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Abstract

Incremental feature selection aims to efficiently identify key features from dynamic data.
However, existing feature selection algorithms for dynamic incomplete ordered data often
rely on upper and lower approximations while overlooking the impact of inter-feature rela-
tionships across different decision classes. This can lead to reduced computational efficiency
and suboptimal classification accuracy. To address these issues, this paper proposes an in-
cremental feature selection method based on expanded dominance matrices for incomplete
ordered decision systems. Firstly, we propose to use non-dominant relationships between
classes as a measure of attribute importance, thereby avoiding the computational complex-
ity of traditional lower and upper approximation. Furthermore, to maintain efficiency and
accuracy in dynamic data environments which involve frequent object addition and deletion,
we propose two matrix-based incremental update mechanisms: matrix-based non-dominance
attribute reduction for addition (MNAR-A) and matrix-based non-dominance attribute re-
duction for deletion (MNAR-D). These mechanisms are crucial for efficiently updating the
feature subset when new objects are added or existing objects are removed, ensuring the
algorithm remains effective and avoids recomputing from scratch. Experimental results on
the UCI dataset showed that the proposed algorithm achieved a 1.3x speedup and delivered
a 7% relative accuracy gain compared to the state-of-the-art method on average.

1 Introduction

Feature selection is a commonly used data preprocessing technique in machine learning and data mining,
aiming to curtail dimensionality by eliminating redundant or irrelevant attributes so as to enhance gener-
alization and computational efficiency [Wang et al.| (2024)); Ding et al.| (2021)); |Chen et al.| (2020). However,
real-world data often exhibit large-scale and dynamically evolving characteristics (e.g., real-time data streams
and continuously updated databases).

Conventional static feature selection methods are not suitable for dynamically evolving data, as they must
recompute reducts from scratch, incurring substantial redundancy and computational overhead. Incremental
learning approaches [Luo et al.| (2014); Zhang et al.| (2025); Zhao et al.| (2024b) offer a promising solution by
effectively leveraging previously obtained results and knowledge for efficient feature selection in dynamic data
environments. Meanwhile, rough set theory [Pawlak| (1982)) and its extensions:particularly the dominance-
based rough set approach |Greco et al. (2002; |2001), provide a solid theoretical foundation for handling
ordered data endowed with preference ranking information (e.g., ratings and scores).

However, the widespread presence of missing or incomplete data in practical applications, such as fault
diagnosis |Ge et al.| (2018) and uncertainty assessment |Dai et al. (2017); [Feng & Jing| (2016), make it an
urgent and open research problem to achieve efficient and accurate feature selection over dynamically evolving
ordered data with missing values. Existing incremental algorithms usually focus on either ordered data or
incomplete data individually, lacking effective methods to handle the dynamic changes of ordered data with
missing values. Moreover, existing incremental approaches often do not adequately consider the impact of
features on classification results.
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To address these issues, we propose a hybrid scoring strategy. Firstly, we introduce Susmaga’s concept [Sus-
magal (2014) of inter-class non-dominance (class distinction score) to incomplete ordered decision systems
(IODS) and propose a corresponding calculation method. We further propose global distinction score as an
attribute importance evaluation index to enhance the accuracy of attribute reduction. We present a matrix-
form incremental update mechanism for adding or deleting samples in IODS, along with the corresponding
incremental attribute reduction algorithms: matrix-based non-dominance attribute reduction for addition
(MNAR-A) and matrix-based non-dominance attribute reduction for deletion (MNAR-D).

The main contributions of this paper are summarized as follows.

e To capture the impact of inter-feature relationships across decision classes, we present a hybrid
scoring strategy. We incorporate Susmaga’s inter-class non-dominance (class distinction score) into
IODS and further propose global distinction score as an attribute importance metric. This approach
enhances the accuracy of attribute reduction.

e The proposed methods accelerate feature selection in IODS, yielding a moderate speedup by har-
nessing the high computational efficiency of matrix operations for incremental calculation.

2 Related work

This paper primarily focuses on the issue of “missing values” in ordered information systems and studies
attribute reduction based on expanded dominance relations in such datasets. To cope with the pervasive
missing values in practice, researchers have proposed expanded method |Shao & Zhang| (2005); |Guan et al.
(2018)), similarity-based method [Yang et al.| (2008)), and feature-based dominance relations method |Du &
Hul (2016)).

Constructing an effective attribute evaluation function is central to attribute reduction. Typical measures
—e.g., dependency |Ullah et al.| (2024), entropy [Sang et al.| (2021); Xu et al.| (2024b)), and knowledge
granularity [Jing et al.| (2016); Liu & Feng (2022)— mainly describe intrinsic attribute characteristics and
overlook their direct impact on classification. To bridge this gap, Hu et al.| (2021) introduced a separability
metric for fuzzy decision systems, while Susmaga defined intra- and inter-class reducts via proximity and
non-dominance relations in ordered data |[Susmagal (2014). However, these approaches assume static datasets;
when data evolve continuously, reducts must be recomputed from scratch, leading to poor efficiency. We
adopt incremental computation to substantially reduce the computational overhead incurred by data changes.

Incremental computation uses existing knowledge to improve the efficiency of knowledge discovery Ding et al.
(2022). To address dynamic changes in samples within incomplete information systems, [Zhao et al.| (20244))
employed sub-tolerance relations to reduce runtime. For dynamic changes in samples within ordered infor-
mation systems, |[Xu et al.| (2024a) applied conditional entropy to attribute reduction. Existing incremental
algorithms seldom address ordered and incomplete data simultaneously and often overlook the influence of
features on classification. By introducing a hybrid scoring strategy, our method not only improves attribute
reduction accuracy but also mitigates the impact of missing values and handles ordered data more effectively.

3 Preliminaries

An information system |[Pawlak| (1992) is typically defined as a 4-tuple S = (U, A,V, f), where U =
{x1,29, - x,} is a non-empty finite set of objects, called the universe. A denotes the set of all attributes.
In decision system, A = CUD and C N D = (), where C is a non-empty finite set of condition attributes
and D is decision attribute. V is regarded as the domain of all attributes. f: U x A — V is an information
function such that f(x,a) € V,,Va € A and x € U,where V, is the domain of attribute a.

3.1 Ordered information system and dominance relation

If each attribute domain V, is equipped with a preference preorder =, then a is called a criterion attribute.
The preorder satisfies reflexivity and transitivity. When all attributes in the system are criterion attributes,
the system is called an ordered information system (OIS), denoted by S= = (U, A,V f).
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For a subset of condition attributes P C C, the dominance relation Dp on U is defined as follows: for any
z,y €U,
xDpy <= Va € P, f(z,a) =4 f(y,a). (1)

Correspondingly, the P-dominating and P-dominated sets of z € U are defined as

Df(x) = {y € U |yDpa}, Dp(x) ={y e U |zDpy}. (2)

3.2 Incomplete ordered decision system and expanded dominance relation

In practice, condition attributes may contain missing values denoted by “x”, while decision attributes are
assumed complete. Such systems are called incomplete ordered decision systems (IODS), denoted as S~ =
(U,CuU{d},V, ), where d is the decision attribute.

In this situation, Dp should be accommodated by unknowns and extended to D} : for any (z,y) € U x U

xDpy < Va € P, f(x,a) =4 f(y,a) V f(z,a) =*V f(y,a) = *. (3)

The relation D% is reflexive but may not be antisymmetric or transitive.

The corresponding expanded dominating and dominated sets are
Dj(x)={y €U |yDpa}, Dp(x)={yeU]|zDpy}. (4)

4 Class distinction score in IODS

4.1 Set-based calculation of class distinction score

In this subsection, we present a set-based formalism for calculating the class distinction score (CDS) measure
in IODS.

Based on the decision attribute d, the universe U is partitioned into decision classes: CL = {cly,cla, ..., clr},
which are ordered by preferencecl; < cly < -+ < clp, meaning cl; has a lower preference level than cl; if
i <.

Definition 1 (Inter-class pairs). Define the set of inter-class pairs as:

Inter_cl ={(cl;,cl;) e CLxCL|1<i<j<T}. (5)

To ensure the dominant relationship between decision classes, the inter-class structure requires the selection
of a lower class cl; and a higher class cl;.

Definition 2 (Class interference metric (CIM)). For any attribute subset B C C, the Class Interference
Metric between two decision classes cl; and cl; is defined as the degree of dominance of cl; over cl; with
respect to B:

> D (elin) — (cliscly)| > | Dt elin) — (cls, clj)
CIMp(cl;, cl;) = *=2 4 k=1
’ (leli] + lety])” (leli] + et;])°

|cli] ’ ey

(6)

Here cl;, represents the k-th object in the decision class cl;, |e| represents the basis of the set (i.e., the number
of elements in the set), and (cl;, cl;) represents the set of elements that are not in the inter-class (cl;, cl;).
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Definition 3 (Class distinction score (CDS)). The Class Distinction Score of cl; and clj with respect to the
subset of attributes B C C' is defined as

CDSB(CZZ‘,CZJ‘) =1- CIMB(Cli,Clj). (7)

A higher CDS value indicates stronger non-dominance and better classification separability between classes
under attribute subset B.

Definition 4 (Global distinction score (GDS)). Given n Class Distinction Score wvalues denoted as
CDS1,CDS;, ...,CDS,. Then the Global Distinction Score of the object set is defined as

GDSy(B,CL) ZCDS (8)

A higher GDSy (B, CL) value suggests that the attribute subset B provides better-ranking information and
classification accuracy for the entire decision system.

Based on the GDS measure, the importance of attributes can be definite as follows.

Definition 5 (Inner significance). Let S= = (U, C U {d},V, f) be an IODS VB C C and Ya € B the
GDS-based inner significance measure of a in B is defined as

sig=Y (a,B,d) = GDSy(B,CL) — GDSy(B\ {a},CL) (9)

Based on the explanation of GDS, a greater value of sigggwr(a, B, d) implies that the conditional attribute

is more crucial. This measure helps to identify the necessary condition attributes within the entire set of

condition attributes. Additionally, the core attribute set of the attribute set B is defined as Coreg = {a €
.U

B | sig;, e (a, B,d) > 0}.

Definition 6 (Outer significance). Let S~ = (U,C U {d},V, f) be an IODS, VP C C and Ya € (C '\ P) the
GDS-based outer significance measure of a to P is defined as

sig=l  (a,P,d) = GDSy (P U {a},CL) — GDSy(P,CL) (10)

Similar to the sig%ger(a,P, d), the sig=5. (a, P,d) can be used to identify necessary condition attributes
that are distinct from those in the selected condition attribute set.

Proposition 1. Let S~ = (U,C U{d},V, f), VB C C and B # 0, then GDSy(C,CL) > GDSy(B,CL).

Proof. Let S= = (U,C U{d},V, f), C = {ai1,a,...,a,}. For all B C C and X C U, we have D5"(X) C
D" (X), so |DEF(cliw)| < | D (clir,)|.According to Definition [2]

S | D5t (clie) = (i )| 7 (elin) = (elis L)
_l’_
(el + el ])? AT TR

CIMB(Cli,Clj) =

we can get CIMc(cly, cl;) < CIMp(cl;, clj). Then, according to Deﬁnition
CDSg(cli,clj) = 1 — CIMg(cl;,clj), averaging over all class pairs, we obtain GDSy(C,CL)
GDSy(B,CL).

v

4.2 Matrix-based calculation of class distinction score

In this subsection, we present a matrix-based formalism for calculating the Class Distinction Score measure
(CDS) in IODS. This matrix representation simplifies computations and facilitates incremental updates.
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Definition 7 (Expanded dominance matrix). Let S= = (U,C U {d},V, f) be an IODS with universe U =
{x1,22,...,2n}. For any attribute subset B C C, the expanded dominance relation Dy induces an n X n
expanded dominance matriz on U, denoted by

M%B = [mg‘,j)]nxnv (11)

where the matriz entries are defined as

1, if xz;D%ha;
B ’ 1~ B4y
mer . = 12

(0.9) {O, otherwise. (12)

Corollary 1 (Matrix-based class interference metric (MCIM)). For two decision classes cl;,cl; € CL,
consider their union X = cl; U cl; with cardinality m = |X|. The matriz-based Class Interference Metric
(MCIM) of attribute subset B is computed as

_ S um(M5z")

2 )

m
MCIM(CZ a) = Za IZb 1""%b (13)

m

where Sum(M%B) denotes the total sum of all entries in the submatrix.

Proof. According to Definition [2| we can get

‘Cl1| |Cl |

B+(Clik) — (cli,clj) E D* (Cljk) - (Cli, Clj)

_|_
(etil + lets) (eti] + lel;1)®

CIMp(cly, cly) = ¥=2

According to Definition [7| and Corollary [1|, the expanded dominance relation matrix of (cl;, cl;) is defined
as: M5” = [mg pylmxm, and

T Sum(M=?
MCIMu, ;) = % (14)
a=1 b=1
where
1 be* Tqs
B ’ B%a;
m = 15
(a:b) {O, otherwise. (15)
- B [l ] _ |Cl | -
, 50 Sum(M5”) = > DT (cli) — (cli, clj)| + ‘D* *(cljr) — (cli, clj)|. Thus, we can get CI M, o1,y =
k=1
MCIM g, c1;)- In summary, the results of calculatmg the Class Interference Metric based on matrix and
non-matrix methods are consistent. O

Corollary 2 (Matrix-based class distinction score). The matriz-based Class Distinction Score (CDS) between
cly and clj is given by

Sum(M5?)

MCDS a1y = 1= MCIM (g, 1y = 1 = =

(16)

Corollary 3 (Matrix-based global distinction score (MGDS)). Given all n inter-class pairs {(cl;, cl;)} with
corresponding MCDS values MC' DSy, MCDSs, ..., MCDS,, the overall Class Distinction Score is defined
as

MGDSy(B,CL) Z MCDS;. (17)

=1
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Table 1: An example of incomplete ordered decision system.

U a1 as az ag d
Al 2 * 1
To 3 3
T3
Ty
Ts
Tg
T
g
Tg

N O W = NN =
N % DN W % % DN W
W WN WN NN

W W wWwwNn — W

W WHN WN - DN W

Example 1. Consider the IODS in Table |l with attribute subset B = {a1, az2,as,a4} and decision classes
CL ={cly,cla, clz} where

Cll = {1'1,1'4}, 012 - {$3,$5,$7}, Cl3 - {$2,$6,£L’8,1’9}.

The inter-class pairs are {cly,cla}, {cli,cls}, and {cla,cl3}. Define corresponding object sets:

Xi=clyUcly = {$1,$3,$47$57x7}a (18)
Xy =cly Ucly = {1, 22,24, %6, g, To }, (19)
X3 =cla Uclz = {x2, 23,5, %6, T7, T3, Tg }. (20)

Using Deﬁm’tz’on 7 the expanded dominance matrices MEB, M%{g, Mif, and Mif are computed as follows:

111111111
010001010
011001011
111111111

Mz®=]0110 11111 ,
000001010
011001111
000001010

(001000101 1],,
11111 111111
010110
B 01000 B 111111

M?=|1 1111 MET=10 001 1 0 ,
010 11
010 0 1 000110

. 5x5 0101 1 1],
(100 1 0 1 0]
1101011
1111111

Mz?=]000 1010
1101 1 11
0001010

(10010 1 1], .

According to Corollary 1, the MCIM values are:
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Sum(M5?) 16

MCIM i, c1y) = Tl =55 (21)
MCIM g, o) = *%mg@ = % (22)
MCIM i, ,c15) = W = % (23)
Then, by Corollary 2, the MCDS values are:
MCDS, y =1 % - (24)
MCDS ety 1) = 1 — % = %, (25)
MCDSc,,015) =1 — % = % (26)

Finally, the MGDS is: MGDSy(B,CL) = 1 (2 + 33 + 20) ~ 0.3764.
Corollary 4 (MGDS-based inner significance). For any attribute a € B C C, the inner significance of a
with respect to B is defined by the change in MGDS after removing a:

Msig=Y  (a,B,d) = MGDSy(B,CL) — MGDSy (B )\ {a},CL). (27)

inner

This measure is equivalent to the inner significance defined via the set-based GDS, yielding consistent results.

Corollary 5 (MGDS-based outer significance). For any attribute a € C — B, the outer significance of a
with respect to B is defined by the increase in MGDS after adding a:

Msig=Y. (a,B,d) = MGDSy(BU{a},CL) — MGDSy(B,CL). (28)

Similarly, this outer significance is consistent with the set-based GDS outer significance.

Next, we introduce the definition of attribute reduction based on MGDS.

Corollary 6 (Attribute reduct based on MGDS). Let S == (U,C U {d},V, f) be an IODS, VP C C, the
attribute subset P is a reduct of S = if it satisfies

(1) MGDSy(P,CL) = MGDSy(C,CL) and (2)¥ a € P,MGDSy (P \ {a},CL)£MGDSy(P,CL).

The condition (1) ensures that the selected attribute subset maintains the same discriminative power as the
entire attribute set; the condition (2) guarantees that each attribute in the subset is indispensable by removing
any redundant attributes from it.

5 Proposed method

This paper proposes an incremental mechanism for attribute reduction with object set variations. In an
I0DS, data dynamics manifest primarily in two forms: addition of new objects and deletion of existing
ones. Both changes can impact the attribute reduction results, which are fundamentally dependent on
the calculation of the MGDS. Computing MGDS from scratch upon every data update is computationally
expensive, especially for large-scale datasets. To alleviate this, we propose two incremental update methods
for efficiently recalculating MGDS.

5.1 The incremental method for obtaining attribute reduction when adding object set

We first present an incremental MGDS update for object addition in an IODS, followed by the corresponding
incremental attribute reduction algorithm.
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5.1.1 The incremental mechanism for adding object set in IODS

The core idea of the incremental update method is to update the expanded dominance matrix and the
inter-class structure by incorporating the newly added objects without recomputing from scratch.

Proposition 2 (Incremental update of expanded dominance matrix). Let S= = (U, A,V, f) be an 10DS

with universe U = {x1,xa,...,x,}. For any attribute subset B C A, assume the expanded dominance matriz
on U 1is MEB = [mg j)}nxn. Let Ut = {&p11,Tna2y- - Tnynt + be a set of newly added objects. Then, the

updated expanded dominance matriz on U U U™ with respect to B is
=B B
Mg o+ = M) mtnt)x (nnt), (29)
where the entries are given by

mgj), if 1<iAnj<n,
miP =41, if 2Dz A(i>nVj>n), (30)
0, otherwise.

Proposition 3 (Incremental update of inter-class). Let the dominance inter-class set on U be

Inter__cl={(cl;, cl;)|1<i<j<T}. When adding new objects Ut = {xp41,...,Tnin+}, the updated inter-class
set is

Inter_clt = Inter_clU{(cl;,X;) | cl; € CL, X; €UT} (31)
where each new object X; is assigned to its corresponding decision class based on its decision attribute value.

5.1.2 Incremental attribute reduction algorithm for adding objects

Leveraging the above incremental updates, we propose the incremental attribute reduction algorithm MNAR-
A as described in Algorithm

The detailed description of the steps in Algorithm [I] and their time complexity are given as follows. Algo-
rithm [I] can be roughly subdivided into six distinct steps as follows.

Step 1. Initialization (lines 3—4): Updating the dataset and initializing variables takes O(1) time.
Step 2. Inter-class update (line 5): Updating the inter-class structure requires O(|U’|) time.
Step 3. Expanded dominance matrix update (line 6): Updating matrices costs O(|C| - |U’'| - |UT]).

Step 4. MGDS computation (line 7): Calculating MGDS values depends on matrix size, typically
O(IU*]?).

Step 5. Attribute addition loop (lines 8-18): The greedy addition of attributes involves O((|C'\ P]) -
|UT|?) time.

Step 6. Redundancy removal (lines 19-24): The iterative removal of redundant attributes has
complexity O(|P|? - |[UT|?).

Overall, the time complexity of MNAR-A is O(|U'| + [C| - |U'| - [U*| + (|C\ P|) - [UT]? + |P|? - [UT]?).

5.2 The incremental method for obtaining attribute reduction when deleting object set

We present incremental MGDS updates principles for object deletions in an I0ODS. We also introduce
MNAR-D, an incremental attribute-reduction algorithm for dynamic deletion, based on the principles.
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Algorithm 1 Incremental Attribute Reduction Algorithm for Adding Objects (MNAR-A).

1: Input:
(1) Original IODS S= = (U,C U {d},V, f) and added object set U’ = {xp11,..., Tpin+}-
(2) Original reduct Ry on U, and expanded dominance matrices M;—}C, M%RU.
(3) Original inter-class set Inter_cl.
Output: Updated reduct R+ on UUU’.
Initialize P <+ Ry, UT «+ UUU’.
Initialize M5 « M7, M5Y « Mg 0.
Update inter-class Inter_clt using Proposition
Update expanded dominance matrices Mgf and Mgf using Proposition
Compute MGDSy+(P,CL) and MGDSy+(C,CL) via Corollary
if MGDSy+(P,CL)= MGDSy+(C,CL) then
Go to Line 24.
else
while MGDSy+(P,CL) # MGDSy+(C,CL) do
for each a; € C'\ P do
Compute sigotuti;(ai7 P, d) using Corollary
end for
. =UT
Select ag s.t. ap € argmax sig5,;.,(a;, P, d).
P+ PU {ao}
end while
end if
for each a; € P do
if MGDSU+ (P \ {ai}, OL) = MGDSU+ (C, CL) then
P P\ {a;}
end if
: end for
Ry+ «+ P
: return Ry+

© P NP

NN NN NN PR R R e e e e e
ARl 2 A A el

5.2.1 Incremental update of expanded dominance matrix and inter-class

Unlike the addition case, deleting objects from an IODS allows updating the expanded dominance matrix by
removing corresponding rows and columns, avoiding a full recomputation. Similarly, the inter-class structure
is updated by removing deleted objects from their respective decision classes.

Proposition 4 (Update of expanded dominance matrix upon deletion). Let S= = (U, A, V, f) be an I0DS
with universe U = {x1,xa,...,x,}. For any attribute subset B C A, suppose the expanded dominance
matriz on U is MEB = [mgj)]nxn. Let the object subset U™ = {xy,,%y,,..., 7y _}, with indices ordered
1<y <ys < - <yn <n, be deleted from S=. Then the updated expanded dominance matriz on the
reduced universe U — U~ with respect to B 1is

B _ _B
MU\U’ - [m(i,j)](n—n—)x(n—n—); (32)
where the entries are given by
MG g1 k—1ye case (1)
B 3

m=B — ) MMitko—1,j4n-)  CBSC (2)

GOl e enry case(3)

mBi+n_ j+n—) case (4)
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case(1) : yp,—1— ks +2<i,j <yp, —ks+1
case(2) 1 yp.—1— ks +2<i<yp, —ks+1,
Yoo —m +1<j<n—n",
case(3): yYp- —n +1<i<n-n",
Y—1 — ki +2< 5 <yp, — ki +1,
case(4): yp- —n" +1<4j<n-—-n",
for 1 < kg k; < n~, and with the convention yo = 0.
Proposition 5 (Update of inter-class upon deletion). Let the original dominance inter-class set be
Inter_cl = {(cl;,cl;) | 1 <i < j <T}. Upon deleting objects U~ C U, the updated inter-class set is
Inter_cl™ ={(cl; ,cl;) |1 <i<j<T} (33)

where each updated decision class is cl; =cl; \{x € U™ | z € cl;}.

5.2.2 Incremental attribute reduction algorithm for deleting objects

Based on the above update rules, we design an incremental algorithm, MNAR-D, to efficiently update
attribute reducts after object deletions.

Algorithm 2 Incremental Attribute Reduction Algorithm for Deleting Objects (MNAR-D).
1: Input:
(1) Original IODS S= = (U,C U {d},V, f), deleted object set U~ = {xy,, &y,,..., 2, _}.
(2) Original reduct Ry on U, and expanded dominance matrices M%C, M%RU.
(3) Original inter-class set Inter_ cl.

2: Output: Updated reduct R~ on U\ U~.

3: Initialize P < Ry, ME?U— — MEC, ME{U_ — MERU, and Inter_cl™ < Inter_cl.
4: Update inter-class Inter_ cl~ using Proposition

5: Update expanded dominance matrices Mng_ and M;—KDU_ using Proposition
6: Compute MGDSy\y-(P,CL) and MGDSy\y-(C,CL) via Corollary
7. if MGDSU\U— (P, CL) = MGDSU\U— (C, CL) then

8: Go to Step 18.

9: else

10: while MGDSy\y-(P,CL) # MGDSy\y-(C,CL) do

11: for each a; € C'\ P do

12: Compute szgotult]e\:] (s, P, d) using Corollary

13: end for B

14: Select ag s.t. ap € arg max szgfﬂe\g (a;, P, d).

15: P <+ PU{ap}

16: end while

17: end if

18: for each a; € P do

19: if MGDSU\U— (P \ {ai}, CL) = MGDSU\U— (C, CL) then

20: P+ P\ {a;}

21: end if

22: end for

23: R+ P

24: return R~

The detailed description of the steps in Algorithm[2]and their time complexity are given as follows. Algorithm
[2 consists of the following six distinct steps.

10
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Step 1. Initialization (line 3): O(1).

Step 2. Inter-class update (line 4): O(|U~|).

Step 3. Expanded dominance matrix update (line 5): O(|U| x |[U~|).

Step 4. MGDS computation (line 6): depending on reduced matrix size, roughly O(|U \ U~|?).
Step 5. Attribute addition loop (lines 7-17): O((|C\ P|) x |U\ U~ |?).

Step 6. Redundancy removal (lines 18-23): O(|P|?> x |U \ U~ |?).

Overall complexity is O(|U~| + |U| - |[U~| + (|C\ P|)|U\ U~ |> + |P]*|U \ U~|?), which is typically much
lower than recomputing from scratch.

6 Experimental evaluation
We assess the proposed methods from the following perspectives.

e Comparison of classification accuracy with existing feature selection algorithms under the same
sample conditions.

e Comparison of the time consumed by the algorithm when the number of samples increases or de-
creases.

The effectiveness of the proposed algorithm is evaluated through extensive experiments across nine different
datasets from the UCI Machine Learning Repository [Kelly et al.| (2023) as described in Table |2l To meet
the needs of the IODS algorithm, the data preprocessing includes the following steps. First, we identify and
remove completely redundant duplicate samples from the dataset to avoid overfitting. Second, to simulate
the issue of missing data in real-world scenarios, 30% of the conditional attributes are randomly selected
for each dataset while ensuring the structural integrity of the dataset, and 10% of the sample values within
these selected attributes are randomly marked as missing values (“*”). All algorithms in this paper are
implemented in Python and are executed on a computer equipped with a 3.0 GHz Intel® Core™ i9-13900
CPU, 128 GB of RAM, and a 64-bit Windows 11 operating system.

Table 2: Details of the nine UCI datasets. “Objects” refers to the number of instances, “attributes” denotes
the number of conditional attributes, and “classes” indicates the number of decision categories.

Dataset Objects Attributes Classes

Iris 150 4 3
HD 303 13 5
BCWO 699 9 2
NPHA 714 14 3
Statlog 946 18 4
Car 1728 6 4
Rice 3810 7 2
Predict 4424 36 3
Wine 4898 11 7

6.1 Performance evaluation of MNAR-A

We evaluate the performance of algorithm MNAR-A from the perspective of effectiveness and efficiency.
In addition to comparing the incremental algorithm MNAR-A with the non-incremental algorithm MNAR,
we also selected four existing attribute reduction algorithms, IAR [Sang et al| (2021), IAR-A [Sang et al.
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(2021), IDDC |Ullah et al.| (2024), and a method by Du et al. Du & Hu| (2016)), for comparison. IAR is a non-
incremental attribute reduction algorithm based on dominance conditional entropy. TAR-A is an incremental
attribute reduction algorithm based on dominance condition entropy when objects are added. IDDC is an
attribute reduction algorithm based on incremental dominance dependency, while the method by Du et al.
is a heuristic attribute reduction algorithm based on characteristic dominance relations.

6.1.1 Effectiveness

To simulate dynamic datasets, the randomly selected 50% objects of each dataset were used as the original
object set, and the remaining 50% as newly added objects. Attribute reductions were performed by each
algorithm on the updated dataset. The classification performance of the reduced datasets was evaluated using
SVM, KNN, and Random Forest (RF) classifiers with ten-fold cross-validation. The results are reported in
Table BHA

MNAR-A performed comparable or outperforming the competing algorithms on the majority of datasets
and classifiers, both in per-dataset scores and overall averages. These findings verify that MNAR-A delivers
high-quality attribute reducts after object insertions.

Table 3: Classification accuracy comparison based on KNN (mean =+ std).

Dataset

IAR

TAR-A

IDDC

Du et al.

MNAR

MNAR-A

Iris

HD
BCWO
NPHA
Statlog
Car
Rice
Predict
Wine

0.9463+0.0470
0.497240.0643
0.9571+0.0322
0.537040.0493
0.6321+0.0327
0.8056+0.0547
0.871440.0283
0.5873+0.0124
0.6014+0.0173

0.9533+0.0521
0.4999+40.0770

0.9657+0.0345

0.566510.0307
0.6525+0.0375
0.8397+0.0512
0.8816+0.0367
0.599240.0079
0.609240.0221

0.953340.0340
0.51164+0.0463
0.964240.0221
0.5482£0.0252
0.6253+0.0373
0.813140.0526
0.8706+0.0318
0.504740.0749
0.496740.0111

0.8800+0.1483
0.511240.0448
0.8381+0.0278
0.53144+0.0413
0.5901+0.0755
0.7186+0.0466
0.8828+0.1161
0.5135+0.0128
0.450140.1232

0.9533+0.0340
0.5095+0.0674
0.9600£0.0273
0.577740.0380

0.9667+0.0211

0.5212+0.0539
0.9484£0.0379

0.6402+0.0486

0.6443+0.0442 0.610140.0439

0.8056+0.0547
0.9160+0.0227
0.6155+0.0129
0.6177+0.0281

0.8588+0.0023
0.9165+0.0160
0.6581+0.0296
0.6087+0.0385

Average

0.7150£0.0376

0.7297£0.0389

0.698640.0373

0.6573+0.0707

0.733340.0366

0.7476+0.0324

Table 4:

Classification accuracy comparison based on SVM (mean =+ std).

Dataset

TIAR

TAR-A

IDDC

Du et al.

MNAR

MNAR-A

Iris

HD
BCWO
NPHA
Statlog
Car
Rice
Predict
Wine

0.953240.0225
0.5078+0.0127
0.9643+0.0271
0.6281+0.0352
0.487240.0218
0.8739+0.0487
0.8765+0.0332
0.4993+0.0006
0.5417+0.0076

0.9600£0.0327
0.539740.0062
0.9628+0.0294
0.6210+0.0054
0.4965+0.0338
0.8739+0.0487
0.8808+0.0329
0.4993£0.0006
0.543440.0085

0.9467£0.0499
0.541240.0108
0.971440.0300
0.621140.0172
0.487040.0299
0.889540.0435
0.8801£0.0393
0.4687£0.0015
0.542040.0180

0.8667+0.1633
0.541240.0108
0.892440.0124
0.6211+0.0212
0.462140.0693
0.6081+0.1837

0.9577+0.0411

0.4993£0.0010
0.5488+0.0015

0.9600£0.0327
0.541240.0108

0.9762+0.0127
0.5563+0.0135

0.9671+£0.0200 0.9627+0.0214

0.64124+0.0172

0.6813+0.0325

0.5000£0.0297 0.485140.0255

0.8739+0.0487
0.8803+0.0327
0.4993£0.0010
0.542040.0180

0.9136+0.0137
0.912340.0146

0.5335+0.0006

0.5463+0.0103

Average

0.7036+0.0233

0.7086+0.0220

0.7053+£0.0267

0.6664+0.0560

0.7117+0.0234

0.7297+0.0161
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Table 5: Classification accuracy comparison based on RF (mean + std).

Dataset

IAR

TAR-A

IDDC

Du et al.

MNAR

MNAR-A

Iris
HD

BCWO

NPHA

Statlog

Car
Rice

Predict

Wine

0.9667£0.0211
0.584640.0276
0.9571£0.0342
0.5482£0.0546
0.737240.0158
0.7066+0.0134
0.9131£0.0228
0.7107£0.0075
0.6136£0.0164

0.9533+0.0600
0.584940.0343
0.9557+0.0314
0.534240.0278
0.744740.0165
0.8200£0.0524
0.9207£0.0181
0.773140.0061
0.6206+0.0237

0.946740.0581
0.5904+0.0579
0.970040.0251
0.5495+0.0382
0.749440.0278

0.8698+0.0618

0.9194£0.0217
0.774940.0081
0.6286+0.0338

0.9333+0.0843
0.6073+0.0473
0.9586+0.0257
0.6266+0.0163
0.7360£0.0495
0.6776+0.0132
0.9008+0.0236
0.7208+0.0098
0.5904+0.0273

0.9533£0.0267
0.5542+0.0447
0.9628+0.0199
0.6182+0.0113
0.7228+0.0515
0.7066+0.0134
0.9249+0.0193
0.7380£0.0078
0.6163£0.0405

0.9733+0.0211
0.6275+0.0376
0.9813+0.0149
0.7064+0.0175
0.7938+0.0125

0.8588+0.0113

0.9735+0.0176
0.7842+0.0057
0.6906+0.0059

Average 0.7486+0.0220

0.7675+0.0300

0.7776+0.0369

0.7502+0.0330

0.7552+0.0261

0.8210+0.0160

6.1.2 Efficiency

For each dataset, the initial object set comprised the randomly 50% of objects. The remaining objects were
then inserted in five stages: 20%, 40%, 60%, 80%, and 100%, runtime of MNAR-A and the other five methods
was recorded after each insertion. Figure plots the resulting runtime curves.

MNAR-A consistently outperformed the others in running time due to leveraging prior computations. At-
tributed to its simpler dominance matrix calculations compared to the entropy-based computations in TAR-
A. For Non-incremental methods, particularly IDDC, exhibited substantially longer running times due to
retraining from scratch and complex dependency calculations.
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Figure 1: Computation time on Iris and BCWO datasets at varying adding object ratios.

6.2 Performance evaluation of MNAR-D

We evaluate the performance of the MNAR-D algorithm in terms of both effectiveness and efficiency. Besides
comparing the incremental MNAR-D with its non-incremental counterpart MNAR, we also benchmark it
against four existing attribute reduction algorithms: TAR [Sang et al.| (2021), TAR-D |Sang et al.| (2021)),
IDDC |Ullah et al.| (2024), and the method by Du et al. Du & Hu| (2016).
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Figure 4: Computation time on the Stalog dataset at varying added object ratios. (Right: Zoomed-in
view of the 0.5 — 2.5 s range to distinguish lower-running-time methods.)

14



Under

review as submission to TMLR

Calculation time (s)
tiet et

un

/d:/;/é
=

-

IAR
IAR-D
IDDC
Du et al.
MNAR
MNAR-D
—

0
20

40 60 80
The ratio of deleting objects(%)

100

(a) Full View

14

=
N

Calculation time (s)

0.6

—&— |AR
Du et al.
—— MNAR

20

40 60 80 100
The ratio of deleting objects(%)

(b) Zoomed-in View

Figure 5: Computation time on the Car dataset at varying added object ratios. (Right: Zoomed-in view
of the 0.6 — 1.4 s range to distinguish lower-running-time methods.)

25

= = ]
S v o

Calculation time (s)

[C]

IAR
IAR-D
IDDC
Du et al.
MNAR
MNAR-D

thet st

I G

0
20

40 60 80 100
The ratio of deleting objects(%)

(a) Full View

4.0
—a— IAR
—¥— IAR-D
m Du et al.
~— 327 % MNAR
g —+ MNAR-D
c
2.4
o
e g
© —
=)
U
< 161
@]
0.8

40 60 80 100
The ratio of deleting objects(%)

(b) Zoomed-in View

Figure 6: Computation time on the Rice dataset at varying added object ratios. (Right: Zoomed-in view
of the 0.8 — 4.0 s range to distinguish lower-running-time methods.)
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Figure 8: Computation time on the Wine dataset at varying added object ratios. (Right: Zoomed-in view
of the 0 — 15 s range to distinguish lower-running-time methods.)

6.2.1 Effectiveness

For each dataset, 50% of objects were randomly selected as deleted. Each algorithm computed a new reduc-
tion on the remaining data. Classification performance was assessed using SVM, KNN, and RF classifiers
with ten-fold cross-validation. Results are presented in Table .

MNAR-D compatible or outperformed other methods on most datasets and classifiers, demonstrating its
effectiveness in handling object deletions without accuracy loss.

Table 6: Classification accuracy comparison based on KNN (mean =+ std).

Dataset IAR TIAR-D IDDC Du et al. MNAR MNAR-D
Iris 1.0000£0.0000 1.0000£0.0000  1.0000£0.0000 0.9589+0.0897 1.0000£0.0000 1.0000+0.0000
HD 0.5072+0.0843 0.5178+0.0499 0.5424=+0.0713 0.5233+£0.0870 0.5163+£0.0539  0.5196+0.0621
BCWO 0.8824+0.0524 0.94434+0.0345  0.954240.0398 0.8303£0.0849 0.9541+0.0292 0.9571+0.0293
NPHA 0.55634+0.0600 0.562240.0350  0.5594+0.0410 0.537140.0742 0.5593+0.0642 0.5675+0.0576
Statlog 0.6326£0.0526 0.649740.0515  0.6746+0.0437 0.5708+0.1014 0.7147+0.0496 0.671940.0491
Car 0.8548+0.0452 0.8756£0.0524  0.8392+0.0846 0.781940.0902 0.8981+0.0711 0.9085+0.0590
Rice 0.9097+£0.0219 0.9142£0.0226  0.9255£0.0210 0.9285%0.0368 0.9108+0.0214 0.9292+0.0218
Predict 0.5976+£0.0136 0.6053+0.0202  0.5146+0.0749 0.5208+0.0739 0.6176+0.0404 0.6213+0.0297
Wine  0.6084+£0.0278 0.6128+0.0368 0.4967+0.0111 0.55394+0.0970 0.5871+£0.0275  0.5957+0.0207

0.742440.0337

0.7327+0.0455

0.6895+0.0817

0.7509+0.0397

0.7576+0.0366

Average 0.7277+0.0398

6.2.2 Efficiency

For each dataset, we first randomly marked 50% of the objects for deletion. We then progressively removed
20%, 40%, 60%, 80%, and finally 100% of these marked objects, measuring the runtime of MNAR-D and
the baseline algorithms after each step. Figure [0} [[Gplots the resulting runtime curves.

As object deletion proportion increased, running times of all algorithms decreased. MNAR-D consistently
required less time due to more efficient dominance matrix computations. IDDC remained the slowest due to
complex dependency calculations.
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Table 7: Classification accuracy comparison based on SVM (mean =+ std).

Dataset

IAR

IAR-D

IDDC

Du et al.

MNAR

MNAR-D

Iris

HD
BCWO
NPHA
Statlog
Car
Rice
Predict
Wine

1.000040.0000
0.5406£0.0204
0.8910£0.0424
0.6069£0.0237
0.5732£0.0254
0.8848+0.0564
0.919240.0207
0.4993£0.0010
0.5139£0.0147

1.000040.0000
0.5412+0.0108
0.9486£0.0318
0.6211£0.0172
0.5740£0.0266
0.8895£0.0435
0.9206£0.0214
0.4993£0.0010
0.5420£0.0180

1.000040.0000
0.5563£0.0299
0.9598+0.0319
0.6126+0.0116
0.5798+0.0633
0.9225+0.0710
0.7145+0.0215
0.4762+0.0012
0.5198+0.0067

0.9589£0.0897
0.5563£0.0299
0.8103£0.1395
0.6126+0.0116
0.5659+0.0874
0.7917+0.0012

0.9217+0.0283

0.5335+0.0010
0.5120+0.0281

1.0000£0.0000
0.5563£0.0299
0.9570£0.0294
0.6126+0.0116
0.5750£0.0669
0.9225+0.0710
0.9166+0.0212
0.5335+0.0010
0.5198+0.0067

1.0000£0.0000
0.5592+0.0289
0.9600+0.0318
0.6274+0.0184
0.5821+0.0612
0.9225+0.0710
0.9166+0.0212
0.5335+0.0010
0.5476+0.0163

Average

0.7143+0.0227

0.72631+0.0189

0.7268+0.0263

0.695940.0459

0.7326+0.0264

0.7388+0.0278

Table 8: Classification accuracy comparison based on RF (mean + std).

Dataset

IAR

IAR-D

IDDC

Du et al.

MNAR

MNAR-D

Iris

HD
BCWO
NPHA
Statlog
Car
Rice
Predict
Wine

1.0000+£0.0000
0.5765+0.0579
0.885340.0427
0.551040.0682
0.7046+0.0359
0.7856+0.0739
0.9417£0.0121
0.7254£0.0164
0.615840.0326

1.0000+£0.0000
0.590540.0438
0.9400£0.0219

0.6280+0.0143

0.6922£0.0420
0.8014£0.0069
0.9496£0.0213
0.7376£0.0131
0.6249£0.0494

1.0000+£0.0000
0.582540.0535
0.957040.0231
0.556340.0833
0.735340.0562
0.9331£0.0724
0.9496£0.0213
0.763040.0186
0.6084£0.0426

1.0000+£0.0000
0.582940.0403
0.9398+0.0324
0.592940.0320
0.7123£0.0654
0.7537£0.1446
0.9516£0.0271
0.7292£0.0175
0.5810£0.0273

1.0000+0.0000
0.5896+0.0561
0.9426+0.0288
0.6013+0.0171
0.7455+0.0289
0.8917+0.0012
0.9412+0.0196
0.7161£0.0186
0.6596+0.0228

1.0000£0.0000
0.5988+0.0682
0.9586+0.0280
0.5510£0.0837
0.7921+£0.0484
0.9432+0.0695
0.9581+0.0108
0.7907+0.0249
0.6690+0.0377

Average

0.7540+0.0377

0.7738+0.0236

0.787240.0412

0.7604£0.0430

0.7875£0.0215

0.8068+0.0412
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Figure 10: Computation time on the NPHA dataset at varying added object ratios. (Right: Zoomed-in
view of the 0 — 1.5 s range to distinguish lower-running-time methods.)
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view of the 0 — 2.0 s range to distinguish lower-running-time methods.)
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Figure 12: Computation time on the Car dataset at varying added object ratios. (Right: Zoomed-in view
of the 0 — 1.2 s range to distinguish lower-running-time methods.)
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Figure 13: Computation time on the Rice dataset at varying added object ratios. (Right: Zoomed-in view
of the 0 — 4.0 s range to distinguish lower-running-time methods.)
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Figure 14: Computation time on the Predict dataset at varying added object ratios. (Right: Zoomed-in
view of the 0 — 40 s range to distinguish lower-running-time methods.)
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Figure 15: Computation time on the Wine dataset at varying added object ratios. (Right: Zoomed-in
view of the 0 — 12 s range to distinguish lower-running-time methods.)
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Figure 16: Computation time on BCWO dataset at varying deleted object ratios.

7 Conclusion

h In this study, we present novel incremental attribute reduction algorithms to handle dynamically chang-
ing data in IODS. First, we develop two formulations of the CDS for IODS: a set-based definition and a
matrix-based counterpart, and adopt the resulting GDS as our attribute-importance metric. Second, we
derive incremental update rules for matrix-based GDS and, on this foundation, design wo incremental at-
tribute reduction algorithms: MNAR-A and MNAR-D. Experimental results on UCI datasets showed that
the proposed approaches achieved a 1.3x speedup and delivered a 7% relative accuracy gain compared to
the SOTA method on average, which demonstrates the effectiveness of our approaches.

In the era of big data, the changes in IODS are diverse. In addition to changes in data sets, modifications to
attribute sets and attribute values also occur. The algorithms proposed in this paper are not yet applicable
to these attribute changes. Therefore, in future research, we will study the dynamic changes of attribute
sets and attribute values in IODS separately and develop incremental methods for attribute reduction.
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A Appendix

You may include other additional sections here.
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