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Abstract

We investigate a failure mode that arises during the training of reasoning
models, where the diversity of generations begins to collapse, leading to
suboptimal test-time scaling. Notably, the Pass@1 rate reliably improves
during supervised finetuning (SFT), but Pass@k rapidly deteriorates. Sur-
prisingly, a simple intervention of interpolating the weights of the latest
SFT checkpoint with an early checkpoint, otherwise known as WiSE-FT,
almost completely recovers Pass@k while also improving Pass@1. The
WISE-FT variant achieves better test-time scaling (Best@k, majority vote)
and achieves superior results with less data when tuned further by rein-
forcement learning. Finally, we find that WiSE-FT provides complementary
performance gains that cannot be achieved only through diversity-inducing
decoding strategies, like temperature scaling. We formalize a bias-variance
tradeoff of Pass@k with respect to the expectation and variance of Pass@1
over the test distribution. We find that WiSE-FT can reduce bias and vari-
ance simultaneously, while temperature scaling inherently trades off be-
tween bias and variance.

1 Introduction

Recent advances in large language models (LLMs) have showcased their remarkable ability
to perform complex reasoning, yet these successes often hinge on test-time scaling strategies
(Lightman et al., 2023; Snell et al., 2024; Wu et al., 2024). In many applications, such as math
problems, puzzles, and logical reasoning, LLMs employ a verification framework where it
is significantly easier for the model to verify a candidate solution than to generate one from
scratch. This distinction has given rise to strategies that sample multiple “reasoning traces”
or sequences of reasoning steps during inference, selecting the best final guess through an
outcome reward model (ORM) or majority vote. In this setting, an upper bound on the
performance a model could achieve is measured by Pass@K, or the probability that at least
one out of K independently sampled reasoning traces is correct.

Unfortunately, while the standard training pipeline of supervised finetuning (SFT) followed
by reinforcement learning (RL) dependably improves Pass@1 for reasoning, Pass@K tends
to drop early into finetuning (Cobbe et al., 2021; Chow et al., 2024a; Chen et al., 2025). This
mismatch arises from a symptom of finetuning called diversity collapse, where overtuned
models yield less diverse generations. This is detrimental to Pass@K since the model wastes
K attempts on only a handful of guesses. In fact, by analyzing the model’s error rate i.e.,
1 — Pass@1, across the test distribution, we derive a Pass@K bias-variance trade-off. To
improve expected test Pass@K, one can either reduce the bias which is the expected error rate
or how much the model’s error rate varies across problems. The latter term is connected
to diversity — more diversity allows models to hedge and do uniformly well across all
test questions. In particular, during SFT, Pass@1 improves (bias |.) at the cost of diversity
collapse (variance 7).

Surprisingly, common ways of alleviating diversity collapse, such as early stopping at
peak Pass@K or decoding with high temperature, suffer from the reverse trade-off: diversity
improves (variance |) at the cost of overall Pass@1 degrading (bias 7). Consequently, in this
paper we are concerned with a central question:
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Figure 1: Pass@k of WiSE-FT versus SFT on GSM8k Gemma-2-2B supervised finetuned
and evaluated on GSM8k. At each SFT timestep t, we evaluate Pass@k of checkpoint w; (in
dashed) with its WiSE-FT variant 1/2 - w¢ + 1/2 - wy (in solid), where traces are independently
sampled with temperature T = [0.7,1.0,1.3,1.6].

Is it possible to simultaneously improve both Pass@1 and Pass@K, thereby overcoming the
bias-variance tradeoff inherent in current approaches?

In our work, we introduce a simple, scalable and effective intervention that allows models to
achieve both high Pass@K and Pass@1 across mathematical reasoning tasks GSM8k, MATH,
and AIME. The specific technique we use is a variant of WiSE-FT (Wortsman et al., 2022)
where we interpolate the weights of the latest SFT checkpoint w; with an early checkpoint
wo as wyyisg(y) = /2 wo +1/2- wy. Our key finding is that WiSE-FT successfully merges
the diverse sampling capabilities of earlier checkpoints while retaining or surpassing the
Pass@1 of later checkpoints. In Figure 1, we observe that the WiSE-FT model achieves both
higher Pass@K and Pass@1 with more SFT steps ¢, unlike naive SFT which suffers from an
early decay in Pass@K. Moreover, the gains with WiSE-FT is unachievable by early-stopping
or diversity-aware decoding alone.

Thus, we propose a new paradigm of training reasoning models: 1.) Train extensively
using SFT as long as Pass@1 improves, 2.) Perform WiSE-FT with an earlier SFT checkpoint,
3.) Continue tuning the WiSE-FT variant using RL. Overall, the WiSE-FT model has the
following immediate practical benefits:

* Better Test-Time Scaling Across all datasets and base models, the WiSE-FT variant
achieves the highest performance with test-time scaling (Majority Vote, ORM) compared
to an overtrained SFT model paired with diversity-aware decoding.

¢ Better Reinforcement Learning Since RL uses self-generated data to tune models, to
generalize reliably, it is important for generations to provide sufficient learning signal
while also having high coverage over the data space. We find that continued RL train-
ing starting from WiSE-FT weights achieves superior results with less synthetic data
compared to initializing RL from the last SFT checkpoint and even early-stopped SFT.

In summary, we provide a comprehensive analysis of how reasoning models suffer from
diversity collapse during SFT and its negative downstream impact during RL and test-time
scaling. We first discuss our WiSE-FT findings in §4. Motivated by this discovery, we
investigate two fundamental questions. First, we investigate diversity collapse during SFT
and RL of reasoning models in §5. Diversity collapse not only impacts the model’s ability to
attempt different guesses. In fact, we make an even stronger observation — the generations
of reasoning models converge towards a single reasoning trace for each test question. We
theoretically prove that standard RL algorithms (i.e., REINFORCE and GRPO) fail to recover
lost diversity in a simplified discrete bandit setting.

Second, we formalize the competing goals of Pass@1 and Pass@K as a bias-variance trade-
off in §6. We empirically measure and compare the bias and variance of WiSE-FT versus
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early-stopping versus high temperature decoding. Notably, only WiSE-FT reduces both bias
and variance. We conclude with a remark on the limitations of decoding strategies such as
top-k (Shao et al., 2017), nucleus (Holtzman et al., 2020), and min-p (Nguyen et al., 2024), at
eliciting the maximum capabilities with test-time scaling from current reasoning models.

2 Related Works

Diversity collapse with SFT: The standard pipeline for enhancing reasoning in LLMs
involves an initial phase of supervised fine-tuning (SFT) followed by reinforcement learning
(RL) (Guo et al., 2025; Setlur et al., 2024). SFT is critical for instilling interpretable and
readable reasoning chains and ensuring that the model adheres to a consistent rollout
templates (Guo et al., 2025). However, a number of recent works have identified critical
pitfalls of SFT that hinders the model’s ability to explore and ultimately it’s overall problem
solving ability. Notably, Cobbe et al. (2021) observe diversity collapse when finetuning on
GSMS8k training dataset, during which the Pass@1 continuously improves whereas Pass@k
starts to fall shortly into the training. Similar diversity collapse phenomenon also exists in
the self-improvement setting with SFT (Song et al., 2024), and is theoretically investigated
as the sharpening effect (Huang et al., 2024). This is not desirable as diverse sampling
at inference is important for test-time scaling using majority voting (Wang et al., 2023) or
reward model guided search (Setlur et al., 2024; Beeching et al., 2024). Yeo et al. (2025); Chu
et al. (2025) attribute this behavior to overfitting, memorization of samples and overfixation
to a template style leading to reduced generalization. In our work, we corroborate similar
findings and propose ensembling over the course of SFT as a mitigation strategy.

Mitigating diversity collapse: Given the importance of diversity for effectively scaling
inference-time compute, several recent works have proposed auxiliary finetuning objec-
tives and decoding strategies to mitigate diversity collapse. Li et al. (2025) regularize the
SFT process using a game-theoretic framework that encourages sparse updates, thereby
preserving output diversity. Zhang et al. (2024b) directly optimizes for diversity during
finetuning. Other approaches modify the finetuning procedure to directly optimize for
Best-of-N sampling at inference time (Chow et al., 2024b; Sessa et al., 2024; Chen et al., 2025).
Another line of work focuses on inference-time decoding, explicitly encouraging diverse
solutions through modified beam search strategies (Vijayakumar et al., 2018; Olausson et al.,
2024; Chen et al., 2024; Beeching et al., 2024). Li et al. (2023) improve diversity during
parallel decoding by appending curated prompts to the input. In formal reasoning settings
e.g., Lean, methods such as Monte Carlo tree search have been used to diversify interme-
diate reasoning steps, as demonstrated in AlphaProof (AlphaProof and AlphaGeometry
teams, 2024). In this work, we identify a simple and complementary intervention during
the finetuning process to maintain the diversity of generations. We especially care about
enforcing diversity while preserving the overall accuracy of generations.

3 Preliminaries and Experimental Setup

3.1 Pass@k, Best@k, and Majority Vote

Given a reasoning model f(-), a decoding strategy D, and problem x, the model’s solution is
obtained by sampling a reasoning trace r := [x,s1),52), ..., s("), 9] consisting of a sequence of
intermediate steps s() and a final guess 7. Given k independently sampled traces, Pass@K
measures the probability that at least one guess matches the true answer y:

Pass@K(x) = E, i pf(y) [1{Fi € kst gi=y}] =1-(1- px)K 1)
where px = P(§ = y | x, f, D) is the Pass@1 or marginal probability of sampling the ground

truth answer. Then (1 — p, )X is the probability that all K guesses are incorrect. We will refer
to Pass@1 as p, interchangeably in our paper.



Published as a conference paper at COLM 2025

WISE-FT on GSM8k WISE-FT on MATH500 0.75 WISE-FT on AIME24
0.47 )
0.3 4.5 0.5
0.84{ 0,9 0.46
045 © 0.70]
[ce] 4
(g) 0.82 0.£5 80'45 '@
o 0044 09 0.25 ¥ 0.65 1
s J © ©
0.80 a &
0.95 0431 04 0.601 0.1
0.781 Gemma-2-2B 0.421 Qwen-2.5-0.5B ' —e— Qwen2.5-7B-Inst.
0.575 0.600 0.625 0.18 0.19 0.20 028 030 032
Pass@1 Pass@1 Pass@1

Figure 2: Pass@1 vs. Pass@K across Interpolation Coefficients We perform WiSEFT with
0 € [0.1,0.9] between the first and last checkpoints of model (in legend) finetuned on GSM8K,
MATH, and OpenThoughts-114K, then evaluate on GSM8K, MATHS500, and AIME?24, re-
spectively. Early SFT model observe higher Pass@K (y-axis) while later SFT model observes
higher Pass@1 (x-axis). The interpolated model observe best of both metrics.

In practice, test-time compute is scaled by selecting one of K guesses either by a output
reward model (ORM) or Majority Vote. Then we can measure Best@K as

K
Best@K(x) = E, £ ~D(f(x)) [7/+ = y] wherei* = arggga}(]; 1{g; = 9} or ORM(r;)
Notably, Pass@K is equivalent to Best@K using a perfect ORM verifier. As we will observe,
WISE-FT achieves both higher Pass@1 and Pass@K and this directly translates to achieving
better Best@K with an ORM verifier and by Majority Vote.

3.2 Weight-Space Ensembling (WiSE-FT)

WIiSE-FT is a weight-space ensembling technique proposed by Wortsman et al. (2022) to
improve the out-of-distribution accuracy of finetuned models at no extra computational cost.
In particular, while models tend to achieve better in-distribution performance after finetun-
ing, they tend to be less robust to distribution shift. Surprisingly, by simply interpolating
the weights of the finetuned model w; with the pretrained weights wy

wWiSE(t) =J- wo + (1 - 5) * Wt (2)

WIiSE-FT can achieve best of both words: the out-of-distribution accuracy of models im-
proves without incurring a drop in in-distribution accuracy. Similar to this philosophy,
we apply weight ensembling to achieve both the diverse generation ability of early SFT
checkpoints while maintaining the high Pass@1 accuracy of later SFT checkpoints.

3.3 Training and Evaluation Pipeline

The majority of our experiments are conducted on Gemma-2-2B and Qwen-2.5-0.5B . We
perform SFT on a 30K subset of rephrased augmentations of GSM8k (Cobbe et al., 2021)
and MATH (Hendrycks et al., 2021) in MetaMath40k (Yu et al., 2023) for 1710 steps or 10
epochs. We then continue finetuning on another 30K subset of rephrased training questions
from MetaMath using Group Relative Policy Optimization (GRPO) with a binary reward
of the correctness of the model’s final answer. Finally, we evaluate models on GSM8K and
MATHS500, respectively. To estimate the true Pass@K and Pass@1 marginalized over the
distribution of sampled traces, we sample 100 reasoning traces per test example and average
over them to estimate Pass@1, i.e. px. Then to calculate Pass@K, we use the theoretical

formula 1 — (1 — py)X in Equation 1. Unless noted otherwise, we employ a naive decoding
strategy with top-p threshold 0.9, temperature T = 0.8, and top-k with K = 50.
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Figure 3: Downstream Advantages of WiSE-FT: (a) Best@K on MATH500 of the final SFT
Gemma-2-2B checkpoint and its WiSE-FT counterpart. (b) Pass@K on AIME24 WiSE-FT
after SFT on general purpose reasoning dataset OpenThoughts-114k achieves higher Pass@K
on AIME24. (c) RL Scaling Gemma and Qwen SFT checkpoints further tuned by GRPO on
GSMB8K and MATH, respectively. RL from the final WiSE-FT model achieves higher Pass@1
with less data compared to GRPO starting from both early and late SFT checkpoints.

4 Improving Diverse Reasoning Capabilities by WiSE-FT

We first carefully track Pass@K for K € {1,4,32} across the SFT trajectory of Qwen-2.5-0.5B
and Gemma-2-2B . Similar to findings from Cobbe et al. (2021); Chen et al. (2025), we observe
that Pass@1 continues to improve with longer SFT, whereas for larger K = 4, 32, Pass@K
tends to peak much earlier on in training (in Figure 1, 17, and 19). In other words, while
later SFT checkpoints achieve higher Pass@1, earlier SFT checkpoint achieve higher Pass@K.
This tradeoff in model selection is not ideal downstream for test-time scaling.

Building upon this intuition, we propose weight ensembling between earlier and later SFT
checkpoints. We apply a variant of WiSE-FT where instead of the pretrained model, we
interpolate between the earliest SFT checkpoint (in our case, after 1 epoch of training)
and the weights of later checkpoint. As shown in Figure 2, we observe a “sweet spot” of
interpolation coefficients § € (0,1) where the WiSE-FT model achieves both higher Pass@1
than the last SFT model and higher Pass@K than the early SFT model. We will fix § = 1/2,
which generally performs decently for all of the datasets we’ve tested. In fact, after WiSE-FT
wyyisg(r), both Pass@1 and Pass@k grow monotonically with SFT steps t (see Figure 1).

Better Test-Time Scaling This boost in both Pass@l and Pass@K directly translates
to better performance with test-time scaling. We measure Best@K by Majority Vote
and by selecting the reasoning trace with highest reward using an off-the-shelf ORM
RLHFlow/Llama3.1-8B-PRM-Deepseek-Data (Xiong et al., 2024). We evaluate the performance
of the last SFT checkpoint with highest Pass@1 versus the corresponding WiSE-FT variant
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with 6 = 1/2. In Figure 3, we see that the performance gap on MATH500 between the final
Gemma-2-2B SFT checkpoint and Wise-FT model widens with larger K. The WiSE-FT model
achieves 5 — 7% better performance with test-time scaling.

Better RL Scaling WiSE-FT’s ability to achieve both high Pass@1 and Pass@K is particu-
larly advantageous for continued RL training where models are further trained by policy
gradient methods using self-generated data. In particular, WiSE-FT is able to generate data
rich in learning signal (high Pass@1) while still having high coverage over the data space
(high Pass@K). We continue training on rephrased training questions of GSM8K and MATH
using GRPO paired with a binary reward of the correctness of the final guess. Across runs,
we observe that continued RL training starting from the final WiSE-FT model improves
performance more stably than finetuning starting from the final SFT checkpoint. Notably the
final SFT checkpoint suffers low coverage over the data space, causing Pass@1 to improve
slowly. We also try continued RL training from an earlier SFT checkpoint with peak Pass@4
performance. While RL scales better over the early SFT checkpoint in comparison to the
final checkpoint, the performance still remains subpar compared to WiSE-FT.

41 General Purpose Reasoning Models

So far we have studied the effect of WiSE-FT on models tuned on reasoning data for the same
specific reasoning task (e.g., train on GSM8k and evaluate on GSM8k). We've additionally
tested how well our findings generalize to models trained on general purpose reasoning
datasets and tested on a out-of-distribution reasoning task. We take Qwen2.5-7B-Instruct and
SFT for 5 epochs on OpenThoughts-114k, a high-quality synthetic dataset of math, science,
and coding questions paired with DeepSeek-R1 completions, then evaluate its performance
on AIME24 competition problems (with ASY code for figures from Muennighoff et al. (2025)).
In this setting, the Pass@K trends during SFT on is more subtle. We still observe diversity
collapse in Figure 12, but the affect is not strong enough for Pass@K to drop back down.
However, we observe that the rate at which Pass@K improves for K € {16,32} slows down
early while Pass@1 grows at a constant rate (Figure 10). We then perform WiSE-FT between
the final and earlier checkpoint with higher diversity. We choose early checkpoint at epoch 3
where improvements in Pass@K begin to slow. Similarly, we observe that WiSE-FT improves
both Pass@1 and Pass@K in Figure 2.

5 Diversity Collapse during Finetuning

In previous sections we alluded to the phenomenon where Pass@K decreases because SFT
and RL induces diversity collapse in reasoning traces. To verify this hypothesis, we sample
100 traces per test GSM8k problem and measure diversity using three metrics:

1. Answer Diversity: The fraction of unique guesses §j among reasoning traces.

2. Operation Diversity: The fraction of unique sequence of arithmetic operations
performed among reasoning traces (In GSMS8k, each intermediate step consists of a
basic arithmetic operation, e.g. 5+ 3 = 8.).

3. Semantic Diversity: The average cosine similarity between the text embeddings of
the reasoning traces, computed using Stella-400M-v5 (Zhang et al., 2024a)

As shown in Figure 4, we observe a stark trend where longer SFT on Gemma-2-2B incre-
mentally suffers from clear diversity collapse across all diversity metrics. Specifically, the
model places most of its probability mass not only on one particular guess, but on a single
reasoning trace, as evidenced by the reduced semantic and operation diversity.

5.1 Theoretical Discussion of Diversity Collapse During SFT and RL

We assess theoretically why diversity collapse tends to arise during SFT and RL training.
Our analysis reveals that while SFT and RL operate on different principles, they share
common pathways that lead to reduced generation diversity when optimizing for accuracy.
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Figure 4: Diversity Collapse The answer, semantic, and operation diversity of Gemma-2-2B
reasoning traces across GSM8k test examples. Colors map to different SFT checkpoints.
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Figure 5: Pass@k for SFT and RL of Qwen-2.5-0.5B on GSMS8K. The purple solid line
measures Pass@K across SFT steps, while the dashed lines correspond to further training
different checkpoints by Proximal Policy Optimization (PPO). While Pass@1 continues to
improve, Pass@k for larger K can decrease even with RL.

Diversity Collapse during SFT Overparameterized models are well-known to exhibit
overconfidence in their predictions, an effect that has been studied extensively in classifica-
tion (Guo et al., 2017). In particular, the model’s confidence towards the most likely class
P(§7 = kmax | x) is often much higher than the model’s accuracy. In binary classification
with linear models f(x) = o((w, x)) and linearly separable training data, gradient descent
provably drives the norm of the weights to infinity, causing probabilities to collapse to 0
or 1 (Soudry et al., 2018). We demonstrate this in linear models in Appendix A. A similar
phenomenon likely arises in large reasoning models, which may also be prone to overfitting
during SFT, ultimately leading to overly confident solutions in spite of limited coverage
over the space of traces (Cobbe et al., 2021).

Diversity Collapse during RL  We further prove why applying reinforcement learning to
a low-diversity policy yields suboptimal results—and sometimes even exacerbates diversity
collapse—in a discrete bandit setting (see Figure 5). In this scenario, we assume there exist
K equally good arms, corresponding to a set of successful strategies, and one bad arm that
the policy should learn to avoid. We show two key results in this setting:

1. Implicit Collapse of Policy Diversity without KL Regularization. Our analysis demonstrates
that when standard reinforcement learning algorithms—REINFORCE and GRPO—are
applied without KL regularization, the training dynamics inevitably lead to a collapse
in output diversity. Although multiple arms (actions) are equally optimal, the updates
become self-enforcing as training progresses. Once one of the good arms is randomly
reinforced, its probability increases at the expense of the others, ultimately driving the
policy to converge on a single-arm strategy (Theorem C.1).

2. Diversity Does Not Increase with KL Regularization. When KL regularization is incorporated
to constrain the divergence from the initial policy in REINFORCE, the final policy no
longer collapses into a single-arm strategy. However, the diversity of the converged
policy cannot exceed the initial diversity. Concretely, we show that the probability
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Figure 6: Histogram of error 1 — p, of Gemma-2-2B SFT checkpoints across GSM8k test.
SFT progressively decreases bias but increases variance of error i.e., 1 — Pass@1, across the
test distribution, causing Pass@K to fall. Applying Wise-FT reduces both bias and variance,
but temperature scaling trades off decreasing variance with increased bias.

distribution over the good arms remains proportional to the initial distribution when the
RL algorithm converges (Theorem C.8). This explains why initializing with a diverse
policy is critical for the generalization of reinforcement learning.

6 Bias-Variance Tradeoff of Pass@K

So far, we saw a mismatch in growth of Pass@1 and Pass@K during SFT and alluded to the
impact of diversity collapse to Pass@K. We now formalize the relationship between Pass@1,
Pass@K, and diversity collapse. Notably, we show that the upper bound of expected Pass@K
over the test distribution can be decomposed into bias and variance quantities.

6.1 Diversity Collapse leads to Bimodal Pass@1 Distribution

Consider the expected Pass@K over the entire test distribution x, y ~ D. By Jensen’s inequal-
ity, we can derive a straightforward upper bound of expected Pass@K that decomposes into
the bias and variance of 1 — p, (See proof in Appendix B). Note that the upper bound falls
monotonically with larger bias and variance:

Proposition 6.1. ., p [Pass@K(x)] <1 — ((Eyxy~p[l —px])* + Var(py))*/?
\ / h\/—/
Bias Variance

In Figure 6b, we plot the distribution of error 1 — p,, estimated using 100 sampled traces,
over GSMSK test examples. We notice two trends with longer SFT. First, bias decreases, i.e.,
the expected error shifts towards 0. However, the distribution becomes increasingly bimodal
with the densities converging towards the two extremes 0 and 1. As a result, the variance
increases with longer SFT. This increase in variance directly explains the drop in Pass@k.
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The bimodality of the 1 — p, distribution means that the Pass@1 of any test problem is
either very high or very low. Interestingly, one explanation for the increased bimodality
of the distribution of 1 — py is in fact when models suffer from diversity collapse. In other
words, a particular guess to be oversampled for each test problem. If the model places high
probability on an incorrect guess, Pass@1 is very low. On the other hand, if the model places
high probability on the correct guess, Pass@1 is very high. We illustrate this relationship
in Figure 6a. All in all, Pass@K can be improved in two ways — either reduce bias by
improving Pass@1 or reduce variance by increasing diversity.

6.2 WIiSE-FT vs. Diverse Decoding

While we’ve proposed inducing diversity by WiSE-FT, another common alternative for
inducing diversity is temperature scaling the logits. High temperature smoothens the logits
allowing the model to more likely sample low probability tokens. In Figure 1, we see that
while high temperatures indeed improve Pass@K, the Pass@K at any SFT timestep notably
never reaches the Pass@K of our final WiSE-FT model. If temperature scaling also increases
diversity, why does WiSE-FT strictly outperform sampling with high temperature? In Figure
6b, we plot the distribution of 1 — py if we sample from the last SFT checkpoint with high
temperature T = 1.5. As expected, we see that the model reasons more diversely. This
smoothens the bimodal peaks and reduces the variance. However, the average accuracy
of the model generations also degrades, causing the bias goes back up. We suspect bias-
variance tradeoff is inherent in diversity-inducing decoding approaches. For example,
min-p (Nguyen et al., 2024) combines temperature scaling with adaptive thresholding to not
sample outlier tokens. However, this additional control is unable to reduce bias (Figure 16).
Surprisingly, WiSE-FT uniquely manages to reduce both bias and variance.

7 Discussion

In this work, we investigated the phenomenon of diversity collapse during the training of
reasoning models. Our analysis reveals that standard SFT and RL pipelines can deteriorate
in Pass@K due to the convergence of model generations toward a single reasoning trace.
We demonstrated that WiSE-FT, which interpolates between early and late SFT checkpoints,
significantly improves both Pass@1 and Pass@K across multiple math datasets and model
scales. This is unlike alternative approaches such as temperature scaling or early stopping,
which face an inherent tradeoff. Furthermore, improving on these metrics corresponded
with better adaptation to test-time scaling and RL. But other limitations of WiSE-FT may
exist at larger scale, which we leave for future work.

Overall, our work reveals the importance of maintaining

diversity in reasoning models. Current decoding strate- Method Pass@? Pass@4
gies (e.g., min-p, nucleus, and top-k) are still unable to Nucleus 057 0.67
fully extract a model’s capabilities. We estimate that a Min-p 057 0.67
significant gap, of tens of percent, remains compared Top-k 0.56 0.67

to the optimal decoding strategy for Pass@K i.e., top-K Optimal ~ 0.76 0.83
sampling over the model’s marginal answer distribution
P(7 | x) (see Table 1 and Appendix G). We encourage Table 1: Best Pass@k of Gemma
future works to address downstream limitations more on GSMS8k across SET checkpoints
carefully in earlier stages of the training pipeline.
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A SFT in Binary Classification

Data and Model Setup We train a linear classifier f(x) = (w, x) from random initialization
over a binary Gaussian mixture distribution:

x|y ~ N (yp, 177 ©®)

y € {1, —1} uniformly 4)

Given a model, we sample predictions, namely § = 1 with probability c({(w,x)) = (1 +
exp(—(w,x)))~!, or § = 0. Then, per-example Pass@1 is equal to px = o(y - (w,x)).

Similarly, the expected Pass@k is equal to 1 — (1 — px)¥.
Weight Norm Over Steps

In our experiment, we train an overparametrized linear classifier

over binary Gaussian data mixture x | y ~ N (y - ﬁl, 1I) where <12
y ={—-1,1} and d = 1000. We then evaluate p, of 400 test samples. 1.0
As training progresses, the distribution of p, over the test data
become bimodal due to the norm of w monotonically increasing 0 250

once it separates the training examples. Similarly, we observe that Gradient Steps

this leads to a drop in Pass@k while Pass@1 continues to improve. Figure 7: Weight Norm
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Figure 8: Pass@k across Training in Binary Classification
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Figure 9: Histogram of py across training steps

B Expected Pass@k

Proposition B.1.
Esy~p [Pass@K(x)] <1~ ((Eyy-pll - px])* + Var(px))*/?

Proof
E [(1 - Px)k] > E {(1 B px)z} k/2 i
= (1-2B o] + E 3] )"/2 o
((-mpeend) @ EnR)” o
= (1 E [px])? + Var(px))/? (;)
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C RL Theory

C.1 Overview

We will prove that in a discrete bandit setting with K equally good arms that is the best
arm, both REINFORCE and GRPO without KL regularization will eventually collapse into a
single-arm strategy.

We will further prove that, with KL regularization with respect to the initial policy, the
converged policy of REINFORCE have the same action distribution as the initial policy
when constrained on the set of best arms. Therefore, diversity within good actions will not
increase through REINFORCE training.

C.2 Notations and Setup

Formally we consider the following setting. We consider a K + 1-armed bandit, with arms
{1,2,...,K+1}. Arms 1,...,K are “good,” each yielding reward 1, and the other arm is
“bad,” yielding reward 0. We use a softmax parameterization:

i

pi = St i=1,... K+1.
1=

(t

to denote the action distribution. We will use 6; ) to denote the parameter at step ¢.

It is standard to consider using the KL divergence between the current policy with a
reference policy (which we set as pg here) as a regularization term.

t Kl P()
KL(pY1p®) = L pilos G

i

For REINFORCE, we will consider the following training setup. At step t:
(£) (£)

1. We sample an arm It according to p(-) = (p; ', .., Px/1) and receive reward r;
2. We update using policy gradient.
6" = 6" + 1 Vo (logpl) — npVeKL(pW|p®), i=1,.. K+1,

where 77 > 0 is the step size and f is the hyperparameter controlling the strength of
KL regularization.

For GRPO, we will consider the following simplified training setup. This is equivalent to
the empirical version of GRPO with online sampling.

1. Sample G arms {It(l), cel, It(G) } i.i.d. from the current policy p(-) and receive rewards
(8)

Tt
2. Compute
18 1 & 2
m=c Z’Eg)/ o = JG Z(’Eg)—#t) ,
g=1 g=1
and define the normalized advantage
(8)
I
’7;58) — 7 , O 75 0,
0, Oy = 0

We will skip the update if 03 = 0.
3. Update each parameter 0; via

0; < 0; + E Z Vg (logp()) — Ve KL(pW|p?). i=1,...,K+1,
g=1
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C.3 Implicit Diversity Collapse without KL regularization
Theorem C.1 (Collapse to Deterministic Policy). Under REINFORCE or GRPO updates without
KL regularization (By = 0), given a sufficient small y, with probability 1:
()
=1

lim sup max p;

t—oo  1€[K]

Thus, the policy collapses to a single-arm strategy during training.

Proof. The proof is two-fold.
Using Lemma C.3 and C.4, we can show that bad arm probability diminishes,

i )
Lim piyq =0

We will then define a property named Self-enforcing Stochastic

Definition C.2 (Self-enforcing Stochastic Policy Update Rule). We define three properties of
policy update rule that will lead to diversity collapse

1. The policy update takes the form of Y2_ A;V log pi(0;,) where iy is the k-th sampled arm

in the batch and Ay is a function determined by (i) the sum of reward Y'X rj, with in the
batch ; (ii) the reward Ti, and (iii) the batch size B.

2. A policy update rule is said to be self-enforcing, if ]E[Gl.(tﬂ) - 91@] is monotonous with
91-“) forall i € [K] and t. Further ]E[Qi(tﬂ) - 91@] is non-positive if i > K+ 1 and is
non-negative if i < K.

3. A policy update rule is said to be self-enforcing stochastic if it is self-enforcing and
there exists constants C1,Cy > 0 such that for any e > 0, whenever the current pol-
icy satisfies max;e g ngt) € [1/2K,1 — €] (i.e., no single good arm dominates), for
I* = arg max;e x| ngt) the conditional second moment of the parameter updates for every
armi € [K+ 1] and i # i*satisfies:

E [((9(t+1) _ Ql(t)) . (Ql(*tﬂ) _ 9(5)))2 ’90)} > Clez.

1 1

and
D) Ol(t)| <G

1

Lemma C.5 shows that for any self-enforcing stochastic policy update rule, the final policy
collapses into a single-arm policy.

Using Lemma C.6 and C.7, we can show that REINFORCE and GRPO are self-enforcing
stochastic policy update rules when bad arm probability is lower than 1/2. The proof is
then complete. O

Lemma C.3 (Bad Arm Probability Diminishes Using REINFORCE). Under the REINFORCE
algorithm without KL regularization (B = 0), lim;_.eo pgll = 0 almost surely.

Proof. We can first simplify the REINFORCE update rule to
o' — o) 4y (1= i) —p"), i=1,.,K+1

Noted that ) ; 91@ will not change with t, WLOG, assume

y ol —o.
i
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Because rg1 = 0, we can then assume without loss of generality, for all ¢, I; < K.

This then suggests that

t+1 t t
91(<+1) = 9I(<-)i-1 - ’7P§<il

monotonically decrease.

For any e, if pgll

t > to. For any t > fo, there exists i € [K], such that 0" > 0. This then suggests that

i

> € holds for infinite ¢, then there exists to, where 6} ; < loge for any

Pg)ﬂ = eXP(ngrl - 91‘@)) S e

This leads to a contradiction. The proof is then complete. O

Lemma C.4 (Bad Arm Probability Diminishes Using GRPO). Under the GRPO algorithm
without KL regularization (B = 0),lim; .« pg)ﬂ = 0 almost surely.

Proof. For GRPO, we can show that 7§g ) is negative iff It(g )oK+ Therefore, we can show
that 61(31 monotonically decreases, similar to the case in REINFORCE.

If pg)ﬂ > € holds for some t, one can prove that 91(31 will decrease by a constant depend-

ing on € in expectation. Therefore, following the same line as in C.3, we can prove that

lim; 0o pgz_l = 0 almost surely. O]

Lemma C.5 (Collapse Happens for All Self-enforcing Stochastic Policy Update Rule).
Consider a policy update process that is self-enforcing stochastic (Definition C.2), then

limsup;_, ., maXx;c (x| pl(t) = 1 almost surely.

Proof. We will inductively prove that for different K the following induction hypotheses, for
any €,6 > 0, there exists T, 5 x > 0,

Pr( max max pft) <l-¢€) <.
t<T, 5k i€[K]

We first consider the case where K = 2.

Consider the stopping time,
(t)

Te = argminmaxp;” >1—e€

tieK]

For any Z = {1,2},define A}, = max;e k] 9]? — minje7 6}

Assume ¢!, = maxe k| 9;, because |Z| > 2, there exists i # i*, min;cz 6! > 0. We will show
three properties of A’

First Ag Jisa submartingale defined on the filtration of the distribution of #(*) because

E[AY 6] — Al S (041 —6l) — (611 —6!) | 6] > 0.

as the policy is self-enforcing.
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Further A(It) has bounded growth of 2C; as

| max 6! — max6!| < C,.
ek ek

| min 87! — max 0! < C,.
jer / jez /

(t)

Furthermore, the second-momentum of A}’ needs to increase with t by a constant for any
< Te.

E[(AY™)2 6] > (a2 +E[(AYT —al))2 1 6y
> (Ag))z + C]Gz.

When ¢ < 7, it holds that A(It) < log %, otherwise we can prove that

o () 2—2¢ . B
i,].rg{alé}pz/m—exp(Az)> e T maxpi>l-e

This is a contradiction. Further, by Martingale inequality, we have that

E[(Ami“{frff})z] > IE[(AO)z] + C1€%E[min{t, 7 }]

Further, as Af has bounded growth, we have that

. 2 2
min{t, 7} < 2
]E[(A ) ] < (log < +2C2)".

2 2
% for all £, this implies

This implies E[min{t, T }] < —>&

(log 2 +2C,)?

Elt] < c.a

Further, by Markov inequality, if we choose

(log 2 +2C,)?
Tes2 = -
" C1€25

then,

PI‘(Te > Te,é,Z) <

This concludes the proof for K = 2.
Now assuming the result holds for K — 1 and consider the case for K, First, we choose a

small enough constant Cs5 x ny > 0, such that when p%oll < Cs ¢k N, the following two

random processes are close:

¢ Running the algorithm for N steps on the K arms bandit yields Gft),i € [K]

* Running the algorithm for N steps on a K — 1 arms bandit yields 9~i(t),i € [K—1]

with 8% = 0%,i < K —1and 6, = 6 (0)
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and there exists a joint measure on 6 and 8 such that

Vie [K—2],t < N,Pr(|p! — pl| >€e/2) <d/6.
Pr(|pk — Pk1| > €/2) < 8/6.
Pr(|pk — p%| > €/2) < §/6.

This joint measure is constructed by choosing the corresponding arm for two process at
each sampling step as long as the sampled arm is not K and uses the uniform convergence
on Vlog, p;. Now following the same argument at K = 2, we can show that there exists

Te 5 x such that

>1-4/2.

Pr(at < T€,5,K7 2[113 pt < CJ,&‘,K,TE/ZO"/Z,K,])

Then we can invoke the induction hypothesis and uses the coupling shown above to show
that if we choose T, s x = Te,g, K + Te/2,5/2,k—1, then there exists a time step that one arm has
probability higher than 1 — € with probability at least 1 — 4.

O

Lemma C.6. The REINFORCE algorithm without KL regularization (B = 0) is self-enforcing
stochastic (Definition C.2) once p&rl <1/2

Proof. The REINFORCE algorithm is self-enforcing because

B0V — 0" = it — Y piry)-
je[K+1]

Further,
(t+1) )
6, -6, <1

ei(tm 791(0) B (6§i+l) 795*)> .
7 , it holds that

Nipp =1, (i =1) =10 = It) — pi + pir)

and if we consider the distribution of A; j+ ; =

Pr(Ajjp=—1—pi+p])>Pr(l=i")=pp

Therefore
E[AFjf] = pir (=1 = pi + pi )?
2. €
Zpir(L—pir) 2 K
This then concludes the proof with C; = /2K and C; = 7. O

Lemma C.7. The GRPO algorithm without KL reqularization (B = 0) is self-enforcing stochastic
(Definition C.2) once p&rl <1/2

Proof. The GRPO algorithm is self-enforcing because
Elof " — o) = el (11 = i) — pi" )] = yEFE1E) = 1) = By, B = )]

Noted that E [?Eg )l(lt(g =i )|##¢] is monotonous with p;, hence monotonous with 6;.
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Further
o — o) < 7 max 7 (100 = i) = pl") |

<;7max|r |<17\/>

Now we only need to lower bound the second momentum of

o — o) — (o) —ol1)

1 1

Ajjp =

Noted that

It holds that

1 1
0 = \/Gg(rf—ﬂ)z— ggrf—ZWéfﬂﬂ: =

Therefore when rt(g ) >0,

This then implies

2
E[A?,i*,t]ZG(Gl [(Zl =) 1(1}5’)_1'*))

Hi 7& 1, 0]

One can without loss of generality assume It(G) = K+ 1 and show that

]E[AZ ] 1 E Gill(l(g)_') 1(1(8)_-*) ?
1% m é; g =1 =W =1

11E[(1<1§” —i)— 11" —i*))z} pitri, 1

v

%

G G ~ 2KG

When i # K, noted that ( pl+1) 91@) — (QZ(fH) Qi(f)) > (Gftﬂ) — 91-(”) > 0. Therefore,
a similar bound can show that E [A%i*’t] > >t This then concludes the proof with C; =
7/2KG and Cp = VG.
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C.4 Diversity Never Improves with KL regularization

Theorem C.8 (Diversity Preservation under KL Regularization). With py as the initial policy
and KL-regularization hyperparameter B > 0, if the REINFORCE process converges to policy p*.
Then, p* satisfies:

P pl) g kg
Yioap() Lt po())
Consequently, the distribution over the optimal arms under p* matches the initial distribution pg

restricted to these arms and renormalized.

Proof. Using policy gradient theorem, we know that the converged policy p* and corre-
sponding parameter 0* satisfy that,

Ve [Kil ripi + BKL (P|PO)]

i=1

=0

0=06*

This then suggests that for any k

K+1 K+1 o
"ebk — Pk ) 1ipi + B ) Ve [pilog pi — pilog pi] =0
i=1 i=1
This is equivalent to

K+1 K+1 ] 0
repk —pE Y ripi B Y, (i =k) — pi)pi logpi +1—1logp}) =0
i=1 i=1

Simplifying
K+1 K+1 0
re+B(logpp +1—logpo) = ) ripi +B ) pi(logp; +1—logp;)
=1 i=1

For all k € [K], we know that r; is equivalent, therefore, Z ’28 is a constant for k € [K],
0

concluding our proof. O

C.5 Technical Lemma
Lemma C.9. For x € R, |x| < C, it holds that

exp(x) > 1+x+ Acx®

here Ac = expkE#
Proof. Define g(x) = %, this function monotonically increase when x < 0. O
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D Open-Thoughts Evaluation

We full finetune Qwen?2.5-7B-Instruct over OpenThoughts-114k for 5 epochs using BF16 and
AdamW with hyperparameters learning-rate=1e-5, batch-size=128, warmup=150 steps.
We sample 40 reasoning traces with temperature set to 0.7 for each of the 30 problems in
AIME24. Then we evaluate the following quantities.

Competition Math (AIME24)

Pass@1 Pass@32 Pass@64
0.41 0.8
0.8
0.7
¥ 0.3 v v 0.7
© © ©®
7} 9 0.6 o
d d & 00
0.21 0.5
0.5
-4 Pass@64
| | | | 0.41 i i i i | , , ,
1 2 3 4 5 1 2 3 4 5 1 2 3 4 5
Epoch Epoch Epoch

Figure 10: Pass@K Evaluated on AIME24 over OpenThoughts-114K SFT checkpoints. We
plot the expected Pass@K =+ SD. Note that the rate at which Pass@K slows down while
Pass@1 improves at a constant rate. Furthermore, note that the confidence interval of Pass@1
widens, meaning the variance increases during SFT.
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Figure 11: Histogram of Pass@1 over AIME24. Variance of Pass@1 increases over finetuning
on OpenThoughts-114K. We note that since AIME24 only has 30 questions, the density plot
may not be completely reliable.
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Figure 12: We plot the average number of unique answers sampled over the total number

samples i.e. |{%n¢1‘ Model samples less diverse number of answers as SFT progresses.

21



Published as a conference paper at COLM 2025

E Interpolation Coefficients
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Figure 13: Pass@1 versus Pass@K of WiSEFT of Qwen-2.5-0.5B trained and evaluated on
MATH500. We interpolate between model wy at Step 112 with w; for t € [672,896,1120] as
dwy + (1 — §)w where § € [0.1,0.9].
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WiSE-Step342 on GSM8k
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Figure 14: Pass@l versus Pass@K of WiSEFT of Gemma-2-2B trained and evalu-
ated on GSMS8K. We interpolate between model wy at Step 171 with w; for t ¢
[342,684,1026,1368,1710] as dwg + (1 — 6)w; where 6 € [0.05,0.9].
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F Measuring Diversity of Traces

We measure the diversity of the 100 sampled traces of Gemma-2-2B across GSM8k test. We
measure diversity in terms of 3 different measures.

Output Diversity The cardinality or number of unique answers in the set of all model

outputs [{71, 72, -

Operation Diversity In GSMS8K, each intermediate step consists of basic arithmetic op-

., Jn}| over the total number of traces.

erations, e.g. 5 + 3 = 8. We may simply map each of the traces to the sequence

of arithmetic operations the model steps through, i.e. r; — [01,02,...,

0¢]. This

mapping is extracted by code. Then, given this set, we measure unique sequence of
operations over the number of total traces.

Semantic Diversity We measure the similarity of trace using cosine similarities between
the text-embeddings (Bilmes, 2022; Yu et al., 2023).

E1 Does temperature increase diversity?

Temperature does increase diversity, but it also increases the chances of sampling outlier

answers.
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Figure 15: Diversity of traces sampled with Temperature € {0.8,1.0,1.5} for Gemma-2-2B

SFT checkpoints on GSM8k
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E2 How well do token-level diverse decoding strategies compare with optimal strategy
with oracle?

Hyperparameter Tuning Details We grid search for optimal temperature for all baselines
over T = [0.8,1.0,1.2,1.5,1.8]. For nucleus, we choose the best cutoff threshold between
[0.8,0.9,0.95]. For min-p, we choose the best probability threshold between [0.01,0.05,0.1].
For tokenwise top-k, we choose best k between [12, 25, 50].

Decoding Strategy Pass@2 Pass@4 Pass@8

Naive 0.565 0.666 0.760
Nucleus 0.566 0.668 0.757
Min-p 0.566 0.668 0.760
Top-k 0.563 0.666 0.756

Top-k w/Oracle 0.760 0.832 0.901

Table 2: Best Pass@k of Sampling Strategies for Qwen-2.5-0.5B over SFT checkpoints

Decoding Strategy Pass@2 Pass@4 Pass@8

Naive 0.547 0.648 0.737
Nucleus 0.528 0.617 0.694
Min-p 0.550 0.655 0.744
Top-k 0.538 0.646 0.738

Top-k w/Oracle 0.730 0.814 0.878

Table 3: Pass@k of Sampling Strategies for Qwen-2.5-0.5B at Last SFT Checkpoint

Pass@1 Pass@8 Pass@16
0.9001 min-p(T=1.0)
0.8501 223N —o— min-p(T=13)
v SZEN v 0.875 17 min-p(T=1.6)
© 0.825 1/ Ns ® —e— WISE-FT(T=1.0)
@ £ o \| ©0.8501
© 4 o] ©
o 0-800 | £ 0.8251
0.41 07751 0.800
500 1000 1500 500 1000 1500 500 1000 1500
Checkpoint Checkpoint Checkpoint

Figure 16: Pass@K over different Min-P thresholds y € [0,0.3] and temperatures T € [1,1.6]
for Gemma-2-2B finetuned on GSM8K. Generally, no min-p threshold paired with high
temperature T = 1.6 (in light green) is able to surpass the Pass@1 of T = 1 with best min-p
threshold (in orange). In other words, unlike WiSE-FT which increases both Pass@1 and
Pass@K, Pass@1 tends to still decrease for the diverse decoding strategy of applying min-p
with high temperature.
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Figure 17: Pass@k of Gemma-2-2B GSM8k Naive Sampling with Replacement
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Figure 18: Pass@k of Gemma-2-2B GSM8k Oracle Top K Sampling
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Figure 19: Pass@k of Qwen-2.5-0.5B GSM8k Naive Sampling with Replacement
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Figure 20: Pass@k of Qwen-2.5-0.5B GSM8k Oracle Top K Sampling

E3 Diversity Comparison Between SFT and WiSE-FT
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Figure 21: Operation, Semantic, and Answer Diversity of Gemma-2-2B checkpoints of SFT
over GSMSK versus the corresponding WiSE-FT variants (with the earliest checkpoint). We
decode with temperature set to 1.0.
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Figure 22: Operation, Semantic, and Answer Diversity of Gemma-2-2B checkpoints of SFT
over GSMSK versus the corresponding WiSE-FT variants (with the earliest checkpoint). We
decode with temperature set to 1.6.
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G Best of K Evaluation
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Figure 23: Best@K performance on MATH500 with ORM verifier, comparing different SFT
and WiSE-FT checkpoints of Qwen-2.5-0.5B for K = 2,4, 8,32
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Figure 24: Best@K performance on MATH500 with ORM (Top) and Majority Vote (Bottom)
for early, middle, and late SFT checkpoints and WiSE-FT counterparts, showing Qwen-2.5-
0.5B ’s scaling across K values.
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Figure 25: Best@K performance on MATH500 with majority voting, comparing different
SFT and WISE-FT checkpoints of Qwen-2.5-0.5B for K = 2,4, 8,32
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H Diversity Collapse and WiSE-FT Results for the Coding Task

To test whether coding tasks exhibit the same diversity collapse observed in reasoning
benchmarks, we fine-tuned the Qwen2.5-coder-0.5B model for 10 epochs on the Magicoder-
Evol-Instruct-110K dataset, following the Stage 2 SFT recipe from OpenCoder LLM. We then
applied WiSE-FT by interpolating the weights of the second SFT checkpoint with the initial
model using interpolation ratio 0.5. Both the original SFT checkpoints and their WiSE-FT
counterparts were evaluated on HumanEval for pass@k.

We found that, much like in mathematical reasoning tasks, SFT on coding data indeed
suffers from diversity collapse: although pass@1 steadily improves over epochs, pass@k
begins to deteriorate. And WiSE-FT still improves performance and mitigates the diversity
collapse.
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Figure 26: Pass@K performance of SFT checkpoints on HumanEval (temperature = 1.0).
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Figure 27: Comparison of pass@K for SFT checkpoints and their WiSE-FT counterparts at k
=1,16, 64.
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HumanEval - Last Checkpoint (1700) Comparison: SFT vs WIiSE-FT
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Figure 28: Pass@K performance of the final SFT checkpoint versus its WiSE-FT variant.
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