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Abstract

Diagrams matter. For deep learning, unfortunately, there is no standard method for
blueprinting architectures. This makes deep learning architectures more difficult to un-
derstand, implement, and analyse than they should be. In this paper, we introduce neural
circuit diagrams, which reliably visualize the inner workings of deep learning architectures.
Neural circuit diagrams are introduced in an accessible manner, meaning designers can use
them and point their readers to this work without placing an undue burden. Neural circuit
diagrams are presented with figures of gradually increasing complexity, building up to a full
diagram of the transformer architecture from Attention is All You Need. This lets us show
how neural circuit diagrams can be used in practice and highlights their advantage over
standard methods of communicating architectures.

1 Introduction

Deep learning models are statistical engines that rely on various components connected in complicated
ways. Data passes through a network and is altered, rearranged, and transformed. Training slowly nudges
these alterations until inputs imitate desired outputs. Currently, these machines’ mechanisms are expressed
by a combination of linear algebra ( , ; , ) and makeshift diagrams
( , ) created for specific situations. This is sufficient to propose ideas, even with some
technical detail, but is insufficient for the reliable implementation and analysis we should aim for. This
paper is not the first to make this criticism. The work on named tensors ( , ) and formal
descriptions of transformers ( , ) identifies this same problem: that the deep learning
community suffers from ambiguously presented architectures. Our solution are neural circuit diagrams,
which allow architectures to be unambiguously visualised, offering a major improvement over current means
of communicating architectures.

1.1 The Need for Better Diagrams

This paper aims to justify the necessity of neural circuit diagrams and to present their proper usage in
an accessible manner. To this end, we will pay special attention to clearly diagramming the architecture
from the paper Attention is All You Need ( , ). Tt is the keystone paper that introduced
transformer architectures, which have revolutionized language and 1mage processing ( , ;

, ; , ). However, the original paper’s often ambiguous expression has
been previously noted and attempted to be addressed ( , ; , ).

Its ambiguity is still relevant; more recent work has continued relying on its unclear equations and diagrams
( , ). Therefore, we know there is a need to more clearly present the ideas in Attention is All
You Need. In Section 4.1, the shortfalls of the equations and diagrams in Attention is All You Need are
outlined, and in Section 4.2, we present our alternative approach. By contrasting our diagrams with those
from the original paper, the benefits of neural circuit diagrams become evident.

Furthermore, by building up all the tools needed to understand the architecture of Attention is All You
Need, the reader will have acquired a thorough understanding of the original transformer architecture and
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the techniques needed to understand other architectures. The original transformer architecture has many
key components connected in sophisticated ways: fully connected layers, copying, repeated layers, residual
networks ( , ), layer normalization ( , ), among others. We will learn how these
components are represented in neural circuit diagrams, clarifying complex relationships. This forms the
foundation for a robust understanding of other architectures which use similar components and have the
same need for clear, visual presentation.

The awareness of the shortfalls in Attention is All You Need is a byproduct of the scrutiny of fame rather
than its unique problems. The tools it uses for its explanations, linear algebra notation for equations and
makeshift diagrams to show the relationship between components, are standard in the deep learning field
and can be found in other papers’ descriptions of architectures ( , ). Linear algebra is
excellent in the specialised domain of lots of data organised along two axes interacting over linear operations.
This domain covers many important problems and allows for minimal and intuitive notation. As a result,
linear algebra notation is widely known, tempting its use. However, deep learning extensively uses non-linear
operations and arranges data in various ways that quickly exhaust the limitations of linear algebra, which is
clear in the ambiguous equations of Attention is All You Need. The use of linear algebra notation is standard
practice in deep learning ( , ). The makeshift diagrams in Attention is All You Need
are also standard; as no standard diagrammatic notation exists, authors and designers resort to original
diagrams that can easily miss key details.

1.2 Improved Communication by Being Visual and Explicit

Many deep learning papers are difficult to understand, beyond the inherent technical challenge of the topic,
due to a deficit of effective communication. This naturally arises partly because of the curse of knowledge
( , ; , ; , ); those who know something have difficulty identifying
with someone who does not. This is especially true for technical topics ( , ).

Authors, in their familiarity, can forget to include essential details, leaving readers confused. However, once
the reader overcomes this confusion, they no longer empathise with their initial state and may present a
similarly confusing explanation to a future learner. Neural circuit diagrams are explicit, just like code. They
require all the critical information to be shown. Otherwise, the diagram fails even to be well-structured.
The author is reminded to include all the necessary information as the diagram shows all components, their
inputs, outputs, and all data transformations.

Making operations explicit has been addressed by named tensors ( , ) and by a formal
treatment of transformers ( , ). These methods are excellent for an unambiguous
presentation of the operation of specific components. However, these methods’ reliance on linearly assembled
symbols fails to scale when it comes to representing whole architectures. Representing and understanding
whole architectures is the focus of high-level architecture design, implementation, and analysis. For this use
case, a visual system scales far better, and this is where neural circuit diagrams excel.

Additionally, visualisation is essential to human comprehension ( , ; ; ,
). Diagrams for deep learning architectures should ideally act similarly to blueprlnts for physical ma-
chines, enhancing our ability to comprehend, recall, and analyse their inner workings.

Taken together, a visual and explicit notation overcomes many difficulties in communicating deep learning
models. Authors can explain their novel designs by describing what they see in diagrams, confident that
all the key information will be present and that their explanations leverage their readers’ visual compre-
hension ability. For readers, the key information is made clear, the relationships between components are
unambiguous, and implementation or analysis can be readily done.

Building on the goal of effective visual communication, we will take cues from research into effective diagram
design ( , ). Our diagrams will use text extensively, be memorable at a glance, rely on
pictograms, and be unafraid of redundancy. Instead of text, pictograms will often be used to identify
components, injecting an additional visual element into diagrams. Bold colors and text boxes with no
impact on the function of the diagram will be used to create a form that draws in the reader and highlights
important details.
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1.3 Inspiration and Related Work

The typical approach to graphically modelling data-heavy systems is with the tools of linear algebra (

, , ). Neural circuit dlagrams are inspired by Penrose diagrams
( , ) and monoidal string diagrams ( , , ), which simi-
larly represent the axes of data as separate lines. However, this Work diverges from past approaches by not
requiring linearity. This is achieved by having two ways of joining operations; collecting, a type of Cartesian
product, and coupling, a restricted tensor product. Thus, we can create a diagrammatic system inspired
by previous methods that is appropriate to the problem domain of representing deep learning architectures.
While the body of this work focuses on accessibly presenting this novel approach, the appendix details how
collecting and coupling can be technically defined.

2 Shaped Data and Morphisms

The fundamental data type in neural circuit diagrams is shaped data (see Fig. 1). Shaped data stores
number values along axes of integer length. Each axis has a number of indexes equal to its length, which
access data. Axes are combined by coupling, “x”, or collecting, “+”. Coupling requires an index from
both axes to access data. For example, a table is 4 x 3-shaped data. Collecting represents data collected
into independent segments and therefore needs an index from either axis.

Shapes can be treated as axes and further combined into higher-order shapes that are broken down in steps
(see Fig. 1, C and D). Neural circuit diagrams represent shapes by a column of labelled horizontal lines,
each signifying an axis. No separation between lines indicates coupling, while separation with a dashed line
indicates different segments of a collection. We use letters such as 4, j, and k to refer to shapes and lengths
generically.

Data Shape Accessing a Value Neural Circuit Diagram

A= 3 We need both
(a) An index of the 4-length axis
and (b) An index of the 3-length axis

4x3

S

|No seperation implies coupling.

B = We need
2 3 2.3 (a) An index of the 2-length axis
(ch o) (b) An index of the 3-length s

| Dashed lines show

@
Il

3
2 N We need

(T 2 2+4x3 (a) An index of the 2-length axis

’ (b) An index of the 4-length axis,

and an index of the 3-length axis.

D= » 3 We need both

( D:I ) D:D ) (a) An index of the 4-length axis
and (b) An index of the 2-length axis,

4 C Dj / DZI:‘ ) 4x(2+3) an index of the 3-length axis.
C % ’ D:D ) A priority coupling over a collection,

] L] ) 4&(2 3), is shown with a wavy line.

Figure 1: Shaped data with information about their shape, how to access values in them, and how they are
presented in neural circuit diagrams.
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Neural circuit diagrams consist of columns of lines representing the data shape, interspersed with columns
of morphisms dictating how to modify data. Morphisms are operations with set input and output shapes.
We illustrate them with their input shape to the left and their output shape to the right (see Fig. 2). We
depict raw data as morphisms with no input to the left but an output shape to the right.

We have columns of morphisms / The input and output shapes
showing how to alter data... of morphisms are shown on the

diagram.
Aj[ i _F__i L GHk
a morphism
with no inputs. 4 T...mterspersed with columns showing
how the shape of data changes.

Figure 2: A basic neural circuit diagram showing raw data A of shape i fed through two morphisms F' and
G resulting in data of shape k.

Raw data is

By vertically stacking morphisms, we have them act concurrently, merging their respective inputs and out-
puts. We collect morphisms together to act separately on segments of collected data, diagrammed with a
dashed line separating them (see Fig. 3). For every shape, there exists an identity morphism that leaves
values and shapes unchanged. We illustrate the identity as a line passing through a morphism column.

Any two morphisms can be collected to act

on separate segments of collected data.
—

i

2

=]

C_ 4

1 Tdentity !

\

——————4 p
‘We start with 7 + ] X k|| The identity morphism leaves
-shaped raw data. data and shapes unchanged.

r

Figure 3: Morphisms can be collected into stacks.

Coupled morphisms (see Fig. 4) operate over specific axes and in parallel with the others. This reflects
the idea of applying operations over specific axes. For example, to get the mean of each row in a 4 x 3-table
we can couple the mean operation, E, over the 4-length row axis. This gives us a new operation, which
when applied returns the mean of each row. We diagram this by extending the 4-length axis line through the
morphism column, representing coupling with the identity. We can couple any morphism with the identity of
any shape, in which case the identity represents leaving that shape unchanged. However, we cannot couple
any two morphisms together, as the order of parallel operations may affect the result.

The mean over a single 3-length row... \\...is applied in parallel over 4 separate rows by

oupling 3 5 3
s ) B

1 length axes do not change how data is accessed, so they can be

freely introduced and removed, diagrammed with arrows, > .

Figure 4: Morphisms can be coupled to operate in parallel with other axes.
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In the case of collected inputs, such as the 4 x 3+ 3 x 2-shaped data in Fig. 5, inner coupling lets us couple
within input segments. The input segments offer many different ways that a lower-order operation can be
applied. In the diagram, we extend a dot product which typically acts on 3 4 3-shaped data to act on the
collected tables. There are 4 different 3-length rows in the first segment, and 2 different 3-length columns in
the second, letting us generate 4 x 2 separate dot products using inner coupling. Inner coupled dot products
are how we represent matrix multiplication.

Dot Product Matrix Multiplication We have 0

choose from in the
O

first segment, and

3 3 from the second.

C a || I | This gives us 4 X 2
4 3 3 . possible dot

. | products for the

8 output.
The dot product takes two

equal-length lists, mutliplies

Matrix Multiplication

corresponding values, an
sums the results. It is

drawn as a cup, D .

Figure 5: All possible dot products from two segments can be generated by inner coupling, giving matrix
multiplication.

Operations on individual values can be coupled to apply onto every value in a segment of data, giving
element-wise operations (see Fig. 6). Additionally, we often use utility morphisms (see Fig. 7) to
rearrange data without altering values.

Coupling with 1-length axes does not change how data is accessed,

so can be freely introduced and removed with arrows; > .

Operation on a Value Element-wise f Element-wise f onto the first
fTR—>R segment, H onto the latter.

[1] [ F‘@_’
||_|_ 4 4

. 2 3 3

Starting with a function on

values, we apply it onto ever: - = ol =
value in data by coupling. +H:i— k Collectin i H k
Further stacking, such as with
collecting, lets us show many concurrent operations.

Figure 6: A function on values is coupled to operate element-wise on data. Element-wise operations occur
within segments, so in the third green rectangle f does not impact the other segment.

3 Neural Circuit Diagrams in Practice: A Basic Multi-Layer Perceptron

To understand how neural circuit diagrams can be used in practice, let’s diagram a basic multi-layer percep-
tion. The multi-layer perceptron is a basic neural network that chains multiple fully connected layers.
Fully connected layers are traditional neural layers. They take a vector input and produce a vector output,
each element of which is a weighted sum over the input vector. These weights are learned, allowing the
model to adapt to data during training. We show fully connected layers with boldface L. Their input and
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Transposing Binding Copying
4 — . 3 4 AI' 4 | 4
: : 2 )T I
3 X 4 411: / 3
— — 4
Transposing swaps the Binding makes axes take
order of axes. Above, a the same index. Here, a 3
4 X 3 table is transposed, 4 X 4 table is turned into a | N | T
swapping rows and columns. |vector of its diagonal values.

Copying duplicates a segment, returning
a collection of equal-valued segments.

Figure 7: Some useful morphisms that rearrange data without altering values: transposing, binding, and
copying.

output shapes are read from the diagram, and each has its own weights. They can be labelled in the top
right, and adding a learned bias vector to the output is shown by a "+" in the bottom right.

Intermediate values are often passed through an activation function, an element-wise function (see Fig. 6)
that lets intermediate values have variable sensitivities to their input data. ReLU (rectified linear unit)
activations are typically used in practice (I{rizhevsky et al., 2012). Tt is worth noting that more recent
activation functions, such as GeLU (Hendrycks & Gimpel, 2016), may have superior performance. These
small architecture design details are easily shown in neural circuit diagrams. It is worth remembering that
state-of-the-art designs are constantly changing. Neural circuit diagrams provide a platform to see which
novel improvements can be added to old architectures.

The final output of a model often needs to be converted into probabilities. For this, a SoftMax operation is
used. The operation takes a list of values and proportions them according to their exponent. This reflects
important probabilistic properties. However, this operation acts over a list of values. Over a table, we need
to know whether each column or each row is being proportioned. This ambiguity is unresolved by typical no-
tation and is present in Attention is All You Need. Our coupling approach overcomes this issue. In diagrams,
we represent SoftMax by a left-pointing triangle pictogram, <, representing its proportioning property. Using
pictograms helps leverage human comprehension abilities (Borkin et al., 2015), and contributes to diagrams
having an appealing, memorable form.

With this all established, we can present a basic image recogniser for numbers. This is taken from an
introductory PyTorch tutorial, letting us see how closely related neural circuit diagrams are to PyTorch
implementations.

class NeuralNetwork(nn.Module):
def __init__(self):
super().__init__(Q)
self.flatten = nn.Flatten()
self.linear_relu_stack = nn.Sequential(

Basic Image Recogniser for Digits ’
‘ g g g The output is turned into

a probability vector by a
SoftMax operation.

The two axes are flattened!
into 1 X 282-shaped data.

Linear ReLU Stack

nn.Linear(28%28, 512),
nn . EEEO) , Em - - SoftMax
nn.Linear(512, 512), X =2 N
nn. REHIO, 7 — o8 L _}5£]LL _}&]LL 10
nn.Linear(512, 10), b |t |+ |+ .

) .

def forward(self, K): Linear 12 10

X = self.flatten(X) - ~~a  We have a standard block of n Y

X = self.linear_relu_stack(¥) We start with a 28 by 28 pixel linear projections and ReLU 4

y_pred = nn.Softmax(¥) grayscale image input. activations The output is a 10 length

return y_pred vector, giving the probability|

of the input being any digit.

Figure 8: PyTorch code and a neural circuit diagram for a basic MNIST (digit recognition) neural network
taken from an introductory PyTorch tutorial. Note its close correspondence with PyTorch code.


https://pytorch.org/tutorials/beginner/basics/buildmodel_tutorial.html
https://pytorch.org/tutorials/beginner/basics/buildmodel_tutorial.html
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4 Attention

4.1 Shortfalls of Attention is All You Need

Since introduced in 2017, transformer models have revolutionized machine learning, finding applications in
natural language processing, image processing, and generative tasks (Vaswani et al., 2017; Phuong & Hutter,
2022; Lin et al.; 2021). Transformers’ effectiveness stems in part from their ability to inject external data of
arbitrary width into base data. We refer to axes representing the number of items in data as a width, and
axes indicating information per item as a depth. We notate widths with an overline.

An attention head gives a weighted sum of the injected data’s value vectors, V. The weights depend on
the attention score the base data’s query vectors, @, assign to each key vector, K, of the injected data. Fully
connected layers, consisting of learned matrix multiplication, generate @), K, and V vectors from the original
base and injected data. Multi-head attention uses multiple attention heads in parallel, enabling efficient
parallel operations and the simultaneous learning of distinct attributes.

Attention is All You Need, which we refer to as the original transformer paper, explains these algorithms
using diagrams (see Fig. 9) and equations (see Eqn. 1,2,3) that hinder understandability (Chiang et al.,
2021; Phuong & Hutter, 2022).

Output
Probabilities

Softmax
:Encoder
: Forward
;)| CAdd& Norm
fad g o) 22| (Vo Heaa
Feed i
Forward x
. + | (Adde Nom B
: Add&Nom) [: | adeg
Mutt-Head | |1 ¢| | Muiti-Head
A
J
Positional Positional
EpCoding Encoding
Input Output
Embedding Embedding
Inputs Outputs
(shifted nghl

These V, K, and Q values are copies in situation (A);

while Q is seperate in situation (B)

Figure 9: The diagrams from the original transformer model with my annotations. Critical information
is missing regarding the origin of @, K, and V values (red and blue) along with the axes over which
operations act (green). Annotations in neural circuit diagrams clarify the information already present,
while annotations in makeshift diagrams often introduce information not present in the diagram.

T
Attention(Q, K, V) = SoftMax (QK ) V' (dj is the key depth) (1)
Vi,
MultiHead(Q, K, V) = Concat(heady, ...,head; )W (2)
where head; = Attention <QWZ-Q, KWK, VWiV) (3)
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The original transformer paper obscures dimension sizes and their interactions. The dimensions over which
SoftMax! and matrix multiplication operates is ambiguous (Fig. 9.1, ; Eqn. 1, 2, 3). Determining
the initial and final matrix dimensions is left to the reader. This obscures key facts required to understand
transformers. For instance, K and V can have a different width to @, allowing them to inject external
information of arbitrary width. This fact is not made clear in the original diagrams or equations, yet it
is necessary to understand why transformers are so effective at tasks with variable input widths, such as
language processing.

The original transformer paper also has uncertainty regarding @}, K, and V. In Fig 9.1 and Eqn. 1, they
represent separate values fed to each attention head. In Fig 9.2 and Eqn. 2 and 3, they are all copies of each
other at location (A) of the overall model in Fig 9.3, while @ is separate in situation (B).

Annotating makeshift diagrams does not resolve the issue of low interpretability. As they are constructed
for a specific purpose by their author, they carry the author’s curse of knowledge (Pinker, 2014; Hayes &
Bajzek, 2008; Ross et al.,, 1977). As with Fig. 9, low interpretability arises from missing key information,
not from insufficiently annotating the information present. Neural circuit diagrams contain all the necessary
information, pointing the author to what the audience needs explained.

Though experts poring over the original transformer paper have gone on to change the world (Devlin et al.,
2018; Brown et al., 2020), we aim to address its explainability shortcomings by adopting a human-centered
approach focused on visual and explicit explanations. Taking full advantage of annotating the critical
information already present in neural circuit diagrams, we present alternative diagrams in Fig. 10, 11, and
12.

4.2 Neural Circuit Diagrams for the Transformer Architecture

We represent specific components with pictograms. Pictograms, such as a left-pointing triangle, <, for the
SoftMax and a vertical line, |, for scaling by k=12, leverage human visual comprehension abilities (Borkin
et al., 2015). The exact algorithms components employ are not the focus of neural circuit diagrams and are
better left to other notational systems (Phuong & Hutter, 2022; Chiang et al., 2021). We now have the tools
to diagram the attention mechanism from Eqn. 1 and Fig. 9.1 in Fig. 10.

4
The input is a collection of segmented data,

Scaled Dot-Product Attention l

with shapes indicated on the diagram. The attention scores are used for a

- = eighted sum over the value vectors.
- . \NV I IV welg d sum over value vi T
Equation from the Q ] =
. Scal
original paper. k | MatMul kc_al;ez The output data
'Q KT X SoftMax has the same shape
Attention(Q, K, V) =|SoftMaxi -Vi=| K k —Tx A as the queries.
‘ dy --B= T: - = I N
oL e Y ====RX
Vi —
— ] ==
Matrix multiplication occurs over the k-axis of Ql A SoftMax proportions the attention
and KJ The result is scaled and the redundant 1-axis| scores over the X axis. For each of i

removedd The output shape is Y X X, relating each I queries, we now have a proportioned

of Y queries to each of X injected items. x-deep vector.

Figure 10: The original equation for attention against our diagram. The descriptions are unnecessary but
clarify what is happening. Corresponds to Eqn. 1 and Fig. 9.1.

For diagramming multi-head attention in Fig. 11, we show fully connected layers with boldface L. Their
input and output shapes are read from the diagram, and each has its own independent weights. They can
be labeled in the top right, and adding a learned bias vector is shown by a "+" in the bottom right.

We conclude with the full transformer model, Fig. 12. Lines show how data evolves, while symbols and
pictograms show how it is manipulated. Knowing the meaning of each symbol would be sufficient to imple-

1 Using lower i and k to index over data, we have SoftMax(v); = exp(v;)/Z), exp(vg).
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| Multi-Head Attention L
Learned fully connected layers generate |l These generate k X h-shaped data, a
Q. K, and V from the inputs. k-deep vector for each attention head.
\ Linear Scaled Dot-Product
y y Attention
m m k
— — =y=p—— LQ K12
R |
x Copy | 7| Smemee
m/ A N wll
- L
_N —
X h— Yy
. . m
I \
We copy the L

injected data to — Concat (Bind) Linear
generate K and V.

During matrix multiplication, we bind the h-axes, || A final fully connected layer combines the
avoiding cross-axis ensuring parallel operations. outputs of the separate heads into one vector.

Figure 11: Neural circuit diagram for multi-head attention. In PyTorch, the implementation of matrix
multiplication and dot products are clear with the torch.einsum function. Corresponds to Eqn. 2 and 3 and
Fig. 9.2.

ment the architecture from the diagram. We use annotations to introduce new components and to provide
context for what is happening.

5 Conclusion

In this work, we presented neural circuit diagrams as a human-centered approach to explaining deep learning
architectures. Motivated by the insufficient detail in even groundbreaking papers, we aimed to bridge this
explainability gap in a way that leverages human visual comprehension and mitigates the curse of knowledge.

We presented neural circuit diagrams with minimal mathematics, relying instead on colorful and descriptive
diagrams that build up to the original transformer architecture. This approach increases accessibility, making
deep learning architectures interpretable to diverse stakeholders. Additionally, designers can use neural
circuit diagrams without placing an undue burden on their audience.

Future work could involve diagramming other crucial architectures, such as convolutional image processing
and diffusion generative models. Examining neural circuit diagrams from a category theory perspective could
help reveal the fundamental causal structure of machine learning models and allow the information flows
present to be readily analysed (Shiebler et al., 2021; Perrone, 2022).

Additionally, neural circuit diagrams could clarify data models in other fields where transparency and ac-
countability are essential, such as healthcare or finance. This route would allow for inter-disciplinary coop-
eration and may reveal how deep learning methods can be safely integrated into existing systems.
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Neural Circuit Diagram of Transformers
In Neural Circuit Diagrams, we introduced a visual and explicit framework for representing deep learning models. Transformer architectures
have changed the world, and we provide a novel and comprehensive diagram for the architecture from Attention is All You Need. We describe
all necessary components, enabling technically proficient novices who have read our paper to understand the transformer architecture.
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Figure 12: The fully diagrammed architecture from Attention is All You Need (Vaswani et al., 2017).
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A Appendix

Without using category theory, we can establish a formal mathematical justification that ensures neural
circuit diagrams are robust by viewing data as unrolled vectors. This gives us confidence that stacked
operations have clear, unambiguous mathematical meaning. However, as we are not using category theory,
much of the essential structure is lost in this formalism.

In this formalism, we view all data as lists of values of some number field, V', which accepts addition and
multiplication. Shapes remind us of the structure of data but do not impose mathematical properties. V**3
is the same as V'2. When we combine morphisms by stacking or collecting, we create new morphisms
with larger input and output vector lengths. The shapes are there to remind us how morphisms have been
combined.

Data is viewed as unrolled vectors, simple
lists of values.

gt — p— _—

i il Gl il iy Lk
T ik TUT o ) i+l—-- _____ ol k+l
CLil VIl 1% 1%
! == 11
k k| F —
e | - i -

Shapes remind us how morphisms on lists of different lengths

come together, and the role of data at different points in a list.

Figure 13: In this perspective, shapes remind us of the role that data plays but stacked operations are
ultimately functions from one list to another.

The result of accessing each index fully defines data. Because lists v = (1 3 2) and w = (1 3 2) are
equal for each index; so they are completely equal for all cases. The same applies for morphisms to lists V™.
If two morphisms are equal for each index, they are equal, and hence we can use one to define the other. For
an n-length list V", there are n index morphisms [u]" : V™ — V for p € {0,...,n — 1} which identify each
way morphisms to lists of that length can vary.

We completely define operations by their behaviour over each index.

For all g in {0, ..., i—1}and/vin {0, ..., j—1},

Vixj ixg’l@l @B’VI Vi i m 1 \%%
v
[l

L\.‘\ —

ViX Vl

i [1/
The operation IIdE ® [v]/]is defined for each index‘[—E]’ |

over Vi, making it is well-defined.

L

dentity’

= vy

Tdentity:

il

Figure 14: Isolating specific axes with indexes follows from the above equalities, which fully define using
indexes coupled with identities to access data.

Collecting morphisms f : V' — V7 and g : V¥ — V! gives a morphism (f @ ¢) : V** — VI such
that the first ¢ elements of the input are fed through f to generate the first j elements of the output, and
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the remaining input elements are fed to g to give the remaining output elements. This means collected
morphisms are precisely defined. This loose definition allows any morphisms to be collected.

Coupling is more restrictive than collecting. For a list V**?, we define coupled indexes [u]'®[v}? : V> — V1
for p € {0,...,i—1} and v € {0,...,5 — 1}, which are equal to the[u +iv]"*7 index of V**J. Morphisms are
exactly defined by their behavior concerning every output index, so the diagram in Fig. 14 defines indexes
coupled with the identity.

We define both coupling and inner coupling as transforming an operation F : V! — V¥ to Coupling(F, 1, ) :
Vi, yRXI by enforcing the statements in Fig. 15 for each index of j. The equality implies the resulting
V¥ vectors are equal. To get normal coupling, we set [ to zero. Furthermore, we allow vertical reflection in
the diagram to define coupling with the identity over k above rather than below.

For any|F : V% — Vk|land all v in {0, ... ,j— 1},

2 | fldentity} |,
1 l

i ) G [
N

Vl+i B

ity | il B

L

AL et

=~
[x1+1A

Figure 15: The above diagram completely defines inner coupling. Setting ! to zero or vertically reflecting
the diagram covers additional cases.

We allow for stacks of more than two morphisms when the order of stacking, F'« (G« H) against (F'*«G)*« H
with % as coupling or collecting, does not affect the relationship between input and output data. This is
always the case for collecting and only sometimes the case for coupling morphisms.
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