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ABSTRACT

Matrix denoising is a crucial component in machine learning, offering valuable in-
sights into the behavior of learning algorithms (Bishop & Nasrabadi} |2006). This
paper focuses on the rectangular matrix denoising problem, which involves esti-
mating the left and right singular vectors of a rank-one matrix that is corrupted by
additive noise. Traditional algorithms for this problem often exhibit high compu-
tational complexity, leading to the widespread use of gradient descent (GD)-based
estimation methods with a quadratic cost function. However, the learning dynam-
ics of these GD-based methods, particularly the analytical solutions that describe
their exact trajectories, have been largely overlooked in existing literature. To fill
this gap, we investigate the learning dynamics in detail, providing convergence
proofs and asymptotic analysis. By leveraging tools from large random matrix
theory, we derive a closed-form solution for the learning dynamics, characterized
by the inner products of the estimates and the ground truth vectors. We rigorously
prove the almost sure convergence of these dynamics as the signal dimensions
tend to infinity. Additionally, we analyze the asymptotic behavior of the learn-
ing dynamics in the large-time limit, which aligns with the well-known Baik-Ben
Arous-Péchée phase transition phenomenon (Baik et al., 2005). Experimental re-
sults support our theoretical findings, demonstrating that when the signal-to-noise
ratio (SNR) surpasses a critical threshold, learning converges rapidly from an ini-
tial value close to the stationary point. In contrast, estimation becomes infeasible
when the ratio of the inner products between the initial left and right vectors and
their corresponding ground truth vectors reaches a specific value, which depends
on both the SNR and the data dimensions.

1 INTRODUCTION

Matrix denoising involves recovering a signal matrix P € RP*™ from a noisy observation X =
P + Z, which is a fundamental challenge in statistics with broad applications in image processing
(Pedersen et al., [2009; |Cordero-Grande et al.| |2019)), genomics (Leekl 2011)), wireless communica-
tions (Couillet & Hachem, |2013)), and other fields. This model is typically referred to as Johnstone’s
spiked model (Johnstone & Paull |2018)), when the noise Z is a random matrix whose dimensions
p, n are large and comparable, while P is a deterministic matrix with rank » < min(p,n). Exten-
sive research has shown that in high-dimensional settings, the left and right singular vectors of X
corresponding to its top singular values could be utilized as the estimate for P.

However, when the dimensions p and n are very large, the singular value decomposition (SVD)
of X suffers from intolerable storage and computational overhead. To address this issue, iterative
optimization and learning methods have been developed (Bjorck et al.L[2015)), among which gradient
descent (GD) plays a crucial role not only in matrix denoising but also many machine learning
problems. In particular, understanding the dynamics of GD is essential in explaining the remarkable
performance of today’s deep neural networks. Inspired by this, we aim to analyze the learning
dynamics of the GD-based rank-one signal estimation algorithm in this work.

1.1 RELATED WORKS

Research on matrix denoising typically studies low-rank deformed random matrix models. Two fun-
damental and widely studied variants are the spiked Wigner model (Benaych-Georges & Nadakuditi}
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2011)) and the spiked Wishart model (Benaych-Georges & Nadakuditi, 2012)). The seminal work by
Baik, Ben Arous, and Péché (BBP) (Baik et al., 2005) revealed that the extreme eigenvalues and as-
sociated eigenvectors of X undergo a BBP phase transition as the signal-to-noise ratio (SNR) varies.
This pioneering result has since been generalized to a wide range of statistical models for signal esti-
mation, including those with correlated noise (Zhang & Mondelli,2024;|[Ding & Yang, 2021} |Gavish
et al., 2023), random features (Liao & Couillet, 2018), puncturing (Couillet et al., 2021)), random
projections (Yang et al.| 2021)), among others. A key commonality across these studies is the use of
extreme eigenvalues and eigenvectors for signal recovery.

The aforementioned studies primarily focus on the “static” or asymptotic performance of matrix
denoising. Very limited results have been obtained regarding the learning dynamics of GD-based
estimation. The most relevant work in the literature is (Bodin & Macris, [2021), where the authors
studied the rank-one matrix denoising problem for the deformed Wigner model. In particular, a
closed-form solution for the learning dynamics is obtained for the case where P and Z are sym-
metric. However, the symmetric structure for the noise may not be available in practice, where
the observed data typically consists of a sequence {x;}, and the data matrix X = [z1,...,x,]
is rectangular (the deformed Wishart model). Unfortunately, the overall learning dynamics for this
deformed Wishart model with general structured P and Z have not been fully understood in the
literature. This work aims to fill this research gap.

From a technical perspective, obtaining analytical solutions for the dynamical behavior of the
Wishart model is significantly more challenging than that for the Wigner model, due to its struc-
tural asymmetry and the higher order of the governing differential equations. To overcome these
difficulties, we employ methods from large random matrix theory (RMT) to construct approximate
solutions. For a comprehensive treatment of the relevant techniques, we refer the readers to (Bai
et al.l 2010; [Pastur & Shcherbinal 2011} |Yao et al.l 2015} [Erdds & Yaul 2017} |Vershynin, 2018;
Couillet & Liao,|2022). Our approach was specifically motivated by the almost sure boundedness of
extreme eigenvalues of random matrices (Yin et al., |[1988; Bai & Yin,|1993) and strong convergence
results for the resolvents (Bai & Silverstein, |1998};1999).

1.2 CONTRIBUTIONS
The main contributions of this work are summarized as follows.

* We obtain the deterministic approximations for the evolution of the inner products between
the learned vectors and the ground truth, which are in closed-form. Moreover, we prove
that, as the dimensions of the observation matrix approach infinity, the empirical evolution
processes will converge almost surely to the deterministic approximations.

* The learning dynamics are described and analyzed through a set of differential equations
that involve complex variables and contour integral conditions. We investigate the analyt-
ical properties of these equations. Specifically, we demonstrate that the solution admits
integral representations with respect to certain class of transition kernels. Furthermore, we
establish the existence and uniqueness of the solutions for the concerned equations.

* We investigate the asymptotic behavior of the learning dynamics in the large-time limit. It
is observed that there exists a critical threshold, below which the estimation becomes quite
challenging. This phenomenon is analogous to the well-known BBP phenomenon. How-
ever, the BBP phenomenon concerns the square of the inner product, which is unsigned,
but we derive a signed result and reveal its relationship with the initial conditions.

1.3 NOTATIONS AND ORGANIZATION

Notations: Throughout the paper, lowercase and uppercase boldface letters represent vectors and
matrices, respectively. I, represents the identity matrix of size n. For two vectors a and b, their
inner product is defined as (a,b) = a'b. Let R, and R, denote the sets R, = {z : = > 0}
and R, = {x : > 0}, respectively. The notation C(A) represents the set of continuous functions
defined on A. The norms ||-|l,, [|[| . [|[l (4> and ||- |7, denote the £5-norm for vectors, Frobenius
norm for matrices, supremum norm of continuous functions on A, and the total variation of signed
measures, respectively. The indicator function is denoted as 1{-} and the Dirac measure at a point

2 is denoted as 0(x). Notation (f * g)(t) = fg f(t — a)g(a)da represents the convolution of f(¢)
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and g(t). The function (z)™ = max(z,0). The sign function is denoted as Sgn(z) = 1{z >
0} — 1{x < 0} and = represents almost sure convergence.

Organization: The rest of the paper is organized as follows. In Section[2] we introduce the problem.
In Section [3] we state the main results, including the closed-form deterministic approximation for
the learning dynamics and the asymptotic behavior with long-term learning. The implications and
potential applications of the main results are also discussed. Experiment results are given in Section
[ and Section [5]concludes the paper.

2 PROBLEM SETUP

We consider the following rank-one Jonstone’s spiked model
X =Z+ X uv* e RP¥" (1)

where X is the observation and Z = (Z;;) denotes the random noise matrix that contains indepen-
dent and identically distributed (i.i.d.) elements with mean zero and variance n~'. The unit vectors
u* € RP and v* € R" represent the directions of the left and right ground truth signals, respec-
tively. The parameter A € (0, 00) denotes the SNR (Zhang & Mondelli, [2024). The main target is
to estimate the signal components (u*, v*) from the observation matrix X in high dimensions. To
this end, we consider the following cost function (Nadakuditi, 2014

H(uw,v) = ||X — uvTHj,. )

According to the Eckart-Young-Mirsky (EYM) theorem (Eckart & Young, [1936), the optimal solu-
tion to the optimization problem

(ueym7 veym) = argmin H(’U, u)v 3)
lvll,=llull,=1

is given by (Ueym, Veym) = (U1, 1), where @1 and ¥, denote the left and right singular vectors of
X corresponding to the largest singular value.

However, when both the dimensions p and n are very large, directly computing the SVD is compu-
tationally intensive. As a result, the GD-based estimation has been widely adopted. Given the initial
point (ug, vg), when the steps are small, the process of GD can be approximated by the gradient
flow (Li et al.,|2017; [Liu, |2017), given by

i wy| _ VuH (g, ve) — wg (g, Vo H(ug, vy))
dt [UJ = —gradh(u, v) = VoH(ug, ve) — vp (v, VoH(ug, vp)) |7 @

where grad(-) represents the Riemannian gradient operator, which enforces the unit norm constraint
on u; and v;. During the learning process, the inner products between the ground truth and the
estimates, i.e., ¢, (t) = (u*, u;) and ¢, (t) = (v*, v), are of interest. In particular, by ||z* — m||§ =
2 — 2 (x,x*), the inner product is equivalent to the distance.

In this work, we aim to derive the deterministic approximations for ¢, () and ¢, (t). To facilitate the
analysis, we make the following assumptions.

Assumption 1. As n — oo, the ratio p/n — ¢ > 0.

This assumption is common in the study of high-dimensional random matrices (Bai et al.| [2010).
Here, p = p(n) can be viewed as a sequence indexed by n. In the following, we use p,n — oo to
denote this asymptotic regime.

Assumption 2. The random matrix Z has i.i.d. entries such that E[Z;;] = 0, E[|/nZ;; |2] =1, and
4
EllvnZi;|'] < oo.

More rigorously, the elements Z;; = n~'/2X;; are sampled from a double array {X;;}; ;>1,
where X;s are standardized i.i.d. random variables. This assumption is general and distribution-
independent. The fourth-order moment condition is to ensure that the largest singular value of Z is
almost surely bounded (Yin et al.||1988};|Bai & Silverstein, [1998)).
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3 MAIN RESULTS

3.1 LEARNING DYNAMICS

Our goal is to obtain a closed-form solution for the inner products ¢, and ¢, in high dimensions. We
note that ¢,, and q,, are random processes, and will demonstrate that these two random processes will
almost surely converge to two deterministic processes, which have closed-form expressions. These
deterministic processes can be described by the integration of certain “basis” functions with respect
to the famous Marcenko-Pastur (MP) measure (Marcenko & Pastur, |1967))

Ve — (1= ve2 (1 +ve)2 —al*

2mcx

p(dz) = (1 —cHT6(0) + dx. 3)
To simplify the notation, we define the co-MP measure p(dz) = (1 —¢)§(0) + cu(dz) and the basis
functions N

Cra(t) = cosh(v/at), fou(t) = % sinh(2v/7t),
1

U3 (1) = 7 sinh(v/zt), €4.(t) = cosh(2/xt). (6)

Theorem 1. (Deterministic Approximations for q,, and q,) Let ug € RP and vy € R™ be the initial
vectors with unit norms and define o, = q,,(0) = (ug, u*) and o, = ¢,(0) = (vg, v*). Under
Assumptions[I|and 2} we have, for any T > 0

sup |gu(t) = u(t)] —=— 0, sup |qu(t) = Gu(t)] —=— 0, o
0<t<T p,n—o0 0<t<T p,n—00

where ¢, (t) = qu(t)//D(t) and G,(t) = G,(t)/\/D(t). Here, the deterministic functions qy(t),
qv(t), and p(t) are defined as

Gult) = _% [ (L3, % U3.9,) (£)p(dz) + cy Mls g, (1)

ayue(l+2?)

S v /R(fl,m 03..) () u(dx) + aly o, (1), (8)

N o C
qv(t) = - Rm(ﬁg)aj x l3.9,)(O)p(dz) + ayMls 9, ()

— W /]R(ElﬂgA *03.2) () p(dx) + by g, (1), 9)
50 =1+2 [ Guslarta
+ [ da [ ) (20,03 61.0(0) + 200, @+ .0) (@)} 10)
() = [ atan(®)lu-+ ()
2 [ 0 D@ 00.0) 20+ (G- o+ 00)] 5 2,10} (o)
L2 / 2 A @ 1) % 0o0)(8) + N[ (G 01,2)] o] (1)} pu(da)
+ / (@ - la.0) * as)(8) + NG @ L )] * La0](1)} plda)

+ /R o { M [(Gu - l3,0) * €aa)(t) + N[[Gu - (Gu * la,2)] * Lao] (B} p(dz), (1D

with 9y = (1 + A%)(c+ A?) /A2
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Proof: The proof of Theorem[T]is given in Appendix [C| O

The expression for the evolution dynamics ¢, (t) and ¢, (¢) involves a large number of integrals
and convolution operations. However, since the MP measures 1 and i have bounded support and
density functions, the terms @, (t), G, (t), and p(t) can be computed numerically for finite ¢, and the
complexity is affordable. Specifically, by equally partitioning the intervals [0, ¢] and [(1—+/c)?, (1+
V/¢)?] into Ny and N, grid cells respectively and applying the standard rectangle method, the overall
computational complexity is at most O(NZN,,).

An interesting observation is that when both «a,, and «,, are zero, the inner products will be approx-
imately zero throughout the learning process. This phenomenon can be intuitively explained by the
gradient flow @]) When u; and u*, as well as v; and v*, are orthogonal, their gradients are given
by

dut d’l)t

dt dt
This indicates that vectors u; and v, will only run along the directions spanned by projection of the
noise and fail to learn ground truth. In Section we will provide a more general condition under
which learning fails in the large-time limit.

= (I, — wu/ ) Zvy, = (I, — v ) Z T u,. (12)

Theorem [T| has several potential applications, as discussed in following remarks.

Remark 1. (Early Stopping Strategy Design) Consider the task of estimating the high-dimensional
signal directions u* and v*. Assume we know the SNR )\ and the observation matrix X . Addition-
ally, there is a performance requirement

min{<ut7U*>7<vt7v*>} 277 (13)

for a given threshold v € (0,1). Let ¢ = p/n be the estimator for c. According to Theorem
the deterministic approximations only depend on (¢, A, c,, «vy,). Thus, the following stopping time
estimator can be constructed

tovy, ay) = inf {t > 0 : min {Gy (t), G (£)} = 7} . (14)

We note that tA(au, o, ) can be efficiently computed by standard numerical methods. Furthermore, if
we know the prior information about (u*,v*) (Aubin et al.| 2021)), we can design the statistically

optimal stopping time. For example, set t* = Eq, o, [t(cu, )]
Remark 2. (SNR Estimation) Consider the task of estimating the SNR \. Assume the signal direc-
tions (u*, v*) are known. Applying gradient flow, we obtain the following estimator

M) = argmin (e, w) = Gu®leqom + 100 0") = 6B leqory - A9

for givenT' > 0.

We also have the following technical remarks.

Remark 3. The expressions for G, and q, can be further simplified. For instance, in (8), the term
(U35 * £3,9,)(t) in the integration can be computed directly since the basis functions are linear
combinations of exponential functions. Similarly, the term (q, * £1 ,)(t) on the right-hand side
(RHS) of (I0) can also be simplified by interchanging the order of the MP integral and convolution
according to Fubini’s theorem. These simplifications can significantly reduce the complexity of the
numerical evaluation.

Remark 4. (On the Role of Gy.,) The function g, , can be used to characterize the correlation
between the estimates (ut,v¢) and the random noise Z. In particular, it can be verified by the proof
in Appendix|[C that

SUp [Guw(t) — (uy, Zvy)| —=— 0, (16)
o<t<T pP,n—00

where g, v (t) = Gu,w(t)/D(t).

Remark 5. (Comparison with (Bodin & Macris, |2021)) The proof strategy of Theoreml|l|is similar
to that in (Bodin & Macris| | 2021). Specifically, we first construct a system of differential equations
for the characteristic functions using the resolvent, and then solve it via the Laplace transform.
However, the analytical properties and the existence and uniqueness of the solutions to the charac-
teristic equation were not investigated in (Bodin & Macris,|2021|). We note that these properties are
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important (Hachem et al| [2007). Specifically, the governing system @) describes the dynamics of
the inner products, so the uniqueness of the solution to (4)) does not guarantee that of the solution to
the constructed system. We show that this solution admits an integral representation via a transition
kernel and is unique under the given representation (cf. Theorem . Substituting (u, vy) from
into the constructed system automatically satisfies the integral representation, which provides a
rigorous theoretical guarantee. This framework can also be applied to study the learning dynamics
of other problems (Bordelon et al.| 2020} |Loureiro et al.| 2021} |Paquette et al.| 2024, |2021).

As discussed in Section[2] the loss function # (u, v) reaches the global minimum at (@, ;) by the
EYM theorem. We have the following corollary regarding the learning dynamics of the gap between

the loss function and its optimal value.
Corollary 1. (Deterministic Approximation for the Loss Function) With the same settings as Theo-
rem[l] we denote

Hu,v) = || X —wo |5~ || X — @io; 5. (17)
Further define A\, = max(c'/*,\) and 9y . = (1 + A2)(c+ A\2)/\2. Then, we have, for any T > 0,

sup [F(us,v) = H(D)| =220, (18)

0<t<T

where H(t) = 2 [ Iae — Gul(t) — /\(Yu(t)av(t)].
Proof: By algebra, we have

H(ws,v;) = Tr(X —ww, (X T — v/ ) — Te(X —ugv) )(X T — 914, )
=2(uy, Xv1) — 2 (ug, Xvy)
= 2[o1 — (U, Zvy) — Mg (t)qu(t)] (19)

where o denotes the largest singular value of X. According to (Liu et al., 2025, Theorem 2), the
largest eigenvalue of X X T converges to ¥,c almost surely, as p,n — oo. This implies o7 —
v/, almost surely, by the continuous mapping theorem (Van der Vaart, 2000, Theorem 2.3).
Using Theorem [T]and (I6), (I8) is proved. O

We note that the loss functions H in (Z) and #H in are equivalent since the second term on the
RHS of can be viewed as a constant. From Theorem [1| and Corollary [1} it can be observed
that the learning dynamics is rotational invariant. In particular, for any @, @, € [—1, 1], all initial
points (ug, vg) satisfying (ug, u*) = @, and (vg, v*) = @, exhibit asymptotically same learning
dynamics, i.e., the same evolution of the inner products and the loss function.

3.2 LARGE-TIME LIMIT

The following theorem demonstrates the asymptotic behavior of the deterministic approximations
Gu and q,,, as t — oo.

Theorem 2. (Asymptotics of the Learning Dynamics) Define T = Sgn{ﬁ + \/;T“iw} As

lim G,(t) = =1 1/71 - 1{\ > /) 20)
timo qu( ) - o 1+ cA\2 ¢ ’ (
_ [1—cA4 1
. __ 500 _ 7, X /4
tlggo wt)=qg°=1 Tia? I{X > ¢/} (21)

Proof: The proof of Theorem [2is given in Appendix D] O

t — 00, we have

3

From Theorem we can observe that when \ < ¢'/%, the gradient flow estimation is asymptotically

trivial as Gy, g, — 0. When X exceeds ¢'/4, a phase transition occurs, indicating that ¢!/4 is the
critical threshold for estimation. This phenomenon is consistent with the well-known BBP phase
transition. In the following remarks, we compare Theorem [2] with the BBP phenomenon and discuss
the potential applications.
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Remark 6. (Comparison with BBP Phase Transition) Recall U, and v are the left and right singu-
lar vectors of X corresponding to the largest singular value. According to the BBP phase transition
(Baik et al.| 2005)), we have

2 a.s. 1— CA74
p,n—00 1 —+ C)\72

(B, o) 2y LA
v1, v P,n—00 ]_—|—/\*2

The major difference between (22)-@23) and 20)-@21) lies in the sign and the case 72+ 5= =
0. This indicates that if we have prior mformatlon about the initial points o, and o,, it is possible
to determine the confidence intervals for the signs, thereby estimating the directions of the ground

truth with gradient flow. In the experiments, it will be shown that when \/W + = z+ =0, the

(T, u*)| C1{A > M4y, (22)

S1{A > 1. (23)

estimation becomes difficult.
Remark 7. (Estimation for \ < c'/*) Even when G, G, — O, there is still a chance to estimate the
signals. Assuming we have prior information about o, and o, similar to Remark[l} we can set

o, o) = arg max {|qu ()] + |4 (t)[}, (24)

=

and design the learning time according to tA(au, ay).

We also have the following phase transition phenomenon regarding the asymptotic behavior of the
loss function.

Corollary 2. Define J = 1{ \/;”7 \/O‘LC = 0}. Ast — oo, we have

lim H(t) =27 - [\/ﬂm - \/E} . (25)

Proof: The proof of Corollary 2]is similar to that of Theorem [2]and thus omitted. O

Recalling 9. 5 = (1 + A2)(c + A2)/)\2, it can be observed that when the SNR is smaller than the
critical value, 9. 5 = (1 + /c)? and the loss tends to 0 as the learning time increases. Furthermore,
Corollaryimplies that if 7 # 1 and A > ¢'/4, we have

| 1 ¢A2+c A2 +1
Am o) =31\ TV e

Note that g, ,(t) approximates the correlation between the estimates (u;,v;) and the noise, i.e.,
Guv(t) = (uy, Zvy). As A — oo, the RHS of the above equation tends to 0, indicating that higher
SNR leads to reduced dependence between (u;, v;) and the noise.

(26)

4 EXPERIMENTS

In this section, we verify the accuracy of the theoretical results. The simulation results are generated
using GD. In particular, at the k& = [t/n|-th iteration, we first update the vectors as w41 /2 = ug —
NVuH(ug, vr) and vy /9 = v — NV H (ur, vi), where 7 is learning rate set as 7 = 5e—3. Next,
Vectors w1 /2 and vy, 1/, are projected to the unit sphere, yielding g1 = wpi1/2/||Ukt1/2]|2,
and vg41 = Vg r1/2/ || Vkg1)2]l2-

Accuracy of the Deterministic Approximations: Figure[T|shows the loss function and inner prod-
uct dynamics compared with their deterministic approximations. The parameters are set as p = 900
and n = 1200. The ground truth vectors are set as u* = [1,0,...,0]" and v* = [0,1,0,...,0]".
The initial points are set as ug = (10u* + z1)/ ||[10u* + 21 ||, and vy = (5v* + 22)/ ||5v* + 22|,
where z;_ € RP and z9 € R"™ are random vectors with i.i.d. standardized Gaussian elements. In
Figures , the SNR is set to A = 0.3, which is below the critical threshold ¢!/4. In contrast, in
Figures l the SNR is set to A = 1.5 > ¢!/, By comparing the dark-colored lines and the light-

colored lines, it can be observed that the deterministic approximations ¢, g,, and H are accurate,
which validates the accuracy of Theorem |l| and Corollary [} Additionally, it can be seen that the
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Figure 1: Theoretical and Empirical Learning Dynamics.

Value of ,(t)
Value of ,(t)

Figure 2: Learning Dynamics with Different SNR Values .

deterministic approximations become more accurate as the SNR increases. This is because, when
the SNR is lower, the random noise Z dominates, thus gq,,, ¢, have more randomness. By compar-
ing the asymptotic values (dash-dotted lines) with the deterministic approximations, the accuracy of
Theorem Rlis verified.

Impact of the SNR: Figure 2] illustrates the theoretical learning curves with different SNR values.
The parameters are set as ¢ = 0.5, o, = 0.211, and o, = —0.121. It can be observed that when
A < V4 = 0.841, G and g, approach to 0 as ¢ — oo. However, when \ > A4, they converge
to go° and ¢3°, respectively, which are positive for the concerned case. This validates the accuracy

of Theorem [2|in terms of the sign of the limits, because \/f‘;ﬁ + ca+ 5 is strictly positive for all
A€0.1,2].

It can be observed that as the SNR increases, the GD-based algorithm learns the hidden information
(u*,v*) faster. From the third sub-figure in Figure |2 we note that although the loss may be larger
during the early learning stage with higher SNR, it eventually decreases to a lower level during the
training. This indicates that learning is a global process and a rapid initial decrease in loss does not
necessarily imply better final performance. Conversely, for data with high potential (correspond-
ingly, high SNR), the loss may not decrease significantly in the initial stages of learning.

Impact of the Initial Points: Figure [3| illustrates the learning curves of ¢, with different initial
values cv,. The parameters are set as ¢ = 0.5 and o, = 0.4. In Figure [3a] the SNR is set to
A= 1.5 > ¢/, while in Figure A = 0.2 < ¢!/, The solid red curve corresponds to the case

where \/10;7 + \/(:a«rﬁ = 0, while the dashed red curve represents the line y = 2(1/0x . —1—+/c).

The trend of the loss functions validates the accuracy of Corollary 2}
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Figure 3: Learning Dynamics with Different Initial Values a,.
It can be observed that the initial value affects the speed of convergence for A > ¢!/4. When a, is

A2+4c
PUNSE

near ¢;°, the gradient flow converges faster. This also provides insights on the learning algorithms.
Given the complex geometric structure of the loss surface, if the initial point is unfortunately located
near some “bad” regions, it may take significant efforts for the model to learn the hidden information
from the data, even though the loss decreases with GD.

close to —a, the gradient flow converges more slowly, whereas when the initial value a, is

5 CONCLUSIONS

In this work, we studied the GD dynamics of the rank-one matrix denoising problem. In particular,
we obtained closed-form deterministic approximations for the inner products between the learned
vectors and the ground truth, and proved that the random learning curves converge to the approxi-
mations almost surely. Additionally, we derived the asymptotic behavior of the learning dynamics,
which is consistent with the BBP phase transition phenomenon. Simulations validated the accuracy
of the theoretical results. Furthermore, it was observed that the gradient flow converges faster when
the SNR is higher and when the initial point is close to the stationary points. In contrast, there exist
“bad points” where learning is disrupted. If the initial value is near the bad points, it takes a longer
time to learn the hidden information even with high SNR.

The main results of this work, i.e., Theorems[T]and 2] have many potential applications and can be
further extended. Given the prior information about the initial points and the ground truth, these
results can be utilized to design early stopping strategies and develop SNR estimation algorithms.
In this work, we have established the almost sure convergence of the gradient flow dynamics, which
corresponds to the “law of large numbers.” The “central limit theorem,” i.e., the asymptotic fluc-
tuation of g, (¢) around gy, (t), h € {u, v}, remains an interesting open problem. Such fluctuations
capture higher-order information about the test errors of learning algorithms. Moreover, the data
model considered in this work is linear. Extending this analysis to nonlinear data structures, such
as random feature models, represents a more general and challenging direction. From a practical
standpoint, investigating these aspects would yield deeper insights into the dynamics of learning.
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APPENDIX

A THE USE OF LARGE LANGUAGE MODELS (LLMS)

In this work, we utilized LLMs for grammar checking and text polishing to enhance the readability.

B MATHEMATICAL TOOLS

In this section, we introduce the mathematical tools used in our analysis along with related discus-
sions.

B.1 RESULTS ON CALCULUS OF FUNCTIONS

Lemma 1. (Gronwall’s Lemma) Let T' > 0 and h be a nonnegative bounded measurable function
on [0, T such that, for every t € [0,T],

t
h(t)<a+b / h(t)dt, 27)
0

for constants a = 0 and b > 0. Then, we have, for every t € [0, T,
h(t) < aexp|bt]. (28)

Lemma 2. (Final Value Theorem) Let f € C(R.y) be such that lim;_,.. e~ f(t) = A exists for

some a > 0 and A € R. Moreover, assume that g € C(R,.) satisfies [~ e~ *|g(t)|dt < oco. Then,
we have

lim e “(fxg)(t) = A- /OO e "g(t)dt. (29
0

t—o0

Lemma 3. Ler f € C([a,b]) be such that f(b) # 0 and o« > —1. Then,

b «
-~ I, f(x) exp[y/xt](b — x)*dx _ 1 30)

T poyexplvVir(a+ 1) (22)"

where I'(z) = [

o t*"!exp|—t]dt denotes the Gamma function.

Proof: The proof of Lemma 3]is given in Appendix O

B.2 RESULTS ON RANDOM MATRICES

The deterministic approximation of the gradient flow relies on the convergence of the resolvent for
the covariance matrix of Z, which is defined as

Qz)= (22" —21,) ", G1)

where z € C such that Q(2) is well-defined. The co-resolvent is defined as Q(z) = (Z7Z —
zIn)*l. The convergence of the resolvent is a fundamental topic in RMT (Bai et al.|, [2010), as it
characterizes the spectral distribution of the random matrix Z. Recall ¢ = lim,, 5,0 p/n. Define
E_ = (1-+/)% E; = (1+ +/c)? and the set M = {0} U [E_, E,]. The following lemma
describes the asymptotic behavior of the resolvents.

Lemma 4. (Convergence of the Resolvents) Assume Assumptions|[I|and 2| hold and let w € R and
v € R™ be deterministic vectors with ||ull, = ||v|, = 1. Let I be a compact set in C such that

dist(T', M) > 0. Then, we have,

sup |uTQ(z)u —m(z)| —22 40, (32)
z€T pn—00
sup "UTQ(Z)’U — m(z)| 2% 50, (33)
ZEF — pP,n—00

13
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sup |u' Q(z) Zv| —=2— 0, (34
2€l p,n—00

where m(z) is the unique solution to

zem?(2) — (1 — ¢ — 2)m(z) + 1, (35)
such that m(z) € Cy = {z: ¥(z) > 0} for z € C4, and m(z) = cm(z) + (¢ — 1)/ =
Proof: When I is a singleton, the proofs for and can be found in (Bai et al.,|2010; (Couillet
& Liaol [2022). The extension to a general compact set I' follows from an e-net argument and a

similar discussion as in (Bai & Silverstein, [1998] Eq. 3.23). The proof for (34) is given in Appendix
13l O

In fact, it can be shown that m(z) is the Stieltjes transform (Bai et al.,|2010) of the MP distribution.
Specifically, we have the integral representations

m(z) = /R pde) -y = /]R wldz) (36)

r—z r—z

where

pldz) = (1—¢1) " 6(0) + V(- E)HE, —a)t

x
2rex ’

p(dz) = (1 —¢)"6(0) + Vi = E72)7;(E+ — x)+dx. 37)

C PROOF OF THEOREM

In this section, we will prove Theorem|[I] The proof consists of four parts.

1. We first construct a system of differential equations for the characteristic functions (Stieltjes
transforms) associated with @ which are more tractable.

2. We establish the existence and uniqueness of the solution with a specific integral represen-
tation.

3. Using Lemma {4, we develop a deterministic approximation for the original system and
obtain a closed-form solution.

4. Leveraging the integral representation and the uniqueness property from Step 2, we show
that the solution to the original system converges almost surely to that of the approximate
system.

C.1 DERIVATION OF A TRACTABLE SYSTEM OF DIFFERENTIAL EQUATIONS

We start by expanding the gradient flow in (@) to
d fu] [ Xve—wu Xo,
dt o XTut — ’Utv;rXTut
[ Zv, + \u*v* o, — wu) Zvg — dugu, Tuv* "o,
| Z Ty + Moru* Tuy — v ZTuy — Mo viu Tut
[ Zv + Mgy (t) — fuwn(t)u (38)
_ZTut + )"U*qu(t) - fu,v,)\(t)vt ’

where fu oA (t) = guo(t) + Agu(t)qu(¢) and g, ,(t) = (u, Zv,). Directly solving the above
system is challenging due to its highly coupled nature. To this end, we define the inner products
(qu, qv) and the resolvent-related functions as follows

Cu(z) = (u”, Q(2)u"), Cu(2) = (v",Q(2)v"), Duo(z )= <u*,Q(2)ZU*>’
Gu(t,z) = (u, Q(2)u") , Gu(t,2) = <vt,Q 2)v*), Eult2) = (ur, Q(2)Zv"),
Ey(t, 2) = (U, Q(2) Zvr), Tult, 2) = (ur, Q(2)us) u( )= (v, Q(2)vr)

14
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IT, (8, 2) = (us, Q(2) Zvy) . (39)

The quantities defined in (39) can be viewed as the characteristic functions (or Stieltjes transforms)
associated with the inner products. To illustrate this, consider G, (¢, z) as an example. By selecting
a positively oriented contour I' that encloses all the eigenvalues of ZZ ", and applying Cauchy’s
integral formula, we obtain

271_]7{(? (t,2) = qu(t). (40)

To simplify notation, we define the symbolic variables set Spge = {Gu, Gv, Zu, Zvs Ly Lo, My o}
Using (@), we can derive the differential equations for each S € S,q.. Formally, we
introduce the following system of differential equations for the complex-valued functions
GU7GvaEuaEU7Hu,v7TU7T1} : R+ xC—C

0

D Gult,2) = Zu(t,2) 4 M) — Fuwn (DGt 2), @)
D6u(12) = 21,2 4 MuOOLE) — Funn (G 2), (@1b)
aat w(t,2) = qu(t) + 2Gy(t, 2) + Mgy (£) Dy v (2) — fuox(t)Eu(t, 2), (41¢)
aat o(t, 2) = qu(t) + 2Gu(t, 2) + Aqu(t) Dy v (2) = fuwx(t)Zu(t, 2), (41d)
%Huyv(t, 2) =24 z[Tu(t, 2) + To(t, 2)] + Mg ()20 (£, 2) + qu(t)Zu(t, 2)]

= 2fup A (O (L, 2), (41e)
b O u(1,2) = T l1,2) + Mo(DGult2) — Fuor () Talt,2), @1
L D (42) = T (:2) + AGu(G(1.7) — Fun (T (1. 2), @1y

subjected to the initial conditions
S(0,2) = Bg(z), VS € Sode- 42)

There exists a bounded interval I C R such that for any given ¢t € Ry and S € Syge, 2 — S(t, 2)
is analytical on C\I. Additionally, the following constraints hold for all ¢ € R and any positively
oriented contour I' enclosing I

fuv)\(>—guv +)\Qu()v()7

= QWJ%G (t,2)dz, ¢,(z) = QWJ%GtZ

IL,, . (¢, z)dz, 5 Y. (t,z)dz = ——

Guw(t) = T,(t,z)dz = 1. (43)
®) 27T]r T Jr 27y Jr (t,2)

C.2 EXISTENCE AND UNIQUENESS OF THE SOLUTION

A fundamental question is the structure of the solution to the system of differential equations (T].
In the following theorem, we show that if the initial conditions Bg(z) for S € S,4e, together with
the functions C\,(2), C,(#), and D, ,,(z), admit certain integral representations (which include (39)
as a special case), then the solution to exists and is unique within a certain family.

Before delving into the details, we introduce the definition of a “good transition kernel”. Specifically,
a function p : Ry x B(R) — Riis called a good transition kernel if and only if

» Foreacht € Ry, u(t,-) is a signed measure on R with bounded total variation.

* The support is uniformly bounded: there exist I/ < oo such that

sup sup{supp(u(t,-))} < E. (44)
t>0
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* For every Borel set A € B(R), the mapping (-, A) is continuous in the sense that
tim [}, ) — (¢ 4, )y = 0. (45)

Define the family of functions Sk as

p(t, dz)

Sk = {f Ry xCw (C‘f(t, z) = / , i is a good transition kernel } . (46)
R, xr—Zz

Theorem 3. Assume that functions C.,, Cy, and D,, ,, admit the following integral representations

cu<z>:/R”C“((m, Cv(z):/R“C“(dx), Du,v(z):/R“D’“’(dx), @7)

r—z r—z r—z

where [1c ., [LCw, and D ., are non-negative finite measures supported over R .. Moreover, their
support is bounded, i.e, supp(uc, ), supp(pc, ), and supp(pp, ,) C [0, E] for some E < oo and
z € C\[0, E). Further, assume the initial conditions Bg, for S € Seyqe also have the integral
representations of the form

d
Bs(z) = / vstde) (48)
R L —Z
where vgs are finite signed measures supported in [0, E] and satisfy vy, (Ry) = vy, (Ry) = 1.

Then, the system of equations (@1)) admits a unique solution (Gu, Gy, 2, By, I, v T, T,) € S7,C.

Proof: We first establish the existence of local solutions via Picard iteration by inductively con-
structing the corresponding integral representations and proving the convergence of the underlying
measures. Choose the initial functions S° € Si for all S € S,4. represented by good transition
kernels p%s, such that

0
So(t7z) :/ ‘uS(t’dm)a S S Sodea (49)
R

xT—2z
with u§ (8, Ry) = p§ (£, Ry) = 1forallt > 0and (0, ) = vs(:) forall S € Spqe. Suppose the
induction hypothesis holds for k. We then show that 1) S**1 € Sy; 2) the support of the underline

measures /% 's are bounded by E, and 3) uk'H (t,Ry) = ul}"‘l (t,R4) = 1 under Picard’s iteration
scheme. In particular, the iterate G,, is given by

t
Gﬁ“(t, z) = Bg, (2) —|—/ Ef(m z) + )\qff(a)Cu(z) — 5’1,7)\(&)6’5(@, z)da. (50)
0

By the induction hypothesis, we can obtain

t
GEHi(t,2) = / ve.(dz) // vz, (0 dr)da +)\/ qf(a)da/ Ho.(dz)
R, r—z Ry r— =z 0 Ry r—z

k
/ / fu v, /\ (a,dx)d 7 (51)
Ry xr—Zz

where ¢;(t) = u¢, (t,R), a5 (t) = pé, (4,R), g5 ,(t) = pfy, , (H,R), and fF \(a) = g5 ,(a) +
Mg (a)g¥(a). By Fubini’s theorem, we can construct the following iterative scheme for yc,

t
R A) = ve () + [k (@A) + b @ne, (4) = 75\ @k, (@ A)da, (52
0
for any Borel set A € B(R). The total variation for ,uk“ (t,-) can be bounded as

Hlu‘g:l ¢ ||TV < ”VGU,

rv [ @y + @) i

+ 1 fnon(@] ||, (@) 1y da, (53)

which is finite. The continuity condition @3) follows directly from the definition of the iteration
scheme. Since 1% (a, ) and vg,, (+) are supported over [0, E|, the measure ukH( t,-) also supported
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over [0, E]. Therefore, ;/étl is a good transition kernel and G¥*! € Sx. By construction, the

relation S**1 € Sy for the remaining terms S € S,4. can be shown in a similar manner, and we
directly give the iteration scheme for the transition kernels as follows

t
WSt ) = v, (4) + / WE (0, A) + Ak (@po, (A) — £5 oy (@b, (0, A)da,  (54a)
0
t
WS (1, A) = v, (A) + / HE (0, A) + M\t (@)pe, (A) — 15, (@), (a, A)da, (54b)
0
PEFL(EA) = ve, (A / da / el (a,dz) + A (@)pp, , (dz) — £5, A (@)k. (. dz),
(54¢)
t
WLt A) = e, (A) + / da /A zpt, (0, dz) + At (@), , (dz) — ££, \(@)k (a,dz),
(544d)
uﬁ“ (t,A) = v, , / / (a,dz) —i—a?,uT (a,dz) +)\qv( ) Pz, (a,dz)
+Aqﬁ( )k (a,dz) —2f,’fv( )i, , (a,dz), (54¢)
0 A) = e, ()42 [ o [ )+ b0, (0 0) — 5@k, a.00)
(54f)
0 A) = e, () +2 [ o [ (ad0) @, (000) — i, (0,0,
(54¢g)

k+1 k+1(

k+1

-) is contained in [0, E].
k'H is analogous),

Obviously, for any j1g"", S € Soqe, the support of the measure
Here, to show that ukH is a good transition kernel (the argument for pi-
we use the fact x+ < F and

and puy

/ rpb, (¢, d)
A

|zpé, ()| 7y = sup < Esgp‘Auéu(t,dm> = E||ué, ()|l py - 55

By the induction hypothesis yi% (t,Ry) = p% (£,Ry) = 1, we have
t
MI’;‘+1( 7R+) =y, (R+) + 2/ ,U/’ﬁum (a7 RJr) + Aqf(a’)ugu (G,R+) - lef,v)\(a)u']}:‘u ((l, RJr)da
0

t
—142 / g (@) + A¥(@)g (a) — 1¥, A(a)da = 1. (56)
0

The relation u’;tl (t,Ry) = 1 for any t follows analogously. This completes the inductive step, and
we have thus constructed sequences {S*}>¢ in Sk.

Next, we will prove the existence of the local solutions. By the continuity of the kernels, we can
choose a sufficiently small positive number 7" > 0 such that for any k£ > 0, the following holds

e max {5 () = vsOllgy s 15 ) [}y, < U VS € Soaes

sup |fr , (8] < U, (57)
0<t<T

where U > 0 is a constant. In fact, the bounds are proved by induction. Assume it holds for
some k > 0. Then for k + 1 and any Borel set A C R, we have

T
BT, A) - v, (4)] < / IE (@, A)] + a (@)l e, (A)]

+[fiva(@] |16, (@, 4) = ve, ()| + | fi A(@)] [v6,(4) da
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<T(U+Ulluolry +U*+Ulva,lry) - (58)

Now, choose T" such that T < (14 |pe, ||y +U + |va., TV)f1 (note that since p2(t,-)s
are good transition kernels, such a T exists). Then, for this choice of T, we obtain
|ulggl(T, A) - VS(A)| < U for any Borel set A. The bounds for the other measures follow similarly
and the details are omitted.

We now prove the convergence of the measures on the interval [0, T']. To this end, define

M (t) = goax {[|ug™ (t,) = s (t:) |7y } - (59)

Hence, for each k and a € [0, T'], the following estimates hold

98 0(0) = g5 (@)] = |y, , (0, R) = ! (0, R)| < M- (a),

£on(@) = FEA(@)] < AU+ )M (0), (60)

w,v,\ w,v,\

Consider the difference of successive iterates for ug,

5L (1 A) — b, (1, 4)] = / WE (0, A) — EY(a, 4)
+ ¢ (@)pe, (A) — ¢FH(a)pc, (A)

— (Froa (@, (0, 4) = FE A (@uE (0, 4)) da

t
g/ 1+ |, | (A) + U + 1) + U] Mi_1(a). 61)
0

Taking the supreme over all Borel sets A, we obtain for all ¢t < T'

t
I 4 = () Ly <€ [ M@, ©

where the constant C' = 1 + ||uc, || + U(2AU + 1) + U. By analyzing the remaining terms
S € Sode, We can get similar inequalities with different constants C. Combining the estimates for
all S € S,4e and using the definition of M (t), we obtain

. t
Mi(t) < © / M1 (a), (63)
0

where the constant C is independent of k. Since My(a) < 2U, an induction argument shows that
forevery k > 1

2U(CT)*
sup Mk(t) < M

64
0<t<T k! (64)

In particular, we have -, -, supg<;<p M(t) < oo. Therefore, for each ¢ € [0, 77, the sequence

of measures {5 (¢, )} converges in total variation to a limit measure p (¢, -), for every S € Spge.
Passing to the limit £ — oo in the iterative scheme (54) and using the integral representation, one
can verify that the functions defined by

r—z

5(t,2) :/M, te[0,T), = € C\[o, B, (65)
R

satisfy the system for all S € S,qe. The convergence of total variation implies that each
p (t, ) is finite and supported within [0, E]. Moreover, since the convergence is uniform in ¢, i.e.,
supycr ||k (t, ) — pF (t,)|| 7, — 0 as k — oo, it follows that 4 (, -) is continuous in the sense
that lims_,o || 42 (t,-) — & (t +0,-)|lp, = Oforall t € [0,7] and S € Soge. This implies 2,
S € S,qe are good transition kernels.
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To prove uniqueness, we argue by contradiction. Suppose there exist two distinct solutions .S, and
S, belong to Sx with underlying measures 15 1 and jig,2 for each S € Sy4.. Denote

M(t) = sup {llpsa(t ) = psat, gy - (66)
ode

By the inversion formula of the Stieltjes transform (Hachem et al.l 2007), for ¢ = 1,2 and any

interval [a, b] C R, we have

i t, a, b 1. b

st b))+ B L [P 5,00+ 58)) da 7
2 m Blo J,

By considering the difference between the two equations associated with .S; and Ss, and using the

inversion formula @]) and together with a standard -\ argument (Le Gall,|2016)), we conclude that

M (t) satisfies

t
M) < C / M(a)da, ¥t € [0,T), 68)
0

for some constant C' > 0. Since ||ps,i(t,-)||lp .7 = 1,2,S € Soqe is bounded, it follows from
Gronwall’s lemma (Lemmall)) that M (t) = 0 for every ¢ € [0, T], which establishes local unique-
ness. We have thus demonstrated the existence and uniqueness of the solution on the interval [0, 7.
Using a standard extension argument for solutions of differential equations (Hartman), 2002), the
solution can be extended to all ¢ > 0, and we omit the details. Therefore, we have completed the
proof. O

It can be verified that the solution to the system of differential equations exists uniquely. Sub-
stituting this solution (u., v;) into (39) yields S(t, z) for each S € S,4.. Moreover, the functions
Bs, Cy,C, and D, , satisfy the conditions of Theorem [3| with probability one. Consequently, the
solution {S(t,2),S € S,4e} coincides with the solution {S(t,2),S € So4e} given in Theorem
For example, let the SVD of Z be givenby Z = UAV " =Y ;O va. Then, we have

S [UTw ] Fe, (dz)
Cul2) = (w", Q(2)u") = "= / = (69)
j; 0F —z R T—2Z
where the distribution function is given by Fe, (z) = >%_,[U u*]31{07 < x}. The integral

representations for the other terms S € S,q4. can be verified similarly and details are omitted for
brevity.

We note that the agreement between these two solutions indicates that the solution of (41) within Sx
accurately captures the learning dynamics of matrix denoising.

C.3 CLOSED-FORM SOLUTION TO THE APPROXIMATED SYSTEM

Although Theorem [3] characterizes the solution structure of #I), obtaining a closed-form solution
is still infeasible. This is due to the fact that the functions C,,, C,, and D,, ,,, as well as the initial
conditions Bg, are random and lack explicit expressions.
However, in the high-dimensional setting, Lemma 4] implies these quantities will converge to deter-
ministic limits. Specifically, as p, n — oo, for any z € C\ M, we have

a.s.

Cyu(2) 2 m(z), Cy(z) 2, m(z), Dy,(2) —— 0, (70)
P,N—00 P,n—00 P,N—00

and

[BGu (Z), BGu (Z)7 BTu (Z)v BTU (Z)a BEu (Z)a BEU (2)7 BHu,u (Z)]
== [aum(2), aym(z), m(z), m(2),0,0,0], (71)
where a, = (ug,u), o, = (v, v), and m(z) and m(z) are defined in Lemma [ Heuristically,

we may substitute the random functions Bg, C,,, C,, and D,, ,, with their deterministic limits and
consider the following asymptotic system of differential equations
0

aGu(t, 2) = Ey(t, 2) + Agp(O)m(2) — fuox(t)Gu(t, 2), (72a)
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8Gult,2) = Zult,2) + A=) — fuor (G 2), (720)
D 2.(0,2) = 0u(t) + 2Cult,2) — fuw DB, 2), (720)
5750(6:2) = 0u(t) + 2Gu(t, 2) = Fuwa(DEs(t,2), (72)
Ot (1,2) = 24 2Tt 2) Tt 2)] + Mo (Zo (1, 2) + 0uDZlt, 2)]

= 2fuwa () (2, 2), (72¢)
b o Tu(t2) = Wy (2) + A0 (Cu(E2) — fuoa (Tl 2) (720
% . %TU@, 2) = Ty (t, 2) + Aqu ()G (t, 2) = fuwn(t)Tult, 2), (729)

with initial conditions given in and subject to constraints (@3). We note that, according
to Lemma [4| and (]7_’1‘[), the initial conditions Bg and the functions Cy, C,, and D, , (where
ip, ,(t,-) = 0) satisfy the assumptions required by Theorem [3| Consequently, the system ad-
mits a unique solution within the family Sx.. The remainder of this section is devoted to deriving the
closed-form expressions for the components in (72). Note that our final objective is to solve for g,
and q,, since they characterize the learning dynamics.

We begin by simplifying the system of differential equations using the method of variation of pa-
rameters. To this end, we define the auxiliary function F, , »( fo fuwr(a)da and

Gh( ’ ) a (t Z) exXp (7Fuﬂ),>\(t)) ) Th(tv Z) = Th(tv Z) exp (72Fuyvy>\(t)) ’
h(f 2) =% (t z)exp (—Fupa(t)), an(t) = Gn(t) exp (= Fupa(t)), h € {u,v},

wo(t, 2) =1L, o (¢, 2) exp (=2F, v A (1) s Guw(t) = Guw(t) exp(—2F, (¢)). (73)

To solve for g, and gy, it suffices to analyze gy, §,, and F, ,, ». Substituting into (72)), we obtain
the following system of differential equations

%@u(t, 2) = MG (t)m(z) + B (t, 2), (74a)
2Gu(t,2) = M (Om(=) + 2, 2), 74)
%éu(t, 2) = Go(t) + 2G,(t, 2), (74c)
aéq,(t, 2) = Gu(t) + 2Gu(t, 2), (74d)
o Tu(t, z) = 200y o (£, 2) + 22 () G (t, 2), (T4e)
%Tv(t, 2) = 2y (t, 2) + 27Gu(t) Gy (t, 2), (74f)
9 ~

Iy o (t, 2) = 2Fwvr® 4 27 (t, 2) 4+ 2T, (¢, 2)

F A (0Z0(t, 2) + u(t)Eu(t, 2)]- (T4g)

Next, we analyze the equations in the Laplace domain. Here, for a function f, if there exists
a constant a with sup,q | f(t)e~*| being finite, its Laplace transform is defined as L[f](s) =

ot

fo Je~stdt for R(s) > a. Treating z as a constant and taking the Laplace transform with
respect to t on both sides of (74), the following linear system of equations is obtained
SLIGu)(s, 2) — aum(z) = dm(2)L[G,](s) + LI, (s, 2), (752)
SLIG) (s, 2) = cwm(z) = Am(2) L[Gu](s) + LEu](s, 2), (75b)
SLIZ.(s,2) = L[G](s) + 2L]Gy) (s, 2), (75¢)
SL[E,)(s,2) = L[Gu)(s) + 2L[G] (s, 2), (75d)
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sE[Yu](s, z) —m(z) = 25[1/'\[“7@](8, z) + QAE[quau](s, z), (75e)

SLIT,) (s, 2) — m(z) = 2L[, 0] (s, 2) + 2ML[3u G (s, 2), (750)
SLL, ) (5,2) = LMo (s) + 2L[T0](s, 2) + 2L[T,](s, 2)

+AL[GE0](5,2) + L[GZ] (s, 2))- (75g)

We first handle (73a)-(75d). Solving £]G,,] and L]G,], we have
awsm(z) + Asm(2)L[g,](s) + L[gu](s)

LIG.)(s,2) = P (76)
LIG)(s, ) = Lo /\Smg)_ﬁ[?](s) IO 77

Choose s such that s> ¢ M. Let I be a contour that encloses s and does not intersect M. Then,
by performing a contour integral with respect to z on both sides of (76) and (77), we obtain

0 = aysm(s?) + Asm(s”) L[g](s) + L[Gu](s), (78)
0 = apsm(s?) + Asm(s?)L[G](s) + L[G](s). (79)
Solving the above system of equations with respect to £[g,] and L£[g,], we have

a,As?m(s?)m(s?) — a,sm(s?)

‘C[au](s) = 1— )\282 (82) (82) ’ (80)
ayAs*m(s?)m(s?) — a,sm(s?) &1

Llg](s) = 1 — A252m(s2)m(s2?)

We solve ¢, (t) first. According to the fundamental equation (33), we have zm(z) + zm(z)m(z) =
—1 and zm(z) + zem(z)m(z) = —1. These identities yield

= a,As?m(s?) — ays m(s?)
Llau](s) = pY. 1z + 1+ s>m(s?)
(@ 1+ 22 (apAs?m(s?) — ays)(em(s?) + lf‘r%)
DY 1+ 2)(1+22) —s2
_ ay (1 + 22%) s2em(s?)m(s?) ta )\SQm(SQ) ~auc(l+ A?) sm(s?) s
A ?9)\—82 v 19)\—52 /\2 ?9)\—82 19,\—32
a,s?m(s?)  aye(l+ A2?) sm(s?) s a, (14 \2)
T —52) A2 0y —s2 Oy —s2 AUy —s2)
=Qu1+Qua+ Qus+ Quua, (82)

where step (a) follows from the identity (zm(z) + 1+ 35 ) (cm(z) + ﬁ%) =m(2)(1+ 55— 150)-
Next, we calculate the inverse Laplace transform for each term (), ; separately. Beginning with
_ ay . [$*m(s? Qy
£ Qual ==t [ S| = S

Qu,1, we have
/ s*p(dz)
N A (O — s2)(z — 5?)

SR C e K [ e PG

(07

— =St = 5 [ altan, <o) (Oulda), (83)
R

2

where step (a) follows from Fubini’s theorem. The inverse Laplace transform of @, 2 is given by

1 [Qua] = Cage(1+ )\2)/:,1 [sm(SQ)] __owc(l4 /\Q)E,1 {/R y sp(dx) }

A2 9y — 52 A2 A — 82)(x — s?)
wc(1 4+ A2
= —%j) /}R (L1, * 03.2)(E)u(da). (84)
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The inverse Laplace transforms of ()2, and ()3, can be obtained directly from standard tables:
“Qus) = auly v, (t ) and L7HQu4] = Mﬁg’z(t). Consequently, summing all the inverse
transform results yields (8] The derivation for qv(t) is analogous, and we omit it for brevity. Note

that by analyzing (75a)-(75d), explicit expressions for G, and Z, h € {u, v} can also be derived.
However, these intermediate quantities are not directly relevant to the objects. Instead of solving
them explicitly, we use their Laplace transforms.

In the following, we solve (75€)-(75g) to derive the explicit expression for e Fuvx(®) - Solving for
L’[Hw,] we have /3[ ww(8,2) = II1 + II5 + I3 + II4, where

sLle?Fuv](s) zm(z) + zm(z)

= s2—4z I, = — 4z ’
7. 22L@ G (s, 2) + L3.Gl(s, 2)]
3 - 2 _ 4Z 9
AS[L[GE (5, 2) + L]GuZu](s, 2)]
I, = L ) (85)

Let both s2/4,s% ¢ M and choose a contour I' that encloses the MP support M but excludes
the points 52 /4 and s?. We then analyze the contour integral of each term in (83). Clearly,
j;F II7dz = 0 since H 1 is analytic inside and on I'. For term I/, we have

1 S mas— L e remz) o 1 jg . /wu](dx)dz
rs z

z2= 7= —
2wy 2 27y Jp $2 — 4z 21y T—z

27r]

_/R[M-|-H](da:)52 f4x. (86)

We now evaluate the integral of I75. By the definition of the Laplace transform and Fubini’s theorem,
we have

20z [£]3,G(5.2) + TuChl(s, 2)]

II3dz = — d
219 j{ = i $2 — 4z
oo 2>\z qv (t )+ Gult )év(az)}
j{ / e stdt
271'] —4z
= 2)\/ Qo) 3, (t)e ’Stdt+2/\/ Qu(t) I3, (t)e " dt, (87)
0

where 113 ,(t) = 27{3 $pdz Zfz (ZZ and 113 ,(t) = 27” $rd ZéGQ“_(i’j). Next, we solve IT3 (1),

h e {u, v}. Due to their similarity, we will only focus on IT3 . It is more convenient to handle its
Laplace transform, which is given by

L[MTa.)(r) = £ [;m f G_(Z)d] (r) = 2% ]{ s

(@ 1 %F . z 4Z (aurm(z) + Arm(2)L[g,] (1) —|—£[un}(7‘)) da.

21y 2

ayr+ )\C [Gu]( zp(dx)

B ?{ / V(2 —2)(z—2)

_ (auT + Aﬁ[qv]( )7r) dm)

S A e e

where we enforce 72 ¢ M and r? lies outside the contour I'. In step (a), we use the identity (76).
Taking the inverse Laplace transform (with respect to the variable 7) and applying Fubini’s theorem,
we get

= o 4 r B Az —1 [ £lgo](r)r
My = /R s2 — 4x£ {7’2 - l’:| plde) /R 52 — 4I’£ { r2 —g plde)
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@ / autlio() oy / A2(@o* ba)(t) gy (89)
R R

s2 —4x s2 —4x

where step (a) follows from the convolution property of the Laplace transform £(fxg) = L(f)L(g).
Similarly, we can obtain

H3v=—/ROMH(dx)—/RMM(d$)- (90)

’ §2 — 4z 52 —4x

Substituting (89) and (90) into (87), we obtain

1 oo -~ ~ ~
_— j{ II5dz = _2)\/ / TGy (1)01,2(t) '; Ay (t)(Go * 6,2) (2) p(dz)estdt
21y Jr o Jr §2 —4x

_ 2/\/ / @Gy (1) 01,2 (1) + Axqu (t) (qu * él’gc)(t),u(dx)e_“dt
o JRr

52 —4x =

= —QA/RauxL[q% < ,2)(5)Lll2,2](5) + ArL[Go - (G * 1,2)](5) L[l2,2](s)p(d)

- /]R LG - b ,2)(8)Lll2,2)(5) + ALy - (Gu * £1,2)](5) L[l2,2] (s) p(dr)

—~

a

= 72/\/Rozux£[(é}, A z) % Lo ] (8) + A LA[Gy - (G * l1,5)] * oz} (s)p(d)

=

— 2\ /R T L[(Gu - l1,2) ¥ loz](8) + A LA[Gu - (qu * 1,2)] ¥ Loz} (s)p(de), On

where in step (a) we apply the convolution property. The contour integral for 74 can be evaluated

using a similar method to that for I73, utilizing the Laplace transforms of Eu and Ev. We provide
the result directly as follows

1

o fr Madz = —A /R it Ll(@ - fa.0) % Laa)() + ATLAG - (o % £a.0)] * a0 }()(der)

— )\/Rozvzﬁ[((/ju l3,2) % Ly ) (8) + ATLL[Gu - (Gu * l3.0)] * Loz }(s)p(dx). (92)

Since 2%; $p W (t, 2)dz = — gy (t), we have 2%] [ L[L,.,)(s,2) = —L[Gu](s). By taking the

inverse Laplace transform and using (86)), (O1)), and (92)), (TT) is obtained.

Finally, we establish the relation between g, ,, and ef=»*. Choose I that encloses M and let |s| be
large enough such that s%, s%/4 lies outside T'. Using (75€), we obtain

—sL[e*uvn] = 2%] fép m(z)dz — 2L[Gu.] + 2%] ]i IAL[G, Gl (s, 2)dz, 93)

which yields
t
eQFu,,v(t) = 1 + 2/ gu,v (a)da'
0

+ [ da [ n(@o) (20,00 (@00 + 2%, @@ <)@} O

Thus, we have derived the closed-form expressions for e and Gu,v- Substituting these results

into (73¢)-(75g), the closed-form expressions for (1., T, [T, ,,) can be obtained. By verifying that
these solutions satisfy (72a)-(72g)), we conclude that the system of equations has been solved.

C.4 ASYMPTOTIC EQUIVALENCE OF THE SOLUTIONS

Let {S™M), S € S,4.} denote the solution to (#T)) where the initial conditions Bg and functions C,,,
Cy, D, ., are given in (39) with (u;,v:) = (uo, vo). Denote the underlying measures for S (1) as
,ufgl), for every S € Soqe. Similarly, define {S?), S € S,4.} as the solution to with S@) e Sy
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for all S € S,4e With underlying measures M(SZ). Let I' be a positive contour enclosing and all

eigenvalues ZZ T and M. According to (Bai & Silverstein, [1998, Theorem 1.1), the largest and
smallest non-zero eigenvalues of ZZ ' converge almost surely to £, and E_, respectively. There-
fore, the deterministic contour I' is well-defined with probability one. We note the identification

qif)(t) = qn(t), q;(L )( t) = qu(t) for h € {u,v}. Define

M(t) = sup max {‘S(l (t,2) — SP(t, 2) } 95)

2€Tl S€Sode

L:supmaX{IBGu(Z)—aum(Z)\,IBGU( ) — awm(2)[,[Br, (2) —m(2)[,

zel
|Br,(2) —m(2)],|Bz,(2)], Bz, (2)], | Bn,,, (2)],
Culz) = ()] Cu(2) = m(2)], | Duu(2)] }- (%)
In what follows we show that M (¢) — 0 almost surely. By definition, we have \qf,l)(t) - qf,Z) )],
16D = @ @) 1955 1) — 982 ®)| < |T|/(27) M (¢), where |T'| denotes the length of T. Further-
more,
IFI

‘IFIM() o)

< (142X M(8), 97)

U,V A U,V A

T A= T2 < A AP+ )

where the variables ¢ are omitted. In step (a), the bound |qv | < 1 follows from the existence and
uniqueness of the solution to (38) and its agreement to the integral representation in Theorem 3] as

discussed in Section The inequality |qu | < 1 can be derived similarly. Now, by considering
the difference of the equations related to =,,, we obtain

=E0(t,2) — ED(¢,2)| < B, (2)] + / dalg() (@) - ¢ (@)] + || |G (a,2) - GP(a, 2)|

1@ [ED (@,2) - 22, 2)|

=) (q, z)‘ . 98)

+ Algq
+ 110 @) = 18 (@)

Due to the continuity of the good transition kernels and the finite total variation of the measures, for
any fixed 7' > 0, there exists a constant U such that supy;<7 | fu,v,x(t)| < U. Furthermore, for
every j € {1,2}, S € Sy4. and z € T, we have

a\|Du, 2+

(49)
(t,dx) ;
sup |SU(t,2)| < sup /'”S| D < sup d! 6@ || <o o9
0<t<T 0<t<T |$ - Z| 0<t<T TV

almost surely, where d denotes the distance between the (common) support of the measures and I'.
Taking the supremum over z on both sides of (98)), we get, for every ¢ € [0,T],

ey 14 2\)U|T
E&l)(t,z)—gg)(t,z)’ <L+/ <|2W|+Su 12 |+%+
0 zell

sup
zel

U) M (a) + ALda

<O+ Cg/ M(a)da, (100)
0

almost surely, where C1 = (1 4+ A\T)L and Cy = % +sup,cr |2 + (1++72U\F| + U. By Lemma
[ it follows that C; — 0 almost surely as p,n — co. In contrast, the constant C'y depends only on
the fixed deterministic contour I' and the bound U, and thus remains upper bounded. This argument
extends to all other components SV, S() € S, ., leading to the composite bound

t
M) < Cy +52/ M(a)da, (101)
0

almost surely. where C, are upper bounded by polynomials in L and C is a bounded constant.
According to Gronwall’s lemma (Lemmal[T]), we obtain
sup M (t) < Cy exp(CoT). (102)
0<t<T
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Again by Lemma {4} we have supg<,; <1 M (t) — 0 almost surely, as p,n — oo. This implies, in
particular, that for every h € {u, v},

sup |q,(11)(t) - q,(f) (t)] < sup M(t) — 0, (103)
0<t<T 0<t<T
almost surely. This completes the proof. O

D PROOF OF THEOREM

D.1 CASEIL: ) > cl/4

We begin by analyzing the asymptotic order of ,(t) as ¢ — oo. We express () in the form
Gu(t) = Z1(t)+Z2(t)+ Z5(t)+ Z4(t) and evaluate each term separately. Through direct calculation,
the following is obtained

e*'\/’&)\t e\/ﬂ)\t
ggx(t)*ggﬁ (t):— +
’ e 2\/19,\(19A—"E) 2\/19)\(19)\—1’)
eVt eVt

T Oa ) | 2w ) .

Since A2 > /¢, it follows that 9y > (1 + +/¢)? = E, . Consequently, we have
7% emt T (dx) B % ﬁeﬁt

X 20 Jo On — 2B N Jo 70y B
@ eNaye a, [PrzeVT /(o —E_)(Ey — )

@) & dz + o(1
NN T Gr= z+o(1)

VOt / _ +\1/4 Bt
(b) € o Q,C Ay E+ E_ (E ) € + 0(6\/att_3/2)7 (105)

Zi(t) =

= - +

2¢/0 A3 2AN27(9y — E+) 132
where step (a) uses properties of the Stieltjes transform of the MP law (Couillet & Liao, 2022)
1

ham(dy) =-1—- ————— 106
Am(i:) max(cA=2,A\2)’ (106)
and step (b) follows from Lemma[3] For the term Z5(t), we have
VIt _ o=Vt AeVIat
e e ayde
Zs(t) = apA = +o(1). 107
Similar to the evaluation of Z; (t), and using the identity
e~ Vit eVt eVt eVt
Oy,9,(t) % 43 () = - - , 108
B I (2 B e B e M
we can get
wc(l+ N2 d Brevet (B, — - E_
Zy(t) = — Sl £AT) emf/Mf/ VE —)@—E) | o)
2)2 RUN— B (9x — x)2mcx
uc(A2 + 1)eVort ay(1+ M) /E, —E_ eVE+t

VEHE=3Y (109
2()\2 +C))\2 2/\2(19)\ —E+) /27T(E+)1/4 t3/2 +0(€ ) ( )

By definition, Z4(t) = ayeY?*'/2 + o(1). Combining these results, the following estimation is
obtained

) = 9 [ v Su |V
INVNZ+ e [VI+HAZ VAZHe
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VE: —B- Ja(BEDY* (14 22)] eV +o(eVET Y312

227 (05 — Ey) A N2(E+)1/A | 3/2

= AueVO 4 BeVETH 32 4 o(eVETH3/2), (110)

Similar to the evaluation for ¢, (t), we can get
Go(t) = AyeVN 4 BeVETH3/2 4 o(eVETH73/2) (111)

where
4 _
Gl [ B } (112)
2A2VAZ+1 [VI+A2  VAZ+ec

B VEL —E_  Joag(EBy)V4 . (e + A2) a13)
Y 2V2r(0a — Ey) A cA2(ET)/A]

Next, we will analyze the order of the denominator p(¢) for the following two cases.

D.1.1 A, #£0

Under this condition, the solutions have the asymptotic forms g, (t) = A,eVP>t + o(eV?2t) and
Go(t) = A,eVP3t 1 o(eV7rt). To determine the asymptotic order of p(t), we first evaluate Gy, . ().
Writing (T1)) as g, . (t) = Z?=1 G, (t), we focus on the evaluations for G; and G as the remaining
terms follow similar estimations.

Given ¥ > E, we observe e 2VPA'G () — 0 as t — oc. Therefore, the term G (t) does not
contribute to the leading order asymptotics. We then analyze e~ 2V, (t). By definition, we have

e_QMtGg(t) = 2)\au/ e_Qth(é\v Aq,5) * Lo pp(d)
R

+ 222 / e~ 2VIN GG, - (G * 010)] * Lo opu(dx) = Go(t) + Gao(t).  (114)
R

To analyze the limits, we apply the Final Value Theorem (Lemma . Since e’mtflyz (t) = 0 and
Ll ;](2/0y) = 1/4(09x — x), Lemmaimplies Go,1(t) — 0 ast — oo. Applying Lemma
again yields

. —VOxt [~ o \/19)\141)
Jim eYIGy x 01)(6) = =0 (115)
which implies
A SN VONA?

Jm VPG - @ )] e} = = (116)

By the dominated convergence theorem and the properties of the Stieltjes transform, we have

. \/79)\A2 x )\2\/ 19)\142

lim Gaa(t) = 2A%- / dz) = L. 117
v 22(1) 4 r (OA — x)QM( z) 2(M —¢) (17

The asymptotic orders of G5, G4, and G5 can be evaluated similarly using Lemma Gathering all
the results gives

NN (AZ + cA2)

Jlim e VNG (1) e . (118)
As a result, we can get
- A2(A2 +cA2)  N2(A\2+1)A2
: =2/t v u v
tl—lglo € p(t) a M —c 19)\)\2

M —¢ Qy Qu, 2
_ 119
4N2 [\/1+)\2+\/)\2+J ’ (1

by the observation fot f(a)da = (f * 1)(¢). Therefore, provided that A,, # 0, the limit values of

Gu(t) and q,(t) are given by lim; o G, (t) = T - %;gi:;‘ and limy_,o0 Gu(t) = Z - 4/ 111"‘?:24,
respectively.
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D.1.2 A,=0

According to Lemma[3] we have

1+c b (Pre2vet (B, —a)(x — E_
Gl(t) — tc / € \/( + x)(x )dx
8T E_ \/E
_ (1 + 671)\/ E+f E_ (E+)1/4 62 3/E2+t n 0(62 E+tt73/2). (120)
16+/m t
Thus, there holds
t 62 Et
(1) > 2/ Gi(a)da > K, (121)
0
for ¢ sufficiently large and K > 0 is a constant. Therefore, we have
- By +o(1))eVE+tt=3/2
qu(t) < (Bu +olb)e (122)

VReVErt=3/4

which implies lim;_, o @y, (t) = 0. The relation lim;_,, ¢, (¢) = 0 can be obtained similarly.

D.2 CASEIL: \ < /4

By applying the same method used in (TT0) and (ITI) , we obtain @ (t) = BpeVE t=3/2 4

o(eVE¥t-3/2) 1 € {u,v}. This result aligns with the case discussed in Section [D.1.2| which
implies lim;_, o g (t) = 0, h € {u,v}.

D.3 CASEIIL: )\ = c!/4

In this case, we have ¥y = FE., which is precisely the right endpoint of the support of the MP
distribution. Fortunately, the Stieltjes transform m(x) is right continuous at z = F, (Couillet &
Liaol, 2022). Using Lemma [3]and employing estimates similar to those in (TT0) and (T11]), we can
obtain

() = (Ch +0(1))eVE+=12  he {u, v}, (123)

where C,, and C, are constants. However, we need to make a more precise estimate for p(¢) in the
denominator, as the upper bound in (122) increases to infinity. To this end, the following lemma is
useful.

Lemma 5. Assume b > a > 0and f € C([a, b)) such that f(b) # 0. Then, for any sufficiently large
t, it holds that

b t e\/Ey 2
Kpe2Vbot=1/2 ¢ / f(@)Vb — ze?Vt / 7e_\/gydy dz < Kye2VP=1/2 (124)
a 0 Yy

where Ky > K1, > 0 are two constants.

Proof: Tt suffices to consider f(z) = 1 and restrict the integration to [b — ¢, b] for small enough ¢,
since eV! concentrates near 2z = b. For given § > 0, we choose ¢ > 0 such that SUPye(0,] [0u| <6,
where 4, is defined in (T32). By changing the integration variables via v = b — x, a = ut/v/b, and
B = y/t, we obtain

t \/Ey 2
¢ - eﬁydy] dx

b
672\/Ett1/2/ mezﬁt /
b—e 0
e [© _ (4syut t L arswuw 12
:t//\/ﬁe Vo /y_5e 2o dy| du
0 0

&t 1 2
R Vb 1 (A4d6q,t)aB :
= b%/ ’ Jae~(+aa U 5—567“ 3 dﬁ] da =birT. (125)
0 0
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. . . (+a,t)af . e
We next estimate the inner integral fol 8 ~2e B dg and derive bounds for 7. By splitting the

integration interval at some 7 € (0, 1), we have

/0151 <1+oar>af’d6 (/ /)ﬂ;euﬂ(zwﬁ 5

(48g )ar (1+5a )
146, t)at
< 2¢/Te —_—
vr ﬁa(l o)
Therefore, by [0,,¢| < § (I33) and (126)), we derive an upper bound

(126)

(1-8)a(r—1)
1 2e 2

rensaf (=oatr=1) dov =1 127
1+ /1 Vare +7'(13/2(1_5)2+al/2(1_5) o U, (127)

where [; is some absolute constant. It can be verified that I;; < oo for any 7 € (0, 1).

For the lower bound, again using |J,,:| < 0, we can obtain

= 1 2
I>1 +/\/E Vae~(1+d)e {/ 556“‘3“’*(15] dev

(=f)a 2 <t
=z 4 Vi e~ 20a
da>1 + da. (128)

(1-d)a

(146)a
11-1-4/ Vae™ l (1-0)2 3/2

Taking ¢ — oo, we have liminf, .., I > I for some constant I;, > (. Therefore, we have
completed the proof for Lemma 5] O

To determine the asymptotic order for p(t), we first give a lower bound for g, ,(¢). In particular,
we will evaluate the term fR[qAU (@ * €1 ,3)] * €2 zp(dx). Noting that the orders of ¢; , and /3 ;

are dominated by eVt /2 and 62\/5\/5 /4, respectively, it suffices to study the simplified integral
Jo VZ[Go - (@ * eV®)] x €2V® ju(dx). Rewriting this expression yields

L, = / Vs - (@ % V)] 2V u(da)

/\f/ Gla / L(b)e Va(a=b) 4pe2veE(t—a) 4,

3 [ [ av<a>e-ﬁ-adar V- E)E —a),,

2mex

E t
- [ flx)e2vet [/ qv(a) f"da] v Ey — adzx, (129)
E_ 0

where f(z) = \/(x — E_)z/(4mcz). According to (123), we know that there exists constant A > 0
such that 1nft>,4 |G (t )/( E+t4=1/2)| > C, /2. Thus, we have

- 1
e VB

WV

2
-2 E+ttlc2 E. t (v/E+—+vT)a
%/ f(z)e?vet [ . era VE; — zdz

o e~ VEt 502 By t _(V/E+—vT)a
(a) € t2C / f(x)ezﬁt l e d
0

2
= I 7 a| VE+—zdz+o(1), (130)

da < 26(VE+7\/E)A\/Z contributes only lower or-

E_

. A (/Eyf—Vz)a
where step (a) is due to [ ey =
a

der terms. By applying Lemma we have liminf,_ o e 2 E+tt%IU7U > K for some
constant K;. A symmetric argument establishes the corresponding upper bound, yielding

lim sup,_,. e —2 E+tt2L, » < Ky for some constant Ky > 0.
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At this stage, we can give the upper bound for gy, (¢), h € {u,v}. Combining with (I23), we obtain
Qh(t) (Ch +o(1))eVErt1/2 @ CreVErt=1/2

VD 2)2 [ I, ,dt eVEHE=1/4

gn(t) < hoe {u,v}, (131)

where C), is a constant and step (a) follows from the fact that the ratio f L, dt/(e*VE+13=1/2)
converges to a positive value as t — co. Therefore, we have completed the proof for Theorem[2] O

E PROOF OF LEMMA[3]

According to Taylor’s lemma, we have

m:\/z;[u“;;%”‘], (132)

for small u. By the continuity of f, for any given 6 > 0, we can choose a sufficiently small € such
that

sup |f(z) = f(y)| <5, sup [du] < 0. (133)
z,y€lab],|z—y|<e 0<u<e
Define M = sup,eq |f(z )| Alt) = f f(x)exp[y/zt](b — x)*dw, and B(t) =

F(b) exp[ VBT (a+1)(2f ) . By calculating |A(t)/B(t) — 1|, we have

b—a
‘ggg_l‘ = /0 f(b—u)exp[x/ﬂt]u“du/B(t)_l
|fO g eplVo—utjurdu |6 5 explvh—utlutdu
S B(t) B(t)
b—a o
N Mexp[\/?g Jo “utdu _ X1 () + Xa(t) + X5(0). (134)

It is clear that lim;_, o Xg(t) = 0. Next, we evaluate X;(¢). By plugging (I32) into (I34), and
using (e + 1) = fooo exp[—y|y*dy, we obtain

PO explVB] i exp |5 | urdu ) 55 oxp (14 5u)0]y2dy
B(t) Jo* exp[—yly>dy
e -0ylyrdy 1
S [ expl-ylyedy O (1—g)etl
where in step (a) we change the variable y = ut/(2+/b). Similarly, we can derive the lower bound

f(b) exp[v/bt] 1y exp[ (1+<\5[)ut} wdu N )

(135)

lim inf B(t) 7 (14 06)t (136)
Combining this with the corresponding upper bound implies
hmsupX1( )<max{(1-6)"*""—1,1-(1+68*"}. (137)
An analogous analysis yields
0
lim sup X3 T =)ot (138)
o Xl S g - Gy
Since 0 > 0 can be chosen arbitrarily small, it follows from (I37) and (I38) that
. |A@®)
2% By ‘— > (13
which completes the proof. O
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F PROOF OF LEMMA [4]

To simplify notation, let C' denote a constant and C, denote a constant that depends on a. Their
values may depend on the context. By a standard truncation argument (Bai & Silverstein, [1998)), it
suffices to assume that the elements of the random matrix Z are bounded, i.e., |\/nZ;;| < C, for
some absolute constant C, as this truncation does not alter the asymptotic locations of the eigenval-
ues.

We first prove that u' Q(z)Zv — u"E[Q(z)Z]v converges to 0 almost surely for given z € C,.
To this end, we control the moment by the martingale difference argument and the Burkholder
inequality (Bai & Silverstein,[1998, Lemma 2.1). Write Z = [z1,...,2,],v = [v1,...,v,] |, Z; =

—1
[Zj, B L R S P ,Zn], v; = [U1, cee s Ui—1, V5415 - - ,Un]T, and Q](Z) = (Zij - ZIp)
Define the quantities
1 1

G =3 T, ()= T A = T

Aj(z) = aj(z) — z]—-er(z)zj. (140)
Let E;(-) = E(-|21,..., 2;) and Eq(-) = E(-). By taking the difference between u " Q(z)Zv and
Eu'Q(2)Zv, we have

uQ(:)Zv — u E[Q(:) Zlv = 3 [E; — E;_1JuT Q(2) Zv

j=1
i[E]— —E;-1] (v Q(2)Zv —u" Q(2)Zjv;) + (u' Q(2) Zjv; — u' Qj(2)Z;v;)
j=1
J: Wi + Wa. (141)
We first evaluate ;. By the Woodbury matrix identity, we have
n - i u' Q;(2)zv;
Wi = 32—:1 [E; —Ej—1]u Q(z)zjv; = ;[Ej _Ejfl]m
= Z Ej1 Bﬂhu Q,(2)zv;A; +Ej77jUTQj( 2)zjvj = ZW1 1 + Wipj, (142)

j=1
since the 1dent1ty B; = m; + B;m;A; and the independence between z; and Q;. By apply-
ing the inequality E;_1|[E; — E;_1]z|? < 2E;_q|z|?, i

IEJ% |z 2. and the trace lemma (Bai & Silverstein, 1998, Lemma 2.7), we have
B, o |Wy1? < 2E2 fu” 1t a < SR 143
Z i—1Wil” < 04 Z 1w Qi(2)z]"Ef_[As]" < SRk (143)

Jj=1
where we use the bounds (Zhuang et al., 2025; Hachem et al., 2007) |n;(2)| < |2]/S(2), |8;(2)] <
|2|/S(2), and the moment bound E;_1|A;|2* < &k On the other hand, we have

n

ZE|W 2k Crlz[** i E|u T Q;(2)z; 2| A 2% < 2’“% (144)
1157 < Sk (2) vi Elu Q;(2)z; s Ui n2ky8k(2)
=1 i=1

The evaluanon for > E;_1|Wi2; |2 can be given by
Clal* Yi_q v}
z =1
ZEJ 1| W 25]% < <\|2‘ Z“ZEJ L uTQ ()7 < Wz)] (145)
j=1
Similar to (T44), we can get 3, ]E|W272j‘2k < Cilz|?/(3*(2)n*). Hence, according to the
Burkholder inequality, we have
k

2k - 2 - 2k Cr(2|* + [2[**)
E[WA[™ < G Z E Z]Ej—1|w17ij| +Z]E|W17ij‘ S k(S8R () + SR ()
=12 =1 =1

(146)
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For k& > 1, the RHS of (I46) is summable, which implies 1W; — 0 almost surely by the
Borel-Cantelli Lemma.

We then evaluate W5, which can be given by

—W2 = [Ej — ]Ej,l]ﬁjuTQj(z)zjz;Qj(z)Zj'vj

-

<
Il
—_

[E; — E;alnju’ Q;(2)22] Q(2)Z;v; +1;B8A,u' Q;(2)252] Q;(2)Z;v;

<
Il
—_

|

Wa1j + Wa ;. (147)

<
Il
—

|

The term W5 1; can be written as

1
Wa,1; = Bjnj (u Q;(2)22] Q;(2)Z;v; —nuTQ?@)Zjvj). (148)
By the trace lemma and ||v;|| < ||lv|| = 1, we have
Claf? Chl2|**
2 2k
Ej_1|Wa 1] < 235(2)’ E[W2 151 SW%(ZV (149)

which implies W5 1; — 0 almost surely. The relation W5 »; — 0 can be shown in a similar manner,
and we omit the details.

Next, we prove that Eu ' Q(z2)Zv = O(ﬁ) We can show that

uTQ(z)Z'v:ZuTQ(z)zjvj Zﬂj 2)u' Q;(2)zv;. (150)

j=1

Since Q;(z) and z; are independent, we have

Eu'Q(2)Zv =E> v; (u'Q;(2)2;) (8; — )

=1
n
= Z’UJ‘E’U/TQ]‘(Z)ZJ‘BJ"I]]‘A]‘. (151)
j=1
Using the Cauchy-Schwarz inequality E|zy| < E2|z|?Ez |y|2, we have
z 2 v n 1 2 1
|EUTQ(2)Z’U| < |%|le])| ZE? ‘u Qj(z)zj| E= |AJ—\2
j=1
~ Cl? Claf?
< 152
23t S i) (13

This completes the proof for the case z € C,.. The same approach can be extended to analyze the
cases where 3(z) < 0, z < 0, and z > E. Furthermore, for any ¢ > 0 and k£ > 0, it can be shown
that,

P(|u'Q(2)Zv| > €) < Cyne n", (153)

for all d sufficiently large, where Cy , is a constant depending on d and dist(z, M).

Next we prove the convergence for a general compact set I'. Since I' is compact, we can choose an
n~z-net \;, C I such that for every z € T there ex1sts 2 € N, with |z — 2’| < n~2, and for any
two distinct points z, y € N, satisfy [z — y| > gn~ 3. Then, we have

121l |z — ']
dist(A, 2) dist(A, 2’)’

u'Q(2)Zv —u' Q(z') Zv]| < (154)
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where A = {)\; }1<;<, are the eigenvalues of ZZ ". Inequality (T54) gives

sup |u' Q(2)Zv| <sup|u' Q(2)Zv —u'Q(2)Zv| + sup |u' Q(Z)Zv|
zel zel 2/ €Nn

1Z||n~ To(.
< Zv| = X1 + Xo. 155

dist (A, T) dist (A, \;,) 000 ['QE)Zv| = X1+ X (155)
According to the no-eigenvalue property (Bai & Silverstein, (1998, Theorem 1.1), we have
dist(A,T') — dist(M, A) almost surely as p,n — oo and || Z|| is almost surely bounded. Hence,
X1 — 0 almost surely, as p,n — oo. By (I53), for any € > 0 and k& > 2, we can choose a d
sufficiently large such that

P(X2 > €) P( U lu"QE)2Zv| > e) <D P(u'Q(z)Zv] > )

Z’E-/\/'n ZeNn
< card(./()fngcd,r (%) 4(SUPzEFd|$i+11)20daF’ (156)
edn ent

where Cy 1 is a constant depends on d and dist(I", M). Step (a) follows from the fact that, by the

definition of n~2-net, the disks of radius 1/(2,/n) centered at points in ,, are mutually disjoint.
Since k > 2, the RHS of the above inequality is summable, which implies X2 — 0 almost surely
by the Borel-Cantelli Lemma. Therefore, we have completed the proof. O
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