,') Available online at www.sciencedirect.com

. . stochastic
reck for ScienceDirect processes
& AN and their
= - applications
ELSEVIER Stochastic Processes and their Applications 135 (2021) 103-138 p————

www.elsevier.com/locate/spa

Concentration inequalities for additive functionals: A
martingale approach
Bob Pepin

Received 28 October 2018; received in revised form 28 December 2020; accepted 11 January 2021
Available online 4 February 2021

Abstract

This work shows how exponential concentration inequalities for additive functionals of stochastic
processes over a finite time interval can be derived from concentration inequalities for martingales.
The approach is entirely probabilistic and naturally includes time-inhomogeneous and non-stationary
processes as well as initial laws concentrated on a single point. The class of processes studied includes
martingales, Markov processes and general square integrable cadlag processes. The general approach
is complemented by a simple and direct method for martingales, diffusions and discrete-time Markov
processes. The method is illustrated by deriving concentration inequalities for the Polyak—Ruppert
algorithm, SDEs with time-dependent drift coefficients “contractive at infinity” with both Lipschitz and
squared Lipschitz observables, some classical martingales and non-elliptic SDEs.
© 2021 Elsevier B.V. Allrights reserved.
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1. Introduction

In this work we consider concentration inequalities for additive functionals of the form

T
| xear
0

where X is a real-valued stochastic process. The methods we develop apply to a broad class
of processes, and we will give theorems and examples that go beyond the classical setting of
stationary Markov processes. We will treat in depth the cases where X is a martingale or X, =
f(t,Y;) for a Markov process Y and f in an appropriate class of functions. The concentration
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inequalities will be derived for the additive functionals centered around their expectation, which
allows us to naturally treat non-stationary processes such as time-inhomogeneous diffusions.

We proceed to give an overview of the main results. In Section 2 we derive some
representative results using short, self-contained proofs based on direct calculations. First, we
show in Proposition 2.1 that for any continuous local martingale X such that Xy = O we have
the following concentration inequality for any 7, R > 0:

T T R2
p(/ X, du > R;/ (T —u)*d[X], saz) SCXP(——)~
0 0 202

To the author’s knowledge, the systematic treatment of concentration inequalities for additive
functionals of martingales has not appeared in the literature before.
We will then move on to solutions to SDEs of the form

dXt - b(t, Xt)dt +UdBt,

with X, deterministic. In particular, denoting P;, the Markov transition operator associated to
X, we will show in Corollary 2.7 that if there exist constants ¢, x > 0 such that

o VP, f(x) <ce™ ™D xeR,0<t<u

then we have the following Gaussian concentration inequality for all R, T > 0:

1 (7 1 (7 ZR?T
IP’(T/O Fu, X)) du —E[?/O f(u,Xu)dui| > R) < exp (—"27>

The main novelty in the corollary is the treatment of time-inhomogeneous SDEs and the method
of proof. The Proposition from which the corollary is derived also provides a novel, refined
statement in terms of a bound of |0 TV P, , f| along trajectories of X.

Section 2 concludes with the case of discrete-time processes in Proposition 2.12, again
giving careful consideration to the time-inhomogeneous case and controlling the relevant
quantities along trajectories of the process. Concretely, we show that for a discrete-time
stochastic process X, and function f such that

X — X, 41 =C, 21,
[P f(x)— P fO) <os(1—k) P Ix —yl, x,yeR"0<s<rt.

we have

t t T O_tz Ctz 5 Rz

P(Zf(uvxu)_E[Zf(uvxu)} = R’ZK—IZ <a ) Sexp<_@>'
u=1 u=1 t=1

The careful treatment of the time-inhomogeneous case and control on the level of trajectories

enables in particular for the first time the derivation of concentration inequalities for the

Polyak—Ruppert algorithm of the correct order in Section 4.1 (concentration inequalities for

the linear case were published concurrently with this work in [30]).

Section 3 is dedicated to a wide-ranging generalization of the results from the previous
section. In Section 3.1 we introduce a family of auxiliary martingales Z* = E’'X, and
show that for general square integrable processes, the concentration properties of fOT X, du
are intimately linked to the predictable quadratic covariation (Z", Z') and jumps AZ" of
the auxiliary martingales. In Section 3.2 we recover and extend the martingale results from
Section 2 to the discontinuous setting using the general method. In Section 3.3 we apply the
general method to general Markov processes and recover expressions for (Z*, Z") in terms of
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the squared field operator I, generalizing the results on Markov processes from Section 2 to
general Markov processes on Polish spaces. All of the results from the preceding subsections
are novel in their generality. We conclude Section 3 with Section 3.4 where we show how
to incorporate arbitrary distributions of X, and recall a number of martingale inequalities.
The subsection also includes in Corollary 3.16 a novel approach to obtain Bernstein-type
inequalities in some “self-bounding” cases.

The final Section 4 illustrates how to apply the results from the preceding section on a
number of concrete cases. Section 4.1 contains the novel results on Polyak—Ruppert mentioned
above.

Section 4.2 provides a concrete example of an SDE case with explicit conditions on the drift
and diffusion coefficients as well as the observable function. Using known results on gradient
bounds for P, , when the drift coefficient is “contractive at infinity” characterized by constants
0, k, we show that for any initial law v satisfying a 77(C) transport inequality and Lipschitz
function f, we have

P(lfo(X)d’ I/T (f)dt = R+ plfll 1_e_KTW( ))
— - = i ,V
7 ), t T J, Mt = 1Y Lip T 1Mo
KZRT
< exp

2021 f 13, (1+C =57)

for a unique evolution system of measures u, (if the process has a stationary measure p then
u; = u for all ).

Section 4.3 provides some concrete examples using classical martingales as integrands:
Brownian motion, the compensated Poisson process and compensated squared Brownian
motion B> — ¢.

Sections 4.4 and 4.4 treat the cases where the integrand X is either the squared Ornstein—
Uhlenbeck process or more generally the square of a Lipschitz function. These cases go beyond
the scope of most previously published approaches to concentration inequalities for additive
functionals. The final Section 4.6 presents a simple case of a highly non-elliptic SDE, which
yields easily to the probabilistic methods presented here but is outside of the scope of previous
approaches based for example on Poisson equations.

About the literature. In the Markovian setting, our approach is most closely related to the work
of Joulin [25], and we recover and extend the results from that work (Propositions 3.7 and
4.10). The cases of martingales and general square integrable processes do not seem to have
been systematically studied in the literature.

Most previous results on concentration inequalities for functionals of the form S, have
been obtained for time-homogeneous Markov processes using functional inequalities. The
works [7,19,21] require the existence of a stationary measure and an initial distribution
that has an integrable density with respect to the stationary measure. The same holds true
for the combinatorial and perturbation arguments in the classic paper [28]. In [40] the
authors establish concentration inequalities around the expectation using stochastic calculus
and Girsanov’s theorem under strong contractivity conditions. Some concentration inequalities
for inhomogeneous functionals have previously been established in [20]. A different approach
using renewal processes has been used in the work [29] to establish concentration inequalities
for functionals with bounded integrands.

For Markov processes, the mixing conditions in this work are most naturally formulated
in terms of bounds on either the Lipschitz seminorm, gradient or squared field (carré du
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champs) operator of the semigroup. Bounds on the Lipschitz seminorm are closely related
to contractivity in the L' transportation distance and can for instance be found in [1,15] for
elliptic diffusions, in [39] for the Riemannian case, in [16] for Langevin dynamics or in [23]
for stochastic delay equations. See also [26,31] for the discrete-time case and a large number
of examples in both discrete and continuous time. Gradient estimates for semigroups can be
obtained using Bismut-type formulas, see for example [12,17,36], the works [9,10] for the non-
autonomous case as well as the textbook [37]. Finally, in terms of the squared field operator,
our mixing conditions are a relaxation of the Bakry—Emery curvature-dimension condition [2]
since we allow for a prefactor strictly greater than 1.

Notation. For a right-continuous process (X;);>o with left limits we write X,_ = lim, o+ X;_,
and AX, = X,—X,_. For a o-field F and a random variable X, we denote E¥ X the conditional
expectation of X with respect to F.

2. Direct approach

2.1. Continuous martingales

In this and the following subsections we will establish concentration inequalities by focusing
on the cases of continuous local martingales, continuous solutions to SDEs and discrete-time
stochastic processes, all with their initial law concentrated on a single point. In the first two
cases, we provide alternative and more direct proofs of results that also follow from the general
approach in Section 3. Compared to the general approach, the direct proofs also provide an
explicit martingale representation for the additive functionals under consideration. The discrete-
time case introduces the ideas of Section 3 in a technically simpler setting. The focus on a
restricted class of processes keeps the proofs short and self-contained and formal computations
easily justifiable. The concentration inequalities presented here will be considerably generalized
to broader classes of processes, integrands and initial laws in Section 3.

We begin with the case of a continuous local martingale. Even though it is the simplest
scenario in our framework, it has not been studied systematically in the literature, which
tends to concentrate on concentration inequalities for additive functionals of stationary Markov
processes.

Proposition 2.1. For a continuous local martingale X such that Xy = 0 we have the following
concentration inequality for any T, R > 0:

T T R2
IF’(/ Xyduz R: [ (7 —updix), < 02) < exp(——2>.
0 0 20
Furthermore for 0 <t <T

/ X, du = / (T —u)dX, — (T — DX,. 2.1)
0 0

Proof. Fix T > 0 and define a local martingale M, by
t
M = / (T —u)dX,.
0
Using integration by parts we obtain (2.1)

t
M! = (T - 1)X, +/ X, du
0

106



B. Pepin Stochastic Processes and their Applications 135 (2021) 103-138

so that in particular MT coincides with fo X, du at time T:

T
M = / X, du. (2.2)
0
It is well-known that for any continuous local martingale M and r > 0
RZ
P (M, > R; [M], <0?) <exp <_ﬁ> . (2.3)
(o}

Indeed, for A > 0 let E5(M), = exp (AM, - %[M],). Since dEX(M), = E*(M), dM,
the process £*(M), is a positive local martingale and therefore a supermartingale so that
E & (M)r < EEX(M)y = 1. By Chebyshev’s inequality, for any R, 0> > 0,

exp (—AR + %02> E [exp (AM, - %02) s [M], < 02]

exp (—AR + %02> EE*(M), < exp (—AR + %02>

P (M, > R; [M], < 0?)

A

IA

where A > 0 is arbitrary. The inequality (2.3) now follows by optimizing over A.
From the definition of M7 and elementary properties of the quadratic variation, we get

M"], = f (T — u)*d[X],. (2.4)
0

By inserting (2.2) and (2.4) into (2.3) we finally obtain

T T R2
IP(/ Xudqu;/ (T—u)zd[X]u§02>SeXp<——)-
0 0 202

Corollary 2.2. Ifd[X1, < o*(T —u)* du for some 6> > 0, € (=3, +00)and all0 <u < T
then for all R > 0

1 T B4 a)R?T
P(W/O Xudqu>§eXp(—T>

Proof. We have
T T
/ (T —u)*d[X], < 02/ (T —u)* du =
0 0

so that

1 T
P(W/O XudllzR>

T T o2 T3+
=IP’</ XudquT2+°’/2;/ (T —u)*d[X], < )
0 0 34+«

3 R’T
< exp (—%) O

02T3+a

34«

Corollary 2.3. Ifd[X], <e T du for all 0 <u < T then for all R > 0

P [ xoauz 8) e (-57)
— wdu > <exp|———].
JT b P\7 4
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Proof. We have

/ (T —u)?d[X], < / (T —ule T Wdu=2—(T*+2T +2)e T <2
and the result follows.

Remark 2.4. The continuity assumption primarily serves to keep the exposition self-contained
by providing a concise proof of the concentration inequality (2.3) for local martingales. The
method extends to discontinuous local martingales by making use of the more advanced
martingale inequalities described further below in Section 3.4.

Remark 2.5. Compared to Proposition 3.3, the result presented here is a priori more general
because it applies to local martingales, whereas Proposition 3.3 is stated for martingales.
On the other hand, the process M7 constructed in the proof of this section is also only a
local martingale, whereas the general method yields a process M7 which is a martingale
by construction. Under the hypotheses of Proposition 3.3 that X, is a true martingale with
IEX,2 < oo for all > 0, the present result also yields a true martingale, since then E[M7], <
T?E[X], < oo for all # > 0.

2.2. Stochastic differential equations

In this section, we consider the case of a solution X to the following elliptic SDE on R":
dX, =b(t, X)dt +o0dB,, Xo=x0 (2.5)

for xg € R” fixed, b: [0,00) x R" — R” locally bounded, once differentiable in its first
argument and twice differentiable in the second with bounded first derivative, o a real n x n
matrix such that oo 7 is positive definite and B a standard n-dimensional Brownian motion.

For a bounded function f on [0, 0o) x R”, twice continuously differentiable, and 0 <t < u
we define the two-parameter semigroup associated to X and f,

Pruf(x) = E[f(u, X)X, = x].

If the coefficients of (2.5) are time-homogeneous, we have P, ,f = Poy—f = Pu_+f,
where the latter is just the usual (time-homogeneous) Markov semigroup.

The result in Corollary 2.7 is known in the time-homogeneous case, and can for example
be deduced using the arguments in [25]. The refined formulation in Proposition 2.6 and the
inclusion of the time-inhomogeneous setting are new.

Proposition 2.6. For all T,R,c > 0 and f: [0,00) x R" — R, bounded and twice
continuously differentiable, we have

T T T
P(f fu, X,)du —]E/ fu, X)) du > R;/ lo TVRT (X)|*dt < c2>
0 0 0
RZ
< -
= exp< 262)

T
Rf(x)zf Pf(x)du, xeR"0<t<T.
t

with
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Furthermore we have the decomposition

t t
f flu, X,)du = / VRI(X,)-0dBs — RI'(X,), 0<t<T.
0 0

Proof. For T > O fixed define a martingale M r by
T
M! = Efr/ fu,X,)du, 0<t<T
0

where F; = o({X;}s<) is the natural filtration of X. Using Fubini’s theorem with the bounded
integrand f, the fact that f(u, X,) is F;-measurable for all # < ¢ and the Markov property we
get

T t T
M :f E]:’f(u,Xu)duzf f(u,Xu)du~|—/ E”" f(u, X,)du
0 0

- / . Xa)du + RT(X,) 2.6)
0
with
T
RT(x) = / P f()du.

By our regularity assumptions on f and the coefficients of (2.5), we have the Kolmogorov
backward equation (0, + L)P;, f = O where L denotes the infinitesimal generator of X. It
follows from standard properties of the integral that

T
(& +L)R! (x) = —Pr,,f(x)+/ @ +L)P, f(x)du =—f(t,x), t>0,xeR". (2.7

Using the 1t6 formula, we get
dRT(X,) = 3 + L)RT(X,)dt + VR (X,) -0 dB,
= —f(@t, X,)dt + VR (X,)- o dB,.

By (2.6) we also have

dRT(X,) = —f(@t, X,)dt +dMT (2.8)
so that we can identify

daM! = VR (X,)- o dB,. 2.9)
From elementary properties of the stochastic integral and Brownian motion

dM"], = |o TVRT (X,)* dt.

In the proof of Proposition 2.1 we saw that for any continuous local martingale M with My = 0
we have

2
P(M; > x,[M]; <y) <exp <—;—y) .

Now the result follows by applying this inequality to (M; — M) and noting that M} =
fOT f(u, X,)du and Ml = E”0 fOT fu,X,)du = IEfOT f(u, X,)du, by our assumption that
X is concentrated on a single point xo € R”. [
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Corollary 2.7. If there exist constants c, k > 0 such that
loTVP L f) <ce™ ™ xeR,0<t=<u

then we have the following Gaussian concentration inequality for all R > 0, T > 0:

(A e xyau—e| L [ fw xpdu] = R) < ! RIT
(Tfo flu, Xy)du — [F/o fu, X)) M}_ )_exp(—z—cz>.

Proof. From our assumption we can estimate for all x e R",0 <7 < T

T T .
loTVR (1) < / lo "V P f(x)du <c f e gy < £
t t K
where the regularity assumptions on the coefficients of (2.5) ensure well-posedness of the
Kolmogorov backward equation and by extension sufficient smoothness to differentiate under
the integral for the first inequality.
Now the result follows directly from Proposition 2.6 since

1 [T 1 [T
]P’(?/O f(u,Xu)du—E[?/O f(u,X”)du:| > R)

T T T
=P (/ fu, X,)du —E U fu, Xu)du} > RT ; / lo TVRT (X,)|* dt
0 0 0

(,‘2
<-—T). O
)

Remark 2.8. The approach presented here, based on stochastic calculus, requires the existence
of an It6-type formula and the well-posedness of the Kolmogorov backward equation. The
approach essentially operates on the level of the individual trajectories of X, and in return yields
an explicit martingale representation for fOT f(u, X,)du. In contrast, the results on Markov
processes from Proposition 3.7 rely on knowing the quadratic variation of a certain auxiliary
martingale, for which it is sufficient to have a characterization of X in terms of a martingale
problem.

Remark 2.9. Regarding the law of Xy, in contrast to the analytic approaches present in the
literature, the case where X, is concentrated on a single point is the most natural for our
probabilistic approach. In particular, this case is outside of the scope of many existing results
in the literature such as [19,22], which require the law of X to be absolutely continuous with
respect to a stationary measure of the process. In Section 3.4 we will see how to deal with
more general initial laws in the context of the approach presented here.

Remark 2.10. We avoid the question of stationarity altogether by deriving concentration
inequalities of % fOT f(u, X,))du centered around its expectation, as opposed to the usual for-
mulation which shows concentration around | fdpu for a stationary measure . In Section 4.2
we will see an example of how to derive concentration inequalities around [ fdpu.

Remark 2.11. The essential ingredient in the proof is equation (2.7), which states that
(t,x) — ftT P: , f(x)du is a solution to the following PDE in g on [0, T] x R":

Lg+0,g=—F.
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This observation is not new and the solution g notably features prominently in the classic book
on martingale problems by Stroock and Varadhan [35]. However, the application to additive
functionals seems to be new, if not entirely surprising. Indeed, a popular approach to additive
functionals of Markov processes [60,21] involves the solution g to the Poisson equation on R”,

Lg =—f.

Under certain strong ergodicity conditions, requiring in particular the stationarity of X, a

solution to the Poisson equation can be shown to exist and is then given by the well-

known resolvent formula as x — [, Py, f(x)du. In contrast, the definition of R/ (x) =
T . .

ft P, , f(x)du makes sense in a very general setting.

2.3. Discrete time Markov process

In this section, we consider the case of a discrete-time Markov chain in order to build
some probabilistic intuition for our assumptions and to highlight some issues that appear in the
presence of jumps. For examples of processes satisfying the conditions below, see Section 4.1
or the articles [26,31].

Consider a discrete-time Markov Process (X;),cn taking values in R with Xy = x¢ € R. Fix
a measurable function f : N x R — R such that E| f(¢, X,)| < oo for all r € N and define the
associated two-parameter semigroup P, , f by

Pouf)=E[f(u, X)X, =x], 0<t<uwu;u,teN.
Let

t
Si= fu.X), 1=l
u=1

Proposition 2.12. Assume that for each t € N there exist positive constants oy, k; with k, < 1
and a bounded F,_i-measurable random variable C, such that for s,t € N
| Xi = X; 4| <Ciy, 121,
[P f(x) = P f(I <o (1 —k) " |x =y, x,yeR0<s<rt

Then for all T, R, a > 0 we have

r 2 2
C R

P<ST_]EST2R52 Gt—2t§a2>§exp<—w>
a

-1 K
Proof. Fix T > 0 and define a martingale M” by

T
M[T — E]'-tST — ZEftf(uv Xu)
u=1
so that
T
MzT - Mszl = Z (Eftf(u, X,) — ]EFHf(u, Xu)) .
u=1

111



B. Pepin Stochastic Processes and their Applications 135 (2021) 103-138

Note that by our assumptions on f, we have for all t € N

E|M]| < T maxE|f(u, X,)| < 00
u<T

so that M7 is indeed a martingale.
We have by the Markov property, adaptedness of X; and our assumptions

E7 f(u, Xo) = BT fu, X))
= Pruf(X) = E71 P f(X))
= Pruf(X0) = P f (Xom1) = BTV [P f(X0) = Praf (Xi-1)]
<o:(1— k)" (IX, — X1l + EF-1 X, — X))
<20,(1 —k)"7'C,
This shows that the increments of the martingale M are uniformly bounded by a predictable

process independent of 7T':

! 2C,o
Ml M, <2Co Y (1—k) " < =—=.

Kt

u=t
An extension of the classical Azuma—Hoeffding inequality (see for example Theorem 3.4 in [3])

states that for any square-integrable martingale M with My, = 0 and such that M, — M,_, < D,
for bounded, F;_;-measurable random variables D, we have the inequality

T 2
P(Mr > x;» D} <y) < eXP(-%)-
t=1

Since we assumed X to be deterministic, we have M} — MI = Sy — E70Sy = Sy — ESr.
By applying the preceding martingale inequality to M” we get finally

T 2 2
(o R

P<ST_EST2R;E 0’—2'§a2>§exp<—ﬁ>
a

=1 K

3. Martingale and concentration inequalities

3.1. Processes bounded in L*(2)

Consider a filtered probability space ({2, F, P, (F;);>0) satisfying the usual conditions from
the general theory of semimartingales, meaning that F is P-complete, ¢ contains all P-null
sets in F and JF; is right-continuous. In this section (X,),;>0 will denote a real-valued stochastic
process adapted to JF;, bounded in L?({2) in the sense that sup, EX? < oo.

Define an adapted continuous finite-variation process (S;);>0 by

t
St = / Xl,l du.
0

Fix T > 0 and define a martingale (M,T)rzo by
Ml =E7 s,

By the boundedness and adaptedness assumptions on X, M7 is a square integrable martingale
(by Doob’s maximal inequality) which we can and will choose to be right-continuous with
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left limits so that the predictable quadratic variation (M7) and the jumps (AM[),>o are
well-defined.

As illustrated in Section 2, our goal is to derive concentration inequalities for S7 from
concentration inequalities for the martingale M” by using the relation St = MZ. In this
subsection we take the first step towards that goal by characterizing M7 (and thus S7) based
on properties of the underlying process X, using a family of auxiliary martingales. The next
two subsections will give explicit expressions for the auxiliary martingales in a martingale and
Markov process context. The final subsection will complete the approach by recalling known
concentration inequalities for martingales in terms of their (predictable) quadratic variations

and jumps.
Define the family of auxiliary martingales (Z*),>0 by
zZ' =E7X,,

which will be chosen right-continuous with left limits. Each Z* is square integrable so that the
predictable quadratic covariation (Z*, Z") is well-defined.

Formally the next result is just a consequence of the (bi)linearity of the integral and
(predictable) quadratic variation. The proof shows that the formal calculation is justified under
our assumption that X is square integrable. The main interest of the result lies in the fact that
we can often find explicit expressions for (Z*, Z') and AZ", as we will see in the next two
sections.

Theorem 3.1. For any T > 0 we have

T
Mf:/ Z'du, 3.1
0
T
AMf:/ AZ"du, (3.2)
0
T T
M"], = / / (2, Z"), dudv, (3.3)
0 0
T T
(MT), = / / (2", 2", du dv. (3.4)
0 0

Proof. Since the theorem only involves values of X, and Z; for u,t < T, we can assume

without loss of generality that Z* = Z*/} and X, = X,,r. We proceed with some preliminary

estimates. First, the family (Z¥), ., u > 0, T stopping time, is uniformly bounded in L? since,
by optional sampling and Jensen’s inequality,

E(Z")? = B(Z“.IY = E(ET A TEPT X, .r)* < EX?,, < sup EX? < o0.
0<t<T

It follows that ([Z", Z'];)yv.r and ({Z*, Z");)u.r are uniformly bounded in L' since, by
elementary properties of the quadratic variation, Cauchy—Schwartz and uniform integrability
of the martingales Z*,

E|[Z“, 2°1.| < E((Z2"]. [Z2°])"* < (B(ZY)D)'PB(ZDH'2.

Furthermore the local martingale Z"*Z" —[Z", Z"] is actually a uniformly integrable martingale
since

E|ZLZY — 2", Z°)| = E|Z4 25 — (2", Z°17| < 0.
The same holds for Z“Z" — (Z", Z") by an identical argument.
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We proceed to show (3.1), i.e. for fixed T > O and all t > 0

T T
EF / X, du = / Z!du. (3.5)
0 0

Since (Z"),>o is uniformly bounded in L' we get by Fubini’s theorem that for arbitrary G € F,

T T T T
E[/ Zt”du;G:| =/ E[Z}; Gldu :/ E[X,; Gldu :]E[/ Xudu;G:|
0 0 0 0

which is equivalent to (3.5).

To show (3.2) note that since (Z;);>o is uniformly integrable we have Z |, — Z/ in
L!'. Since (Z)u,1>0 1s uniformly bounded in L' we can use Fubini’s theorem and dominated
convergence to show that

T T
MtT_l/n = /(; Z;{—l/n du — A Ztu_ du in Ll.

Since the almost sure limit of the left-hand side is M by definition and the almost sure and
L' limits coincide when they both exist, this proves (3.2).

To show (3.3), we are going to use the characterization of [M”] as the unique adapted and
cadlag process A with paths of finite variation on compacts such that (M7)?> — A is a local
martingale and AA = (AMT)?, Ag = (M ).

Let

T T
A = / / [Z", Z"]; dudv.
o Jo

Clearly Ay = (MOT )2 since [ZY, Z']y = ZyZg. Since sums and limits preserve measurability,
A is adapted since all the integrands [Z", Z"] are. By polarization

//[Z”—i—Z dudv——//[Z” l:dudv

so that the paths of A, can be written as a difference between two increasing functions and are
thus of finite variation on compacts. Furthermore, since 0 < [Z* £ Z"], < [Z" £ Z"],v, for all
t > 0 and [Z" £ Z7], is increasing in ¢, pathwise left limits and right continuity follow from
the monotone convergence theorem applied to the preceding decomposition.

Since [Z*, Z"], is bounded in L!, uniformly in u, v, ¢, and uniformly integrable in ¢, it
follows as in the proof of (3.2) that

f/ [Z2%, Z"),—dudv
so that

AA,:/ / Alz“, z dudv—/ AZ”du/ AZdv = (AM])’ .

To show the martingale part of the characterization, recall that an adapted cadlag process Y is
a uniformly integrable martingale if for all stopping times 7, E |Y|, < oo and EY; = 0. Now,
for any stopping time 7, by our preliminary estimates above we get the integrability so that we
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can use Fubini’s theorem and optional stopping to obtain
T pT
E [(MI)2 - Ar] = / / E(Z4Z (2", Z"],) dudv =0
o Jo

which finishes the proof that [MT], = A,.
It remains to identify (MT) as the compensator of [MT], i.e. the unique finite variation
predictable process A such that A — A is a local martingale. Let

5 T T
At 2/ / <Zu, Zu)tdudv.
0 0

Then A is predictable since measurability is preserved by sums and limits, and thus by integrals.
Using polarization, we see that A is the difference between two increasing processes and
therefore of finite variation. Finally, for all stopping times 7, we again get from our preliminary
estimates that E|[A, — A,| < oo and by optional stopping

T T
E[A, — A,] = / / E((Z", Z2"]. — (2", Z");) dudv =0
o Jo
which shows that A — A is a martingale and thereby concludes the proof of the theorem. [

Proposition 3.2. [f there exist real-valued processes o;, J; and a constant k > 0 such that for
al0<t<u=<T

d{z"y, < a,ze_z"(”_’)dt,
|AZY) < |AJ, e "

then

t 2
(M"), < f % (1— e T9)as,
0o K

[AM]| <

|AJI| _ —k(T—1)
(1 o)

where the case k = 0 is to be understood in the sense of the limit as k — 0.

Proof. The second inequality is immediate from Theorem 3.1 and the observation that
AZ! =0 for t > u. We now proceed to prove the first one. For t < u A v we have

t 1 t 2
u v —2ku 2 2ks —2kv 2 2kt __ 2 —k(u—s) —k(v—s)
' < =
(Z"V,d{Z"); < e fove dse oe d</ ore e ds>
0o 2 \Jo

which is symmetric in # and v. Using Cauchy—Schwarz for the predictable quadratic variation,
the fact that Z}' is constant for 1 > u and integration by parts together with the previous
inequality we get

FAUAY tAUAY 1/2
<z",zv>,s<<z"><2">}£imz(/o (Z"),d(Z")s + /O <zv>sd<z">s>

t
S/ 11{SSMU}qyzef"(“ﬂ)ef"("ﬂ)ds.
0
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Therefore by Fubini, forany 0 <t < T

T T
M"y, = f f (Z*, "), dudv
0 0

T T gt
< [ / / ]l{xfum}asze”((“’s)e"‘(“’”ds dudv
o Jo Jo
t T

2
:/ osz (/ e"“”‘”du) ds.
0 s

which is the result. [
3.2. Martingales

Proposition 3.3. If X is a square integrable real-valued martingale then
aM! = (T —t)dX,
AM! = (T —1) AX,
dM"], = (T — 1)*d[X],
d(M"), =(T — 1)’ d(X),

Proof. Since
Zzu = E]:txu = Xinu
we have by (3.1)
T '
mr =/ X pu dut =[ X, du+ (T —0)X,.
0 0
Using integration by parts

dM! = X, dt + (=X, dt + (T —t)dX,) = (T — t)dX,

and the remaining equalities now follow directly from stochastic calculus. [J
Remark 3.4. From integration by parts (and similarly for (M7))

T
[Mﬁr=2/(T—0MLw.
0

From the fact that the Doléans—Dade exponential is a positive local martingale and therefore
a supermartingale we immediately get the following corollary.

Corollary 3.5. If the martingale X is continuous and Xo = x € R then for all » € C and
T>0

T
Eexp (x(sT —ESy) — ,\2/ (T — u)%l(X),,) <1.
0

Remark 3.6 (Central Limit Theorem). From the Doléans—Dade exponential it is also possible

to derive a central limit theorem for a suitably normalized family of random variables Gy =

—L fOT X, dt. A thorough investigation is beyond the scope of this work, but an outline

VEMT 7
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of the argument goes as follows. Suppose that X is continuous. Denote £ the Doléans—Dade
exponential and for two families of random variables X7, Y write X7 ~ Yrift X¢p/Yr — 1in

probability as T — oo. Now suppose that [MT ] L E[MT]7, which can for example follow
from an ergodic theorem since [MT]; is usually an additive functional itself. Then for A € R
we have for the characteristic function of G7 that

irGp _ " M7 A M7 22 M7
e =exp (i TR, + ZE[MT]T[ Ir = —Z]E[MT]T[ Ir

e ixMrI o ( )\2[MT]T) P e ixMI 2
= M —_ | ~ —]e 7.
E[MT ]y P\ 27, VE[MT];

Now if the Doléans—Dade exponential (which can be negative since we have complex exponent)

g T
is a true martingale and the family &£ %) is uniformly integrable then for all A € R
T
) iaMT 2 2
lim Ee07 = lim BE [ ———t— | e =77
T—o00 T—o0 /E[MT]T

so that G converges in distribution to a standard normal random variable.
3.3. Markov processes

Consider a continuous-time Markov process (Y;);>¢ with natural filtration (F;),>0, taking
values in a Polish space E and with trajectories that are right-continuous with left limits. Denote
B the set of Borel functions on Rt x E.

Fix a function f € B such that sup, Ef(t,Y;)> < 0o so that we are in the setting
of Section 3.1 with X, = f(,Y,), S = fOT f@, X, )du and M = E7'S;. Define the
two-parameter semigroup (P, f)o<i<4 On E by

Pruf(y) =ELf(u, Y)Y = y].

Suppose that there is a set D(I') C B x B and a map [" : D(I") — B such that for each
(f, g) € DI") we have, setting F, = f(¢,Y,), G, = g(t,Y,), that

(F,G) = 2/ I'(f,8)s, Yods, 0=<t=<T. (3.6)
0

Usually, I' corresponds to (an extension of) the squared field operator I'(f, g) = %(L fg —
fLg — gLf), see Remark 3.8.

Proposition 3.7. If (P, f, P.vf)o<uv<r € D(I") we have for 0 <t <T

T T
dMTy, =2 / T(Piof, Pof)t, Y)dudvdt, 3.7)
T
AMT = / (P f (V) — P f(¥,0)) du. (3.8)

Proof. Forall 0 <t <u < T we have

Z' =B f(u,Y,) = P, f(Y)).
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Since f can depend on u# we can always consider f(u, y)— Py, f(y) instead of f and therefore
without loss of generality suppose that Z; = Py, f(¥Yp) =0. By 3.6)forO <t <uAv <T

d(z",2"); =20 (P uf, Po )@, Y)dt, 0<t<uArv=T.
For t > v A u either Z; or Z; is constant so that
d{Zz", 7", =0, unv<tr<T,
and thus
t
(2. 2% = [ ecuns 2 Pes. P 5. Yo,
0

By (3.4) and Fubini’s theorem
T T t
(M), = / / f L cunas2T Py f. Pon )5, Yy) ds du dv
0 0 0

t T T
= / / / 2I'(Ps . f, Psw f)(s, Ys)dudvds.
0 Js s

This proves the first equality (3.7). Equality (3.8) follows directly from (3.2) together with the
observation that Z is constant for # > u and the fact that P, , f is continuous in t. []

Remark 3.8. When Y is a Markov process with infinitesimal generator (L, D(L) C B) then
I" in (3.7) corresponds to the usual squared field operator whenever the latter is well-defined,

1
I'(f.8)=5(Lfg - fLg —gLf). feDL).geDL). fg€DL).

Indeed, suppose that for f € D(L)

f@. Y) = £, YO)_/O @5 f + Lf(s, ), Yy)ds (3.9

is a local martingale. As before we can assume Py, f(Yy) = 0. Now if P, f, P, f and their
product P, , f P, f is in D(L) then

t
Py f(YD) P f(Y) — f Os(Psu f Pso f) + L(Psu [ Psw s, Ys)ds (3.10)
0
is a local martingale. Since we assumed P, , f to be in D(L) it solves the Kolmogorov backward
equation
P, f(y)=—LP @, y), yeE 0=<t<u

and the same holds true for P, , f. Thus

at(Pz,ufPt,vf) = Pt,ufatpt,vf + Pt,vfatPt.uf = _Pt,quPt,vf - Pt,vaPt,uf-
Substituting this into the integral in (3.10) shows that indeed
1
2

Pt,uf(Yt)Pt,vf(Yt) - 2/ (L(Px,ufPs,uf) - Ps,quPs,uf - Ps.vaPs,uf)(sv Yx)ds
0

is a local martingale.
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Corollary 3.9. If Y has continuous trajectories and Yy is constant then we have the following
inequality for all . € C and T > 0 fixed:

T T T
Eexp [)\ (Srf —ESr f) — AZ/ / / T(P..f, Py ), Y,)dudv dt} <1.
0 t t

Proof. This follows directly from the Chernoff bound and the fact that the Doléans—Dade
exponential is a supermartingale. [

Remark 3.10 (Central Limit Theorem). The considerations in Remark 3.6 for deriving a central
limit theorem for additive functionals of martingales apply to continuous Markov processes as
well.

3.4. Martingale inequalities

Let

T
ST = / Xu du
0

for some square integrable cadlag process X and M[ = E”'S; as in the previous sections.
Our key observation is that Sp — E70S; = M% — MOT . Concentration inequalities for Sy then
follow from concentration inequalities for martingales. The goal of this section is to show how
to pass from E70S; to ESy and to recall some concentration inequalities for martingales.

For a real-valued random variable Y, denote ¥y(A) the logarithm of the moment-generating
function of Y and ¥;(x) its associated Cramér transform:

Ty(L) = logEe”, A eR,

y(x) =sup(lx — ¥y(A)), x eR.
reR

Denote A(A) the logarithm of the moment-generating function of the centered random
variable E70S; — ES7 and [ its domain:
‘F
AN = W]EfOST_EST =logE [exp)\ (E 0Sy — IEST)] ,
I={eR: AR) < oco}.
In particular if Xy = x € R is a deterministic constant then E70S; = ESy and A(L) = 0.
Following [14], define
px)=¢e¢" —1—x,
9a(x) = p(ax)/a®, a >0,
HY =AMLyt + (M) @120

s<t

where for a = 0 we set gy(x) = x?/2 and we have H’ = D os< (AMST)2 + (MT),.
The next lemma allows us to extend our framework from processes with initial measures

concentrated on a single point to more general classes of initial measures when we can control
A.
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Lemma 3.11. Fora>0,A el
Eexp((Sr — ESr) — gu(ADH] — A0) < 1.

Proof. In [14] Corollary 3.1 it is shown that for any square integrable martingale M and for
all a > 0, A > 0 the process

exp (AM; — ga(IX)H')
is a supermartingale. Applying this to MT and — M7 together with the supermartingale property
yields that fora > 0,A € R

E70 exp(k(M,T - M) - ¢a(|x|)H;1> <1

By definition we have furthermore that for A € 1
Eexp(AM(M] —EM])) = exp A()).
Therefore for A € [ and all t € [0, T']
Eexp (MM, —EM/) — @ (IADH} — A(b))
—F {]Efo [exp<,\(M,T — M0 - (pu(|k|)Ht”)] exp(k(MOT —EM]) - A(A))}
<Eexp (MM; —EM;)— A()) = 1.
We conclude by taking the inequality at # = T and noting that M} = Sy, EMI =ESr. O

In the previous sections, we saw how to estimate the quantities AMT and (MT), and thus
H¢, for different classes of processes X. We will now recall some martingale inequalities
involving H¢, which then lead directly to inequalities for Sy — ES7.

From Markov’s inequality applied to e*' we immediately get Chernoff’s inequality

P{Y > x} < exp(— ¥y (x)).

By combining this with Lemma 3.11 and bounds on A we can immediately deduce the
following Hoeffding, Bennett and Bernstein-type inequalities. The approach is classical and
we follow [4].

Corollary 3.12. If A(A) < % p? for some p > 0 then

R2
P (S — ES >R;HO< 2) < —_ ).
(Sr—BSr = T‘J)‘exp< 2(p2+az))

Proof. On the set {H? < o2}, using @o(A) = %, Us,—Es; is upper bounded by the
logarithmic MGF of a centered Gaussian random variable with variance p*>4o02: g —msp(A) <
M. This implies that W;‘T _gs, 1s lower bounded by the corresponding Cramér transform,

x2 . . . . .
Vs, g, (X) = 32 Te and the result follows immediately from Chernoff’s inequality. [J

Corollary 3.13. If A(A) < ve,(A) for some a,v > 0 then

R n=+v aR
IP(ST—ESTER,Hrfu)feXp(— " h<u+v>>

120



B. Pepin Stochastic Processes and their Applications 135 (2021) 103-138
with
hx)=(1+x)log(l +x)—x, x> —1.

Proof. On the set {H} < u}, ¥s,_gs,(-/a) is upper bounded by the logarithmic MGF of a

centered Poisson random variable with parameter P Vs —msy(Ma) < M . This implies
that

Vs, s, (ax) = sup(rax — ¥s,_gs; (X)) = sup(Ax — ¥s,_gs, (1/a))

2=0 2>0
is lower bounded by the corresponding Cramér transform, W _gs, (@x) = £ +”h (MZH) and
the result follows from Chernoff’s inequality after rescaling by a. O
Corollary 3.14. If A()) < % for some b,v > 0 and all A < 1/b then
uw+v bR
P(Sy —ES; > R: HY < <exp| ————h
oz (A0 (25)

with

hix)=14+x —+1+2x.
Proof. On the set {H? < u} using @y(1) = % < 2(1 Ab)’ Vs, —Es; is upper bounded by the
(rescaled) logarithmic MGF of a sub-Gamma r';mdom variable (using the terminology of [4])
with parameter (u + v, b): ¥y, _gs, (1) < (Z’ff_‘};i) This implies that ¥ ;¢ is lower bounded

by the corresponding Cramér transform, ¥g pq (x) = ‘“’”h ( and the result follows

as before from Chernoff’s inequality. [J

n+v J?

Going beyond the Chernoff inequality, we have for example the following result which
follows directly from Lemma 3.11 and an inequality on self-normalized processes in [32]
Theorem 2.1.

Corollary 3.15. If A(A) < % p? for some p > 0 and all ) € R then

Sr —ES R?
P | T Tl > R < min{21/3, (2/3)2/3R—2/3}exp (_7> .

\/%(H$ +EHY +2p%)

Proof. By Theorem 2.1 in [32], for a pair of random variables (A, B) with B > 0 satisfying

)\'2
E [exp (AA — 732)] <1, reR

and EB? = EA? < co we have

A
pl— M r)-< min{2'/3, (2/3)*3 R=3)e~R*/2, (3.11)
3(B2 +E[A?))
The corollary is now a direct consequence of Lemma 3.11 (witha =0). O
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Corollary 3.16. If A(A) < %pz for some p > 0 and all » € R then
P (ISt —ES7| = R; HY + EH +2p*> < C|St — ES7| + D)

CR+ D\'? R?
<23 pp SRt exp(-—————— ), C.D=>0.
3R2 3(CR + D)

Proof. On the set {|St — ESr| > R} we have by monotonicity of x — 5 that
St — ES7| . R
J3(CISr —ESr|+ D) \J3(CR+ D)
and on {HT0 + IEHTO +2p% < C|St — ESy| + D} we have
|Sr — ESr| - |Sr — ESt|
JAHY +EHY +20) \[3(CISr — ESy|+ D)
Together with the previous corollary we get the result

P(1Sr —ESz| = R; Hy + EH} 4+ 2p* < C|Sy — ES7| + D)

|S7 — ES7| - R
\/g(HTO FEHD +200) \/%(CR +D)

CR+ D\'? R?
521/3 1/\—+ exp| —=————7——)-
3R2 3(CR + D)

<P

Corollary 3.17. If A(A) < %pz for some p > 0 and all » € R then
P(1Sy — ESy| = R; HY < C|Sr| + D)

CR+ D'\ R?
<2173 1/\—+2 exp(—z=>—+)., C.D20
3R 3(CR+ D)

with D' = D + C|ESy| + EH} + 2p?

Proof. On the set {H? < C|Sr| + D} we have

H < C(IS7| — [ES7]) + C[ES| + D < C|S; — ESr| + C|ES7| + D
so that

HY + EHY +2p* < C|St — ES7| + D + C[ESy| + EHY + 2p?

and the result follows directly from the previous Corollary. [

4. Applications
4.1. Polyak—Ruppert averages
In this section, we use the notation AX, = X, — X,_; for a discrete-time process X. The

symbols ¢, s, u, T will always denote time variables taking values in Z™.
Consider the real-valued process X defined by the recursion

Xe =X —o g X1, W), Xo=x 4.1
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with x € R, (o/)en a sequence in R, W, a sequence of independent identically distributed
random variables with common law p such that u has compact support, and g: R x R - R
is a function such that

0<mw) <o, glx,w) < Mw) <oo, x,wel “4.2)

for some functions m: R — R and M: R — R.

The recursion (4.1) is an instance of the Robbins—Monroe algorithm for finding a root of
the function g(x) = f g(x, w)u(dw). In our case, the assumption (4.2) implies that g is the
derivative of some strongly convex function and that g is Lipschitz continuous with Lipschitz
constant M = [ M(w)u(dw). We also denote i = [ m(w)u(dw).

Under certain assumptions on g and the sequence of step sizes «;, it can be shown that
X, converges almost surely to a limit x* such that g(x*) = 0 [24,34]. It was later shown that
the convergence rate of the algorithm could be improved by considering the Polyak—Ruppert
averages % ,T:_Ol X, [33].

Using the approach developed in Section 2.3 we now show how to obtain concentration
inequalities for the Polyak—Ruppert averages around their expected value in the sense that
if o, = At7P for A sufficiently small and p < 1/2 then (see Corollary 4.4 for the precise
statement)

T-1 T-1
1 1
P (7 gx -E [7 sz] > R supsup |g(X;, w)| < G)

=0 t<T w

(1—-2p)m*R*T
=P\ " Tmer )

In particular, the order in 7', the dependence of the numerator on 9, g and of the denominator
on g match the central limit theorem in [18]. By [24] we also have under some additional
conditions that for t > 1, E|X, — x*| < Ct~P/? for some constant C, so that

T—1 T—1
1 Xo—x* C=4 Xo—x*  C(T —1)i-r~
El=) X, |-x"<"—"T 4 =) P2 < -
[Tg’] Y =7 +T; =7 Tt
<X0—x* 2C
S ‘v

and E [% ! X,] — x*as T — oo.

Lemma 4.1. Let g*(x) = SUP, cqupp(u) 8(X, W) and set C; = oy g*(X;—1)|. The process C,
defines a sequence of F,_i-measurable bounded random variables such that |AX;| < C;.

Proof. The F;_j-measurability is clear, as is the inequality |AX,| = |a, g(X,—1, Wy)| <
|y g*(X;—1)|- Since g is continuous, in order to show that g*(X,_,) is bounded it is sufficient
to show that X,_; is bounded. This follows from a simple induction. Indeed, for an arbitrary
s > 0, suppose that |X;| < R; < 0o and let Ry11 = Ry + o541 8Up <g, 87 (x). Then [ X;44| <
Ry + ots1118(Xs, W) < Ry + 641 SUPy <, 87 (X) = Ryq1 < 00. Since Ry = |x| < oo the
conclusion follows by induction. [
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Lemma 4.2. For any Lipschitz function f with Lipschitz constant || f||Lip and x,y € R,
0<s <t we have

Pt f 0 = Pt fO)] < Iflup 16 = y1 [ /1 = 200 + 028

u=s+1

Proof. Let X7, X} be the values at time ¢ of the recursion (4.1) started from X; = x
respectively X, = y. Then by definition Py, f(x) = E f(X}) so that

|Poi f0) = Por fO)] = [E(FXD) = FXD)| < 1 FlupyE (X7 — X)),
Now from summation by parts and the bounds on 9, g that we assumed we get
AXS = X2 = 2X7, — XD AKX — X)), + [AX* = X", ]
< 2a,m(W)X_, — X)) +a} M(W) (X2, — X ))?
= —Qa,m(W,) —af MIW))X;_, — X))’

so that by developing the recursion we obtain

t
X=X <@ =y [] (1 = Qoum(W,) — af M(W,))
u=s+1
and the result follows by taking expectation, using the fact that the W, are i.i.d. Note that the
square root is well-defined since 1 —(2a, m — a2 M?) > 1 —2a, M +a>M? = (1 —a,M)* >
0. O

2m

Corollary 4.3. Ifo;+ar < el and o1 < oy for all t > 1 then for any 1-Lipschitz function

f
Pt f) = P fO)] < lx = y| (1 —ap i+ bad 2™

Proof. Let B, = \/ 1 — 20,7 + a? M?. Since B2 — B2 = (@, — ar)(@, + ar)M> — 2it), the
assumptions on « 1mply that 8, < By for all 1 <u < T so that

[T 8. <8

u=s+1
Since 4/1 —x <1 — x/2 we also have
Br < 1 —arm+ %OZ%M2.

Together with the preceding Lemma we finally obtain

[Py f) = P fO)| < Iflluip 1k =31 [T B

u=s+1
U

<|x—y| (1 —arm+ %a%]l_lz)t_s .
Corollary 4.4. Forany T € N fixed, if oy, = At~ for p < 1/2 and A such that
2m TP
< —
T M21+TP
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we have
T-1 T-1
p(lsx IZX > R: lg(X,, w)| <G

? t t supsup g(X;, w)
=0 =0

- (1—2p)m R®T

expl ————+F———).

= xP 3262

Proof. We are in the situation of Proposition 2.1_2 with otz =1, C; = x7g*X,) from
Lemma 4.1 and x, = «y7 = AT P(m — %kT‘”Mz) from Corollary 4.3. We also have by
Lemma 4.1 that for all t € N

E|X;| < tmaxE|AX,| < tmaxE|C,| < oco.
u<t u<t

On the set {sup,_; |g"(X;)| < G} we have C2 <)2G*% and

XT: olC? _ XG? erﬁp _ MG /thpdt _ RGP 46T
J— 2 -
0

Kk} T Kk K2 (1 —2p2 = (1 —2pym?

=1 =1

where the last inequality follows from the assumption that A < % 11; 7

< Z5T? so that
kr = AT~ P — 32T PM?) = IAT P
It remains to apply Proposition 2.12:

T-1 T-1
(Zx, EY X, > RT; sup|g(X)|<G>

t=0 t=0

T
<IP’<ZX; EZX,>RT Z zcz 4G2T )

—2p)m?
1—2p)m?R2*T

4.2. Lipschitz observables and SDEs contractive at infinity

We use the notations || f|lLip = sup, ., 'ﬂﬁ—:i‘(‘)‘ for the Lipschitz seminorm,

Wi(vi, )= sup (/ fdvl—/fdvz>
Sl fllLip=1

for the L' transportation distance, u Py, = f P (x, )u(dx) and pu(f) = f fdu for a function
f, measures u, vy, v2 and a transition kernel P; ;.
Consider the SDE

dX; =b(t, X;)dt +dB;, Xo~v

with b: [0,00) x R? — R? a locally Lipschitz continuous function, B a d-dimensional
Brownian motion and v a probability measure on R?.

We make the following additional assumption on “contractivity at infinity”: there exist
constants D, K > 0 such that for all # > 0 and x, y € R? with |x — y| > D we have

(x —y) - (b(t, x) — b(t, y)) < —K|x — y|*.
125



B. Pepin Stochastic Processes and their Applications 135 (2021) 103-138

In [15] it was shown (in the time-homogeneous setting, but the methods extend directly
to the time-inhomogeneous case [10]) that the assumption on b implies the exponential
contractivity of the transition kernels P, associated to X in L' transportation distance: there
exist constants p, k > 0 such that for any two probability measures v; and v, on R? we have

Wi(vi Py s, 12 Pyy) < pe U7 Wi(vr, v) (4.3)
or equivalently [27] for all Lipschitz functions f

VP flloo < pe ™I £ lILip-

The key estimate (4.3), and the results of this section, hold in fact for a large class of SDEs
“contractive at infinity”. The work [15] already includes the case of a diffusion coefficient
which is not the identity as well as explicit values for the constants, see also [8]. The paper [38]
treats the case with a non-constant diffusion matrix and generalizes the results to Riemannian
manifolds. For the non-autonomous situation, in the general context of Riemannian manifolds
with possibly time-dependent metric and with explicit constants, see [10]. Another approach,
which provides exponential gradient estimates for SDEs with highly degenerate diffusion
matrices, can be found in [11].

We assume furthermore that v satisfies a 7} inequality [40]: there exists a constant C such
that for any 1-Lipschitz function f and A > 0, we have

/ P F) gy < B (4.4)

Note that for v = §, the T inequality holds with constant C = 0.
We are going to show that whenever (4.3) and (4.4) hold then for all Lipschitz functions f
and R >0

1 [T 1 [T
P(; /0 f(Xt)dt—E[7 /O f(Xt)dt]zR)

K*R>T
2021713, (14 € =5)

In the time-homogeneous setting, X has a unique stationary measure p and we have

< exp

—«kT

(L[ rixya du> R 1-e
(7/0 Fd =~ [ fauz R+ Py

Wi, V))
K’R>T
2071 1, (1 + € =57

In the time-inhomogeneous setting, we have the existence of a unique evolution system of
measures i, [13] such that

< exp

p(L " rxpar— L dt > R Lo
(7[0 f(Xy) [_F/O w(f)de > +p||f||L1pK—T 1(#0,1)))

K> R>T
—_e—«T
2020 £ 13, (14 € =57)
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Lemma 4.5. For any two continuously differentiable functions f, g on R"

] t
(f(X), g(X)): = 5/0 V(X)) Ve(Xy)ds.

Proof. By polarization it is sufficient to show that

l t
(0N = / Y FOXP ds.
0

For f twice continuously differentiable, the result follows directly from It6’s formula. To
extend the result to general f by approximation, define the sequence of stopping times
7. = inf{t > 0 : |X;| > k}. For each k fixed, choose a sequence of smooth, compactly
supported functions f;, such that f, — f and |V f,| — |V f]| uniformly on {x : |x| < k}. Then
Jn(Xiaz,) converges to f(X;; ) uniformly on compacts in probability (u.c.p.), meaning that
sup,cio.71|f (Xing) — fu(Xiag )l = O in probability for any T > 0. Indeed, sup,|f(Xaz) —
Fo(Xing)l < supjy < f(x) = fu(x)| — 0 as n — oo. By continuity of the predictable quadratic
variation

([uXDtng, = (f(X))iag u.c.p.
On the other hand, by the uniform convergence of |V f,| to |V f] on {x : |x| < k},
1 INT ) 1 INT )
B Ons =5 [ 190 ds > 5 [ 190 ds as
0 0
so that
1 AT
GO =35 [ 19FKP as.
0

Now the result follows by letting k — oco. [

Lemma 4.6. For a I-Lipschitz function f, let M} = E7: fOT f(Xs)ds. Then

2
T p T
(M >T§7'

Proof. From (4.3) it follows that P, f is continuously differentiable and the Lipschitz
condition on f ensures that E f(X,)*> < oo for all ¢. By the preceding Lemma we can apply
Proposition 3.7 with I'(f, g) = %Vf - Vg. Since by Cauchy—Schwarz 2I'(f, g) < |V f]|Vg]|
we get

T T
d(M™y, = / / TP f. Pro f)(X)) dut dv

T 2 T—t 2 0?
< (/ |VP..f(X) du) dt < p? </ e ku du) dt < — dt
t 0

2
K
and (M) < 2L, O

Lemma 4.7. For all 1-Lipschitz functions f we have

A < 22Cp* (1 —e*T 2
- 2

K
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where
A(EF0S7—ES
A(\) =logEe ( T T).

and
T
Sr = / f(X,)dt.
0
Proof. We have by Theorem 3.1 and the Markov property
T T
EFOST —ESr = / Po, f(Xo)dt — E/ Py f(Xo)dt = F(Xo) — / Fdv
0 0
with
T
Fx) = / Po, fx)dr.
0

From the triangle inequality for the Lipschitz seminorm and (4.3) we get

1— E_KT

T T
IFllup < / | Pos fllup dt < / pe ' di = p
0 0

and the result follows directly from (4.4). [
Proposition 4.8. For all Lipschitz functions f and R > 0 we have

1 r 1 T
P(T/o f<Xr>df—E[7fo f(xadr]zR)

K?R2T
—_e—«T
2020 1, (14 € =57)

< exp

Proof. The result follows directly from the preceding Lemmas and Corollary 3.12. Indeed,
noting that f/|| flLip is 1-Lipschitz and that HY = (MT)y,

1 r 1 T
P(; /0 f(Xt)dt—E[T /O f(Xz)dt]zR)

T T 2T
:P</o FOD/N flipdt —E /0 FED/N flupdt = RT/ | f i+ HY < 2)

i)

K*R2T
_e— kT
201 £ 13, (1+C =57)

< exp U

Lemma 4.9. The process X admits an evolution system of measures i, such that for any
1-Lipschitz function f we have

g ' Xydr| — 2 ' dt < 1_e_KTW
[7/0 f(Xp) ]—?/0 we(f) S 1(v, (o).

In the time-homogeneous case |; = | is the stationary measure associated to X.
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Proof. Existence and uniqueness of an evolutionary system of measures is a special case of
Theorem 3.5 in [10]. In the time-homogeneous case existence and uniqueness of a stationary
measure is also shown in [15] and is a direct consequence of (4.3).

Since from the definition of an evolutionary system of measures p, = poPo, we have
by (4.3)

1 r 1 T
E[; /0 Xt~ /0 u«t(f)dt}

1 [T 1 [T
?f (vPouf — moPosf) dt < ?/ Wi(v P, o Po,s)dt
0 0

—«T

1 ! —Kt I—e
T pe " Wi(v, uo)dt < pK—TWI(v’ Ho). O
0

IA

Proposition 4.10. For all Lipschitz functions f and R > 0 we have

P l/Tf(X)dt I/T (f)dt = R+ pll f] 1_e_KTW( )
—_— —_—— 1 —_— s v
T o t T 0 Mt st 1Y Lip T 1Ko
K*R*T
<exp|-— ——
2% 1 (1 4+ € =57)
Proof. By the preceding Lemma
_ e CT
( / f(Xz)dt——/ Mz(f)dt>R+/0||f||L1p T Wl(,uo,v)>

< P(; /0 F(X)di —E [7 /0 f(Xt)dr} > R)

and the result follows immediately from the preceding Proposition. [

4.3. Martingale integrands
Proposition 4.11. For a Brownian motion B we have for all R, T > 0
I 5
P I B, dt > R ) <exp(—3R“T).
0
Proof. Let M =E” fOT B, du. Then by Proposition 3.3 we have
MTy T_/ (T —1)*d(B), = (T—t)zdt
and by Corollary 3.12 with HY = (MT
1 T T T3
P(ﬁ/ B, dt > R) =IP’(/ B,dt > RT? ; H) < ?> <exp(—3R’T). O
0 0
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Proposition 4.12. For a Poisson process N we have for all R, T > 0
I 1 T 3RT
P —/ N,dt — - >R | <exp ——h(SR) <exp| ——————
T2 J, 2 3 2(1 + R)

h(x) =1+ x)log(l 4+ x) — x.

with

Proof. Let X, = N, —t and M = E” fOT X, dt. We have by Proposition 3.3
AM =(T —0)AX, <T, 0<t<T

and

MT>T—/ (T —1)*d( t—f (T —t)*dt =

so that
T T3
Hf = (M")r + ) (AM]PI{AM > T} = (M")7 = =
0

and by Corollary 3.13

1 (T 1 T ) T T3
P|— N;dt —=—>R ) =P X;dt > RT* ;Hy < —
<T2/o ’ 2‘) </0 T “3)

T
——h(3R) .
(~5+em)

The second inequality in the result follows immediately from the elementary inequality A(x) >
forx >0. O

< exp

2(1+X/3)

Proposition 4.13. For a Brownian motion B we have for all R, T > 0

1 (7 1 4R +3/4 R2
P _/ Bdi— = R) <28 (1A o (- R ).
T2 Jo 2 3R2 3(4R + 3/4)

Proof. Consider the local martingale X, = Bl2 — t. We have using integration by parts that

t
X, =2 / B, d B,
0
so that
t t
(x), =4/ B ds =4/ (X, +5)ds.
0 0
By (2.4) and Remark 3.4 we have
T T
(M")r = / (T —0?d(X), = 4[ (T — 1) (X, + 1)dt
0 0
and

T
EMT)y =4/ (T — 1)t dt.
0
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Finally
T T
(MTyr + E(MT); = 4f (T — 1) X, dt + 8] (T — )t dt
0 0
T
<4712 f X, dt 4+ (3/4)T*
0

and the result follows from Corollary 3.16 with C =472 and D = (3/4)T*. O

4.4. Squared Ornstein—Uhlenbeck process

Let X* be the Ornstein—Uhlenbeck process on R?, solution to the SDE
dX; = —«X; +dB;,, Xj;=x

with ¥ > 0 and B; a d-dimensional Brownian motion.

In this section, we will derive concentration inequalities for additive functionals with the
square of X* as integrand. This case is challenging since for ¢(x) = |x|?, V P;¢(x) cannot be
bounded uniformly in x. We will make use of the special properties of the Ornstein—Uhlenbeck
semigroup. In the next section we will extend the approach to a slightly more general situation,
which however does not recover the bound developed in this section. The case of the squared
Ornstein—Uhlenbeck process was previously studied in [28] (Example 4.2) and [19] (Example
3.1) using analytic methods, which require the initial law of X to be absolutely continuous
with respect to the stationary measure of X.

Proposition 4.14. We have for all R, T > 0,x € R?
1 (7 1 (7

P —f |XF|*dt —E —f |X*|*dt || > R
T Jo T Jo

R+D\'"? K2R2T
<2153 (1A S
= < serer) P\ T3k + D)

p=Pl 4
T «T K

with

Proof. We have component-wise (X;); = x;e™ + [ e =) dB!. Let ¢(x) = |x|* and for
t > 0 set Pgp(x) = Ep(X,) = E|X,|?. Then for |x| < 1/¢ for some arbitrary ¢ > 0, we can
differentiate under the expectation

HEH(XT) = Edip(X) = 2x;e !, |x| < 1/e
so that
VP(x) =2xe >, |x| < 1/e. (4.5)

By Lemma 4.5, for any two continuously differentiable f, g we have

t

1
(PO, 8XN) = 5 fo VF(XV(XY) ds
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so that by Proposition 3.7, on A, := {supy, 7| X7| < 1/¢},

T T
d(MT), = / / (VPuer$ - VPuy)(XP) du dv dt

2

T—t
= 41X7? </ e_z"”du) dt
0

X* 2
=T (e an
Integrating, we get

T 1 ! X2 —2uc(T—1)\2 1 ! X2
(M)T:ﬁo|Xt|(1—e )drgpo|x,|dz

so that Corollary 3.17 applies with C = KLZ and D = 0:

T T
P(/ |Xj‘|2dt—IE/ | X% dt
0 0
T T 1 T
:P(‘/ |Xj‘|2dt—IEJ/ | X,|*dt zRT;HTOS—Z/ |X;‘|2dt>
0 0 K= Jo

(| RED ‘“ex _ K*RT
= 3CRT P73+ )

with D' = [ES7|/T + («*/T)EH? < 2|ES7|/T.

ZRT;AS)

Since
1— —2kt
EIX7P = [xPPe " +d——

2K

we have that
2 (T 2 4
D < —/ E|XF|*dt < Cin + =
T Jo kT  «

We can lift the restriction to A, by noting that by Markov’s inequality and Doob’s maximal

inequality
t
P(AS) = P(sup|X;| > 1/¢) <P(sup €“|X| > 1/e) = 1P’< sup / e’ dB;| > 1/5)
1 0

0<t<T 0<t<T
t
/ eKSdBS
0
so that finally

T T
}P(V |Xf|2dz—E/ | X, dt 2RT>
0 0

T T
51@([ |x;f|2dt—1E/ | X,|*dt zRT;A5)+IP’(Ag)
0 0

R+ D\’ K2R2T
<23 (1A ————— | + 0’
= ( wer) P\ Tskipy) T
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with
po P, d
kT K

and the result follows by letting ¢ — 0. U

Remark 4.15. From the previous proposition, we also get that

T
lim 77! 1ogﬂb(i/ |XF 12 > R) < —I(R) (4.6)
T—00 T 0
with
(d — 2k R)?
IR)= ————————.
12(R +d /(2c))

According to large deviation estimates from [5], the optimal bound in the right-hand side of
(4.6) is obtained by replacing I with the good rate function
(d — 2k R)?

8R
Tracing back the computations, we see that the discrepancy between the denominators of /
and J, namely the factor 12 instead of 8 and the extra term d/(2«) for I, can be directly
attributed to the factor 2/3 and term E[A?] in the self-normalized martingale inequality (3.11).
This discrepancy is the same as the one observed between the sharp bound for normal random
variables and the self-normalized bound in [32], see also Remark 2.2 in that paper. This
suggests that the martingale M7 belongs to a subclass of martingales for which the bound
in [32] can be sharpened.

J(R) =

4.5. Squared Lipschitz integrands

Let X be a Markov process with generator L, transition kernel P, ; and squared field operator
I ie I'(f)=3(Lf>=2fLf).

We assume the following commutation property between the squared field operator and the
transition kernel:

F(Ps,zf) < 0'2 (Ps,tm)z e*ZK(tf‘y)

for some o, k > 0.
Using the inequalities on self-normalized martingales, we can derive a Bernstein-type
inequality for time averages of positive functions g? such that I'(g?) < 2g>.

Proposition 4.16. For all twice continuously differentiable g* such that I'(g*) < 2g> and
Lg?> < —2Cg? 4 D? for some constants C € R, D > 0 we have for

T
sr= [ gt
0
the following Bernstein-type inequality:
P (St — ESr| > RT)

<2 axp [ — R2T
= p 2
2402 (C,%(T)R + 2CHT)E(Sr/T) + 2DK’C(T))
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with

T
C.(T) = / e~ WrOu qy
0

T u
D, c(T) = D/ e‘”“/ e CU gy du.
0 0

Proof. Since g is assumed twice continuously differentiable, we have 9, P, ,g*> = P;,Lg>
and we get from our assumption Lg?> < —2Cg? + D? by Gronwall’s lemma that

P ug? < gle2CwD | p2 /u o~ 2Cw=v) g0,
t
Together with the assumption that I'(g?) < 2g*> we have
Pu(21'(g%) < 4P u(g) < 4g’e 7™ + D? f 2w gy
t
and by applying the assumption on commutation of I" and P

2T(Pug®) < 0% (P20 (g2)) e ™) < 62 P, (21 (g%))e <=0

u
< 40282 672(K+C)(u7t) + 40,2D2 672K(u7f)/. 672C(u7v) dv.
t

Now from Proposition 3.7 we have for all T > 0

T T
d(M™y, = / / 2P (Prug? Prog®)(X,) dv du di
t t

T 2
< (/ \/ZF(Pt,ugz)(Xl)du) dt
t
T T u 2
< 4g? (x/gz(X,)/ e~k HOw=1 du—{—D/ e_"(”_')/ e CUV gy du) dt
t t t

<80 (CHT)E* (X)) + D2 o(T)) dt
so that
T
M"Yy, < 80203(T)/ g*(X,)dt +80°D¢ (T) T
0
with C,(T), Dc(T) as in the statement of the Proposition. The result now follows from

Corollary 3.15. O

Remark 4.17. If X is a diffusion in the sense that I'(®(fy), fo) = @' (fi)I'(fi, f2) for
all continuously differentiable ¢ and fi, f> in the domain of I', then for all continuously
differentiable functions g such that 2I'(g) < 1, we have I'(g?) = (2¢)*I'(g) < 2g% In
particular, if I'(g) = %HV g||?, then this holds when g is differentiable and 1-Lipschitz.

The preceding proposition applies in particular to the Ornstein—Uhlenbeck process on R?
with g(x)? = |x|?. Indeed, for k¥ > 0, consider the d-dimensional Ornstein—Uhlenbeck process
with generator

1
Lf(x)=—«x-Vf+ EAf'
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By a direct calculation we have Lg?> = —2«kg? + d. The corresponding squared field operator
is I'(f) = %|Vf|2 so that I'(g%) = 2g>. We also have

2
r(Pyf) = (PuG/TCD) e 0,

see for example [2]. From the expression for Lg?> we get furthermore 9, Py, g*> = Py,Lg> =
—2k Py, g% + d so that for Xy = 0 we have Eg?(X;) = Py, g%(Xo) = d/Qk)(1 — e~ ")
and ESy = fOT Eg?(X,)dt < d/(2k)T. In the notation of the preceding Proposition, we have
C, < 1/Qk), Dy.c <d/(k?) so that

. R)

1 (7 2 1 /7 2
P —f 1X,2dt — E —/ X, 2 dt
T Jo T Jo
2p2
521/3exp — K RT .
6 (R+d/k + 8d?/(k?))

This bound is looser than the one obtained in Proposition 4.14 above, which relies on the
special property of the Ornstein—Uhlenbeck process (4.5) to obtain the tighter bound.

4.6. SDEs with degenerate diffusion matrix

For a, B > 0 let (X*7, Y*7), ;cr be the family of solutions to
dX;” = —aX;dt +dB,, X, =x,
dy;”’ = —py;"Vdr + X7 dt, Yg’y =y.

In other words, X is an Ornstein—-Uhlenbeck process and Y,"” can be written ¥;"’ =
ye P+ [ et X¥ ds. The associated semigroup is P, f(x,y) = Ef(X;"”, ¥,"”) and the
squared field operator is

T(f)(x, y) = 18 fCx, Y

In particular, since Y has differentiable trajectories, this example illustrates that our concentra-
tion inequalities do not rely on “roughness” of the trajectories.

Proposition 4.18. For all 1-Lipschitz functions f and R, T > 0

IPI ' Y d El i Y "dt| >R
(7/0f<,>r— [T/Of(,)t}_>

( —R2T (@ A B)* o — B )
< exp 3 5] -
4 (1 — e—(aAﬂ)T) (1 — g—\cx—ﬁIT)

Proof. We have by It6’s formula that

t
eﬁ’th’y =y +/ e(’gf"‘)se‘”X_f’yds
0

t t s
=y+ x/ A +/ eP=os </ e‘”dB,) ds
0 0 0
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so that for all #,x,y € R, by canceling terms that do not depend on x, integrating and
rearranging,

Yerh,y —_yry e _ efﬁt e*(a/\ﬂ)t (1 _ eflozfﬁlt)

heo T p—a o = I
In particular, for a 1-Lipschitz function f(y), using the Lipschitz property and the bound from
above

1
VTP f)(x, y) = 10, P f (x, y)] = lim — [EF(¥) = f(¥)]

h—0 |h|
x—+h,y _ Yx,y|
< limE— !
h—0 ||
_ e—@npy (1— e*\afﬁlt)
le — B

By Proposition 3.7, time-homogeneity of P, and the Cauchy—Schwartz inequality for I’

T T T
(M")r = / / / (P f, P )X, Y dudvdt
0 t t

T T—t 2
< 2/ </ \/F(Puf)(Xf’y, Y,X’y)du) dt.
0 0

We have from the bound on /I'(P; f)(x, y) derived above

T—t - T (1 _ ef\afﬂ\T)
| Vr@poe v s [ eeman E
" 0 o = Bl

- (1 _ e—(aAﬂ)T) (1 _ e—\a—ﬂ\T)
T (xAB) le — B

so that finally
(1__e—wAmT)2(1__e—w—ﬁw)2
(a0 A B)? l — BI?

and the result follows. [
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