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Abstract

We present a theoretical paradigm that extends classical information theory to finite and
structured systems by redefining redundancy as a fundamental quantity of information or-
ganization rather than inefficiency. Within an f -divergence framework, redundancy is for-
malized as Rf (X) = Df (PX∥ΠX) = EΠX

[
f
( p(x)∏

i
pi(xi)

)]
, where p(x) is the joint density of

(X1, . . . , Xn), pi(xi) their marginals, and f a convex kernel defining the geometry of infor-
mational dependence. Different choices of f recover mutual information, χ2 redundancy,
and spectral redundancy as special cases, unifying diverse notions under a single mathemat-
ical principle. This reveals that classical measures are not isolated heuristics but projections
of a single redundancy geometry. The framework shows that redundancy is bounded both
above and below, yielding a natural equilibrium R∗ between over-compression (loss of struc-
ture) and over-coupling (collapse). In contrast to the asymptotic regime where minimizing
redundancy optimizes transmission efficiency, finite, structured systems—where real-world
learning operates—achieve maximal stability and generalization near this equilibrium. Thus,
redundancy emerges as a structural information principle: a self-organizing property that
governs how information is coherently structured rather than transmitted. Experiments
with masked autoencoders (MAE) serve to verify and visualize the theory rather than pur-
sue performance benchmarks. They confirm the predicted equilibrium R∗, where latent re-
dundancy stabilizes and generalization peaks. Together, these results establish redundancy
as a measurable and tunable quantity bridging the asymptotic world of communication and
the finite world of learning.

1 Introduction

Redundancy is one of the oldest yet least unified concepts in the quantitative sciences. From Shannon’s
original formulation of information theory in the 1940s, redundancy has been viewed primarily as an inef-
ficiency—a measure of wasted bits relative to the entropy limit of a code Shannon (1948). In neuroscience
and sensory coding, however, the term acquired an almost opposite meaning: redundant neural firing or
overlapping receptive fields were interpreted as signatures of robustness and fault tolerance in biological sys-
tems Barlow (2001); Narayanan et al. (2005); Tononi et al. (1994) with methods often designed to leverage
redundancy explicitly Kazemivash et al. (2025). In statistics and machine learning, redundancy appears
again under diverse guises—multicollinearity in regression Gunst & Webster (1975), overparameterization
in neural networks Zhang et al. (2016); Belkin et al. (2019), and correlated features in representation learn-
ing—each carrying context-dependent interpretations of inefficiency, degeneracy, or regularization Li et al.
(2023); Berchenko (2024); Allen-Zhu et al. (2019); Chan et al. (2022). In physics and complex systems,
redundant degrees of freedom are sometimes regarded as the very basis of stability and emergence, echoing
the notion that structure arises from constrained repetitions rather than minimal codes May (1972); Lloyd
(2007); Prigogine & Hiebert (1982). Despite its ubiquity, these perspectives remain largely fragmented, and
no single mathematical framework consistently links redundancy across these domains. Historically, clas-
sical information theory and signal processing treated redundancy as something to be eliminated. In the
Shannon framework, an optimal code is one that minimizes redundancy, achieving the highest information
rate per transmitted symbol Shannon (1948). Source coding theorems and compression algorithms were
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built precisely on this ideal—removing repeated or correlated patterns to approach the entropy limit of a
signal Huffman (2007); Ziv & Lempel (2003). In statistics and data representation, the same logic underlies
many foundational techniques: principal component analysis (PCA) seeks orthogonal directions of maximal
variance to eliminate correlated features; independent component analysis (ICA) explicitly minimizes sta-
tistical dependence between latent sources Hyvärinen & Oja (2000); Bell & Sejnowski (1997); Tishby et al.
(2000); and sparse or efficient coding models in neuroscience posit that sensory neurons should represent the
world with minimal overlap or redundancy among firing patterns Olshausen & Field (1996). Across these
traditions, redundancy has been equated with inefficiency, overfitting, or wasted capacity—a byproduct to
be compressed away rather than a structural property to be understood.

Yet in finite, noisy, and structured regimes, the classical view of redundancy as inefficiency breaks down.
We propose a paradigm shift that extends Shannon’s information theory from asymptotic coding efficiency
to finite-sample informational organization. In this new framework, redundancy is not the waste of bits,
but the geometry of informational dependence—a structural degree of freedom through which data organize
meaning, stability, and generalization.

Formally, we define redundancy as an f -divergence from statistical independence, Rf (X) = Df (PX∥ΠX) =
EΠX

[
f
( p(x)∏

i
pi(xi)

)]
, where f specifies the geometric kernel of informational coupling. This single functional

family {Rf } unifies diverse notions of redundancy across disciplines as its different projections: in infor-
mation theory, RKL corresponds to mutual information and total correlation (entropy-based projection);
in statistics, Rχ2 captures covariance redundancy (second-order projection); in neuroscience and complex
systems, spectral redundancy Rspec describes degeneracy and shared variance (eigen-structural projection).
All are manifestations of the same underlying quantity that measures the departure of data from indepen-
dence—the structure that sustains meaning in finite systems Zollikofer et al. (2024).

Within this unified geometry, redundancy is shown to be bounded both above and below, giving rise to
an intrinsic equilibrium R∗ between over-compression (loss of structure) and over-coupling (collapse). This
equilibrium complements Shannon’s asymptotic ideal: while minimizing redundancy maximizes channel
efficiency, maintaining an optimal level of redundancy enhances stability and generalization in structured,
finite regimes.

More broadly, the framework provides a theoretical bridge between generative and discriminative paradigms
of self-supervised learning Nanda et al. (2023). In generative pretraining, such as masked autoencoders
(MAE) or diffusion-based foundation models Ho et al. (2020); Rombach et al. (2022); He et al. (2024);
Croitoru et al. (2023), understanding emerges from the organization of data redundancy; generalization
improves when redundancy is balanced rather than minimized. In contrast, discriminative or contrastive
objectives, such as SimCLR or MoCo Chen et al. (2020); He et al. (2020), still tend to minimize redundancy,
emphasizing separability over structure. This dichotomy highlights redundancy as a controllable variable
that governs how information is structured, transferred, and understood across learning paradigms.

To illustrate this principle, we examine the generative regime through masked autoencoders (MAE). The
experiments show that model understanding and generalization both peak when latent redundancy fluctuates
around the theoretical equilibrium R∗. These experiments are not intended for performance benchmarking
but to visualize and verify the theoretical prediction that generative self-supervised learning achieves its
most coherent internal organization at an optimal redundancy balance. We thus establish redundancy as a
structural information principle—a quantitative law unifying its projections across fields and revealing its
equilibrium as the organizing center of modern representation learning.

The remainder of this paper is organized as follows. Section 3 introduces the unified redundancy framework,
defining Rf as a general f -divergence from independence and establishing its fundamental properties, includ-
ing nonnegativity, the data-processing inequality, and Gaussian or spectral reductions. Section 3.4 develops
the redundancy–loss equilibrium theory, proving the existence of an interior optimum R∗ and analyzing
its stability under stochastic learning dynamics. Section 3.7 presents the information–theoretic “sandwich”
argument, demonstrating that both insufficient and excessive redundancy impair performance, whereas a
natural balance emerges at R∗. Section 3.5 provides empirical validation in masked autoencoders (MAE),
confirming that model performance peaks near the theoretical optimum, and Appendix A contains com-
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plete mathematical proofs. Together, these sections establish a unified theory of redundancy that bridges
information theory, statistical learning, and complex systems—elevating redundancy from a byproduct of
compression to a governing principle of organization.

Table 1: A cross-disciplinary summary of how redundancy has been defined, interpreted, and utilized across
different scientific domains. Our framework unifies these views by treating redundancy as a measurable and
optimizable property of data organization.

Field / Domain Classical view of
redundancy

Recent perspec-
tive

Representative
works

Information theory Redundancy reduces
channel capacity and
should be minimized
for efficient coding.

Redundancy ensures
reliability, error cor-
rection, and struc-
tured transmission in
noisy environments.

Shannon (1948);
Huffman (1952); Ziv
& Lempel (1977).

Neuroscience / Sensory coding Redundant firing
viewed as ineffi-
ciency in neural
encoding.

Overlapping recep-
tive fields increase
robustness, fault
tolerance, and pre-
dictive stability.

Barlow (2001);
Narayanan (2005);
Kazemivash et al.
(2025).

Statistics / Machine learning Multicollinearity
and overparame-
terization seen as
overfitting or ineffi-
ciency.

Redundant features
improve generaliza-
tion and stability;
redundancy becomes
a tunable regulariza-
tion target.

Zhang et al. (2016);
Belkin et al. (2019);
Li et al. (2023).

Physics / Complex systems Redundancy implies
degeneracy and non-
essential degrees of
freedom.

Redundancy enables
stability, emergence,
and robustness in
high-dimensional
systems.

May (1972); Pri-
gogine (1982); Lloyd
(2007).

Deep representation learning Redundancy reduc-
tion as compression
objective.

Networks self-
organize redundant
subspaces that en-
hance generalization
and robustness.

Doimo et al. (2022);
Nanda et al. (2023);
Wollstadt et al.
(2023).

2 Related Works

Redundancy has re-emerged as a central theme in recent studies of representation learning and overpa-
rameterized networks. Empirical analyses have shown that deep models often develop structured repetition
rather than mere inefficiency. Doimo et al. Doimo et al. (2022) demonstrated that wide neural networks
naturally form groups of nearly identical neurons whose activations differ only by small perturbations, of-
fering a mechanistic account of “benign overfitting.” Similarly, Nanda et al. Nanda et al. (2023) reported
diffuse redundancy in pretrained representations: randomly subsampling neurons from intermediate layers
hardly degrades downstream accuracy, indicating that information is distributed across many interchange-
able units. Parallel work in information-theoretic feature analysis, such as Wollstadt et al. Wollstadt et al.
(2023), reached similar conclusions through the lens of partial information decomposition (PID), formally
partitioning predictive information into unique, synergistic, and redundant components. Together, these
studies suggest that redundancy is not a statistical artifact to be removed, but an intrinsic property of
high-dimensional representations that contributes to robustness and generalization.
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Building on these empirical insights, subsequent research has sought to measure, control, and organize re-
dundancy in a principled way. The RedTest framework Lu et al. (2024) provides a large-scale empirical
methodology for quantifying neuron- and layer-level redundancy, revealing its correlation with robustness
and energy efficiency. Yavuz and Yanikoglu Yavuz & Yanikoglu (2025) proposed a coupling-matrix-based
redundancy index ρ(C) that captures latent-space correlations as a proxy for internal representational ge-
ometry, reinforcing the view that redundancy is a continuous structural variable rather than a defect. Wang
et al. Wang et al. (2020) interpreted redundancy reduction as a regularization objective in unsupervised
domain adaptation, showing that selectively removing domain-specific redundancies improves transferabil-
ity. More dynamically, Dorovatas et al. Dorovatas et al. (2025) introduced Auto-Compressing Networks
that self-organize to prune redundant pathways during training while maintaining representational qual-
ity, implicitly converging toward an internal redundancy equilibrium. Beyond deep learning, Li et al. Li
et al. (2023) demonstrated that exploiting intrinsic redundancy in large materials-science datasets enhances
retrieval efficiency without compromising performance, underscoring the universality of redundancy as a
reusable structural resource.

From a theoretical neuroscience perspective, Sajid et al. Sajid et al. (2020) provided a formal treatment of
degeneracy and redundancy within the free-energy and active-inference framework. They defined degeneracy
as the entropy of posterior beliefs—the flexibility afforded by multiple internal explanations for sensory out-
comes—and redundancy as the complexity cost of forming those beliefs. Their analysis showed that adaptive
agents minimize redundancy while maintaining sufficient degeneracy, achieving robust yet efficient inference.
This formulation extends the role of redundancy beyond coding efficiency to a quantitative component of
self-organization in both biological and synthetic intelligence, resonating with our view that redundancy
regulates informational stability and adaptability rather than constituting noise.

Collectively, these developments trace a conceptual transition: from viewing redundancy as inefficiency
to recognizing it as a principle of organization. Our work builds on this transition by offering a unified
mathematical framework that formalizes redundancy across domains and demonstrates its theoretical and
empirical role in stabilizing learning and enhancing generalization.

3 A Unified Redundancy Framework

Notation. Let (Ω, F) be a measurable space. A random vector X = (X1, . . . , Xn) takes values in the
product space X = X1 × · · · × Xn. For each coordinate, let µi be a σ-finite base measure on Xi and define
µ =

⊗n
i=1 µi. Assume that PX ≪ µ with joint density p(x) = dPX

dµ (x), and that each marginal PXi ≪ µi

has density pi(xi) = dPXi

dµi
(xi). The corresponding independent product measure is

ΠX =
n⊗

i=1
PXi ,

dΠX

dµ
(x) =

n∏
i=1

pi(xi).

For a positive semidefinite matrix M , denote by λ(M) its eigenvalues, tr its trace, and ∥ · ∥F the Frobenius
norm. All logarithms are natural.

Master Definition: Redundancy as Divergence from Independence

Definition 1 (Unified redundancy functional). Let f : R>0 → R be a convex function satisfying f(1) = 0.
The redundancy of a random vector X = (X1, . . . , Xn) is defined as the f -divergence between its joint law
and the independence manifold:

Rf (X) := Df

(
PX ∥ ΠX

)
=
∫

X
f

(
p(x)∏n

i=1 pi(xi)

) n∏
i=1

pi(xi) dµ(x) = EΠX

[
f

(
p(x)∏n

i=1 pi(xi)

)]
. (1)

This quantity is finite whenever PX ≪ ΠX ; otherwise we set Rf (X) = +∞. We refer to Rf as the
redundancy functional and to f as its redundancy kernel, specifying the geometry of the divergence.
Remark 1 (Specializations and the role of the kernel f). Role of the kernel. In an f -divergence, the
convex kernel f determines how deviations from independence are measured and weighted.
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(i) It defines the local geometry near independence through f ′′(1), which governs the quadratic (Gaussian)
approximation of the divergence.

(ii) It controls the tail sensitivity via the growth of f(t) as t → 0 or t → ∞, specifying how strongly rare
but large dependencies are penalized.

(iii) Its derivative f ′(t) acts as an influence function (contrast function), determining which ranges of the
likelihood ratio contribute most to the redundancy.

(iv) Different choices of f induce distinct yet data-processing–consistent geometries on the independence
manifold, all obeying the same monotonicity under coarse-graining.

• Kullback–Leibler kernel: For f(t) = t log t,

Rf (X) = DKL(PX∥ΠX) ,

the total correlation (multi-information). This kernel grows superlinearly and is highly sensitive to
rare but strong dependencies.

• Pearson χ2 kernel: For f(t) = 1
2 (t − 1)2,

Rf (X) = 1
2

∫ (p −
∏

i pi)2∏
i pi

dx,

a quadratic-energy formulation that is less sensitive to tails and well suited to weak or near-Gaussian
dependence.

• Rényi-α family: Power-type kernels yield Rényi-style redundancies, tuning tail emphasis continu-
ously with α: larger α magnifies the influence of strong dependencies, while α ↓ 1 recovers the KL
case.

• Other classical choices: Hellinger, Jensen–Shannon, and related kernels provide alternative re-
dundancy geometries, each with its own balance between robustness and sensitivity.

Summary. Information-theoretic, statistical, and geometric notions of redundancy are thus unified under
the single principle

Rf (X) = Df (PX∥ΠX),
where the kernel f acts as the lens that shapes the sensitivity, robustness, and intrinsic geometry of the
measure.

3.1 Fundamental Properties of Redundancy

Proposition 1 (Nonnegativity and vanishing iff independence). For any convex function f : R>0 → R
satisfying f(1) = 0, the redundancy functional satisfies

Rf (X) ≥ 0, and Rf (X) = 0 ⇐⇒ PX = ΠX (i.e., X1, . . . , Xn are mutually independent).

Sketch. This follows from standard properties of f -divergences: for any probability measures P, Q with
P ≪Q, we have Df (P∥Q) ≥ 0, with equality if and only if P = Q almost everywhere.

Proposition 2 (Data processing inequality (DPI)). Let Yi = gi(Xi) be measurable mappings or coordinate-
wise random channels, and let Y = (Y1, . . . , Yn). Then

Rf (Y ) = Df

(
PY ∥ ΠY

)
≤ Df

(
PX ∥ ΠX

)
= Rf (X).

Sketch. f -divergences are contractive under Markov kernels. In this setting, the overall channel acting on X
is the product of the coordinate-wise channels (gi), which maps ΠX to ΠY . Hence the contraction inequality
implies Rf (Y ) ≤ Rf (X).
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Proposition 3 (Bounds). Assume PX ≪ ΠX and that f(L(x)) is finite on a ΠX-full set, where L(x) =
p(x)/

∏
i pi(xi). Then:

1. (Lower bound) Rf (X) ≥ 0 (Prop. 1).

2. (Upper bounds) If 0 < m ≤ L(x) ≤ M < ∞ ΠX-a.e., then Rf (X) ≤ f(M); in particular for
f(t) = t log t, Rf (X) ≤ M log M .

3.2 Gaussian and Geometric Reductions

Proposition 4 (Gaussian total correlation). Let X ∼ N (0, Σ) with correlation matrix C = corr(X). Then
the redundancy under the Kullback–Leibler kernel equals the Gaussian total correlation:

RKL(X) = DKL(PX∥ΠX) = − 1
2 log det C.

Sketch. For a centered Gaussian X, the joint density is p(x) ∝ exp
(
− 1

2 x⊤Σ−1x
)
, and the independent-

product density corresponds to replacing Σ by its diagonal diag(Σ). Direct integration yields

DKL(PX∥ΠX) = 1
2 (tr(C) − log det C − n) ,

which reduces to − 1
2 log det C when C is a correlation matrix (tr(C) = n).

Proposition 5 (Quadratic approximation and covariance form). Let C = corr(X) and assume weak depen-
dence (all off-diagonal entries of C are small). For the quadratic kernel f(t) = 1

2 (t − 1)2,

Rf (X) ≈ 1
4 ∥C − I∥2

F = 1
4

∑
i̸=j

C2
ij .

Moreover, for ∥C − I∥2 sufficiently small,

− log det C ≈ tr(I − C) + 1
2 ∥C − I∥2

F ,

showing that the Gaussian total correlation RKL and the quadratic redundancy Rf coincide up to second
order.

Sketch. Second-order Taylor expansion of f and log det around independence C = I.

3.3 Spectral and Geometric Redundancy

Definition 2 (Spectral (geometric) redundancy). Let Z ∈ RD be a random vector with covariance matrix
ΣZ . Denote its eigenvalues by λ1, . . . , λD > 0, and define the normalized spectrum

λ̃i = λi∑D
j=1 λj

,

D∑
i=1

λ̃i = 1.

The spectral entropy and the corresponding effective rank are

Hλ(Z) = −
D∑

i=1
λ̃i log λ̃i, reff(Z) = exp

(
Hλ(Z)

)
.

We define the spectral redundancy as

Rspec(Z) = 1 − reff(Z)
D

, Rspec(Z) ∈
[

0, 1 − 1
D

]
.
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Proposition 6 (Bounds and extremal cases). The spectral redundancy Rspec(Z) satisfies:

Rspec(Z) = 0 ⇐⇒ λ̃1 = · · · = λ̃D = 1
D ,

i.e., when the spectrum is uniform (energy evenly distributed across dimensions); and

Rspec(Z) = 1 − 1
D ⇐⇒ λ̃1 = 1, λ̃i>1 = 0,

i.e., when ΣZ is rank-one (complete collapse onto a single direction).

Sketch. The result follows from the properties of Shannon entropy. Hλ is maximized for the uniform dis-
tribution, yielding reff = D, and minimized when one component carries all the mass, giving reff = 1.
Substituting these values into Rspec = 1 − reff/D establishes the bounds.

3.4 Redundancy Balance and the Existence of an Interior Optimum

Let R(Z) denote any redundancy measure (e.g., RKL, Rχ2 , or Rspec) evaluated on latent representations
Z = fθ(X).
Assumption 1 (Loss–redundancy trade-off). Assume the training objective decomposes as

L(θ) = E[ℓrec(X; θ)] + λ R
(
fθ(X)

)
, λ > 0.

Let D(R) denote the minimal achievable reconstruction risk at a fixed redundancy level R ∈ [R, R]. Assume
that D(R) is continuous, strictly decreasing on [R, R1), and strictly increasing on (R2, R] for some R <
R1 ≤ R2 < R.
Theorem 1 (Existence of a redundancy equilibrium). Under Assumption 1, the scalar objective

Φ(R) = D(R) + λR

admits at least one minimizer R∗ ∈ (R, R). If D is twice differentiable and D′′(R∗) > 0, then R∗ is a locally
stable equilibrium point corresponding to the optimal redundancy.

Proof. By continuity of D(R) and the assumed monotonicity near the boundaries, the derivative Φ′(R) =
D′(R) + λ is negative for R close to R and positive for R close to R. Hence, by the intermediate value
theorem, there exists R∗ ∈ (R, R) satisfying Φ′(R∗) = 0. If, in addition, D′′(R∗) > 0, then Φ′′(R∗) > 0, and
R∗ is a local minimizer—interpreted as a stable redundancy equilibrium.

Corollary 1 (Banded convergence signature). If the training dynamics θt monotonically decrease L(θt)
and both L(θt) and R(fθt

(X)) are Lipschitz-continuous in t with additive stochastic noise, then R(fθt
(X))

converges to a narrow band around R∗ and exhibits small fluctuations whose amplitude is proportional to the
noise scale.

3.5 Recovering Classical Notions and Practical Proxies

Total correlation (multi-information). For f(t) = t log t,

RKL(X) =
n∑

i=1
H(Xi) − H(X),

which exactly measures the amount of shared information among the coordinates.

Quadratic / covariance proxy. For near-Gaussian representations,

Rχ2(X) ≈ 1
4 ∥C − I∥2

F ,

providing a simple, differentiable redundancy regularizer that penalizes excess pairwise correlation.
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Spectral proxy. The spectral redundancy Rspec(Z) is norm- and scale-invariant, computationally inexpen-
sive, and captures the trade-off between collapse (energy concentration) and fragmentation (over-dispersion)
in the representation spectrum.

Attention-head redundancy. Let Ah ∈ RN×N denote the attention map of head h. A simple head-
redundancy proxy is

Rhead = 1
H(H − 1)

∑
h̸=h′

⟨vec(Ah), vec(Ah′)⟩2

∥Ah∥2
F ∥Ah′∥2

F

,

which lies in [0, 1] and contracts under head-wise post-processing, consistent with the data processing in-
equality for linear maps.

3.6 Practical Lemmas for Boundedness During Training

Lemma 1 (Bound via spectral norm control). Let Z = WX where ∥W∥2 ≤ M and E∥X∥2 ≤ σ2. Then the
covariance of Z satisfies tr(ΣZ) ≤ M2σ2, and consequently the effective rank reff(Z) lies in [1, D]. Hence,

0 ≤ Rspec(Z) ≤ 1 − 1
D .

Sketch. Since ΣZ = W ΣX W ⊤ and ∥W∥2 ≤ M , we have tr(ΣZ) = tr(WΣXW ⊤) ≤ ∥W∥2
2 tr(ΣX) ≤ M2σ2.

The normalization of eigenvalues then ensures reff(Z) ∈ [1, D], yielding the stated bounds.

Lemma 2 (KL–Frobenius bound near independence). Let C be a correlation matrix with spectral radius
ρ(C) < 1, and define A = C − I. Then

− log det C = −tr log(I + A) ≥ 1
2 ∥A∥2

F − 1
3 ∥A∥3

F ,

implying that for small ∥A∥F ,
RKL(X) ≳ 1

2 ∥C − I∥2
F .

Sketch. Using the Taylor expansion log(I+A) = A− 1
2 A2 + 1

3 A3 −· · · and tr(A) = 0 for correlation matrices,
we obtain − log det C = −tr log(I+A) ≥ 1

2 ∥A∥2
F − 1

3 ∥A∥3
F .

3.7 Information-Theoretic Sandwich Proof: Why Redundancy Is Not “The Less, the Better”

We now demonstrate that the classical Shannon view of redundancy—interpreting it purely as inefficiency
to be minimized—fails to hold in finite, noisy, and structured regimes. Instead, the task error E(R) (or
risk as a function of redundancy R) typically follows a U-shaped dependence: both insufficient and excessive
redundancy degrade performance, while an intermediate value R∗ yields optimal generalization and manifests
as a stable equilibrium band around which R(fθt(X)) fluctuates during training.

Setting. Let Z = fθ(X) be a learned representation of data X that is relevant to a downstream target S
(e.g., a latent factor, class label, or generative source). Denote redundancy by R = R(Z), measured by any
f -divergence form (Def. 1) or by its geometric proxies such as Rχ2 or Rspec. Assume a bounded entropy
budget

∑
i H(Zi) ≤ C0 and that the channel X →Z is affected by finite noise or perturbation power.

Lemma 3 (Capacity-side lower bound). The mutual information between Z and the task variable S satisfies

I(Z; S) ≤ H(Z) ≤
∑

i

H(Zi) − TC(Z) = C0 − RKL(Z),

and therefore
E(R) ≥ ginfo(C0 − R),

where ginfo is a strictly increasing function.
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Sketch. From the entropy decomposition H(Z) =
∑

i H(Zi) − TC(Z) and the finite entropy budget∑
i H(Zi) ≤ C0, we obtain H(Z) ≤ C0 − TC(Z). Since I(Z; S) ≤ H(Z), either Fano’s inequality (for

classification) or the I–MMSE relationship (for Gaussian regression) implies that the task risk increases
monotonically as I(Z; S) decreases. Hence, excessive redundancy (large total correlation) reduces the effec-
tive information capacity available for the task.

Lemma 4 (Robustness-side upper bound). If the encoding X → Z and decoding Z → Ŝ operate under
bounded stochastic noise, dropout, or adversarial perturbations, then

E(R) ≤ grobust(R),

for some continuous function grobust that is strictly decreasing on [0, R1).

Sketch. When redundancy is close to zero (i.e., the coordinates of Z are nearly independent), the repre-
sentation lacks alternative pathways for recovering corrupted or missing information. Information-theoretic
rate–distortion bounds and classical error-correction arguments show that replication or correlated encoding
across coordinates (nonzero redundancy) reduces the expected reconstruction or classification error. Con-
sequently, increasing small amounts of redundancy strictly improves robustness to perturbations, yielding a
decreasing error function grobust(R) in the low-redundancy regime.

3.8 U-shape and Interior Optimum

Theorem 2 (Interior optimal redundancy and stability band). Assume that E(R) is continuous and satisfies

grobust(R) ≤ E(R) ≤ ginfo(C0−R),

where grobust is strictly decreasing on [0, R1) and ginfo is strictly increasing on (R2, C0] for some 0 < R1 ≤
R2 < C0. Then there exists an interior minimizer R∗ ∈ (R1, R2) such that

E(R∗) = min
R∈[0,C0]

E(R).

If the training dynamics follow noisy gradient descent that decreases E and R(fθt
(X)) is Lipschitz-continuous

in time, then R(fθt
(X)) converges to a stability band [Rmin, Rmax] around R∗.

Proof. By Lemmas 3–4, E(R) is bounded between two functions with opposing monotonic trends near the
boundaries. By continuity, E ′(R) changes sign, and by the intermediate value theorem, there exists R∗ such
that E ′(R∗) = 0. Local convexity of ginfo and grobust implies that E ′′(R∗) > 0, yielding a stable minimum.
Under small gradient noise, stochastic approximation theory ensures convergence to a narrow fluctuation
band [Rmin, Rmax] around this equilibrium point.

Corollary 2 (Operational interpretation). For R < R1, the system is under-redundant—fragile and non-
generalizing. For R > R2, it is over-redundant—collapsed and low in effective capacity. Between them
lies a redundancy equilibrium band [Rmin, Rmax] where efficiency, robustness, and generalization coexist in
balance.

Interpretation. Shannon’s 1948 paradigm addressed the asymptotic and noiseless limit, in which redun-
dancy merely wastes bits. In contrast, real-world and learning systems operate in finite-sample, noisy, and
structured regimes, where redundancy serves as a functional resource rather than a defect. It provides (i)
structural stability through multiple consistent cues, (ii) error correction and smooth interpolation, and (iii)
invariance under perturbations. Thus, redundancy is not the opposite of information, but the geometry that
sustains it. An optimal, nonzero level of redundancy forms the basis of structure itself—and constitutes the
mathematical condition for understanding.
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4 Experiments

Goal. The goal of our experiments is to empirically validate the theoretical predictions of the redun-
dancy–balance framework rather than to introduce any architectural innovation. Specifically, we test Theo-
rem 2, which predicts that the generalization performance of a learning system depends non-monotonically on
its internal redundancy R: both insufficient and excessive redundancy impair stability, while an intermediate
value R∗ yields optimal organization and generalization.

Setup. We adopt the masked autoencoder (MAE) He et al. (2022) as a representative self-supervised archi-
tecture and incorporate our redundancy regularization into its pretraining objective. The model reconstructs
masked image patches under a fixed mask ratio of 0.75 using a ViT-Base encoder–decoder backbone. To test
the redundancy–balance hypothesis, we augment the original reconstruction loss with a spectral-redundancy
term, yielding the total objective.

Ltotal = Lrecon + λred Rspec(Z), where Lrecon = ∥ X̂ − X ∥2
2. (2)

Here, Rspec(Z) = 1 − reff(Z)/D is the spectral-redundancy functional defined in Section 3.3. The coef-
ficient λred controls the trade-off between pixel-level reconstruction fidelity and structural redundancy in
the latent representation Z. By varying λred ∈ {0, 10−3, 10−2, 5×102}, we obtain models spanning distinct
redundancy regimes. Except for this single coefficient, all experimental settings—including architecture,
optimizer, learning-rate schedule, data augmentation, and mask ratio—are kept identical across runs. After
pretraining, the encoder is frozen and evaluated through a linear-probe classifier on CIFAR-100, providing
a downstream measure of generalization ability.

Metrics. We monitor two redundancy proxies during pretraining: (i) the covariance-based redundancy
Rχ2 , and (ii) the spectral redundancy Rspec, computed from the effective rank reff of the covariance spec-
trum as 1 − reff/D. While validation losses remain nearly identical across different λred, the resulting
representations exhibit markedly different redundancy profiles, making these metrics essential for quantify-
ing structural organization. Downstream generalization is assessed via the linear-probe Top-1 accuracy on
CIFAR-100, which serves as a sensitive indicator of information balance.

Training protocol. All models are trained for the same number of epochs with identical random seeds, op-
timizer hyperparameters, learning-rate schedules, and data augmentations. **This strict control ensures that
any observed difference in generalization or redundancy originates solely from the redundancy-regularization
term λred.** Redundancy statistics are logged at each epoch to analyze both equilibrium levels and dynamic
trajectories during training.

Summary. This experimental design isolates the effect of redundancy regulation in a fully controlled setting
and directly tests the theoretical predictions of equilibrium and self-organization described in Sections 3.4
and 3.8.

5 Results and Analysis

Empirical validation of the redundancy–balance theorem. Figure 1 shows the empirical relationship
between spectral redundancy and downstream generalization performance. The results confirm the key
prediction of Theorem 2: generalization follows a clear U-shaped dependence on redundancy. When no
redundancy regularization is applied (λred=0), the model exhibits high spectral coupling (Rspec ≈0.96) and
poor generalization (35.6% Top-1 on CIFAR-100). Introducing mild redundancy control (λred=10−3) slightly
improves generalization (36.3%) but remains in the over-coupled regime. At an intermediate regularization
strength (λred=10−2), spectral redundancy decreases to approximately 0.5 and yields the best generalization
(41.4%). When regularization becomes too strong (λred=5×102), redundancy is over-suppressed (Rspec ≈
0.19), leading to a decline in performance (39.6%). This non-monotonic trend demonstrates the existence
of an interior optimum R∗ balancing compression and coupling, consistent with the theoretical redundancy
equilibrium.

10
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Figure 1: U-shaped redundancy–performance relationship. CIFAR-100 linear-probe Top-1 accuracy
(vertical axis) varies non-monotonically with the spectral redundancy Rspec (horizontal axis). Both over-
redundant (high Rspec) and under-redundant (low Rspec) models exhibit degraded performance, while an
intermediate redundancy (λred=10−2, Rspec ≈ 0.5) achieves the best generalization (41.4%). The dashed
line marks the fitted optimum R∗ predicted by Theorem 2, and shaded regions indicate under- and over-
redundant regimes.

Quantitative summary. Table 2 summarizes the relationship between redundancy, validation loss, and
downstream generalization across different regularization regimes. While validation losses remain nearly
identical across runs, the redundancy levels and probe accuracies vary significantly, indicating that the
improvement in generalization arises from structural organization rather than overfitting or optimization
bias.

Table 2: Summary of MAE pretraining under varying redundancy regularization strengths. Spectral redun-
dancy Rspec is computed as the mean value over the final training epochs. Top-1 accuracy is measured by
linear probing on CIFAR-100.

Redundancy weight λred Spectral re-
dundancy
Rspec

Validation loss CIFAR-100
Top-1 (%)

Regime charac-
terization

0 (baseline) 0.96 0.0293 35.6 Over-coupled
(collapse)

10−3 0.96 0.0293 36.3 Slightly over-
coupled

10−2 0.51 0.0297 41.4 Balanced (near
R∗)

5×102 0.19 0.0315 39.6 Under-redundant
(fragmented)

Interpretation. The observed U-shaped pattern provides direct empirical support for the redun-
dancy–balance theory. It indicates that redundancy is not merely a form of noise to be suppressed, but
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a structured degree of freedom that must be maintained at an optimal level to achieve stability and general-
ization. This equilibrium behavior also implies that learning dynamics naturally converge to a self-organized
regime around R∗, rather than requiring fine-tuned regularization. Together, these results establish redun-
dancy as a measurable and predictive quantity governing the geometry of learned representations. This
motivates further examination of how redundancy evolves during training and whether it naturally stabilizes
around the predicted equilibrium R∗.

Training dynamics and equilibrium formation. Figure 2 illustrates the joint evolution of effective
rank (solid lines) and spectral redundancy (dashed lines) across different regularization strengths λred. The
trajectories reveal three key phenomena consistent with the redundancy–balance theory. First, redundancy
regularization exerts a nonlinear influence on representational structure: small increases in λred induce
moderate reductions in redundancy, whereas large values (e.g., 5×102) lead to a rapid collapse of redundancy
to near-zero levels. This sensitivity implies that λred controls a structural, rather than purely statistical,
phase transition in the organization of representations.

Second, redundancy and effective rank evolve as strongly coupled variables, showing clear inverse trajectories.
As redundancy decreases, the effective dimensionality of latent features expands, indicating that redundancy
acts as an internal regulator of usable representational degrees of freedom. However, when redundancy is over-
suppressed, the representation becomes overly fragmented—large in rank but poor in coherence—highlighting
that high dimensionality alone does not guarantee generalization.

Third, moderate regularization (λred = 10−2) leads to a stable equilibrium band, where redundancy and
effective rank co-stabilize after early fluctuations. This regime corresponds to the predicted redundancy
equilibrium R∗: a self-organizing attractor in learning dynamics where compression and coupling are bal-
anced. The emergence of this equilibrium without fine-tuning supports the theoretical claim that redundancy
is a self-organizing property of data manifolds, not an artifact of optimization.

Figure 2: Training dynamics of effective rank and spectral redundancy across different redun-
dancy regularization strengths λred. Solid lines denote the evolution of effective rank, and dashed lines
denote spectral redundancy. Moderate regularization (λred =10−2) yields a stable equilibrium where redun-
dancy and rank co-stabilize, while excessive regularization (5 × 102) collapses redundancy. The relationship
between λred and redundancy is markedly non-linear, confirming that redundancy regulation induces a self-
organizing equilibrium rather than monotonic suppression.
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6 Discussion

Summary and perspective. This work proposes a theoretical paradigm that redefines redundancy as a
fundamental quantity of information organization rather than inefficiency. We formulate a unified family of
redundancy functionals {Rf } based on f -divergences from statistical independence, showing that classical
measures such as mutual information, χ2 dependence, and spectral redundancy are projections of the same
underlying geometry. The theory demonstrates that redundancy is bounded both above and below, giving
rise to an intrinsic equilibrium R∗ between over-compression and over-coupling. Regularizing redundancy
toward this equilibrium enhances stability and generalization in finite, structured regimes. Together, these
results establish redundancy as a structural information principle—a paradigm shift that extends Shannon’s
efficiency-centric information theory into the finite, noisy, and organized world of learning systems.

Redundancy and foundation models. Our framework provides conceptual and practical insights for
the design of generative self-supervised and foundation models. These systems—ranging from masked autoen-
coders and diffusion models to large language and multimodal models Ho et al. (2020); Rombach et al. (2022);
He et al. (2024); Caro et al. (2023); Cox et al. (2024); Wu et al. (2025); Sun et al. (2025)—learn by recon-
structing or predicting structured dependencies within data, a process inherently governed by redundancy.
The redundancy–balance principle suggests that such generative models achieve their best understanding
and transferability when latent redundancy is regulated near its equilibrium R∗, maintaining a stable internal
geometry between over-coupling and over-compression. In practice, explicit redundancy regularization—for
instance via spectral or covariance-based constraints—could provide a self-organizing mechanism that stabi-
lizes large generative pretraining and enhances robustness across modalities. Thus, our theory complements
current scale-driven approaches by offering a structural principle for efficient, coherent, and generalizable
generative learning.

Limitations and open directions. While the proposed theory provides a unifying view of redundancy,
several limitations remain. First, our empirical validation focuses on generative self-supervised learning (e.g.,
masked autoencoders) rather than on large-scale foundation models such as GPTs Achiam et al. (2023) or
multimodal LLMs Xu et al. (2024). Although we hypothesize that the redundancy–balance principle also
governs their emergent generalization, confirming this requires extensive large-scale experiments. Second,
the equilibrium theorem is not expected to be universally optimal: discriminative or contrastive paradigms
may still benefit from minimizing redundancy to maximize separability. The framework thus captures one
axis of the generative–discriminative continuum, but not the entirety of learning dynamics. Third, the
theory has not yet been tested in cross-disciplinary domains such as neuroscience, where redundancy is
hypothesized to underlie degeneracy and robustness in brain activity. Validating the redundancy equilibrium
on neural and cognitive datasets will be an essential step toward bridging machine and biological learning.
Finally, while our analysis concentrates on vector-valued data, redundancy in other modalities—particularly
graphs, multimodal signals, and spatiotemporal structures—remains largely unexplored. Quantifying “graph
redundancy” and integrating it with graph neural networks presents especially promising directions for future
work Gates et al. (2021); Kumar et al. (2024).

Outlook. Despite these limitations, the redundancy–balance principle offers a new foundation for under-
standing learning systems as self-organizing processes that regulate—not eliminate—dependence. It reframes
generalization as a property of data organization rather than model complexity, suggesting that redundancy
forms the structural backbone through which stability and understanding emerge. Future research should
explore how data redundancy interacts with other fundamental factors such as model capacity, architectural
complexity, and optimization dynamics. Jointly characterizing these variables may yield a unified theory of
learning equilibria, where data structure and model structure co-adapt to maintain informational balance.
Such an extension could guide the principled design of large-scale foundation models, multimodal architec-
tures, and biological neural systems alike. In this broader view, redundancy may ultimately serve as the
missing link connecting statistical learning, information theory, and cognitive computation—a structural law
governing how complex systems learn to understand.
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A Full Mathematical Proofs

A.1 Preliminaries and Conventions

We recall that the f -divergence between two probability measures P ≪Q on (X , F) with respect to a common
σ-finite base measure µ and corresponding densities p = dP

dµ , q = dQ
dµ is defined as

Df (P∥Q) =
∫

X
q(x) f

(
p(x)
q(x)

)
dµ(x),

where f : R>0 → R is convex and satisfies f(1) = 0. We use the following standard facts:

(i) (Nonnegativity) Df (P∥Q) ≥ 0, with equality if and only if P = Q (Csiszár–Morimoto identity).

(ii) (Data processing) Df is nonincreasing under Markov kernels, i.e., Df (KP∥KQ) ≤ Df (P∥Q) for
any stochastic map K.

(iii) (Local quadratic expansion) If f is twice differentiable at 1 with f ′′(1) > 0, then Df (P∥Q)
admits a second-order expansion around P = Q.

Throughout, ΠX =
⊗n

i=1 PXi
denotes the product of the marginals of PX . We write p for the joint density

of PX and pi for that of PXi
. For any symmetric matrix A, we denote by ∥A∥F its Frobenius norm, by ρ(A)

its spectral radius, and by log det(A) the principal matrix logarithm on the cone Sym++ of positive definite
matrices.
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A.2 Proof of Proposition 1 (Nonnegativity and Identity of Indiscernibles)

Proof. By definition,

Rf (X) = Df (PX∥ΠX) =
∫

X
f

(
p(x)∏
i pi(xi)

)∏
i

pi(xi) dx.

Since f is convex and satisfies f(1) = 0, the Csiszár–Morimoto theorem ensures that Df (P∥Q) ≥ 0 with
equality if and only if P = Q almost everywhere. Applying this result to (P, Q) = (PX , ΠX) gives the desired
claim:

Rf (X) ≥ 0 and Rf (X) = 0 ⇐⇒ PX = ΠX ,

that is, the components X1, . . . , Xn are mutually independent.

A.3 Proof of Proposition 2 (Data Processing Inequality)

Proof. Let K =
⊗n

i=1 Ki denote the product Markov kernel mapping X to Y , where each Ki acts on
coordinate Xi. Then PY = PXK and, since K factorizes coordinate-wise, ΠY = ΠXK. By the contraction
property of f -divergences under Markov kernels,

Rf (Y ) = Df (PY ∥ΠY ) = Df (PXK ∥ ΠXK) ≤ Df (PX∥ΠX) = Rf (X),

which establishes the inequality.

A.4 Proof of Proposition 3 (Bounds)

Proof. (1) Lower bound. This follows directly from Proposition 1, which guarantees Rf (X) ≥ 0 for any
convex f satisfying f(1) = 0.

(2) Upper bound. If m ≤ L(x) := p(x)∏
i

pi(xi)
≤ M ΠX -a.e., then by the monotonicity of f on [m, M ] and

Jensen’s inequality under ΠX ,

Rf (X) = EΠX
[f(L)] ≤ max

t∈[m,M ]
f(t) ≤ f(M).

For f(t) = t log t, the function t log t is increasing on [1, ∞) and decreasing on (0, 1]. Hence, if L ≤ M almost
everywhere,

EΠX
[L log L] ≤ M log M,

and a symmetric bound with m log m holds when m < 1 dominates. This establishes the stated boundedness
of Rf (X).

A.5 Proof of Proposition 4 (Gaussian Total Correlation)

Proof. Let X ∼ N (0, Σ) with correlation matrix C = diag(Σ)−1/2 Σ diag(Σ)−1/2. Then PX = N (0, Σ) and
ΠX =

⊗
i N (0, Σii). The KL divergence between these two Gaussian measures is

DKL

(
N (0, Σ)

∥∥∥∥∥⊗
i

N (0, Σii)
)

= 1
2

(∑
i

log Σii − log det Σ
)

.

Since log det Σ =
∑

i log Σii + log det C, this simplifies to

DKL(PX∥ΠX) = − 1
2 log det C,

which proves Proposition 4.
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A.6 Proof of Proposition 5 (Quadratic Approximation and Covariance Form)

Proof. Let C = I + A with ∥A∥2 small. For f(t) = 1
2 (t − 1)2, expanding around independence yields the

classical χ2-divergence approximation of Df (PX∥ΠX), which in the jointly Gaussian or weakly dependent
regime reduces to a quadratic form in the off-diagonal covariances. Concretely (e.g., via Edgeworth or Isserlis’
formula),

Rf (X) ≈ 1
4

∑
i̸=j

C2
ij = 1

4 ∥C − I∥2
F .

For the Kullback–Leibler case, recall the series expansion

log det(I+A) = tr log(I+A) =
∑
k≥1

(−1)k+1

k
tr(Ak),

which converges for ρ(A) < 1. Hence,

− log det C = −tr log(I+A) = 1
2 tr(A2) − 1

3 tr(A3) + · · · = 1
2 ∥A∥2

F + O(∥A∥3
F ).

Therefore, to second order,
− log det C ≈ 1

2 ∥C − I∥2
F ,

which establishes the stated relation between the KL redundancy and the quadratic approximation.

A.7 Proof of Definition/Proposition 2–6 (Spectral Redundancy)

Proof. Let λ1, . . . , λD be the eigenvalues of the covariance matrix ΣZ ⪰ 0, and define the normalized spec-
trum

λ̃i = λi∑D
j=1 λj

,

D∑
i=1

λ̃i = 1.

The spectral entropy is

Hλ(Z) = −
D∑

i=1
λ̃i log λ̃i,

which satisfies Hλ(Z) ∈ [0, log D], with Hλ(Z) = log D if and only if λ̃ is uniform and Hλ(Z) = 0 if and only
if the spectrum is rank one. Setting reff(Z) = exp(Hλ(Z)) ∈ [1, D] and

Rspec(Z) = 1 − reff(Z)
D

,

we obtain
Rspec(Z) ∈

[
0, 1 − 1

D

]
.

The lower and upper extremes correspond, respectively, to the uniform (maximally spread) and rank-one
(completely collapsed) spectra. These bounds follow directly from the standard entropy inequalities, com-
pleting the proof.

A.8 Proof of Lemma 1 (Spectral Norm Control)

Proof. Let Z = WX with ∥W∥2 ≤ M and E∥X∥2 ≤ σ2. Then

tr(ΣZ) = E∥Z∥2 = E∥WX∥2 ≤ ∥W∥2
2 E∥X∥2 ≤ M2σ2.

Therefore, the total spectral energy of Z is bounded, implying reff(Z) ∈ [1, D] and Rspec(Z) ∈ [0, 1 − 1
D ] by

Definition 2. This establishes the claim.
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A.9 Proof of Lemma 2 (KL vs. Frobenius Near Independence)

Proof. Let C = I + A with spectral radius ρ(A) < 1. Then the logarithmic determinant admits the series
expansion

− log det C = −tr log(I+A) =
∑
k≥2

(−1)k

k
tr(Ak).

Using the Hölder–trace inequality |tr(Ak)| ≤ ∥A∥k
F for k ≥ 3, we obtain

− log det C ≥ 1
2 tr(A2) − 1

3 ∥A∥3
F = 1

2 ∥A∥2
F − 1

3 ∥A∥3
F .

Thus, for small ∥A∥F ,
RKL(X) ≳ 1

2 ∥C − I∥2
F ,

which proves the stated near-independence bound.

A.10 Proof of Lemma 3 (Capacity-Side Bound)

Proof. We have
H(Z) =

∑
i

H(Zi) − TC(Z) =
∑

i

H(Zi) − RKL(Z).

Under the entropy budget
∑

i H(Zi) ≤ C0, it follows that

H(Z) ≤ C0 − RKL(Z).

Since I(Z; S) ≤ H(Z), and standard information–risk inequalities are monotone in −I(Z; S) (e.g., Fano’s
inequality for classification and the I–MMSE relation for Gaussian regression), there exists an increasing
function ginfo such that

E(R) ≥ ginfo(C0 − R).

This establishes the capacity-side bound.

A.11 Proof of Lemma 4 (Robustness-Side Bound)

Proof. Consider a channel X → Z → Ŝ operating under bounded stochastic noise, dropout, or adversarial
perturbations. When redundancy is nearly zero (R ≈ 0), the coordinates of Z are almost independent, and
the system lacks correlated backups: missing or corrupted components cannot be reconstructed from others.
Rate–distortion and coding-theoretic arguments show that introducing controlled correlation (replication
or redundancy across coordinates) reduces the expected reconstruction or classification error. Hence, for
small R, increasing redundancy strictly improves robustness, implying the existence of a continuous function
grobust that is strictly decreasing on [0, R1) with

E(R) ≤ grobust(R).

This proves the robustness-side bound.

A.12 Proof of Theorem 2 (Interior Optimum and Stability Band)

Proof. By assumption, for R near R we have grobust(R) ≤ E(R) with grobust strictly decreasing, and for R
near R we have E(R) ≤ ginfo(C0−R) with ginfo strictly increasing. Hence, for sufficiently small ε > 0,

E ′(R+ε) < 0, E ′(R−ε) > 0.

By the continuity of E ′, the intermediate value theorem guarantees the existence of R∗ ∈ (R, R) such that
E ′(R∗) = 0, i.e., a stationary point. Local convexity of the bounding functions ginfo and grobust transfers to
E , implying E ′′(R∗) > 0; thus R∗ is a strict local minimizer.
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For the stability band, consider gradient-based dynamics on the model parameters θt that monotonically
decrease E under small additive noise (e.g., stochastic gradient descent). Composing with R(θ) = R(fθ(X)),
which is locally Lipschitz in θ, yields a one-dimensional stochastic approximation with Lyapunov potential
E(R). Classical results from stochastic approximation theory (e.g., Robbins–Monro or Kushner–Yin) then
imply that R(θt) converges to an O(σ) neighborhood [Rmin, Rmax] of the stable minimum R∗, whose width
is proportional to the noise scale σ. This establishes both the existence of the interior optimum and the
stability band.

A.13 Proof of Theorem 1 (Existence of Redundancy Equilibrium)

Proof. Let Φ(R) = D(R) + λR on the compact interval [R, R]. By assumption, D is continuous; hence Φ is
continuous and attains a minimum on this interval by the Weierstrass theorem. To show that the minimizer
lies in the interior, note that D′(R) exists almost everywhere and is strictly negative on [R, R1) and strictly
positive on (R2, R]. Thus, for λ > 0,

Φ′(R) = D′(R) + λ

is negative sufficiently close to R and positive sufficiently close to R. By the intermediate value theorem,
there exists R∗ ∈ (R, R) such that Φ′(R∗) = 0. If D ∈ C2 with D′′(R∗) > 0, then Φ′′(R∗) = D′′(R∗) > 0, so
R∗ is a strict local minimizer, i.e., a locally stable equilibrium point. This completes the proof.

A.14 Proof of Corollary 1 (Banded Convergence)

Proof. Consider stochastic gradient descent of the form

θt+1 = θt − ηt

(
∇θL(θt) + ξt

)
,

where E[ξt|Ft] = 0, E∥ξt∥2 ≤ σ2, and the step sizes ηt satisfy the Robbins–Monro conditions. Let Rt =
R(fθt

(X)). Under local Lipschitz regularity of R(θ) and strict local convexity of Φ at R∗, the ODE method
for stochastic approximation implies that Rt tracks the deterministic flow Ṙ = −Φ′(R). The limiting
invariant distribution of Rt is therefore concentrated in a neighborhood of R∗ whose width scales with σ.
Quantitative bounds on this concentration follow from standard Lyapunov drift arguments, establishing the
claimed banded convergence.

A.15 Operational Lemmas Used in Section 3

Total correlation identity. For f(t) = t log t, we have

RKL(X) = DKL(PX∥ΠX) =
∑

i

H(Xi) − H(X),

by the chain rule of entropy.

Quadratic proxy. In near-Gaussian regimes,

Dχ2(PX∥ΠX) = 1
2

∫ (p −
∏

i pi)2∏
i pi

dx ≈ 1
4 ∥C − I∥2

F ,

to second order in weak correlations. The proof follows the same cumulant (Isserlis) expansion used in
Proposition 5.

Attention-head redundancy. For attention maps Ah ∈ RN×N , define

Rhead = 1
H(H − 1)

∑
h̸=h′

⟨vec(Ah), vec(Ah′)⟩2

∥Ah∥2
F ∥Ah′∥2

F

.

Since each term is a squared cosine similarity, Rhead ∈ [0, 1]. For any head-wise post-processing represented
by a linear Markov operator (e.g., column/row-stochastic smoothing or projections), the data processing
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inequality for χ2-like functionals implies contraction—the squared correlation cannot increase under averag-
ing.

Remark on regularity. All continuity and compactness arguments above can be made fully rigorous by
restricting to feasible parameter sets with R ∈ [R, R], and by invoking standard envelope theorems for

D(R) = inf
θ: R(θ)=R

E ℓrec(θ).

No pathological measurability issues arise under the usual assumptions of bounded loss, dominated model
families, or coercive parametrizations.
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