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Abstract

Task-trained recurrent neural networks (RNNs) are widely used in neuroscience
and machine learning to model dynamical computations. To gain mechanistic
insight into how neural systems solve tasks, prior work often reverse-engineers
individual trained networks. However, different RNNSs trained on the same task and
achieving similar performance can exhibit strikingly different internal solutions, a
phenomenon known as solution degeneracy. Here, we develop a unified framework
to systematically quantify and control solution degeneracy across three levels:
behavior, neural dynamics, and weight space. We apply this framework to 3,400
RNNS trained on four neuroscience-relevant tasks—flip-flop memory, sine wave
generation, delayed discrimination, and path integration—while systematically
varying task complexity, learning regime, network size, and regularization. We
find that higher task complexity and stronger feature learning reduce degeneracy in
neural dynamics but increase it in weight space, with mixed effects on behavior. In
contrast, larger networks and structural regularization reduce degeneracy at all three
levels. These findings empirically validate the Contravariance Principle and provide
practical guidance for researchers seeking to tune the variability of RNN solutions,
either to uncover shared neural mechanisms or to model the individual variability
observed in biological systems. This work provides a principled framework for
quantifying and controlling solution degeneracy in task-trained RNNs, offering
new tools for building more interpretable and biologically grounded models of
neural computation.

1 Introduction

Recurrent neural networks (RNNs) are widely used in machine learning and computational neuro-
science to model dynamical processes [1, 2, 3, 4, 5, 6]. Traditionally, the study of task-trained RNNs
has focused on reverse-engineering a single trained model, implicitly assuming that networks trained
on the same task would converge to similar solutions—even when initialized or trained differently.
However, recent work has shown that this assumption does not hold universally, and the solution space
of task-trained RNNs can be highly degenerate: networks may achieve the same level of training
loss, yet differ in out-of-distribution (OOD) behavior, internal representations, neural dynamics, and
connectivity [7, 8,9, 10, 11].

These raise fundamental questions about the solution space of task-trained RNNs: What factors
govern the solution degeneracy across independently trained RNNs? Despite extensive work in
feedforward networks showing how different initializations and stochastic training can yield divergent
solutions, RNN(s still lack a systematic and unified understanding of the factors that govern solution
degeneracy [12, 13, 14, 15, 16, 17, 18, 19, 20]. Cao and Yamins [21] proposed the Contravariance
Principle, which posits that as the computational objective (i.e., the task) becomes more complex, the
solution space should become less dispersed. While this principle is intuitive and compelling, it has
thus far remained largely theoretical and has not been directly validated through empirical studies.

In this paper, we introduce a unified framework for quantifying solution degeneracy at three levels: be-
havior, neural dynamics, and weight space. As illustrated in Figure | , we quantify degeneracy across
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behavior, dynamics, and weights, and examine how it is shaped by four key factors. Leveraging this
framework, we isolate four key factors that control solution degeneracy—task complexity, learning
regime, network width, and structural regularization. By systematically varying task complexity,
learning regime, network width, and regularization, we map how each factor shapes degeneracy
across behavior, dynamics, and weights.

We find that as task complexity increases—whether via

. J Factors controlling solution degeneracy
more input—output channels, higher memory demand, or
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auxiliary objectives—or as networks undergo stronger fea- | comptexity I
ture learning, their neural dynamics become more consis- Ny e degerercy |
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each of these factors reliably modulates behavioral degen-  Fjgyre 1: Key factors shape degeneracy
eracy; however, the relationship between behavioral and across behavior, dynamics, and weights.
dynamical degeneracy is not always consistent.

2 Methods

Model architecture and training. We use discrete-time nonlinear vanilla RNNs with update
h, = tanh (W h; | + W, X; + b) where h; 2 R” is the hidden state, X; 2 R™ is the input,
Wy 2 R™ ™and W, 2 R™ ™ are the recurrent and input weight matrices. A linear readout maps
h; to outputs. Networks are trained with BPTT (Adam optimizer, no weight ﬁ;eay) 82]. For each
task, we train 50 seeds with 128 hidden units, initializing Wp,; W,  U( 1="n;1=" n). Training
continues until networks reach a near-asymptotic training loss threshold, after which we allow 3
epochs’ patience period and stop training to assess degeneracy across solutions (Appendix G).

Tasks. We evaluate four neuroscience-relevant tasks eliciting distinct dynamics: pattern recognition
(N-Bit Flip-Flop), delayed decision-making (Delayed Discrimination), pattern generation (Sine Wave
Generation), and evidence accumulation (Path Integration). Task details and example neural dynamics
required to solve the tasks are in Appendix A and F .

Degeneracy metrics. Behavioral degeneracy measures the variability in network responses to out-of-
distribution (OOD) inputs. We measure OOD performance as the mean squared error of all converged
networks under a temporal generalization condition (double the delay for Delayed Discrimination;
double the trial length otherwise). Behavioral degeneracy is the standard deviation of the OOD losses.

Dynamical degeneracy quantifies the average pairwise difference in networks’ neural dynamics
through Dynamical Similarity Analysis (DSA) [23]. DSA compares the topological structure of dy-
namical systems and has been shown to be more robust to noise and better at identifying behaviorally
relevant differences than prior metrics such as Procrustes Analysis and Central Kernel Alignment [24].
For a pair of networks X and Y, DSA identifies a linear forward operator for each system—A,, and
A,—which maps neural activity from one time step to the next. These operators are then compared up
to a rotation. The DSA distance between two systems is computed by minimizing the Frobenius norm
between the operators, up to rotation: dpsa(Az;A,) = Minc2om,) A CA,C 1 7 Where
O(n) is the orthogonal group. We define dynamical degeneracy as the average DSA distance across
all network pairs. Additional details are provided in Appendix I.

Weight degeneracy is defined as a permutation-invariant Frobenius distance between recurrent weights
dpir(W1; W2) = minp2p,) Wi P~W,P 7 » normalized by parameter count when compar-
ing different widths (Appendix 1.2).

3 Results

3.1 Task complexity modulates degeneracy across levels

We varied task complexity by increasing the number of independent input—output channels of each
task, which effectively duplicated the task across dimensions and increased the representational
load of networks by forcing them to multitask. Higher task complexity constrains the space of
viable dynamical solutions, leading to tighter clustering and greater similarity across independently
trained networks (Fig. 2AB). At the behavioral level, networks trained on more complex tasks



consistently showed greater consistency and lower variability in their responses to OOD test inputs
(Fig 2D). Together, the results at the behavioral and dynamical levels supp@otiievariance
Principle, which posits an inverse relationship between task complexity and the dispersion of network
solutions P1]. At the weight level, however, we found that pairwise distances between converged
RNNs' weight matrices increased consistently with task complexity (Figure 2C), which likely re ects
increased dispersion of local minima in weight space for harder task&¢, 27, 28, 29, 30, 31]. In
Appendix B, we explore two alternative approaches of varying task complexity: increasing the task's
memory demand and adding auxiliary objectives. We nd that the trends in solution degeneracy hold
consistently across these approaches.

Figure 2: Higher task complexity reduces dynamical and behavioral degeneracy, but increases
weight degeneracy. (A)Two-dimensional MDS embedding of network dynamics shows that inde-
pendently trained networks converge to more similar trajectories as task complexity inc(Bases.
Dynamical,(C) weight, and(D) behavioral degeneracy across 50 networks as a function of task
complexity. Shaded area indicate4 standard error.

3.2 Controlling feature learning reshapes degeneracy across levels

In deep learning theory, neural networks can operate in either a lazy or rich learning régjiag, [

34, 35]. In the lazy regime, weights and internal features remain largely unchanged during training.
In the rich (feature learning) regime, networks reshape their hidden representations and weights to
capture task-speci c¢ structure [32, 36, 37, 33].

Intuitively, when networks
undergoes strong feature learn-
ing, they converge to more
consistent task-speci ¢ neural
dynamics, leading to lower
dynamical degeneracy. To
causally test whether feature
learning affects solution de-
generacy, we used a principled
parameterization known as
maximum update parameter-
ization (P ), where a single
[ﬁf Zi?:;zw]eﬁr;mﬁ?gt{ggnfigure 3 (A Stronger feat'ure learning rc_aduces dynamical
ing: higher values induce degeneracy but increases weight and behavioral plegeneracy._ (B)
a ' richer  feature-learning Larger net\_Norks reduce degeneracy across weight, d'ynamlc's,
regime B5, 32, 34, 33, and behaw_or. Panels show degeneracy at the dynam_lca!, weight,
More spec'i callg/, tHe net- and behavioral levels (top to bottom). Shaded area indicales

work output is scaled asstandard error.
f(t) = NiWreadout (h(t)). A detailed explanation ofP and its relationship to the standard

parameterization is in Appendix L and M. For each task, we trained networks with multigkies
and con rmed that larger consistently induces stronger feature learning(Appendix N).
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