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Abstract

Network-based machine learning constructs are becoming more prevalent in sensing and
decision-making systems. As these systems are implemented in safety-critical environments
such as pedestrian detection and power management, it is crucial to evaluate confidence
in their decisions. At the heart of this problem is a need to understand and characterize
how errors at the input of networks become progressively expanded or contracted as signals
move through layers, especially in light of the non-trivial nonlinearities manifest throughout
modern machine learning architectures. When sampling methods become expensive due to
network size or complexity, approximation is needed and popular methods include Jacobian
(first order Taylor) linearization and stochastic linearization. However, despite computational
tractability, the accuracy of these methods can break down in situations with moderate to
high input uncertainty. Here, we present a generalized method of propagating variational
multivariate Gaussian distributions through neural networks. We propose a modified Taylor
expansion function for nonlinear transformation of Gaussian distributions, with an additional
approximation in which the polynomial terms act on independent Gaussian random variables
(which are identically distributed). With these approximated higher order terms (HOTs),
we obtain significantly more accurate estimation of layer-wise distributions. Despite the
introduction of the HOTs, this method can propagate a full covariance matrix with a
complexity of O(n?) (and O(n) if only propagating marginal variance), comparable to
Jacobian linearization. Thus, our method finds a balance between efficiency and accuracy.
We derived the closed form solutions for this approximate Stochastic Taylor expansion for
seven commonly used nonlinearities and verified the effectiveness of our method in deep
residual neural networks, Bayesian neural networks, and variational autoencoders. This
general method can be integrated into use-cases such as Kalman filtering, adversarial training,
and variational learning.

1 Introduction

A fundamental problem in uncertainty estimation and verification is to characterize how a given input
distribution becomes transformed by the operant function (succinctly, Y = f(X)). When f takes the form
of a modern machine learning (ML) architecture, this problem quickly becomes analytically intractable,
necessitating either sampling methods or approximation. The predominant approximation technique remains
Jacobian linearization (JL), i.e., deterministic first order Taylor expansion around the mean of input
distribution. To give a few examples in ML contexts, |(Gandhi et al.| (2018])); [Dera et al.| (2021)); |Petersen et al.
(2024) used Jacobian linearization for uncertainty propagation through networks, and Beiu et al.| (1994);
Abdelaziz et al.| (2015)) used a piece-wise linear approximation of sigmoid functions prior to JL. Perhaps
unsurprisingly, these methods work best in low-uncertainty regimes, because taking derivate at input mean
ignores the uncertainty of the derivative itself.

In another line of research, Bayesian neural networks try to do uncertainty awareness training by fitting
Gaussians to their weights, so they will naturally output distributions rather than a deterministic results,
avoiding overconfidence. In exact Bayesian inference, one needs to solve the posterior distribution of the
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the likelihood p(D|0") over all possible combinations of network parameters. Since the likelihood is intractable
due to the nonlinearity, this integral has to be approximated.

network parameters 6 given data D, i.e. p(0|D) = The marginal distribution is an integral of

Farly approaches attempted to precompute posterior mean and variance lookup tables to avoid Monte Carlo
sampling at runtime (Hinton and van Camp| [1993), but this necessitated discretizing continuous variables,
introducing imprecision. Monte Carlo-based methods remained popular for some time—Graves| proposed
Monte Carlo Variational Inference (MCVI) to approximate the evidence lower bound, though gradient
estimation via sampling remained a limitation.

An alternative approach, the method of moments, seeks to approximate the output distribution by matching
the first and second moments of propagated distributions to a Gaussian. The exact moments of Gaussian
distributions transformed by ReLU were first derived in [Frey and Hinton| (1999)) and later reused in several
works, such as |Gast and Roth| (2018)). |[Spiegelhalter and Lauritzen| and [MacKay| provided approximations
for sigmoid and tanh functions using different reformulations, while [Wang et al| presented another similar
approach. [Shekhovtsov and Flach| developed an analytical method for propagating uncertainty through
argmax and softmax, assuming logistic and Gumbel priors.

To integrate these ideas into BNN training, [Jylanki et al.| (2014) introduced expectation propagation. A
more scalable alternative, probabilistic backpropagation (PBP), was later proposed by [Herndndez-Lobato and|
7 which propagates moments forward through the network to estimate the marginal likelihood,
then backpropagates gradients with respect to approximated posterior parameters. However, PBP only
propagates the diagonal of covariance. To address this limitation, introduced a formulation
that enables full covariance propagation through ReLLU and Heaviside activations.

Contributions To summarize, current uncertainty propagation of variational Gaussian distributions
through nonlinear layers relies on one of the following (1) Monte Carlo sampling (2) local linearization of the
nonlinearities or (3) direct derivation (or approximation) of the first two moments of output distributions
under the assumption of zero correlation. The first is plausible thanks to powerful tensor calculation with
GPUs, but is prone to undersampling, especially in high dimensional settings. The second allows propagating
full covariance matrices, but introduces errors from ignoring higher order moments’ contribution to the
covariance calculation. The last one introduces errors from ignoring the correlations’ contributions to the
variance calculation.

To address these shortcomings, we here postulate a generalized framework of using a stochastic polynomial
expansion as a surrogate nonlinearity, and derive the closed-form solutions of the mean, covariance, and cross-
covariance of propagated multi-variate distributions, for seven nonlinearities that are ubiquitous in modern
ML network constructs. This is achieved with a computational complexity of O(n?), comparable to that of
first-order Taylor expansion. Our methodology is inspired by stochastic linearization (SL), which uses expected
value of the first derivative as gain and mean of output as bias, or ¥ = E[V, f(X)] o (X — E[X]) + E[f(X)].
Stochastic linearization minimizes mean square of the residual (Bootonl 1953} [Kazakov] [1954]), and has been
used in the context of feedback control systems (see, e.g., (Ching et all [2010} [Elishakoff and Crandall, [2017))).

2 Theory

To ensure consistency and clarity, we explicitly define the notation and convention used throughout this
paper. All vectors are vertical. All instances of the o operation denote element-wise (Hadamard) operations,
including both element-wise multiplication and exponentiation. For example, given a vector X, we define
X°2 = X oX, whereas X? = XX, which represents the outer product. This convention extends to differntial
operators as well. Specifically, the element-wise second derivative of a function f is given by:

) 92 AN
VQfZ(ang"”’axJ;) = diag (V*f)

Let X == (X1,X2, -+ ,Xy,) " be a Gaussian random vector following NV (f, £), and E := X — E[X]. Let f(-)
be a smooth, univariate function. We define the vector function f(X) = (f(X1), ( 2),-, f(Xy)) . Here,

[I]
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we have in mind that f(-) describes the activation function at the output of a feedforward layer. Now, let us
define a set of i.i.d. surrogate distributions Z,) ~ N (0,X), s =1,2,..., S.

We now propose the central construct in this paper, the pseudo-Taylor polynomial expansion (PTPE)
of f(X) as:

9(%) = B[x)) + 3 PO (mor g =) 1)

We postulate and later show that this expansion provides a tractable and accurate approximation of f(X)
for the purposes of propagating uncertainty through feedforward network architectures.

In the above, we use the form of a Taylor polynomial expansion to describe the behavior (in expectation)
of the function f(X) subject to the stochastic input X. The choice of the i.i.d. surrogate polynomials,
{1,Eqw, EE’QQ), E?g), .-+ }, is made to simplify the ensuing derivations. Note that if taking only the first two
terms, this expansion is equivalent to stochastic linearization, because E;y — E[E(y)] is equivalent to X — E[X].
It is straightforward to observe that g(X) has the same first moment as f(X) because all terms after the first
one are designed to have zero mean. In the following, we will provide empirical evidence that the second
moment is well-captured for many common activation functions.

First, we derive the solution for covariance and cross-covariance using the proposed stochastic polynomial
expansion.

Lemma 1. Define

E[V.f(X E [Vo2 £(X)
Ao =B[1(X) 4, = EV=IO0) 4, - EY100)
Then, the covariance matriz of g(X) is
J =05 mmos T =0s =os T T
S0 = 3 Ay 0 (]E = =] - (= E =) ) o A] 2)
s=1

for an S-th order expansion. For S = 3,

Ygx) =Ar0 SoAl+
A2 o (2202) o A;—‘r
Aszo [6203 + 9 diag(X) o T o diag(i)w oA,

Proof. The expected values can be solved using central moments of Gaussian distributions and Isserlis’
theorem. All power operations are element-wise. Note that since A, are n dimensional vector, and all
the power and product operations are element-wise, the complexity of calculating covariance is O(n?). For
detailed derivation, see Appendix O

It is useful to note that an addition (residual or recurrent) layer sums the activation of two (or more) layers, e.g.
X and ¢g(Y). In thise case, the covariance of X + ¢g(Y) is the sum of their covariances and cross-covariances,
ie.

Ex4g(y) = Lx + Bgv) + xg(v) + Lgv)x

It it thus helpful to postulate an additional lemma for the purpose of calculating covariance after addition.
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Lemma 2. Let Y = (Y1,Yo, - 7Yn)—r be another Gaussian random vector that is cross-correlated to X
with Xyx, and Q=Y —E[Y]. Then, the cross-covariance matriz between Y and Z = g(X) is

vz = Z AT oIE[ :°tﬂ

t=1,t is odd

Szy = Z A o |3 Q7]

s=1,s is odd
for an S-th order expansion. For S = 3,

vz = A;r oXYvyx + 314;)r o0 Xyx 0 diag(Ex)T
EZY = A1 (o] EXY + 3A3 o] EXY ] dlag(EX)

Proof. The expected value can be calculated using Isserlis’ theorem. Note that this term is nonzero only if ¢
and s are odd. For details of derivation, see Appendix [A.T.3] O

With these results, to find the covariance of the output of a nonlinear layer, assuming the input follows a
multi-variate normal distribution, one needs to derive the coefficients of the PTPE, i.e., Ay, A1, Ao, etc., for
the nonlinearity of interest. Note that these coefficients only depend on mean fi and variance &2 = diag(Z),
not correlations, rendering the computational complexity O(n). We briefly discuss some of the techniques we
adopted to solve for these polynomial coefficients and list the final results in Table Table [I] and Table 4l For
detailed derivation for all nonlinearities, see Appendix -

Tanh, Sigmoid, and Softplus. Because the integral [ Vtanh(z)p(x)dz is not tractable analytically, so
we make a further approximation by substituting tanh with the error function which is very similar but more
tractable. Specifically, we propose

tanh(z Z erfly,z]

where {71, -+ ,7,} is a set of scaling factors obtained by numerical optimization (see Eq in Appendix), and
the relationship between approximation accuracy and the number of scaling factors is discussed in ?7. The
error function is defined as

erf(x / exp( t2 dt
f

Then, the integral [ Vtanh(z)p(z)dz can be approximated as % ?21 [ Verf(y;z)p(z)dx, which is tractable
analytically. The higher order derivatives of the error function are simply derivatives of Gaussian functions
(x), which are related to Hermite polynomials Hy(x) through

e (O] = () ™ (7a) 22 () @

where
Hy(z) =1 H,(z) =2z Hy(z) = 42* — 2

We show the pseudo-Taylor coefficients are convolutions of Gaussian derivatives and Gaussian pdf, which are
analytically tractable (see Appendix . We used a similar treatment for sigmoid function (see Appendix
. Using error functions as a approximation was first suggested by [Spiegelhalter and Lauritzen) but we use
a linear combination, which is easily parallelizable and enhanced approximation accuracy. The derivation for
softplus can reuse the results of sigmoid, because the derivative of softplus is just softplus with a scaling

factor S (A.4).
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ReLU and LeakyReLU. It is obvious that we cannot apply our method directly on ReLU, because
it is not continuously differentiable. Hence, we modified the results for softplus at the limit of § — oo,
considering the relationship (A.5)

1
lim —log (1 + ¢”*) = max{0,z}
B—o00

Similarly, leaky ReLU and any piece-wise linear activation function can be described as a combination of
ReLU functions with different scaling, shifting, and/or mirroring.

GELU and SiLU. The derivatives of GELU can be expressed using derivatives of Gaussian cdf ®(x)

" GELU() = 52— @(x) 400
o ) = St 2la) e

The expected value of the GELU derivative involves integrating the product of Hermite polynomials and
Gaussian functions, which is analytically tractable (A.6)). Using normal cdf to approximate a sigmoid
function, the derivations for a SiLU function becomes similar to that of the GELU (A.7).

oxs &(x)

Before presenting the final expression, we introduce a few element-wise operators to simplify the formulation.
Let 6% = diag(X) denote the input variance and 0'}2 represent a constant dependent on the nonlinearity (see
Table [1f column 3). Defining 6'72- =62+ ('IJZ-., we then have

1 x
L(f;65) = 5 ¢ ((;) Likelihood of observing x = i if X ~ N(0,6%)
J 75/ \a=p
Flip;65) =@ (AT Cumulative likelihood of observing x < [
gy

il
I(j;65) = / P (fn) doe = F(fi :65) + 67 L(ji ;6;) Expected value of excess (fi — X)
(only when i > z, and X ~ N(0,67))

We also define an element-wise derivative operator D°® such that

s ~ A os A —1 ﬁ’ ~ A
D°L(fp:6;) = VL@ ;:6))l,epn=|—"—| Hs | —— | £(i2:6))
262 267

Notice that
D I(p;6;) = F(i;6;)
D’ I(j1;6;) = DF (i ;65) = L(j ;6;)

Then, it becomes evident that all of these pseudo-Taylor coefficients A, can be written as derivatives of Z,
F, and L (Table. . This is a result of the Gaussian assumption and the reformulation oftanhand sigmoid.

3 Results

3.1 PTPE significantly improves estimation accuracy when exposed to higher input variance

As an initial empirical test and demonstration of concept, we applied PTPE to a single, univariate nonlinearity
subject to a parameterized normally distributed input. We varied the input mean and variance and examined
how the output mean and variance compared to those predicted by PTPE. For this comparison, the true
output statistics were obtained through 107 Monte Carlo sampling across all input parameters. As expected,
PTPE far outstrips Jacobian linearization, and this effect is prominent especially when input variance is high.
With up-to third order PTPE, the estimated variance by our method is already very close to the ground
truth (Fig. [1f col 4).

tAll operations in the right hand side of the equation are element-wise.
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Table 1: General solutions for the pseudo-Taylor coefficients. For notational simplicity, all the product,
division, and power operations are element-wise. For expanded solutions of the first five coefficients, see Table
in the Appendix.

Nonlinearity General Solution 6']2- =62+ af Definition of ~;
Tanh A 11iDS[QI<~ 5) 1] 2 1 tanh(z) 1i (7, )
an s = — — 1 65) — o anh(z) ~ ~ Y erf(y;x
Sy TR %= p 2
- N 11ipsf(-ﬁ) o 1 {emoid(z) 11’{,(22>
igmoid s =— — ;6 F= sigmoid(x) ~ — 2z
5 sl p N 757 292 : » = K
11 1 d 1
. . - s ~ A .2 s N 2
Softplus A, = 3 ;;D I(f;6;) 67 = 72772‘32 Esoftplus(.z,, B) ~ B ; P < 2 ,]2;32 T)
1
ReLU A, = D°Z(jx;6) 52 =0
St
1
LeakyReLU(0) As = — D* [0z +I(f1;5)] 52=0
sl
1
GELU A== D [Z(p;6) - L(A;6)] =1
s!
. L R 2 s ) 1 -
SiLU A;=—-) D [Z(R ;65) — 67L(R;65)] 67 = 5 same as Sigmoid
sl p“ i
j=1 J

3.2 PTPE accurately quantifies uncertainty in canonical network architectures

To benchmark PTPE for uncertainty quantification in neural networks, we trained 9 residual neural networks
(2016)) with three depths (13, 33, and 65 layers) and 3 three typical nonlinearities (Tanh, ReLU,
GELU) on CIFAR10 (Krizhevsky| (2009))). We corrupted each input image with additive Gaussian noise to
simulate noise in low light conditions (first type of corruption in [Hendrycks and Dietterich| (2019))), then
compared the PTPE-predicted and reference (via 10° Monte Carlo sampling) output distributions. Four
levels of corruption, with noise variance values of [1, 10, 100, 1000], were applied to RBG values ([0, 255])
of the input image. If z-scored, the corresponding noise variance scales are [le-5, le-4. le-3, le-2]. The
visualization of the corrupted images are shown in (Fig. . The layerwise application of PTPE is outlined in
Algorithm [T] with accompanying pseudo code.

We measure the estimation accuracy of moments in three ways: the Euclidean distance from the reference
mean to the predicted mean, ||pest — firef||2, the Frobenius norm of the covariance residuals ||Xest — Zretl|ro,
and the 2-Wasserstein distance (or Kantorovich-Rubinstein metric) between the reference and estimated
distributions, assuming both distributions were Gaussian. This 2-Wasserstein distance is defined as

) LN 1/2
Wy = \/|/1,est — Wref||3 + trace (Eest 4 Pef — 2 (EithZl.efE;/f) )

We summarize the results in Fig. and |9} Overall, the experimental results align with expectations: (1)
Jacobian linearization degrades dramatically in moderate to high variance regime. (2) Direct derivation is
not suitable for this task due to the assumption of independence, since the overlapping convolution kernels
and residual layers introduce substantial correlation. (3) Introducing up-to the third order PTPE typically
outperformes stochastic and Jacobian linearization by a large margin. We also compared using 4 scaling
factors v.s. using 8, and the results showed no significant difference (Fig. , justifying our choice of four
scaling factors rather than a larger number in this case.

3.3 PTPE addresses the limitations of DVI by incorporating non-piecewise-linear activations.

One major contribution of this work is to address the lack of accurate deterministic moment estimation for
general nonlinearities in the field of variational inference. The method of deterministic variational inference



Under review as submission to TMLR

Mean o Variance Gain, 1st Order Variance Gain, 2nd Order Variance Gain, 3rd Order
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——True (ainpm- 0.1) True (”input' 1) True (ainpu| 10) True (”inpul 100)
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input input input input

«w Jacobian Linearization

Figure 1: Solid lines: mean (column 1) and variance gain (output variance divided by input variance)
(column 2-5) obtained by sampling 1e7 datapoints from Gaussian distributions with centers ranging from -3 to
3. Dashed lines: approximated mean and variance gain predicted with 1st, 2nd, and 3rd order pseudo Taylor
polynomial expansion (column 2 - 4). Colors correspond to different input variances (blue: 0.1, yellow: 1, red:
10, green: 100). Dotted lines: approximated mean and variance gain using Jacobian linearization (first
order deterministic Taylor expansion around input mean, e.g. [Petersen et al.| (2024)). For other nonlinearities,

see Fig. E

(DVI) proposed by shares the same goal, which is to find a deterministic method to approximate
moments in neural networks, thus eliminating gradient variance. However, closed form solutions of posterior
mean and covariance were solved only for piecewise linear activations such as ReLU and Heaviside. We know
Var(f(X)) = E[f(X)?] — E[f(X)]?, and the first term, E[f(X)?] = [ f(z)?px(x)dz, becomes arduous to
solve for more complex nonlinearities f(-) T. Our approach circumvents this issue by taking derivatives inside
the integrals, which provides tractability for general nonlinearities.

We provide additional context and quantification by replacing the forward-passing functions of Gaussian
moments in DVI with PTPE and conducting regression experiments on eight UCI datasets. Following the
methodology suggested by [Hernandez-Lobato and Adams| we search over MLPs with up to four layers

1 In numerical analysis, Gauss-Hermite quadrature is a well-established method used to approximate integrals of the
same type, serving as the foundation for cubature Kalman filtering (Arasaratnam and Haykin| [2009} [Sérkka) [2013]). While
it is fundamentally a sampling-based method, it selects sampling (quadrature) points using Hermite polynomials to improve
efficiency. In Section we discuss the key differences between PTPE and Gauss-Hermite quadrature and demonstrate
through experiments that PTPE, which does not rely on sampling, converges significantly faster.
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Figure 2: Schematic of experiment setup. We inject i.i.d. Gaussian noise to input image to simulate sensor
noises, then compare the estimated output distribution to the ground truth obtained by large-scale simulation
(sampling 10° noisy images).
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Figure 3: Estimation accuracies of expectation propagation methods evaluated on residual networks of three
different depth, and four different input variance. The smaller the better. We chose [Petersen et al.| (2024) as
an example of JL and [Wang et al| (2016) as an alternative tanh approximation. For non-linearities ReLU
and GELU, see Fig. |§| andlgl in the Appendix.
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Table 2: Averaged test performance in RMSE. The smaller the better. The best value is highlighted in bold

Concrete Energy . Naval Power Protein W"Te Yacht
Dataset . Kin8nm . Quality Hydro-
Strength Efficiency Propulsion Plant Structure .
(Red) dynamics
Data points 1030 768 8192 11934 9568 45730 1599 308
Dimensions 8 8 8 16 4 9 11 6
MCVI 7.128 £+ 0.123 2.646 + 0.081 0.099 + 0.001 0.005 £ 0.001 4.327 £+ 0.035 4.842 + 0.031  0.646 £ 0.008  6.887 £ 0.675
PBP 5.667 + 0.093 1.804 + 0.048 0.098 + 0.001 0.006 =+ 0.000 4.124 + 0.035 4.732 + 0.013  0.635 & 0.008  1.015 £ 0.054
Dropout 5.23 £ 0.12 1.66 + 0.04 0.10 £ 0.00 0.01 £ 0.00 4.02 + 0.04 4.36 + 0.01 0.62 + 0.01 1.11 £ 0.09
PTPE ReLU  5.196 + 0.206 0.615 £ 0.024 0.072 +£ 0.001  0.003 £ 0.000  3.925 + 0.025 4.445 £ 0.042  0.633 £ 0.010  0.640 £ 0.057
PTPE GELU 5.068 + 0.153 0.570 + 0.021 0.071 + 0.000 0.004 £ 0.000 3.915 + 0.024 4.415 £ 0.043 0.634 £ 0.010 0.623 £+ 0.049
PTPE Tanh 5.574 £+ 0.148 0.580 £ 0.022 0.076 £+ 0.001 0.005 £ 0.000 4.073 £ 0.028  4.364 £+ 0.036 0.628 £ 0.010  1.678 + 0.193

Table 3: Averaged test performance in average log-likelihood. The larger the better. The best value is
highlighted in bold, and the second best is underlined.

Concrete Energy . Naval Power Protein er{e Yacht
Dataset . Kin8nm . Quality Hydro-
Strength Efficiency Propulsion Plant Structure .
(Red) dynamics
MCVI -3.391 £ 0.017  -2.391 + 0.029  0.897 + 0.010 3.734 £ 0.116 ~ -2.890 £ 0.010  -2.992 4 0.006 -0.980 + 0.013  -3.439 + 0.163
PBP -3.161 £ 0.019  -2.042 + 0.019 0.896 + 0.006 3.731 £ 0.006  -2.837 £ 0.009  -2.973 £+ 0.003 -0.968 + 0.014  -1.634 £ 0.016
Dropout -3.04 £+ 0.02 -1.99 £+ 0.02 0.95 + 0.01 3.80 + 0.01 -2.80 £+ 0.01 -2.89 + 0.01 -0.93 £+ 0.01 -1.55 £ 0.03
DVI -3.06 £+ 0.01 -1.01 £+ 0.06 1.13 £ 0.00 6.29 + 0.04 -2.80 £ 0.00 -2.85 4+ 0.01 -0.90 + 0.01 -0.47 £ 0.03
PTPE ReLU -3.010 £+ 0.037 -1.045 4+ 0.044 1.251 + 0.009 5.751 £+ 0.086  -2.789 4+ 0.007  -2.821 £ 0.024 -0.966 + 0.029  -0.910 £ 0.044
PTPE GELU  -3.092 £ 0.056  -0.789 + 0.039 1.278 4+ 0.007 5.858 + 0.135 -2.780 £ 0.006 -2.801 + 0.019 -0.982 + 0.029 -0.236 + 0.052
PTPE Tanh -3.159 £ 0.039  -0.827 + 0.043 1.234 + 0.008 6.050 + 0.028  -2.825 £ 0.006  -2.802 £ 0.013 -0.939 + 0.016  -0.699 + 0.067
LL Tanh -3.07 £ 0.07 -0.65 £ 0.05 1.29 + 0.01 6.29 + 0.19 -2.79 £ 0.01 -2.79 £+ 0.00 -0.98 £ 0.01 -0.92 £+ 0.03

containing 50 hidden units (100 for the larger Protein Structure dataset) and report the best test performance.
We randomly set aside 10% of the data as test samples, and the error bars reflect the results from 20
random splits. Details on the implementation, hyperparameters, and training results are available at
|https://anonymous.4open.science/r/Stochastic_Polynomial_Expansion-OBEB/|

We evaluate RMSE and log-likelihood on the held-out data and summarize the results in Tables ] and [f} For
comparison, we include reported statistics (where available) from Monte Carlo Variational Inference (MCVT)
(Graved [2011al), Probabilistic Backpropagation (PBP) (Herndndez-Lobato and Adams| 2015)), Dropout (Gal

[and Ghahramanil, [2016]), DVI (Wu et al.| [2019)), and Linearized Laplace (MacKay} [1992a} [Foong et al.| [2019)).
The results indicate that PTPE-DVI achieves competent accuracy, demonstrating the effectiveness of PTPE.

3.4 PTPE enabled Variational Autoencoder demonstrates improved performance with O(n) complexity.

Since PTPE is fundamentally designed to accurately propagate Gaussian moments through nonlinearities, it
can be incorporated into various applications, one of which is the decoder of a Variational Autoencoder (VAE)
(Kingma and Welling| 2014)). In the decoding stage, a VAE propagates the Gaussian means and variances
encoded by the encoder through layers of nonlinearity in the decoder. The original model, which we refer
to as the "vanilla VAE," accomplishes this by propagating Monte Carlo samples. Instead, we replace the
decoder with PTPE while keeping the trainable parameters unchanged and train the model to reconstruct
MNIST handwritten digits (LeCun et al] [1998). As shown in Fig. [} the PTPE-enabled VAE achieves a
higher Evidence Lower Bound (ELBO) and improved reconstruction accuracy compared to the vanilla VAE.

A key bottleneck in applying many well-established Bayesian methods to VAEs is scalability. Many Bayesian
approaches require sampling, which suffers from curse of dimensionality. PTPE offers an alternative
solution: the PTPE-VAE shown in Fig. [ propagates only the diagonal of the covariance, resulting in
a computational complexity of O(n). Moreover, the training procedure remains identical to that of the
vanilla VAE. Details on the implementation, hyperparameters, and training results are available at
|//anonymous.4open.science/r/Stochastic_Polynomial _Expansion-OBEB/|

4 Discussion
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Figure 4: (Left four) Training and testing objective, measured as ELBO, for both vanilla and PTPE
implemented VAE. (Right) Reconstruction loss (MSE) of the two types of models.

One immediate potential limitation of PTPE is its reliance on the assump-
tion that inputs are Gaussian. It has been well-established that at the limit
of infinite width, a deep neural network with Gaussian input is equivalently
a Gaussian process (Neal| (1994)); [Williams| (1997)); |de G. Matthews et al.|
(2018); [Lee et al.| (2018); |Gao et al. (2023)), and a similar phenomenon is
also reported in Bayesian neural networks with Gaussian weights
let al (2021); Nguyen and Goulet| (2022)). Based on this observation, we
assume a "wide enough" neural network will have approximate Gaussianity
in each layer, so that the error of using variational Gaussian distributions
to approximate layer-wise distributions becomes negligible. We verify this
assumption through simulation (see e.g., Fig. [5).

In this paper, we focus on the propagation of Gaussian distributions. This
choice is due to their prevalence in machine learning and their convenient
property of being Lévy alpha-stable, meaning a linear combination of
Gaussian random variables remains Gaussian. This makes Gaussian dis-
tributions pertinent to our objectives. Consequently, our method could
potentially be extended to other types within the Lévy alpha-stable family.
For instance, demonstrated the propagation of Cauchy
distributions through neural networks. A more comprehensive survey is
provided in [Wang et al.| (2016), where the authors examined the propaga-
tion of exponential family distributions (including Beta, Rayleigh, Gamma,
Poisson, and Gaussian), though this requires more intricate derivations.

A strength of PTPE is its generality. As mentioned in the introduction,
several immediate motivating use-cases are in the training of robust net-
works including probabilistic network models. Furthermore, our proposed

Figure 5: Empirical distributions
(of the first three units) before
the final softmax layer of a resid-
ual neural net trained on CI-
FARI10. This network has 13
ReLU layers. The distributions
are obtained by Monte Carlo sam-
pling 10° images with additive
Gaussian noises. For distribu-
tions of all 10 units, see Fig. [f]in
Appendix.

method may also find application in safety-critical engineering systems that require estimates on uncertainty.
Recently, researchers combined an LSTM and Kalman filtering to monitor the states of plasma inside a nuclear
fusion device [Pavone et al| (2023). The Kalman filter, by construction, requires statistics on the output
of the LSTM in order to generate control signals. Such statistics were generated by using a probabalistic
architcture within the LSTM, i.e., where parameters are specified by a learned distribution. PTPE provides
a potential alternative path for such problems (we discuss in , but enabling uncertainty propagation

through deterministic learned architectures.
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5 Conclusion

In this article, we developed a stochastic polynomial expansion approach, PTPE, to perform uncertainty
propagation in neural networks. Our method offers significant advantages in accurately propagating the
full covariance matrix of an input distribution compared to state-of-the-art methods, without substantially
sacrificing computational efficiency. We derived analytical solutions for the first two moments of the output
distributions for seven commonly used nonlinearities, demonstrating remarkable accuracy in predicting
univariate mean and variance, particularly under high uncertainty. Additionally, we assessed its multivariate
accuracy in deep residual neural networks trained on image categorization tasks. By incorporating up
to third-order polynomial expansion, our method generally outperformed others, except in scenarios with
minimal uncertainty in which the performance of competing methods is comparable. Overall, our proposed
method provides a tractable framework for solving uncertainty propagation problems. It can potentially be
effectively applied in various domains, including adversarial training, Bayesian inference, generative models,
and safety-critical applications, offering a versatile tool for enhancing the reliability and robustness of neural
networks.
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A Appendix

A.1 Derivation of mean, covariance, and cross-covariance propagated through a univariate nonlinear
function

Revisit the definitions of notations.

U multivariate Gaussian input  ~ N"(u, X)
W weight matrix (constant)

b bias vector (constant)
X =W'U+b ~N"(j1,%)

g =W'iu+b
S =W'EW
E =X-4 ~N"0,3)
52 = diag (i)
{71, .. ,7} positive scaling factor set obtained through numerical optimizations

All o oprations are element-wise, including the Hadamard product and Hadamard exponentiation. However,
for notationaly simplicity, all product, division, and power operations are element-wise starting from

In the context of machine learning, all non-linearities are applied element-wise — they are univarite. Thus,
the off-diagonal entries of their Hessian matrices (second order partial derivatives) are zero, and it has similar
effect on higher order partial derivatives. This makes PTPE on multivariate input easier to write down.

Given a smooth nonlinear function f(-) of univariate random variables, define vector operation f(X) =
(f(X1), f(X2), -, f(X4))T. We define an approximation g(-), which stochastically expands f(-) under the
Taylor scheme, such that f(-) and g(-) have approximately the same first and second moment. This expansion
uses i.i.d. surrogate polynomials, {1,Ey), 5‘522), E?g’)’ .-+ }, and such choice reduces computational complexity

of covariance, which is shown later.

02
g0 =l 0+ 2SO o @ g m,)) - B0 (m gz

1! 2!
and denote
Ag =E[f (X)]
A, = BT 0
E[VZf(X
A, = [vx2{< )
4, - BV (X)]
3!
such that
g(X)=E[f X))+ A0 (55 - E [555)])
s=1
A.1.1 Mean

Ay is simply the mean of the output. In the later sections we show this value can either be analytically solved
or approximated using similarly behaving nonlinear functions.
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A.1.2 Covariance

For clarity of reading, we omit the subscript of £, but will revisit the independence of polynomial basis. The
covariance function of f(X) with S-th order expansion is

cov (4(X (ZA o (=23 - EiE )) (ZAto(_(t) [~?5>1)>T

(.4l oe | (=7 - m=py)) (=1 - i) |

p“qm
Mm

w
Il
-
o~
Il
—

o
hE

(A.A7) o (B [20(=0)7] - EEGIEENT)

V)
I
-
o~
Il
s

which is an n X n matrix, and the {4, j}-th entry is
> e (B[ 2] B[00 B [26))
s=1t=1

Since Z(1), E‘(’%, E?g), .-+ are independent, the off-diagonal entries (s # t) are zero, then the {i, j}-th entry
becomes

ZASZA 5,7 ( [ ()i ?s) } -E [EZSS),i} = {Efs)’j})

Rewrite in matrix form
cov (9(X)) = > A0 (E =% = | -E[=y|E ["?Gf) oAl (5)

where A, and E,) are both n dimensional vertical vectors. Using central moments of normal distributions,

[Hs } 0 if s is odd
(s):2 ai(s— 1)1 if sis even
With application of Isserlis’ theorem (Isserlis, [1918)),

E [Efsmafsm} =2 1 peateta

peP; {cd}ep
where ¢,d € {i,7}, and p.q is correlation. The sum is over all the pairings of the set B = {i,4,--- ,4,5,4,-* ,5},
—_— —
S S

i.e. all distinct (suppose each i or j is different from other i’s or j’s) ways of partitioning B into pairs {c,d},

and the product is over the pairs contained in p (Janson| [1997; Michalowicz et al., [2011)), so there exists
(2s — 1)!! pairs in the partition, or (2s — 1)!! terms in the sum. For example, the first four terms of Eqn. [5| are

Al o 2 o) A;r
AQ o (2202) O A;
Az 0 [62° + 9 diag(E) o o diag(E) ] o A
Ajo [245]04 + 72 diag(E) 0¥?o dlag( ) ] © A4
A, and diag(f)) are both n dimensional vertical vector. With this result, to find the covariance of the output

of a nonlinear layer, assuming the input follows a multi-variate normal distribution, one just needs to derive
the factors of Taylor polynomial, Ay, A1, As, etc., for the nonlinearity.
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A.1.3 Cross-covariance

Let Y := (Y1, Y2, -+, Yyn) " be a Gaussian random vector that is cross-correlated to X, and Q =Y — E[Y].
If X undergoes a non-linear transformation via function f(-),

7= [(X)

The cross-covariance between Y and Z can be written as

s T
Svz=E |Q (ZAto (=2 - [:?tﬂ))
t=1

which is an n x n matrix, and the {¢, j}-th entry is

ZAtJ< [ i), }_E[Qi]E {Ezt)’j])

E [;] is zero by definition. The terms with product of odd number of Gaussian random variables are zero by
Isserlis” theorem. It can be simplified as

Syz(i,j) = Z Ay jE {Wt)u}

t=1,t is odd

Yzv(i,j) = zS: A B [E?S)7ini|

s=1,s is odd

Rewrite in matrix form

Syz = Z Al oE[QEY |
t=1,t is odd
SSO (6)

> AcE[Ey Q7

s=1,s is odd

DIFAY

and the expected value can be calculated using Isserlis’ theorem mentioned above. Note that this term is
nonzero only if ¢ and s are odd, so the first two terms are

EYZ ~ AI o EYX + 3A;)r e} 2YX e} diag(Ex)T
Yy X Ao Xxy +3A30Xxvy o0 diag(Ex)

An addition (e.g. residual) layer outputs the summation of activation of two (or more) layers, Y and Z. Thus
the covariance of Y + Z is the sum of their covariance and cross-covariance.

SY+Z)=3y+3vz+3zy + 2z

A.2 Tanh layers }

We use a linear combination of independent error functions with different scaling factors to approximate
tanh function. In our experiments, we choose a set of four scaling parameters, {0.5583, 0.8596, 0.8596,
1.2612}, using fmincon in MATLAB. In practice, one can add more terms for even higher accuracy without
losing efficiency (depending on the computing resources), because the extra terms can be easily paralleled.
We define a variance term considering the relation between error function and Gaussian cdf, such that

t For notational simplicity, all the product, division, and power operations that appear in and after this section are all
element-wise.
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12
tanh(X) ];g erf (v,;X)
= ™)
2 1
J 2,yj2

Thus, the factors of the pseudo Taylor polynomials are

12
Ag=E |- erf
23

12
20j

1
A =FE [Vy fE erf

P <

Jj=1

_ 25,
X
A, —IE v Z erf
2UJ2-
Since all the operations in Ay, Ay, Ag,--- are element-wise, we only show the derivation for univariate case
for notational simplicity in the following sections
A.2.1 Find A()
X o0 1 — [
E |erf | —— :/ erf _r ~<p<x~ﬂ)dx
262 o0 262) 7 \ @
J J
This is a known integral |Ng and Geller] (1969))
—erf | —H
\/26% + 267
We define
67 =62+ 67 (8)
Thus,
1< i
Ay = — Z erf (9)
P 26?

The usage of error function instead of Gaussian cdf may give Ag a very distinctive form from those of the other
factors. The reasons behind are purely out of considerations of numerical computing: calculating Gaussian
cdf is computationally demanding, while the approximation algorithm of the error function is available |Cody
(1969).

A.2.2 Find A,

Notice that

o X o [ [V 2
—erf | —— | = — / —exp(—t?)dt
ox 267 Oz ( 0 VT (=9 )
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by Leibniz integral rule

where ¢ is the standard normal pdf. With the identity that the convolution of two Gaussians is still a
Gaussian. (Bromiley| (2003)))

X 2 1 —
E 2erf —_— :/ —p <x> —p <x —~ ﬂ) dz
ox 26]2. 00 0 G;) G o

Therefore,

and each term of the summation is a Gaussian function written in its standardized form.

A.2.3 Find A; and beyond

In previous section, we show that the first derivative of the error function is a Gaussian, thus the expected
value of which is the convolution of two Gaussians. Similarly, we can obtain Ay, Ag, etc. by convolving the
second, third, and higher order Gaussian derivatives with another Gaussian.

Gaussian derivatives can be represented by Hermite polynomial Hg(x).

i 2 ()] - (755) = (73) 3¢ 2)

For examples,

Ho(z) =1

Hi(z) =2z

Hy(z) = 422 — 2
Hj(z) = 82 — 122

There are implemented functions for this from various scientific computing tools, such as hermiteH() from
MATLAB and scipy.special.hermite() from SciPy.
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Hence,
s X
E erf
oxs 262
oo as
:/ erf i p(zr)dz
—00 or* 20.2
J
9t 1 1 —
o[ @) ()
oo O Gj G ol
s—1
-1 ° 1 1 —
= Hs—l ° - <‘,’E> P <x M) dx
26']2 — o0 20,2 0j gj g g
s—1
-1 1 fi > 1 —
= ~ ¥ (ft) H, i — ¢ <$_ ﬂ) dz
26]2 o og o 252 | 0j
42 62
where g = [LA—JQ 5? = &272. The convolution of a Hermite polynomial and a Gaussian pdf is a known
lop 67
J J
integral |Gradshteyn and Ryzhik! (2015))
s—1 <21 _/ 5 3
-1 1 fi 1 K g
265) %9\ % (1-2025%)"
s—1
-1 (L 1 [
S ) () L (2)
262 26? 9j 95

To give a few examples,

1 a2 —6% 1 i
Ag=—Y 20 I oL
5= 3 2 57 6,7 \5; (12)

S

o —1 T 1 z\ 1 xr — [ -1 [ 1 [l
() () e () () o18)
. 26? 26?- g ;) & G 2A]2. 2Aj2_ o g;
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A.3 Sigmoid layers

We can apply the same framework on sigmoid layers, with modifications

12
—pz_: erf (y;z)

Using fmincon in MATLAB, we find a set of v = (0.2791, 0.4298,0.4298,0.6306) . Then the first four factors
of the Taylor polynomials are listed below. Ay is represented in complementary error function erfc to avoid
subtractive cancellation that leads to inaccuracy in the tails. Note that except for Ag, all A, of sigmoid
layers are just 1/2 of those of tanh layers.

1

w\'—*

11 i
Ay = - ZQerfc - e
J

j=1
p

1~ 1 i
=525 %\
j=1 J J
1L~ a1 (f
As = — — %5 A‘P(A
2!1)],21 ) G (14)
1 K@ —671 fi
PRI ol 1
3!pj=1 0'] O'j j

A.4 Softplus layers

The derivation of pseudo-Taylor polynomials for a softplus layer is related to that for a sigmoid layer, since
the derivative of the softplus function is the sigmoid function with scaling factor 8, and the latter can
be approximated with a linear combination of Gaussian cdf (or error functions like we did in the previous
section). We have

1
softplus(z) = Elog (1+4€°7)

Then we use the approximation of sum of independent standard Gaussian cdf ®

1o}
%softplus(x) Py A Z@ ( ) (15)
where we re-define L
.2
g5 = 27]2‘ﬂ2 (16)

Note that éjz changes definition and should not be confused with that in the tanh and sigmoid sections.

A.4.1 Find A,

First we apply substitution of variables X = i + =, then

1 _
softplus(z) = softplus(fi, ) = Blog (1 + 65(M+5))
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0 0
Notice that — = since fi is constant, then
or 85

Ao = [ softplus(i, ) p(¢) de
:/ d§/ softplus(C €) d¢

by Fubini’s theorem (Fubini, [1907)

_ / dc / Jsoftplus(C.) p()ds
ol (5o (D)

using the known Gaussian integral identity [* ®(ax + b)p(z)dz = @ ( 13_a2

j=1
1 _ _
2 lre(3) 0w (5)
P 0j T3
12 s _ _
=-> P erfe | ——£ —l—éjcp(A)
P4 2 262 j

Or, with simplification

A.4.2 Find A,

)

(17)

Since the first derivative of the softplus function is just a sigmoid function with scaling factor 8, we can

immediately write A; using previous results

A.4.3 Find A, and beyond

In previous section, we find that V softplus(z) is approximately a Gaussian cdf. Subsequently, V2 softplus(z)
is approximately a Gaussian. Since Gaussian function is infinitely differentiable, all A4(s > 2) can be found
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using Gaussian derivatives, which can be represented by Hermite polynomial H,(z) introduced above.

1 0°
Ag = ;IE {6x5 softplus(a:)]

we solved this integral intanhsection

s—2

P —1 i 1 i
= - Z H, - = (A)
5P /2AJ2 /QAjz 0j 0

To summarize, As(s > 2) can be expressed as

s—2
1 & -1 T 1 i
A(s>2)= =" H A= ] ¢ (”) (19)
stpio 26]2 252 | 0 of
For examples,
1 1 [
Ay = — — —
’ 2!192_:1@‘ S0(@‘)
j=
L\~ 1 (i
Adziz_ﬁ ¢ <A>
3!pj:1 i % N\ (20)
1 P IEL2 _ A2 1 /1
pm LS L (1)
4! pj; ;1 Gj of

A.5 ReLU, Leaky ReLU, and Piece-wise Linear layers

Since ReLU function is only first-order differentiable (x > 0), we cannot do PTPE directly. However, given

its relation to softplus function,
lim llog (1+ ") = max{0, v}
B—oc0 ﬂ ’

we can reuse the results for softplus layers by applying the limit

lim éJQ» =0 and lim
B—o0 B—ro0
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Therefore,
Ao = Aiji+ 6 (“)
g
Al—lerfc (— H )
2 252
11 fi
Ay=—=¢p(E
2 2!5"0(5) (21)
1 a1l [k
A= — — 2 — (2
T3 52 &‘P<&>
12-621 (@
Ay = — —ol 2
1T e 5“0(&

and for s > 2 we have the general form of

As>2) = ;1 H, o, || 2o (“) (22)

On the other hand, leaky ReLU can be considered as superposition of two ReLU functions - consider a leaky
ReLU with negative slope of 6

LeakyReLU(z;0) = ReLU(z) — § ReLU(—x) (23)
which can also be written as

ﬂlim softplus(z) — 6 softplus(—xz)
—00

Therefore,

12 ~ - - ~
et o () ()] o[ (£) 0 2)
pooep g g 7 9j 9j
—o+1-0) 52 (2) + 0 (2)]
a o
To find the expected value of the derivative of LeakyReLU, first we find the derivative
2Leak ReLU(z ; 0) = lim zsoft lus(z) — 9ﬁsoft lus(—(x))
Ox Y T B O P ox P

. 1 [
= e @ T 11

1< T -
Ao B () 408 ——
pi3 gj 95

1—60 <& T
= lim 9+7Zq> ()
B—o0 p = gj
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Then we can write A; for LeakyReLU as

) > 1-60<& T 1 x—
Ay = lim 0+ ——> ®(— )| z¢|—)d
B—oo J_ p = 0j o o
Pooee x\ 1 T — i
,9+11m72/ ¢<,>~<p< N”)dx
B—oo D S o;) 0 o
0 & i
=6+ lim Z@(A)
B—oo D — j
J
i
=04+ (1-0)®( =
ca-oe (L)
Rewrite in complementary error function
1-0 fi
A =0+ erfc ( o > (24)
252

Note that we can also rewrite Ay using the result of A; to improve computational efficiency.

Ao = Avji+ (1— 0)5e (ﬁ) (25)

Note that starting from the second order, the derivative of LeakyReLU is just that of ReLU scaled by
1 — 6. Therefore,

A2_ﬂ% ('Lf)
2 0 o
1-0 4 4

As — — P ol®

3 3! 03"’(&) (26)
1-032—62 (@

TR

and for s > 2, we have the general form of

Asz=120 (‘222)5—2 H, (502) " (g) (27)

Similarly, any piece-wise linear activation function can be described as a combination of ReLLU functions with
different scaling, shifting, and/or mirroring. Thus, their pseudo Taylor coefficients can be found using the
same methodology.

Qi =

A.6 GELU layers
GELU (Gaussian Error Linear Unit) is defined as the product of input and a standard Gaussian cdf
GELU(z) =z ®(z)

and we can write the derivatives (with order s > 1) of GELU as

65
oxs

GELU(z) = s

s—1

e, ®(x)+x
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A.6.1 Find Ay

[t 1 (¢ ¢
—/‘/_OO/_OO (C+8) = (5)dfd<+/ / Ep(C+O) 2 (&>dgd<
_a [ L ¢ (5
—,u/_oomtp< 1+02)dc+ 1+02¢(\/1+02)1+&2dc

_ fi
= 0P
: (\/1+52) \/1+02 (\/1+02>
We re-define 62

62 =1+5> (28)

and re-write the result with complementary error function

~ ~ ~2
_ K __H 9
Ao—zerfc( 2&2)—&— 64,0(

A.6.2 Find A,

Therefore,

Q=

) (30)

Higher order coefficients (As(s > 2)) all consist of two parts: (i) a term of expected value of a Gaussian
derivative, (ii) a term of expected value of the product of z and a Gaussian derivative. We have already
found a general form of the first term in the tanh section

952 -1 \*7? ii 1 (i
E[Saxs—ﬁm}_s( 2&2> HH( 2&2> 57 <J>

To solve the second part, we need to use the Hermite polynomial recurrence relation:

1 i @l
Al—ierfc (— 2&2>+(?2&g0(

A.6.3 Find A, and beyond

x Hs 1(x) = %Hs(x) +s Hs_o(x)
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(O (G = () e () ()
A 252) *\V2e2 252 T\ V2s2
Sum the two integral together, we get the general form of A,(s > 2)

Ai(s>2) :é [(2;2)52 H, (;2> - ( 2;2>SH8 ( g(ﬂ)] ;

For examples,

SN

A
/7~
Q=
~

(31)

~2 ~
prll
A 1 S =
2 21[+&2 &4]&90(&)
L[p 30 @1 [}
PR O BT e Y I I
ST [&2+&4 5] 57\ 5 (32)
1 1 p@2-3 62 p*l1 (@
Af = — | —— _E (2
4 4!{ 2T e e 53 5%\s

A.7 SiLU layers

SiLU (Sigmoid Linear Unit), equivalent to Swish when 5 = 1, is defined as the product of input and a
sigmoid function

SiLU(z) = z Sigmoid(z)

In the previous section, we approximate Sigmoid function with error functions so that we can reuse
derivations from the Tanh section. Here we approximate Sigmoid function with Gaussian cdf’s in order to
reuse derivations from the GELU section. With v as a numerically optimized scalar vector, let

22

0, = -5 9 ]6{177])}
J 27]2
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Then, we approximate SiLU as
I
SiLU(z) ~ = > & ( )
“p = \4j

and we can write the derivatives (with order s > 1) of SiLU as

1 P - ~ ~92 ~
do= 23 Bente (L) 1 T (2)
pim2 262 g5 \0j
1 &1 i 6% 1 i
A== cerfe| £ +;1H2A<,o(f‘>
pj=1 26? j 9 9j
R N A RN
=g 2 eS| 505
j=1 i 7 J J
1 p /7/ 3[16.2 ﬂdo’.Q 1 /1
A=—3- |mt % 5 | 5% 5
TP o j 0 0
4 1 ZP:[ 1 +ﬁ2—3é$ 61262 63
4= n- ] rY I 6 58
Ahp j j 9j j
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Table 4: First four coefficients of the polynomials for seven commonly used nonlinearities. For notational simplicity, all the product, division, and
power operations are element-wise. The method for determining +; is outlined in Table

ATINLL O} UOISSTI(NS SB MIIADI IOPU()

Ay A, A, Aj AJQZ ~2+O'_J2
12 12 T ii T j2 — 62 1
Tanh =y (2F-1) - 2cC — ) 2L — >y 2c— 63 = —
p; p; 2pj;1 j 3t p; 7; 27
12 12 T i 1 I @2 - 82 1
Sigmoid -y F =N L - —L— = - 6= —
1< 1< 1 & 1 & fi 1
Softplus — Fii+ L2 - F — L —_— L &2 5
p; / p; 2p; 3!2?; f 2782
. =2 1 1 p L2
ReLU Fi+ Lo F L — | -L= =0
2 3! 52
_ s 1-0 1-0( . @ .
LeakyReLU (0) 6p+ (1—-0)(Fp+L£5*) 6+ (1—-0)F TL 3 fﬁg 5°=0
~ =2 Iz 1 1 i’ 1 p3p @ 2 _
1 P 1 P ﬁé_? 1 P 0_2 [1'20—2‘ 1 p i 3#0’ ﬁ302 1
SiLU -y Fia+Le? N F+L— —> |1+ -, — Y L — — — 67 =—5
; p; p ijz:; 6; 6] SIp; 6; 6; 6] 27;
1 i fi 1 fi
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A.8 Emperical distributions of ResNets show Gaussianity
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Figure 6: Empirical distributions of all units before the final softmax layer of the resnet13(ReLU).

A.9 Approximation accuracy on other non-linearity
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Variance Gain

Variance Gain

Variance Gain

Variance Gain

] Mean 10 1st Order 2nd Order 3rd Order 4th Order
- — el — -
c 7,
So \ !
[ 10 /
-1
1 10°
e
o
g’ 0.5
i 10 N - T\
0
1
" 6
2 4
& 0.5 -
» 2 -
0 0
1
=2
<4 0.5 i~
0 ==
o 1
=)
5 4
é 2 0.5 L—=
At‘u 0
g2 0
1.5
6
34 1
w
g5 0.5 £ =
0 g ==
1.5
1
3 4
) 0.5 7
0 ==
-5 0 -5 0 5 -5 0 5 -5 0 5 -5 0 5
center of center of center of center of center of
input dist. input dist. input dist. input dist. input dist.

Figure 7: The meaning of different colors and line styles is the same as Fig. |I} The higher the input variance,
the more significant is the benefit of using higher order Stochastic Taylor expansion.

31



Under review as submission to TMLR

A.10 Pseudo Code

Algorithm 1 Propagating a multi-variate Gaussian distribution through a pretrained ResNet

1 < Input mean
Y < Input covariance
lres < Storage for mean of the output of residual layer
Yres < Storage for covariance of the output of residual layer
Yieross < Storage for cross-covariance between the two input of the residual layer
for layer in neural network do
if layer is linear then
if layer is addition (residual) then
[ A fres
Y=Y+ Eres + Z]cross + E(—:E"oss
eInpty Hres, Eresa Ecross
else
find effective weight W and bias b
p—WThu+b
L WIEW
2cross — WTEcross
if residual connection starts from here then
Hres < 1
Ere.97 Zcross X
end if
end if
else
ty 2, Yeross < PTPE(nonlinearity, p, ¥, Xeross)
if residual connection starts from here then
,u'r‘es <_ :LL
Eresa Em’oss — X
end if
end if
end for
Moutput S
Eoutput — X
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A.11 Additional results on comparing PTPE and other expectation propagation methods.
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102 100
- A
3 ~—#— Frey et al. (1999)
< ~0~ PTPE 1st 1
ol 1
B —A— PTPE 2nd 0 %
S ~— PTPE 3rd IS S 408
N 5 o 10
£ € 10 =2
2 o c
@ 3 2
@ S
a 107! -
= 10
102
10° 10’ 10° 10° 10° 10’ 10° 10°

ResNet33 - relu

107

Wasserstein2 distance
2 N N N o
n OO ol\) o-l> OO')
)
)
L2 norm
) ) )
o - ° N
Frobenius norm
S ) L

1072
10° 102 10° 10" 102 10° 10° 102

ResNet65 - relu

108 102 100
e e
[0 I o)
2
g 104 101 c ’/’/’/‘
< S
S IS e 5
N 5 o 10
< 102 N 2 10° 2
? B h 3 2
2 S
a 10° 107 w
= 10°
102 102
10° 102 10° 10° 102 108 10° 10° 102 108
Input Variance Input Variance Input Variance

Figure 8: Similar to Figure except that the models employ ReLLU as the nonlinearity. The method proposed
by [Frey and Hinton| (1999) performed poorly as it disregards correlation, a critical factor in networks with
overlapping convolutional kernels and residual connections.
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Figure 9: Similar to Figure [3] except that the models employ GELU as the nonlinearity.
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A.12 Additional results on the selection of the number of scaling factors in the reformulation of
thetanhfunction

x10°

T
—2 scaling factors
~——4 scaling factors
——6 scaling factors [
——8 scaling factors
~——10 scaling factors

—_
T

Error by reformulation
L o
T
1

1 1 1 1 1 1
-10 -8 -6 -4 -2 0 2 4 6 8 10
Input location

'
N

Optimization Loss
=)
n

Number of scaling factors

Figure 10: (Top) The error in approximating thetanhfunction using a linear combination of error functions
with different scaling factors was analyzed. We selected four terms, as this configuration yields a maximum
approximation error on the scale of 10~#. Importantly, increasing the number of terms enhances accuracy while
only increasing computational complexity linearly, making this approach both flexible and computationally
efficient. (Bottom) The optimization loss for determining the scaling factors was computed using fmincon in
MATLAB. This loss is defined as the root mean square error (RMSE) of the approximation.
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ResNet13 - tanh 3
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Figure 11: Improvements in the three metrics—Wasserstein-2 distance, Euclidean distance, and Frobenius
norm—when using eight scaling factors (v;) to approximate the tanh function, compared to using four, are
reported. Positive values indicate improvement, while negative values denote deterioration. Notably, there
is no clear dichotomy in predictive accuracy, suggesting that the approximation error of our method is not
a dominant factor. Alternatively, Monte Carlo sampling with 10° data points is insufficient to accurately
estimate the true covariance of a 10-dimensional multivariate distribution. As a result, the reference moments
may deviate from the true values. We argue This finding supports the justification for using four scaling
factors rather than a larger number.
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A.13 Comparison with Gauss-Hermite Quadrature

Gauss-Hermite quadrature (GHQ) is a numerical integration method used to approximate integrals of the
form:

/00 f(x)e_ﬁdx ~ szf(xz)
o0 i=1

where w; are scalar weights, and n is the number of quadrature points z; (also referred to as sigma points).
In this context, f(-) can represent a nonlinearity or its square, corresponding to the mean and covariance
integrals. While infinitely many linear combinations of f(z) can approximate this integral, GHQ selects
quadrature points and weights based on Hermite polynomials. These polynomials are orthogonal, making
GHQ computationally efficient. This method also serves as the foundation of the cubature Kalman filter

(CKF).

We compare the predictive accuracy of PTPE and GHQ across the first four orders (Fig. to , using
absolute error as the evaluation metric against a reference mean and variance obtained from 10° Monte Carlo
samples. Since Monte Carlo estimates with 107 samples typically fluctuate on the order of 10~%, absolute
errors of magnitude < 10™% are considered negligible.

PTPE outperforms GHQ in the first three orders. At the fourth order, PTPE provides evidently more
accurate estimates than GHQ when the input variance is 1 or higher. Notably, 4th-order PTPE surpasses
4th-order GHQ on ReLLU and LeakyReLU even at a variance of 0.1.

To determine how many GHQ orders are needed to surpass 4th-order PTPE, we compare 10th-, 20th-, 30th-,
and 40th-order GHQ to 4th-order PTPE (Figures [16] to . There is no clear threshold at which GHQ
consistently outperforms 4th-order PTPE, as performance depends on the type of nonlinearity. Among the
seven types, PTPE is particularly effective for ReLU and LeakyReLU. However, we observe a general trend:
higher-order GHQ is required to match PTPE, particularly at higher input variances.

In summary, although GHQ efficiently selects sampling points, it requires an increasing number of points for
accurate estimation at higher input variances. More critically, the number of GHQ sampling points grows
rapidly with dimensionality, making high-dimensional integration computationally expensive. In contrast,
PTPE’s complexity is at most O(n?), making it more scalable. However, GHQ is expected to outperform
PTPE in narrow but deep neural networks. Unlike PTPE, GHQ does not require layer-wise propagation of
moments. Furthermore, in narrow networks, the Gaussianity assumption of hidden layers often breaks down,
making it difficult for PTPE to provide accurate estimates.
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Figure 12: Comparing the absolute approximation error of PTPE and GHQ across the first four orders. The odd number of columns show the error of
mean, and even number of columns show the error of variance, the smaller the better. In this panel, all input variance is 0.1.

TN, 0} UOISSIUIQNS S MOIADI IOPU()




6¢

Abs Err of Mean

Abs Err of Var Gain

Abs Err of Mean

Input Variance 1

Abs Err of Var Gain

Abs Err of Mean

Abs Err of Var Gain

Abs Err of Mean

Abs Err of Var Gain

1st Order 1st Order 2nd Order 2nd Order 3rd Order 3rd Order 4th Order 4th Order
02 0.4 - 0.1 02 8 0.04 - 01 T 0.02 0.05 T
A ’ 1 A \ 1
< AN nhn ) hn 'y "l,\ 2l
S 0.1 0.2 0.05 Iy 0.1 0.02 1y 0.05 ' 0.01 1 1
i 1] \ 1 I' 1 1 [P Pl ', 1\!
’ \ g v, A |/\\ FAVRE BN VAN n" \ '\" W NAR
0 0 0 A L ob—rz [ —— 0 ob—= x 0
-3 -3 -3 -4 -3
0.08 - 0.05 %10 . 001 - x10 — %10 § 4 X10 § 4 %10
S ¢\ 1 “\ 5 o, \ ) 4 , \ P I \ f \ .
) VN BN ‘N TR} \ L] 1 Iy \
£002f , ! ’ LY 0.005 Iy 1y vy Vo 2 L] 0.5 !
=3 1 \ AN 1 1 1 1"y ¢ 1
2 v ¢ 1 ~ 1 - 0.5 N LI 7 1/ \ ] \ /I
7] L o . . \ L=~ v L ~ ' LUZARN ,’ . U] VoA \ \ - \’ v
0 0 ol = 0 L > 0 0 0 - 0 —
3 -3 -3 -4 -3
- . - %10 0.08 %10 5 X10 . 4 X10 %10
o 01 ’ \ ., 1\ - N " \ 1 \
2 ’ \ ’ 5 R RN RN L V! . ;
1
&oos ’ N 05 '/ o 0.02 lI vl \\ 05 , s RERT s , ‘l )
» 4 S . TN (W 1Y ’ u - ‘\ U
' ~ - \ — ’ . ] . ARV
0 0 0 0 0 0 0
0.4 1 0.1 0.1
- ’ o 0.2 "‘ N "‘ 0.05 T 0.1 7
3 " ! 1 \ 005 i o hyyn N
Jo2 PR 05 ’ 0.05 ,"1 ‘"'\ 0.1 " l|| 0.05 1\: I:\ Iy 0.05 ",
4 ’ [LRY 1 14y \
Y ] \ N L 1
P /{1 y R . \ Ay
\ \ y3 "n % 1
0 Z 0 0 0 0 0 A 0 = 0
D02 - 1 - 0.05 A o p 0.04 i 0.05 7 pe] 0.05 i
=2 , .
2 " ’ 0l ‘|’ A l‘\ n " ,' v 002 hpy ’
[ 1 1
£ ’ - - ) s M vy m PR IR g
© \ ! NS n " . \ \ g 1
30 z 0 0 L 0 0 0 — 0 e
-3
- ; — — - 02 0.02 7 — T >
! 0.05 i \ \ 1 5 ' s n
502 PR ’ . r 1 0.05 n',y S~y 0.02 \
o ) ’ VLN 0.1 AN 0.01 ni'p? 1 o L.
w 0.5 \y 1y : W v : [ LEL I BN 1 T
® 0.1 , \ y ’ ‘: \ YIRS L I‘l N NERI 0.01 AR\
- \ 2 P \ A S~ s WoWAR JACI T W AN 1Y\
0 L z 0 0 0 ~—> 0 L L, 0 0 = 0 1
02 o 5x10° x10° x10°
5 > A) . T ¥
r N 1 ’ 0.02 L o N 0.02 A 4 M 1
> PR ’ 1 Wi - o AR 5 U
=01 \ ’ [ 0.05 UYL \ | - 1
@ I: . 05 , LU B ‘I.\ s \" . II ‘: "l \\ 0.01 T 05 NTR ~ o ‘: L
== AY 4 ’ v A Al 4 1 e W . \ - ~ Y I P
0 - 0 0 0 b= 0 0 0 z odat t
5 0 5 0 5 0 5 0 5 5 0 5 5 0 5 ] 5 5 0

center of input dist.

center of input dist.

center of input dist.

center of input dist.

center of input dist.

center of input dist.

center of input dist.

center of input dist.

Figure 13: Comparing the absolute approximation error of PTPE and GHQ across the first four orders. The odd number of columns show the error of
mean, and even number of columns show the error of variance, the smaller the better. In this panel, all input variance is 1.
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Figure 14: Comparing the absolute approximation error of PTPE and GHQ across the first four orders. The odd number of columns show the error of
mean, and even number of columns show the error of variance, the smaller the better. In this panel, all input variance is 10.
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Figure 15: Comparing the absolute approximation error of PTPE and GHQ across the first four orders.
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Figure 16: Comparing the absolute approximation error of 4th-order PTPE and 10th-, 20th-, 30th-, and 40th-order GHQ. The odd number of columns
show the error of mean, and even number of columns show the error of variance, the smaller the better. In this panel, all input variance is 0.1.
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Figure 17: Comparing the absolute approximation error of 4th-order PTPE and 10th-, 20th-, 30th-, and 40th-order GHQ. The odd number of columns
show the error of mean, and even number of columns show the error of variance, the smaller the better. In this panel, all input variance is 1.
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Figure 18: Comparing the absolute approximation error of 4th-order PTPE and 10th-, 20th-, 30th-, and 40th-order GHQ. The odd number of columns
show the error of mean, and even number of columns show the error of variance, the smaller the better. In this panel, all input variance is 10.
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Figure 19: Comparing the absolute approximation error of 4th-order PTPE and 10th-, 20th-, 30th-, and 40th-order GHQ. The odd number of columns
show the error of mean, and even number of columns show the error of variance, the smaller the better. In this panel, all input variance is 100.

TN, 0} UOISSIUIQNS S MOIADI IOPU()



	Introduction
	Theory
	Results
	PTPE significantly improves estimation accuracy when exposed to higher input variance
	PTPE accurately quantifies uncertainty in canonical network architectures
	PTPE addresses the limitations of DVI by incorporating non-piecewise-linear activations.
	PTPE enabled Variational Autoencoder demonstrates improved performance with O(n) complexity.

	Discussion
	Conclusion
	Appendix
	Derivation of mean, covariance, and cross-covariance propagated through a univariate nonlinear function
	Mean
	Covariance
	Cross-covariance

	Tanh layers †
	Find A0
	Find A1
	Find A2 and beyond

	Sigmoid layers
	Softplus layers
	Find A0
	Find A1
	Find A2 and beyond

	ReLU, Leaky ReLU, and Piece-wise Linear layers
	GELU layers
	Find A0
	Find A1
	Find A2 and beyond

	SiLU layers
	Emperical distributions of ResNets show Gaussianity
	Approximation accuracy on other non-linearity
	Pseudo Code
	Additional results on comparing PTPE and other expectation propagation methods.
	Additional results on the selection of the number of scaling factors in the reformulation of thetanhfunction
	Comparison with Gauss-Hermite Quadrature


