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Abstract

We study the online fair division problem, where
indivisible goods arrive sequentially and must be
allocated immediately and irrevocably. Prior work
establishes strong impossibility results for approx-
imating classic notions such as envy-freeness up
to one good (EF1) and maximin share (MMS) in
this setting, but the approximability of proportion-
ality up to one good (PROP1) has remained un-
resolved. We resolve this gap in two steps. First,
we show that three natural greedy allocation rules
(standard baselines in fair division) fail to guar-
antee any multiplicative approximation to PROP1
against an adaptive adversary. These limitations
motivate two relaxations: (i) restricting attention
to a non-adaptive adversary, and (ii) incorporat-
ing coarse predictions in the spirit of learning-
augmented algorithms. Under a non-adaptive ad-
versary, we show that the uniform random alloca-
tion achieves a meaningful PROP1 approximation
with high probability, and this guarantee is es-
sentially tight for this approach; moreover, when
item values are sufficiently small, the allocation is
near-PROP1 with high probability. Finally, given
maximum item value (MIV) predictions, we de-
sign an online algorithm that achieves robust ap-
proximation guarantees for PROP1, and degrades
gracefully under one-sided prediction error. In
contrast, we show that EF1, MMS, and PROPX
remain inapproximable even with perfect MIV
predictions.
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1. Introduction
Modern machine learning systems routinely make sequen-
tial allocation decisions: for instance, routing ad impres-
sions to advertisers, dispatching jobs to workers in cloud
platforms, allocating service requests in online market-
places, and matching drivers to riders. These decisions are
inherently online (items arrive over time), irrevocable (de-
cisions must be committed immediately), and increasingly
prediction-driven (platforms rely on forecasts of demand,
value, or future arrivals). A central challenge is to provide
fairness guarantees in this setting: the system must com-
mit to allocations without knowing the future, while any
predictive signal may be noisy or biased. This tension be-
tween irrevocable online decisions, imperfect predictions,
and fairness is now a recurring theme across work on online
optimization and learning-augmented algorithms (Lykouris
& Vassilvitskii, 2021; Mitzenmacher & Vassilvitskii, 2022).
Motivated by this perspective, we ask which individual level
fairness benchmarks remain meaningfully approximable
under irrevocability and weak predictive side-information.

We study this problem through the online fair division
model: indivisible goods arrive sequentially and must be
allocated immediately and irrevocably to an agent based
on their reported values for the current good. The model
has gained visibility in the ML literature through several
complementary lenses: (i) prediction-augmented online
allocation and scheduling (Purohit et al., 2018; Lattanzi
et al., 2020; Zhou et al., 2023; Balkanski et al., 2023; Spaeh
& Ene, 2023), (ii) learning-augmented mechanism design
and allocation constraints (Agrawal et al., 2022; Gkatzelis
et al., 2022; Cohen et al., 2024), and (iii) learning-based
approaches to fair division from partial/bandit feedback (Ya-
mada et al., 2024). A key conceptual point in this line of
work is that the relevant performance benchmarks are not
purely utilitarian: platform designers often seek individual
level fairness guarantees that remain meaningful even when
the instance is adversarial.

In offline fair division, widely used benchmarks include
envy-freeness up to one good (EF1) and maximin share fair-
ness (MMS) (Lipton et al., 2004; Budish, 2011; Amanatidis
et al., 2017; Kurokawa et al., 2018). In adversarial online
settings, however, recent work has established stark impos-
sibilities: for three or more agents, no finite approximation
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is possible for MMS (Zhou et al., 2023), and similarly no
finite approximation is possible for EF1 under comparable
informational assumptions (Neoh et al., 2025). These results
suggest that, under irrevocability and limited information,
many “gold standard” offline notions may be fundamentally
unattainable online.

In this work, we ask whether proportionality-type guaran-
tees can serve as a meaningful and achievable alternative in
the online model. Proportionality requires that each agent
obtain at least her proportional fair share of the total value,
but with indivisible goods this benchmark can fail even in
offline settings. A standard relaxation is proportionality up
to one good (PROP1), which requires that each agent can
reach their proportional share after adding one good outside
their own bundle. PROP1 has a long history in offline fair
division and related allocation problems (Conitzer et al.,
2017; Aziz et al., 2019; 2020; Barman & Krishnamurthy,
2019; Brânzei & Sandomirskiy, 2024). Crucially, PROP1
is implied by EF1 and MMS, so it remains a principled
fairness target even when stronger notions are unattainable.

Despite this appeal, the approximability landscape for
PROP1 in the online setting has remained unclear. Prior
work shows that exact PROP1 may fail to exist online (Be-
nadè et al., 2018; Neoh et al., 2025). Moreover, existing
positive results for online PROP1 rely on comparatively
strong side-information (e.g., normalization/total-value in-
formation) (Neoh et al., 2025). This leaves open a basic
question that is central from an ML perspective: under real-
istic online constraints and weak predictive signals, can we
obtain any nontrivial approximation to PROP1?

Motivated by learning-augmented online optimization, we
study algorithms that can leverage weak predictions while
still targeting provable guarantees. Concretely, we focus
on maximum item value (MIV) predictions: for each agent,
we are given a prediction of the maximum value this agent
has for any good. This is substantially weaker than know-
ing normalization information or the future sequence, yet
captures the kind of coarse “scale” information that is rou-
tinely produced by forecasting pipelines. We also analyze
one-sided (conservative) prediction error, which aligns with
the widespread use of upper confidence bounds and safety
margins in sequential decision-making (Auer et al., 2002).

1.1. Our Contributions and Paper Outline

We initiate a systematic study of approximate PROP1 in
online fair division under two settings that are standard
in online algorithms and ML: adaptive adversary (worst-
case feedback/adversarial dependence) and non-adaptive
adversary (oblivious sequences), and we quantify what is
and is not achievable under weak predictions.

1. Greedy allocation against adaptive adversaries (Sec-

tion 3). We show that three natural greedy allocation strate-
gies (representing common heuristics) cannot guarantee any
positive approximation to PROP1 against an adaptive adver-
sary. This is notable (and surprising) because greedy rules
are pervasive in both theoretical fair division and deployed
allocation systems, and because a natural greedy approach
can achieve PROP1 under stronger informational assump-
tions (Neoh et al., 2025). Our results reveal fundamental
limits of greedy methods in adversarial online environments:
without either randomness against oblivious inputs or pre-
dictive information against adaptive adversaries, even the
weakest standard proportionality benchmark can be driven
to zero.

2. Random allocation against non-adaptive adversaries
(Section 4). Against a non-adaptive adversary (which com-
mits to the entire input sequence in advance, independent
of the algorithm’s realized randomness),1 we prove that
the simple algorithm that allocates each good uniformly
at random to n agents achieves an α-PROP1 guarantee
with probability at least 1− δ, where α = Θ(1/ log(n/δ))
(Theorem 4.1). This is the first known result for the ran-
dom allocation against non-adaptive adversaries in this set-
ting, requiring neither asymptotic assumptions nor structural
constraints. We complement this with a matching lower
bound showing this logarithmic dependence is essentially
tight for uniform random allocation (Proposition 4.2). Fi-
nally, in the common “small items” setting (i.e., when each
agent’s maximum item value is small relative to their pro-
portional share), the uniformly random allocation achieves
near-proportionality: a (1− ε)-PROP1 guarantee with prob-
ability at least 1− δ (Theorem 4.3). These results provide
a useful positive insight: randomness alone, under obliv-
ious inputs, gives us nontrivial and quantifiable fairness
guarantees.

3. Algorithm with MIV predictions against adaptive
adversaries (Section 5). We design an online algorithm
that, given MIV predictions, guarantees a 1/n-PROP1 al-
location even against adaptive adversaries (Theorem 5.2).
We then show a general graceful degradation guarantee
under one-sided prediction error: any α-PROP1 algo-
rithm for perfect predictions can be transformed to achieve
α(1− ε)/(1− αε/n)-PROP1 under error ε (Theorem 5.3),
giving us an explicit robustness bound for our algorithm
(Corollary 5.4). This positions PROP1 as a fairness ob-
jective that is compatible with the learning-augmented
paradigm: weak predictions materially improve what is
achievable in the worst case.

To complete the picture, we prove that three natural and
widely studied stronger fairness notions (EF1, MMS, and
the stronger proportionality notion PROPX) admit no pos-

1Such a weakened adversary is commonly studied in online
algorithms and enables meaningful probabilistic guarantees.
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itive approximation in the online model even with perfect
MIV predictions (Proposition 5.1). This strengthens and
broadens known impossibilities and underscores that PROP1
is not merely a convenient relaxation: it is a uniquely viable
fairness benchmark under weak predictive information.

2. Preliminaries and Related Work
We use the notation N+ = {1, 2, 3, . . .} to denote the set
of positive integers (excluding zero), and R≥0 for the set
of non-negative real numbers. For any positive integer z,
we write [z] := {1, . . . , z}. For any set A, we denote its
powerset, the set of all subsets of A, by 2A.

Our setting involves n ≥ 2 agents and a sequence of m ≥ 1
indivisible goods G = {g1, . . . , gm} that arrive online, one
at a time. Each good must be allocated immediately and
irrevocably to one of the agents upon arrival. Crucially,
the total number of goods m is not known in advance and
is implicitly revealed only retrospectively once all goods
have arrived. We label the goods in their arrival order, and
for any time step t ∈ [m], we define G(t) := {g1, . . . , gt}
to be the set of the first t goods observed. Thus, G(m) =
G denotes the full set once all goods have arrived. Each
agent i ∈ [n] has a non-negative valuation function vi :
2G → R≥0, which assigns a value to any bundle of goods.
Following standard assumptions in fair division, we assume
that valuations are additive: for any subset S ⊆ G, we have
vi(S) =

∑
g∈S vi({g}). For convenience, we write vi(g)

as shorthand for vi({g}).

An allocation is a tuple A = (A1, . . . , An), where each
Ai ⊆ G is the bundle allocated to agent i. The allocation
must form a partition of the goods: the Ai are pairwise
disjoint and their union equals G.

2.1. Fairness Notions

For any time step t ∈ [m] and agent i ∈ [n], let A(t)
i denote

the bundle held by agent i after the allocation of good gt,
with A

(0)
i = ∅ as the initial allocation and A

(m)
i = Ai as

the final bundle. We are interested in online algorithms that
produce allocations satisfying approximate fairness guaran-
tees. In particular, we focus on proportionality up to one
good (PROP1) and its multiplicative relaxations.

A classical proportional allocation ensures that each agent
receives utility at least vi(G)/n, but such guarantees are of-
ten unachievable even in the offline setting with two agents
and one good. We thus focus on the more permissive relax-
ation of PROP1 in this work, defined as follows.

Definition 2.1 (PROP1). An allocation A satisfies propor-
tionality up to one good (PROP1) if for each agent i ∈ [n],
either Ai = G, or there exists a good g ∈ G \Ai such that
vi(Ai ∪ {g}) ≥ vi(G)

n .

Unfortunately, it is known that even PROP1 is not always
achievable in online settings (Benadè et al., 2018; Neoh
et al., 2025). This motivates the study of multiplicative
approximations to PROP1 as a more attainable fairness
benchmark. Following prior work, we define the notion
of α-PROP1 for α ∈ [0, 1]: an allocation is α-PROP1 if, for
each agent i ∈ [n], either Ai = G, or there exists g ∈ G\Ai

such that vi(Ai ∪ {g}) ≥ α · vi(G)
n . Note that 1-PROP1 is

equivalent to PROP1.

We also briefly consider three well-studied, stronger fairness
notions: EF1, MMS, and PROPX; note that these are not
the focus of this paper, but we define them in order to (later)
establish impossibility results and delineate the boundary of
what is achievable. These notions are pairwise incomparable
but each implies PROP1.

Definition 2.2 (EF1). An allocation A = (A1, . . . , An) is
envy-free up to one good (EF1) if for every pair of agents
i, j ∈ [n] with Aj ̸= ∅, there exists a good g ∈ Aj such
that vi(Ai) ≥ vi(Aj \ {g}).
Definition 2.3 (MMS). Let Π(G) denote the set of all n-
partitions of G. The maximin share of agent i ∈ [n] is
defined as MMSi := maxX∈Π(G) minj∈[n] vi(Xj). An al-
locationA = (A1, . . . , An) is then said to be maximin share
(MMS) fair if vi(Ai) ≥ MMSi for all i ∈ [n].

Definition 2.4 (PROPX). An allocation A satisfies propor-
tionality up to any item (PROPX) if for each agent i ∈ [n],
we either have Ai = G, or vi(Ai ∪ {g}) ≥ vi(G)

n for all
goods g ∈ G \Ai.

While these stronger fairness notions are attractive, they
are known to be inapproximable in online settings under
minimal assumptions (Neoh et al., 2025; Zhou et al., 2023).2

We denote the approximate versions of these fairness notions
as α-EF1, α-MMS, and α-PROPX in a similar fashion as
α-PROP1.

2.2. Maximum Item Value (MIV) predictions

Later in Section 5, we study learning-augmented algorithms
that have access to useful predictive information about the
instance. In particular, we focus on maximum item value
(MIV) predictions. Given the set of all goods G, let vmax

i =
maxg∈G vi(g) denote the maximum value agent i ∈ [n]
assigns to any single good. We assume access to predictions
pi ≈ vmax

i , and let p = (p1, . . . , pn) denote the vector of
MIV predictions for all agents.

This form of predictive input is considerably weaker than
full knowledge of valuations or normalized value vectors,
yet it can still meaningfully guide allocation decisions. We

2PROPX was not explicitly considered in prior work, but the
EFX impossibility results from Neoh et al. (2025) extend naturally
to PROPX as well.
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refer to the case where pi = vmax
i for all i ∈ [n] as having

perfect predictions. This model is in line with prior work
that assumes oracle access to predicted information in online
fair division (Neoh et al., 2025; Zhou et al., 2023). We also
consider settings with one-sided bounded prediction error.
Specifically, we assume that the predictions overestimate
the true maximum value by at most a factor of 1

1−ε for some
ε ∈ [0, 1), and never underestimate it.

Definition 2.5 (MIV Predictions with One-Sided Errors).
The prediction vector p has one-sided error ε ∈ [0, 1) if we
have vmax

i ∈ [(1− ε) · pi, pi] for each agent i ∈ [n].

This conservative (upper-biased) approach to prediction is
motivated by both theory and practice. In online learn-
ing and bandit algorithms, for example, upper confidence
bounds (UCB) are a common strategy for exploration un-
der uncertainty (Auer et al., 2002). Similarly, in inventory
planning and demand forecasting, safety margins are often
introduced to guard against shortfalls, favoring overestima-
tion over underestimation. In such settings, underestimating
future values or demand is typically more costly than over-
estimating, making one-sided prediction errors both natural
and desirable.

2.3. Types of Adversaries in Online Algorithms

In analyzing online algorithms, it is standard to distin-
guish between two types of adversaries: adaptive and non-
adaptive. An adaptive adversary can observe the algorithm’s
internal randomness and past decisions, and respond dynam-
ically by selecting future inputs to undermine performance.
While adaptive adversaries model worst-case behavior, they
often make meaningful fairness guarantees impossible in
online allocation settings. In contrast, a non-adaptive adver-
sary commits to the full input sequence in advance, before
any of the algorithm’s random decisions are made. This re-
striction allows for meaningful probabilistic guarantees and
is widely adopted when studying randomized algorithms.

2.4. Other Related Work

We already discussed the two most directly relevant papers,
Neoh et al. (2025) and Zhou et al. (2023), which study online
fair division with predictive information in essentially the
same model as ours. These works assume perfect predictive
information. Here we briefly situate our work within broader
lines of work that are related to the model more generally.

Learning-Augmented Online Fair Division. There is a
growing body of work on learning-augmented algorithms,3

which leverage predictive information about future arrivals
and analyze the extent to which desirable fairness properties
can be achieved, even when predictions may be inaccurate.
However, most such works in the context of online fair divi-

3See Appendix A for additional background on this area.

sion consider a model with divisible goods. It is important
to note that fairness concepts and the structure of the model
differ significantly between divisible and indivisible goods.

In the setting with indivisible goods (which is the focus
of our work), Spaeh & Ene (2023) study the allocation
of advertising impressions (goods) to advertisers (agents),
subject to cardinality constraints on agents’ bundle sizes,
and with utilitarian social welfare as the objective. Other
works such as Balkanski et al. (2023) and Cohen et al. (2024)
explore learning-augmented approaches focused on MMS
and incentive-compatibility as desirable properties.

Online Fair Division. A separate line of work studies online
fair division as a purely adversarial online problem. Alek-
sandrov et al. (2015) study the online fair division problem
modeled after a food bank charity problem, where agents are
assumed to have binary valuations. They examine fairness
properties such as envy-freeness as well as incentive com-
patibility. Benadè et al. (2018) focus on minimizing envy as
an objective, while Zeng & Psomas (2020) build on this by
analyzing the trade-off between approximate envy-freeness
and a notion of economic efficiency. He et al. (2019) ex-
plore a variant of the online model whereby past allocations
can be revisited and swapped. Several other works consider
an online fair division model with divisible goods (Baner-
jee et al., 2022; 2023; Barman et al., 2022; Huang et al.,
2023). For a broader overview of earlier works in online fair
division, see the survey by Aleksandrov & Walsh (2020).

3. Greedy Fails in General
In this section, we study the natural class of greedy algo-
rithms, which aim to allocate each arriving good in a way
that attempts to satisfy a given fairness criterion as much
as possible at the current timestep. In the classic online
setting without predictive information, the greedy approach
is both intuitive and arguably the only viable strategy. The
key question then is: what properties or (non-predictive) in-
formation can be leveraged to guide the greedy algorithm’s
decisions?

Prior work that incorporates predictive information typically
uses it to guide greedy algorithms that achieve approximate
fairness guarantees. For instance, Zhou et al. (2023) pro-
posed a greedy algorithm for n = 2 that guarantees 1/2-
MMS under normalized valuations. Building on this, Neoh
et al. (2025) introduced a different greedy algorithm that
satisfies EF1 (and thus also 1/2-MMS) for n = 2, and
achieves PROP1 for all n.

Given the intuitive appeal and historical success of greedy
approaches in related settings, it is natural to consider them
as a potential means of achieving PROP1. However, we
show that such strategies generally fail to provide any non-
trivial approximation to the PROP1 ratio. Specifically, we
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analyze three natural greedy allocation strategies and demon-
strate that none of them can guarantee α-PROP1, for any
constant α > 0.

To simplify the description of the greedy allocation strate-
gies, we introduce some useful notation. For any timestep
t ∈ [m] and agent i ∈ [n], let A(t)

i ⊆ G(t) denote the set of
goods allocated to agent i after good gt has been allocated.
Let c(t)i := max{vi(g) : g ∈ G(t) \ A(t)

i }, with c
(t)
i = 0 if

G(t) \A(t)
i = ∅. Thus, c(t)i is the value, for agent i, of the

most valuable arrived good that is not in i’s current bundle.
We then define the (unnormalized) α-PROP1 value for agent
i at timestep t as:

α
(t)
i =

vi(A
(t)
i ) + c

(t)
i

vi(G(t))
(or∞ if vi(G(t)) = 0).

In other words, the PROP1 ratio at timestep t is simply
min{1, n · mini∈[n] α

(t)
i }. For the initial state when t =

0, we let G(0) = ∅, c(0)i = 0, and define α
(−1)
i = ∞.

Then, the three greedy allocation strategies considered are
as follows.

Greedy Strategy 1: At timestep t, allocate good gt to an
agent from argmaxi∈[n]

vi(gt)
vi(G(t))

.

Greedy Strategy 2: At timestep t, allocate good gt to an

agent from argmini∈[n]
vi(A

(t−1)
i )

vi(G(t))
.

Greedy Strategy 3: At timestep t, allocate good gt to an

agent from argmini∈[n]
vi(A

(t−1)
i )+max{c(t−1)

i ,vi(gt)}
vi(G(t))

.

Intuitively, the first strategy allocates the arriving good gt to
the agent which values it the most, and is commonly used for
utilitarian welfare-maximizing guarantees. Meanwhile, the
second strategy allocates gt to the agent which is currently
most unsatisfied and is common in offline fair division (e.g.,
to achieve EFX when valuations are identical in the offline
setting (Plaut & Roughgarden, 2018), in the online setting
to achieve EF1 for any number of agents when valuations
are identical (Neoh et al., 2025; Elkind et al., 2025a); in
the fully-informed online fair division setting to get tempo-
ral EF1 under generalized binary valuations (Elkind et al.,
2025a); and in many other fair division settings). Finally,
the third strategy directly attempts to greedily optimize the
PROP1 objective itself by allocating gt to the agent who
would become the most unsatisfied if not given gt.

The following three results show that all of these natural
greedy strategies fail to achieve any non-zero approximation
ratio to PROP1.
Proposition 3.1. For n ≥ 2 and any α > 0, there exists a
sequence of m arriving goods such that the Greedy Strategy
1 fails to produce an α-PROP1 allocation.

Proof. Suppose vi(g1) = 1 for all i ∈ [n]. Without loss

of generality, suppose g1 is assigned to agent 1. Suppose
v1(gt) = 1 and v2(gt) =

1
2 for all subsequent goods, where

t ∈ {2, . . . ,m}. For any t ∈ {2, . . . ,m}, observe that
v1(gt)

v1(G(t))
= 1

t > 1/2
1+(t−1)/2 = v2(gt)

v2(G(t))
. Thus, agent 2 will

never receive any good, i.e., A2 = ∅. When m > 1 +

2(nα − 1), we have v2(∅)+v2(g1)
v2(G) = 1

1+m−1
2

< α
n .

Proposition 3.2. For n ≥ 2 and any α > 0, there exists a
sequence of m arriving goods such that the Greedy Strategy
2 fails to produce an α-PROP1 allocation.

Proof. Suppose vi(g1) = 1 for all i ∈ [n]. Choose
m ≥ ⌈2n/α⌉+ 1. Without loss of generality, suppose g1 is
assigned to agent 1. Suppose v1(gt) = 1 and v2(gt) =

1
m2

for all subsequent goods, where t ∈ {2, . . . ,m}. For

any t ∈ {2, . . . ,m}, observe that v2(A2)
v2(G(t))

≤
t−1

m2

1+ t−1

m2

=

t−1
m2+t−1 < 1

t = v1(A1)
v1(G(t))

. Thus, agent 1 will never receive
any subsequent good, i.e., A1 = {g1}. When m > 2n

α , we
have v1(g1)+v1(g2)

v1(G) = 2
m < α

n .

Proposition 3.3. For n ≥ 2 and any α > 0, there exists a
sequence of m arriving goods such that Greedy Strategy 3
fails to produce an α-PROP1 allocation.

Proof sketch. The construction is rather complicated; we
outline the key ideas for the case n = 2 and defer the full
details to the appendix. In our construction, we maintain
that α(t)

1 ̸= α
(t)
2 for all t ≥ 3. Then, fix any timestep t ≥ 4

and suppose without loss of generality that α(t−1)
1 < α

(t−1)
2 .

Let ζ := c
(t−1)
2 /(2v2(G

(t−1))). We consider two cases.

Case 1: α
(t−1)
2 > α

(t−1)
1 (1 + ζ). Then we construct a

sequence of τ ≥ 1 arriving goods, each worth c
(t−1)
2 /2 to

agent 2 and 0 to agent 1 (and small enough so that c1, c2 do
not change). We then show that Greedy Strategy 3 must al-
locate all these goods to agent 1. Thus, α(t−1+τ)

1 = α
(t−1)
1 ,

while v2(G) increases and so α2 decreases, until α(t−1)
1 <

α
(t−1+τ)
2 ≤ α

(t−1)
1

(
1 +

c
(t−1)
2

2v2(G(t−1+τ))

)
≤ α

(t−1)
1 (1 + ζ).

That is, the PROP1 ratio (the minimum α) stays the same,
but the gap shrinks to within a (1 + ζ) factor.

Case 2: α(t−1)
2 ≤ α

(t−1)
1 (1 + ζ). Define the arriving good

gt by v1(gt) = c
(t−1)
1 and v2(gt) = c

(t−1)
2 . Under Greedy

Strategy 3, regardless of whether gt is allocated to agent 1
or 2, we have min{α(t)

1 , α
(t)
2 } < α

(t−1)
1 : if gt is given to

agent 2 then α1 strictly decreases since its numerator stays
fixed while v1(G) increases; if gt is given to agent 1 then
α2 strictly decreases by a factor v2(G(t−1))/(v2(G

(t−1)) +

c
(t−1)
2 ), and the assumption α

(t−1)
2 ≤ α

(t−1)
1 (1+ζ) implies

the new α2 drops below α
(t−1)
1 .
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By alternating between these two cases, we obtain an infinite
sequence along which the minimum α(t) decreases without
bound, so for any target α > 0 some finite prefix yields an
allocation that is not α-PROP1. The extension to n > 2
keeps agents 3, . . . , n inactive (value 0 for the constructed
goods), so they never affect the greedy choice.

These negative results highlight the fundamental limitations
of greedy allocation strategies when facing adaptive adver-
saries. Thus, in the next two sections, we explore two ap-
proaches to overcome these barriers. In Section 4, we show
that a random allocation strategy can achieve a non-trivial
PROP1 approximation against non-adaptive adversaries. In
Section 5, we show that access to MIV predictions enables
non-trivial PROP1 approximations even against adaptive
adversaries.

4. Random Allocations
We investigate the approximate PROP1 guarantee achieved
by the simple algorithm RAND, which allocates each ar-
riving good to an agent uniformly at random. Lipton et al.
(2004) analyzed this algorithm in the offline fair division
setting, for its incentive-compatible property (i.e., no agent
will have the incentive to misreport their valuations so as
to obtain a strictly better outcome). Moreover, the uni-
formly random allocation rule is also frequently used as a
benchmark in the fair division literature, either as a point of
comparison for fairness guarantees or as a baseline for em-
pirical evaluation (Babichenko et al., 2024; Basteck, 2018;
Hosseinzadeh Ranjbar & Feizi, 2023; Nesterov, 2017; Ya-
mada et al., 2024). Given the limited understanding of how
to guarantee PROP1 in the online setting, this baseline pro-
vides especially valuable insights.

As mentioned earlier in the paper, to the best of our knowl-
edge, this is the first multiplicative approximation bound
for PROP1 in the online setting that holds without any ad-
ditional assumptions (such as asymptotic behavior, specific
valuation classes, or constraints on the arrival order of items).
Achieving such a guarantee is inherently challenging un-
der adaptive adversaries (who tailor their inputs based on
the algorithm’s random decisions), often forcing worst-case
outcomes that render fairness guarantees vacuous. In con-
trast, studying non-adaptive adversaries offers a realistic and
tractable framework for evaluating randomized allocation
rules in adversarial environments.

We analyze the performance of RAND against a non-
adaptive adversary. By linearity of expectation, for each
agent i ∈ [n], we have E[vi(Ai)] = vi(G)/n, i.e., RAND
is proportional. However, this does not give us meaningful
guarantees for the realized allocation. A more meaningful
perspective is to study the tail guarantee of RAND: fixing
a failure probability δ > 0, we ask: what is the largest α

such that RAND guarantees an α-PROP1 allocation with
probability at least 1− δ?

Theorem 4.1. Fix any δ ∈ (0, 1) and n ≥ 2 agents. Against
a non-adaptive adversary, RAND achieves α-PROP1 with
probability at least 1− δ, where α = Θ(1/ log(n/δ)).

Proof idea. Fix any agent i ∈ [n] and let α = 3
32 log(n/δ) . If

some single good g is already worth at least α· vi(G)
n to agent

i, then this is sufficient to guarantee that vi(Ai ∪ {g}) ≥
α · vi(G)

n . Thus, the only interesting case is when every good
is “small”, i.e., vi(gj) < α · vi(G)

n for all j ∈ [m]. Since
under RAND, every good is allocated to i with probability
1
n , let S′

i be the total value that other agents receive. Since
the goods are small, S′

i is a sum of independent, bounded
terms whose mean is n−1

n · vi(G) with variance α·vi(G)2

n2 .

A careful application of Bernstein’s inequality then implies
that the probability that S′

i exceeds its mean by 1−α
n · vi(G)

is at most δ/n. Applying a union bound over all n agents,
the probability that any agent fails this guarantee is at most
δ. Thus, with probability 1 − δ, the final allocation is α-
PROP1.

We complement the above result with a matching upper
bound which shows that this logarithmic dependence is
essentially unavoidable for RAND.4

Proposition 4.2. Fix any δ ∈ (0, 1/2] and n ≥ 2 agents.
Against a non-adaptive adversary, there exists an instance
on which RAND returns an allocation that is not α-PROP1
with probability at least δ, for some α = Θ(1/ log(n/δ)).

The above result shows that the logarithmic dependence on
log(n/δ) in Theorem 4.1 is essentially tight for RAND.5 In-
tuitively, the lower bound exploits the possibility that, with
non-negligible probability, some agent receives too little to-
tal value for any single additional good to compensate. On
the other hand, when every individual good is sufficiently
small relative to an agent’s proportional share, RAND ex-
hibits much stronger concentration around its expectation.
The following theorem formalizes this “small items” setting
and shows that RAND then achieves an almost proportional
outcome with high probability.

Theorem 4.3. Fix any δ ∈ (0, 1), n ≥ 2, and ε ∈ (0, 1).
Suppose that for every agent i ∈ [n], maxg∈G vi(g) ≤

4Note that only for the following result, we will use α-PROP1
for α > 1. This would only correspond to a stronger benchmark
than PROP1.

5This does not preclude other online algorithms from achieving
stronger high-probability guarantees against a non-adaptive adver-
sary; indeed, even in the online setting, Elkind et al. (2025a, Thm
3.7) showed that exact EF1 (and hence PROP1) is achievable under
identical valuations. Characterizing the optimal high-probability
approximation achievable by general online algorithms against
non-adaptive adversaries remains an interesting direction.
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3ε2

8 log(n/δ) ·
vi(G)

n . Then, against a non-adaptive adversary,
RAND achieves (1 − ε)-PROP1 with probability at least
1− δ.

5. Maximum Item Value (MIV) Predictions
In this section, we study how maximum item value (MIV)
predictions can help achieve approximate PROP1 alloca-
tions online. Prior work obtains online PROP1 under
stronger informational assumptions, such as normalization
information about agents’ total values (Neoh et al., 2025).
Such information can be difficult to obtain in online settings,
since it requires estimating an agent’s total value over the
whole future sequence. In contrast, MIV predictions require
significantly less information. For each agent, we assume ac-
cess only to a (possibly approximate) prediction of the value
of their most-preferred good among the entire sequence of
arriving goods. This represents a more “lightweight” and
realistic informational assumption in the online setting.

We note that MIV predictions are less demanding than nor-
malization information. The results of Neoh et al. (2025)
imply that while PROP1 is always achievable under normal-
ization information, it is not always achievable under MIV
predictions; the latter is a conclusion that can be derived
from their analysis following Theorem 3.3. Similarly, while
EF1 and 1/2-MMS are achievable for n = 2 given normal-
ization information (Neoh et al., 2025; Zhou et al., 2023),
the following proposition shows that neither EF1 nor MMS
can be approximated (even for n = 2) when only MIV pre-
dictions are available. For completeness, we also include
results for PROPX, a natural strengthening of PROP1 and
another relaxation of proportionality (see Definition 2.4).
Proposition 5.1. For n ≥ 2 and any α > 0, no online
algorithm can always return an allocation that is α-EF1,
α-MMS, or α-PROPX, even with perfect MIV predictions.

Given these relatively lightweight predictions, we first show
that under accurate MIV predictions, it is possible to de-
sign an online algorithm that achieves a finite approxi-
mation ratio for PROP1, which scales inversely with the
number of agents. Without loss of generality6, we assume
p = (p1, . . . , pn) = (1, . . . , 1); for arbitrary p, one can nor-
malize the valuations by dividing each vi(gt) by pi, which
preserves the structure of the problem. We introduce the
following algorithm (Algorithm 1) that is based on the fol-
lowing potential function, for each agent i ∈ [n]:

ϕt
i =

a
(t)
i

(n2 + n+ 1) · a(t)i + n2 · vi(Ai \ {gri}) · a
(t)
i − 1

.

6This is because α-PROP1 is homogeneous in each agent’s
valuation scale. Dividing all of agent i’s valuations by pi scales
both sides of the α-PROP1 inequality by the same factor and
simultaneously normalizes the predicted maximum to 1, so the
guarantee, feasibility and approximation ratio are unchanged.

Before presenting the guarantee, we explain the role of the
variables in the potential function. The variable ri is the first
time at which agent i sees a good whose normalized value
is 1; before this happens, ri = ∞. The good gri , once it
arrives, accounts for the “one good” allowed in the PROP1
comparison: if it is outside Ai, it can be added to i’s bundle,
and if it is already in Ai, then i’s bundle already contains
that value.

The term a
(t)
i scales the total value that must be covered after

allowing for this one good. Before ri occurs, the algorithm
reserves room for a future value-1 good by using a

(t)
i =

1/(1 + vi(G
(t))). After ri occurs, that good is known, and

the potential uses A(t)
i \ {gri}. A smaller potential means

that agent i is farther from violating the 1/n-PROP1 target.
Next, the potential function ϕt

i measures how close agent i
is to violating the 1

n -PROP1 guarantee. A lower potential
value indicates a more favorable state. We visualize how
ϕt
i behaves with respect to different values of a(t)i and the

product vi(Ai \ {ri}) · a(t)i .

Figure 1. ϕt
i at different values of a(t)

i and vi(Ai \ {ri}) · a(t)
i .

This potential function captures two key intuitions: (1) when
vi(Ai \ {ri}) · a(t)i is large, it is better for a(t)i to be small,
indicating that future goods are relatively small compared
to vi(G), and thus will not significantly reduce agent i’s
surplus; (2) conversely, when vi(Ai \ {ri}) · a(t)i is small, it
is preferable for a(t)i to be large, ensuring that the algorithm
does not need to allocate a low-valued good to agent i merely
to avoid violating the 1

n -PROP1 condition.

Then, our result is as follows.

Theorem 5.2. Given the MIV predictions p, Algorithm 1
returns a 1

n -PROP1 allocation.

Proof sketch. Let the global potential function be Φt =∑
i∈[n] ϕ

t
i. The proof relies on two key properties of the

potential function, both of which directly lead to the result:

1. If Φm ≤ Φ0 = 1
n+1 , then the allocation A returned by

7
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Algorithm 1 Returns a 1
n -PROP1 allocation given MIV predictions p = (p1, . . . , pn) = (1, . . . , 1)

1: Initialize the empty allocation A = (A1, . . . , An) where Ai ← ∅ for each i ∈ [n]
2: ri ←∞ for each i ∈ [n]
3: while there exists a good gt arriving online do
4: for each agent i ∈ [n] do
5: if vi(gt) = 1 and ri > t then
6: ri ← t
7: end if
8: if t < ri then
9: a

(t)
i ← 1/(1 + vi(G

(t))),
10: b

(t)
i ← a

(t)
i /((n2 + n+ 1) · a(t)i + n2 · vi(Ai) · a(t)i − 1)

11: c
(t)
i ← a

(t)
i /((n2 + n+ 1) · a(t)i + n2 · vi(Ai ∪ {gt}) · a(t)i − 1)

12: else
13: a

(t)
i ← 1/vi(G

(t)),
14: b

(t)
i ← a

(t)
i /((n2 + n+ 1) · a(t)i + n2 · vi(Ai \ {gri}) · a

(t)
i − 1)

15: c
(t)
i ← a

(t)
i /((n2 + n+ 1) · a(t)i + n2 · vi(Ai ∪ {gt} \ {gri}) · a

(t)
i − 1)

16: end if
17: end for
18: Let i∗ ∈ argmini∈[n]

(
c
(t)
i +

∑
j∈[n],j ̸=i b

(t)
j

)
19: Ai∗ ← Ai∗ ∪ {gt}
20: end while
21: return A = (A1, . . . , An)

Algorithm 1 satisfies 1
n -PROP1.

2. For every t ∈ [m], there always exists an agent to
whom gt can be allocated such that Φt ≤ Φt−1.

Since the algorithm selects, at each step, the agent to allo-
cate gt to, such that Φt is minimized, the second property
guarantees that the potential never increases: Φt ≤ Φt−1 for
all t, and thus Φt ≤ Φ0. Combined with the first property,
this implies the desired 1

n -PROP1 guarantee.

To show the second property, let ϕ+
i denote the increase

in agent i’s potential function if they do not receive gt,
and let ϕ−

i be the decrease in their potential if they do
receive gt. The key idea is to show that for every agent
i, (n − 1) · ϕ+

i ≤ ϕ−
i . This inequality implies that the

decrease in potential for at least one agent (upon receiving
gt) outweighs the total increase in potential across all other
agents if they were not allocated the good. Hence, at each
step, there always exists an agent whose allocation of gt
ensures the global potential does not increase.

To the best of our knowledge, the above result gives the first
finite multiplicative approximation guarantee known for any
proportionality-type benchmark in this adversarial online
setting under such weak predictive information. Determin-
ing the optimal dependence on n, even with access to these
predictions, remains an interesting open problem.

Next, we extend our results to account for one-sided error7

in the MIV predictions, i.e., when each agent’s predicted
MIV overestimates their true maximum value. The follow-
ing theorem shows that any algorithm designed for perfect
predictions can be made robust to such errors, while degrad-
ing gracefully in its guarantees. Note that the approximation
ratio achieved is non-trivial as long as ε < 1 and smoothly
recovers the original approximation ratio when ε = 0.

Theorem 5.3. Let α ∈ [0, 1] and suppose there exists an
online algorithm that, given the perfect MIV predictions,
always outputs an α-PROP1 allocation. For any ε ∈ [0, 1),
there is an online algorithm which, given the MIV predic-
tions whose one–sided error is at most ε, always returns a
β-PROP1 allocation with β = α (1− ε)/(1− αε

n ).

By combining Theorem 5.2 and Theorem 5.3, we obtain the
following corollary, which provides a robustness guarantee
for our algorithm under one-sided prediction error.

Corollary 5.4. For any ε ∈ [0, 1), there is an online algo-
rithm which, given the MIV predictions whose one–sided
error is at most ε, always returns a β-PROP1 allocation
with β = (1−ε)

(n− ε
n ) .

7Our one-sided results can be viewed as the calibrated form of
bounded two-sided noise via the following reduction. Suppose the
raw predictor satisfies pi ∈ [(1− ρ)vmax

i , (1 + ρ)vmax
i ] for each

agent i. Conservatively inflating the prediction to p̃i = pi/(1− ρ)
yields a one-sided error with ε = 2ρ/(1 + ρ).

8



Approximate Proportionality in Online Fair Division

Discussion. Standard lower bound constructions in online
fair division rely on hiding whether a large future item exists
(Zhou et al., 2023; Neoh et al., 2025). However, MIV pre-
dictions reveal precisely the scale of any future item value,
which breaks standard hardness constructions for PROP1.
Any tight lower bound would therefore need to fix the en-
tire MIV vector while encoding hardness in the residual
tail and arrival order, which is substantially more subtle.
Thus, Theorem 5.1 provides a strong partial lower bound
that even with perfect MIV predictions, stronger notions
(EF1, MMS, PROPX) remain inapproximable, suggesting
that our positive result is highly specific to PROP1.

Empirical comparisons. In addition to our theoretical
analysis, we empirically compared Algorithm 1 with the
three greedy baselines described in Section 3.8

We first normalize each agent’s values by her maximum item
value, as in the MIV-normalized view of Algorithm 1. For an
allocation A, we measure fairness by the realized PROP1 ra-
tio mini∈[n] min{1, n(vi(Ai)+maxg∈G\Ai

vi(g))/vi(G)},
with ratio 1 for agents with vi(G) = 0 or Ai = G, and
measure efficiency by utilitarian welfare normalized by the
ex-post optimum,

∑
i vi(Ai)/

∑
g∈G maxi vi(g). We use

n = 8, m = 40, and 500 independent trials for each of four
instance families: iid uniform values; dense binary-interest
instances, where each agent values each good with probabil-
ity 0.6 and positive values lie in [0.8, 1]; correlated values
of the form 0.5Ug+0.5Ui,g; and specialist instances, where
each good has one high-value specialist and all other agents
have small residual values. Error bars in Figure 2 are 95%
confidence intervals.
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Figure 2. Fairness-efficiency tradeoff for Algorithm 1 and the
greedy baselines. Algorithm 1 achieves PROP1 on all sampled
random instances and dominates Greedy-2 and Greedy-3 in welfare
on these distributions. Greedy-1 often has high welfare, but its
PROP1 ratio can be substantially lower on competitive instances.

8Our code is available at https://github.com/
nicteh/Approx-Prop-Online-Fair-Division.

The results are consistent with our theory. Algorithm 1
achieved PROP1 on every sampled instance. Its normal-
ized welfare was 0.892, 0.960, 0.905, and 0.781 on the uni-
form, dense, correlated, and specialist families, respectively.
Greedy-1 achieved welfare 0.946, 0.954, 0.965, and 0.967
on the same families, but with realized PROP1 ratios 0.775,
0.423, 0.730, and 0.977. Thus, Greedy-1 often attains high
welfare, but its PROP1 ratio can fall substantially; in the uni-
form and correlated families this reflects a welfare–fairness
tradeoff, while in the dense family Algorithm 1 slightly
improves both welfare and fairness. On easy specialist in-
stances, Greedy-1 has higher welfare with little fairness loss.
Greedy-2 and Greedy-3 were at or near PROP1 on these
benign random instances, but their welfare was substantially
lower: 0.639/0.711 on uniform instances, 0.677/0.747 on
dense instances, 0.746/0.770 on correlated instances, and
0.300/0.400 on specialist instances. We also stress-tested
the explicit counterexample families from Section 3. On
prefixes of length roughly 500, the targeted greedy baselines
have realized PROP1 ratios 0.008, 0.008, and 0.385 for the
Greedy-1, Greedy-2, and Greedy-3 constructions, respec-
tively, while Algorithm 1 obtains 0.920, 1.000, and 1.000
on the same prefixes.

6. Conclusion
In this work, we initiate a study of approximate proportion-
ality in online fair division, a setting where many classic
fairness notions admit strong impossibility results. Our re-
sults present a clear boundary between impossibility under
adversarial uncertainty, and what becomes achievable with
modest relaxations. On the negative side, we show that
several natural greedy baseline algorithms can fail to guar-
antee any multiplicative approximation to PROP1 against
an adaptive adversary, highlighting the challenges of online
decision making under worst-case arrivals. On the posi-
tive side, we identify two complementary paths to robust
guarantees: (i) under a non-adaptive adversary, we show
that the randomized allocation gives us meaningful PROP1
guarantees with high probability against non-adaptive ad-
versaries; (ii) lightweight predictions such as estimates of
maximum item values can admit robust PROP1 approxima-
tions against adaptive adversaries. These results position
PROP1 as a fairness notion that is both theoretically in-
formative and algorithmically tractable in online settings,
relative to EF1, MMS, and PROPX.

Several questions remain open. Most notably, can one obtain
any nontrivial approximation to PROP1 without predictive
or structural assumptions? Beyond known impossibility
results, no approximation bounds are currently established
in this setting, and resolving this remains a key challenge.
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Appendix

A. Further Related Work
Learning-Augmented Algorithms. Since the seminal work of Lykouris & Vassilvitskii (2021), there has been a surge of
interest in incorporating unreliable advice into algorithm design and analyzing performance as a function of advice quality
across various areas of computer science. This framework has been especially successful in online optimization, where
the core challenge lies in handling uncertainty about future inputs. In this context, advice can serve as a useful proxy for
the unknown future. Most previous works in this setting are in the context of online algorithms, e.g. for the ski-rental
problem (Gollapudi & Panigrahi, 2019; Wang et al., 2020; Angelopoulos et al., 2024), non-clairvoyant scheduling (Purohit
et al., 2018), scheduling (Lattanzi et al., 2020; Bamas et al., 2020a; Antoniadis et al., 2022), augmenting classical data
structures with predictions (e.g. indexing (Kraska et al., 2018) and Bloom filters (Mitzenmacher, 2018)), online selection
and matching problems (Antoniadis et al., 2023; Dütting et al., 2021; Choo et al., 2024; 2025), online TSP (Bernardini
et al., 2022; Gouleakis et al., 2023), and a more general framework of online primal-dual algorithms (Bamas et al., 2020b).
However, there have been some recent applications to other areas, e.g. graph algorithms (Chen et al., 2022; Dinitz et al.,
2021), causal learning (Choo et al., 2023), mechanism design (Gkatzelis et al., 2022; Agrawal et al., 2022), distribution
learning (Bhattacharyya et al., 2025a;b), and approval elicitation (Choo et al., 2026b). For an overview of this growing area,
we refer the reader to the survey by Mitzenmacher & Vassilvitskii (2022).9

Online Voting. Beyond fair division, online and temporal models have also been studied in voting, which can be viewed
as a public goods setting since the selected outcomes are shared by all voters. For instance, the multiwinner voting literature
contains a growing body of work on online and temporal candidate or committee selection (Lackner, 2020; Alouf-Heffetz
et al., 2022; Do et al., 2022; Elkind et al., 2022; Lackner & Maly, 2023; Chandak et al., 2024; Elkind et al., 2024a;b; Zech
et al., 2024; Elkind et al., 2025b;c; Phillips et al., 2026; Teh, 2026).

B. Omitted Proofs from Section 3
B.1. Proof of Proposition 3.3

Lemma B.1. Suppose goods have been allocated up to and including timestep t ∈ N+. Assume that vj(G(t)) > 0 and
cj := c

(t)
j > 0 for all j ∈ [n], and that there is some i ∈ [n] such that α(t)

i < α
(t)
j for all j ̸= i. Then, for any nonempty

subset S ⊆ [n] not containing i, there exist a nonnegative integer τ and a sequence of τ goods gt+1, gt+2, · · · , gt+τ such
that Greedy Strategy 3 must give:

• c
(t+τ)
j = c

(t)
j and vj(A

(t+τ)
j ) = vj(A

(t)
j ) for all j ∈ [n],

• vj(G
(t+τ)) = vj(G

(t)) and α
(t+τ)
j = α

(t)
j for j ∈ [n] \ S, and

• vj(G
(t+τ)) = vj(G

(t))+
cj
2 τj and α

(t)
i < α

(t+τ)
j ≤ α

(t)
i (1+δ

(t+τ)
j ) for j ∈ S, where τj := ⌈ 2

cj
vj(G

(t))(α
(t)
j /α

(t)
i −

1)⌉ − 1 and δ
(t′)
j := cj/(2vj(G

(t′))) for t′ ≥ t.

In fact, we may take τ = maxj∈S τj .

Proof. For all j and all t′ ≥ t, we inductively define the good gt′+1 to have valuation

vj(gt′+1) =

{
cj/2 if j ∈ S and α

(t′)
j > α

(t)
i (1 + δ

(t′)
j ),

0 otherwise.

First, notice that vj(gt′+1) < cj = c
(t)
j for all t′ ≥ t, so c

(t′)
j = cj by definition. Also, because vj(gt′+1) = 0 for all

t′ ≥ t and all j ∈ [n] \ S, it follows that vj(A
(t′)
j ) = vj(A

(t)
j ) and vi(G

(t′)) = vi(G
(t)) and α

(t′)
j = α

(t)
j for all such t′, j.

9See also https://algorithms-with-predictions.github.io/.
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Moreover, observe that if α(t′)
j ≤ α

(t)
i (1 + δ

(t′)
j ) for some j ∈ S and t′ ≥ t, then α

(t′′)
j ≤ α

(t)
i (1 + δ

(t′′)
j ) for all t′′ ≥ t′ by

induction on t′′, using that vj(gt′′+1) = 0 implies α(t′′+1)
j = α

(t′′)
j and δ

(t′′+1)
j = δ

(t′′)
j by definition.

For this sequence of goods, we will show that whenever t′ ≥ t, the statement P (t′) that α(t)
i < α

(t′)
j for j ̸= i and the

statement Q(t′) that the good gt′+1 is given to agent i are always true. Note that P (t) holds by assumption.

The condition for Q(t′) to hold, i.e., for gt′+1 to be allocated to agent i, is:

vi(A
(t′)
i ) + ci

vi(G(t′)) + vi(gt′+1)
<

vj(A
(t′)
j ) + cj

vj(G(t′)) + vj(gt′+1)
(1)

for all j ̸= i. Noting that vi(gt′+1) = 0, this is equivalent to

vi(A
(t′)
i ) + ci

vi(G(t′))
<

vj(A
(t′)
j ) + cj

vj(G(t′))

vj(G
(t′))

vj(G(t′)) + vj(gt′+1)
,

i.e., α(t′)
i < α

(t′)
j /(1 + vj(gt′+1)/vj(G

(t′))) for all j ̸= i. If j ̸= i is such that vj(gt′+1) = 0, then this simplifies

to α
(t)
i < α

(t′)
j (given the observation that α(t)

i = α
(t′)
i ), which will be true if P (t′) is. If instead j ̸= i is such that

vj(gt′+1) = cj/2 (i.e., j ∈ S and α
(t′)
j > α

(t)
i (1 + δ

(t′)
j )), then the inequality instead simplifies to the true statement

α
(t′)
j > α

(t)
i (1 + cj/(2vj(G

(t′)))) (noting cj/(2vj(G
(t′))) = δ

(t′)
j ). Thus Q(t′) follows from P (t′).

Assuming Q(t′) holds, it means the inequality in (1) holds for all j ̸= i. As noted earlier, the LHS is simply α
(t)
i , while the

RHS is in fact α(t′+1)
j since gt′+1 was indeed not allocated to agent j. Hence P (t′ + 1) holds.

Thus, P (t′) and Q(t′) always hold for all t′ ≥ t. In particular, the goods are always allocated to agent i and we have
vj(A

(t′)
j ) = vj(A

(t)
j ) for all j ∈ [n] (noting all goods have value 0 to agent i).

Fix j ∈ S. As noted earlier, for any t′ ≥ t, if α(t′)
j ≤ α

(t)
i (1 + δ

(t′)
j ) holds, then the same holds when we replace t′ by

any t′′ ≥ t′. Let τ ′j be the smallest nonnegative integer (or∞ if none exists) such that α
(t+τ ′

j)

j ≤ α
(t)
i (1 + δ

(t+τ ′
j)

j ), so

α
(t′)
j > α

(t)
i (1+δ

(t′)
j ) is true precisely when t ≤ t′ < t+τ ′j . This means vj(gt′+1) = cj/2 for t′ ∈ {t, t+1, · · · , t+τ ′j−1}10

and vj(gt′+1) = 0 otherwise. Thus, for any (finite) nonnegative integer σ, if we define σj := min(τ ′j , σ), then the statement

α
(t+σ)
j > α

(t)
i (1 + δ

(t+σ)
j ) is equivalent to

vj(A
(t)
j ) + cj

vj(G(t)) + σjcj/2
> α

(t)
i

(
1 +

cj
2(vj(G(t)) + σjcj/2)

)
.

Multiplying both sides by vj(G
(t)) + σjcj/2 and using vj(A

(t)
j ) + cj = α

(t)
j vj(G

(t)) gives the equivalent statement

α
(t)
j vj(G

(t)) > α
(t)
i (vj(G

(t)) + σjcj/2 + cj/2),

which simplifies to the equivalent
σj <

2
cj
vj(G

(t))(α
(t)
j /α

(t)
i − 1)− 1.

But the statement α(t+σ)
j > α

(t)
i (1 + δ

(t+σ)
j ) is also equivalent to t ≤ t+ σ < t+ τ ′j , i.e., to σ < τ ′j , which means we have

the equivalence
σ < τ ′j ⇐⇒ min(τ ′j , σ) <

2
cj
vj(G

(t))(α
(t)
j /α

(t)
i − 1)− 1.

In particular, this means τ ′j ̸=∞, because otherwise the left side of the equivalence will always hold but the right side of the
equivalence will fail for sufficiently large σ. Moreover, taking σ = τ ′j gives

τ ′j ≥ 2
cj
vj(G

(t))(α
(t)
j /α

(t)
i − 1)− 1.

10The set {t, t+ 1, · · · , t+ τ ′
j − 1} is the empty set when τj = 0 and is the infinite set {t, t+ 1, t+ 2, · · · } when τj = ∞.
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If τ ′j > 0, we may take σ = τ ′j − 1 to get

τ ′j − 1 < 2
cj
vj(G

(t))(α
(t)
j /α

(t)
i − 1)− 1,

from which we obtain

τ ′j = ⌈ 2
cj
vj(G

(t))(α
(t)
j /α

(t)
i − 1)⌉ − 1 =: τj .

If τ ′j = 0, this last formula is still true, because the earlier inequality derived from taking σ = 0 has already shown
2
cj
vj(G

(t))(α
(t)
j /α

(t)
i − 1) ≤ 1, but this quantity is clearly strictly positive since α

(t)
j > α

(t)
i .

Thus, for any j ∈ S, we have α
(t′)
j ≤ α

(t)
i (1 + δ

(t′)
j ) and vj(G

(t′)) = vj(G
(t)) +

cj
2 τj whenever t′ ≥ t+ τj . As such, the

lemma holds if we take τ = maxj∈S τj and goods gt+1, · · · , gt+τ as defined at the beginning of the proof.

Proposition B.2. For n ≥ 2 and any α > 0, there exists a sequence of m = m(n, α) arriving goods such that Greedy
Strategy 3 fails to produce an α-PROP1 allocation.

Proof. It suffices to prove that there is an infinite sequence of goods g1, g2, · · · such that lim inft→∞ α(t) = 0, where
α(t) := mini∈[n] α

(t)
i .

We begin by setting vi(g1) = 1 for all i ∈ [n]. Without loss of generality, suppose the good g1 is given to agent 1. Next, for
t ∈ {2, 3}, set vi(gt) = 1 for i ∈ {1, 2} and vi(g2) = 0 otherwise. A straightforward calculation shows that the good g2
must be given to agent 2, and that g3 must be given to either agent 1 or 2. Without loss of generality, suppose g3 is given
to agent 1. Under this setup, 1 = α

(3)
1 > α

(3)
2 = 2/3, with v1(A

(3)
1 ) = 2, v2(A

(3)
2 ) = 1, v1(G(3)) = v2(G

(3)) = 3 and
c
(3)
1 = c

(3)
2 = 1. Also, vi(A

(3)
i ) = 0 and α

(3)
i = c

(3)
i = vi(G

(3)) = 1 for all i ≥ 3.

We now inductively define the goods g4, g5, · · · and an infinite sequence of time steps 3 = t0 < t1 < t2 < · · · such that for
each nonnegative integer k,

1. vr(A
(tk)
r ) = vr(A

(t0)
r ), c(tk)r = c

(t0)
r , vr(G(tk)) = vr(G

(t0)), and α
(tk)
r = α

(t0)
r for all r ≥ 3,

2. vr(A
(tk)
r ) ≤ vr(A

(t0)
r ) + kc

(t0)
r and c

(tk)
r = c

(t0)
r for all r ∈ {1, 2}, and

3. there is some i ∈ {1, 2} such that α(tk)
i < α

(tk)
r for all r ̸= i. (So α(tk) = α

(tk)
i .)

These conditions are met for k = 0, with i = 2.

For k ≥ 0, assume that we have defined t0, · · · , tk and goods up to and including gtk . The conditions of Lemma B.1 are
met at time step tk, so taking S = {3− i}11 in the lemma produces a sequence of

τk := ⌈ 2

c
(tk)

3−i

v3−i(G
(tk))(α

(tk)
3−i/α

(tk)
i − 1)⌉ − 1 ≥ 0

goods gtk+1, gtk+2, · · · , gtk+τk such that:

• c
(tk+τk)
r = c

(tk)
r = c

(t0)
r and vr(A

(tk+τk)
r ) = vr(A

(tk)
r ) for all r ∈ [n],

• vr(G
(tk+τk)) = vr(G

(tk)) and α
(tk+τk)
r = α

(tk)
r for r ̸= 3− i, and

• v3−i(G
(tk+τk)) = v3−i(G

(tk)) +
c
(tk)

3−i

2 τk and α
(tk)
i < α

(tk+τk)
3−i ≤ α

(tk)
i (1 + δ

(tk+τk)
3−i ), where δ

(tk+τk)
3−i :=

c
(tk)
3−i/(2v3−i(G

(tk+τk))).

11Note that 3− i is the element in {1, 2} different from i.
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Observe that

v3−i(G
(tk+τk)) = v3−i(G

(tk)) +
c
(tk)

3−i

2 τk

≥ v3−i(G
(tk)) +

c
(tk)

3−i

2

(
2v3−i(G

(tk))

c
(tk)

3−i

(
α

(tk)

3−i

α
(tk)

i

− 1

)
− 1

)
=

v3−i(G
(tk))α

(tk)
3−i

α
(tk)
i

−
c
(tk)
3−i

2

=
v3−i(A

(tk)
3−i) + c

(t0)
3−i

α
(tk)
i

−
c
(t0)
3−i

2
,

and thus

vr(G
(tk+τk)) ≥ vr(A

(tk)
r ) + c

(t0)
r

α
(tk)
i

− c
(t0)
r

2
(2)

for both r ∈ {1, 2}, noting that this is true for r = i since the left-hand side is equal to the first term on the right-hand side.

We can now define good gtk+τk+1 to be of value c
(t0)
r to each agent r ∈ {1, 2} and value 0 to the other agents. The greedy

strategy must allocate the good to either agent 1 or 2, because the value of α(tk+τk+1)
r should agent r not be allocated the

good will be α
(tk+τk)
r = α

(tk)
r > α

(tk)
i for r ≥ 3 but will be less than α

(tk+τk)
i = α

(tk)
i for r = i (because the nonzero

numerator in the calculation of the ratio remains the same but the denominator strictly increases).

If the greedy strategy allocates gtk+τk+1 to agent 3− i (rather than agent i), then we have

α
(tk+τk+1)
i < α

(tk+τk)
i = α

(tk)
i < α

(tk+τk)
3−i ≤ α

(tk+τk+1)
3−i ,

giving us α(tk+τk+1) = α
(tk+τk+1)
i < α(tk). If instead the greedy algorithm allocates gtk+τk+1 to agent i (rather than agent

3− i), we will have

α
(tk+τk+1)
3−i =

v3−i(A
(tk+τk)

3−i )+c
(tk+τk+1)

3−i

v3−i(G
(tk+τk))+c

(tk+τk+1)

3−i

=
v3−i(A

(tk+τk)

3−i )+c
(t0)
3−i

v3−i(G
(tk+τk))+c

(t0)
3−i

= α
(tk+τk)
3−i

v3−i(G
(tk+τk))

v3−i(G
(tk+τk))+c

(t0)
3−i

≤ α
(tk)
i (1 + δ

(tk+τk)
3−i ) v3−i(G

(tk+τk))

v3−i(G
(tk+τk))+c

(t0)
3−i

= α
(tk)
i

(
1 +

c
(t0)
3−i

2v3−i(G
(tk+τk))

)
v3−i(G

(tk+τk))

v3−i(G
(tk+τk))+c

(t0)
3−i

< α
(tk)
i

(
1 +

c
(t0)
3−i

v3−i(G
(tk+τk))

)
v3−i(G

(tk+τk))

v3−i(G
(tk+τk))+c

(t0)
3−i

= α
(tk)
i = α

(tk+τk)
i ≤ α

(tk+τ+1)
i ,

giving us α(tk+τk+1) = α
(tk+τk+1)
3−i < α(tk). Note that by the inequality in (2),

vr(G
(tk+τk+1)) = vr(G

(tk+τk)) + c(t0)r ≥ vr(A
(tk)
r )+c(t0)

r

α
(tk)

i

+
c(t0)
r

2 (3)

for r ∈ {1, 2}.

Now take tk+1 = tk + τk + 1 > tk. We need to show that the three numbered conditions imposed earlier continue to hold
for k replaced with k + 1. The first condition regarding the values of vr(A

(tk+1)
r ), vr(G

(tk+1)), c
(tk+1)
r , α

(tk+1)
r when r ≥ 3

can easily be verified since only goods of value 0 are given to these agents. We just showed that the third condition holds,
with the new value of i being the agent (among 1 and 2) that did not receive good gtk+τk+1. Finally, the second condition
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follows by induction, noting that none of the new goods have value to agent r ∈ {1, 2} exceeding c
(t0)
r and that the only

allocated good of nonzero value is good gtk+τk+1 of value c
(t0)
r to agent r ∈ {1, 2}.

This completes the construction of the infinite sequence of goods g1, g2, g3, · · · .

We will now show that lim inft→∞ α(t) = 0. To this end, it suffices to show that limk→∞(1/α(tk)) = ∞, for then
limk→∞ α(tk) = 0.

Fix k ≥ 0. Suppose that i, j ∈ {1, 2} satisfy α(tk) = α
(tk)
i < α

(tk)
3−i and α(tk+1) = α

(tk+1)
j < α

(tk+1)
3−j . Then

1

α(tk+1) =
vj(G

(tk+1))

vj(A
(tk+1)

j )+c
(t0)
j

≥

(
vj(A

(tk)
j

)+c
(t0)
j

α
(tk)
i

+
c
(t0)
j
2

)
vj(A

(tk)

j )+c
(t0)
j

= 1
α(tk) +

c
(t0)
j /2

vj(A
(tk)

j )+c
(t0)
j

≥ 1
α(tk) +

c
(t0)
j /2

vj(A
(t0)
j )+kc

(t0)
j +c

(t0)
j

= 1
α(tk) +

1

2(vj(A
(t0)
j )/c

(t0)
j +k+1)

where we applied the inequality in (3) at the second step. Taking λ := max(v1(A
(t0)
1 )/c

(t0)
1 , v2(A

(t0)
2 )/c

(t0)
2 ) (which is 2 in

our case), we see that
1

α(tk+1)
− 1

α(tk)
≥ 1

2(k + 1 + λ)
.

The above holds for any k ≥ 0, so a telescoping sum of these inequalities gives

1

α(tk)
≥ 1

α(t0)
+

k∑
s=1

1

2(s+ λ)
.

The right-hand side tends to∞ as k →∞, so limk→∞(1/α(tk)) =∞, as desired.

C. Omitted Proofs from Section 4
C.1. Proof of Theorem 4.1

Fix an agent i ∈ [n]. Let α := 3
32 log (n/δ) . We will first show that for g := argmaxg′∈G\Ai

vi(g),

Pr

[
vi(Ai ∪ {g}) < α · vi(G)

n

]
≤ δ

n
. (4)

Once the above is proved, a union bound over all n agents will imply that the probability the allocation is α-PROP1 is at
least 1− δ.

Then, since there exists a g ∈ G \ Ai such that vi(Ai ∪ {g}) ≥ maxj∈[m] vi(gj), if maxj∈[m] vi(gj) ≥ α · vi(G)
n , we get

that

vi(Ai ∪ {g}) ≥ max
j∈[m]

vi(gj) ≥ α · vi(G)

n

and equivalently, Pr
[
vi(Ai ∪ {g}) < α · vi(G)

n

]
= 0, giving us (4) as desired. Thus, it suffices to consider the case when

maxj∈[m] vi(gj) < α · vi(G)
n .

Consider any agent i ∈ [n]. Define Xj := 1{gj ∈ Ai} and X ′
j := 1 − Xj = 1{gj /∈ Ai}. Then, we have that

X1, . . . , Xm ∼ Bernoulli(1/n) and X ′
1, . . . , X

′
m ∼ Bernoulli

(
n−1
n

)
. Let Si =

∑
j∈[m] (vi(gj) ·Xj) be a random variable

18
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representing vi(Ai); and let S′
i =

∑
j∈[m]

(
vi(gj) ·X ′

j

)
. Now, for each i ∈ [n], Si = vi(G)− S′

i,

Pr

[
vi(Ai ∪ {g}) <

α · vi(G)

n

]
≤ Pr

[
vi(Ai) <

α · vi(G)

n

]
= Pr

[
Si <

α · vi(G)

n

]
= Pr

[
S′
i >

(n− 1) · vi(G)

n
+

(1− α) · vi(G)

n

]

We now prove several properties of the random variable S′
i, relating to its expectation, variance, and the individual terms

vi(gj) ·X ′
j in the summation.

Lemma C.1. For S′
i =

∑
j∈[m]

(
vi(gj) ·X ′

j

)
, the following properties always hold:

(i) E[S′
i] =

(n−1)
n · vi(G);

(ii) σ2(S′
i) ≤

α·vi(G)2

n2 ; and

(iii) vi(gj) ·X ′
j − E[vi(gj) ·X ′

j ] ≤
α·vi(G)

n for all j ∈ [m].

Proof. We first prove (i). By linearity of expectation, we get that

E[S′
i] =

∑
j∈[m]

(
vi(gj) · E[X ′

j ]
)
=
∑
j∈[m]

vi(gj) ·
n− 1

n
=

n− 1

n
· vi(G),

where the last line follows from the fact that
∑

j∈[m] vi(gj) = vi(G). Next, we prove (ii). Since vi(gj) ≤ α · vi(G)
n for all

j ∈ [m], we have that

σ2(S′
i) =

∑
j∈[m]

(
vi(gj) · vi(gj) · σ2(X ′

j)
)
≤
∑
j∈[m]

(
vi(gj) · α · vi(G) · σ2(X ′

j)
)

=
∑
j∈[m]

(
vi(gj) · α ·

vi(G)

n
· n− 1

n2

)

= α · vi(G)

n
· n− 1

n2
·
∑
j∈[m]

vi(gj)

= α · vi(G)

n
· n− 1

n2
· vi(G)

≤ α · vi(G)2

n2
.

Finally, we prove (iii). For all j ∈ [m], since X ′
j ≤ 1 and vi(g) ≤ α · vi(G)

n , we have that

vi(gj) ·X ′
j − E[vi(gj) ·X ′

j ] ≤ vi(gj) ·
(
1− n− 1

n

)
=

vi(gj)

n
≤ vi(gj) ≤ α · vi(G)

n
.

We now state Bernstein’s inequality, which we will use for the proof.

Lemma C.2 (Dubhashi & Panconesi (2009); Theorem 1.4). Let the random variables X1, . . . , Xn be independent with
Xi −E[Xi] ≤ b for each i ∈ [n]. Also let X :=

∑
i∈[n] Xi and σ2 :=

∑
i∈[n] σ

2
i be the variance of X . Then, for any t > 0,

Pr[X > E[X] + t] ≤ exp

(
− t2

2σ2 + 2bt/3

)
.
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We can then apply Bernstein’s inequality to S′
i. By setting t = (1−α)·vi(G)

n and b = α · vi(G)
n , we get

Pr

[
S′
i >

(n− 1) · vi(G)

n
+

(1− α) · vi(G)

n

]
= Pr [S′

i > E[S′] + t] ≤ exp

(
− t2

2σ2 + 2bt/3

)
,

where the equality follows from property (i) of Lemma C.1. We also note that Bernstein’s inequality is applicable due to
property (iii) of Lemma C.1.

Since our goal is to find an upper bound to our expression, it suffices to use a lower bound on the numerator t2, and an upper
bound for the denominator 2σ2 + 2bt/3.

For the numerator t2, since α = 3
32 log (n/δ) <

1
2 for all n ≥ 2, we have that

t2 =
(1− α)2 · vi(G)2

n2
≥ vi(G)2

4n2

For the denominator 2σ2 + 2bt/3, by bounding our variance with property (ii) of Lemma C.1, we have that

2σ2 +
2bt

3
≤ 2α · vi(G)2

n2
+

2α(1− α) · vi(G)2

3n2
<

2α · vi(G)2

n2
+

2α · vi(G)2

3n2
=

8α · vi(G)2

3n2
,

where the second inequality follows from the fact that α > 0 and hence 1− α < 1. Thus, we get that

exp

(
− t2

2σ2 + 2bt/3

)
≤ exp

(
−

vi(G)2

4n2

8α·vi(G)2

3n2

)
= exp

(
− 3

32 · α

)
= exp (− ln(n/δ)) =

δ

n
,

giving us (4). Then, by summing the bound in (4) over the n agents: the probability that any agent violates the α-PROP1
condition is at most n · δn = δ. Therefore, with probability at least 1−δ, for every agent i ∈ [n] and g := maxg′∈G\Ai

vi(g
′),

vi(Ai ∪ {g}) ≥ α · vi(G)

n
,

and the allocation returned is α-PROP1.

C.2. Proof of Theorem 4.2

Let

m :=

 log
(

n
2δ

)
log
(

n
n−1

)
 and α :=

2n

m
. (5)

Consider the instance with m goods G = {g1, . . . , gm} where all agents have identical additive valuations

vi(gj) = 1 for all i ∈ [n] and j ∈ [m].

Assume a non-adaptive adversary. Run RAND, which allocates each good independently and uniformly at random to one of
the n agents. Let A = (A1, . . . , An) denote the (random) final allocation. For each agent i ∈ [n], define the event

Ei := {Ai = ∅},

i.e., agent i receives no goods. For a fixed agent i,

Pr[Ei] =

(
1− 1

n

)m

,

and for distinct i ̸= j,

Pr[Ei ∩ Ej ] =

(
1− 2

n

)m

.
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Let p1 := (1− 1
n )

m and p2 := (1− 2
n )

m. By the first two terms of Bonferroni inequalities,

Pr

[
n⋃

i=1

Ei

]
≥

n∑
i=1

Pr[Ei]−
∑

1≤i<j≤n

Pr[Ei ∩ Ej ] = np1 −
(
n

2

)
p2. (6)

Moreover, since (1− 1
n )

2 = 1− 2
n + 1

n2 ≥ 1− 2
n , we have p2 ≤ p21. Plugging this into (6) gives us

Pr

[
n⋃

i=1

Ei

]
≥ np1 −

(
n

2

)
p21 = np1

(
1− (n− 1)p1

2

)
. (7)

We now lower bound p1. Define

m0 :=
log
(

n
2δ

)
log
(

n
n−1

) .
By definition, m = ⌊m0⌋, so m ≤ m0 < m+ 1. Since 1− 1

n ∈ (0, 1), the function f(x) = (1− 1
n )

x is decreasing. Thus,

p1 =

(
1− 1

n

)m

≥
(
1− 1

n

)m0

.

Using 1− 1
n = n−1

n =
(

n
n−1

)−1

, we get

(
1− 1

n

)m0

=

(
n

n− 1

)−m0

= exp

(
− log

(
n

n− 1

)
·
log( n

2δ )

log( n
n−1 )

)
= exp

(
− log

( n

2δ

))
=

2δ

n
.

Therefore,

p1 ≥
2δ

n
. (8)

Similarly, since m0 < m+ 1, (
1− 1

n

)m+1

<

(
1− 1

n

)m0

=
2δ

n
,

and thus

p1 =

(
1− 1

n

)m

=

(
1− 1

n

)m+1

1− 1
n

<
2δ
n

n−1
n

=
2δ

n− 1
. (9)

Plugging (8) and (9) into (7), we get

Pr

[
n⋃

i=1

Ei

]
≥ n · 2δ

n

(
1− (n− 1)

2
· 2δ

n− 1

)
= 2δ(1− δ) ≥ δ,

where the last inequality uses δ ≤ 1/2.

Now condition on the event
⋃n

i=1 Ei: there exists an agent i with Ai = ∅. For that agent, vi(G) = m and for any good
g ∈ G \Ai we have vi(Ai ∪ {g}) = 1. But by the choice of α in (5),

α · vi(G)

n
=

2n

m
· m
n

= 2.

Hence vi(Ai ∪ {g}) = 1 < 2 = α · vi(G)
n for all g ∈ G \Ai, so the allocation is not α-PROP1. Therefore, the probability

that RAND outputs an allocation that is not α-PROP1 is at least

Pr

[
n⋃

i=1

Ei

]
≥ δ.
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Finally, we show α = Θ(1/ log(n/δ)). Since for x ∈ (0, 1), x ≤ − log(1− x) ≤ x
1−x , plugging in x = 1

n gives us

1

n
≤ log

(
n

n− 1

)
≤ 1

n− 1
.

Thus, m0 = log(n/(2δ))
log(n/(n−1)) satisfies

(n− 1) log
( n

2δ

)
≤ m0 ≤ n log

( n

2δ

)
,

and therefore m = ⌊m0⌋ = Θ(n log(n/δ)) (since δ ≤ 1/2 implies log(n/(2δ)) = Θ(log(n/δ))). Consequently,

α =
2n

m
= Θ

(
1

log(n/δ)

)
,

as claimed.

C.3. Proof of Theorem 4.3

Fix an agent i ∈ [n]. If vi(G) = 0, then vi(Ai) = 0 = (1− ε) · vi(G)/n always, and the claim holds trivially for this agent.
Thus, assume vi(G) > 0.

Under RAND, each good is allocated independently and uniformly at random to one of the n agents. For each j ∈ [m],
let Xj ∼ Bernoulli(1/n) indicate that gj is allocated to agent i. Define X ′

j := 1 −Xj , so X ′
j ∼ Bernoulli((n − 1)/n)

indicates that gj is not allocated to i. Define

Si :=

m∑
j=1

vi(gj)Xj = vi(Ai) and S′
i :=

m∑
j=1

vi(gj)X
′
j .

Since X ′
j = 1−Xj , we have that

S′
i = vi(G)− Si. (10)

Moreover,

E[S′
i] =

m∑
j=1

vi(gj)E[X ′
j ] =

n− 1

n

m∑
j=1

vi(gj) =
n− 1

n
vi(G).

We will upper bound the probability that agent i receives less than a (1− ε) fraction of their proportional share:

Pr

[
Si < (1− ε) · vi(G)

n

]
.

Using (10), this event is equivalent to

S′
i > vi(G)− (1− ε) · vi(G)

n
=

n− 1 + ε

n
vi(G) = E[S′

i] + ε · vi(G)

n
.

Thus, letting t := ε · vi(G)
n ,

Pr

[
Si < (1− ε) · vi(G)

n

]
= Pr [S′

i > E[S′
i] + t] . (11)

Because the adversary is non-adaptive, the values vi(gj) are fixed in advance (deterministic). RAND assigns each good
independently, so the random variables Yj = vi(gj)X

′
j are independent, allowing us to apply Bernstein’s inequality. Thus,

we now apply Bernstein’s inequality (refer to Theorem C.2) to the sum S′
i =

∑m
j=1 Yj where Yj := vi(gj)X

′
j . First, each

summand satisfies
Yj − E[Yj ] ≤ Yj ≤ vi(gj) ≤ max

g∈G
vi(g),

so Bernstein applies with b := maxg∈G vi(g). Second, since the X ′
j are independent Bernoulli((n− 1)/n),

Var(Yj) = vi(gj)
2Var(X ′

j) = vi(gj)
2 · n− 1

n
· 1
n
= vi(gj)

2 · n− 1

n2
≤ vi(gj)

2

n
.
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By independence,

σ2 := Var(S′
i) =

m∑
j=1

Var(Yj) ≤
1

n

m∑
j=1

vi(gj)
2 ≤ maxg∈G vi(g)

n

m∑
j=1

vi(gj) =
maxg∈G vi(g) · vi(G)

n
,

where we used vi(gj)
2 ≤ maxg∈G vi(g) · vi(gj) (and vi(gj) ≥ 0).

Applying Bernstein’s inequality with this b and σ2 gives us

Pr [S′
i > E[S′

i] + t] ≤ exp

(
− t2

2σ2 + 2bt/3

)
.

Substituting t = ε · vi(G)
n and using σ2 ≤ maxg∈G vi(g)·vi(G)

n and b = maxg∈G vi(g),

2σ2 +
2

3
bt ≤ 2 · maxg∈G vi(g) · vi(G)

n
+

2

3
max
g∈G

vi(g) · ε ·
vi(G)

n
≤ 8

3
· maxg∈G vi(g) · vi(G)

n
,

where we used ε ≤ 1 in the last inequality. Therefore,

Pr [S′
i > E[S′

i] + t] ≤ exp

(
−

ε2 · vi(G)2

n2

8
3 ·

maxg∈G vi(g)·vi(G)
n

)
= exp

(
−3ε2

8
·

vi(G)
n

maxg∈G vi(g)

)
.

Since maxg∈G vi(g) ≤ 3ε2

8 log(n/δ) ·
vi(G)

n ,

3ε2

8
·

vi(G)
n

maxg∈G vi(g)
≥ log

(n
δ

)
,

so
Pr [S′

i > E[S′
i] + t] ≤ exp

(
− log

(n
δ

))
=

δ

n
.

Combining with (11), we get

Pr

[
vi(Ai) < (1− ε) · vi(G)

n

]
≤ δ

n
.

A union bound over all agents i ∈ [n] implies that with probability at least 1− δ,

vi(Ai) ≥ (1− ε) · vi(G)

n
for all i ∈ [n]. (12)

Finally, (12) implies (1− ε)-PROP1: for any agent i, if Ai = G we are done; otherwise pick any g ∈ G \Ai, and

vi(Ai ∪ {g}) ≥ vi(Ai) ≥ (1− ε) · vi(G)

n
.

Thus the allocation is (1− ε)-PROP1 with probability at least 1− δ.

D. Omitted Proofs from Section 5
D.1. Proof of Proposition 5.1

Suppose for a contradiction that there exists an online algorithm that achieves an approximation ratio of α for EF1, MMS, or
PROPX. Let vi(g1) = 1 for all i ∈ [n], and assume without loss of generality that agent 1 is allocated g1.

We now define an instance with m goods. Let vi(g1) = 1 for all i ∈ [n], and for each t ∈ {2, . . . ,m}, the valuations are as
follows:

v1(gt) =

{
1 if |At

1| = 1 or t ≤ n

0 otherwise
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vi(gt) =

{
εKt−2 if |At

1| = 1 or t ≤ n

0 otherwise

where m = ⌈nα⌉+ n+ 2, K = ⌈ 3α⌉, and ε = 1
Km−2 . Since every good has value at most 1 for all agents, this construction

is consistent with the MIV prediction with p = (1, . . . , 1).

We split our analysis into two cases.

Case 1: |A1| = 1. Then, by the assumption that agent 1 is allocated g1, agents’ valuations for incoming goods must be as
follows:

v g1 g2 g3 . . . gm

1 1 1 1 . . . 1
2 1 ε εK . . . εKm−2

...
...

...
...

...
...

n 1 ε εK . . . εKm−2

Note that since
m =

⌈n
α

⌉
+ n+ 2 ≥ n

α
+ n+ 2, (13)

we have that
α ≥ n

m− n− 2
>

n

m− n− 1
. (14)

Furthermore, as |A1| = 1, we get that v1(A1) = v1(g1) = 1. We first show a contradiction to α-EF1. Since |A1| = 1,
by the pigeonhole principle, there must exist an agent i ̸= 1 that receives at least ⌈m−1

n−1 ⌉ ≥
m−1
n−1 > m−1

n goods. Thus,
there exists a good g ∈ Ai such that

v1(Ai \ {g}) ≥
m− 1

n
− 1 =

m− n− 1

n
.

Consequently, we get that
v1(A1)

v1(Ai \ {g})
≤ n

m− n− 1
< α,

where the rightmost inequality follows from (14), giving us

v1(A1) < α · v1(Ai \ {g}),

a contradiction.

Next, we show a contradiction to α-MMS. Note that

MMS1 =
⌊m
n

⌋
≥ m

n
− 1 =

m− n

n
.

Then,
v1(A1)

MMS1
≤ n

m− n
< α,

where again, the rightmost inequality follows from (14), giving us

v1(A1) < α ·MMS1,

a contradiction.

Finally, we show a contradiction to α-PROPX. From (13) and the fact that α ≤ 1, we get that m ≥ 2n+ 2.

Observe that for g ∈ argming′∈G\A1
v1(g

′), we have that

v1(A1 ∪ {g}) = 1 + 1 = 2.
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Together with the fact that v1(G) = m, we obtain

n

v1(G)
· v1(A1 ∪ {g}) =

2n

m
≤ 2n

2n+ 2

=
n

n+ 1

≤ n

m− n− 1
< α,

where the last inequality follows from (14). This gives us vi(A1 ∪ {g}) < α · v1(G)
n , a contradiction.

Case 2: |A1| > 0. Let gt be the first good after g1 that agent 1 receives. We further split our analysis into two sub-cases:
(a) t ≤ n and (b) t ≥ n+ 1.

Case 2(a): t ≤ n. Then agents’ valuations for incoming goods must be as follows:

v g1 g2 · · · gt · · · gn

1 1 1 · · · 1 · · · 1

2 1 ε · · · εKt−2 · · · εKn−2

...
...

...
...

...
...

...

n 1 ε · · · εKt−2 · · · εKn−2

and if n < m, vi(gj) = 0 for all i ∈ [n] and j ∈ {n + 1, . . . ,m}. Since agent 1 receives two goods out of the
first n goods, by the pigeonhole principle, there necessarily exists an agent i ∈ [n] \ {1} that does not receive any
good out of the first n goods, and vi(Ai) = 0. Also, as vi(A1 \ {g}) ≥ εKt−2 (for g := argmaxg∈A1

vi(g)), we
have that

vi(Ai)

vi(A1 \ {g})
≤ 0

εKt−2
< α,

giving us vi(Ai) < α · vi(A1 \ {g}), a contradiction to α-EF1.
Furthermore, as MMSi = vi(g2) = ε, we have that

vi(Ai)

MMSi
≤ 0

ε
< α,

giving us vi(Ai) < α ·MMSi, a contradiction to α-MMS.
Next, we prove a contradiction to α-PROPX. Again let i be the agent that does not receive any good out of the
first n goods (as reasoned above). First observe that

vi(G) = 1 +

n∑
j=2

εKj−2 = 1 +
ε(Kn−1 − 1)

K − 1
.

Also, since K = ⌈ 3α⌉, it implies α > 3
K . Since α ≤ 1, it also means K > 3. Consequently, we have that

3Kn−3 ≥ 3 · 3n−3 = 3n−2 ≥ n,

giving us n ≤ 3Kn−3, which is equivalent to

n

Kn−2
≤ 3

K
< α.

Moreover, for g := argming′∈G\Ai
vi(g

′), we have vi(Ai ∪ {g}) = 0 + vi(g2) = ε.
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Combining all the facts above, we get that

n · vi(Ai ∪ {g})
vi(G)

=
n · ε

1 + ε(Kn−1−1)
K−1

≤ n · ε
ε(Kn−1−1)

K−1

=
n(K − 1)

Kn−1 − 1

≤ n(K − 1)

Kn−2(K − 1)

=
n

Kn−2

< α,

giving us vi(Ai ∪ {g}) < α · vi(G)
n , a contradiction.

Case 2(b): t > n+ 1. Then agents’ valuations for incoming goods must be as follows:

v g1 g2 · · · gt

1 1 1 · · · 1

2 1 ε · · · εKt−2

...
...

...
...

...

n 1 ε · · · εKt−2

and if t < m, vi(gj) = 0 for all i ∈ [n] and j ∈ {t+ 1, . . . ,m}.
Consider the set {gt+2−n, . . . , gt}. Since the set contains n−1 goods and agent 1 is allocated gt, by the pigeonhole
principle, there exists an agent i ∈ [n] \ {1} that does not receive any good in {gt+2−n, . . . , gt}. Hence,

vi(Ai) ≤
t+1−n∑
j=2

ε ·Kj−2 =

t−1−n∑
j′=0

ε ·Kj′ ≤ ε(Kt−n − 1)

K − 1
≤ 2ε(Kt−n − 1)

K
≤ 2

K

(
εKt−n

)
.

Moreover, since K = ⌈ 3α⌉ ≥
3
α and α ≤ 1, we know that K ≥ 2, 1

K−1 ≤
2
K , and α ≥ 3

K > 2
K .

We now show a contradiction to α-EF1. Since vi(g1) ≥ vi(gt), we have that

vi(A1 \ {g1}) = vi(gt) = εKt−2 ≥ εKt−n,

where the last inequality follows from the fact that n ≥ 2. This means there exists a g ∈ A1 whereby

vi(Ai)

vi(A1 \ {g})
≤

2
K (εKt−n)

εKt−n
=

2

K
< α,

and implies vi(Ai) < α · vi(Ai \ {g}), a contradiction.
Furthermore, consider the set of n goods G′ = {gt+2−n, . . . , gt} ∪ {g1}. We have that

MMSi ≥ min
g∈G′

vi(g) = vi(g
t2−n) = εKt−n.

Thus, we get
vi(Ai)

MMSi
≤

2
K (εKt−n)

εKt−n
≤ 2

K
< α,

giving us vi(Ai) < α ·MMSi, a contradiction.
Finally, for g := argming′∈G\Ai

vi(g), we have that

vi(Ai ∪ {g}) ≤
2

K

(
εKt−n

)
+ εKt−n = εKt−n

(
2

K
+ 1

)
and

vi(G) = 1 +
ε(Kn−1 − 1)

K − 1
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Then,

n · vi(Ai ∪ {g})
vi(G)

=
nεKt−n

(
2
K + 1

)
1 + ε(Kn−1−1)

K−1

≤
nεKt−n

(
2
K + 1

)
ε(Kn−1−1)

K−1

=
nKt−n

(
2
K + 1

)
(K − 1)

Kn−1 − 1

≤
nK⌈n/α⌉+2

(
2
K + 1

)
(K − 1)

Kn−1 − 1
,

where the last inequality follows from the fact that n+ 1 < t ≤ m and hence

Kt−n ≤ Km−n ≤ K⌈n/α⌉+2.

Now,

nK⌈n/α⌉+2
(

2
K + 1

)
(K − 1)

Kn−1 − 1
<

nK⌈n/α⌉+3

Kn−1 − 1
(since

(
2

K
+ 1

)
(K − 1) < K)

≤ 2nK⌈n/α⌉+3−(n−1) (since Kn−1 − 1 ≥ 1

2
Kn−1 )

= 2nK⌈n/α⌉+4−n

≤ 2nKn/α+5−n (since ⌈n/α⌉ ≤ n/α+ 1)

=
2n

Kn(1−1/α)−5

< 2n
(α
3

)n(1−1/α)−5

(since K >
3

α
)

< α.

This gives us vi(Ai ∪ {g}) < α · vi(G), which is a contradiction to α-PROPX.

In both cases, we get a contradiction, and hence our result follows.

D.2. Proof of Theorem 5.2

For each agent i ∈ [n], note that ri is the earliest iteration (of the while loop in Line 3 of Algorithm 1) whereby agent i
values a good at 1, i.e., vi(gri) = 1 and for each 1 ≤ t < ri, vi(gt) < 1.

Recall that for each i ∈ [n] and t ∈ {1, . . . ,m}, At
i denotes the bundle of agent i after gt has been allocated. To simplify the

analysis, we introduce new variables in place of those used in the algorithm (from Line 8 onwards). For each t ∈ {0, . . . ,m},
we denote

xt
i =

{
1

1+vi(Gt) if t < ri
1

vi(Gt) otherwise

and

yti =


vi(A

t
i)

1+vi(Gt) if t < ri
vi(A

t
i\{gri})

vi(Gt) otherwise

Note that x0
i = 1 and y0i = 0 for all i ∈ [n]. Also, for each i ∈ [n] and t ∈ [m], we let

ϕt
i :=

xt
i

(n2 + n+ 1) · xt
i + n2 · yti − 1

(15)

and
Φt =

∑
i∈[n]

ϕt
i. (16)

Then, it is easy to observe that Algorithm 1 is essentially an online algorithm that minimizes Φt at each round. We first
present a lemma, which will be useful in our proof.
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Lemma D.1. For each t ∈ {0, . . . ,m}, if (i) ϕt
i ≥ 0 for all i ∈ [n], and (ii) Φt ≤ Φ0 = 1

n+1 , then (1) for all i ∈ [n],
xt
i + yti ≥ 1

n2 , and (2) if t = m, the allocation A returned by Algorithm 1 satisfies 1
n -PROP1.

Proof. If Ai = G, we are done. Thus, assume Ai ⊊ G. We first prove that for each agent i ∈ [n], xt
i + yti ≥ 1

n2 . Consider
any t ∈ {0, . . . ,m}. Suppose for a contradiction that

(i) ϕt
i ≥ 0 for all i ∈ [n], and

(ii) Φt ≤ 1
n+1 ,

but there exists some agent j ∈ [n] such that xt
j + ytj <

1
n2 . Then, we have that

ϕt
j =

xt
j

(n2 + n+ 1) · xt
j + n2 · ytj − 1

(by (15))

>
xt
j

(n+ 1) · xt
j

(since xt
j + ytj <

1

n2
)

=
1

n+ 1

≥ Φt (by (i))

=
∑
i∈[n]

ϕt
i (by 16)

≥ ϕt
j , (since ϕt

i ≥ 0 for all i ∈ [n])

thereby giving us a contradiction. Thus, for each agent i ∈ [n], xt
i + yti ≥ 1

n2 .

Next, we show that if the two invariant holds, then when the algorithm terminates, the resulting allocation A satisfies
1
n -PROP1.

Now, at the last iteration t = m, for each agent i ∈ [n], it must be that t ≥ ri, and hence by definition we get

xm
i =

1

vi(Gm)
and ymi =

vi(A
m
i \ {gri})
vi(Gm)

.

Since Gm = G and Am
i = Ai, we get

xm
i + ymi =

1 + vi(Ai \ {gri})
vi(G)

. (17)

If gri ∈ Ai, then there exists a good g ∈ G \ Ai (note this must be true because we assumed Ai ⊊ G) such that
vi(Ai ∪ {g}) ≥ vi(Ai) = vi(Ai \ {gri}) + 1; and if gri /∈ Ai, then vi(Ai ∪ {gri}) = vi(Ai) + 1 = vi(Ai \ {gri}) + 1. In
both cases, we have that there exists a g ∈ G \Ai such that

vi(Ai ∪ {g}) = vi(Ai \ {gri}) + 1.

Consequently,

vi(Ai ∪ {g}) ≥ vi(Ai \ {gri}) + 1

= (xm
i + ymi ) · vi(G) (by (17))

≥ 1

n2
· vi(G),

where the last inequality follows from the fact we proved earlier in this lemma. Observe that the expression is equivalent to

vi(Ai ∪ {g}) ≥
1

n
· vi(G)

n

for some g ∈ G \Ai, and 1
n -PROP1 is satisfied.
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Next, we prove that the algorithm has two invariants.

Lemma D.2. For each t ∈ {0, . . . ,m}, the following hold:

(i) ϕt
i ≥ 0 for all i ∈ [n], and

(ii) Φt ≤ 1
n+1 .

Proof. We prove the lemma by induction.

First, consider the base case when t = 0. For every agent i ∈ [n], G0 = ∅ and thus, vi(G0) = vi(A
0
i ) = vi(Ai) = 0. This

gives us x0
i = 1

1+0 = 1 and y0i = 0
1+0 = 0. Consequently, we get that

ϕ0
i =

1

(n2 + n+ 1)− 1
=

1

n2 + n
≥ 0,

satisfying (i). Moreover, we have that

Φ0 =
∑
i∈[n]

ϕ0
i =

∑
i∈[n]

1

n2 + n
=

n

n2 + n
=

1

n+ 1
,

satisfying (ii). Thus, the base case holds.

Next, we prove the inductive step. Suppose that for every k ∈ {0, . . . , T − 1}, we have that

ϕk
i ≥ 0 for all i ∈ [n] and Φk ≤ 1

n+ 1
. (18)

We want to prove that

ϕk+1
i ≥ 0 for all i ∈ [n] and Φk+1 ≤ 1

n+ 1
.

For each agent i ∈ [n], let

• y+i , ϕ
+
i be the values of xk+1

i , yk+1
i , ϕk+1

i respectively agent i is allocated good gk+1 (i.e., gk+1 ∈ Ak+1
i ), and

• y−i , ϕ
−
i be the values of xk+1

i , yk+1
i , ϕk+1

i respectively if agent i is not allocated good gk+1 (i.e., gk+1 /∈ Ak+1
i ).

We first prove that for each agent i ∈ [n],

ϕk+1
i ≥ 0 and ϕ+

i + (n− 1) · ϕ−
i − n · ϕk

i ≤ 0. (19)

We split our analysis into two cases, depending on whether k + 1 = ri or k + 1 ̸= ri.

Case 1: k + 1 = ri. This means that vi(gk+1) = 1. Moreover, since k < ri, we get that

xk
i =

1

1 + vi(Gk)
and yki =

vi(A
k
i )

1 + vi(Gk)
.

Thus,

xk+1
i =

1

vi(Gk+1)
=

1

vi(gk+1) + vi(Gk)

=
1

1 + vi(Gk)
(since vi(gk+1) = 1)

= xk
i .

Similarly, we have that

y+i = y−i =
vi(A

k+1
i \ {gk+1})
vi(Gk+1)

=
vi(A

k
i )

1 + vi(Gk)
= yki .
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Also, we have that xk+1
i = xk

i and yk+1
i = yki , giving us

ϕ+
i = ϕ−

i = ϕk+1
i − 1.

Consequently, we get
ϕ+
i + (n− 1) · ϕ−

i − n · ϕk
i = 0,

which proves the second part of (19). Moreover, since ϕk
i ≥ 0 (from (18)), we have that ϕ+

i = ϕ−
i ≥ 0, which means

ϕk+1
i ≥ 1 > 0, giving us the first part of (19).

Case 2: k + 1 ̸= ri. To simplify our argument, we define an auxiliary valuation function v′i (which behaves more like a
variable rather than a valuation function) defined as follows for k and k + 1.

v′i(G
k) =

{
1 + vi(G

k) if k + 1 < ri;

vi(G
k) otherwise.

v′i(G
k+1) =

{
1 + vi(G

k+1) if k + 1 < ri;

vi(G
k+1) otherwise.

We also note that vi(Ak
i \ {gri}) = vi(A

k
i ) if k + 1 < ri. This gives us

xk
i =

1

v′i(G
k)

and yki =
vi(A

k
i \ {gri})
v′i(G

k)
.

Now, denote ε := vi(gk+1)
v′
i(G

k)
. Then, since vi(gk+1) ≤ pi = vmax

i = 1, we have that

ε =
vi(gk+1)

v′i(G
k)
≤ 1

v′i(G
k)

= xk
i . (20)

Thus, we have

xk+1
i =

1

v′i(G
k+1)

=
1

vi(gk+1) + v′i(G
k)

=
1

ε · v′i(Gk) + v′i(G
k)

(by definition of ε)

=
1

(1 + ε) · v′i(Gk)

=
xk
i

1 + ε
(by definition of xk

i ).

Also, get that

y+i =
vi(A

k
i \ {gri}) + vi(gk+1)

v′i(G
k+1)

=
vi(A

k
i \ {gri}) + vi(gk+1)

v′i(G
k) + vi(gk+1)

=
vi(A

k
i \ {gri}) + ε · v′i(Gk)

v′i(G
k) + ε · v′i(Gk)

(by definition of ε)

=
vi(A

k
i \ {gri}) + ε · v′i(Gk)

(1 + ε) · v′i(Gk)

=
yki + ε

1 + ε
(by definition of yki )
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and

y−i =
vi(A

k
i \ {gri})

v′i(G
k+1)

=
vi(A

k
i \ {gri})

v′i(G
k) + vi(gk+1)

=
vi(A

k
i \ {gri})

v′i(G
k) + ε · v′i(Gk)

(by definition of ε)

=
vi(A

k
i \ {gri})

(1 + ε) · v′i(Gk)

=
yki

1 + ε
(by definition of yki ).

We also have

ϕ+
i =

xk+1
i

(n2 + n+ 1) · xk+1
i + n2 · y+i − 1

=

xk
i

1+ε

(n2 + n+ 1) · xk
i

1+ε + n2 · y
k
i +ε

1+ε − 1

=
xk
i

(n2 + n+ 1) · xk
i + n2 · yki + ε · (n2 − 1)− 1

and

ϕ−
i =

xk+1
i

(n2 + n+ 1) · xk+1
i + n2 · y−i − 1

=

xk
i

1+ε

(n2 + n+ 1) · xk
i

1+ε + n2 · yk
i

1+ε − 1

=
xk
i

(n2 + n+ 1) · xk
i + n2 · yki − ε− 1

.

Now, denote ∆ := (n2 + n + 1) · xk
i + n2 · yki − 1. For any i ∈ [n], we can then express ϕ+

i , ϕ−
i , and ϕk

i as the
following:

ϕ+
i =

xk
i

∆+ ε · (n2 − 1)
, ϕ−

i =
xk
i

∆− ε
, ϕk

i =
xk
i

∆
.

Moreover, by (18), we know that ϕk
i ≥ 0 for all i ∈ [n] and Φk ≤ 1

n+1 . Applying Lemma D.1, we get that

n2 · (xk
i + yki ) ≥ 1.

This means

∆ = (n2 + n+ 1) · xk
i + n2 · yki − 1

= n2 · (xk
i + yki ) + (n+ 1) · xk

i − 1

≥ 1 + (n+ 1) · xk
i − 1

= (n+ 1) · xk
i . (21)

Then, we know that

• ∆ > 0 since xk
i > 0;
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• ∆− ε > 0 since ε ≤ xk
i (by (20)); and

• ∆+ ε · (n2 − 1) > 0 since ε ≥ 0.

This gives us ϕ+
i ≥ 0 and ϕ−

i ≥ 0. Then, by the definition of ϕ+
i and ϕ−

i , we get that ϕk+1
i ≥ 0, thereby proving the

first part of (19).

Now, by (21) and (20), we have that
∆ ≥ (n+ 1) · xk

i ≥ (n+ 1) · ε,
which gives us

∆ ≥ (n+ 1) · ε = n(n2 − 1)

n(n− 1)
· ε.

Equivalently, we get
∆ · (n2 − n) ≥ n(n2 − 1) · ε.

Then, multiplying ε on both sides, we obtain

0 ≥ n(n2 − 1) · ε2 −∆ · ε · (n2 − n)

= n(n2 − 1) · ε2 −∆ · ε · (n2 − 1) + ∆ · ε · (n− 1)

= ∆ · (∆− ε) + (n · ε−∆)(∆ + ε · (n2 − 1))

≥ ∆ · (∆− ε) + (n · ε−∆)(∆ + ε · (n2 − 1))

(∆ + ε · (n2 − 1)) ·∆ · (∆− ε)

=
1

∆ + ε · (n2 − 1)
+

n · ε−∆

∆ · (∆− ε)

=
1

∆ + ε · (n2 − 1)
+

n− 1

∆− ε
− n

∆
. (22)

Finally,

ϕ+
i + (n− 1) · ϕ−

i − n · ϕk
i =

xk
i

∆+ ε · (n2 − 1)
+

(n− 1) · xk
i

∆− ε
− n · xk

i

∆

= xk
i

(
1

∆ + ε · (n2 − 1)
+

n− 1

∆− ε
− n

∆

)
≤ 0,

where the inequality follows from (22) and the fact that xk
i ≥ 0, thereby proving the second part of (19).

It remains to prove that Φk+1 ≤ 1
n+1 to complete the inductive step. Now, we have that

0 ≥
∑
i∈[n]

(
ϕ+
i + (n− 1) · ϕ−

i − n · ϕk
i

)
(by (19))

=
∑
i∈[n]

ϕ+
i + (n− 1) ·

∑
i∈[n]

ϕ−
i − n ·

∑
i∈[n]

ϕk
i

=
∑
i∈[n]

ϕ+
i + (n− 1) ·

∑
i∈[n]

ϕ−
i − n · Φk

=
∑
i∈[n]

−Φk + ϕ+
i +

∑
j∈[n]\{i}

ϕ−
j

 .

This necessarily means that there exists an agent i∗ ∈ [n] such that −Φk + ϕ+
i∗ +

∑
j∈[n]\{i∗} ϕ

−
j ≤ 0. If gk+1 is allocated

to agent i∗, then for all i ∈ [n], we have that

ϕk+1
i =

{
ϕ+
i∗ if i = i∗;

ϕ−
i otherwise.

(23)
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Let Φk+1
i∗ be the value of Φk+1 if gk+1 was allocated to agent i∗. This means that

Φk+1
i∗ = ϕ+

i∗ +
∑

i∈[n]\{i∗}

ϕ−
i .

Since Φk+1
i∗ − Φk ≤ 0 and Φk ≤ 1

n+1 (by (18)), we get that

Φk+1
i∗ ≤ Φk ≤ 1

n+ 1
.

Finally, since the algorithm allocates gk+1 to the agent that minimizes Φk+1 (Line 18 of Algorithm 1), we know that
Φk+1 ≤ Φk+1

i∗ ≤ 1
n+1 , as desired.

We have shown both the base case and inductive step, and thus, by induction, the lemma holds.

Thus, the invariants hold, and our result follows.

D.3. Proof of Theorem 5.3

Without loss of generality, we can assume that pi = 1 for each i ∈ [n]. Also let ri be the earliest timestep whereby agent i
values a good at least 1− ε, i.e., vi(gri) ≥ 1− ε and for each 1 ≤ t < ri, vi(gt) < 1− ε.

Now, for each agent i ∈ [n], define δi := 1− vi(gri) (so that 0 ≤ δi ≤ ε) and create the augmented valuation function v′i
defined as follows:

v′i(gt) =

{
1 if t = ri

vi(gt) otherwise.

This also means
v′i(gri) = 1 = vi(gri) + δi. (24)

Run the α-PROP1 algorithm on this sequence of goods, but using the augmented valuation functions v′1, . . . , v
′
n instead.

This returns an α-PROP1 allocation with respect to the augmented valuation functions. Let A = (A1, . . . , An) be the
returned allocation. By definition, for each agent i ∈ [n], there exists some good g ∈ G \Ai such that

v′i(Ai ∪ {g}) ≥ α · v
′
i(G)

n
. (25)

For each agent i ∈ [n], we have that v′i(gt) = vi(gt) for all t ∈ [m] \ {ri} and v′i(gri) = vi(gri) + δi (by (24)). This gives
us

v′i(G) = vi(G) + δi (26)

and for any g ∈ G \Ai,
v′i(Ai ∪ {g}) ≤ vi(Ai ∪ {g}) + δi, (27)

with the above being an equality if gri /∈ Ai ∪ {g}. Together with the fact that δi ≤ ε < 1, this also implies there exists a
g ∈ G \Ai such that

vi(Ai ∪ {g})
1− δi

≥ v′i(Ai ∪ {g})− δi
1− δi

≥ 1. (28)

The rightmost inequality follows from the fact that v′i(Ai ∪ {g}) ≥ 1, which is true if gri ∈ Ai, otherwise we can choose g
to be gri .

Also, since δ ≤ ε, we get that 1
1−δi

≤ 1
1−ε and

δi
1− δi

≤ ε

1− ε
. (29)
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Now, for each i ∈ [n], there exists a g ∈ G \Ai such that

α · vi(G)

n
=

α

n
· (v′i(G)− δi) (by (26))

≤ v′i(Ai ∪ {g})−
α

n
· δi (by (25))

≤ (vi(Ai ∪ {g}) + δi)−
α

n
· δi (by (27))

= vi(Ai ∪ {g}) +
(
1− α

n

)
· δi

≤ vi(Ai ∪ {g}) +
(
1− α

n

)
· vi(Ai ∪ {g}) · δi

1− δi
(by (28))

=

(
1 +

(
1− α

n

)
· δi
1− δi

)
· vi(Ai ∪ {g})

≤
(
1 +

(
1− α

n

)
· ε

1− ε

)
· vi(Ai ∪ {g}) (by (29))

=
1− αε

n

1− ε
· vi(Ai ∪ {g}) =

α

β
· vi(Ai ∪ {g}).

This gives us

vi(Ai ∪ {g}) ≥ β · vi(G)

n
,

as desired.
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