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Abstract

Differentially Private (DP) data release is a promis-
ing technique to disseminate data without compro-
mising the privacy of data subjects. However the
majority of prior work has focused on scenarios
where a single party owns all the data. In this paper
we focus on the multi-party setting, where different
stakeholders own disjoint sets of attributes belong-
ing to the same group of data subjects. Within the
context of linear regression that allow all parties
to train models on the complete data without the
ability to infer private attributes or identities of in-
dividuals, we start with directly applying Gaussian
mechanism and show it has the small eigenvalue
problem. We further propose our novel method and
prove it asymptotically converges to the optimal
(non-private) solutions with increasing dataset size.
We substantiate the theoretical results through ex-
periments on both artificial and real-world datasets.

1 INTRODUCTION

The machine learning community has greatly benefited from
open and public datasets [|Chapelle and Chang,, [2011| |Real
et al., 2017 |[Fast and Horvitz, 2017, [Kong et al.| 2020].
Unfortunately the privacy concern of data release signifi-
cantly limits the feasibility of sharing many rich and useful
datasets to the public, especially in privacy-sensitive do-
mains like health care, finance, and government etc. This
restriction considerably slows down the research in those
areas as well as the general machine learning research given
many of today’s algorithms are data-hungry. Recently, legal
and moral concerns on protecting individual privacy become
even greater. Most countries have imposed strict regulations
on the usage and release of sensitive data, e.g. CCPA [Leg{
1slature), 2018]], HIPPA [Act, [1996]] and GDPR [Parliament
and of the European Union, [2016]]. The tension between
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Figure 1: An illustration of how data is distributed in the
health care example. Clinics have the same set of patients,
but different attributes such as blood test results, CT images
and the degree of liver cancer.

protecting privacy and promoting research drives the com-
munity as well as many ML practitioners into a dilemma.

Differential privacy (DP) [Dwork, 2011}, [Dwork et al.l 2006}
2014 Sheftet, 2017, [Lee et al.l[2019| [Xu et al.| 2017, Ken+
thapadi et al.,2012] is shown to be a promising direction to
release datasets while protecting individual privacy. DP pro-
vides a formal definition of privacy to regulate the trade-off
between two conflicting goals: protecting sensitive infor-
mation and maintaining data utility. In a DP data release
mechanism, the shared dataset is a function of the aggregate
of all private samples and the DP guarantees regulate how
difficult for anyone to infer the attributes or identity of any
individual sample. With high probability, the public data
would be barely affected if any single sample were replaced.

Despite the ongoing progress of DP data release, the ma-
jority of the prior work mainly focuses on the single-party
setting which assumes there is only one party that would
release datasets to the public. However in many real-world
scenarios, there exist multiple parties who own data relevant
to each other and want to collectively share the data as a
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whole to the public. For example, in health care domainfor all > 0,
some patients may visit multiple clinics for specialized treat-

ments (Figurg[1), and each clinic only has access to its own

attributes (e.g. blood test and CT images) collected from th . . .
patients. For the same set of patients, attributes combin%—}'Ie nhorm notatiork k deno_tes * norm |_n our paper. We
from all clinics can be more useful to train models. In gen- enote this convergence plim,;  Xa = X.
eral, the multi-party setting assumes multiple parties owrDifferential privacy(DP; [Dwork et al.[ 2006, 2014]) is
disjoint sets of attributes (features or labels) belonging ta quanti able and rigorous privacy framework, which is
the same group of data subjects (e.g. patients). formally de ned as follows.

nIlllm P[kX, Xk> ]1=0:

One straightforward approach to release data in a multi-partpe nition 1 (("; )-differential privacy) A randomized
setting is combining data from all parties in a centralizedmechanisnM : D ! R  with domainD and rangeR
place (e.g. one of the data owners or a third-party), andatis es("; )-differential privacy if for any two adjacent
then releasing it using a private single-party data releasdatasetd; D °2 D, which differ at exactly one data point,
approach. However, in a privacy-sensitive organization likeand for any subset of outpu®& R , it holds that

a clinic, sending data to another party is prohibited by policy.
An alternative approach is to let each party individually re-
lease its own data to the public through adding sample-wise ) ) )
Gaussian noise, and then ML practitioners can combine th&aussian mechanisfibwork et al|, 2014] is a post-hoc
data together to train models. However the resulting model§€chanism to convert a deterministic real-valued function
trained on the data combined in this way would show a sigf : D! R™ to arandomized algorithm with differential
ni cantly lower utility compared to the models trained on Privacy guarantee. It relies ensitivityof f , denoted by
non-private data (con rmed by experiments in Secfipn 5)St » which is de ned as the maximum difference of out-
To bridge this utility gap, we propose new algorithms specifPutkf (D)  f (D9Yk. We de ne Gaussian mechanism for
ically designed for multi-party setting. differential privacy as below.

In summary, we study DP data release in multi-party set-€émma 1 (Gaussian mechaniim):_or any deterministic

ting where parties share attributes of the same data subjecig@l-valued functiorf : D I R™ with sensitivityS , we

publicly through a DP mechanism. It protects the privacycan de ne a randomized function by adding Gaussian noise

of all data subjects and can be accessed by the public, ifRf: dp

cluding any party involved. To this end, we propose the fP(D):=f(D)+ R,

following two differentially private algorithms, both based where R is sampled from a nwltivariate normal distribution

on Gaussian DP Mechanisim [Dwork et al., 2014] withinN 0:S2 2 | . When 2109(1:25%) ¢ dp g ¢ )-

the context of linear regression. First,Dde-biased Gaus- '~ U . ) ’ '

sian Mechanism for Ordinary Least Squares (DGM-QLs)differentially private for0 < land > 0.

each party adds Gaussian noise directly to its data. The

learner with the public data is able to remove a calculatedo simplify notations, we de ne -

bias from the Hessian matr!x. However, we show that bla%ohnson-Lindenstrauss lemrtiL: [Johnson and Linden-

removal brings the small eigenvalue problem. Hence, wé . . .

L i strauss, 1984, Achlioptas, 2003]) is a technique to compress

propose the second methBaéndom Mixing prior to Gaus- a set of vectorS = fvi- - ith dimensiond to a

sian Mechanism for Ordinary Least Squares (RMGM—OLS)IOWer dir\rgensions_ a(\:/é’< q ,\\/;\%t;gv'a r(I) or slelectiok

A random Bernoulli projection matrix is shared to all parties,it is able to a roxFi)mateI .reserve F’?hepinner roduét be-

and each party uses it to project its data along sample-wisge PP \ely preserve P!
: ; : : . ween any two vectors in the sBtwith high probability. We

dimension before adding Gaussian noise. We prove that botﬁw . . : .

. . speci cally introduce the Bernoulli version of JL Lemma,
algorithms are guaranteed to produce solutions that asymal-h.Ch is extended from Theorem 1.1 in Achlioptas [2003]
totically converge to the optimal solutions (i.e. non-private) Ichis ex ! 'op '
as the dataset size increases. Through extensive experimeitsmma 2 (JL Lemma for inner-product preserving
on both synthetic and real-world datasets, we show the lattgBernoulli)). Supposé is an arbitrary set of points inRY
method achieves the theoretical claims and outperforms thand supposs is an upper bound for the maximurf-norm
rst method that naively adapts Gaussian mechanism.  for vectors inS. LetB be ak d random matrix, wher&;;

are independent random variables taking value frbor

1 with probability 1=2 respectively. With the probability

PIM(D)2S] e PM(D92S]+ :

- P 2log(l:25=)

2 PRELIMINARY atleastl (I+1)%2exp k 72 g ,8u;v 2 S, we
have

A sequencé X , g of random variables iRY is de ned to B u=p K > Bv=p K N

converge in probabilitfowards the random variab¢ if v 4 UV s

s? s? s2



3 NOTATION AND PROBLEM SETUP Utility target. We aim to guarantee the performance of
arbitrary linear regression task (arbitrarily selected label

Notations. DenoteD!,j = 1; :m, as data matrices and features) on the joint released dataBet, ;D™ .

for m parties, wher®! 2 R 4 andm 2. They are Out of the notation simplicity, we assume the label in the

aligned by the same set of subjects but have different atinear regression task is the last attribute, and the features

tributes and they have the same number of samples. De nare the rest of the attributes. Under this assumption, the joint
D = DI ‘D™ 2 R (1) 3zs the collection of all  private datasdd can be written apX; Y ], whereX 2 R" d

datasets, where = d; + + dn 1. We de ned by is the private feature matrix and 2 R" is the private label
subtracting 1 from the total number of attributes becausector. Similarly the public datasBt™? can be written as
one column is label which we need to treat separately. DX P ; YP'P], whereX PP 2 Rk @ andY PP 2 RK,

ne dmax = Max;,mjd;, andD; as thei-th row of D, we

] ) R We de ne the loss function by the expected squared loss:
make the following assumption on data distribution:

. : . L(w;P) = Egx. > 2. 1

Assumption 1. D;,i =1; ;n, are i.i.d sampled from WiP)= Epyye (W7x ) ()
. . . . d ) i i )

an underlying distributior® overR®**. where the data point is sampled from the distribution

in Assumption 1. We make two more assumptions for the

Dataset release algorithm. A private multi-party data re- distributionP: the standard normalization and the perfect
lease algorithm needs to protect both inter-party and intrahulticollinearityassumption. The latter is common in the
party communications. The genera| work ow of our pro- literature of linear regreSSion [Farrar and Glauber, 1967,
posed algorithms is designed as the following: Chatterjee and Hadi, 2006].

1. Pre-generate random varialde The pre-generated one Assumption 2. The absolute values of all attribut@3;; j
or more random variables will be shared among partiesare bounded by.
2. Privatize the dataset locally with the algoritha®™ . ] . N .
Each party applies the same privatizing algoritaiv ~ ASsumption 3. E,yyp  Xx” is positive de nite.
that takes the local dataset 2 R" % and the random
matrix B as the inputs and then outpltgprede ned) ~ Under Assumption 3, derived by setting, L (w;P) =0,

“encrypted” samples DP' 1 := APV (Di:B) 2 the optimal solutiorw to the loss in Equation 1 has the
RK di following explicit form:

3. Release the dataset. All parties jointly releRde® = .1
[DPo Y P M2 RE (@D (o the public. W= Baye X7 Bugye VD

Note that we need to specially design random varigbsnd
the privatizing algorithmAP™ | which we will introduce in
the next section. In addition, the random variaBlallows
the dependencies between the randomized output from
parties, which can be utilized to guarantee the nal utility.

The utility target (for the trained linear regression model) is
determined by our release algoritt{i; AP ). For a given
emublic dataseDP'? released by our algorithms, we de ne
our utility target as the existence of a training algoritArh

that achieves the asymptotic property for the trained model
. . , o weightsw, := A" DPW¥ as the dataset size ! 1
Privacy constraint. ~ Since Fhe public will ojbserve the re- The asymptotic property is commonly studied in differential
leased datas@P"”, for eachj 2 [m], DP** " should not  privacy [Chaudhuri and Hsu, 2011, Bassily et al., 2014, Feld-
leak the information of the private datadet. Formally  manetal, 2020] and we restate it as follows; converges
we requirej 2 [m], AP (D';B) is differen'_tia(l)ly private, tow in probability as the size of datasetincreasesi.e.
where two neighbouring datasddd and D! “differat 8 > 0; lim,; P[k#, w k> ]=0.The random-
one row (sample). ness from the above property comes from data sampling

. . X H - A priv o]
However the multi-party setting requires more than the» dataset release algorith(®; A™™ ), and the training

above guarantee because each paftys j not only algorithmA'.
observesD! but also the shared random variakie

Thus we need to further require that givéh, each 4 METHODOLOGY
party j cannot infer information about other private

dataset®’ . In terms of differential privacy, it is required \yg now describe our data release algorithms which both sat-
that condition onB for any possible sample value sty the differential privacy and yield asymptotically optimal
AP (D;B) is (7, )-differentially private,i.e. for any  gqjytions to the linear regression task. We start with the rst
two neighbouring datasel’ and D) “andB, we have  a|gorithm De-biased Gaussian Mechanism for Ordinary

_ _ . _ o Least Squares (DGM-OLSkhich directly applies Gaus-
P(AP"Y (D);B)iB) e P APY D/ B B +: sian mechanism when releasing the data and then de-biases



Algorithm 1 DGM-OLS ferent parties. Lemma 1 guarantees tHafom ! is (; )-

Dataset Release differentially private w.r.tD/ forany0<" 1; > 0.

1: Input: D= DY, ;D™ ;" . . . .

2:forj=1; :mdo Training algorithm.  Given the dataset released through
3 The partyj computes D 9m I .- Di+ R where the above algorithm, there exists an asymptotic linear

regression solution. Denote the feature matrix and the
label vector of the private and public joint dataset as
[X;Y] = D and[X9m;Ydm] = pdom Fyrther de ne
R:= R ;R™ 2R" (d*) gnd splitR into Rx and
Ry representing the additive noiseXoandY respectively.

Rl 2 R" 4 is arandom Gaussian matrix and elements
in R! arei.i.d sampled fromN  O; 4dmax

4: end for h [
5. Return: DY9m =:  pdgm *. . pdgm M
Training Algorithm

1: Input: Ddm; "

2: [X dgm;ngm] - Ddgm

Consider the ordinary least square solution for the public
dataX 99M andY 99", whose explicit form is:

3: Compute the de-biased Hessian matéhdom = ¥ dgm * ycdgm s dgm >\ dgm. @)
% X dgm >y dgm Almax 2 |
4 ydom = dom 1y x dgm > ydgm Compared W|thl our target solutionw =
5 " n Exy)p XX~ Exy)p [X yl, we can prove

. . iydgm
5: Return: Wi9™. thatplim,,, L xdm 7 ydim=g o [x y]bythe

concentration of bounded random variables and multivariate

] . o normal distribution. Nevertheless, there is a gap between
the Hessian matrix when training the model. However the i 1

dgm ~ y dgm >
de-bias operator introduces the possible inverse ofamatri 0t A XM~ XN andBy)p - XX
with small eigenvalues, which severely hurts the perfor- i 1 dgm
mance of the learned model. We therefore propose a novel  PI1M X
dataset release algorithm rather than the directly application 1
to Gaussian mechanismRandom Mixing prior to Gaus- = plim — X "X + X7 Rx + Ry X + R} Rx
sian Mechanism for Ordinary Least Squares (RMGM-OLS) n S 2
The model learned from the corresponding released public = Excyyp Xx7 +4dmax & L

dataset is also guaranteed to be asymptotically optimal, angere the last equation again holds by the concentration
more importantly, avoids the problem of small eigenvaluesyt pounded random variables and multivariate normal

>

X dgm

distribution. To reduce the bid&lyay 2 I, we can revise
4.1 DE-BIASED GAUSSIAN MECHANISM the solution computation in Equation 2®@g/9™ de ned as
(DGM-OLS) 1
1 X dgm > X dgm 4dmax 2 } X dgm > v dgm
! n

The De-biased Gaussian Mechanism for Ordinary Least :
Squares (DGM-OLS) includes the dataset release algdhe rsttermis estimated for the inverse of the Hessian ma-
rithm and the corresponding training algorithm. Algorithm 1trix Eix.yyp XX~ , which we denote ag?3™) *. The
shows the overview and we will introduce them next. asymptotic optimality for the solutiof 9™ is implied by

the theorem below and the proof is in the Appendix.

Dataset release algorithm. Each party directly applies Theorem 1. When c for some variable that is depen-
Gaussian mechanism to their own datdsetj =1; M)  yantof - . d. andP. butis independent of

to satisfy the differential privacy. Consider two neighboring "
data matrice®! and DI ° differing at exactly one row n h
with the row indexi. Implied by Assumption 2, we can A Az, ?
compute the sensitivity of the data matbx : ’

P kwdim w k> <exp O 2

_ - ' 0 p_ P Problem of small eigenvalues. The expectation off J9m

DI D! " = D! D! 2 d 2 dmpax: is a positive de nite matrix given Assumption 3, but the
sample ot dgm jtself is not guaranteed. With a certain prob-

ability, it has small eigenvalues that might lead to explosion

DI . Entries inR! are i.i.d sampled from Gaussian distribu-VNe" comp:jitidr;% Its inverse. In our experiments (section 5),

tion N (0; 4dmay 2 ). we _nd that H9™ suffers from the small e|ger_1\_/alges even

; if nis as large ag(P. As a result, the model utility is much
The dataset release algorithm meets the privacy constraintaore inferior than what is guaranteed theoretically. This
in section 3. No random matriB is shared among dif- motivates us to design the second algorithm.

Then each party independently adds a Gaussian Rige



Algorithm 2 RMGM-OLS _ Y o b___
Dataset Release b>D/ b> DI % = D! D/ 2 d 2 dmex:
1: Input: D= DY ;D™ ;" ;k.

2: The rst party pre-generatesla n random matrix

B where all entries irB arei.i.d. sampled from the
distribution with probabilityl=2 for 1 and1=2for 1. We now introduce the data release algorithm. Suppose all

Then rst party sends the random matrix sampléo  parties are sharing a random matéx 2 f 1;1g¢ ",

Morgover, wherB 2f 1;1g¢ ",BD! P k has sensitiv-
ity 2 dmax as well.

all parties. where all elements iB arei.i.d. sampled from the dis-
3: forj =1; :m do _ D tribution with probabilityl=2 for 1 and1=2 for 1. Then
4: The partyj computegD™9™)! := BDI= k+Ri, we de ne the local computation for each pajty

whereR/ isak d; random matrix and all elements

. Cp_ )
N G mgmyi .- Bpi= j-
in R! arei.i.d. sampled from the multivariate normal (D ) = BD k+ R

distributionN  0; 4dmax 2 . whereR/ isak dj random matrix and all elements Ri
5: end for h i arei.i.d. sampled from the multivariate normal distribution
6: Return: D™9™ := (D™MIm)t. . (DmMIM)™ N 0;4dmax 2 .Gaussian mechanism guarantees for any
Training Algorithm xed B 2 f1; 1gk n (Dfmgm)j is ("; )-differentially
1: Input: Drmam; privatew.r.t. the dataseb! for0<" 1, > 0.

2: [X rmgm. Yrmgm] = D'mgm
3: Compute the ordinary least square solution

wrr1mgm = (X rmgm)> X rmgm ! (X rmgm)> y rmgm-.
4: Return: Wy m9m,

Importantl¥, now the addictive noisel is relatively small

thanBDJ?) k. The order okR! kis ( k) while the order

of BDI= k k Dikis ( n) (byJL Lemma). If we set

k = o(n), the additive noise compared to the original data

matrix D will diminish asn ! 1 . This implies that the

standard ordinary least square solution to the public dataset

4.2 RANDOM MIXING PRIOR TO GAUSSIAN [X rmam-yTmam] would converge to the optimal solution
MECHANISM (RMGM-OLS) without special subtraction.

In previous method's dataset release stage, when we directijraining algorithm.  Given the feature matriX "™ and

add the Gaussian additive noiBeto the data, in order to the label vectoly ™9™ from the released dataset, we show

guarantee DP, the norm of the noise needed has to be tfigat the vanilla ordinary least square solution

same order (im) as thB norm of the data mattix. BothD 1

andR have normin( " n). Thus later in the training stage, ~ WM™ := (X MIM)7 X Mam (X MMM y rmgm

the additive nois&® when compared to the data matkx

would not diminish as ! 1 and we have to subtract is asymptotically optimal, i.eplim,, W™ = w .

Amax & | from X "9’“ X dgm, to remove this additive 1, rove the above asymptotic optimality, we show

noise in order to obtain the optimal model weights. Th|spIim (X™mam)> xmom = g wx>  and

subtraction is the problematic part that brings training insta* . "' s o (xiy) P

bility (small eigenvalues in the Hessian matrix). plimp,y  (X™M)" YO = By e [X Y] respec-
tively, and together they prove the optimality.

Instead, we can avoid such subtraction in the training stage B 1. om K (d+)

by imposing a smaller noise in the data release stage. If*, R - RY IR 2 _R a’,“,’

we can design the data release stage properly, so that t§8lit R into Ry _and Ry pepresenting the additive

addictive noise has relatively smaller ordenithanD,in ~ "OIS€S tOlBXf k and BY= k rssp(.ac.tlvely. Because

the later training stage, the learner would no longer need thBliMnin X7 X = Exyyp  xx7 , itis sufcient to

problematic de-biasing step. showplim ,; %(X rmgmy> X rmgm %X > X = 0. Now

rmgmy> rmgm 1y > .
Algorithm 2 shows the full details of Random Mixing we decomposg; (X ) X a X~ X asbelow:
prior to Gaussian Mechanism for Ordinary Least Squares, ; . BB oy !

. . . >ua+ Lax> B B e R .
(RMGM-OLS). We now explain the design of datarelease~  « = 7 7 o 70 Pt RxovRX Rx Rx

| { } | £ ) | —{z—1}

and training algorithm based on the above insights. Lemma 2 cvg. of gauss. dist. k= o(n)

. . We informally show how each term converge$tasn !
Dataset release algorithm. Suppose b is an n- i

dimensional vector ifi  1;1g". For any two neighbouring R
daaset®! and D! %that are different at row index the 1. & X B BX X>X .Ifk!1 asn!1l ,the
sensitivity ofb” D! is convergence is directly implied by Lemma 2.



2.1 x* E%RX + R} #-X . Properties of normal dis- 5.1 EXPERIMENT SET-UP
tribution guarantees the ap.)proximaticﬁnlfo ~Algorithm set-up. We evaluate both DGM-OA_S and
Ry, where R 2 R' 9 is a Gaussian matrix RMGM-OLS. Fork in RMGM-OLS, we sek = —" in
with N O;4dmax 2 . Then 21X~ B_R synthetic dataset experiments and select the boésim
1v>D0 L 1 f107;3 107;10°;3 10% 10%gin real-world dataset exper-
kIX>ROk= 0O pL . ! ) real-woric !
n n iments. Because of the numerical instability of computing

3. ;RXRx.Ifk!'1 asn!l , RyRx willcon-  Hessian inverse mentioned early, we add small with
verge toddmax 2 | . Onthe other hand, whdn= o(n), =10 5 to all Hessian matrices.

K 4dma 2 1 will converge tod asn ! 1

Notice that the above convergence relies on the proper sBaséline. In addition, we consider the following baselines

lection ofk. There exists a trade-off: largkrieads to better {0 help qualify the performance of proposed algorithms.

convergence rate of the rst term, but worse rate for the di» QLS The explicit solution for linear regression given train-

mInIShlng of additive noise — the third term. The fO”OWing |ng data(x, Y ) and serves as the performance‘s upper

theorem shows the exact asymptotic rate: bound for private algorithms, i.e. non-private solution.

» Biased Gaussian mechanism (BGM-OL$he same
data release algorithm in DGM-OLS, but has a dif-
ferent training algorithm. Given a released dataset

Theorem 2. When ¢ for some variablec that is
dependent ofl andP, but independent of-. , n, we have

PIRA™IM W k> |< (X bgm.y bam) by Gaussian mechanism, BGM-OLS out-
n . . .
( )! ! puts the vanilla ordinary least square soluti®pf™ =
k2 n _ o2 . bam > o b s b .
ep O min o 7 . +0(1) X bgm = x bgm X bgm = ybam |n other words, it
o2 1ea ' is DGM-OLS without training debiasing.
If we choosé& = O 21=2d"_ , then
Evaluation metric. In the experiments on synthetic
Plk#™M™ w k> ]< | datasets, we estimate the probability of tAelistance be-
i=2 : tween the model weight®,, from each algorithm or base-
exp ——a— O(minfl, g+ O@Q1) : line and the ground truth model weight :
d*=2dmax -

Pk, w k> ):
. 2
In the theoremk is selected to balanéigz— andkddm"?

] ] i ; We also evaluate the expectation of tRedistance between
To achieve the optimal rate fér( ) with any xed , the

weights for different algorithms:
optimalk is chosen a® L4

Omax Ek#, w k:
Comparison with DGM-OLS. The near-zero eigenvalue
issue is solved singgX ™9M)> X ™3Im0 holds naturally T @n algorithm is asymptotically optimal, we can see
by its de nition. Moreover, although the convergence ratePothP (k& w k> ) andEk#, w kconverge td

of n is sacri ced, the orders id; dnax and - are much whenn increases.

improved. In section 5 we show that the RMGM-OLS out-For the experiments on real world datasets, we evaluate

performs DGM-OLS on both synthetic datasets even whelearmed modelsy, by the mean squared loss on the test set.
nisaslarge a8 10°.

5 EXPERIMENTAL EVALUATION 5.2 EVALUATION ON SYNTHETIC DATASETS

. ) Data generation. We de ne the feature dimensiath =
In this section, we evaluate DGM-OLS and RMGM-OLS |4 £401, weight value of the ground truth linear modelis

on both synthetic and real world datasets. Our experiments, 4o e ndently sampled from uniform distribution between
on synthetic dataset are designed to verify the theoretical 1=dand1=d. A single data poinfx; y) is sampled as the
asymptotic results in, seption 4 by iljcreasing the trainin%ollowing: each feature value ir is independently sam-
set sizen. We further justify the algorithm performance on pled from a uniform distribution betweenl and1: label
ve real-world datasets, four from UCI Machine Learning _ . d > T . for the d
Repository [Dua and Graff, 2017] and one from kaggle y 1S <_:om_pute agw ) X. WO assumptlons_ or the data

' " distributionP, Assumption 2 and Assumption 3, can be

https://archive-beta.ics.uci.edu/ml/ veri ed. Moreover, we se6 parties in total5 of which have
datasets 2 attributes and the remaining one Haattribute.



Figure 2P kW, w k> JandE[k#, w K]as datasetsizeincreases for different algorithms whér 1:0; 0:3; 0:1.
For all pairs of("; ) except two most extreme cad@s3; 0:1) and(0:1; 0:1), RMGM-OLS shows asymptotic tendencies
plim,; P[k#&mM™ w k> ]=0.DGM-OLS does not show such tendencies even when training set §zas large
as3 10°.

Figure 3: Scatter plots of, distance versus minimum absolute eigenvalue of Hessian matrix. The left gure is for the
synthetic dataset whem = 10% and" = 1:0. The right gure is for thelnsurancedataset wheti = 1:0. Each point

is processed by a different random seed for DGM-OLS and RMGM-OLS. Both gures show that the Hessian matrix in
DGM-OLS is more likely to have small eigenvalues, which further lead to large diskainge w k.

Results. We vary the training set size 2 f 10*;3 stays atl for all n. Such results are expected in BGM-OLS's
104, 10°;3 195;106;3 10°g and5 privacy budget 2 convergenceplim,,, % X bom T Xbam = Eoxx> o+
f1,0:3,0:1g with xed = 10 °. We estimate the 4d., 2 1, which introduces a non-diminishing bias

Plkw, w k> ] andEkw, w k for different al-

gorithms with 1000 random seeds. Figure 2 shows how
Plkw, w k> J]andEkw, w k of each algorithm Next, we compare DGM-OLS and RMGM-OLS. RMGM-

OLS outperforms DGM-OLS at both the convergence of
] i probability P[kw,, w k> ] (the rst three gures in
Regarding two baselineB[kw, w k> JofOLSso- Figyre 2) and the expected distarEgkw, w k] (the
lutions, without any private constraint, are close to thezg¢ gure in Figure 2). RMGM-OLS shows the asymptotic
ground truthw under all  with probability 0. Nonethe-  iandencies in all values of when" = 1 :0. Although DGM-
less,P[kw, w k> ]of BGM-OLS keeps mostly un- g s has better rate at than RMGM-OLS theoretically,
changed as increases. Especiallp,[kwn, ~w k> 0:1] 5 =3 108 is not large enough to show the asymptotic

4dmax 2 1.

change when training set sineincreases.
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