

2

Bi—1)n+j,(i-1)n+j = W Here ® means Kronecker product.

The Kronecker product has a property that, let {\;|i = 1, ..., m} be the eigenvalues of P € R™*™
and {y;]j = 1,...,n} be the eigenvalues of ) € R™*", then {\;y;|i =1,...,m,j=1,...,n}are
the eigenvalues of P ® @ (Theorem 4.2.12, [21]). Since X X T is positive semi-definite and I, is
positive definite, (X XT) ® I, is positive semi-definite. Thus A is positive definite. Since all elements
of S are positive, B is positive definite. Therefore, H is a positive definite matrix for any ¢/ and S,

which means f (U, S|Uy, o, \) is a convex function. Thus, the solutions of S in and U in
give the global minimum.

(b) Applying the constraint diag(WW) = 0 to p and 7 implies taking diag(U/) = 0, diag(S) = 0,
diag(Up) = 0, and diag(c?J) = 0. In this case, becomes a constrained optimization problem.
rg{ligl fU,S|Uy,0,A) st diag(d) =0, diag(S) =0 (32)

Then we remove the constraint diag(S) = 0 by defining f as a function of only the off-diagonal
elements of S. Let S~ = {S;; : 4,7 € {1,...,n},i # j}, then (32) is equivalent to

Lr{nér} fU, 8 Uy,0,N) st diagd) =0 (33)
To solve (33)), we construct the Lagrangian function

LU, S, zlUy,0,)\) = f(U, S Uy, 0, \) + =T diag(U)
where z € R", and solve
oL

133 T _
9 [diag(U)]” =0 (34)
oL 0 B )
U o U,S" Uy, o, ) + diag(z) =0 (35)
oL _ 9 fU,8 Uy,o0,A) =0 fori,je{1,2 n}i#j (36)
88” - GSU ) 0,9, = 5] g Ly eeny s Wi
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Since is the i # j case of (27), the optimal S~ is obtained by with ¢ # j.
The optimal I/ is obtained by solving (35) and (34). By (33),

2 T v, L o 50 . _
m( YX' +UXX )+)\02(U U’) + diag(z) =0

1
202

1 T 1 1 T 1 -t
— _ . 3 _ I
U= (mYX + Up 2d1ag(a:)) (mXX + g2 > 37

Then we solve x to satisfy (34),
1 1 1 1 \! 1 1 1N\
—yx7T —xx7T I — diag | = di —Xxx7T I
(m * 2/\02uo> (m * 2)o? > ] Rap iag(z) (m * 2X0?

lYXT+ L U, iXXT+ 1 I - —ledia lXXT+ 1 I - =0
m 2Ao2 0 m 202 2 & m 2\02 o

SRy Lyxry ! - odi Yxxry L -
2 i 2
22027 ) \'m 2M02 R 2Mo2

Now we show that the solution of (34), (35) and (36) gives the global minimum of the problem (33).
Let Hy, be the Hessian matrix of the Lagrangian L. It is easy to verify that, by removing the rows

and columns of H ¢ corresponding to Si1, S22, ...Spy to obtain H} € R(Q”Q*")X(2”2’”), we have
H,=H } This shows that H7, is positive definite for any &/ and S~. Hence, by the second-order

sufficiency conditions (Section 11.5, [33]), any solution (U4, S, z) satisfying , and isa
strict local minimum. Since the solution is unique, it is also a strict global minimum.

diag(U) = diag

= diag

we get

r = 2-diag

1
<YXT
m

O
Proof of Proposition[3.3}

Denote v; = (Wi*E;/f + B;,)T, and write v; = A% 4 u* where € ~ N(0, I). Since A = STAS,
using the quadratic form shown in (T6), we have

H’U’L”%‘ _ (A1/26+,LLi)T(A1/26+,[Li) — (A1/2€+ui)TA71/2STASA71/2(A1/2€+,LLi)
= (Se+ SATV2uNTA(Se 4+ SA™V2 7Y = (Se 4+ b')TA(Se + bY) an Sjwe + b5)

It is easy to show that each S}, are i.i.d. from N(0,1) for all 7, thus each Sjx€+ b;» is independently
from N(b%,1). Since each v; is independent, by we have

E. [ AR™e( w)] CE, { AR, uwi*zifwi*n%} =C [[E- [exnviui] =c [II]E- [em(sﬂe%ﬂ
i=1 i=1j=1
A(BE)*n;

=C ﬁ ﬁ eXp_( )

The last equality above follows from (I7).
O
Proof of Theorem

Let P, @ € R™*™ be two symmetric matrices, we write P > @ if P — (@ is positive semi-definite,
and write P > @ if P — @ is positive definite.

By Corollary 7.7.4 (c) of [22], if P > @, then n;(P) > n;(Q) for any j, where 7;(P) and 7;(Q)
denote the jth largest eigenvalues of P and @, respectively. Since A — AW = 02(2910502)*1-(21/ 2) >

*1
(i

0 for any ¢, we have 1; > n; ) for any ¢, j.
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Since b() = S (AM)=1/2 % we have
(8} >>2n§” n ()T (A TSP TS (AD) T2y
() INT (A ()Y—1/2710() ( @1 () QGNT (A (D)\—1/2( g(3)y,,
()T (ST (AL T2 (SO (N T[S (SO (AD) 2 (50
— ) HERREW
Therefore, (I3) can be expressed as
ORI M) (ST (5))w
n n ©XPp T,\n” n n ©XP 1-2xp()

B [ ] 1] [111

172~ N1/2
i=1j=1 (1—2 n“)) i=1j=1 (1—2>\n§”)

(SSNHT (s

= ﬁ o (A('m)T (Z?_l HW) Mi) _ ﬁ exp ()\(Mi)T(S(i))TA(i)S(i)Mi)

N\ 1/2 N\ 1/2
Faie -, (1 - QAn]@) =1 [, (1 - 2An§”)
A = di 1L L L
where A diag (1_2/\7]?), EETWORER 1_2/\”5)).

Similarly, can be expressed as
1 E, [eAleE(W)} _ ﬁ exp ()\(Mi)TSTI_X,S;//L;)
¢ i=1 H?:1 (1—2xn)

o 1 1 1
where A = diag (172/\771, =237 172/\%).

Now we show that STAS > (S)TA® SO for any i. By Corollary 7.7.4 (a) of [22] if P> 0and
Q = 0, then P = Q if and only if Q=% = P~!. Since we assume 0 < \ < 51—, it follows that
1—2\ ]( D> 0and1— 2An; > 0 for any ¢, j. Thus, all diagonal elements of A ) and A are positive,
implying that (S)TA® S » 0 and STAS = 0.

Since ((SO)TADSO) ™! = (ST (1 — 20AD) §) = T —22AD and (STAS) "
we have

—1—2)A,
. . S\ —1 = . .
((STROSD) " = (STAS) ™ 4= T- 2240 = T =204 = A= AV

Thus, STAS = (S@)TA® S holds, implying that (u*)TSTASu® > (u)T (S@)TADSE 4t for

any p'. Therefore,

éEﬂ, |:e)\erue(W :| H exp (
-1 I (1 —2x" )

T Q(i)\T A (3) Q) T oT
AT (SO)FAD 5O ) POGATSTASY) _ Ly fammn]

(1- 2/\77])1/2 - C

<15

B Further Discussion on the Convergence of Shalaeva’s Bound

Another convergence result by Shalaeva el al [43] is that: For any fixed 7, p, § such that D(p||7) <
00, take A = m!/? for some constant d > 2, then the right hand side of Shalaeva’s bound (See
Section [2)) converges to the left hand side as m — oo.

2,U2

W): By taking A =

This result is based on the convergence of the upper bound Eyy . exp (
2,02

1/d we have Eyy . exp QA,mW) = Ewrexp (2m2/d*1v2w). In this case, the following

m

convergence statement
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lim + D(p\|7r)+lnl+‘llmp()\,m)} < lim m~Y? [D(pHW)Jrln%] + lim m Y InEw.r exp (2m2/d711)‘2v) =0

m—oco \ 1) m—oo m—oo

holds if
lim m Y InEw.x exp (2m2/d_1va) =0 (38)

m—o0

Shalaeva et al. [43] provided only one condition d > 2 to ensure (38), and they did not discuss the
choice of m. However, we find that d > 2 alone is not sufficient to guarantee convergence, since (38)
does not hold for all 7. A few examples are given below:

(a) I 7 is a distribution with bounded support, then (38)) holds. This is because there exists a constant
G > 0 such that ||W]]2 < G. We can show that for any A > 0, Eyyr exp (Av2,) < oo

Ew~r exp (A0},) = Ewr [exp (A2 [|[W* = W3+ 02)%)] < Ewer [exp (A2 ([W*|l2 + [W]l2)? + 02)?)]
<Ewern [exp ()\(Ug(HW*Hg +G)? + 03)2)] = exp ()\(Jg(HW*HQ +G)? + 03)2) < 00
Thus, when d > 2,

lim m~ /4 In Eyw r exp <2m2/d_1va) < lim m~ /4 InEyw . exp (21}3/) =0
m— o0 m—oo

(b) Let 7 be a Gaussian distribution. We would like to show that (38) does not hold in this case.

We first show that Ey . exp (Av?,) = oo for any A > 0. Denote w = W* — W € R'*"™ where
W ~ m, then w is a Gaussian random vector. Thus

Ew~rexp (Av2)) = Ewnr [exp (A(02|[W* = W|5 + 02)%)] > Ewer [exp (A(o2|W* = W|3)?)]
exp (Aai(z w?)2>1 > E, [exp (Aopw?)]
i=1

Here w; € R is the first element of w, which is a Gaussian random variable. Suppose w; ~ N (1, 02),
then

—E,, [exp (A [w]4)] = E.,

1 _ 2
B exp ()] = [exp Ootud) L e (<11

1 (w1 — N)2>
= - ex Motwd — 22 ) dw, = 00
/ /727(_0_ P ( z ™1 202 1

4,4 (w1—p)?
because Aoy wi — et

If (38) holds, then by the definition of limit, for any € > 0, there exists a finite integer M such
that for any m > M, m~"/4InEw ., exp (2m* =102 ) < e. The negation of this statement
is that, there exists € > 0 such that for any finite integer M, there exists m > M satisfying
m~1/4In Ew~x exp (2m2/d*111‘2”) > €. Let e = 1, M be any finite integer, and m = M + 1. Then
Ew~rexp (2m¥4 102 ) = coand 1 = ¢ < m Y9 InEw ., exp (2m*?~1v? ) = oco. So the
negation is true, and does not hold.

— 0o as wy — oo. Hence, Eyy~r exp (Av?,) = oo for any A > 0.

In summary, the validity of (38)) depends on 7, and a sufficient condition for convergence requires
that 7 be appropriately specified.

C Allowing Multiple Trails on \

Finding the optimal ) that yields the tightest bound is nontrivial. As suggested in Section 2.1.4 of
[4], we approximate the optimal A by searching over a finite grid A = {A1, Az, ..., A1}, where each
A; > 0 and L denotes the cardinality of A.

P (0 € 4.5, By (V)] < Ewey OV 4+ 5 [D(ollm) 410 +0p(m)] ) 215
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This is because

1 L
g <vA € 4,9p, Ewnp[R™(W)] < Ewn, [R™(W)] + + {D(P [7) +1n = + ‘I’mD(A’m)D

rue Cm] 1 L
=1-P (3)\ € A,3p, Ewnp[R™(W)] > Ewn,p[RTP(W)] + X {D(p||7r) +1In 3 + \I/W,D(A,m)})

__p (.U {50, Bwnf R0 2 B (RO 4 5 [DCplIm) 410 + 0 p,m0)] })

1=

> 1= 30 P (30, Bwey [BOV)] 2 Bwesy 7)) + - [DCpllm) +10 5+ 0em(iom) )

The grid search is a standard method for optimizing A and is also used by Dziugaite and Roy [13]].
Note that A cannot be directly optimized via gradient descent while keeping p and 7, as this would
make the optimal A depend on the dataset .S, which is a random variable [4} 43]]. Consequently, the
optimal \ would itself become a random variable, contradicting the assumption that it is fixed.

D Related Works

In statistical learning, generalization bounds commonly provide an upper bound on the generalization
gap, R"¢(W) — R*™ (W) (or, in the two-sided case, | R"™° (W) — R*™(W))), thereby estimating the
true risk R"™¢ (W) for any given model W. A generalization bound is called a Probably Approximately
Correct (PAC) bound if it guarantees, with probability at least 1 — 4, that the gap does not exceed
a small e. It is PAC-Bayesian if, in addition, the model W is treated as a random variable and
a KL-divergence term, D( p|| 7 ), is introduced to allow Bayesian inference between the prior 7
and posterior p of W. Classic PAC bounds typically estimate the worst-case generalization gap,
supy, {R™ (W) — R*™ (W)} [51]], which often becomes loose as the number of parameters in
W increases [39, 41]. In contrast, PAC-Bayes bounds estimate the expected generalization gap,
Ew [R™¢(W) — R*™P(WW)], which is typically much tighter than the worst-case bound [13].

Early PAC-Bayes bounds, including those by McAllester [37], Catoni [8], Langford and Seeger
[29], primarily focus on binary or bounded losses. In recent years, PAC-Bayes bounds have been
extended to unbounded losses, as in Alquier et al. [5], Haddouche et al. [19], Haddouche and Gued;
[18], Rodriguez-Gélvez et al. [43]]. These works typically assume that the loss follows a light-tailed
or heavy-tailed distribution. However, such assumptions usually rely on oracle knowledge of the
underlying data distribution; consequently, these bounds are often oracle bounds and can only be
computed when the true data distribution is known.

Linear regression typically employs the squared loss, which is unbounded. Several PAC-Bayes
bounds targeting the generalization gap have been proposed for linear regression. One major line of
work adapts the unbounded squared loss to the framework of Alquier et al. [5], such as Germain et al.
[[17] and Shalaeva et al. [45], which we follow here. Other studies, such as Haddouche et al. [19],
consider the ¢; loss for linear regression instead of the standard /5 (squared) loss. To the best of our
knowledge, all these bounds focus on the single-output setting and have not yet been extended to the
multivariate case.

Another class of generalization bounds for linear regression targets the excess risk R™¢(W) —
R™e(TW*), where W* denotes the minimizer of the true risk. The advantage of this formulation is
that, when the tail distribution of the loss satisfies the Bernstein assumption (Definition 4.1, [4]), such
bounds (including both PAC and PAC-Bayes types) typically achieve a 1/m convergence rate, which
is faster than the 1//m rate commonly observed for PAC-Bayes bounds targeting the generalization
gap (Section 4.2, [4]). Several bounds for single-output and multivariate linear regression follow
this setting, including those by Alquier and Bieu [3]], Dalalyan et al. [12], Alquier [2], and Mai [34].
However, these bounds do not depend on the empirical risk, making them less practical for real-world
applications.

Collaborative filtering can be viewed as a special case of matrix completion problem, i.e., predicting
missing values in a matrix (Section 1.3.1.2, [1]). In recent years, LAEs have become a popular
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model for collaborative filtering due to their simplicity and effectiveness. Unlike other models, LAEs
have the distinctive property that their training objective, such as in (4)), resembles a constrained
linear regression problem where the input and target matrices are the same, highlighting their close
relationship with linear regression. The earliest LAE model can be traced back to SLIM [40]],
followed by models such as EASE [48]], EDLAE [49]] and ELSA [50Q]. All of these models introduce
a zero-diagonal constraint on the weight matrix W, preventing items from learning themselves and
thereby avoiding overfitting toward the identity. A recent study by Moon et al. [38]] shows that this
zero-diagonal constraint can be slightly relaxed to a diagonal with small bounded norm, potentially
improving performance.

While the generalizability of LAE models remains unexplored, related work has investigated general-
izability in matrix completion for collaborative filtering, including Srebro et al. [47], Shamir et al.
[46], and Foygel et al. [[16]. Other studies focus on the generalizability of general matrix completion,
such as Candes and Tao [7]], Recht [42], Ledent et al. [31], and Ledent and Alves [30]]. Our work
differs from these studies in that we analyze LAEs mainly from the perspective of linear regression
rather than matrix completion. In addition, Variational Autoencoders (VAEs) are another type of
collaborative filtering model [32]], and PAC-Bayes bounds have been developed for VAEs [9]. It
should be noted that VAEs and LAEs are fundamentally different models, so the PAC-Bayes bounds
for VAEs are not directly comparable to our bounds, as discussed in Appendix [E.3]

Therefore, to the best of our knowledge, we propose the first PAC-Bayes bound for multivariate linear
regression targeting the generalization gap, and the first PAC-Bayes bound for LAEs.

E Conclusions and Discussions

This paper studies the generalizability of multivariate linear regression and LAEs. We first propose a
PAC-Bayes bound for multivariate linear regression under a Gaussian data assumption, extending
Shalaeva’s bound for single-output linear regression, and establish a sufficient condition that guaran-
tees convergence. Next, we build the connection between multivariate linear regression and LAE
models by introducing a relaxed MSE as an evaluation metric, under which LAE models can be
interpreted as multivariate linear regression on bounded data, subject to a zero-diagonal constraint on
weights and a hold-out constraint on the input and target data. This connection allows us to adapt our
bound for multivariate linear regression to LAEs.

In practice, LAEs are typically large models evaluated on large datasets, which makes computing the
tightest bound inefficient. To address this, we develop theoretical methods to improve computational
efficiency. Specifically, by restricting both the prior and posterior to be Gaussian, we obtain an
efficient sub-optimal bound in closed-form. We then address the computational cost imposed by the
zero-diagonal constraint by establishing and computing an upper bound with reduced complexity.
Experimental results demonstrate that our bound is tight and correlates strongly with practical metrics
such as Recall@K and NDCG @K, suggesting that it effectively reflects the real-world performance
of LAE models.

Below are the discussions of our work.

E.1 Limitations

One limitation of our work lies in Algorithm which takes ¥, = Ep,aq[hh7] as input and requires
it to be known, which is only possible when M is non-oracle. Whether M is non-oracle depends on
how the dataset is modeled statistically. If the dataset H is drawn from a meta-dataset H*"°'® that is
known and of fixed size, we may assume M to be the population distribution of this meta-dataset,
thereby making M non-oracle. However, this assumption is rather restrictive: In most real-world
scenarios, such a meta-dataset may not exist, as data are continuously collected or expand over time.
In this case, M is typically modeled as an unknown oracle distribution to account for unseen data.
Therefore, whether M is non-oracle ultimately depends on how the dataset is modeled, and our work
shows that the bound is at least computable in restricted scenarios where datasets can be represented
by a non-oracle M.

To avoid introducing an oracle M, one may also consider reconstructing the bound by applying
linear regression to empirical PAC-Bayes bounds such as those of McAllester [37]], and Langford
and Seeger [29], rather than to the Alquier’s oracle bound [5]. However, this approach is not feasible
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because empirical PAC-Bayes bounds are typically derived under the assumption of bounded loss,
whereas the loss in linear regression is unbounded since W itself is unbounded in ||y; — Wx;||%.

Moreover, PAC-Bayes bounds for unbounded losses are inherently oracle, as they are derived from
tail-distribution assumptions that are themselves oracle in nature. These distributions are usually
characterized by a bounded exponential moment E x . o4 [e’\(]EX ~m[X]=X )] for some A € R, as in
the Hoeffding assumption [S]] and the bounded Cumulant Generating Function (CGF) assumption
[43.[19]. Assuming these quantities are bounded implicitly presumes access to oracle information
about M, which is rarely realistic in practice.

Another limitation is that the computational methods introduced in Section [5|are primarily designed
for full rank or nearly full-rank LAEs. By ‘nearly-full rank’, we refer to matrices of rank n — 1 formed
by applying the zero-diagonal constraint to a full-rank n X n matrix. Some LAE models, however,
impose low-rank constraints [49] on W, where a W™*"™ of rank k (k < n) can be decomposed as
W = UV with U"** and V**", Assumption does not hold in this case, since it requires W
to be a random Gaussian matrix, implying full rank [[14]. Consequently, results that rely on this
assumption, including Theorems[5.2and [5.4] are not applicable to low-rank LAEs. One possible
approach to adapting our bound for low-rank W is to impose distributional assumptions on U and V'
so that any realization of W = UV is always low-rank; however, this contradicts Assumption[5.1}

E.2 Comparison with Mai’s Excess Risk Bounds [34]

Mai proposed generalization bounds for bilinear regression (Theorem 2, [34]) and matrix completion
(Theorem 3, [34]]) based on excess risk. Their bilinear regression setting is defined as follows: Given
two input matrices Z € RP*" and X € R™"*™, let Y € RP*™ be the target matrix following a
distribution conditioned on Z and X, then there exists W* € R"™" suchthat Y = ZW*X + E,
where £/ € RP*™ is a random noise matrix whose entries F;; has zero mean and finite variance. If
taking » = p and Z = I, it reduces to the multivariate linear regression presented in Section

Given a model W € RP*™ let the true risk be defined as R™¢(W) = p%EY\Z,X Y — ZWX||4],
then the excess risk can be expressed as

1
R™ (W) — R™(W*) = %HZWX — ZW*X||%

If we further suppose that W is a random variable following a distribution p, and define the expected
excess risk as Eyy . ;[R™¢(W)] — R™°(W*), then by Jensen’s inequality we have

1
By g [R™(W)] = R™(W*) > — [[Ew,[ZWX] - ZW* X2 (39)
pm

Mai first derived a generalization bound for bilinear regression by establishing an upper bound on
IEw~p[ZWX] — ZW*X HQF They then adapted this bound to the matrix completion setting, which
assumes that k(k < pm) pairs in {((ZW*X),;,Y;;)} are observed, where the trained model W is
used to recover the remaining pairs. Further, their bound converges linearly with respect to k.

It is well known that if the loss satisfies Bernstein assumption (Definition 4.1, [4]), one can construct
an upper bound on the excess risk (or the expected excess risk) that converges at a linear rate of 1/m.
By (39), Mai’s bound is indeed an upper bound on a lower bound of the excess risk, which makes its
linear convergence rate reasonable.

In contrast, our bounds are based on the generalization gap R™¢(W) — R*™ (W), rather than the
excess risk. PAC-Bayes bounds on the generalization gap typically converge at a slower rate of
1/4/m (Section 4.2, [4]). The Bernstein assumption, which enables linear convergence for excess
risk bounds, is not applicable in the setting of the generalization gap.

E.3 Comparison with PAC-Bayes Bounds for Variational Autoencoders [9]

Like L AEs, Variational Autoencoders (VAEs) are another class of autoencoders that have been
applied to collaborative filtering [32]]. Recently, PAC-Bayes bounds for VAEs were proposed by
Chérief-Abdellatif et al. [9].

Although LAEs and VAEs are both autoencoders, they differ fundamentally in model architecture,
learning objectives, and loss formulations, making our bound for LAEs not directly comparable to
the PAC-Bayes bound for VAEs.
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In detail, the architecture of VAEs [9] is:

encoder q¢(z]x) decoder pg (x|z)
—_—> _—

input x latent code z prediction ~ target x
with the loss defined as —E, ,|x) [log pe (x|2)].
And the architecture of LAE:s is

encoder and decoder W

input x prediction Wx =~ targety

with the loss defined as the relaxed MSE ||y — Wx||%. in our framework, see Section
The differences between VAEs and LAEs are summarized as follows:

Difference in Architecture: A VAE consists of an encoder and a decoder and explicitly involves
the latent code z. In an LAE, the model W serves as both the encoder and the decoder, with the
latent code being implicit. While one could decompose W = AB and treat B as the encoder
and A as the decoder, such a decomposition is uncommon in recommender systems. Most LAE
recommender models do not decompose W [40} 48} 49| |50]; instead, they focus on studying W
directly by introducing constraints such as a zero diagonal. As a result, LAEs and VAEs are generally
regarded as two distinct model classes.

Difference in Input and Target: VAEs require the input and target to be identical. In contrast,
for LAEs, the input x and target y are the same during training but differ during evaluation due to
the hold-out constraint. Our bound is defined for evaluation, where x and y are indeed different.
This fundamental difference in input—target configuration makes LAEs incompatible with the VAE
framework.

Difference in Loss: The VAE loss —E, (,/x)[log ps(x|2)] aims to minimize the mismatch between

the encoder g, (z|x) and the decoder py(x|z), while the LAE loss ||y — Wx||% aims to minimize the
mismatch between the target y and the prediction Wx. These losses reflect fundamentally different
learning objectives, so the two models cannot share the same loss function. Moreover, the LAE loss
aligns more closely with a multivariate linear regression loss than with the VAE loss, which is why
our bound for multivariate linear regression can be naturally extended to LAE models.

Therefore, due to the fundamental differences between VAEs and LAEs, our bound for LAEs is not
directly comparable to the PAC-Bayes bound for VAEs proposed by Chérief-Abdellatif et al. [9]].

E.4 Relationship between MSE and Ranking Metrics

While minimizing MSE is not theoretically consistent with achieving optimal ranking, empirical
studies have observed a strong correlation between reductions in MSE and improvements in ranking
metrics [26]. Moreover, ranking metrics are typically set-based, discrete, and non-differentiable,
making them difficult to optimize directly using gradient-based methods. Consequently, it has
become standard practice in collaborative filtering to employ regression-style or reconstruction-based
surrogate losses — most commonly the squared error — as training objectives (Section 2.6, [1]), which
resemble the MSE used during evaluation. This approach underlies many successful algorithms,
including SLIM [40], EASE [48], EDLAE [49]], ELSA [50], and matrix factorization models [23}27],
which consistently demonstrate strong empirical performance on ranking tasks despite optimizing a
non-ranking loss.

Since LAEs typically use a linear regression loss for training and ranking metrics for evaluation —
and model performance is ultimately measured by the latter — we derive our generalization bound
solely with respect to the evaluation metric. As discussed in Section[4.2] because ranking metrics are
difficult to analyze statistically, we instead adopt MSE as the evaluation metric, which follows the
form of a linear regression loss but differs from the training loss in both definition and purpose.

E.5 Broader Impacts

This work advances the theoretical foundations of machine learning by introducing the first PAC-
Bayes bound for multivariate linear regression targeting generalization gap, extending beyond
single-output regression to handle multiple dependent variables simultaneously. This establishes new
generalization guarantees for structured prediction, multi-task learning, and recommendation systems.
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Additionally, we identify and correct a limitation in an existing PAC-Bayes proof for single-output
linear regression, further strengthening the theoretical foundation of regression analysis.

Building on this, we apply our bound to LAEs in recommendation systems, delivering their first
rigorous generalization analysis. Our approach accounts for key structural constraints, such as the
zero-diagonal weight requirement, ensuring applicability to models like EASE and EDLAE.

Beyond theory, our work has direct practical implications for model evaluation and selection. Our
bound provides a post-training diagnostic tool for assessing the generalization of any LAE model,
regardless of its training process. While not directly guiding training or hyperparameter tuning, a
smaller PAC-Bayes bound suggests better generalization on unseen data. Empirical results confirm
that our bound remains within a reasonable multiple of the test error, offering reliable probabilistic
estimates of true risk independent of training error.

Our work focuses on theoretical generalization analysis and poses no immediate ethical risks. How-
ever, recommendation systems shape content exposure and user behavior in domains like e-commerce
and social media. Strengthening generalization theory alongside other recommendation criteria may
help mitigate bias, enhance fairness, and improve trust in Al-driven systems.

F Other Supplemental Materials

F.1 Details of Algorithm (1]
Here we provide details on the computation of Eyy.,[R™™ (W)], Eyy,[R™(W)] and D(p|| )
in Algorithm [I] which are not fully described in the main paper.

Given X and m = N (Up, 021), the optimal p = N'(I4, S) that minimizes the right hand side of
is obtained by Theorem[5.2] Once p is obtained, we can compute Eyy ., [R™ (W)] by (24), which
can be simplified as

1 n—1. .
By g [RP(W)] = — ||V = UX||T: + ——|| diag(S1.) 2 X7 (40)

The n — 1 term in is due to the zero-diagonal constraint, which enforces diag(S) = 0. Without
this constraint, the term becomes n instead of n — 1.

Similarly, by (6), Ew ~,[R"™(W)] can be expressed as

Ewnp[RY(W)] = |25, 55,72 = USL2IIF + (n — 1)l| diag(S1.) /2502 |5

+tr(Syy) — |[B5,550 2 (41)

1/2

The derivation of lb is analogous to by substituting Y with EfyZ;m and X with >, 12

The D(p||7) term under zero-diagonal constraint is obtained from by removing the diagonal

elements of S:

_ 2
D(p||7) == |(n* —=n)(2no —1) Z Z (In Sy — Skl) U = Uy % 42)

1

2 o2
k=11=1,l#k

F.2 Dataset Description

The following table shows the details of the datasets used in the experiments.

Table 2: Dataset description

Dataset ML 20M Netflix MSD
#users (m) 138493 480189 1017982
#items (n) 26744 17770 40000

#interactions 2000263 100480507 33687193
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F.3 Details of the Results in Table

The following table presents the detailed values of the components of the RH terms in Table [I]
illustrating how the results were obtained. This information may be helpful for reproducing the

experiments.

Table 3: Details of the terms of each RH in Table[]]

PAC-Bayes Bound for LAEs

Models

ML 20M _ Netflix MSD
) 512 512 512

Y = 50 Ew -, [R™(W)]  66.99 90.87 16.58
D(p||m) 0.28 0.18 0.0019
InE, [eAR"““‘(Wﬂ 31571.14 4465937 819630

p) 512 512 512

= 100 Ew e, [RE™P(W)]  65.14 89.68 16.34
D(p||m) 0.27 0.17 0.0018
InE, [e*R‘”e(Wﬂ 31102.53 4431339  8141.72

py 512 512 512

= 200 EWBP[R““P(W)] 63.59 88.57 16.12
(p|lm) 0.26 0.17 0.0018
InE, [ekR"“*Wﬂ 30753.19  44014.86 8092.62

P\ 512 512 512

= 500 Ew,[R™(W)]  61.93 87.26 15.89
D(pl||m) 0.23 0.17 0.0016
InE, |rE™“W) | 3044439 43703.53 8044.64

Py 512 512 512

= 1000 EWBP[R"‘“P(W)] 60.96 86.42 15.79
(pllm) 0.23 0.16 0.0016
ME, [AE“W) | 3031047 43522.96 8033.10

p) 512 512 512

emp

pmme BeigllVL 0wl fay
InE, "W 3025543 43382.46 8052.90

) 512 512 512

emp

e L P v
ImE, "W 30308.30 43255.35 8128.97

28



NeurlIPS Paper Checklist

1. Claims

Question: Do the main claims made in the abstract and introduction accurately reflect the
paper’s contributions and scope?

Answer: [Yes]
Justification: We have accurately stated our contributions in Abstract and Introduction.
Guidelines:

e The answer NA means that the abstract and introduction do not include the claims
made in the paper.

* The abstract and/or introduction should clearly state the claims made, including the
contributions made in the paper and important assumptions and limitations. A No or
NA answer to this question will not be perceived well by the reviewers.

* The claims made should match theoretical and experimental results, and reflect how
much the results can be expected to generalize to other settings.

* It is fine to include aspirational goals as motivation as long as it is clear that these goals
are not attained by the paper.

2. Limitations
Question: Does the paper discuss the limitations of the work performed by the authors?
Answer: [Yes]
Justification: We have discussed the limitations of our work in Appendix
Guidelines:

* The answer NA means that the paper has no limitation while the answer No means that
the paper has limitations, but those are not discussed in the paper.

* The authors are encouraged to create a separate "Limitations" section in their paper.

The paper should point out any strong assumptions and how robust the results are to
violations of these assumptions (e.g., independence assumptions, noiseless settings,
model well-specification, asymptotic approximations only holding locally). The authors
should reflect on how these assumptions might be violated in practice and what the
implications would be.

* The authors should reflect on the scope of the claims made, e.g., if the approach was
only tested on a few datasets or with a few runs. In general, empirical results often
depend on implicit assumptions, which should be articulated.

* The authors should reflect on the factors that influence the performance of the approach.
For example, a facial recognition algorithm may perform poorly when image resolution
is low or images are taken in low lighting. Or a speech-to-text system might not be
used reliably to provide closed captions for online lectures because it fails to handle
technical jargon.

* The authors should discuss the computational efficiency of the proposed algorithms
and how they scale with dataset size.

If applicable, the authors should discuss possible limitations of their approach to
address problems of privacy and fairness.

* While the authors might fear that complete honesty about limitations might be used by
reviewers as grounds for rejection, a worse outcome might be that reviewers discover
limitations that aren’t acknowledged in the paper. The authors should use their best
judgment and recognize that individual actions in favor of transparency play an impor-
tant role in developing norms that preserve the integrity of the community. Reviewers
will be specifically instructed to not penalize honesty concerning limitations.

3. Theory assumptions and proofs

Question: For each theoretical result, does the paper provide the full set of assumptions and
a complete (and correct) proof?

Answer: [Yes]
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Justification: We provide full set of assumptions (Assumption [3.1] #.1] and [5.1)), and all
proofs are presented in Appendix [Al We have aimed to make the proofs both complete and
easy to follow.

Guidelines:

* The answer NA means that the paper does not include theoretical results.

* All the theorems, formulas, and proofs in the paper should be numbered and cross-
referenced.

* All assumptions should be clearly stated or referenced in the statement of any theorems.

* The proofs can either appear in the main paper or the supplemental material, but if
they appear in the supplemental material, the authors are encouraged to provide a short
proof sketch to provide intuition.

* Inversely, any informal proof provided in the core of the paper should be complemented
by formal proofs provided in appendix or supplemental material.

* Theorems and Lemmas that the proof relies upon should be properly referenced.
4. Experimental result reproducibility

Question: Does the paper fully disclose all the information needed to reproduce the main ex-
perimental results of the paper to the extent that it affects the main claims and/or conclusions
of the paper (regardless of whether the code and data are provided or not)?

Answer: [Yes]

Justification: We have disclosed all the information needed to reproduce the main experi-
mental results in Section[3.3]and Section

Guidelines:

* The answer NA means that the paper does not include experiments.

* If the paper includes experiments, a No answer to this question will not be perceived
well by the reviewers: Making the paper reproducible is important, regardless of
whether the code and data are provided or not.

If the contribution is a dataset and/or model, the authors should describe the steps taken
to make their results reproducible or verifiable.

Depending on the contribution, reproducibility can be accomplished in various ways.
For example, if the contribution is a novel architecture, describing the architecture fully
might suffice, or if the contribution is a specific model and empirical evaluation, it may
be necessary to either make it possible for others to replicate the model with the same
dataset, or provide access to the model. In general. releasing code and data is often
one good way to accomplish this, but reproducibility can also be provided via detailed
instructions for how to replicate the results, access to a hosted model (e.g., in the case
of a large language model), releasing of a model checkpoint, or other means that are
appropriate to the research performed.

While NeurIPS does not require releasing code, the conference does require all submis-
sions to provide some reasonable avenue for reproducibility, which may depend on the
nature of the contribution. For example

(a) If the contribution is primarily a new algorithm, the paper should make it clear how
to reproduce that algorithm.

(b) If the contribution is primarily a new model architecture, the paper should describe
the architecture clearly and fully.

(c) If the contribution is a new model (e.g., a large language model), then there should
either be a way to access this model for reproducing the results or a way to reproduce
the model (e.g., with an open-source dataset or instructions for how to construct
the dataset).

(d) We recognize that reproducibility may be tricky in some cases, in which case
authors are welcome to describe the particular way they provide for reproducibility.
In the case of closed-source models, it may be that access to the model is limited in
some way (e.g., to registered users), but it should be possible for other researchers
to have some path to reproducing or verifying the results.

5. Open access to data and code
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Question: Does the paper provide open access to the data and code, with sufficient instruc-
tions to faithfully reproduce the main experimental results, as described in supplemental
material?

Answer: [Yes]

Justification: We have provided the code and the links to the open datasets (MovieLens 20M,
Netflix, MSD) in the supplemental material.

Guidelines:

» The answer NA means that paper does not include experiments requiring code.

¢ Please see the NeurIPS code and data submission guidelines (https://nips.cc/
public/guides/CodeSubmissionPolicy) for more details.

* While we encourage the release of code and data, we understand that this might not be
possible, so “No” is an acceptable answer. Papers cannot be rejected simply for not
including code, unless this is central to the contribution (e.g., for a new open-source
benchmark).

* The instructions should contain the exact command and environment needed to run to
reproduce the results. See the NeurIPS code and data submission guidelines (https:
//nips.cc/public/guides/CodeSubmissionPolicy) for more details.

* The authors should provide instructions on data access and preparation, including how
to access the raw data, preprocessed data, intermediate data, and generated data, etc.

* The authors should provide scripts to reproduce all experimental results for the new
proposed method and baselines. If only a subset of experiments are reproducible, they
should state which ones are omitted from the script and why.

* At submission time, to preserve anonymity, the authors should release anonymized
versions (if applicable).

* Providing as much information as possible in supplemental material (appended to the
paper) is recommended, but including URLSs to data and code is permitted.
6. Experimental setting/details

Question: Does the paper specify all the training and test details (e.g., data splits, hyper-
parameters, how they were chosen, type of optimizer, etc.) necessary to understand the
results?

Answer: [Yes]
Justification: We have specified all experimental settings and details in Section [6]
Guidelines:

* The answer NA means that the paper does not include experiments.

* The experimental setting should be presented in the core of the paper to a level of detail
that is necessary to appreciate the results and make sense of them.

 The full details can be provided either with the code, in appendix, or as supplemental
material.
7. Experiment statistical significance

Question: Does the paper report error bars suitably and correctly defined or other appropriate
information about the statistical significance of the experiments?

Answer:

Justification: Our models are obtained from closed-form solution, which is deterministic
and does not involve random errors.

Guidelines:

* The answer NA means that the paper does not include experiments.

* The authors should answer "Yes" if the results are accompanied by error bars, confi-
dence intervals, or statistical significance tests, at least for the experiments that support
the main claims of the paper.

* The factors of variability that the error bars are capturing should be clearly stated (for
example, train/test split, initialization, random drawing of some parameter, or overall
run with given experimental conditions).
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8.

10.

* The method for calculating the error bars should be explained (closed form formula,
call to a library function, bootstrap, etc.)

* The assumptions made should be given (e.g., Normally distributed errors).

* It should be clear whether the error bar is the standard deviation or the standard error
of the mean.

e It is OK to report 1-sigma error bars, but one should state it. The authors should
preferably report a 2-sigma error bar than state that they have a 96% CI, if the hypothesis
of Normality of errors is not verified.

» For asymmetric distributions, the authors should be careful not to show in tables or
figures symmetric error bars that would yield results that are out of range (e.g. negative
error rates).

* If error bars are reported in tables or plots, The authors should explain in the text how
they were calculated and reference the corresponding figures or tables in the text.

Experiments compute resources

Question: For each experiment, does the paper provide sufficient information on the com-
puter resources (type of compute workers, memory, time of execution) needed to reproduce
the experiments?

Answer: [Yes]

Justification: We have provided information on the computer resources in Section [6] and
supplemental material.

Guidelines:

* The answer NA means that the paper does not include experiments.

 The paper should indicate the type of compute workers CPU or GPU, internal cluster,
or cloud provider, including relevant memory and storage.

* The paper should provide the amount of compute required for each of the individual
experimental runs as well as estimate the total compute.

* The paper should disclose whether the full research project required more compute
than the experiments reported in the paper (e.g., preliminary or failed experiments that
didn’t make it into the paper).

. Code of ethics

Question: Does the research conducted in the paper conform, in every respect, with the
NeurIPS Code of Ethics https://neurips.cc/public/EthicsGuidelines]?

Answer: [Yes]

Justification: We have reviewed NeurIPS Code of Ethics and ensured that our research
conforms to it in every respect.

Guidelines:

¢ The answer NA means that the authors have not reviewed the NeurIPS Code of Ethics.

* If the authors answer No, they should explain the special circumstances that require a
deviation from the Code of Ethics.

* The authors should make sure to preserve anonymity (e.g., if there is a special consid-
eration due to laws or regulations in their jurisdiction).

Broader impacts

Question: Does the paper discuss both potential positive societal impacts and negative
societal impacts of the work performed?

Answer: [Yes]
Justification: We have discussed the broader impacts in Appendix [E]
Guidelines:

* The answer NA means that there is no societal impact of the work performed.

* If the authors answer NA or No, they should explain why their work has no societal
impact or why the paper does not address societal impact.
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» Examples of negative societal impacts include potential malicious or unintended uses
(e.g., disinformation, generating fake profiles, surveillance), fairness considerations
(e.g., deployment of technologies that could make decisions that unfairly impact specific
groups), privacy considerations, and security considerations.

* The conference expects that many papers will be foundational research and not tied
to particular applications, let al.one deployments. However, if there is a direct path to
any negative applications, the authors should point it out. For example, it is legitimate
to point out that an improvement in the quality of generative models could be used to
generate deepfakes for disinformation. On the other hand, it is not needed to point out
that a generic algorithm for optimizing neural networks could enable people to train
models that generate Deepfakes faster.

* The authors should consider possible harms that could arise when the technology is
being used as intended and functioning correctly, harms that could arise when the
technology is being used as intended but gives incorrect results, and harms following
from (intentional or unintentional) misuse of the technology.

* If there are negative societal impacts, the authors could also discuss possible mitigation
strategies (e.g., gated release of models, providing defenses in addition to attacks,
mechanisms for monitoring misuse, mechanisms to monitor how a system learns from
feedback over time, improving the efficiency and accessibility of ML).

Safeguards

Question: Does the paper describe safeguards that have been put in place for responsible
release of data or models that have a high risk for misuse (e.g., pretrained language models,
image generators, or scraped datasets)?

Answer: [NA]

Justification: Our work is mainly theoretical and is unlikely to involve risks or potential
misuse in application.

Guidelines:

* The answer NA means that the paper poses no such risks.

* Released models that have a high risk for misuse or dual-use should be released with
necessary safeguards to allow for controlled use of the model, for example by requiring
that users adhere to usage guidelines or restrictions to access the model or implementing
safety filters.

 Datasets that have been scraped from the Internet could pose safety risks. The authors
should describe how they avoided releasing unsafe images.

* We recognize that providing effective safeguards is challenging, and many papers do
not require this, but we encourage authors to take this into account and make a best
faith effort.

Licenses for existing assets

Question: Are the creators or original owners of assets (e.g., code, data, models), used in
the paper, properly credited and are the license and terms of use explicitly mentioned and
properly respected?

Answer: [Yes]

Justification: We use open datasets (MovieLens 20M, Netflix, MSD) in accordance with
their licenses, and we do not use existing code or models.

Guidelines:

* The answer NA means that the paper does not use existing assets.
* The authors should cite the original paper that produced the code package or dataset.

* The authors should state which version of the asset is used and, if possible, include a
URL.

* The name of the license (e.g., CC-BY 4.0) should be included for each asset.

* For scraped data from a particular source (e.g., website), the copyright and terms of
service of that source should be provided.
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14.

15.

* If assets are released, the license, copyright information, and terms of use in the
package should be provided. For popular datasets, paperswithcode.com/datasets
has curated licenses for some datasets. Their licensing guide can help determine the
license of a dataset.

* For existing datasets that are re-packaged, both the original license and the license of
the derived asset (if it has changed) should be provided.

* If this information is not available online, the authors are encouraged to reach out to
the asset’s creators.
New assets

Question: Are new assets introduced in the paper well documented and is the documentation
provided alongside the assets?

Answer: [Yes]
Justification: We have included a README file as documentation along with the code.
Guidelines:

» The answer NA means that the paper does not release new assets.

* Researchers should communicate the details of the dataset/code/model as part of their
submissions via structured templates. This includes details about training, license,
limitations, etc.

* The paper should discuss whether and how consent was obtained from people whose
asset is used.

* At submission time, remember to anonymize your assets (if applicable). You can either
create an anonymized URL or include an anonymized zip file.
Crowdsourcing and research with human subjects

Question: For crowdsourcing experiments and research with human subjects, does the paper
include the full text of instructions given to participants and screenshots, if applicable, as
well as details about compensation (if any)?

Answer: [NA]
Justification: Our paper does not involve crowdsourcing nor research with human subjects.
Guidelines:
* The answer NA means that the paper does not involve crowdsourcing nor research with
human subjects.

* Including this information in the supplemental material is fine, but if the main contribu-
tion of the paper involves human subjects, then as much detail as possible should be
included in the main paper.

* According to the NeurIPS Code of Ethics, workers involved in data collection, curation,
or other labor should be paid at least the minimum wage in the country of the data
collector.

Institutional review board (IRB) approvals or equivalent for research with human
subjects

Question: Does the paper describe potential risks incurred by study participants, whether
such risks were disclosed to the subjects, and whether Institutional Review Board (IRB)
approvals (or an equivalent approval/review based on the requirements of your country or
institution) were obtained?

Answer: [NA]
Justification: Our paper does not involve crowdsourcing nor research with human subjects.
Guidelines:

* The answer NA means that the paper does not involve crowdsourcing nor research with
human subjects.

* Depending on the country in which research is conducted, IRB approval (or equivalent)
may be required for any human subjects research. If you obtained IRB approval, you
should clearly state this in the paper.
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* We recognize that the procedures for this may vary significantly between institutions
and locations, and we expect authors to adhere to the NeurIPS Code of Ethics and the
guidelines for their institution.

* For initial submissions, do not include any information that would break anonymity (if
applicable), such as the institution conducting the review.
16. Declaration of LLM usage

Question: Does the paper describe the usage of LLMs if it is an important, original, or
non-standard component of the core methods in this research? Note that if the LLM is used
only for writing, editing, or formatting purposes and does not impact the core methodology,
scientific rigorousness, or originality of the research, declaration is not required.

Answer: [NA]

Justification: We use LLMs for writing purposes and for generating code unrelated to the
core methodology. All code related to the core methodology is written by the authors.

Guidelines:

* The answer NA means that the core method development in this research does not
involve LLMs as any important, original, or non-standard components.

¢ Please refer to our LLM policy (https://neurips.cc/Conferences/2025/LLM)
for what should or should not be described.
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