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Abstract

Federated learning has emerged as a promising approach for constructing a large-scale cooper-
ative learning system involving multiple clients without sharing their raw data. However, the
task of finding the optimal sampling weights for each client, given a specific global objective,
remains largely unexplored. This challenge becomes particularly pronounced when clients’
data distributions are non-i.i.d. (independent and identically distributed) and when clients
only partially participate in the learning process.

In this paper, we tackle this issue by formulating the aforementioned task as a bi-level
optimization problem that incorporates the correlations among different clients. To address
this problem, we propose a double-loop primal-dual-based algorithm, designed specifically
to solve the bi-level optimization problem efficiently. To establish the effectiveness of our
algorithm, we provide rigorous convergence analysis under mild assumptions. Furthermore,
we conduct extensive empirical studies using both toy examples and learning models based
on real datasets. Through these experiments, we verify and demonstrate the effectiveness of
our proposed method.

1 Introduction

Federated learning has achieved high success in the large-scale cooperative learning system without sharing
raw data. Its ability to operate on a massive scale, involving numerous devices, has garnered significant
attention. However, with such a vast network of devices, ensuring the quality of data becomes an arduous
task. After all, the presence of noisy or low-quality data can severely hinder a model’s training effectiveness.

Recognizing this challenge, the question arises: how can we mitigate the influence of "bad" devices within
the federated learning framework? A logical solution emerges - by reducing the weight assigned to these
troublesome devices. Interestingly, popular federated training algorithms such as FedAvg (Li et al.| [2019;
He et al] 2020) often assign equal weights to all devices or base the weights on the number of data points
they contribute. While these approaches have their merits, they fail to account for the varying quality
of data provided by each device. Drawing inspiration from existing federated algorithms, we introduce a
novel variable, denoted as x, which serves as a coefficient controlling the weight assigned to each device. By
incorporating this weight control mechanism, we gain the flexibility to adjust the influence of individual
devices on the model’s learning process. To assess the impact of these coefficients on the model’s performance,
we introduce a validation set on the server. This validation set acts as a gauge, allowing us to determine if the
coefficients improve the model’s overall efficacy. We formulate the whole problem as a bi-level optimization
as follows:

min  fo(w ()

N
st.  w'(z) € arg HEHZ @ fi(w) (1)
i=1

xe X ={zlx >0,|z|L =1}.
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To solve problem |1} [Kolstad & Lasdon/ (1990) propose an algorithm that calculates the gradient of z directly,
ie.,

W =~V fo(w*(z))" (Z Vifz(ﬂ)*(x))> Vo fi(w* (z)).
i=1

However, due to the large parameter dimension of w, taking the inverse of the Hessian or solving the related
linear system becomes computationally infeasible. Furthermore, estimating the gradient or Hessian of the
local function f; directly is challenging due to the large amount of data on the local devices. Only stochastic
gradient and stochastic Hessian can be accessed. In light of these constraints, |Ghadimi & Wang) (2018)
proposed the FEDNEST algorithm, which approximates the inverse of the Hessian using a series of powers of
the Hessian, represented by Zf:o (I —nH)* to approximate %H —! with a certain 7. Similarly, Tarzanagh
et al.| (2022)) introduced the FEDNEST algorithm for solving stochastic bi-level optimization problems in
the federated learning setting. Both methods require an additional loop to approximate the product of the
Hessian inverse with a vector.

However, it is known that for constraint optimization, with the descent direction, the algorithm will not
converge to the optimal point or even to the first-order stationary point (Bertsekas,|2009)). Therefore, obtaining
an accurate approximation of the Hessian inverse becomes crucial. Because the series of powers must start
with £ = 0 and require several iterations to achieve accuracy, it increases computation and communication
in federated learning. Fortunately, by leveraging the KKT condition, we can embed information about the
Hessian inverse into dual variables. Based on the smoothness of the objective, we can initialize the dual
variables effectively, instead of starting with the same initialization in each iteration (e.g., using I in the
series approximation). Consequently, we propose a primal-dual-based algorithm to solve the problem outlined
in equation [T}

Furthermore, when solving constrained optimization problems with nonlinear equality constraints, adding the
squared norm of the equality constraint as an augmented term may not introduce convexity to the augmented
Lagrange function. Consequently, it becomes challenging for min-max optimization algorithms to find the
stationary point. In contrast, following the assumption in |[Ghadimi & Wang] (2018), where the functions f;
are assumed to be strongly convex, adding the functions f; as the augmented term helps introduce convexity
without altering the stationary point of the min-max problem. Based on this new augmented Lagrange
function, we prove that by employing stochastic gradient descent and ascent, w and A can converge to the
KKT point. Additionally, using the implicit function theorem, when w and A approach the stationary point
of the min-max problem, the bias in estimating the gradient of x can be reduced to 0. Thus, by combining
the primal-dual algorithm on w and A\ with stochastic projected gradient descent on xz, we establish the
convergence of our algorithm.

Finally, we conduct comparisons between our algorithm and other algorithms using both a toy example and
real datasets, such as MNIST and F-MNIST with Network LeNet-5. The experimental results demonstrate
that our proposed algorithm performs well in strongly convex cases and even exhibits effectiveness in some
non-convex cases, such as neural networks. These findings provide compelling evidence of the capability and
versatility of our algorithm in various scenarios.

We summarize our contributions as follows:

e In Federated Learning, we formulate the local coefficient learning problem as a bi-level optimization
problem, which gives a way to identify the dataset quality in each local client for some specific task
(where a small validation set is given).

e In bi-level optimization, we introduce a primal-dual framework and show the convergence of the
whole algorithm in the constrained and stochastic setting.

e For some specific optimization problems with non-linear constraints, we give a new augmented term.
With the new augmented term, the primal variable and dual variable can converge to the KKT point
of the original problems.
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2 Related work

2.1 Personalized Federated Learning

The most related work in federated learning tasks will be personalized federated learning. A well-trained
local personalized model is needed for each local device in personalized federated learning. |Jiang et al.| (2019));
Deng et al.| (2020) propose a method that they train a global model and then fine-tune the trained global
model to get the local model. [T Dinh et al.| (2020)); |[Fallah et al.| (2020) change the local objective function to
make each local can be different and handle individual local tasks. |Li et al.| (2021) introduces a two-level
optimization problem for seeking the best local model from great global models. All of these works do not
involve a validation set as a reference, but they use a few gradient steps or simple modifications and hope
the local model can both fit the local training data and use information from the global model (other local
devices). Different from these works, we explicitly formulate a bi-level optimization problem. By adding a
validation set, it can be more clearly identified the correlation from the other devices and its own.

2.2 Stochastic Bi-level Optimization

Bi-level optimization problem has been studied for a long time. One of the simplest cases in bi-level
optimization is the singleton case, where the lower-level optimization has a unique global optimal point.
Without calculating the inversion of the Hessian matrix of the lower-level optimization problem, there are
two major algorithms. [Franceschi et al.| (2017) approximates % by %"—; where wr is the iterate after
T steps gradient descent for the lower optimization problem. Using this method, in each iteration, we
need to communicate N (number of local devices) vectors among the server and local devices which is not
communication efficient. The other method (Ghadimi & Wang| (2018)) is to approximate (VZg(w))~! by
ZZK:O (I —nV3g(w))?, where g(w) is the objective function of lower-level optimization problem. Although
Khanduri et al.| (2021) points out that to approximate gradient for upper optimization function, we can get
rid of taking the optimal point for lower optimization in each upper-level update optimization, which seems
to get rid of double-loop approximation, it still needs a loop for approximating Hessian inverse with series.
Guo & Yang (2021) uses SVRG to reduce the noise level of estimating stochastic gradient and Hessian to get
better performance. Besides, all of the above works assume the smoothness of the local Hessian, but none
of them will apply the property directly to the algorithm. Different from the above works, we introduce
a primal-dual framework into bi-level optimization, where the dual variable can record the information of
Hessian. Also, |Shi et al.| (2005); Hansen et al.| (1992) introduce the primal-dual framework, but they stay in
quadratic regime or mix integer programming, which is non-trivial to extend the results to federated learning
settings. Further, [Tarzanagh et al. (2022) introduce bi-level optimization into the federated learning setting.

3 Algorithm Design

Assume that each function of f; is a strongly convex function. Then, the optimal solution to the lower
optimization problem becomes only a single point. Thus, with the implicit function theorem, we can calculate
the gradient of fo(w*(z)) with respect to x as follows.

dfo(w*(2)) _

Proposition 1. Suppose f;’s are strongly convex functions. Then for each x € X, it holds that =5

Vol (@) (S0 2 OVE L (0 (0)) Vafilw (@)

With the proposition [I} one can calculate the gradient of x, when w*(z) and the inverse of Hessian are
given. However, for large-scale problems, none of these can be easily obtained. Fortunately, by noticing
the convexity of each function f;, we can replace the first constraint w*(z) € arg min,, Zfil 2@ fi(w) with

\% Zf\;l z® fi(w) = 0. For given z, we can formulate the following constrained optimization problem:

min fo(w)

N
st. > 2DV, fi(w) =0,
=1
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By introducing the dual variable A\, we can easily get the Lagrange function. To solve the Lagrange function
efficiently, we propose the following augmented Lagrange function.

N

N
La(w,\) = fo(w) + AT Y " aOV, fi(w) + Ty 2@ f;(w). (3)

=1 =1

Different from the standard augmented terms, where the norm square of equality constraints is added to
achieve strong convexity of the primal problem, we add the summation of f;’s with coefficient (")’s. If we
use the norm square of the gradient constraint for general strongly convex functions, it will not be strongly
convex. Thus, we can not directly adopt the gradient descent ascent algorithm. With the definition, we can
obtain the following two propositions directly.

Proposition 2. Suppose f;’s are strongly convex functions fori=1,2,--- ,N, 2 >0 for all i and ||z|; = 1.
Then, Problem [] satisfies Linear Independence Constraint Qualification, and its KKT conditions can be
written as follows:

N
Vo fow) + > 2OV fi(w)x =0
i=1

N
SOV fiw) = 0.
i=1

Proposition 3. Suppose fi’s are strongly convex functions fori =1,2,--- N, ® >0 for all i and ||z||; = 1.
Then, the stationary point of min,, maxy L, (w, \) is unique and satisfies the KKT conditions of problem .

Let (@*(z), A\*(z)) be the stationary point of min,, maxy L, (w, A). From proposition [2] it holds that @*(z) =
w*(z) and

Afo(w* (x « N
ORI ) — X (@) Vi (@), ()
Thus, with the KKT point w*(z) and A\*(z), we can estimate the gradient of x without estimating the inverse

of Hessian. However, as A" 21]21 @V, f;(w) can be a highly non-convex function, which can be harmful to

the optimization process. We add an additional constraint on the norm of A and define the constraint set A.
Thus, the problem [2] becomes

w  AEA

N N
min max Ly (w, \) = fo(w) + AT Z 2DV, fi(w) +T Z 2 f; (w). (5)
i=1 i=1

We propose a double loop algorithm for solving problem We show the algorithm in the Algorithm
and 2] In the inner loop, we solve the augmented Lagrange for K steps. In each step, the local client
will receive the iterates wy j and A . After that, each local client will calculate \V/ fi(we x) and \Y, filwe k)
based on the backpropagation through two independent batches. The term V2 filwe i) Ae ke is calculated
with the auto-differentiable framework (i.e. Pytorch, TensorFlow) or with the closed-form multiplication.
Then the local device sends gradient estimation Vo fi(we k) and the estimated product of Hessian and A
(ﬁ2f1 (wt7k)/\t7k) to the server.

Algorithm 1 The bi-level primal-dual algorithm on local device 4
1: fort=1,2,---,7T do

for k=1,2,--- ,K do
Receive wy j, At ), from the server;
Sample a mini-batch and calculate V fi(wek);

Sample a mini-batch and calculate V fi(wek);
Calculate @i}fi(wm))\t,k with back propagation on scalar @wf(wt’k))\t,k;
Send ?in(wm))\t and @fl(wtk) to the server;
end for
end for

© XN T RN
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For the server, in each step, the server will first send the primal variable (w; ;) and dual variable (At, k) to
all local clients. Then, the server will receive the estimated gradients and estimated products from some local
clients. Because not all devices will stay online in each step, we define a set Active; ;, which records the clients
that participate in the optimization in the (¢, k) step. With the vectors collected from local clients, the server
will calculate the gradient estimator of wy , and Ay, with respect to function Ly, (wy i, Arx). And then, wy
will be updated by a gradient descent step and A will be updated by a gradient ascent step. Different from
local devices, after K inner loop update steps, based on the A\; x and gradient estimated in each local client,
the server will calculate the gradient of x based on equation [4 and perform a projected gradient descent step
on z. In addition, if the ¢, agent is not in Active; g, we set the gradient of @ to be zero.

Algorithm 2 The Bi-level primal dual algorithm on the Server

1: Initial 1, wi,1, A1,1, total iterations: K, T and step size: 7, 7, 7z-
2: fort=1,2,---,T do

3: fork=1,2,---,K do

4: Send wy , At to each local device;

5: Receive @fi(wtk) and @ifi(wm)/\t from Activey x;
6 gw = Volwir) + e Yicactives T V2 Fi(we k) Ak + TV fi(wrp);
7 Wt k+1 = Wi,k — NwGws

8: grn = \Activm (ZieActivet,k xgl)vwfi(wtk));

9: At k1 = Ha (Mg k +0090);

10: end for

11: gpe) = WMAIKv“’fi(wth) for i € Activey k;

12: gy = 0 for i ¢ Active; k;

13: Ti41 = Py (l't - nzgx);

4: Apg1,1 = M K+15

15: Wiy1,1 = Wi K41

16: end for

17: Output: T, WT,K+1-

Remark 1. g, can be calculated in the i-th device and sent to the server, which can reduce the computation
in the server and will increase one-round communication with one real number between the server and devices.
The rest of the analysis will remain to be the same.

4 Theoretical Analysis

In this section, we analyze the convergence property of the proposed algorithm. First, we state some
assumptions used in the analysis.

(A1) fo,f1, -, fn are lower bounded by f, and fo, f1,- -, fy have L; Lipschitz gradient.

(A2) fi1, -, fn are u-strongly convex functions.

(A3) fi1, -, fn has Ly Lipschitz Hessian.

(A4) max;cqo,1,.... Ny MaXzex |V fi(w* (2))]| < Dy.

(A5) Each local estimation is unbiased with bounded variance o°.

2

(A6) Activey is independent and sampled from the set of the nonempty subset of {1,2,---, N}, where

P(i € Activey ) =p forall i € {1,2,--- ,N}.

Remark 2. (A1),(A2),(A3) are commonly used in the convergence analysis for bi-level optimization
problems (Ji et all, (2021 |Chen et all, |2021; |Khanduri et al), |2021). Unlike |Ji et al| (2021); |Chen et al.
(2021), where they need to assume fo, f1,--+, fn to be Lo Lipschitz, we assume the gradient norm is bounded
at the optimal solution. Because for machine learning models, reqularization will be added to the objective
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function, making the norm of the optimal solution not large. When w*(x) can be bounded by some constant.
(A4) is reasonable in practice. Moreover, the Lipschitz assumption on function can directly infer (A4) with
D,, = Lo. (AB) is a common assumption used for stochastic gradient methods (Ghadimi et all,(2016) and
(A6) extend the assumption in|Karimireddy et al| (2020) by giving the probability that local devices will be
chosen instead of uniformly sampling.

Remark 3. With (A4), Dy = maxgzcx [|A\*(z)]| is upper bounded by Dy, /.

Proposition 4. When A = {)\ | ||A|| < Dy}, then the stationary point of pmblem@ is the KKT point of
problem [3

With proposition [3] and [d] the stationary point of problem [f]is unique and we denote the stationary point as
(w*(z), \*(x)). To give the convergence of the whole algorithm, firstly, we give the convergence guarantee for
the inner loop.

Theorem 1. For given © € X, when (A1) to (A6) holds, T' > % and 1y, my = O(1/VK), when
randomly choosing k € {1,2,--- | K} with equal probability it holds that

| _oh(w @)

0z
Thus, with theorem [I] the gradient of z can be “well” estimated through the inner gradient descent ascent
method when the number of inner loop steps is large enough. Then, we can obtain the following convergence
result of the outer loop.

Theorem 2. Suppose (A1) to (A6) holds, T' > W, N,y = O(1/VK), n, = O(1/VT) and

randomly choosing ke {1,2,--- | K} with equal probability to approvimate gradient of x. Define & =
argminge x (fo(w*(y)) + §lly — z||*) and V, fo(w*(x)) = p(x — &) for large p,it holds that

2

E ||| A Vo fi(wy) = 0(1/VK).

T
= S BT, folw* )P = O NT +1/VE).

Remark 4. To achieve e-stationary point (E||V ,fo(w*(z:))||? <€), O(1/€*) samples are needed in each local
client and in the server. Different from the previous works on bilevel optimization(e.g. |Ghadimi & Wang
(2018), |Khanduri et al| (2021]) and|Franceschi et al.| (2017)), we prove the convergence when optimization
variable x has a convex constraint.

4.1 Proof Sketch of Theorem [1I

To show the convergence of inner loop, we first construct a potential function for inner loop objective. Define
O, (w,\) = Ly (w, \) — 2d()\), where d(\) = min,, L, (w, \) for given x. The intuition of defining this potential
function is that L, (w, A) is not necessarily decreasing in each iteration, as A is performing a gradient ascent
step. Meanwhile, the gradient A taken is an approximation of the gradient of d(\). Thus, by subtracting
d()\), we can obtain that ® will decrease during iterations. Therefore, the first thing is to show the lower
bound of the function ®.

Lemma 1 (Lower bound of ®). Suppose (A1)-(A4) hold. It holds that ®,(w, ) is bounded below by f.

The proof of this lemma is basically due to the definition of @, (w,A) and d(\). Then, similar to the proof
of gradient descent, we give a lemma that shows the descent of potential function under certain choices of
hyperparameters.

Lemma 2 (Potential function descent, proof can be found in Lemma [11{in Appendix). Suppose (A1)-(A6)
hold. In addition, we assume I > %, it holds that

E[®u (wi gy M) — P (Wi s 1, Meer1)] < —C1E[| Vi L (wy i, M) |12 — C2E[| N — A |1?] + C302,

where A =TIy (A + 1 Vd(\)), C1 = O (1w — 12 — 73 —m), Co =0O(n) and Cs = O(nZ +n3)
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Thus, when choosing sufficient small 7, and 7y, we can achieve positive C; and C5. Together with the lower
bound of the function ®, the convergence of the inner algorithm can be shown. Because of the uniqueness of
the KKT point, by choosing 7,, and 7, in order of 1/v/ K, it can be shown that

K
1 *
2 O Elwes — w' (@) = 0(1/VE), ZEnxt k= w (@) = 0(1/VE).
k=1
Therefore, with the convergence rate of w; ; and A;j; and equation [4] we can easily prove theorem

4.2 Proof Sketch of Theorem

To apply stochastic gradient descent analysis on x, although we have smoothness for the function fy, f1,- -, fn
on w, we need to verify the smoothness of fy(w*(z)) with respect to .

Lemma 3 (Convergence of stochastic gradient descent with biased gradient estimation, proof can be found
in Lemmain Appendix). Suppose function f(x) is lower bounded by [ with L-Lipshitz gradient. g(x) is
an unbiased gradient estimator of V f(x) satisfying that expected norm of g(z) are bounded by G in domain X
for function f. Then with update rule xiy 1 = x(x; — nu(g(2s) + &), where n, = O(1/VT), X is a convex
set and E||&||*> < €2. By defining & = argminyex (f(y) + 2|y — z||?) and V,f(z) = p(z — &), where p = 2L,
then it holds that

T
ZES IV, £l = 00T + ).

As Lemmasuggests, when fo(w*(x)) satisfying L-Lipschitz gradient, bounded estimation error, and bounded
gradient norm, the convergence rate can achieve O(1/y/T) with an error term related to estimation error.
Theorem (1| shows the estimation error can be bounded by O(1/v/K). Combining these two results we can
prove Theorem [2]

5 Experimental Results

In this section, we compare our algorithm with other bi-level optimization algorithms (FEDNEST (Tarzanagh
et al., [2022), SUSTAIN (Khanduri et al.,|2021) and RFHO (Franceschi et al., 2017))) in two cases: the toy
example and two vision tasks. Further, in vision tasks, agnostic federated learning (AFL) is tested (Mohri
et al}|2019). When k local steps are used in each algorithm, FEDNEST, RFHO, and our algorithm will
perform 2kd real number transmission, where d is the dimension of optimization. SUSTAIN will perform
(k + 1)d real number transmission. In the vision tasks, they perform the same real number of transmissions
as k = 1. For a fair comparison, we set the local device update to 1.

5.1 Toy Example

In this section, we apply algorithms to solve problem [I] with f; as follows:
1
filw) = §|\Aiw — By|)? + cos(a; w —b;),

where 4; € R30%20. B, ¢ R3? q; € R?? and b; € R are all generated from Gaussian distribution. The variance
of each component in A; and a; is 1/ v/20 and the variance of each component in B; is 1/ /30 and variance
of b; is 1. When generated function f; is not 0.1-strongly convex, we randomly generate a new one until
we get strongly convex f; whose modular is not less than 0.1. Three local steps (K'=1, 5, 10) are tested.
Here, the local steps are used for w update for algorithm FEDNEST, RFHO, and our algorithm, and the
local steps are used for Hessian estimation for algorithm FEDNEST and SUSTAIN. Because we can easily
compute the Hessian matrix and its inverse for this toy example, we test the algorithm using the inverse of
the estimated Hessian to compute the gradient of z named GD. We test two settings of the toy example. One
is the deterministic setting, where no estimation noise or client disconnection will occur. In the other setting,
we add white Gaussian noise with a noise level of 0.5 in each estimation (including gradient estimation and
Hessian estimation). Also, each client has a 0.5 probability of connecting with the server.
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Figure 1: The figure shows the result of the toy example where all clients participate in the optimization
process in each iteration, and all gradient and hessian are estimated without noise. The above line shows
the stationary of x in each iteration, and the second row shows the function value of z (f(w*(x))). The left
column shows the results when the number of local steps is 1; the middle column shows the results of 5
local steps, and the right column gives the results of 10 local steps. The shadow part of the function value
corresponds to the 0.1 standard error area, and the shadow part in stationary corresponds to the 0.5 standard

€rror area.
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Figure 2: The figure shows the result of the toy example where the active rate is 0.5 in each iteration, and
all gradient and hessian are estimated with white-Gaussian noise with a noise level of 0.5. The above line
shows the stationary of x in each iteration, and the second row shows the function value of z (f(w*(z))).
The left column shows the results when the number of local steps is 1; the middle column shows the results
of 5 local steps, and the right column gives the results of 10 local steps. The shadow part of the function
value corresponds to the 0.1 standard error area, and the shadow part in stationary corresponds to the 0.5
standard error area.
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To evaluate the performance of different algorithms, we calculate the function value of fo(w*(x)) and the
stationary of x, i.e.  — IIx(z — 0.001V,, fo(w*(z))), where w*(z) is approximate by 200 gradient steps. We
take N = 15 and run 20 times and get the results of different algorithms. The results of the deterministic
setting are shown in Figure[I] and the results of the noise setting are shown in Figure [2|

As it is shown in Figure [T} with local steps getting larger and larger, the performance of FEDNEST, RFHO,
and SUSTAIN is getting close to GD, while the performance of the primal-dual method is similar to GD
whatever local step used in the algorithm even with only one single step. When noise is added in the Hessian,
direct inverse may cause the biased estimation. Thus, the performance of GD gets much worse than it in
the deterministic setting shown in Figure 2] Also, in Figure 2] our algorithm can perform better than other
algorithms when the local step is small. When local steps increase to 10, FEDNEST and our algorithm have
competitive results.

5.2 Vision Tasks

Table 1: Test Accuracy and = output of Training LeNet 5 on MNIST. "AP" represents Active Probability,
and Accuracy stands for Test Accuracy.

AP RFHO FEDNEST SUSTAIN Ours
Accuracy | 98.34% + 0.18% | 98.15% + 0.23% | 99.02% + 0.15% | 98.43% + 0.17%
1 zM 0.488 + 0.104 0.425 + 0.081 0.411 + 0.069 0.455 + 0.016
2 0.311 4+ 0.104 0.245 + 0.133 0.305 + 0.045 0.334 + 0.020
z® 0.197 4+ 0.031 0.294 4+ 0.176 0.282 + 0.029 0.212 + 0.026
z®>(10) ~ Ge — 4 ~ 6e — 3 ~3e—4 ~ 2 —4
Accuracy | 98.07% +0.4% | 98.09% £ 0.21% | 98.85% + 0.29% | 98.43% + 0.19%
0.9 zM 0.407 £ 0.040 0.395 + 0.136 0.386 & 0.058 0.449 + 0.046
z? 0.281 + 0.065 0.314 + 0.045 0.345 + 0.028 0.333 £ 0.050
z® 0.291 + 0.018 0.239 + 0.085 0.265 + 0.038 0.217 + 0.024
x®),(10) ~4e —3 ~ & —3 ~ Te —4 ~ 2e —4
Accuracy | 97.86% + 0.36% | 95.37% + 4.10% | 97.60% =+ 0.49% | 98.24% + 0.23%
0.5 zM 0.449 + 0.090 0.539 4+ 0.076 0.365 4+ 0.015 0.468 + 0.052
' (2 0.276 &+ 0.075 0.217 4 0.059 0.329 4+ 0.013 0.372 4 0.053
z® 0.271 £+ 0.129 0.210 + 0.039 0.292 + 0.015 0.16 + 0.035
z(®>>(10) ~ 6e —4 ~6e—3 ~2 —3 ~ 2 —4

In this section, we apply algorithms to train LeNet5(LeCun et al., [1998)) on dataset MNIST (LeCun et al.,
1998) and Fashion-MNIST (Xiao et al.l 2017)). To construct non-iid datasets on different local clients and
the global server’s validation set, we randomly pick 20 samples per label out of the whole training dataset
and form the validation set. Then, the rest of the training data are divided into 3 sets, and each set will be
assigned to a local client. The first client contains samples labeled as 0,1,2,3,4, the second client contains
samples labeled as 5,6,7, and the third client contains samples labeled as 8,9 for all two datasets. To test
the algorithm’s ability to choose the proper coefficient of local clients, we add 7 noise nodes containing
5000 samples with random labels. We set the learning rate of w to be a constant learning rate without any
decay selected from {0.1,0.01,0.001} for all training methods, and the learning rate of x is selected from
{0.1,0.01,0.001,0.0001}. The batch size for all three training cases is set to 64. I" used in the proposed
algorithm is set to be 1. For simplicity, we set the local step as 1. We run 2000 iterations for MNIST and 6000
iterations for Fashion-MNIST. Active probability is set in {0.5,0.9,1}. We compare the test accuracy among
different methods. As a baseline, we report the test accuracy for training with the validation set only named
val, training with the average loss of each client named avg, and training with z = (0.5,0.3,0.2,0,--- ,0)
named opt. All experiments run on V100 with Pytorch (Paszke et al., [2019)). Results are shown in Figure
Figure [d and Table[I]

Figure 3| shows the test accuracy of the MNIST dataset with different active probabilities. Although SUSTAIN
works better than the primal-dual algorithm when all local devices participate in the optimization process,
when clients’ participant rate decreases to 0.5, SUSTAIN works worse than our method. Primal-dual becomes
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Figure 3: Test accuracy of training LeNet 5 on MNIST dataset. The left curve shows the result when the
active probability is 1; the middle curve shows the result when the active probability is 0.9, and the right
curve shows the result with the active probability of 0.5.

slower than SUSTAIN may be because of the initialization of the dual variable. When the dual variable is
far from its real value it needs more time to get a good enough point. Other than SUSTAIN, our algorithm
can converge faster and more stable to a high accuracy point. Further, we list the output of x and standard
error of test accuracy for 5 different experiments for different algorithms in Table [I] According to Table
our algorithm can achieve a more stable output with respect to x, and the output « is closer to 0.5,0.3,0.2,
which is related to the number of labels the first three clients holds.

Figure [4] gives the test accuracy of training LeNet 5 on the Fashion-MNIST Dataset. Similar to the results of
the MNIST dataset, when the clients’ participant is high (0.9,1), SUSTAIN works slightly better than the
primal-dual algorithm. But when more local devices disconnect to the server, the performance of SUSTAIN
drops, while the primal-dual algorithm remains fast convergence speed and high test accuracy.

gy

test accuracy
test accuracy

0 3000
iterations

3000
iterations

3000
iterations

Figure 4: Test accuracy of training LeNet 5 on the Fashion-MNIST dataset. The left curve shows the result
when the active probability is 1; the middle curve shows the result when the active probability is 0.9, and the
right curve shows the result with 0.5 active probability.

6 Conclusion

In this paper, we proposed a primal-dual-based method for solving a bi-level optimization problem based on a
federated learning task (local coefficient learning). We give a theoretical analysis that shows the convergence
of the proposed algorithm. Though the analysis shows it needs more iterations for the algorithm to converge
to an e-stationary point, it works well with a pretty small number of local steps in both toy case and neural
network training. Other than that convergence rate can be improved (perhaps it should be in the order of
O(1/V/T) instead of O(1/v/T + 1/vK)), the initialization of dual variable affects the speed for convergence,
which we leave as the future work.
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A Appendix

A Convergence of Inner Loop

For simplicity, in this section we simplified the inner loop problem as the following:
min g(w)
w
s.t. Vh(w) = 0.
Besides, the algorithm for solving the inner loop problem can be simplified as

W41 = W — N (@g(u&) + @2h(wt)>\t + T@h(wt)) = W¢ — nw@L(wh >\t)
)‘t—'rl = HA (At + T]A@h(’u}t))

Furthermore, the assumptions are as the following;:

(A1) g and h are differentiable strongly convex function with modular p, L;i-Lipschitz gradient and lower
bounded by f.

(A2) h has Lo-Lipschitz Hessian.
(A3) A= {\|||A\] < Dy}, where D > ||[V2h(w*)~tVg(w*)|| and w* = arg min h(w).

(A4) Given wy, Vg(wy), V2h(w), Vh(w;) and Vh(w,) are independent to each other. Besides, all of them
are unbiased estimators with bounded variance with respect to mean value and a bounded constant
o, ie.

E [Vg(w) | wi] = Vg(w), E [‘Wg(wt) - Vg(wt)Hz | wt} < p||Vg(wy)|* + %

=

[V2h(w;) | wi] = V2h(w;), E [|W2h(wt) — V?h(w)|[ | wt] < pl|V2h(wy)|? + o

E [Fh(w) | we] = Vhu),  E [[h(we) = Th(w)|* [w] < pll Vh(we)|? + o>

Thus, it is easy to show E[VyL(w, )| we, A\ = VwL(wg, N),  and
N 2
E [vaL(wt; At) = Vi L(we, A)||™ | wy, At} < (14 T%+ D3)(pl|VwL(we, \) || + 02).

First, we give some notations that will be used in this section.

Definition 1. Let L(w,)\) = g(w) + AT Vh(w) + Th(w), d(\) = min,L(w, \), w*(\) = argmin,, L(w, \),
A=A\ + maVh(wy))) and Ly, = (1 +T)Ly + Dy Lo.

Define potential function ®(ws, Ar) = L(wyg, M) — 2d(Ay).

Lemma 4 (Descent of Lagrange function). For the function L, it holds that

E [L(we41, At+1) — L(we, At)]

Lini(14 T2 + D3)o?

<E [Co(nu) | VwL(we, o) ||? + 5

+ (Ms1 = Ae) T VA(wisr)) |

Lpn? Lpn?p(1+024+D2
where Co(nw) = L;’w + L7 P( 3 A) — Nw.

Proof. Because L(w, \) has Ly, Lipschitz gradient, it holds that

L
L(wir, Ae) < L(we, M) + (Vu L(we, M), wegs = we) + - weer = we]*

13
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By taking expectations with respect to w; and A; on both side of the above inequality, we obtain that

E[L(wig1, M) = L(we, Ar) [ we, A

[ L
< E [(VwL(wg, \), w1 — wy) + TLHU&JA —wy|? | wh)\t]
_ [ = LL77721; 2
= ]E <va(U)t7 )\t)u —’I]wva(’lUt, )\t)> + 2 ||VwL(wt, )\t)H (6)
L .
+ RV L(we, M) = Vo Lwe, M) | wt,At}
[/ Lrn?  Lpnip(1+T?2+ D3 L% (141?24 D3)o?
_E ( oy 2] o : ) —nw> IV Luws, A2 + L2l 5 Ly
Meanwhile, it holds that
E [L(wt+1a )\t+1) - L(wt+17 )\t) \ We, )\t] =K [()\t+1 - )\t)TVh(wt+1)|wt7 )\t] (7)

Combining equation [6] equation [7] and taking expectation on the conditional expectation, we can obtain
desired result. O

Lemma 5. Suppose I'tu > DyLo + Ly, it holds that
[w* (A1) = w* (M)l < BrllA = Azl
for all Ay, Ao € A, where $y = ﬁ.
Proof. Note that L(w, \) is a strongly convex function with respect to the w in the domain A € A with the
modular (1+T')u — DyLs. Thus, it holds that

F‘LL — D)\LQ — L1

L(w* (A1), A2) — L(w*(A2), A2) > 5

lw* (A1) = w* (Aa)II*.

On the other hand, we have
L(’Ll)*()\l)7 )\2) — L(w*(AQ)AQ)
= L(w*(A1), A2) = L(w" (A1), A1) + L(w™ (A1), A1) = L(w" (A2), A1) + L(w™(A2), A1) — L(w" (A2), A2)

I'nw—DyLs — L
E 2wt () = w* ) %

< (A1 = A2) H(VA(w*(A2)) = VA(w* (A1) —

Thus, by combining the above two inequalities, with Cauchy-Schwarz inequality, we can obtain

(D — DAL — L) [w* (A1) = w* (Ao)[> < A1 = Al [VA(w* (A1) — Vh(w: (Aa)]
< Lyd = Aol (A) — w0 ().

Hence, we get the desired result. O
Lemma 6 (Ascent of dual function). It holds that

Lq

Efde41) = dA)] 2 E | Qe = Ae, VAW (M) = - [Aer = Ml -

Proof. Tt can be calculated by the implicit function theorem that

Vad(A) = Vh(w*(\).

14
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Thus, we can obtain that for all A;, Ao € A
[Vd(A1) = Vd(A2)[| = [[VR(w" (A1) = VR(w" (A2))|| < L1B1[[A — A2

Therefore, d()) is a differentiable function with Ly = L1 f;1-Lipschitz gradient.
With the definition of d(\), we have

Ly

E[d(Ai1) — d(M)] = E [ (M1 — A, VR(w™ () — >

[Aer1 = Ael?
Lemma 7. With the strongly convezity of L and h, it holds that
* * 1 *
[w* (M) —w™|| < ;IIV’%(’U} (DI,

and
1

N
p— DxLlo —

e — w*(A) VL (e, A0
1

Proof. Because of the p-strongly convexity of h the inequality p||wy — we|| < ||Vh(w1) — VA(ws)]|| holds for
all w1, Wy.

With the Vh(w*) = 0, we get the result.
Similar to A, because of 'y — D)Ly — Li-strongly convexity of L, we can prove the second inequality. O

Lemma 8 (Descent of one step local SGD). It holds that
Ellwe = weir | < E [0 (1 +p) |V L(we, M) ||* + 5,07

Proof.
Ellwe — werr|* = E 05|V L(we, M)[1?] < E [0, (1 +p) [V L(we, Ae)l|* + n50°]
O
Lemma 9. d()\) is a %—stmngly concave funtion. We define pg = %

Proof. Let 7 be the largest eigenvalue of V2d()), 71 be the largest eigenvalue of %. Then, it holds that

v < Mp

Meanwhile, 222 = —v2 L(w*(A), \) "' V2 A(w*(N)). Thus, 71 < —£.

Therefore, d()) is a %—strongly concave funtion. O

Lemma 10. It holds that

2,.2 . L2 .
Bless = AP 2 BB 2 = 22 (ot 4 (2304 93+ 2 ) B - 0 )P

Proof. With the update rule of A\;y1, it holds that
E[[Ars1 — A
= E[[TA (A + mVh(w,)) — X2
< E[|A + mVh(w) — A2
=E [\ = X2+ 2m (A = X, Vh(wr)) + 03[ VA(w) ||
= E [[|]Ae = A[I* + 2m (A = A", VA(w* (M)
2 (A = A%, VR(w,) = VA(w* (M) + 13 Vi(w,)|P]

15
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where the last equality is because Vh(w;) is an unbiased estimator.

Meanwhile, because d(\) is a strongly concave function, it holds that

M = A, Vh(w* (M) < —napallAe = A2 (9)

Further, it holds that

E|Vh(w,)||? = E||Vh(w;) + Vh(w,) — Vh(w,)]|?
< o? +E(L+p)[|[Vh(w)|?
< o + E2(1 + p) [ VA(w* (M) |* +2(1 + p)[VA(w (Ae) = Vh(w,)||? (10)
<o +E2(1+p) [ VA" (A))I* + 2(1 + p) Li[Jw” (A — we|?
< 0 +E2(1+p)LglIAe — AI* +2(1 + p) LE[[w* (Ae) — we|?

For (A — \*, Vh(wy) — Vh(w*(\p))), it holds that
1
(Ae = A%, Vh(wy) = Vh(w™(Ar))) < %H/\t - X7+ %HVh(wt) = Vh(w* (A)|I?

(11)
Hd * |12 L% * 2
<Edn = L lwy — w* (A
< BN = N ()

Combining equation [8] equation [9] equation [I0] and equation [T1] it holds that

El[Ae+1 — X2

* 12 *
< (1= jms + 20+ PIZRDE| A — X[ + 10?1 (2n§<1 sy ;ZA) Ellwr — w ()2

When 7, < it holds that

Hd
4(1+p)L2>°

L2
Elvss = NI < (1= PERBIA < P+ ido? + (2304 90+ 2 Bl - w0, (12)

It holds that

E[[At+1 — Aell?

== ]Ell)\t+1 — )\* + )\* — )\t”Q

=E [ Aes1 — A2+ A = Nl + 20041 — A0 = M) (13)
1

>E [(1 A — A2+ (1 - é_*) s w] ES1

Let & = 1+ pann/4, (1 — &) (1 — 242) + (1 — %) > p2n3/16. combining equation |12/ and equation it
holds that

E[[As+1 — Ael|®
1 L?
> (-9 (- 222) 4 (1= 1) ) I =l 4 (-9 (o + (280 + 92+ 22 ) Bl - w ()P
2,2 2 2 2
Hamx w2 Mdlix 2 2 205 (1 + p)L7 Linx * 2
> E|[X: — A — E — A
> Mg, - x| - M (1o (ZREEDE BB, - v ()]
Thus, we get the desired result. O
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Define a potential function ®(wy, A¢) = L(wy, Ar) — 2d(A¢). According to the definition we have L(wg, A¢) >
d(A¢). Then, ®(we, Ar) > —d(A) > —miny, g(w) + Th(w) > —(1 +T) f for all w; and A; € A.

Lemma 11 (Descent of potential function). It holds that
E[®(wiy1, Aeg1) — P(we, Ar)]
S E[C1[VuwL(we, Ae)l* + Cllhe = X |?] + C3

where ) ) ( ) 2)
Lrn;, Linip(l1+T°+D
Cy=—nw+ L; 1 2 5 A%+ AL\, (1 + p)
4L%77/\ Md< 2 2 L%%\)
+ +—=(2n5(1 +p)L7 + —=
(F/L*D)\LQ*Ll)Q 16 77)\( p) 1 Hd
2
TINHg
Cy = —
2 64
L 2 1 F2 D2 2 2 2
Oy — L7 ( +2 + D3 )o +2L%77A77102+277,2\02+Md71730 .

Proof. With Lemma [4] and Lemma [6] it holds that
E[®(wis1, Aeg1) — we, Ar)]

< E [Co(pu) IV L(we, M) 1?4+ (Aegr — A) T VR(wis1) — 201 — A, VA(w* (A1) + LalAryr — Al
Ly (1412 + D})o?
+ 5 .

We deal with each term as follows. For the second term and the third term, it holds that

(A1 = A) TVA(weg1) — 2(A1 — Ar, VR(w* (M)
= 2(As1 = Ar, VA(wi1) = VAW (M) = (A1 — M) T VA(wi4)

1
< 2Ly [ Aesr = Aelllwer — w (M) — TTA”)\tH - Ad?
" 1
< 2L [[ A1 = Al (lwe = w* (M) | + lwegr — we]) — n*/\||>\t+1 = ell?

1 1 *
< (2 - > Aerr = Aell® + 4Lnx [we — w* M) |1? + ALE0 [ wigr — we?
BN DY

By taking the expectation on the both side of inequality, it holds that
E[(A1 = Ae) T VA(wes1) = 2(Ac41 — Ar, VA(w™ (A1)

1 *
<E |:_2m||>‘t+l = Ae|? +ALInx we — w* ()P + 4LinalJwegr — we?

4Liny
(Fu — D)\LQ — L1)

<E

1
_%”)‘Hl = Ml” + 4LEnane (1 + p) [V L(we, Ae) |2 +

5 [[VwL(w, /\t)2|2} +2Limns0”.

Meanwhile, with Lemma [I0] and Lemma [7] it holds that

ElAe+1 — Ael?
M?ﬂ?i w12 Ml 2 2 2 2 L%U/\ * 2
= 16 EflAs — A*[]" — 1 \he + { 2nx(1 +p)L1+W Eljw; — w* (A ||

2.2 L2
> MR — P = P4 (o4 (23014 91+ ) BV L 2 ?

Further, when n) < 1/(4Lg), it holds that —ﬁ”)‘t—kl — Me|I? 4+ Ll M1 — M < ﬁ.
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Thus, it holds that

E [‘b(wtﬂ, )\t+1) - ‘I)(wu At)]
< E [Conu) | VwL(we, \) I + A1 — Ae) T Vh(wigr) — 20041 — A, VAW (A))) + Lal| A1 — Aell’]
N Lin2(1+T?+ D3%)o?
2
< E [C1l[VwL(we, M) + Col A = A |12 + Cs]

where o2 Lontl Iy p2)
- wp(1+1 +
Cr = —nw + L; 4 2Ll 5 A%+ AL\, (1 + p)
4L%7I>\ ( 2 2 L177/\)
+ —|— — | 2ns(1 4+ p) L7 + —=
(F:uf D)\LQ 7L1) 16 77)\( p) 1 LLa
2
g
Cy = —
2 64
Lin2 (1412 + D?)o? 202
Cs = L7 5 ») + 2L177>\77wa + 277?\02 + Md?g .

Proof. Proof of the Inner Convergence
By the definition of ®, it holds that ®(w,\) > —d(A) > f.
Thus, with Lemma [TT] by summing up T terms, it holds that

L? D(wy, A1) —
*ZE 9w Lwe AP + 2T A*H%%Wg

Then, let 7, = ©(1/VK) and ny = O(1/VK), it holds that
| XK
EEY - X2 = 00 /VE)
t=1
| X
?EZ wy — w*||? = O(1/VK)
t=1

On the other hand, it holds that

IN Ve fi(we) = X"V fi(w) [P < 2V fi(w) [P Ae = XN+ 2NV fiwe) = Vi)
< 2D [ Ae = A|J* + 2D LY [[we — w*||?

Therefore, it holds that

K
1 * * *
FED IN Vufilw) = ATV fiw) | < EZDWIIM%||2+D§Lfllwtfw||2:0(1/WK)
t=1

B Proof of Outer Loop Convergence

In this section, we give the proof of the outer loop convergence.
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Lemma 12. Suppose (A1)-(A4) holds. Then, for all x1,x2 € X, it holds that

\/NDwM + \/ﬁDle

[w™ (1) — w*(z2)]] < 2

[E |
Proof. Because Zfil ;vg) fi(w) is p is a strongly convex function, it holds that
M * * 2
Zx fitw™(z1)) = fi(w™(22))) 2 5 lw™(21) — w(z2)]|".
On the other hand, we have
N .
> (fiw* (21)) = filw*(22)))
i=1
N .
= Zxé filw le filw (@) + ngz)fi(w (21))
- ngi)fi (z2)) + le filw Zx(z) fil
i=1

(1 = 24 )(filw (@2)) = filw"(21))) = &l (@2) = w* (@)

<

- |

=1

Meanwhile, we have

[fi(w™ (1)) = fi(w™ (22))] < max([[Va f(w"(z1))]; Hwa(w*(sz))H)Hw*(Il)*w"‘(932)||+%Hw*(fvz)*w"‘(xl)ll2

With strongly convexity, it holds that

* —w*(x 1 w*(x1)) — w* (w9 &
[[w* (22) (1)H§M|\Vf( (z1)) = Vf(w*(z2))| < L

Thus, it holds that
filw™(22)) = fi(w"(21)) < Do(1 4 Ly /p)|[w* (22) — w*(z1)].

Combining the above inequalities, it holds that
pllw* (1) — w* (@2)|* < o1 — w21 (maz| fi(w” (21)) = fi(w* (22))]) < VNDy(1+ Ly /p)[w* (21) — w* (w5)]|
O

Lemma 13. Suppose (A1l)-(A4) holds, then fo(w*(x)) has Lipschitz gradient with Lipschitz constant
(Di“ 4 2D“,L1) VNDuypi+ VN Doy Ly
u? p n2 :

Proof.
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By the smoothness and strongly convexity it holds that

- -1
N

Za: V2V (w* (1) Zx“)VQVfJ "(2))

N

< b ST - S AT o)
j=1
1
< 2 V2V fi(w*(21)) = VoV f(w* (z2))

Ly, .
EHU’ (z1) — w*(22)],

IN

where the first inequality is due to ||[A(A~! — B~1)B|| = ||[A — B|| for all invertible matrices A, B. Then, it
holds that

Jj=1 Jj=1

N ! -
(Zw%"’vmj<w*<x1>>) Vo fi(w* (Zxé”vwm “( >>) Vo fi(w* (22))

IN

(le 2V fi(w <>>) (ZNWWJ (>>) Voo fi(w* (1))

(mew Vi (w (@ ))) (Vfilw* (21)) = V fi(w" (22)))
Do —w*(x a3 w*(z1) — w*(x
< @) = w @) + ' (@) = w @)

Thus, combining with the definition of gradient, it holds that

lafo(w*(wl)) _ 9fo(w*(w2))’
020 920

<V fo(w™ (21) ‘

(}:mﬂv Vi (w (@ ») Vo fi(w (}j@ﬁv V5w (@ ») Vo fi(w (w2))

+mm<m»Vﬁ<mHMZﬁva<»>vmwm»

Dy Ly

< Dw(%\lw*(m) —w(w2)]| + %Hw*(xl) —w(z2)[]) + [w” (1) — w” (@2)|

Therefore, combine with Lemma [I2] we can obtain the result. O

Lemma 14. Suppose function f(x) is lower bounded by f with L-Lipshitz gradient. g(x) is an unbiased
gradient estimator of ¥ f(x) satisfying that expected norm of g(x) are bounded by G in domain X for function
f. Then with update rule x;11 = My (x; — n.(g(x:) + &), where n, = O(1/VT), X is a convex set and
E||l& || < €2, By defining & = argmingex (f(y) + 5lly — z|?) and V,f(z) = p(x — &), where p = 2L, then it
holds that

TEY IV /@) = OU/NT + )
t=1

20
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Proof. It holds that
E (f(ft+1 + g||17t+1 - ft+1||2)
< (f(ft) + ngEtH - ft||2)
#0) + DML (@ = na(glee) + &) — 5112
F@e) + Ellwe = ma(g(an) + &) - 2:]12)
(£ + Dlee = @ + pr2lgen) + &> = moplee = #1,9(w0)) = noplar — 31.61))

< (70 + Gllos = 6P) + pr2(62 + ) = g (o) ~ £00) -~ s - )

L . 1
+ o (Gl — 2l + 7€)

Then summing up the above inequality, it holds that
T
pe Y B (f(xe) = f(@r) = Lz — 2%
t=1

? v G 5 T
=B [f(xl) + B||x1 — @ )* = (f(@r4 + B||$T+1 - $T+1H2):| + T (G +€°) + %3

R Tpn.
< (@) + Sllar — a1l = ) + Ton(G? + )+~

On the other hand, because &; = arg minyex (f(y) + 5|+ — y||*) and function f(y) + §|lz; — y||* is strongly
convex with modular p — L, it holds that

f(ze) = f(&¢) — Ly — ft||2
p—L—-1

P NP N .
:f(nct)+§||a:t—ast||2—(f(xt)+§||a:t—a:t||2)+ 5 s — ]|
2p — 3L . L .
> P = 4 = Sl — a0l
Thus, combining the above inequalities, it holds that
P
?ZEH% — &
t=1
T
2p? 212
Sﬁ;Ef &) — Lllwe — 74|
pf(@1) + &y — 21])% - pf) 5 P’ o
< ~
< T, + 0°n:(G +e)+2Le
_ 2
Therefore, when 7, = O(1/VT), XEX | IV, f(z)|? = & X1 Ellze — 24]]> = O/VT + €2). O

Proof of Theorem 2l With Lemma we can obtain fo(w*(x)) has Lipschitz gradient on domain X.
Define & = AV, fi(ws 1) — A*(2)7 Vo fi(w* (z))
When we use \; ; and w; j with random k, as it suggests in Theorem |1} the expected norm of ft(z) can be

bounded by O(1/VK).
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Figure 5: Test accuracy of training LeNet5 on MNIST dataset in iid case. The left curve shows the result
when active probability is 1, and the right figure shows the result when active probability is 0.5.
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Figure 6: Test accuracy of training LeNet5 on Fashion-MNIST dataset in iid case. The left curve shows the
result when active probability is 1, and the right figure shows the result when active probability is 0.5.

Let 2y, 1y = 2" = 1(g(20) D + M Vo fi(wi ) = N (20) T Vi fi(w* (22)),
Then, it holds that

Eg(z,)” = [nl(xm/z = 21) = A Vo filwe k) + X (20) Vi fi(w* (22))) | = X (@) Vo fi(w* (21)))

x

and
E (9()0)2) < (L4 )V (20) Vafi(w @) + & + 0% < (14 p)DIDE + € + 02

Thus, together with Lemma [T4] we can directly get the result. O

C Additional Experimental Results on MNIST and Fashion MNIST with LeNet5

We use 10 clients in this experiment. The first 5 clients contains i.i.d. 9000 samples, the last 5 clients contains
9000 samples with random label. The rest setting is the same as it in the main text. The results are shown
in Figure 5] and Figure [6]
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