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ABSTRACT

Employing Large Language Models (LLMs) to address mathematical problems
is an intriguing research endeavor, considering the abundance of math problems
expressed in natural language across numerous science and engineering fields.
LLMs, with their generalized ability, are used as a foundation model to build
Al agents for different tasks. In this paper, we study the effectiveness of uti-
lizing LLM agents to solve math problems through conversations. We pro-
pose MathChat, a conversational problem-solving framework designed for math
problems. MathChat consists of an LLM agent and a user proxy agent which is
responsible for tool execution and additional guidance. This synergy facilitates a
collaborative problem-solving process, where the agents engage in a dialogue to
solve the problems. We perform evaluation on difficult high school competition
problems from the MATH dataset. Utilizing Python, we show that MathChat
can further improve previous tool-using prompting methods by 6%.

1 INTRODUCTION

With Large Language Models (LLMs) demonstrating remarkable proficiency in various tasks span-
ning diverse domains (Bubeck et al., 2023), they are deemed the potential foundation model for
building autonomous agents (X1 et al., 2023} Wang et al.| 2023a)). Especially, multi-agent collabora-
tion is a promising direction with the growing complexity of tasks being studied, with the benefit of
information sharing and collective decision-making among different agents with specialized skills.
It is compelling to explore the potential of LLMs in tackling mathematical problems considering the
crucial role of mathematics (Wigner, |1990) and the prevalence of mathematical problems expressed
in natural language throughout numerous scientific and engineering disciplines.

In this work, we investigate the potential of solving challenging math problems through conversa-
tions between agents. Due to the complex nature of these problems, we usually need to decompose
them into multiple steps and can only make meaningful progress when all previous steps are correct.
We believe conversations (together with code execution) are an ideal format, which enables iterative
refining and debugging of each step. We propose MathChat, a conversational framework tailored
to chat-based LLMs, where the math problem is solved with a mock conversation between an LLM-
based agent and a user proxy agent (See Figure[I|for an example and Figure 2]for the workflow). We
also study and incorporate effective prompting methods to instruct the LLM-based agent to solve
challenging math problems more effectively.

We evaluate MathChat with GPT-4 on the MATH dataset (Hendrycks et al., | 2021)), a comprehen-
sive collection of mathematical problems derived from various competitions and educational levels.
We target the level-5 difficulty problems within this dataset, which primarily consist of challenging
high school competition problems that even college students find difficult. Recognizing code exe-
cution as a major boost in performance, we compare two methods that both use Python: Program
of Thoughts (PoT) prompt (Chen et al.| 2022)), and Program Synthesis prompt (Drori et al., [2022).
We also include a vanilla prompt for reference. The evaluation shows that MathChat can further
improve previous tool-using prompting methods by 6%, and it can reach 60% accuracy on half of
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containing a and b can be expressed in the form v = p + d¢. Furthermore, for a certain choice of d, it is the case that
for all points v lying on the same side of a that b lies on, the distance between v and ais «. Find d.

from sympy impor

(We will first find the general equation of the line passing through points a and b using the
vector form. Then we’ll proceed with determining d that satisfies the conditions given.

Matrix i ) . . . ]

a = Matrix([5, -3, | To find the general equation of the line passing through points a and b, we can use the
24 ’ ’ =a+(b—a).

gg;)Matr‘lx( -1, 1, at we have the difference vector b — a, let’s substitute it into the general equation of

the line containing points a and b. This gives us:v=a+(b—a)t=a+d:
Since we have a, let’s find d that satisfies the given conditions, i.e., when the distance
between v and a is ¢. Using the distance formula, we get

b_minus_a =b - a
print(b_minus_a)

t=||v—al|=|l(a+dr)—al|=]|d¢||. Dividing by 7, we get:1 =[|d||
The magnitude of d is 1. Since d is parallel to (b — a), we can find d by normalizing the
d =bminus_a / | vector (b —a): a--b=2
b_minus_a.norm() i - . [Ib—al]
print(d) H
e have found the vector d.
7
Matrix(((- 16, (4], (32))) Prony
Matrix (((-4/9), (1/9], (8/9))) Agent

e

—4/9
The vector d is indeed equal to [ 1/9 ]
8/9
@ Prompt So, the line containing the points a and b can be expressed as:

( 5 > —4/9
v=a+dr=|-3)+1¢| 1/9
@ Problem -4 8/9

And the vector d is E Final Answer!

\

Figure 1: Example of a math problem-solving process with MathChat. The user proxy agent
initiates a conversation by sending the math problem to be solved an LLM agent with preset prompt).
From GPT-4’s response, the user proxy agent extracts all code and executes them sequentially. Valid
code from previous runs is recorded and will be executed together with the new code to reflect the
step-by-step reasoning progress of the model. The results will be returned to GPT-4 and GPT-4
will continue its problem-solving process. While GPT-4 solves this problem with only one turn
of user message in this example, our framework allows multi-turn conversations and additional
query handling, shown in Figure 3] The user proxy agent will do pattern-matching (in our case,
the appearance of \boxed{} containing a final answer) in the LLM agent’s response to determine
whether to end the conversation.

the categories while having competitive performance across all categories. We also demonstrate
the extensibility of MathChat with different prompts and different tools from our experiment. We
conduct a detailed analysis of the failure reasons of all the methods evaluated.

2 RELATED WORK

LLM Agent Systems In the domain of LLM Agent Systems, various implementations have
demonstrated the utility and diversity of multi-agent AI models. BabyAGI ex-
emplifies an Al-powered task management system using multiple LLM-based agents with a static
agent conversation pattern, while CAMEL showcases a communicative agent frame-
work emphasizing role-playing and autonomous cooperation. Further, research on Multi-Agent

Debate (Liang et all, 2023} [Du et all, 2023)) highlights the efficacy of agent debates in enhancing

divergent thinking and factuality in LLMs. MetaGPT (Hong et al.|[2023), a specialized application,
demonstrates the use of GPTs in collaborative software development. AutoGen

is an open-source framework for creating diverse LLM applications with customizable, conversable
agents using LL.Ms, human input, and tools.

Prompting Methods Creative ways of using LLMs to solve math problems have emerged

lately (Wang et al, 2022} [Zhou et al.| 2023} [Zheng et al 2023} [Chen et all 2021} [Weng et all}
2022). One particular endeavor is using LLMs to offload arithmetic calculations and other basic

operations involved in math problem-solving to programs (Drori et all 2022} [Chen et all 2022}
2022). Cumulative Reasoning (Zhang et al., 2023) decomposes tasks into smaller com-
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Figure 2: MathChat workflow: After a math problem is fed into MathChat, the user proxy agent
will initiate a conversation with the LLM agent to solve the problem. In each turn of interaction, the
user proxy agent processes the message from the LLM agent (Assistant Message) and responds with
a User Message. This process continues until the user proxy agent detects a certain pattern to end
the conversation. The process in the rectangular on the right-hand side of the figure shows the inner
workflow of the user proxy agent once an Assistant Message is received. It shows the functionality
of executing any tool-using queries, such as Python code. It is also responsible for giving different
instructions corresponding to different types of messages from the LLM agent (More in Appendix
[A). To illustrate this feature of the proxy agent, we give a concrete example in Figure 3]

ponents, streamlines the solving process, and generates thoughts in a cuamulative manner. Plan &
Solve prompting (Wang et al.|, |2023b) ask the LLM to first generate a plan and then solve it ac-
cordingly. Other general methods used to improve reasoning can also be applied to math problems:
(1) Chain-of-thought (CoT) prompting (Wei et al.l 2022} Kojima et al, [2022) elicits step-by-step
reasoning process from LLMs. (2) Another effective way is to prompt LLMs to solve problems in
a multi-stage manner (Dua et al., 2022; Press et al.,|2022; |Creswell et al., [2022} |Long|, |2023; |Paran-
jape et al., [2023} [Yao et al.,[2022; [Yang et al.| 2022} |Long| 2023} [Besta et al., 2023)). Least-to-most
prompting (Zhou et al.,[2022) and Decomposed prompting (Khot et al.,|2022) break down a complex
problem into smaller subproblems, and the subproblems are solved sequentially to reach the final
solution. (3) Utilizing tools can significantly boost the performance of LLMs (Shen et al.| [2024;
Parisi et al.l [2022). ReAct (Yao et al., |2022)) and ART (Paranjape et al., 2023) both use few-shot
prompting to interleave step-by-step reasoning and tool-using. (4) Self-consistency (Wang et al.,
2022), built on top of CoT, samples several different reasoning paths for a problem and selects the
answer with the majority vote. Li et al.|(2022) extends self-consistency by training a verifier to verify
the correctness of each step. By decomposing a problem-solving process, Tree-of-Thoughts (Yao
et al.| [2023) proposes a set of thoughts for each intermediate step, exploring and maintaining the
most promising thoughts for sequential actions.

3 MATHCHAT: A CONVERSATIONAL FRAMEWORK FOR MATH PROBLEM
SOLVING
In this section, we introduce MathChat, a conversational framework for math problem-solving.

A conversational framework with user proxy agent. MathChat is a framework that simulates a
mock conversation between an LLM agent (GPT-4 in our case) and a user proxy agent. Here a user
proxy agent is an agent playing the user’s role in conversations with the LLM agent. In MathChat,
the LLM agent and the user proxy agent work together to solve the math problem. The workflow
of this framework is presented in Figure 2] The user proxy agent takes a math problem to be solved
as input and would initiate a conversation with the LLM agent. The initial message from the user
proxy agent consists of an initial prompt and the problem to be solved. The initial prompt is used to
instruct the LLM agent to solve the problem collaboratively with the user (effectively the user proxy
agent in the MathChat system) in a certain desired manner. This framework is designed in this
conversational manner in order to leverage the chat-optimized feature of state-of-the-art LLMs, e.g.,
GPT-4. Another distinct benefit of this framework is that it enables multi-turn dialogues, which can
be particularly useful in addressing complex issues that require multi-step reasoning and tool using.

Prompting and tool-using in MathChat. With proper modifications, effective prompting methods
from existing research, such as CoT and tool-using, can be integrated into the Mat hChat frame-
work. Specifically, for the prompt in the initial message, we aggregate multiple effective prompting
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(Let’s use Python-+ Problem: Fake gold bricks are made by covering concrete cubes with gold paint, so the cost of the paint is proportional |
to their surface area while the cost of the concrete is proportional to their volume. If a 1 inch cube costs $1.30 to make while a 2 inch cube
 costs $6.80, then how much would a 3 inch cube cost?
¥ LLM LLM LM
'8 . . (- . . P r
--we can write the cost equation as To continue solving the problem, we will first - Let me correct [ (.- will correct the cod
follows: solve the system of linear equations to find the thlS and provide the and provide the proper
cost = ky * surface_area + k, * volume values of k, and k,. Then, we will calculate the correct result. result.
--We are given: cost of a 3 inch cube using the cost equation.
1 inch cube costs $1.30 - ki_value, k_values =
surface_area_l = 6 * (1)? import sympy as sp k2_value = sp.solve((egl, eq2),
volume_1 = (1)? k1, ) kg = sp.symbols('kl k2", sp.solve((eql, (k1, k2), dict=True
N - . positive=True) eq2), (ki, k2), kl_value =
1.3 =k * surface_area_1 + ky * volume_1 dict=True) k_values[@][k1]
2 inch cube costs $6.80 >
5 surface_area_2 = 6 * (2)**2 k2_value =
sutface_area 2 =6 (2)° volume_2 = (2)**3 cost_3 = k_values[@][k2]
volume 2 =(2)* eq2 = sp.Eq(6.8, k1 * surface_area_2 + k2 kl_value[k1] *
6.8 = ky * surface_area_2 + ky * volume_2 * volume_2) surface_area_3 + cost_3 = kl_value *
- We will solve these equations to find k1_value, k2_value = sp.solve((eql, eq2), k2_value[k2] * surface_area_3 +
k1 and k2. Afterwards, we will find the k1, k2)) volume_3 k2_value *
cost of the 3 inch cube using the same surface_area_3 = 6 * (3)**2 volume_3
cost equation. , volume_3 = (3)**3 Let’s now run the
_ *
surface_area_3 =6 *1(3) E;St’{’ - il’vflue 3surface,area,3 * corrected code to get | |Let’s run the corrected
volume 3 = (3)° Svaue T voume the cost of a 3-inch code to get the cost of a
cost_3 = ky *surface_area_3 + k, * volume_3 cube. 3 inch cube.
L J \ . J
& @ Ask to continue ﬁ @ Return valid result & ® Return error ﬁ \!( Correct!
User Continue. Please keep solving the [ ValueError: not enough
Proxy problem until you need to query. (If you 54k, + 27k, values to unpack 18.90
Agent get to the answer, put it in \boxed{}.) (expected 2, got 1)

Figure 3: An example demonstrating how the user proxy agent handles different types of messages
received from GPT-4 in MathChat. Specifically, the user proxy agent may respond in the following
ways: (1) asking the LLM agent to continue because no code block (i.e., query) is detected; (2)
returning the valid results from code execution; and (3) returning the error message from Python
execution. Note that GPT-4 may change the query if the old code is undesired based on the messaged
from the user proxy agent. In the last step, GPT-4 corrects the query, and the final result is returned.

Let s use Python to solve a math problem. @) @ Tool-using

iQuery requirements

*You should always use the “print” function for the output and use fractions/ rad\ca\
iforms instead of decimals. :
:You can use packages like sympy to help you.

$You must follow the formats below to write your code:

Mpython
I e ‘  Strategy
First state the key idea to solve the problem. You may choose from three ways to solve the problem: @ Selecti
election

Case 1: If the problem can be solved with Python code directly, please write a program to solve it. You can
enumerate all possible arrangements if needed.

Case 2: If the problem is mostly reasoning, you can solve it by yourself directly.

Case 3: If the problem cannot be handled in the above two ways, please follow this process:

: Multi-step tool- :

{using and
p by D i reasoning
2 Take out any querieSEEERI SR Eelthrough Pythonli(ield example any e A
calculations or equations that can be calculated). ; §S‘ep by step
3. for me to give the results. : : :
if you think the result is correct. If the result is invalid or unexpected Error handeli :
ehen o 5 Error handeling
After all the queries are run and you get the answer, put the answer in [SIGekl]. © @ Final Answer

. J

Figure 4: The prompt used in the initial message of the user proxy agent in MathChat. It instructs
the LLM agent to solve a problem collaboratively with the user proxy agent in a certain way.

techniques to instruct the LLM agent. We present the designed prompt in Figure ] which consists
of three main components.

* Tool-using Prompt: This component prompts the LLM to use Python programming in the correct
format to tackle the problem. We use the ‘query requirement’ subsection to specify the coding
format so that the user proxy agent can parse the code and return the corresponding results.

* Problem-Solving Strategy Selection Prompt: This component instructs the LLM agent to select
from three possible problem-solving strategies and to perform multi-stage reasoning and tool-
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using in the last strategy. The problem-solving strategies include the following three cases, which
cover the most effective strategies from existing literature on math problem-solving. (Case 1)
Write a Python program to solve the problem directly. This corresponds to single-stage tool-using
methods similar to |Gao et al.| (2022); Drori et al.| (2022); (Chen et al.| (2022). (Case 2) Solve the
problem directly without Python. This strategy allows GPT-4 to exercise its inherent reasoning
capacity to solve the problem at hand. (Case 3) Solve the problem step by step and use Python
to help with math operations. If the first two ways are not suitable, we ask the model to choose
this way to solve the problem. We craft a zero-shot version of the multi-step tool-using prompt
that allows the model to flexibly interleave between multi-step reasoning and Python code, similar
to [Yao et al| (2022); [Paranjape et al.| (2023)); [Schick et al.| (2023). In this case, we also ask the
model to handle errors and unexpected results from the run of programs N1 et al.|(2023).

* Final Answer Encapsulation Prompt: This component of the prompt instructs the LLM agent to
enclose the final answer in \boxed{}, which will be used as an indicator to end the conversa-
tion. This interaction between the LLM agent and the user proxy agent will not be ended until
\boxed{} is detected or max rounds of conversations are reached.

We acknowledge that there could be alternative ways to design the prompt. Fortunately, it is fairly
easy to refine the prompt, for example, further enabling the usage of Wolfram Alpha in addition to
Python, in our framework. We perform an empirical evaluation accordingly to test two alternative
versions of the prompt in Section[5.2]

4 EVALUATION

Dataset. We perform evaluations on all the level-5 (the highest difficulty level) problems from the
test set of MATH dataset Hendrycks et al.| (2021). Compared to other datasets for mathematical
problems such as GSM8k |(Cobbe et al.| (2021)), the level-5 problems are much more challenging
and include the application of theorems and complex equation derivation. The MATH dataset has 7
categories of problems: Prealgebra, Algebra, Number Theory, Counting and Probability, Geometry,
Intermediate Algebra, and Precalculus. In our evaluation, we remove Geometry from the evaluation
to make it consistent with previous work Drori et al(2022) (additional explanation in Appendix [B).

Evaluated Methods. Most previous work uses few-shot examples to elicit the reasoning of LLMs
and tool-using. It is important to select similar examples to the unanswered problem, and then
annotate the examples to cover all the cases that the LLMs might encounter. A considerable amount
of effort and careful consideration are required in this process. For example, [Khot et al.| (2022);
Zhou et al.| (2022) relies on elaborate examples to showcase the patterns, [Paranjape et al.| (2023)
maintains an example library to choose examples. Note that these methods use elementary math
problems and it requires even more effort to prepare and choose the examples needed for challenging
math problems. On the other hand, multiple existing studies |OpenAll (2023); Bubeck et al.| (2023)
reveal GPT-4’s remarkable capacity to follow instructions. Thus, we are interested in zero-shot
prompting techniques that could enhance math-solving of GPT-4, without any example selection and
annotations. Following this criterion, we evaluate our MathChat framework with the introduced
prompt and the following methods which are all zero-shot methods: vanilla prompt, Program of
Thoughts (Chen et al.[(2022)), and the Program Synthesis prompt from Drori et al.| (2022)).

1. Vanilla prompting: GPT-4 can perform CoT reasoning without few-shot examples. To evaluate
GPT-4’s performance on solving the problem directly, we use a default prompt adapted from
the few-shot prompt in MATH dataset: "Solve the problem carefully. Put the
final answer in \boxed{}. {Problem}".

2. Program of Thoughts (PoT): We use the zero-shot PoT prompting from [Chen et al. (2022),
which asks a model to write a Solver function to solve a problem and return the final answer
directly.

3. Program Synthesis (PS) prompting: Similar to PoT, the Program Synthesis (PS) prompt-
ing method |Drori et al| (2022) uses a prompt to ask the model to write a pro-
gram to solve a problem: "Write a program that answers the following
question: {Problem}"

Evaluation Details. We compare different methods on GPT-4 with the default configurations from
the OpenAl API. In MathChat, we allow a max round of 15 messages between GPT-4 and the user
proxy agent. The agent will explicitly ask GPT-4 to solve each step by itself if it detects errors from
3 consecutive executions. To avoid extremely long responses from the user proxy agent, the agent



Accepted at the ICLR 2024 Workshop on LLM Agents

will replace any result that exceeds 600 tokens with a warning text in the user message to ask the
GPT-4 to revise the previous code. We manually go through the answer of all the methods to count
all the correct answers. For vanilla prompt, Program Synthesis, and MathChat, we ask GPT-4 to
enclose the final answer in \boxed{}, so only the answers in the box will be extracted. For PoT,
we follow the original paper to take the return of the Solver function as the final answer.

5 RESULTS

5.1 MAIN RESULTS

We perform an evaluation on six categories of level-5 problems from the MATH dataset. We report
the problem-solving accuracy of different methods in each category in Table[I] Compared to vanilla
prompting, which shows the native capability of GPT-4, using Python with PoT or PS improves the
overall accuracy by around 10%. We can see this improvement mostly in the categories that involve
more number manipulations (Counting & Probability and Number Theory) and more challenging
categories (Intermediate Algebra and Precalculus). For Algebra and Prealgebra, however, PoT and
PS have little improvement or even lead to lower accuracy. Compared with PoT and PS, MathChat
can further improve the total accuracy by around 6%, and have competitive performance across
all the categories. It is worth highlighting that MathChat improves the accuracy in the Algebra
category over other methods by around 15%. Considering all the methods, Intermediate Algebra
and Precalculus can only be solved with a low accuracy rate of around 20%. More than half of the
problems from the other categories can be solved correctly by MathChat.

Algebra  C.Prob LAlg N.Theory  Prealg  Precalc Total

Problem Count 307 123 280 154 193 135 1192

MathChat | 59.93% 52.03% 17.85% 60.39% 60.10% 19.26% 44.71%
PoT 42.67% 50.41% 17.50%  54.55%  52.33% 1630% 37.67%
PS 43.32% 44.71% 20.36%  61.03%  55.96% 18.52% 39.60%

Vanilla 46.58% 25.20%  2.86% 28.57%  54.92%  7.41%  28.69%

Table 1: Accuracy on all the problems with difficulty level-5 from different categories of the MATH
dataset with different methods.

5.2 ADDITIONAL EVALUATION ON MATHCHAT WITH ALTERNATIVE PROMPTS

Algebra C.Prob 1.Alg N.Theory Prealg Precalc Total
Problem Count 50 50 50 50 50 50 300
MathChat w/ Two-tools 33 22 6 27 29 10 127
MathChat w/ Python 26 19 7 22 31 13 118
MathChat 30 24 8 34 28 10 134
PoT 20 19 9 24 24 7 103
PS 17 19 12 31 26 5 110
Vanilla 26 13 1 17 21 1 79

Table 2: Additional evaluation of MathChat with two alternative prompts. 50 problems are sam-
pled from each problem category for this evaluation. MathChat w/Two-tools and MathChat w/
Python are two alternative prompts.

MathChat allows easy incorporation of different prompts and tools. We perform an additional
evaluation to test two alternative initial prompts with MathChat to demonstrate its extensibility.
(1) A simplified prompt with Python: In this alternative, we only keep the ‘query requirements’
subsection for python coding format and the step-by-step tool-using (i.e., case 3) from the default
prompt. (2) A simplified prompt with Python and Wolfram Alpha: In this alternative, on top of
alternative (1), we add Wolfram Alpha, a computational engine, as an additional tool for the LLM
agent to choose from. Details of these two alternative prompts are in Appendix [B] We perform an
evaluation on randomly sampled 50 examples from each of the six problem categories. We also
include results from other methods on the sample problems for comparison in Table[2] MathChat
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(In how many ways can one write 1, 2,1
3, 4, 5, and 6 in a row so that given
any number in the row, all of its divisors
(not including itself) appear to its left?

rThe number (y/2 + ﬁ)}can be written in the
form ay/2 + b\/3 + ¢\/6, where a, b, and ¢ are

integers. Whatis a + b+ ¢?
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using binomial theorem ---

'Key idea: Expand the expression (\/5 + ﬁ)»‘ﬂ
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import ..

a, b, c = symbols('a b c')
expr = (sqrt(2) + sqrt(3))**3
expan_expr = expr.expand()
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b_term = 2 * expan_expr.coeff(sqrt(3), 1)
c_term = expanded_expr.coeff(6, 1)
print(a_term, b_term, c_term)

\ J

User Proxy Agent
. B LLM
(Theanswer|5a+h+c_22+18+0

the 2 * -

there are no divisors of '1'. Now we have
the base for all other numbers to fit.

Now let's enumerate the possibilities by
placing these numbers in a valid sequence:

( Return: 22 18 0

" in the code came out of not

The plan is to enumerate all
possible outcomes, which includes
5*4*3*2*1=120 sequences. The space is
big and

where.

If the 2s for both terms are removed, the
answer can be corrected to:
a+b+e=11+9+0=]0

Figure 5: One example is selected for each of the first two failures. Type 1 failure: in the first
problem, the LLM agent fails to give a plausible plan. It chooses to enumerate all sequences, and it
does not use tools to help with it. Type 2 failure: the second problem shows that the model fails to
give the correct code to solve the problem, while it follows the problem requirements and the overall
direction is correct. With minor changes to the code, the final answer can be correct.

still performs better than other methods with the two newly crafted prompts. With MathChat, the
step-by-step prompt that allows both Python and Wolfram performs the best on Algebra, while the
new prompt with only Python solves the most problems on Prealgebra and Precalculus, but has a
worse performance on Number Theories. Overall, Mat hChat with the default prompt still performs
the best.

6 FAILURE ANALYSIS

6.1 FAILURE REASONS

We first summarize the failure cases according to the reasons for failure, based on the systematic
math problem-solving process established by George Pélya (2004). The process consists
of (1) understanding the problem; (2) devising a plan; (3) executing the plan; (4) reviewing and
extending. We observe failures of the following three main types. We give one example each for the
two types of failures in Figure[5}] More example are provided in Appendix [D]

Type 1. Failure to devise or select an appropriate plan or path to solve the problem. This type
encompasses cases where GPT-4 fails to provide a proper way to approach the problem. In these
instances, the answer is consistently incorrect, even though each individual step of the calculation
is accurate. Failure cases of this type are typically tricky problems that even math experts find
challenging.

Type 2. Failure to flawlessly execute the devised plan. Math problem-solving requires rigorous
and precise reasoning steps. A minor error in calculation or symbol manipulation could be fatal
and lead to a wrong answer. This type of error is considered ‘minor’ because they are easier to be
fixed. This type of error contributes to a fair amount of failures, where the overall direction of the
problem-solving is correct, but one mistake in a basic derivation leads to the wrong answer. Note
that an error for Python execution is also included in this type, where GPT-4 fails to write a runnable
code leading to the error.
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[If x2+bx+b+3 =0 has roots of the form ”’iw, where b > 0, then b = m ++/n for positive integers m, n. Find m + n. l
Problem

m N ( m ) (To solve the given problem, we can followm
def solver(): these steps: 1. Use the quadratic formula for
Thus, we have the equation: L. the given equation. 2. Compare the roots in the
2_ R # We can find the value of b by given form with the ones obtained from the
b+3=—— 0=0b"-4b-17 equating the product of our roots i i
q g p C > quadratic formula. 3. Solve the resulting
Now, we solve for b using the quadratic rootl and rootZ, with the product equation for b.
formula: obtained from Vieta's formulas: Here’s the python code to find the value of b:
ety —a 117 product_roots = rootl * root2
_ - vieta_product = -b - 3 # Print the positive b
2.1 ! # Now we'll solve the equation for sol in solution_b:
; 4+4/68 product_roots = vieta_product for b: if sol[0] > O:
) = X
) ) equation = sp.Eq(product_roots, positive_b = sol[@]
vieta_product) print("Value of b:", positive_b)
Since we are given that b is positive, we solution = sp.solve(equation, b)
can disregard the negative square root, # Since b > 0, we'll take the # Express b as m + sqrt(n)
) 44++/68 positive solution: ) m, n = symbols('m n')
and we have: hZT b_value = [sol for sol in m_expr, n_expr = solve(Eq(positive_b,
Thus, m=2and n =68, SO m+n = solution if sol > 0][0] m + sqrt(n)), (m, n))
\ JL JL )

Figure 6: An example where MathChat is correct and others fail. All other methods fail due to
Type 2 failure. 1. Vanilla prompt: when calculating b, didn’t include —42. 2. PoT: it first calculates
vieta_product wrong, even is this is corrected, another TyperError will occur. 3. PS: it
solves for b correctly, but gets an ValueError when using the program to extract m and n.

Type 3. Other technical errors. There are other technical errors causing the failure. One example
of such failure is lack of information due to the removal of ASY code.

6.2 FAILURE CASES USING DIFFERENT METHODS ON GPT-4

In Table [3] we present the frequency of successful outcomes for each method (represented in each
row), while all other methods fail, categorized according to different problem instances. This table
serves to highlight the distinct advantage that a particular method exhibits across various problem
categories. Similarly, in Table ] we summarize the frequency of instances where one method fails
while all other methods succeed. A high number in this table signifies the unique disadvantage of
the method in question.

These statistics demonstrate the robustness of MathChat in comparison to other methods.
MathChat leverages conversation to enhance error correction when utilizing external tools, thereby
hypothesizing a reduction in failures within the third type.

| Algebra C.Prob LAlg N.Theory Prealg Precalc | Total

MathChat 27 8 21 13 6 9 84
PoT 11 9 19 6 3 5 53

PS 12 6 22 11 10 8 69
Vanilla 12 4 5 3 10 3 37

Table 3: The number of problems where one method succeeds, and all the other methods fail (the
higher the better for the concerned method in each row).

| Algebra C.Prob TLAlg N.Theory Prealg Precalc | Total

MathChat 6 2 0 5 4 1 18
PoT 22 5 0 6 18 2 53

PS 17 5 1 5 14 0 42
Vanilla 16 19 11 28 19 5 98

Table 4: The number of problems where one method fails and all the other methods succeed (the
lower, the better for the concerned method in each row).
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We take one example from each table to analyze the failures of these methods. We first take an
Algebra problem that MathChat succeeds but others fail to analyze the failures of other methods
(Figure [6) For this problem, other methods fail to execute this plan without any mistakes, causing
the second type of failure. While vanilla prompting has a calculation error, the other two methods
get execution errors from running the code. We run these methods three more times and they still
fail to solve the problem. From Table ] we take the only Precalculus instance that MathChat is
wrong while all the other methods are correct. Through investigating, we find that MathChat gives
longer solutions to the problem than all the other methods, and also contains Type 2 failures. This
problem might indicate a potential correlation between the accuracy and length of responses. We
present more details in investigating this possible correlation and also the Precalculus example in

Appendix D}
7 SUMMARY AND FUTURE WORK

7.1 SUMMARY

In this paper, we introduce MathChat, a conversational framework to solve math problems with the
collaboration of an LLM agent and a user proxy agent. MathChat is designed for chat-optimized
models like GPT-4, and it is extensible to be used with different prompts and different tools with
minimal effort. Based on the framework, we also derive a prompt that aggregates previous prompting
techniques to be used on MathChat. Our evaluation of level-5 problems from the MATH dataset
demonstrates the effectiveness of MathChat to solve more complex and challenging problems.
Despite its improvements over previous methods, the results show that complex math problems is
still challenging for recent powerful LLMs, like GPT-4, even with help from external tools. We
discuss potential directions to further improve math problem-solving below.

7.2 ENHANCED AGENT SPECIALIZATION IN PROBLEM SOLVING

The Society of Mind Minsky|(1988) posits that intelligence emerges from the interaction of relatively
simple agents. In MathChat, where two agents collaborate to solve math problems, the behavior
of the LLM agent, guided by specific instructions for task completion and decision-making, shows
significant variance. To enhance consistency and effectiveness, it could be beneficial to decompose
this process into specialized tasks, each handled by a dedicated agent. One agent, for instance, could
focus on comprehending and developing initial solutions, while another evaluates the most suitable
problem-solving strategy for the given problem.

Other than decomposing the solving process, it is possible to categorize problems by type, difficulty
level, or other aspects, and accordingly select the most effective agent (prompting method) for each
category. Our analysis in Section demonstrates that various methods exhibit distinct advantages
depending on the problem type. This approach is akin to the Mixture of Experts model |[Shazeer
et al.| (2017), where specific prompting strategies are used in place of sub-neural networks, and it
also aligns with the concept of prompting chaining |Wu et al.,| (2022)), which involves classifying a
task under various scenarios for targeted resolution.

7.3 ASSISTANCE IN HUMAN PROBLEM-SOLVING

While LLMs is showing great potential to aid in human problem-solving, we recognize that much
work remains in developing a reliable LLM-based problem-solving assistant. When conducting
failure analysis in Section[6] we can spot calculation errors in LLM responses easily but may struggle
with identifying logical or factual inaccuracies, especially with unfamiliar concepts. This could lead
to potential misinformation, especially for students who are learning new concepts and have weaker
judgements. Although our evaluation indicates that incorporating Python enhances LLM problem-
solving abilities, relying solely on Python or LLMs has limitations, as Python solutions (such as
brute-force or simulations) may not suit human learning needs.

A possible mitigation would be to verify each step of the solving process with external tools and
established knowledge. When the LLM generates each intermediate step to solve a problem, Python
can be used to check for calculation errors in the step, and external databases can be consulted to
validate any theorems mentioned.
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A SUPPLEMENTARY DETAILS ON THE USER PROXY AGENT

The user proxy agent in MathChat takes a problem and put it in a message with an initial prompt,
and sends the message to the LLM agent. Then the agent is responsible for extracting and executing
queries and also providing additional guidance. Here are all functionalities of the user proxy agent
(the workflow is shown in Figure [2):

1. Extract Queries: The user proxy agent needs to match the pattern specified in the initial
message to extract all tool-using queries. With our designed prompt, the agent matches all
code blocks in the message and extracts the code.

2. ”Continue”: If no query is detected in the message, the agent will send this mes-
sage to the LLM agent: "Continue. Please keep solving the problem
until you need to query. (If you get to the answer, put it in
\boxed{}.". This asks the agent to keep solving the problem and reminds it to end the
conversation by putting the answer in the box.

3. Query Execution: Any tool-using queries extracted will be executed sequentially. For Python,
we set the time limit to be 5 seconds for execution. As shown in Figure[l] the previous valid
code is recorded. All the execution results will be concatenated sequentially (including errors).

4. Recurrent Error detection: If LLM agent sends 3 consecutive errors, the user proxy
agent will replace the third error message with this message: "Please revisit
the problem statement and your reasoning. If you think this
step is correct, solve it yourself and continue the next step.
Otherwise, correct this step.". To avoid sticking to this error, the LLM agent is
asked to solve this step without tools and move on.

5. Repetitive results: This is not shown in the workflow, but the agent also detects another sit-
uation where the LLM agent gives the same tool-using query from the last one or the result
is the same as the last query. Then the message is appended to the execution result to remind
the agent to avoid giving the same queries: "Your query or result is same from
the last, please try a new approach.".

6. Long query results: It is possible that LLM agent requires a query result
that is too long to be passed back (such as long results from the print func-
tion in a for loop in Python). The proxy agent will replace any query re-
sult that is longer than 2000 chars (approximately 600 tokens) with this mes-
sage: "Your requested query response is too long. You might have
made a mistake. Please revise your reasoning and query.".

In MathChat, if the tool-using query and the end indicator are detected in the same message, the
result from the query will be returned, and the conversation will continue. This is to prevent early
stops where the LLM agent predicts the execution result and puts it in a box other than waiting for
the result.

B SUPPLEMENTARY DETAILS ON EXPERIMENT SETTINGS

Rational in removing the geometry problems from testing: Most geometry problems from this
dataset contain an Asymptote code to plot the figure. But the currently available version of GPT-4
cannot accept image input. If the raw code is included, it can leak information to the model through
exact numbers for the coordinates. Taking these issues into consideration, we skip the evaluation on
Geometry problems and remove ASY code from all the other categories (though this could result in
a lack of enough information for some problems). The correct answer to each problem is determin-
istic and is enclosed in \boxed{} in the dataset as ground truth (but not disclosed to the methods
solving the problem).

The code is in this GitHub repository. In our experiment, we use the default configuration from
OpenAl, specifically temperature=1, and max_token=inf (See OpenAl API Reference for
more details). We use the system message ~You are a helpful assistant” for vanilla prompt, PS, and
MathChat. For PoT, we do not add this system message, since our evaluation shows that PoT
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Let’s use Python to solve a math problem.

Query requirements:

You should always use the "print” function for the output and use fractions/radical forms instead of decimals.
You can use packages like sympy to help you.

You must follow the formats below to write your code:

“python

# your code

Please follow this process:

1. Solve the problem step by step (do not over-divide the steps).

2. Take out any queries that can be asked through Python (for example, any calculations or equations that
can be calculated).

3. Wait for me to give the results.

4. Continue if you think the result is correct. If the result is invalid or unexpected, please correct your query or
reasoning.

After all the queries are run and you get the answer, put the answer in \\boxed{}.

\— _J

Figure 7: The Python prompt used on MathChat from Section[5.2]

without system message has a better performance. We discuss the effect of system message below
in Section

Here is the prompts for PoT|Chen et al.| (2022)), PSDrori et al.|(2022)), and the additional two prompts
we designed:

* Program of Thoughts (PoT). See Figure The whole prompt uses the Python code format,
where information such as the problem or instructions is in the comments.

* Program Synthesis (PS). The prompt for PS is "Write a program that answers
the following question: {Problem}". Since the definition of “program” is un-
clear and sometimes the LLM agent won’t write code to solve the problem, we add the key-
word "Python’ in front of ’program’. After the message is returned, we used the proxy agent
to return the result (by default, GPT-4 would return the code in the code block). Then we
send another message to the model with the Python execution result and ask it to enclose the
final answer: {Return from Python}. Please put the final answer in
\boxed{}. See Figure[9|for an example of the whole process.

* Python prompt (w/ MathChat). See Figure
* Two-tools prompt (w/ MathChat). See Figure[§]

C SUPPLEMENTARY EXPERIMENTS AND RESULTS

We further evaluate a vanilla few-shot prompt, PoT with and without system message, and Vanilla
prompt with and without system message on the randomly selected 50 problems from each category
and present the results in Figure[5]

In the few-shot prompt, we randomly select 3 level-5 problem-solution pairs from the train set.
These examples are selected from each category and are used for all the problems from that cat-
egory. The vanilla few-shot prompt starts with "Solve the problem carefully. Put
the final answer in \boxed{} just like the vanilla prompt, and then three "Problem:

Solution: ..." pairs are attached. Compared with the vanilla prompt, adding three
additional examples does not make any obvious difference, and the overall performance is slightly
WOrse.

From our experiment, we also notice that the system message affects the performance of the LLM
agent. However, the impact significantly differs between methods. As shown in Table [5] using a
system message is crucial for the Vanilla prompt: adding the system message doubles the success
rate compared to the one without a system message. However, for PoT, adding the system message
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( Let’s use two tools (Python and Wolfram alpha) to solve a math problem. \

Query requirements:

You must follow the formats below to write your code:
For Wolfram Alpha:

“wolfram

# your wolfram query

For Python:
“python
# your code

When using Python, you should always use the “print” function for the output and use fractions/radical forms
instead of decimals.

You can use packages like sympy to help you.

Please follow this process:

1. Solve the problem step by step (do not over-divide the steps).

2. Take out any queries that can be asked through Python or Wolfram Alpha and select the most stitable tool to be
used (for example, any calculations or equations that can be calculated).

3. Wait for me to give the results.

4. Continue if you think the result is correct. If the result is invalid or unexpected, please correct your query or
reasoning.

N J

Figure 8: The Two-tools prompt used on MathChat from Section [5.2] The added requirement
compared to the Python prompt is highlighted in yellow. This prompt allows the LLM agent to
choose from Python or Wolfram Alpha.

only slightly increases the performance. We add a further evaluation on all the level-5 problems
and find the PoT with the system message has an overall accuracy of 35.82%, which is lower than
the accuracy of PoT without the system message (37.67% as shown in the main results in Table[T).
We hypothesize the difference in the prompt format across different methods is the reason for this
behavior. The method with the Vanilla prompt imitates a conversation between the LLM agent and
humans via natural language, but PoT prompt is in Python code format, which explicitly directs the
model for code completion. Thus, the system message you are a helpful assistant” is more suitable
for Vanilla prompt but doesn’t align with PoT. More investigation is needed to understand the effect
of system messages.

Algebra C.Prob 1.Alg N.Theory Prealg Precalc Total
Problem Count 50 50 50 50 50 50 300
MathChat 30 24 8 34 28 10 134
PS 17 19 12 31 26 5 110
PoT w/o sys 20 19 9 24 24 7 103
PoT w/ sys 18 23 9 23 29 7 109
Vanilla w/o sys 14 4 0 4 13 1 35
Vanilla w/ sys 26 13 1 17 21 1 79
Few-shot (k=3) 21 6 2 18 24 1 72

Table 5: Results for few-shot prompt, PoT w/ and w/o system message, Vanilla prompt w/ and w/o
system message.

D SUPPLEMENTARY FAILURE ANALYSIS

D.1 FAILURE UNDER DIFFERENT FORMS OF PROBLEM-SOLVING PROCESSES IN MATHCHAT

The default prompt in Mat hChat allows the LLM agent to choose from different forms of problem-
solving processes to solve the problem, and we investigate how choosing different forms could affect
the performance. We plot the correct rate when a problem from each category is solved with three
forms of problem-solving approaches depending on the existence and validity of the query in the
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T PG RANEWESNENOIOWRGIUESION / por (2.7) & 5 Urits away from The port (—1.1). What s The product of al
possible integer values for n?
Problem

{ You can solve this problem using the distance formula between two points:
distance = sqri(x2 — x1)> + (y2 — y1)?)

In this case, the distance is 5 units, and the two points are (2, n) and (-1, 1):
5=sqrt(2 - (=D + (- 1)»)

Now, you can write a Python program to find all the possible integer values of n:

: from math import sqrt

t def find_possible_n_values():
: possible_n_values = []

for n in range(-10, 10):
distance = sqrt((2 - (-1))**2 + (n - 1)**2)
if distance == 5:
possible_n_values.append(n)

return possible_n_values

def find_product_of_n_values(possible_n_values):
H product = 1
for n in possible_n_values:
product *= n

return product

gpossible_n_values = find_possible_n_values()
1 product = find_product_of_n_values(possible_n_values)

t print("The possible integer values of n are:", p0551ble n _values)
: print("The product of these possible integer values i , product)

This Python program first defines a function ‘find_possible_n_values’ that iterates over a range of |nteger values for n, calculates the distance
using the given formula, and checks whether the distance is equal to 5. It then appends the valid integer values of n to a list of possible n values.

Another function, ‘find_product_of_n_values’, is then values of n ... (Explanation of Code)
.

The possible integer values of nare: (-3, 5)
The product of these possible integer values is: -15 User Proxy Agent
Please put the final answer in \boxed{}.

6e product of the possible integer values of n is: )

Figure 9: An example of the process of PS. The query result will be returned to the LLM assistant
and ask it to put the answer in box. The process of PS is exactly the same as MathChat when the
agent in MathChat chooses to solve the problem with one Python program.

( )
import math

import numpy as np

import sympy as sp

# Question: [{problEmy

# Answer this question by implementing a solver () function.

def solver():
# Let’s write a Python program step by step, and then return the answer
# Firstly, we need define the following variable:

. J

Figure 10: PoT prompt. Comparing to the original prompt from |Chen et al| (2022)), we add
"import sympy as sp" that gives the LLM agent hint to use the sympy library. The place-
holder "{problem}" will be replaced with the actual problem.

generated solution in Figure[TT} 1. The LLM agent doesn’t make any tool-using queries (Python)
when solving the problem. 2. The agent makes one or more queries, but at least one query is
invalid. 3. The agent makes all valid queries. It is shown in the plot that using Python correctly
could significantly increase the correct rate, while doesn’t use Python is worse than using Python
but having invalid queries. The results in Figure [T1] show that especially for intermediate algebra
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Figure 11: Success rate of MathChat under different forms of problem-solving processes: 1. the
LLM agent solves the problem without making any tool-using queries. 2. The agent makes queries
and has at least one invalid query 3. All queries made are valid.

Problem: The four-digit number 254 B is divisible by nine, with A the tens
digit and B the units digit. How many different such four-digit numbers could

Pioblem: Suppose x € [-5,— 3] and y € [2,4]. What is the largest possible value of
X+

>

-y (]3] (=010 |25A B represent?

" To find the largest possible value of —, we need to maximize the value of the { Key Idea: A number is divisible by 9 if the sum of its digits is divisible by 9. )

fraction. We can first consider how thé nﬁmerator and denominator are affected by the

given intervals of x and y. We will now write a Python program to find all the possible values of A and B

such that 25A B is divisible by 9. For that, we will iterate through all possible
" . . 1 fi h digit and check if th f digit:

Since x € [—5, — 3] and y € [2.,4], the numerator x + y will be in the range [—3,1] ;;a;\e’;i;;e:ycgl git and checkcif the sum of digits L

and the denominator x — y will be in the range [—9, — 5]. Therefore, we can try to
maximize the value of the fraction by choosing the largest possible value for the

numerator while choosing the smallest possible value for the denominator.

from sympy import Symbol
LLM ympy  1mp ymt

LY |f# Initialize possible values
Here's a Python program using the sympy package ! possible_values = []

) S Xty
to calculate the largest possible value of the fraction —:
9 P x—y # Iterate through all possible values of A (1 to 9) and B (@ to 9)

for A in range(l, 10):

from sympy import symbols, Rational for B in range(10):
. \ # Calculate the sum of the digits
X, y = symbols('x y') sum_digits =2 + 5+ A+ B

numerator = x +y
denominator = x -y

fraction = numerator / denominator # Check if the sum of the digits is divisible by 9
if sum_digits % 9 =
x_range = (-5, -3) possible_y values uppend((A B))

y-range = (2, 4)
print(possible_values)

max_num = numerator.subs(x, x_range[1]).subs(y, y_range[1])
min_denom = denominator.subs(x, x_range[@]).subs(y, y_range[0])

Now, we will run this Python code to find possible values of A and B.
max_value = Rational(max_num, min_denom)
print(max_value)

Fioass run the code and provide the resut. ‘ [()1 1),(2,0),(2,9), (3, 8), (4,7), (5,6), (6, 5), (7, 4), (83), (9,

. J

) User Proxy Agent

C -1/7 i U - Our final answer is [10. m

SN The LLM assistant first calculates the range for numerator and VPN The LLM assistant has the correct idea to iterate
denominator separately and then chooses different x and y for numerator and denominator to and find all numbers that sum of digits is divisible by 9. But for A, it didn’t
maximize the value, which is the wrong direction. ) ) include O as a possible digit, m\ssmg the number 2502 where (AB) = (0,

A correct solution: Maximizing x+y is equivalent to maximizing x+y P 2). If change “range(1, 10)” to “range(10)”, the final answer is 11, which is
x-y x-y x-y y-x correct.

Note that —2xand y — x are always positive, so to maximize this expréssion, we take y=2,the
smallest possible value ofy .

4 4

_1____

r+2

Then maximizing <= is equivalent to maxwmlzmg

Note that 2 — x is always positive, so to maximize thls expression, we (ake x = —5. Hence, the
5 + z

maximum value is = B

Figure 12: Additional example of Type 1 failure (Fail to devise a proper plan) and Type 2 failure
(Fail to execute the plan flawlessly).

and prealgebra, the gap in accuracy between “using no query” and “have invalid query” is large,
indicating that using Python is very helpful to solve problems from the two categories.
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. x+A . . .
Problem: The equation y = Bx C,Where A, B, and C are integers, is shown below. What is A + B+ C?
X+

[asy]
import graph; size(8.14cm); real I1sf=0.5; pen dps=linewidth(0.7)+fontsize(10); defaultpen(dps); pen ds=black; real
xmin=-2.52,xmax=5.62,ymin=-4.28,ymax=3.32;

pen

cqgcqcg=rgb(0.75,0.75,0.75);

t/le.isy}
Since the code between (asy) and (/asy]) is removed, it is not possible to solve the
problem. The information from the description is not enough to solve the problem.

Figure 13: An example of Type 3 failure where the ASY code is removed.

D.2 EXAMPLES OF 3 TYPES OF FAILURES

In Section [6.I] we summarize 3 main type of failures: type 1: failure to devise an appropriate plan.
type 2: failure to flawlessly execute the plan. type 3: other technical errors. We give one additional
example for type 1 error and type 2 error, and an example where the removal of ASY code leads to
a leak of information (Figure [I2} Figure [I3). We note that among all the problems, the ASY code
from 72 problems are removed, but 12 problems can still be solved correctly.

D.3 FAILURE UNDER DIFFERENT METHODS

We present the precalculus example where MathChat fails but all other methods success (Fig-
ure [13} Figure[T6] Figure[I7). The results from PS and PoT show that it is easy to get this problem
correct with Python (using the sympy . simplify function). However, in MathChat, the LLM
agent chooses to solve the problem via direct reasoning. Both MathChat and vanilla prompt solve
this problem by writing extremely long derivations. MathChat solves the problem with an even
longer step-by-step response and makes a calculation error during the process.

Additionally, we also provide an overview of the number of problems where all methods either fail
or succeed in Table [l

| Algebra C.Prob I1.Alg N.Theory Prealg Precalc | Total

All Success 46 13 0 18 45 1 176
All Fail 57 32 171 20 36 86 402

Table 6: The number of problems where all methods fail, and all methods succeed.

D.4 THE RELATIONSHIP BETWEEN FAILURE RATE AND GENERATED SOLUTION LENGTH

Chain of Thought (CoT) prompting shows that extra reasoning steps for a problem can improve the
ability of LLMs Wei et al.| (2022). With GPT-4, explicit reasoning is no longer an issue. Instead, we
find that a long and tedious reasoning process may result in more type 2 failures, such as calculation
errors, which results in a wrong answer even the overall direction is correct. We plot the distribution
of correct and wrong answer lengths and also the answer length of the given solution (The length of
the string list from splitting with a single space is used here). Since more complex and challenging
problems are likely to have a longer solving process but still a lower success rate, we separate prob-
lems from Intermediate Algebra and Precalculus with other categories (Figure [T4), to distinguish
less challenging problems from harder problems. We note that the success rate of MathChat on
the four less challenging categories goes over 50%, but the rate is lower than 20% for Intermediate
Algebra and Precalculus.
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Figure 14: Distribution of solution length of both correctly and incorrectly solved problems in
MathChat. The distribution of length of the given solution (ground truth) is also shown. The
left figure represents the distribution of the less challenging categories and the right figure repre-
sents problems from Intermediate Algebra and Precalculus. We cut off outliers that the split string
length is longer than 1500.

Overall, the solution length of MathChat is longer than the ground truth solution. The length of the
given solution on the two fundamentally challenging categories is longer than other categories. For
MathChat, correct answers and wrong answers from the less challenging categories have a similar
distribution in solution length, where the majority of problems are solved with 50 to 500 string
length. For harder problems, however, an answer with more than 600 string lengths is likely to be
wrong. From the precalculus problem shown in Figure[T7] the LLM agent can choose a plausible
strategy to solve the problem, but that strategy is less efficient and involve more math operations
compared to the given solution, this results in a much longer response, and it is more likely to make
errors during the process.
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Problem: Given constants € and D, suppose that tan A and tan B are the solutions to x>+ Cx + D = 0, where
tan(A + B) is defined.

Simplify sin?(A + B) 4+ Csin(A + B)cos(A + B) + D cos*(A + B).

Your expression should contain only one of the variables A, B, C and D.

Problem

( By Vieta’s formulas, tan A + tan B = — C and tan Atan B = D. Then from the angle addition formula, )
tan A + tan B C . . . L
tan(A + B) = =- .We write the expression we are interested in, in terms oftan(A + B) :
1 —tan Atan B 1-D
) : 2 Correct
sin“(A + B) + Csin(A + B)cos(A + B) + D cos“(A + B) Solution

= cos’(A + B)tan’(A 4+ B) + Ccos*(A + B)tan(A + B) + D cos*(A + B)
= cos’(A + B)(tan*(A + B) + C tan(A + B) + D)
cos’(A + B)

= (tan*(A + B) + C tan(A + B) + D
SnA+ B) 1 cost(A 1 B) A+ B+ Clan(d + B)+ D)

=—— . (tan’A+B)+Ctan(4+B)+ D).
tan2(A + B) + 1 (tan’( ) an( ) )

Then

———— (tan’’A+B) + Ctan(A + B) + D
tan2(A + B) + 1 (tan’( ) an ) )

1 ( c >2 c
= . -C- +D
(_%)24_1 1-D 1-D
(1-D)? D(C?+ (1 -D)»
_@ - D)2+ (2 (1-Dy
\ J

( To write a Python program that answers this question, we first need to convert the mathematical expressions into )
Python code using math librariFirst, let's find the sum and product of $\tan A$ and $\tan B$ using the givens:

We havetan A +tanB=—CandtanA -tanB = D. m
Now, using the angle addition formula, we have:

sin(A + B) = sin Acos B+ cos A sin B

and

cos(A + B) = cos A cos B — sin Asin B

But then, using the expressions for tan, we can rewrite these as:

. sin A sinB  sin A cosBcos? A + sin Bcos A cos? B
sin(A + B) = cosB+cosA =

cos A cos B cos2 Acos?B
and

COSA |
cos(A+ B) =——sinB —
sin A

cosB . A sin? A sin B cos B — sin? B sin A cos A
sinA =
sin B sin? A sin2 B

Now we square both expressions and add:

sin*(A + B) + Csin(A + B)cos(A + B) + D cos*(A + B)
_ (((sin A cos Bcos® A)? + (2)(sin A cos A sin B cos B)(sin A cos B cos” A)(sin B cos B cos® A)) + (sin A cos A sin B cos B cos” A)?
B cos* A cos* B

e ((sin® A sin B cos B)? — (2)(sin A cos A sin B cos B)(sin® A sin B cos B)(sin” B sin A cos A) + (sin® Bsin A cos A)?

sin2 A sin? B cos? A cos? B
D ((sin” A sin B cos B)? + (sin B cos B sin A cos A — sin A cos B sin B cos A)(sin A cos A sin B cos B cos® A) + (sin A cos B'sin B cos A)?)

sint A sin* B

Using the sums and products of $\tan A$ and $\tan B$, $\tan A\cdot \tan B = D$:
_ sin® A cos? B + 2'sin A cos A sin B cos B(tan A + tan B) + sin® Bcos? A — Csin A sin B cos A cos B(tan A + tan B)(sin A sin B) 4+ D sin® A sin® B
B cos? A cos? Bsin2 A sin? B

Noticing that tan A + tan B = — C and canceling some terms, we find that the expression simplifies to:@
\ J

Figure 15: The precalculus problem where other methods are correct but MathChat is wrong. This
figure shows the ground truth solution and the response with vanilla prompt.
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Problem: Given constants € and D, suppose that tan A and tan B are the solutions to x>+ Cx + D = 0, where
tan(A + B) is defined.

Simplify sin?(A + B) + C'sin(A + B)cos(A + B) + D cos*(A + B).

Your expression should contain only one of the variables A, B, C and D.

( To write a Python program that answers this question, we first need to convert the mathematical expressions into
Python code using math libraries. Then we will simplify the given expression containing sinusoidal functions.

Here is the program:

Eimport math
: import cmath
i import sympy as sp

E# Constants
iC, D = sp.symbols('C D")

t # Solving the quadratic equation

ix = sp.symbols('x")

: quadratic_eq = x**2 + C*x + D
gsolutions = sp.solve(quadratic_eq, x)

E# Assuming tan(A) and tan(B) are two solutions
t tan_A = solutions[@]
i tan_B = solutions[1]

: # Using properties of tan to find A and B
i A = sp.atan(tan_A)
: B = sp.atan(tan_B)

{# Finding sin(A+B) and cos(A+B)
t sin_A_plus_B = sp.sin(A + B)
gcos_A_plus_B = sp.cos(A + B)

E# Simplifying the given expression
t expression = sin_A_plus_B**2 + C * sin_A_plus_B * cos_A_plus_B + D * cos_A_plus_B**2
Esimplified_expression = sp.simplify(expression)

Eprint(f"The given expression simplified is: {simplified_expression}") :

T .
t import math

Eimport numpy as np

i import sympy as sp # added

idef solver():
H # Define the symbols for the constants and angles
: C, D, A, B = sp.symbols('C D A B")
H # Now, we know that tan(A) and tan(B) are solutions to the quadratic equation xA2 + Cx + D = @
# We can represent this equation using Sympy
x = sp.Symbol('x")
quadratic_eq = x**2 + C*x + D
# Now, let's use Sympy to find the solutions
tan_values = sp.solve(quadratic_eq, x)
# Now, we have tan(A) and tan(B) as elements of the tan_values list
tan_A = tan_values[0@]
tan_B = tan_values[1]
# Next, find sin(A), cos(A), sin(B), and cos(B) from tan(A) and tan(B)
sin_A = tan_A / sp.sqgrt(l + tan_A**2)
cos_A =1/ sp.sqrt(l + tan_A**2)
sin_B = tan_B / sp.sqrt(l + tan_B**2)
cos_B =1 / sp.sqrt(l + tan_B**2)
# Now we have all the necessary components to find sin(A + B) and cos(A + B)
sin_AB = sin_A * cos_B + cos_A * sin_B
cos_AB = cos_A * cos_B - sin_A * sin_B
# Now we can form the given expression in terms of sin(A + B) and cos(A + B)
given_expr = sin_AB**2 + C * sin_AB * cos_AB + D * cos_AB**2
# Simplify the given expression
simplified_expr = sp.simplify(given_expr)
: return simplified_expr
i print(solver())
L-..........................................................................................................................................................‘ J

Figure 16: The precalculus problem where other methods are correct but MathChat is wrong
(Continued). This figure shows the PS and PoT code. Both code returns the correct result: "D".
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Problem: Given constants C and D, suppose that tan A and tan B are the solutions to
x? 4+ Cx + D = 0, where tan(A + B) is defined. Problem

Simplify sin?(A + B) + Csin(A + B)cos(A + B) + D cos*(A + B) .

rKey Idea: We will use the relationship between tan A, tan B, and properties of sine and cosine.

Step 1: Since tan A and tan B are the solutions of the given equation, we have:
tanA +tanB=—-C
tanA-tanB =D

Step 2: Convert the expression sin’(A + B) + Csin(A + B)cos(A + B) + D cos*(A + B) to an expression in terms
of tan A and tan B.

Using the formula for sin(A + B) = sin A cos B + cos A sin B and cos(A + B) = cos A cos B — sin A sin B, we
have:

sin*(A + B) + Csin(A + B)cos(A + B) + D cos*(4 + B) =
((sin A cos B + cos A sin B)? + C(sin A cos B + cos A sin B)(cos A cos B — sin A sin B) + D(cos A cos B — sin A sin B)

_

wL

(Continue. Please keep solving the problem until you need to query. (If you get to the answer, - User Proxy Agent

f Step 3: We will now expand the expression and simplify it using the relations between tan A, tan B, and C, \
D:
((sin A cos B + cos A sin B)? + C(sin A cos B + cos A sin B)(cos A cos B — sin A sin B) + D(cos A cos B — sin A sin B)?)

Expanding the terms: LLM
=(sin? A cos® B + 2 sin A cos A sin B cos B + cos’ A sin® B) Agent

+C(sin A cos A cos? B — sin A sin B cos B + cos A cos B cos> A — cos? A sin A sin B)
+D(cos* A — 2sin A cos A sin B cos B + sin® A sin® B)

Now we use the identity sin® x + cos?x = 1
Step 4: Rewrite the expression in terms of tan A and tan B:

=(sin A cos B)(sin A cos B + 2 cos A sin B)
+C(sin A cos? Bcos A — sin® A sin B cos B + cos A cos Bcos® A — sin Bcos” A cos A)
+D(cos A sin B)(cos®> A — sin A cos A cos B — sin B)

Now we substitute sin A with
—4__ and cos A with———, and similarly for B:

V1 +tan2 A V1 +tan2 A
_ tan A tan B . tan A + tan B + tan” A tan®> B
(1/1 + tan? A/1 + tan2 B)(tan2 A + tan? B + 2) (1/1+ tan? A\/1 + tan? B)(tan2 A + tan? B + 1) (1 +tan? A)(1 + tan? B)

We will use the relations tan A + tanB = - C and tan A - tan B = D.

Step 5: Make substitutions and simplify :
DZ

-D -C
= +C +
(/1 + tan2 A\/1 + tan? B)(tan? A + tan2 B + 2) ((\/1 +tan? Ay/1 + tan? B)(tan? A + tan? B + 1)) (1 + tan? A)(1 + tan? B)

Notice that the three terms have common denominators. If we combine them, we get:

_ —D(tan® A + tan’ B + 1) — C*(tan® A + tan® B + 2) + D*(1 + tan® A)(1 + tan” B)
(v/1 +tan2 Ay/1 + tan2 B)(tan? A + tan? B + 1)(1 + tan2 A)(1 + tan? B)

Step 6: Simplify the expression and obtain the final answer:
—C?

D

\— _J

Figure 17: The precalculus example where all the other methods are correct but MathChat is
wrong (Continued). This figure shows the conversation generated in MathChat. The LLM agent
in MathChat chooses to solve the problem via direct reasoning, and it makes a calculation error
when expanding the terms in Step 3.
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