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Abstract

Training generative adversarial networks is unstable in high-dimen®ns as
the true data distribution tends to be concentrated in a small fraction of the
ambient space. The discriminator is then quickly able to classifynearly all
generated samples as fake, leaving the generator without meaningful gra-
dients and causing it to deteriorate after a point in training. In this work,
we propose training a single generator simultaneously against an array of
discriminators, each of which looks at a di erent random low-dimensbnal
projection of the data. Individual discriminators, now provided with re-
stricted views of the input, are unable to reject generated sampleperfectly
and continue to provide meaningful gradients to the generator throughout
training. Meanwhile, the generator learns to produce samples consieht
with the full data distribution to satisfy all discriminators simu Itaneously.
We demonstrate the practical utility of this approach experimentally, and
show that it is able to produce image samples with higher quality than
traditional training with a single discriminator.

1 Introduction

Generative adversarial networks (GANs), introduced by|Goodfellowet al. (2014), endow
neural networks with the ability to express distributional output s. The framework includes
a generator network that is tasked with producing samples from some taget distribution,
given as input a (typically low dimensional) noise vector drawn from asimple known dis-
tribution, and possibly conditional side information. The generator leams to generate such
samples, not by directly looking at the data, but through adversarial training with a discrim-
inator network that seeks to di erentiate real data from those generated by the generator.
To satisfy the objective of \fooling" the discriminator, the generator eventually learns to
produce samples with statistics that match those of real data.

In regression tasks where the true output is ambiguous, GANs provide a eans to simply
produce an output that is plausible (with a single sample), or to explcitly model that ambi-
guity (through multiple samples). In the latter case, they provide an attractive alternative to
tting distributions to parametric forms during training, and empl oying expensive sampling
techniques at the test time. In particular, conditional variants of GANs have shown to be
useful for tasks such as in-painting (Denton et al.| 2016), and super-re¢ution (Ledig et al.|
2016). Recently, Isola et al. (2016) demonstrated that GANs can be used to prodie plau-
sible mappings between a variety of domains|including sketches and photographs, maps
and aerial views, segmentation masks and imagegtc. GANs have also found uses as a
means of un-supervised learning, with latent noise vectors and hiddelayer activations of
the discriminators proving to be useful features for various tasks|Denton et al., 2016; Chen
et al., [2016;| Radford et al., 2015).

Despite their success, training GANs to generate high-dimensionalata (such as large im-
ages) is challenging. Adversarial training between the generator and disiminator involves
optimizing a min-max objective. This is typically carried out by grad ient-based updates
to both networks, and the generator is prone to divergence and mode-calpse as the dis-
criminator begins to successfully distinguish real data from generad samples with high
con dence. Researchers have tried to address this instability ad train better generators
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Figure 1: Overview of our approach. We train a single generator against an arrayof
discriminators, each of which receives lower-dimensional proj¢ions|chosen randomly prior
to training|as input. Individually, these discriminators are unable to perfectly separate
real and generated samples, and thus provide stable gradients to the gerator throughout
training. In turn, by trying to fool all the discriminators simultan eously, the generator
learns to match the true full data distribution.

through several techniques. Denton et al. |(2015) proposed generating an imad®y explic-
itly factorizing the task into a sequence of conditional generations ofévels of a Laplacian
pyramid, while Radford et al.| (2016) demonstrated that speci ¢ architecture choices and
parameter settings led to higher-quality samples. Other techniges include providing addi-
tional supervision (Salimans et al., 2016), adding noise to the discrimiator input (Arjovsky
& Bottou,| 2016), as well as modifying or adding regularization to the training objective
functions (Nowozin et al.,[2016; Arjovsky et al!,|2017] Zhao et al., 2016).

We propose a di erent approach to address this instability, where the generator is trained
against an array of discriminators, each of which looks at a dierent, randomly-chosen,
low-dimensional projection of the data. Each discriminator is unable b perfectly separate
real and generated samples since it only gets a partial view of these sanagl At the same
time, to satisfy its objective of fooling all discriminators, the generator learns to match the
true full data distribution. We describe a realization of this approach for training image
generators, and discuss the intuition behind why we expect this taining to be stableji.e.,
the gradients to the generator to be meaningful throughout trainingland cons istent|i.e.,
for the generator to learn to match the full real data distribution. Despite its simplicity,
we nd this approach to be surprisingly e ective in practice. We d emonstrate this e cacy
by using it to train generators on standard image datasets, and nd that these produce
higher-quality samples than generators trained against a single discrimator.

1.1 Related Work

Researchers have explored several approaches to improve the statyilof GANs for train-
ing on higher dimensional images. Instead of optimizing Jensen-Shannodivergence as
suggested in the original GAN framework, Energy based GAN ((Zhao et al.| 2016) and
Wasserstein GAN (Arjovsky et al., |2017) show improvement in the stabilty by optimizing
total variation distance and Earth mover distance respectively, together with regularizing
the discriminator to limit the discriminator capacity. Nowozin et al. | (2016) further extended
GAN training to any choice of f -divergence as objective. Salimans et al. (2016) proposed
several heuristics to improve the stability of training. These include modifying the objective
function, virtual batch-normalization, historical averaging of parameters, semi-supervised
learning, etc.. All of these methods are designed to improve the quality of gradientsand
provide additional supervision to the generator. They are therefore omplementary to, and
can likely be used in combination with, our approach.
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Note that prior methods have involved training ensembles of GANs |(Wang €al.| 2016), or
ensembles of discriminators|(Durugkar et al., 2016). However, their goal igli erent from
ours. In our framework, each discriminator is shown only a low-dimeni®nal projection of the
data, with the goal of preventing it from being able to perfectly reject generated samples.
Crucially, we do not combine the outputs of discriminators directly, but rather compute
losses on individual discriminators and average these losses.

Indeed, the idea of combining multiple simple classi ers,e.g., with boosting (Freund et al.|
1996), or mixture-of-experts Jacobs|(1995), has a rich history in machine leaing, including
recent work where the simple classi ers act on random lower-dimerienal projections of their
inputs (Cannings & Samworth| |2017) (additionally bene ting from the regul arization e ect
of such projections (Durrant & Kalan, 2015)). While these combinations have been aimed
at achieving high classi cation accuracy (i.e., achieve accurate disémination), our objective
is to maintain a ow of gradients from individual discriminators to the generator. It is also
worth noting here the work of |Bonneel et al| (2015), who also use low-dimesional projec-
tions to deal with high-dimensional probability distributions. The y use such projections to
e ciently compute Wasserstein distances and optimal transport between two distributions,
while we seek to enable stable GAN training in high dimensions.

2 Training with Multiple Random Projections

GANs (Goodfellow et al/, |2014) traditionally comprise of a generatorG that learns to
generate samples from a data distributionPy, through adversarial training against a single
discriminator D as:

ng;in mDax V(D;G) = Ex p [logD(X)]+ E; p,[log(l D(G(2)]; Q)

R
forx 2 RY, P, : RY1 R;; Py =1, and with P, a xed distribution (typically uniform
or Gaussian) for noise vectorsz 2 R%;d® d. The optimization in (L) is carried out
using stochastic gradient descent (SGD), with alternating updates to the generator and the
discriminator. While this approach works surprisingly well, instability is common during
training, especially when generating high-dimensional data.

Theoretically, the optimal stationary point for ( is one where the generator matches the
data distribution perfectly, and the discriminator is forced to alw ays output 0.5 (Goodfellow
et al., [2014). But usually in practice, the discriminator tends to \win" and the cost in @)
saturates at a high value. While the loss keeps increasing, the gradiestreceived by the
generator are informative during the early stages of training. However, one the loss reaches
a high enough value, the gradients are dominated by noise, at which point gearator quality
stops improving and in fact begins to deteriorate. Training must therefore be stopped early
by manually inspecting sample quality, and this caps the number of terations over which
the generator is able to improve.

Arjovsky & Bottou (2016) discuss one possible source of this instability,suggesting that
it is because natural data distributions P4 often have very limited support in the ambient
domain of x and G(z). Then, the generator G is unable to learn quickly enough to generate
samples from distributions that have signi cant overlap with this support. This in turn
makes it easier for the discriminator D to perfectly separate the generator's samples, at
which point the latter is left without useful gradients for further training.

We propose to ameliorate this problem by training asingle generator against anarray of
discriminators. Each discriminator operates on a di erent low-dimensional linear projection,
that is set randomly prior to training. Formally, we train a generator G against multiple
discriminators f Dy gf., as:

X X

min max  V(Di;G)=  Bx p[logDk(Wix)]+ E; p,llog(l Di(W G)); (2)
K9 =k i=k

where Wy;k 2 f1; ;Kgis a randomly chosen matrix inRY ™ with m < d. Therefore,

instead of a single discriminator looking at the full input (be it real or fake) in , each of
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the K discriminators in (@ sees a di erent low-dimensional projection Each discriminator
tries to maximize its accuracy at detecting generated samples from & own projected version,
while the generator tries to ensure that each sample it generates sinftaneously fools all
discriminators for all projected versions of that sample.

When the true data X and generated sample$5(z) are images, prior work (Radford et al!,
2016) has shown that it is key that both the generator and discriminator have onvolutional
architectures. While individual discriminators in our framework see projected inputs that
are lower-dimensional than the full image, their dimensionality is 4ill large enough (a very
small m would require a large number of discriminators) to make it hard to train discrim-
inators with only fully-connected layers. Therefore, it is desimable to employ convolutional
architectures for each discriminator. To do so, the projection matrcesW,! must be chosen
to produce \image-like" data. Accordingly, we use strided convolutionswith random Iters
to embody the projectionsW,] (as illustrated in Fig. D The elements of these convolution
Iters are drawn i.i.d. from a Gaussian distribution, and the lter s are then scaled to have
unit ", norm. To promote more \mixing" of the input coordinates, we choose lter sizes
that are larger than the stride (e.g., we use 8 8 lIters when using a stride of 2). While
still random, this essentially imposes a block-Toeplitz strucure on W,! .

3 Motivation

In this section, we motivate our approach, and provide the reader with me intuition for why
we expect our approach to improve the stability of training while maintaining con sistency.

Stability.  Each discriminators Dy in our framework in (@ works with low dimensional
projections of the data and can do no better than the traditional full di scriminator D in (@.
Let y 2 RY and | 2 f 0; 1g denote the input and ideal output of the original discriminator
D, wherel =1 if y is real, and O if generated. However, eaclDy is provided only a lower
dimensional projection W/ y. SinceW,y is a deterministic and non-invertible function of
y, it can contain no more information regarding | than Y itself, i.e., 1(I;Y) 1(l;W/]Y),
where | (x;y) denotes the mutual information between the random variablesx and y. In
other words, taking a low-dimensional projection introduces an iformation bottleneck which
interferes with the ability of the discriminator to determine th e real/fake label I.

While strictly possible, it is intuitively unlikely that all th e information required for clas-
si cation is present in the W/ y (for all, or even most of the dierent W,]), especially in
the adversarial setting. We already know that GAN training is far more stable in lower
dimensions, and we expect that each of the discriminator®y will perform similarly to a
traditional discriminator training on lower (i.e., m ) dimensional data. Moreover,| Arjovsky
& Bottou (2016) suggest that instability in higher-dimensions is caused bythe true distribu-
tion Px being concentrated in a small fraction of the ambient spaceli.e., the support of Py
occupies a low volume relative to the range of possible values &f Again, we can intuitively
expect this to be ameliorated by performing a random lower-dimensinal projection (and
provide analysis for a simplistic Pk in the supplementary).

When the discriminators Dy are not perfectly saturated, Dy (W,] G(z)) will have some varia-
tion in the neighborhood of a generated sampl&(z), which can provide meaningful gradients
to the generator. But note that gradients from each individual discriminator Dy to G(z)
will lie entirely in the lower dimensional sub-space spanned byn,! .

Consistency. While impeding the discriminator's ability bene ts stability, it could also
have trivially been achieved by other means| e.g., by severely limiting its architecture or
excessive regularization. However, these would also limit the abtl of the discriminator to
encode the true data distribution and pass it on to the generator. We bgin by considering
the following modi ed version of Theorem 1 in|Goodfellow et all (2014):

Theorem 3.1. Let Py denote the distribution of the generator outputsG(z), wherez P,
and let PWkT ¢ be the marginals ofPy alongWy. For xed G, the optimal f Dyg are given by

Di(y) = Pwrx ()= Pwrx(¥)+ Pwrg(y) 3)
forall k2f1; ;Kg. The optimal G under ) is achieved i Pwrx = Pwrg, 8k.

4
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Figure 2: Training Stability. We plot the evolution of the \generator loss" across training|
against a traditional single discriminator (DC-GAN), and the average and individual losses
against multiple discriminators (K = 48) in our setting. For the traditional single dis-
criminator, this loss rises quickly to high value, indicating that t he discriminator saturates
to rejecting generated samples with very high con dence. In contras the loss in our case
remains lower, allowing our discriminators to provide meaningful gadients to the generator.

Iter. 5k lter. 10k Iter. 15k Iter. 20k Iter. 30k Iter. 40k Iter. 60k lter. 80k Iter. 100k

Proposed

Figure 3: Evolution of sample quality across training iterations. With our approach, the
generator improves the visual quality of its samples quickly and throghout training. Mean-
while, the generator trained in the traditional setting with a single discriminator shows
slower improvement, and indeed quality begins to deteriorate aftea point.

This result, proved in the supplementary, implies that under ideal conditions the generator
will produce samples from a distribution whosemarginals along each of the projectionsw
match those of the true distribution. Thus, each discriminator adds anadditional constraint
on the generator, forcing it to match Py along a di erent marginal. As we show in the sup-
plementary, matching along a su ciently high number of such marginalsjunder smoothness
assumptions on the true and generator distributionsP, and Pg|guarantees that the full
joint distributions will be close (note it isn't su cient for the s et of projection matrices
fWyg to simply span RY for this). Therefore, even though viewing the data through ran-
dom projections limits the ability of individual discriminators, w ith enough discriminators
acting in concert, the generator learns to match the full joint distri bution of real data in RY.

4 Experimental Results

We now evaluate our approach with experiments comparing it to generatordrained against
a single traditional discriminator, and demonstrate that it leads to higher stability during
training, and ultimately yields generators that produce higher quality samples.

Dataset and Architectures. For evaluation, we primarily use the dataset of celebrity
faces collected by Liu et al. (2015)|we use the cropped and aligned 64 64-size version of
the images|and the DC-GAN (Radford et al., [2016)| architectures for the generator and
discriminator. We make two minor modi cations to the DC-GAN impleme ntation that we
nd empirically to yield improved results (for both the standard s ingle discriminator setting,
as well as our multiple discriminator setting). First, we use di erent batches of generated
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Figure 4. Random sets of generated samples from traditional DC-GAN and the prposed
framework. For DC-GAN, we show results from the model both at 40k iterations (when
the samples are qualitatively the best) and at the end of training (100k ierations). For
our setting, we show samples from the end of training for generator modsltrained with

K =12, 24, 48 projections. Our generator produces qualitatively better sarples, with ner

detail and fewer distortions. Quality is worse with subtle high-frequency noise wherK is
smaller, but these decrease with increasing to 24 and 48.

images to update the discriminator and generator|this increases computation per iteration,
but yields better quality results. Second, we employ batch normakation in the generator
but not in the discriminator (the original implementation normalized real and generated
batches separately, which we found yielded poorer generators).

For our approach, we train a generator againstK discriminators, each operating on a dif-
ferent single-channel 32 32 projected version of the input,i.e., d=m = 12. The projected
images are generated through convolution with 8 8 Iters and a stride of two. The Iters
are generated randomly and kept constant throughout training. We compare this to the
standard DC-GAN setting of a single discriminator that looks at the full -resolution 64 64
color image. We use identical generator architectures in both settings|that map a 100 di-
mensional uniformly distributed noise vector to a full resolution image. The discriminators
also have similar architectures|but each of the discriminator in our s etting has one less layer
as it operates on a lower resolution input (we map the number of channels the rst layer
in our setting to those of the second layer of the full-resolution sigle-discriminator, thus
matching the size of the nal feature vector used for classi cation). Asis standard practice,
we compute generator gradients in both settings with respect to mininizing the \incorrect"
classi cation loss of the discriminator|in our setting, this is given by ~ + log D (G(2)).
a, 201

As suggested in [(Radford et al.] 2016), we use Adanf (Kingma & B 4) with learning

rate 2 10 4, , =0:5, and a batch size of 64.

Stability. ~ We begin by analyzing the evolution of generators in both settings through
training. Figure P]shows the generator training loss for traditional DC-GAN with a single
discriminator, and compares it the proposed framework withK = 48 discriminators. In both
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Figure 5: Interpolating in latent space. For selected pairs of generatedaces (with K = 48),
we generate samples using di erent convex combinations of their corsponding noise vectors.
Every combination generates a plausible face, and these appear to smodghinterpolate
between various facial attributes|age, gender, expression, hair, etc. Note thatthe =0:5
sample always corresponds to an individual clearly distinct from theoriginal pair.

settings, the generator losses increase through much of training afteregtreasing in the initial
iterations (i.e., the discriminators eventually \win"). However, DC-GAN's generator loss
rises quickly and remains higher than ours in absolute terms throughoutraining. Figure
includes examples of generated samples from both generators across itiéoas (from the
same noise vectors). We observe that DC-GAN's samples improve mostlynithe initial
iterations while the training loss is still low, in line with our in tuition that generator gradients
become less informative as discriminators get stronger. Indeed, theuglity of samples from
traditional DC-GAN actually begins to deteriorate after around 40k iteration s. In contrast,
the generator trained in our framework improves continually throughout training.

Consistency. Beyond stability, Fig. Blalso demonstrates the consistency of our frameork.
While the average loss in our framework is lower, we see this does nahpede our generator's
ability to learn the data distribution quickly as it collates feedback from multiple discrim-
inators. Indeed, our generator produces higher-quality samples thanraditional DC-GAN
even in early iterations. Figure@ includes a larger number of (randomsamples from gener-
ators trained with traditional DC-GAN and our setting. For DC-GAN, we inclu de samples
from both roughly the end (100k iterations) of training, as well as from roughly the middle
(40k iterations) where the sample quality are approximately the best. For our approach,
we show results from training with di erent numbers of discriminators with K = 12;24;
and 48|selecting the generator models from the end of training for all. We see that our
generators produce face images with higher-quality detail and far fewedlistortions than tra-
ditional DC-GAN. We also note the e ect of the number of discriminators on sample quality.
Speci cally, we nd that setting K to be equal only to the projection ratio d=m = 12 leads
to subtle high-frequency noise in the generator samples, suggestingese many projections
do not su ciently constrain the generator to learn the full data distr ibution. Increasing K
diminishes these artifacts, andK = 24 and 48 both yield similar, high-quality samples.

Training Time. Note that the improved generator comes at the expense of increased
computation during training. Traditional DC-GAN with a single discrim inator takes only
0:6s per training iteration (on an NVIDIA Titan X), but this goes up to 3 :2s for K =12,
5:8s for K = 24, and 11:2s for K = 48 in our framework. Note that once trained, all
generators produce samples at the same speed as they have identicaltatectures.
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Figure 6: Examples from training on canine images from Imagenet. We show maally
selected examples of 128 128 images produced by a generator trained on various canine
classes from Imagenet. Although not globally plausible, the samples containealistic low-
level textures, and reproduce rough high-level composition.

Latent Embedding. Next, we explore the quality of the embedding induced by our
generator (K = 48) in the latent space of noise vectorsz. We consider selected pairs of
randomly generated faces, and show samples generated by linear interptibn between their
corresponding noise vectors in Fig[ 5. Each of these generated samplesaiso a plausible
face image, which con rms that our generator is not simply memorizing traning samples,
and that it is densely packing the latent space with face images. We alsond that the
generated samples smoothly interpolate between semantically meargful face attributes|
gender, age, hair-style, expression, and so on. Note that in all rows, theample for =0:5
appears to be a clearly di erent individual than the ones represened by =0and =1.

Results on Imagenet-Canines. Finally, we show results on training a generator on a
subset of the Imagenet-1K database| (Deng et al|, 2009). We use 128128 crops (formed by
scaling the smaller side to 128, and taking a random crop along the other dimmesion) of 160k
images from a subset of Imagenet classes (ids 152 to 281) of di erent caninééle use similar
settings as for faces, but feed a higher 200-dimensional noise vector togtgenerator, which
also begins by mapping this to a feature vector that is twice as large (2048)nd which has
an extra transpose-convolution layer to go upto the 128 128 resolution. We again use 8 8
convolutional Iters with stride two to form  fW,T glin this case, these produce 64 64 single
channel images. We use onl)K = 12 discriminators, each of which has an additional layer
because of the higher-resolution|beginning with fewer channels in the rst layer so that
the nal feature vector used for classi cation is the same length as for faes. Figure[§ shows
manually selected samples after 100k iterations of training (see suppleentary material for
a larger random set). We see that since it is trained on a more diverse andnaligned image
content, the generated images are not globally plausible photographs. Nevdrtless, we
nd that the produced images are sharp, and that generator learns to repraluce realistic
low-level textures as well as some high-level composition.

5 Conclusion

In this paper, we proposed a new framework to training GANSs for high-dimasional outputs.

Our approach employs multiple discriminators on random low-dimensbnal projections of
the data to stabilize training, with enough projections to ensure that the generator learns
the true data distribution. Experimental results demonstrate th at this approaches leads to
more stable training, with generators continuing to improve for longer to ultimately produce

higher-quality samples. Source code and trained models for our imptheentation is available
at the project page [anonymized for review .

In our current framework, the number of discriminators is limited by computational cost.
In future work, we plan to investigate training with a much larger set of discriminators,
employing only a small subset of them at each iteration, or every set oftérations. We
are also interested in using multiple discriminators with modi ed and regularized objectives
(e.g. (Nowozin et al., [2016;| Arjovsky et all,|2017] Zhao et al., 2016)). Such modi cations
are complementary to our approach, and deploying them together will lilely be bene cial.
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Supplementary Material

A Theory

In this section we provide additional theoretical results showingthe bene ts of random
projections, for some particular choice of distributions, for both improving stability and
guaranteeing consistency of GAN training.

Stability

Here, we consider several simplifying assumptions on the distrilfion of x, to gain intuition
as to how a random low-dimensional projection a ects the \relative" volume of the support
of P,. Let us assume that the range ofx is the d-dimensional ball B¢ of radius 1 centered
at 0. We de ne the support supp(Px) B9 of a distribution P, to be the set where the
density is greater than some small threshold . Assume that the projection W 2 R4 ™ s
entry-wise random Gaussian (rather than corresponding to a random convaeition). Denote
asBY, the projection of the range onW, and Py, t, as the marginal of P, alongW.

Theorem A.l.  AssumePy = ; jN(Xj j; j) is a mixture of Gaussians, such that the

individual components are su ciently well separated (in the sense hat there is no overlap
between their supports or the projections thereof, see (Dasgupta949)). If supp(Py) B¢
and Vol(supp(Px)) > 0, then Vol(supp(Pwx))=Vol(B% ) > Vol(suppPx))=Vol(BY) with
high probability.

This result implies that the projection of the support of Py, under this simpli ed assump-
tions, occupies a higher fraction of the volume of the projection of therange ofx. This aids
in stability because it makes it more likely that a larger fraction of the generator's sam-
ples (which also lie within the range ofx) will, after projection, overlap with the projected
support supp(Px), and can not be rejected absolutely by the discriminator.

Proof of Theorem A.1. We rst show that we can assume that the columns of the
projection W are orthonormal. SinceW 2 RY ™ is entry-wise Gaussian distributed, it
has rank m with high probability. Then, there exists a square invertible matrix A such
that WO = AW where W0 is orthonormal. In that case, Vol(supp(Pwx))=Vol(BY,) =
Vol(supp(Py o ))=Vol(BY, ) because the numerator and denominator terms for both can
be related by det(A) for the change of variables, which cancels out. Note that under this
orthonormal assumption, B4, = B™.

Next, we consider the case of an individual Gaussian distributiorP, = N (xj; ), and prove
that the ratio of supports (de ned with respect to a threshold ) does not decrease with the
projection. The expression for these ratios is given by:

Vol(supp(Py)) = Vol( BY)  det() log iz dlog2 logdet()

Vol(supp(Px)) _ 1 .
) VoI(B %) = det() log— dlog2 logdet() : (4)
Vol(supp(Pw x)) _ T 1 T .
Vol(BY,) =det(W' W) log— mlog2 logdettW' W) : (5)
For su ciently small , the volume ratio of a single Gaussian will increase with projection
if det(WT W) > det(). Note that all eigenvalues of 1, with at-least one eigenvalue

strictly < 1 (since suppPx) BY). First, we consider the case when is not strictly positive
de nite and one of the eigenvalues is 0. Then, Vol(supplPx)) = 0 and Vol(supp( Pwy)) O,
i.e., the volume ratio either stays the same or increases.
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For the case when all eigenvalues are strictly positive, consider a acordinate transform
where the rst m co-ordinates ofx correspond to the column vectors ofW, such that

w wWwo |
T (6)
WWw © wo

where w = WT W. Then,

det() =det( w)det( wo  Wwwo w' wwo)
det( w)det( wo);
) det( w) det() =det( wo): 7)

Note that det( wo) 1, since all eigenvalues of are 1, with equality only when W is
completely orthogonal to the single eigenvector whose eigenvalue is sitly < 1, which has
probability zero under the distribution for W. So, we have that det( wo) < 1, and

det(WT W) =det( «)> det() : (8)

The above result shows that the volume ratio of individual componentsnever decrease, and
always increase when their co-variance matrices are full rank (no zero eiggalue). Now,
we consider the case of the Gaussian mixture. Note that the volume ratio othe mixture
equals the sum of the ratios of individual components, since the denomator Vol(B™) is
the same, where the support volume in these ratios for componerjt is de ned with respect
to a threshold = ;. Also, note that since mixture distribution has non-zero volume, at least
one of the Gaussian components must have all non-zero eigenvalues. Soe tholume ratios
of Py and Py, are both sums of individual Gaussian component terms, and each term for
Py« is greater than or equal to the corresponding term forP,, and at least one term is
strictly greater. Thus, the support volume ratio of Py, 1 is strictly greater than that of P.

Consistency

Proof of Theorem 3.1. The proof follows along the same steps as that of Theorem 1
in Goodfellow et al. (2014).

V(D«:;G)

= Ey p, [logDy (W X)]+ Ex p,flog(1  Di(W, x))]

= Ev p,;,[09DkM)]+ Ey g, [0g(1 Di()): (©)

For any point y 2 supp(PWkTX)[ supp(PWkT g), dierentiating V(Dy;G) w.r.t. Dy and setting
to O gives us:

Pw . x(Y)
Pily) = k : 10
¥ PWka(y)+ PWJg(y) (10)
Notice we can rewrite V(Dy; G) as
Pyry + Pyt
V(Dy;G) = 2log(2) + KL PWJijw
Pyry + Pyt
+KL Pypg ————2 a1

Here KL is the Kullback Leibler divergence, and it is easy to see that he above expression

achieves the minimum value whenPy, r, = Py g.

Next, we present a result that shows that given enough random projectins K, the full
distribution Py of generated samples will closely match the full true distribution Py .
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Def: Afunction f : RY! R, isL-Lipschitz, if 8 x1;x2 2 RY, jf (x1) f(X2)j L d(x1;x2).

Theorem A.2. Let P, and Py be two compact distributions with support of radiusB, such
that Py 1y = Pyrg;8k 21 ;Kg. Let fWyg be entrywise random Gaussian matrices in
RI M letR = Py, Py be the residual function of the di erence of densities. Then, with
high probability, for any x 2 RY,

. . . BL
IROOI= 1Pc0) Pg(] O —=

m

where LR is the Lipschitz constant of R.

This theorem captures how much two probability densities can di er if they match along
K marginals of dimensionm, and how the error decays with increasing number of discrim-
inators K. In particular, if we have a smooth residual function R (with small Lipschitz
constant Lg), then at any point 2 RY, it is constrained to have small values|smaller with
increasing number of discriminatorsK , and higher dimensionm. The dependence or_y
suggests that the residual can take larger values if it is not smooth|which can result from
either the true density Py or the generator density Py, or both, being not smooth.

Again, this result gives us rough intuition about how we may expect the eror between the
true and generator distribution to change with changes to the values oK and m. In practice,
the empirical performance will depend on the nature of the true data dstribution, the
parametric form / network architecture for the generator, and the abilit y of the optimization
algorithm to get near the true optimum in Theorem 3.1.

Proof of Theorem A.2. Let R = Py Py, be the residual function that captures the
di erence between theztvvo distributizons. R satis es the following properties:
R(x)dx = (Px(x) Pg(x))dx=1 1=0; (12)
X X
and for any setS, Z Z
R(x)dx Px(x)dx 1 (13)
x2S x2S

Further, since both the distributions have same marginals alongk di erent directions fW,g,
we have, for anyx, Z

Rwy(X) = R(y)=0:
yix=W,Jy
We rst prove this result for discrete distributions supported on a compact setS with
points along each dimension. LetP denote such a discretization of a distribution P and
R=Py Py

Each of the marginal equation PWkTX = ng)g (RWkTy = 0) is equivalent to ™ linear
equations of the distribution P4 of the form, XW,]T x=y Py (x) = PWkTg(y). Note that we

have 9 choices forx and ™ choices fory. Let A, 2 R " “ denote the coe cient matrix
APy = PWkTg, such that A (i;j ) =1 if W] x; = y;j, and 0 otherwise.

The rows of Ay for di erent values of y; are clearly orthogonal. Further, since di erent W
are independent Gaussian matrices, rows o\, corresponding to di erent Wy are linearly

independent. In particular let A 2 R " K * denote the vertical concatenation ofAx. Then,
A has full row rank of ™ K with probability 1 ¢ m e 9 (Vershynin, 2010), with ¢ some

arbitrary positive constant. Since Py is a 9 dimensional vector, ¢ linearly independent
equations determine it uniquely. Hence ™ K d, guarantees thatPy = Py or R = 0.

Now we extend the results to the continuous setting. Without loss of geerality, let the
compact support S of the distributions be contained in a sphere of radiusB. Let N _ be

an — net of S, with d points (see Lemma 5.2 in Vershynin (2010)), where =2B Lgr=.

Then for every point x; 2 S, there exists ax; 2 N = such that, d(x1;X2) e
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Further for any x1;Xx, with d(Xy1;X>) o if R is Lr Lipschitz we know that,

JR(x1) R(x2)] Lr o= (14)
R
Finally, notice that the marginal constraints do not guarantee that the distributions PWkT .

and PWkTg match exactly on the -net (or that R is 0), but only that they are equal upto

an additive factor of . Hence, combining this with equation 14 we getjR(X)j = jPx(X)
Pg(x)j  O(); for any x with probability 1 ¢ m K e 9. Since we have ¢ ™ =

Bl "= O(3), we get = O(-—2).
Kd m
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B Additional Experimental Results

Face Images: Proposed Method ( K =48)
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Face Images: Proposed Method ( K =24)
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Face Images: Proposed Method ( K =12)
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Face Images: Traditional DC-GAN (Iter. 40Kk)
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Face Images: Traditional DC-GAN (Iter. 100k)
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Random Imagenet-Canine Images: Proposed Method
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