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Abstract

In this study, we delve into an emerging optimiza-
tion challenge involving a black-box objective
function that can only be gauged via a ranking
oracle—a situation frequently encountered in real-
world scenarios, especially when the function is
evaluated by human judges. A prominent instance
of such a situation is Reinforcement Learning
with Human Feedback (RLHF), an approach re-
cently employed to enhance the performance of
Large Language Models (LLMs) using human
guidance (Ouyang et al., [2022} Liu et al., 2023}
OpenAl, 2022} Bai et al., [2022). We introduce
Z0O-RankSGD, an innovative zeroth-order opti-
mization algorithm designed to tackle this opti-
mization problem, accompanied by theoretical
assurances. Our algorithm utilizes a novel rank-
based random estimator to determine the descent
direction and guarantees convergence to a station-
ary point. We demonstrate the effectiveness of
Z0-RankSGD in a novel application: improv-
ing the quality of images generated by a diffu-
sion generative model with human ranking feed-
back. Throughout experiments, we found that
Z0-RankSGD can significantly enhance the de-
tail of generated images with only a few rounds
of human feedback. Overall, our work advances
the field of zeroth-order optimization by address-
ing the problem of optimizing functions with only
ranking feedback, and offers a new and effective
approach for aligning Artificial Intelligence (AI)
with human intentions.
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1. Introduction

Ranking data is an omnipresent feature of the internet, ap-
pearing on a variety of platforms and applications, such as
search engines, social media feeds, online marketplaces, and
review sites. It plays a crucial role in how we navigate and
make sense of the vast amount of information available on-
line. Moreover, ranking information has a unique appeal to
humans, as it enables them to express their personal prefer-
ences in a straightforward and intuitive way (Ouyang et al.,
2022} Liu et al.| 2023} |OpenAlL 2022; Bai et al., [2022)). The
significance of ranking data becomes even more apparent
when some objective functions are evaluated through human
beings, which is becoming increasingly common in various
applications. Assigning an exact score or rating can often
require a significant amount of cognitive burden or domain
knowledge, making it impractical for human evaluators to
provide precise feedback. In contrast, a ranking-based ap-
proach can be more natural and straightforward, allowing
human evaluators to express their preferences and judg-
ments with ease (Keeney & Raiffal [1993). In this context,
our paper makes the first attempt to study an important opti-
mization problem where the objective function can only be
accessed via a ranking oracle.

Problem formulation. With an objective function
f : RY — R, we focus on the optimization problem
min,egae f(z), where f is a black-box function, and we
can only query it via a ranking oracle that can sort every
input based on the values of f. In this work, we focus
on a particular family of ranking oracles where only the
sorted indexes of top elements are returned. Such oracles
are acknowledged to be natural for human decision-making
(Keeney & Raiffa, |[1993). We formally define this kind of
oracle as follows:

Definition 1 ((m, k)-ranking oracle). Given a function f :
R? — R and m points x1, ..., T, to query, an (m, k) rank-
ing oracle O;m’k) returns k smallest points sorted in their

order. For example, ifO;cm’k)(xl,...,xm) = (i1, k),
then

in  f(xj).

mi
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Applications. The optimization problem min, cga f(2)



with an (m, k)-ranking oracle is a common feature in many
real-world applications, especially when the objective func-
tion f is evaluated by human judges. One prominent ex-
ample of this type of problem is found in the growing field
of Reinforcement Learning with Human Feedback (RLHF)
(Ouyang et al., 2022} Liu et al., 2023 |OpenAll 2022; Bai
et al., 2022)), where human evaluators are asked to rank the
outputs of large Al models according to their personal pref-
erences, with an aim to improve the generation quality of
these models. Inspired by these works, in Section 4] we
propose a similar application in which human feedback is
used to enhance the quality of images generated by Stable
Diffusion (Rombach et al.,[2022), a text-to-image generative
model.

1.1. Related works

Zeroth-Order Optimization. Zeroth-order optimization
has been rigorously explored in the optimization literature
over several decades (Nelder & Mead,|1965; [Frazier, 2018;
Golovin et al.| [2019; Nesterov & Spokoiny, [2017). Despite
this, most existing works make a significant assumption that
the value of the objective function is directly accessible—an
assumption ill-suited for our context, where only ranking
data of the function value is available. Existing heuris-
tic algorithms like CMA-ES (Loshchilov & Hutter, 2016)),
which exclusively rely on ranking information, often lack
theoretical guarantees and may underperform in real-world
scenarios. A notable exception is the recent study by (Cai
et al.,|2022), which investigates a setting where a pairwise
comparison oracle of the objective function is available.
This comparison oracle is indeed a (2, 1)-ranking oracle,
making it a special case within our work’s scope. (Cai et al.|
2022) attempts to uncover the gradient of the objective func-
tion using the 1-bit compressive sensing method. However,
their methodology is confined to convex objective functions
and does not extend to non-convex ones. Our work, in
contrast, contemplates a more general (m, k)-ranking ora-
cle and focuses primarily on non-convex functions. Rather
than relying on compressive sensing techniques, our work
introduces a novel theoretical analysis capable of character-
izing the expected convergence behavior of our proposed
algorithm.

Reinforcement Learning with Human Feedback (RLHF).
The general approach in existing RLHF procedures involves
collecting human ranking data to train a reward model,
which is then used to finetune a pre-trained model with
policy gradients (Ouyang et al.||2022; [Liu et al., 2023} |Ope+
nAll 2022} Bai et al.| [2022). In this work, we explore an
alternative setting that fuses reinforcement learning with
ranking feedback, where ranking occurs online and is based
on the total reward of the entire episode. Our proposed
zeroth-order algorithm can be directly employed to optimize
the policy within this context. Additionally, our algorithm

can simultaneously collect data during the optimization pro-
cess, thereby providing an efficient mechanism for smaller
organizations to build models from scratch.

Contributions in this work. Our main contributions are
summarized as follows:

(1) First rank-based zeroth-order optimization algo-
rithm with theoretical guarantee. We present a
novel method for optimizing objective functions via
their ranking oracles. Our proposed algorithm ZO-
RankSGD is based on a new rank-based stochastic es-
timator for descent direction and is proven to converge
to a stationary point, with a rigorous analysis of how
various ranking oracles can impact the convergence
rate by employing a novel variance analysis.

(2) A new method for using human feedback to guide
Al models. ZO-RankSGD offers a fresh and effective
strategy for aligning human objectives with Al systems.
We demonstrate its utility by applying it to a novel task:
enhancing the quality of images generated by Stable
Diffusion with human ranking feedback. We anticipate
that our approach will stimulate further exploration of
such applications in the field of Al alignment.

Notations. For any x € R, we define the sign operator as
Sign(z) = lifx > 0 and —1 otherwise, and extend it to
vectors by applying it element-wise. For a d-dimensional
vector x, we denote the d-dimensional standard Gaussian
distribution by A (0, I;). The notation |S| refers to the
number of elements in the set S.

2. Finding descent direction from the ranking
information

Assumption 1. Throughout this paper, we consider f such
that: (1) f is twice continuously differentiable. (2) f is
L-smooth, meaning that ||V?f(z)|| < L. (3) f is lower
bounded by a value f*, that is, f(x) > [* for all x.

2.1. A comparison-based estimator for descent direction

In contrast to the prior work (Cai et al.| 2022), which relies
on one-bit compressive sensing to recover the gradient, we
propose a simple yet effective estimator for descent direction
without requiring solving any compressive sensing problem.
Given an objective function f and a point x, we estimate
the descent direction of f using two independent Gaussian
random vectors &1 and &5 as follows:

g(“L) = Sf(xvghf%u)(gl - 52)3 (1)

where p > 0 is a constant, and S¢(z, &1, &, 1) : R x R x
RY x Ry — {1,—1} is defined as: Sy(w, &1, o, 1) &t
Sign ((f(x + pé&1) — f(z + p&2))). We prove in Lemma
[I] which is one of the most important technical tools in



this work, that §(x) is an effective estimator for descent
direction.

Lemma 1. Forany x € R? we have

(Vf(x),E[g(z)]) = [V ()| = CapL, ()
where Cy > 0 is some constant that only depends on d.

Denote v > 0 as the step size. With the L-smoothness of f
and Lemmal[I] we can show that

E [fo—3()) - £(2)

<~ (V@) Bla@)) + LB o)1
—YIVf(@)| +vCapL + WQLCL A3)

where we note that E[||g(z)[]?] = E[||&1 — &) =
Therefore, whenever ||V f(z)|| # 0, the value E¢, ¢,[f(x
~v4(z))] would be strictly smaller than f(z) with sufficiently
small v and p. More importantly, unlike the comparison-
based gradient estimator proposed in (Cai et al., 2022), our
estimator (I]) can be directly incorporated with ranking ora-
cles, as we will see in the next section.

Figure 1: The corresponding DAG for the ranking result
0}5’3) (1‘1,1‘2, T3,T4, 1‘5) = (17 37 2)

2.2. From ranking information to pairwise comparison

We first observe that ranking information can be translated
into pairwise comparisons. For instance, knowing that x;
is the best among x1, z2, x3 can be represented using two
pairwise comparisons: x is better than x5 and x; is better
than xs. Therefore, we propose to represent the input and
output of (m, k)-ranking oracles as a directed acyclic graph
(DAG), G = (N, £), where the node set N = {1,...,m}
and the directed edge set £ = {(4, j) | f(z:) < f(z;)}. An
example of such a DAG is shown in Figure[I] Given access

to an (m, k)-ranking oracle O;m’k) and a starting point

T, wWe query O;m’k) with the inputs z; = z + p&;, & ~
N(0,1y), fori =1,...,m. With the graph G constructed
from the ranking information of O;m’k)

following rank-based gradient estimator:

1 o1
=g X ST g 2 G @

JeE JeE

, we propose the

Remark 1. Notice that @) can be simply expressed as a
linearly weighted combination of &1, ..., &, We provide the
specific form in Appendix|[A]

We note that (T)) is a special case of @) with m = 2 and
k = 1, and it can be easily shown that E[g(x)] = E[g(x)]
and E[||g(z)]|?] < E[||g(z)||?], indicating that the benefit
of using ranking information over a single comparison is
a reduced variance of the gradient estimator. However, to
determine the extent of variance reduction, we must examine
the graph topology of G.

Graph topology of G. The construction of the DAG G
described above reveals that the graph topology of G is
uniquely determined by m and k. There are two important
statistics in this graph topology. The first one is the number
of edges |£|, which is related to the number of pairwise com-
parisons, extracted from the ranking result. In the precedent
work (Cai et al.,[2022), the number of pairwise comparisons
can be used to determine the variance of the gradient estima-
tor. However, this is insufficient for our case, as the pairwise
comparisons in (@) are not independent.

Therefore, we require the second statistic of the DAG, which
is the number of neighboring edge pairs in £. We define a
neighboring edge pair as a pair of edges that share the same
node. For instance, in Figure[T} one neighboring edge pair is
(1, x3) and (x1, z2). We denote this number as N () and

define it formally as N () < [{((i, 5), (7', j)) € ExE| i
i'}|, where £ is the undirected copy of 5 ie, (i,7) € € 1f
and if only (j,4) in € or (4, j) in £. As mentioned, the graph
topology of G is determined by m and k. Therefore, we can
analytically compute |£] and N (&) using m and k. We state
these calculations in the following lemma:

Lemma 2. Let G = (N, &) be the DAG constructed from
the ranking information ofO;m’k). Then, || = km — (k* +
k)/2, N(€) = m?*k + mk* — k3 + k* — 4mk + 2k.

Variance analysis of (4) based on the graph topology. To

analyze the variance of the estimator (@), we introduce two
metrics M1 (f, 1) and Ms(f, 1) on the function f.

Definition 2.
2

My (f, 1) < max 1]E£2 [Sp(z, 61,82, 1) (6 — &)]|| O
MQ(f7 /’(‘) déf In;ix&l E gs[sf(x7§1a§27:u)sf($7gl7
537#’)(51 - 52751 - £3>]3 (6)

where &1, &5 and Es are three independent random vectors
drawn from N (0, I ).

We also provide some useful upper bounds on M1 (f, ) and
M (f, p) in Lemma 3] which help to understand the scale
of these two quantities.



Lemma 3. For any function f and p > 0, we have
Mi(f,n) < 2d, Ma(f, ) < 2d. Moreover, if | satis-
fies that V? f(z) = cIy where c € R is some constant, we
have My (f, 1) < 32/m.

With My (f, ) and Ms(f, p), we can bound the second
order moment of (@) as shown in Lemma[]

Lemma 4. Forany x € RY, we have

L2, NE)

E[|g(«)[”] < ENEE

Discussion on Lemma 4l With Lemma 2] and Lemma
E], we observe that the first variance term in , namely,
%, is O(:%), and thus vanishes as m — oo. In

contrast, the second variance term ]‘Vg(ﬁ) Ms(f, ) does

not disappear as m grows, because lim,, .o % =
: 2k+mk®—k®+k>—dmk+2k 1
limy, oo ™ +Fgm7(k21k)/2)’7] +28 = 2, and thus only

vanishes when both k and m tend to infinity. However,
there is a non-diminishing term M (f, u) remaining in (7).
Fortunately, as shown in Lemma [3] M (f, 1) is smaller
than 2d and can be bounded by a dimension-independent
constant for a certain family of quadratic functions.

Finally, it is worth noting that our approach for the variance
analysis can be directly extended to any ranking oracles
beyond the (m, k)-ranking oracle.

3. ZO-RankSGD: Zeroth-Order Rank-based
Stochastic Gradient Descent

With all of our findings in Sections [2] now we are ready
to introduce our proposed algorithm, ZO-RankSGD. The
pseudocode for ZO-RankSGD is outlined in Algorithm|[I]

Algorithm 1 ZO-RankSGD

Require: Initial point zo, stepsize 7, number of iterations 7',

smoothing parameter yu, (m, k)-ranking oracle O;m’k).

1: fort =1to T do

2:  Sample m i.i.d. random vectors {§(;,1y, - ,&(t,m)} from
N(0, Iq).

3:  Query the (m, k)-ranking oracle O with input {z,_1 +
€1y, -+ s Te—1 + €z, m) }» and constuct the correspond-
ing DAG G = (N, €) as described in Section[2.2]

4:  Compute the gradient estimator using:
9t = 157 Ligee e — &)

5: Ty =Ti—1 — NGt

6: end for

(m,k)
f

3.1. Theoretical guarantee of ZO-RankSGD

Now we present the convergence result of Algorithm|[I]in
the following Theorem [T}

Theorem 1. Foranyn > 0, u > 0, T € N, after running
Algorithm or T iterations, we have:

f(@o) = f

i <
R L | e

nL (2d N(E)

— | = + =M M 8

+2 (B+ TE ) + 3 ®)

where Cy is some constant that only depends on d.

By taking ) = (/77 and yu = /547 in Theorem , we
d

have E [mingey, 7y [V f(zeo1)]]] = O ( %)

Effect of m and & on Algorithm As we have dis-
cussed in Section[2.2] m and k affect the convergence speed
through the variance of the gradient estimator. Specifically,
in the upper bound of (8)), we have % + J|V£(|i) Ms(f, p) =
O (i + )

3.2. Line search via ranking oracle

In this section, we discuss two potential issues that may
arise when implementing Algorithm [I] Firstly, it can be
cumbersome to manually tune the step size n required for
each iteration. Secondly, it may be challenging for users
to know whether the objective function is decreasing in
each iteration as the function values are not accessible. In
order to address these challenges, we propose a simple
and effective line search method that leverages the (I, 1)-
ranking oracle to determine the optimal step size for each
iteration. The method involves querying the oracle with
a set of inputs {z;_ 1,71 — 0YGt, s Te—1 — 17 " Lgi ),
where v € (0, 1) represents a scaling factor that controls
the rate of step size reduction. By monitoring whether or
not x; is equal to x;_1, users can observe the progress
of Algorithm I} while simultaneously selecting a suitable
step size to achieve the best results. It is worth noting
that this line search technique is not unique to Algorithm
[I] and can be applied to any gradient-based optimization
algorithm, including those in (Nesterov & Spokoinyl, 2017}
Cai et al.} [2022). To reflect this, we present the proposed
line search method as Algorithm [2 under the assumption
that the gradient estimator g, has already been computed.

Algorithm 2 Line search strategy for gradient-based opti-
mization algorithms
Require: Initial point xo, stepsize 1, number of iterations 7',
shrinking rate v € (0, 1), number of trials {.
1: fort =1toT do
2:  Compute the gradient estimator g;.
3

Ty = argminxextf(:c), where Xy = {x¢—1,24-1 —
MYGts-r Tt — 7' g}
4: end for

4. Experiments
4.1. Simple functions

In this section, we present experimental results demon-
strating the effectiveness of Algorithm [I] on two sim-
ple functions: (1) Quadratic function: f(z) =



|lz||3, = € RO (2)  Rosenbrock function:
fl@) = Y02 (L —2)? +100(xig —22)?), = =
[T1,...,100] " € R0, To demonstrate the effectiveness of
our algorithm and verify our theoretical claims, we conduct
two experiments, and all figures are obtained by averaging
over 10 independent runs and are visualized in the form of
mean=std.

Y — -~ 70-SGD oo | ~-- Z0-SGD
\ ~=- SCOBO i -~~~ SCOBO
\\ Z0-RankSGD - Z0-RankSGD

\
\\ ~-- CMA-ES
1\ \ GLD-Fast

I -~~~ CMA-ES
i GLD-Fast

objective value
objective value

iterations

iterations

(a) Quadratic function (b) Rosenbrock function

Figure 2: Performance of different algorithms.

Comparing Algorithm [I] with existing algortihms. In
this first experiment, we compare Algorithm [I| with the fol-
lowing algorithms in the existing literature: (/) ZO-SGD
(Nesterov & Spokoinyl, 2017): A zeroth-order optimiza-
tion algorithm for valuing oracle. (2) SCOBO (Cat et al.|
2022): A zeroth-order algorithm for pairwise comparing
oracle. (3) GLD-Fast (Golovin et al.| [2019): A direct search
algorithm for top-1 oracle, namely, (m, 1)-ranking oracle.
(4) CMA-ES (Loshchilov & Hutter], 2016} [Hansen et al.}
2019): A heuristic optimization algorithm for ranking ora-
cle. To ensure a meaningful comparison, we fix the number
of queries m = 15 at each iteration for all algorithms. For
gradient-based algorithms, ZO-SGD, SCOBO, and our ZO-
RankSGD, we use query points for gradient estimation and
5 points for the line search. In this experiment, we set
m = k for ZO-RankSGD, i.e. it can receive the full ranking
information. Moreover, we tune the hyperparameters such
as stepsize, smoothing parameter, and line search parame-
ter via grid search for each algorithm, and the details are
provided in Appendix [D.T}

Our experiment results in Figure[2]on the two functions show
that the gradient-based algorithm can outperform the di-
rect search algorithm GLD-Fast and the heuristic algorithm
CMA-ES. Besides, Algorithm [I] can outperform SCOBO
because the ranking oracle contains more information than
the pairwise comparison oracle. Additionally, Algorithm|I]
behaves similarly to ZO-SGD, indicating that the ranking
oracle can be almost as informative as the valuing oracle for
zeroth-order optimization.

Investigating the impact of m and % on Algorithm [T}
In this part, we aim to validate the findings presented in
Lemma @] and Theorem [I] by running Algorithm [I] with
various values of m and k. To keep the setup simple, we set
the step size 1 to 50 and the smoothing parameter x4 to 0.01

] \
M\ m =100, k=100

\ e m=10k=1 o | --- m=10,k=1

SR \N --- m=10,k=5 i\ S RS0k S5
R \\ N m=10,k=10 | m=10,k=10
E \ \\ N ——- m=100k=1 § i\ -—- m=100,k=1
PR Y \, m=100,k=5 | \Y m=100,k=5
: W\ m=100k=10 3 i} m=100,k=10
o o
g 3

N N m =100, k=100
\

100 150 20
iterations

100 150 200
iterations

(a) Quadratic function (b) Rosenbrock function

Figure 3: Performance of ZO-RankSGD under different combina-
tions of m and k.

for Algorithm[I]with line search (where [ = 5 and y = 0.1).

Figure [3]illustrates the performance of ZO-RankSGD under
different combinations of m and k on the two functions,
which confirm our theoretical findings presented in Lemma
For example, we observe that (m = 10, k = 10) yields
better performance than (m = 100, k = 1), as predicted by
the second variance term in , which dominates and scales

as O(1/k).

Beyond this experiment, we also demonstrate the perfor-
mance of ZO-RankSGD on the policy optimization problem
for Mujoco environment in Appendix

4.2. Taming Diffusion Generative Model with Human
Feedback

In recent years, there has been a growing interest in diffusion
generative models, which have demonstrated remarkable
performance in generating high-quality images (Ho et al.
2020; |Song et al., 2020b; |[Dhariwal & Nichol| 2021). De-
spite these advancements, these models often struggle with
capturing intricate details, such as human fingers or key
elements in prompts, and sometimes fail to align with user
aesthetics. To address this issue, we draw inspiration from
recent successes in aligning Language Models with human
feedback (Ouyang et al., 2022 [Liu et al., [2023; |OpenAl,
2022;Bai et al.| [2022), and propose to utilize human ranking
feedback to enhance the generated images. We noticed a
concurrent work (Lee et al., 2023)) sharing a similar motiva-
tion with us. However, their method is still based on RLHF
and requires a considerable amount of pre-collected data for
fine-tuning the diffusion model. In contrast, our proposed
method does not require any pre-collected data and does not
need to finetune the diffusion model.

Experimental Setting. We focus on the task of text-to-
image generation, using the state-of-the-art Stable Diffusion
model (Rombach et al. [2022) to generate images based
on given text prompts. Our goal is to optimize the initial
latent embedding using human ranking feedback through
our proposed Algorithm[I] with an aim to produce images
that are more appealing to humans. This experimental set-
ting offers several advantages, including: (/) The latent



Prompt

Initial

priest, blue robes, 68 year
old man, national geogra
phic, portrait, photo, phot
ography —s 625 —q 2 —iw
3

A teddy bear, holding a b
ottle of orange juice,
sitting on a blue table, 4k,
3D

Figure 4: Examples of optimizing latent embedding in diffusion generative model. Initial: The initial images selected through multiple
randomly generated latent embeddings serve as the initial points for the later optimization process. Human: The images obtained by
optimizing human preference. CLIP: The images obtained by optimizing the CLIP similarity score.

embedding is a low-dimensional vector and thus requires far
fewer rounds of human feedback compared to fine-tuning
the entire model. (2) It can also serve as a data-collecting
step before fine-tuning the model. It is also worth noting
that any continuous parameter in the diffusion model can be
optimized similarly using human feedback. However, in this
study, we focus solely on optimizing the latent embedding
as we found that it is the most crucial factor for generating
high-quality images.

Examples. We illustrate several optimization results in
Figure ] where we ourselves provided the human rank-
ing feedback during these experiments. These instances
highlight the improvements in realism and detail that our
proposed Algorithm [T|can bring about through the use of
human ranking feedback. To illustrate, in the first example,
the image optimized with human guidance portrays human
fingers and eyes with enhanced accuracy. In the second
example, the optimized image adheres more closely to the
prompt instruction, successfully capturing the intended item
— orange juice. Taken together, these results demonstrate the
potential of our approach in refining the quality of generated
images using human feedback.

Human feedback vs. CLIP similarity score. To under-
score the unique advantage of human feedback, we hold
the ZO-RankSGD algorithm constant, and contrast images
that were optimized with human preference against those
optimized using the CLIP similarity score
[2021). CLIP, a cutting-edge model that contrasts language
with images, calculates the similarity between given texts
and images. However, when comparing the third and fourth
columns in Figure[d] it is clear that since CLIP is trained

on noisy text-image pairs from the internet, the images opti-
mized using its similarity score can sometimes fall short of
the original ones. Moreover, these CLIP-optimized images
may not always resonate with human evaluators, further em-
phasizing the unique value of human feedback in refining
image generation.

For more examples like the ones in Figured] and the details
of the entire optimization process, we refer the readers to

Appendix [D.2}
5. Conclusion

In this paper, we have rigorously studied a novel optimiza-
tion problem where only ranking oracles of the objective
function are available. For this problem, we have proposed
the first provable zeroth-order optimization algorithm, ZO-
RankSGD, which has consistently demonstrated its efficacy
across simulated and real-world applications. We also have
presented how different ranking oracles can impact opti-
mization performance, providing guidance on designing the
user interface for ranking feedback. Our algorithm has been
shown to be a practical and effective way to incorporate
human feedback, for example, it can be used to improve the
detail of images generated by Stable Diffusion with human
guidance.

Possible future directions to this work may include extend-
ing the algorithm to handle noisy and uncertain ranking
feedback, combining ZO-RankSGD with a model-based
approach like Bayesian Optimization 2018) to fur-
ther improve the query efficiency, and applying it to other
scenarios beyond human feedback.
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A. A simplified expression for (@)

Let G = (N, &) be the DAG constructed from the ranking information of O;m’k), we denote the input degrees and output
degrees of z; € N as deg;, (7) and deg,,, (7) respectively. We first notice that

Z (5; -&) = Z (degin(i) — degoy (7)) &- )

(ig)€€ i=

—

Denote w; = deg;,(i) — deggy, (7), if O;m’k) (1, ..., Tm) = (i1, ..., 9% ), then we can compute that

:degin(ij)_degout(ij) :j_l_(m_j) =2j—-m-1, j=1,.,k (10)
Wq = degin(q) - degoul(q) =k-0= kv q ¢ {ila ) Zk} (11)

B. Reinforcement Learning with ranking oracles

Motivation. In this section, we illustrate how ZO-RankSGD can be seamlessly employed for policy optimization in
reinforcement learning, given only a ranking oracle of the episode reward. Such a setting especially captures the scenario
where human evaluators are asked to rank multiple episodes based on their expertise. Specifically, we adopt a similar
experimental setup as (Cai et al.}|2022; |Duan et al.|[2016), where the goal is to learn a policy for simulated robot control with
several problems from the MuJoCo suite of benchmarks (Todorov et al.,[2012). We compare ZO-RankSGD to the CMA-ES
algorithm, which is commonly used as a baseline in reinforcement learning (Bengs et al., [2021) that also solely relies on a
ranking oracle. Both algorithms are restricted to query the episode reward via a (5, 5)-ranking oracle. Additionally, we
draw a comparison between ZO-RankSGD and SCOBO; however, given the disparate nature of their query oracles, the
comparison is intricate. For a comprehensive discussion of this aspect, we refer the readers to Appendix

B.1. Comparing ZO-RankSGD with SCOBO in policy optimization

In this section, we delve into a detailed comparison between ZO-RankSGD and SCOBO. It is important to note that a direct
comparison is challenging, as they depend on fundamentally different query oracles. However, we propose an alternative
comparison approach from an information perspective. Specifically, given a budget of 5 query points per iteration, SCOBO
can make only 4 independent pairwise comparisons, while ZO-RankSGD can obtain information from 10 dependent pairwise
comparisons by querying a (5, 5)-ranking oracle.

From this standpoint, we anticipate that ZO-RankSGD would outshine SCOBO with m = 5 (which can only query
information of 5 points via 4 independent pairwise comparisons), but might fall short when compared to SCOBO with
m = 11 (which can query information of 11 points via 10 independent pairwise comparisons).

To test this hypothesis, we benchmark ZO-RankSGD, SCOBO (m = 5), and SCOBO (m = 11) on the same policy
optimization problem discussed in Section [B] The results, shown in Figure 5] align precisely with our prediction, thus
validating our perspective.
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Figure 5: Perfomance of ZO-RankSGD and SCOBO on three MuJoCo environments



Results. The experiment results are shown in Figure[6] where the x-axis is the number of queries to the ranking oracle, and
the y-axis is the ground-truth episode reward. In these experiments, we do not use line search for ZO-RankSGD, instead, we
let n = 1, and decay them exponentially after every rollout. As can be seen from Figure[6] our algorithm can outperform
CMA-ES by a significant margin on all three tasks, exhibiting a better ability to incorporate ranking information.
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Figure 6: Perfomance of ZO-RankSGD and CMA-ES on three MuJoCo environments
C. Proof

Proof of Lemmall] In the following proof, we denote p(-) as the pdf function of N (0, I) for arbitrary dimension d.

We first rewrite (V f(z), §(z)) as follows:

<Vf($),g($)> = <Vf($),Sf(IL',§1,§2,/L)(£1 - 52» = Sf(xaflag%:u') : <Vf(l’),§1 - £2> . (12)

By the second-order Taylor expansion with Cauchy remainders, we notice that

2

[+ &) = J(@) + pl(VF(@).&0) + 5TV (@), (13)
2

[+ &) = J(@) + plV (). &) + 56 V2 (@2)a, (14)

where z; and x5 are two points around x.

With (I3) and (T4) we can write Sy (z, &1, &2, 1) as follows:

S5 (@, 61, 60,m) = Sien ((VF(@), & = &) + ST VA (@) = & V2 f(a)éa ). (1s)

Now we start to bound the term

]E[Sf(xaglaf?vu) ’ <Vf($),£1 _§2>]’ (16)

where the expectation is taken over the random direction &; and &5.

Before doing that, we first define two important regions:

R1={(&1,62) | (Vf(z),61 — &2) > 0}, (17)
Ri1 = {(£1,&2) | (§1,82) € Ru, Sp(w,81, 82, 1) # Sign ((Vf(2),61 — §2)) }- (13)

Notice that when (&1, &2) € R1, Sy(z, &1, 62, 1) # Sign ((V f(z), &1 — &2)) is equivalent to
(VI(@).6 — &) + 5] V2 e)er = 56 V2 f(a)éa < 0.
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Also, from L-smoothness, we can know that
pL 7 7
=5 (lal3 +lell3) < 58 V2 f@)é = 58 V2 f(@)S.
We denote the region

Ry = {(61,8) | (61,6) € R, (Vi(@).6 — &)~ Lo (613 + el < 0). (19)

It is easy to verify that R1; C Ri1.Let Ris = Ry / R11, we can have the following inequality.

- Sz, &1, 82, 1) (V (), & — &2) p(&1)p(§2)dérdEs (20)
= [ S ) (V)6 - @) peplEa s

Ri1/Ri1

+ . Sp(x,81,&, 1) (Vf(x), &1 — &2) p(€1)p(€2)dE1dE2 (21
= [ (Vi)6 - ) pene)dads

R1/Ri1

—/R (Vf(x),& — &) p(&1)p(&2)ds1dEs (22)
> [ (V)6 - ) e ple) e

R1i/Ri1

- /R (V). &1 — &) pl€)p(€:)dErdE 23)
2 [ (VS0 - &) peOpEE e

Ri2

- /R (V12,6 — &) plEn)plEa) dérdea. 24)

Before we proceed to study the property of the integral in (24), let us first define an important function. Consider the
function h(v,r,d) : R x Ry X Z; — R defined as follows:

2v2v
h(v,r,d) def. \/511/ ’ xFoq 1 ((2\/30 - x) :E) p(z)dz, (25)

0

where Fy4_1(-) is the CDF of the x?2 distribution with 2d — 1 degrees of freedom. With this function, we can have the
following lemma that presents the close form of the integrals in (24).

Lemma 5.
/R (91,6 - &) (€ Pl = %HW(I)H, (26)
/R (VF (@), &1 — &) p(E)p(E2)d1des = h(|V f ()| uL, d). @7)

Also, we need an important lemma on i (v, , d).

Lemma 6. For any d € Z, there exist a constant Cq > 0 such that for any v > 0, r > 0,

1 n 1

2 /7 4
11

h(v,r,d) > < > v— iCdr. (28)



Combining (24), (26), (27) and (28), we have

Se(x, 1,62, 1) (Vf(x),& — &) p(&1)p(&2)dE1dés > %||Vf(x)|| - %CdNL- (29)

R1

Similarly, if we define

Ra = {(51762) | <vf($)a€1 - §2> < 0}’

we have

/R Sp(x,81,8, 1) (Vf(x), &1 — &2) p(&1)p(€2)dE1dEn (30)
=/ Sp(x,82,81, 1) (VF(x),862 — 1) p(§1)p(E2)dE1dE2 (31)
= /e Sp(x,&1,82, 1) (Vf(2),61 — §2) p(&1)p(82)dE1dE, (32)

becasue the integral on R4 is symmetric to the integral on R, by swapping &1 and &. Since R??/(R; U R3) has zero
measure, we have

E[Sp(w,81,&2, 1) - (Vf(2),&1 — &2)]

::2L[; (VF(@), & — &) p(€)p(Ea)derdes 33)
>V (@) - CauL. (34)
O

Proof of Lemma[2] Suppose that O;m’k) (@1, eery Tym) = (i1, ..., i), We seperate A into two node set:

M ={i1,.,ixtand No = {qg € {1,....m} | ¢ & {i1, ..., ir}}.

Firstly, since the subgraph of G on N is a complete graph, the number of edges in this subgraph is k(k — 1)/2. The
remaining edges in G connect the node in N5 to the node in N7, hence the number of them is k(m — k). Therefore,
1l =k(k—1)/2 4+ k(m — k) = km — (k* + k)/2. (35)

Now we denote the set of neighbooring edge pairs as S = {((4,7), (i, 7)) € € x E|i # i'}. We can split S as the following
five set:

Sy ={((3,7), (i, 5)) € Ex Eli #1i',i € N1,i’ € N1,7 € M1}, (36)
So ={((5,7), (7, 7)) € Ex Eli #1i',i € N1,i’ € N1,7 € N2}, 37)
Ss = {((3,7), (7, 5)) € Ex E|i #i',i € N1,i’ € Na,j € M1}, (38)
Sy ={((4,4),(7',4)) € Ex Eli #4',i € Na,i' € N1, j € i}, 39)
Ss ={((i,7), (i, 7)) € Ex E|i #1i',i € Na,i’ € Na,j € N1} (40)
For the first set S1, we can compute that
51l =6() = Ktk =)0k - 2), @)
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because every edge pair composes of three nodes, and every three nodes can form 6 edge pairs.

For the second set Sy, we have
k
52 = 2m = )3 ) = m = ki = ),

because [Na| =m — kand [{(,i') € N1 x Ny | i £} =2(5).

Similarly, for the set S3 and S4, we can obtain
k
|S5] = |S4] = 2(m — k) (2> =(m—k)k(k—1).

Finally, for the set S5, we can compute that
1S5 = Zk(m;k) = k(m — k)(m — k — 1),
because |\ | = k and |{(i,i') € N x No | i # '} = 2(™;F).
In all, we have
S| = |S1] + |Sa| + [Ss| + [Sa] + [S5]
=kk—-1)(k—-2)+3m—-FKkkk—1)+k(m—k)(m-k-1)
=m?k +mk? — k* + k? — dmk + 2k.

Proof of Lemma|[3} We first prove that M (f, i) < 2d. From convexity of || - ||? and Jensen’s inequality, we have

2

< &E& H[Sf(x7£1a§2,,u)(£1 — 52)]”2 — 2.

ES [Sf(x, &1, 82, 1) (&1 — &2)]

1,82

Then we prove Ms(f, ;1) < 2d. From the Cauchy-Schwarz inequality, we have

‘ E‘Eg [S(x, &1, &2, 1) Sp(x, &1, 83, 1) (&1 — &2,61 — &3)]

<\ E [l -] E [i6 6] =2

(42)

(43)

(44)

(45)
(46)
(47)

(48)

(49)

(50)

Now we study the mean vector E¢, ¢, [S¢(z, &1, &2, 1) (&1 — &2)] under the condition V2 f(z) = cl. We first write it as a

sum of three vectors.

Ee, &, [Sr(w,81,80, 1) (&1 — &2)] = / (&1 — &2)p(&1)p(&2)dérds

flz+pé)>f(z+pné2)

+f (&1 — Ex)p(E0)p(Ea)derde
flz+pé&)=F(z+ups2)

+f (62 — E)p(E0)p(E2)dErdEs.
flz+psr)<f(x+pg2)

For the three vectors, we have

/ (&1 — &)p(&)p(&2)dE1dEs
fla+upér)=f(z+ps2)

Eup(E0)p(Es)derde — / Eop(€1)p(E2)dé1dés

/f(:v+u§1)—f(z+uiz) f+pér)=f(z+pé2)

:O7
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(52)

(53)

(54)

(55)

(56)



and

(&1 — &2)p(&1)p(&2)dE1dEn

—

flz+p€)>f(z+pg2)

(&2 — &1)p(&1)p(&2)dErdEs

Il
—

Flaz+psa)>f(x+pér)
= (§2 — &1)p(€1)p(§2)dE1da.
fla+pé)<f(z+ug2)
Therefore, we can write E¢, ¢, [Sy(z, &1, &2, 1) (&1 — &2)] as
Ee, ¢, [S(w, &1, &2, 1) (61 — &2)] = 2/ (&1 — &2)p(&1)p(§2)dE1dSo.
fla+p€)>f(z+ug2)

(57

(58)

(59)

(60)

Now we study the integrals ff(z+;t£1)>f(w+u§2) &1p(&1)p(€2)dérdEs and ff(w+u£1)>f(w+u€2) Eop(&1)p(€2)dErdes. We can

compute that

/ &1p(&1)p(&2)dE1dEs
fla+u&)>f(z+ug2)

=/ </ p(f2)d§2> §1p(§1)déa,
R4 fz+pé)> f(z+u2)

and,

/ &ap(&1)p(&2)dE1dEs
Fla+u&r)>f(z+ug2)

=/ (/ p(fl)d&) &ap(€2)dE
Rd flz+pé)> f(z+pé2)

- / ( / p(52>d52> €1p(E1)dé,
R fla4p2)> f(x+pér)

(61)

(62)

(63)

(64)

(65)

The condition V2 f(x) = cl, implies that f is a quadratic function. We denote M(-) as the Lebesgue measure on R
Notice that M ({& | f(x+ p&2) = f(x+ p&1)}) = 0 because it is known that the zero point set of any polynomial function

has zero Lebesgue measure. Therefore, we have

~/f(1+lt€1)>f($+u52) f(@+pé2)>f(z+pér)

—1 - / p(€2)den = 1.
fla+pge)=f(z+pug1)

Hence we have

/ (61— E)p(En)p(E2)dErdE,
flz+pgr)> f(x+pé2)

=2 p o ]
/Rd </Jc(x+u£1)>f(x+%2)p(§2) 52) &1p(&1)déy /Rd §1p(61)dé

- d déy.
/]Rd </f(‘”+lt51)>f(a;+ugz)p(€2) fz) &1p(€1)dé
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p(€a)dés + / p(E2)dé

(66)

(67)

(68)

(69)

(70)



Since V2 f(z) = cly, we have

Pl + ) = f(@) + nVF @) + ]

Without loss of generality, we assume ||V f(x)|| # 0 and denote &; = AV S(2).e1) Vf(x) — &. Itis easy to verify that &}

IV £(=)I?
also follows N (0, 1), |11l = ||€1]] and f(z + p&1) = f(z + p&y). Therefore, we have

/ ( / p(£2>dfz> &1p(€1)déy
R flz+pé)>f(z+pé)
_ / ( / p(§2>d52> €1p(€))dg
R4 f(@4pér)> f(w+psa)
1

"2 d ' dé;.
2 /Rd </f(m+u£1)>f(z+u£z)p(§2) fZ) G ptenda

) (V1)) V()
‘</ </f<x+u§1>>f<m+ug2>p(52)d§2> RNGIR (51”&) NIGI
Furthermore,

(Vf(x), &) [(V£(),6)] \F
d )d d
/Rd </f(m+u61)>f(x+u52)p(§2) 52) IIVf( PlEr)dey _/ ||Vf P(EVdE =/~

Finally, we have

2

anzg 17 (.61, €0, 1) (€1 — £2)]

(Vf(@).6) Vi |
! </ </f<m+ugl>>f<m%>p@d&) ¥ £l “”dfl) NG H

Proof of Lemmald} We first compute that

B [I3()15] = {

Z (& —&)

(1,7)€E

|

For ease of writing, we denote B(; ;) = & — & = Sy(x,&;, &, 1) (& — &) and € as the undirected version of &.

E|| Y Bujy
(1,7)€€

]

=E| Y ||B(i,j)||;+ > (BugyBagy+ Y. (BB -

(i.4)€€ (i,5)€E (i.3)€E_
(i',5)€€ (i',5)e€
L i#i it 75
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(71)

(72)

(73)

(74)

(75)

(76)

(77)

(78)

(79

(80)

81)



With the two metrics M (f, 1), Ma(f, 11), we can bound the four terms in (§T) as follows:

B || B HQ} = B[l - &) =2,
E [(B.j) Bu.j))] = E [(Bg) Biijn)l < Ma(f, 1),
KB(H B(l’ﬂ’)>] = HE [B(ZJ)]Hz < My (f, ).

Taking (82), (83) and (84) into (8T), we obtain

2

E|| > Buy
(i,9)€€ 9
< Y 2+ Y M+ Y Milfw)
(i,3)€E (1,5)€€ (i.5)€€_
(i',j)e€E (i',5")€E
i i#i’ 5 #5

= 2/E|d + N(E)Ma(f, ) + (IE]° = N(€) — |EN)Mi(f, 1)

Combing (87) with (79), we obtain

L 2 N(E) E]? = N(E) — €]
24 N(£)
> |E| + |5|2 M2(f7 )+Ml(fa,u‘)

Proof of Theorem[I] Consider the ¢-th iteration, from L-smoothness we know that
n*L 2
f(xe) = f(zi-1) < —n(Vf(z1-1),9¢) + 7”9:&”2

Using Lemma([I]and Lemma[d] we have
2L
E[f (@) = f(@e—1)] < =n(Vf(wi-1), Elgil) + 2B [l:]3]
n?L (2d N(€)

< IV f(xiz1)|| + Canpl + — 5

el e
where the expectation is taken over the random direction (1), , §(¢,m)-

Rearrange the inequality to obtain

2d N(&
+Cq L—i—(—i— ¢)

IV f(zi—1)l| < €] BEE

Elf(ze-1) — f(z)]
U

Summing up over 7T iterations and dividing both sides by 7', we finally obtain

€l e

nL<2d N(E)
[

M) (g )+ M, m) ,

Mz(ﬁﬂ) +M1(f7/1‘)> .

T
Z 194 (1) |1 < Bliteo) = fn)] | ¢, g, 4 15 (2d + M) a1, ) +M1(f7u)>

Ma(f 1) + M, u)) .

(82)
(83)
(84)

(85)

(86)

(87)

(88)

(89)

(90)

€2y

92)

(93)

(94)

95)



The proof is completed by noting that

EL min ||Vf(xf_1)||} <E

1 T
TEIWﬂm4m}

e{1,....T}
O
Proof of Lemma[5] Without loss of generality, we assume ||V f(z)|| # 0. We first prove that
1
(Vf(2),& — &) p(&)p(§2)dérds, = —= |V f(2)]]-
/Rl L~ &) p(EplE)dErdEs = = |V F ()]
Now we denote
(Vi@)6 &)
V2|V ()|
Notice that = follows the distribution A (0, 1). Therefore, we have
/ (Vf(x), 61 — &2) p(&1)p(€2)dE1dEs (96)
R1
1
=2V f x) / zp(z)de = —||Vf(x)|, 97
V(@) - ) ﬁH (@)
where we use a well-known fact that [ _ o ap(x)de = \/%
Then we will prove
| 1@ - e pepeisde = (V@) pL.a)
Notice that
L
Riz = {(&1,&) | (&1,&) € Ri,(Vf(x),& — &) — % (161113 + [|€2113) > 0}
We can see that R is a ball in R2¢:
1 ’ 1 * 2| Vi@)3
Ri2 = {(51752) IS Evf(x) ) + (|€2 + EVf(z) , < e (- (93)
Now we denote ¢ = [—&],&]T € R?, ¢ = [Vf(z)",Vf(z)"]T € R2L Notice that ( still follows an isotropic
multivariate Gaussian distribution, we can simplify the integral in LHS of 27) as:
| @onod ©9)
Sc(9)
LglI? o el
where S¢ () = {g | Hc - ﬁquQ < M}
We argue that for any rotation matrix R € R2dx2d je det(R) = 1 and RT = R~1. We have
| wopok= [ meonod (100)
Sc(e) Sc(Re)

To see that, we can rotate ¢ by R. Denote (' = R (, we first have
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2 2
_ Dol

, 22

, 1
C—/TLQS

Lo el ,
sitre) =3¢ e~ Lrof| <I5B - nery]
2

/ (R, ) p(Q)dC = / (R, RC') p(RC)ARC = / (6, p(¢)dc, (102)
S¢(Ro) {R¢'|C' €S (#)} Ser(¢)

} ={R{[¢" € S¢(4)} (101)

where we use the property of p(-): p(R(") = p({').

Now we denote ¢’ = [||#]],0,...,0]T € R2%, it is easy to see that ¢’ is a rotated version of ¢, i.e., there exists a rotation
matrix R’ such that ¢’ = R'¢. Denote = [(1, ..., (2a] T, and (1 = [C2, ..., (24) |- We have

/ (¢, ) p(¢)d¢ (103)
Sc(¢)
- / (8',C) p(O)dC (104)
Sc(¢')
[ s PO (105)
2[loll
:||<15H/0 G </<§+...+<§d§?'L'r‘;—(cl—fL)Qp“/l)dCﬂ) p(C1)dCy. (106)

Notice that (s, ..., (24 are i.i.d and following standard Gaussian distribution, and hence (2 + ... + C22d follows the Chi-square
distribution with 2d — 1 degrees of freedom. Therefore,

| @opo (107)
Sc(¢)
el 2 2
:||¢H/O G F2i-1 (lujfllﬁ - <C1 - lljb[|/|> )p(C1>dC1 (108)
2| ¢l
:||¢H/o "GP ((2%”— 1) @) p(C1)dG (109)
2V2(|V f (@)l
:\/§||Vf($)||/ ' C1F2q-1 <<W - C1> C1> p(C1)dG (110)
0 22
=h(|Vf ()|, pL,d). (111)
O

Proof of Lemma[B] We define the fucntion ¢(u,d) : R4 x Z; — Ry as follows:

q(u,d) = /02\/5” oFoy_q ((2\/511 — x) x) p(z)dx. (112)

Notice that (v, r,d) = \@U(J(U/Ta d).

We first need to prove an important property of the function ¢(u, d):

lim g(u,d) = —.
Jmau,d) = ==
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Consider an arbitrary € > 0. Since f0+°o xp(x)dr = —4, there exists Ny > N; > 0 and such that

27’
Ny ¢
0< / xp(z)dr < =,
0 3
0< / xp(x)dx < <t
Na 3
On the other hands, for every u > f’ since (2\[ u — x) 2 is monotonically increasing on [Ny, N3], we have
N» Ny
/ Foq_1 ((2\/§u — x) x) p(z)dr > Foq_1 ((2\/§u - N1) Nl) / ap(z)dz.
Ny Ny

Notice that

lim Fag_1 ((2\/§u - N1> N1> —1,
U—r 00
there must exist a number N3 such that if u > N3, then

Fog_y ((2\/§u _ Nl) N1> > 127

Putting together (TT3) and (TT6), because 0 < Foq—1 ((2v2u —z) z) < 1,if u > max{%, N3}, we can obtain

0< /O+OO xp(z)dx — /02\/5“ xFoq_1 ((2\/§u - a:) Jc) p(x)dz

S % . /NN2 xp(z)dr — /N]I[z xcFoy_q ((2\/§u — x) x) p(z)dx

1
N»

% + /N2 xp(x)dr — Foq_q ((2\/§u - N1) N1) / zp(z)dx

Ny Ny

% + /NN2 ap(e)dz — (1 - V) /NN2 wp(x)da

2 e [N 2e 1
= — + = zp(x)dr < — + V2re—— = €.
3 3/N1 p(@) 3 NoT

IN

IN

Taking € — 0, hence we know that

+oo 1
I Jd) = de = ——.
Tim_ q(u,d) / ep(e)dz =

Since limy, o0 q(u, d) = \/ﬁ there exists a constant C; such that whenever (

+ i) u > iCd, we have

1 1 1 1 1
Q(“’d’zm‘(zm‘m) NN

R

Therefore, whenever (ﬁ + %) v > %C’dr, we have

h(v,r,d) = VZog(v/r,d) > <2f 1)u2<2;%+i>u—icdr.

On the other hand, when ( ) v < Cdr we have

P

h(v,r,d) = V2vq(v/r,d) > (2} 1) iC’dr.

19

(113)

(114)

(115)

(116)

(117)

(118)

(119)

(120)

(121)

(122)

(123)

(124)



D. Experiment details
D.1. Hyperparameter choices for the experiments in Section4.1]

Figure 7] and [§] show the performance of tested algorithms in Figure 2] under different hyperparameter settings. For gradient-
based algorithms, ZO-SGD, SCOBO, and ZO-RankSGD, we tune the stepsize and set v = 0.1 for the line search. We need
to remark that when implementing the SCOBO (Cat et al., 2022), we remove the sparsity constraint because we found
that it will lead to degraded performance for non-sparse problems like the ones we tested. For GLD-Fast, we tune for the
diameter of search sparse, denoted as p. For CMA-ES, we tune for the initial variance, also denoted as p in the figures. To

run the experiment in Figure 2] we select the optimal choices of hyperparameters based on Figure[7)and [§|for each algorithm,
respectively.
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Figure 7: Hyperparameter tuning on Quadratic function.

D.2. Details for the experiment in Sectiond.2]

Modified ZO-RankSGD algorithm for optimizing latent embeddings of Stable Diffusion. To enhance the efficiency of
Algorithm [T} we make a modification to preserve the best image obtained during the optimization process. Specifically, in
the original algorithm, the best point among all queried images is not saved, which can lead to inefficiencies. Therefore, we
modify the algorithm to store the best point in the gradient estimation step as z** and add it to the later line search step. This
modification can be viewed as a combination of ZO-RankSGD and Direct Search (Powell, [1998)). Another useful feature of
Algorithm [3]is that if the best point is not updated in the line search step, the algorithm returns to the gradient estimation
step to form a more accurate gradient estimator. The modified algorithm is presented in Algorithm[3] At every iteration in

Algorithm 3] we evaluate the latent embeddings by passing them to the DPM-solver with Stable Diffusion and then ask
human or CLIP model to rank the generated images.
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Figure 8: Hyperparameter tuning on Rosenbrock function.

Algorithm 3 Modified ZO-RankSGD algorithm for optimizing latent embeddings of Stable Diffusion.

Require: Objective function f (Evaluated by human or CLIP model), initial point zo, number of queries m, stepsize 7, smoothing
parameter p, shrinking rate v € (0, 1), number of trials .
: Initialize the best point z* = xg.

: Initialize the gradient memory g with all-zero vectors.
: Sett =0.

: while not terminated by user do

Sample m i.i.d. direction {{1,- - -, &m } from N (0, I).

Query Ogcm’k) with input X1 = {&* + p&1, -+ , 2" + p&m } for some k < m. Denote I; as the output.
Set ™" to be the point in X with minimal objective value.

Compuate the gradient ¢ using the ranking information I; as in Algorithm
g=(t3+9)/(r+1)
100 7=7+1

11:  Query O}m’n with input Xo = {z*, 2**, 2* — ng, 2* — g, ..., x* —ny" "2
12:  if 1 € I, i.e., ™ has the minimal objective value then

WO D NN

g} Denote I as the output.

13: Go back to line 5.

14:  else

15: Set 2™ to be the point in X> with minimal objective value.
16: Initialize the gradient memory g with all-zero vectors.

17: Set 7 = 0.

18:  endif

19: end while

The User Interface for Algorithm[3] Figure[]presents the corresponding user interface (UI) designed for collecting human
feedback in Algorithm [3] where 6 images are presented to the users at each round. When the user receives the instruction
"Please rank the following image from best to worst," it indicates that the algorithm is in the gradient estimation step. In
this case, users are required to rank % best images, where k can be any number they choose. Then, the user receives the
instruction "Please input the ID of the best image," indicating that the algorithm has moved to the line search step, and users

only need to choose the best image from the presented images. This interface enables easy and intuitive communication
between the user and the algorithm, facilitating the optimization process.
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Round 1: Please rank the following image from best to worst->421536
ID:1 ID:2 ID:3 ) ID:4 ID:5 i ID:6

ID:1 ID:2 ID:3 ID:4 ID:5 ID:6

Round 4: Please input the ID of best image -> 2
ID:1 ID:2* ID:3

ID:1 ID:2 ID:3 ID:4 ID:5 ID:6

Round 14: Please input the ID of best image -> 6
ID:1 I ID:2* - ID:3

Round 15: Exit

Figure 9: The User Interface of Algorithm
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In this experiment, we use some popular text prompts from the internetﬂ More examples like the ones in Figure [4{ are
presented in Figure[T0]

Other details. For all the examples in Figure[dand Figure[T0] we set the number of rounds for human feedback between
10 and 20, which was determined based on our experience with the optimization process. For the images obtained from the
CLIP similarity score, we fixed the number of querying rounds to 50. Both the optimization from human feedback and CLIP
similarity score used the same parameters for Algorithm[3} n =1, 4 = 0.1, and v = 0.5.

1https ://mpost.io/best-100-stable-diffusion-prompts—the-most-beautiful-ai-text-to-image-prompts
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Prompt

a cute magical flying dog,
fantasy art drawn by disn
ey concept artists, golden
colour, high quality, highl
y detailed, elegant, sharp
focus, concept art, charac
ter concepts, digital paint
ing, mystery, adventure

beautiful dress design for
new york fashion week, 8
k render in octane —h 60
0 —test

interior design, frank lloy
d wright house cave with

forest canopy, dark wood,
streaks of light, light fog,

living room :: bubbletech

—test—ar 9:16

octane rendered characte
r portrait of mitsurugi, 3d
, octane render, depth of f
ield, unreal engine 5, con
cept art, vibrant colors, gl
ow, trending on artstatio
n, ultra high detail, ultra r
ealistic, cinematic lightin
g, focused, 8k

3d typography made of fe
rrofluid, letter “A”, with n
eon color particels, cells,
bacteria, marco feeling, g
lossy material, hyper reali
stic, 8k

a highly detailed epic cine
matic concept art an alie
n pyramid landscape , art
station, landscape, conce
pt art, illustration, highly
detailed artwork cinemati
¢, hyper realistic painting

full length photo of christi
na hendricks as an amazo
n warrior, highly detailed,
4 k, hdr, smooth, sharp fo
cus, high resolution, awar
d — winning photo

Initial
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