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ABSTRACT

This paper proposes a novel approach for learning discriminative and sparse rep-
resentations. It consists of utilizing two different models. A predefined number
of non-linear transform models are used in the learning stage, and one sparsify-
ing transform model is used at test time. The non-linear transform models have
discriminative and minimum information loss priors. A novel measure related to
the discriminative prior is proposed and defined on the support intersection for the
transform representations. The minimum information loss prior is expressed as a
constraint on the conditioning and the expected coherence of the transform matrix.
An equivalence between the non-linear models and the sparsifying model is shown
only when the measure that is used to define the discriminative prior goes to zero.
An approximation of the measure used in the discriminative prior is addressed,
connecting it to a similarity concentration. To quantify the discriminative proper-
ties of the transform representation, we introduce another measure and present its
bounds. Reflecting the discriminative quality of the transform representation we
name it as discrimination power.

To support and validate the theoretical analysis a practical learning algorithm is
presented. We evaluate the advantages and the potential of the proposed algo-
rithm by a computer simulation. A favorable performance is shown considering
the execution time, the quality of the representation, measured by the discrimina-
tion power and the recognition accuracy in comparison with the state-of-the-art
methods of the same category.

1 INTRODUCTION

Learning a transform that provides sparse and discriminative representation is an active domain of
research in various areas, some of which are data processing, pattern recognition, image processing,
language modeling, text analysis and gene separation. A class of algorithms proposed by |[Kreutz-
Delgado et al.| (2003); Mairal et al.| (2009); |Bengio et al.| (2012); |Gangeh et al.| (2015); Mairal et al.
(2008); [Jiang et al.| (2011); |Guo et al.| (2012); (Cai et al.| (2014) and [Liu et al| (2016)) for learning
discriminative sparse representations have been shown to perform well across various learning tasks.
A subclass of them known as discriminative dictionary learning (DDL) |Guo et al.| (2012); Jiang
et al.[(2013));|Cai et al.|(2014)); |Shekhar et al.|(2014); Xu et al.[(2015); Liu et al.|(2016); |Bengio et al.
(2012); Gangeh et al.| (2015); Jiang et al.| (2016) and [Vu & Monga) (2016) addreses the estimate of
the dictionary in a supervised manner such that the representation w.r.t. words (vectors) from the
resulting dictionary (vector set) is discriminative.

Most of the DDL methods synthesize the data sample k from class ¢, i.e, X 1, € RN as an approxima-
tion by a linear combination y .., € R (referred to as a sparse data representation ||y, i [lo << M)
of a few words (vectors d,,), from a dictionary (vector set) D € RV*M ie., X, = Dyck + Ve ks
Vek € RN, with v, denoting the approximation error. It is important to highlight that with the
synthesis model approach the data reconstruction is addressed.

The differences between the DDL methods |Guo et al.| (2012); Jiang et al.| (2013);|Cai et al.| (2014));
Shekhar et al.[(2014);|Gangeh et al.|(2015); Xu et al.|(20135)); [Liu et al.[(2016); [Bengio et al.|(2012);
Jiang et al.| (2016) and Vu & Mongal (2016) are determined by the prior defined on the sparse rep-
resentation and the prior defined for the relations between the sparse representations for the data
samples from the same/different classes. The discrimination is enforced by replacing the prior with



Under review as a conference paper at ICLR 2018

a structural constraint on the dictionary or imposing a discriminative term on the sparse representa-
tions. Additionally, some works by [Mairal et al.|(2008); |Guo et al.[(2012) and |Taalimi et al.| (2015
consider even a joint estimation/learning of a dictionary, sparse representation, and classifier by us-
ing iterative alternating minimization strategy. The manuscripts by [Bengio et al.|(2012); |Cai et al.
(2014) and |Gangeh et al.| (2015) give comprehensive overview covering different approaches.

1.1 OPEN ISSUES

The general open issue for DDL methods is the computational complexity w.r.t. the optimal dic-
tionary/transform learning and the discriminative encoding, since the sparse representation in the
synthesis model is a solution to an inverse problem.

An additional open issue with most of the proposed approaches|Guo et al.[(2012);|Jiang et al.[(2013));
Cai et al.[(2014); Gangeh et al.[(2015)); Liu et al.|(2016)), |Bengio et al.|(2012); Jiang et al.|(2016));|Vu
& Monga (2016)) is that there is no formal notion to measure the discriminative properties. Therefore,
there are no means that provide a quantitative evaluation of the quality of the representation, other
than the performance of a classifier used on top of the representation.

Concerning the specifics in the discriminative constraints, |Yang et al|(2011b) proposed a synthesis
model with a discriminative fidelity term and Fisher discriminant constraints, where the within-class
scatter and the between-class scatter of the representation is minimized and maximized, respectively.
The authors|Vu & Monga|(2016)) proposed an extension considering a low-rank constraint on the dic-
tionary. An approach by Guo et al.|(2013) used a synthesis model with a constraint on the pair-wise
relation between the sparse representation expressed by /5 distance metric. The methods reported
by [Yang et al.| (2011b) [Vu & Monga) (2016) and |Guo et al.|(2013)) take into account assumption on
the metric by defining the scatter and the pair-wise relations. Therefore, they constrain the space of
the representation, which essentially is determined by the dictionary. However, these works do not
consider whether the used metric is optimal w.r.t. the sparse representation.

The method proposed by|Liu et al.|(2016) finds a dictionary under which the representation of a data
sample from the same class ¢ have a common sparse structure by minimizing the size of the support
overlap for the representation from different classes. Assuming y¢i,x1 € RM and Ye2,k2 € RM are
two sparse representations for two data samples X1 1 € RN and Xc2,k2 € RN, from two classes ¢l
and 2, they proposed a similarity measure defined by empirical expectation on ||y ¢1.x1 © ¥Ye2,k2/0
where © represents the Hadamar product. Note that two transform data samples y.1 x2 and ye2 x2
that have small support overlap ||yc1,x1 © Ye2.k2/l0 = 8,5 << M, might not necessarily be similar
or dilssimilar, e, Yeikl = Ye2,k2 and Ye1 x1 = —Ye2,k2 With [|yer killo = ||ye2,k2llo0 = s and s
small.

1.2  APPROACH AND MOTIVATIONS

Model Instead of addressing a synthesis model where the data reconstruction is targeted and the
estimation of the discriminative representation is an inverse problerrﬂ we present a novel, alternative
approach. That is we propose non-linear transform models in the learning stage and a sparsifying
transform model |Rubinstein et al.| (2010), Rubinstein et al.| (2013), [Rubinstein & Elad| (2014) and
Ravishankar & Bresler| (2014) for testing. The sparsifying transform model assumes that the data
sample X, is approximately sparsifiable under a linear transform A € RM*N je, Ax.) =
Yek + Zeks Zer € RM, where y. i is sparse [|ycx|lo << M. It also represents a generalization
of the analysis model Rubinstein et al.|(2010; 2013)); Ravishankar & Bresler (2014)); Rubinstein &
Elad|(2014).

The proposed non-linear transform model is an extension to the sparsifying transform model that
considers additional assumptions. Both of the models used in this paper address a direct problem,
where the estimation of the discriminative representation represents a low complexity constrained
projection problem. Additionally, since these models have no restrictions on the transform represen-
tation to be in the column space of the dictionary (transform matrix A), they allow more freedom in
modeling and imposing constraints on the transform representation

"Note that a solution to an inverse problem has a high computational complexity if the dimensionality of
the dictionary (transform matrix) or the data dimensionality is high.
’In fact it allows modeling other non-linearity also, i.e., ReLu can be modeled as a transform representation.
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Figure 1: a) Data samples X, ¢ € {1, 2, 3,4} from four different classes, b) given a k-th data sample
X, from class c, the non-linear transform is represented as two step operation: linear mapping
Ax_., (step 1) followed by an element wise thresholding function y. = TPC(AXC, &) (step 2), c)
the transform data samples Y., ¢ € {1, 2, 3,4}, d) two transform representations Yei,k1 and yeo g2,
e) the resulting Hadamar products y:rL 61 © yj27 k2 and Y 11 O 5 ko ON the support intersection for
the similarity contribution and f) the resulting Hadamar products y:L k1 OV poandy g g © y:r27 2
on the support intersection for the dissimilarity contribution between y 1 ;1 and y¢o x2.

Prior and its measure In the learning stage, central in the non-linear transform models is the novel
parametric measure for a discriminative prior. It is defined on the support intersection for the trans-
form representations. The first motivation behind the used measure is that the support intersec-
tion of the transform data allows more freedom in imposing regularization on the discriminative
properties without taking into account any additional assumptions. Second, by approximating the
parametric mesure with an non-parametric one the focus of the regularization is directly put on
the contributing components for similarity/dissimilarity. Consider the measure (y/, ,1)Ty 2 1o +
(¥, kl)Ty;2 o between two transform representations y.i k1 and yeo x2 Where ye1 g1 = yjl bl —
Yo k1 where ijkl = max(yc1,k1,0) and Yok = max(—Ye1,x1,0). Note that (y$7k1)Tyj2,k2 +
- \Ty— _ [yt + - - huts
(Yer1) Yearo = IV k1 © Yo rallt + ¥e1 1 © Yoo roll1 captures the only contribution for the
similarity (whereas [ly ;, © ¥ rolli + 1Yo p1 @ Y5 12 ll1 captures the only contribution for the
dissimilarity) between the vectors y.i x1 and y.o x2. Moreover, yfl w1Yc2, k2 = ||ycl7k,1 OYe, k2|1,
only if the dissimilarity contribution —(y_; v)7¥ /% 4o — (¥ 1) Y3 o for the vectors yei x1
: o T — (vt Tyt - \Ty— - Tyt
and ycz k2 is 0. That is Ye1,k1Ye2,k2 = (Yc1,k1) Yeore T (yc1,k1) Yea,k2 — (yc1,k1) Yeo, k2 —
+  \To— + T+ - \Ty— : - Tyt +  \To—

(ycl,kl) Yeo ko < (Ycl,m) Yeo,p2 T (Yd,kl) Y2, k2> DOW 1f—(yc1,k1) Yea,k2 — (ycl,m) Ye2,k2
; _ (vt Tyt - \Ty—  _ T ;

is zero then [[ye1k1 © Yezkallt = (Y x1)" Yeo ko + (Verx1)” Yeo ko = Yerp1¥ez b2- Third, the
expectation E[|ly; 11 © Yoo wolll + 1Y 11 © ¥ 1oll1] captures the concentration of similarity.
Therefore, it provides the possibility to define a formal notion that quantifies the discriminative
properties. Fourth, (y/, . 1)Ty5 1o + (¥ 11) 7Y 2 o is NOt ambiguous w.r.t. a notion for similar-
ity/dissimilarity between two sparse representations y.i 1 and y.2 2. This is because the support
intersections for the positive and the negative components (y.; )7y o = (v 1) © ¥ ol
and (Y, 1) Ve = 15 11)Ty 5 1oll1, respectively, are considered separately. In addition,
taken into account is the strength on the support intersection, defined as ||yc1,x1 © Ye2,k2 H% Its em-
pirical expectation Zc’k ¥e1.61 ©Yeakall3 ~ E[l|yer k1 @ ye2.k2||3] captures the expected strength
on the support intersection for that set. A schematic diagram of the transform and the main idea
behind the proposed concept are shown in Figure 1, a), b) and ¢). On Figure 1 d), e) and f) are given

illustrative examples for the support intersections between the positive and negative component of
two vectors y.1 k1 and y.2 2 in the transform domain.

A learning algorithm is presented using the proposed model with discriminative and minimum in-
formation loss priors. To quantify the discriminative properties, we introduce a measure named as
discrimination power, which reflects the discriminate properties of the representation for a dataset.
In addition, we present its lower and upper bounds, which depend on the parameters of the transform.
On the practical side, the advantages and the potential of the proposed algorithm are demonstrated
by a numerical experiments using the Extended YALE B |Georghiades et al.|(2001), AR Martinez &
Benavente| (1998)), Norb LeCun et al.| (2004}, Coil-20 Nene et al.| (1996), Clatech101 LeCun et al.
(2008), UKB |Nistér & Stewénius|(2006) and MNIST |[Lecun & Cortes| datasets.
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1.3 NOTATIONS

A scalar variable is denoted using x, a vector is denoted by a bold, low caps symbols x, a matrix
by bold, upper cap symbol A. A single element from a vector (or matrix) is denoted as z(n) (or
A(m,n)). A set is denoted by a calligraphic symbol, i.e, S. The ¢,—norm is denoted as ||.||,, and
the nuclear norm as ||.||.. The ® symbol represents the Hadamard product. Throughout the paper
it is assumed that a set of data samples X = [X, Xa, ..., X¢] € RV*L L = CK from C classes
is given and that every class ¢ € C = {1,2,3,...,C} has K samples, X, = [X¢1,Xc,2, s Xc, k| €
RVKE x.p € RN, Ve € C,Vk € K = {1,2,..., K}. We denote the transform data as Y =
[Y1,Y2,...Yo] € RM*E where Y. = [ye1,¥e2, - Yerx] € R K and y,. ), € RM. We
denote X\ (recy = [X1,Xo, . Xe\g, - Xeo] € RV*E=D as the matrix that has all the columns
of X, except the column x. € RV, where Xenk = [XesXe,2y o Xe k15 Xe kil o Xe K| €

RN *(E=1) is a matrix that has all the columns of block X_., except the column x. x, Ve € C and
Vk e K. Welet NV ={1,2,...,N}and M = {1,2,..., M}.

2 LEARNING NON-LINEAR TRANSFORM WITH DISCRIMINATIVE AND
MINIMUM INFORMATION LOSS PRIORS

The proposed approach has two operational modes: learning and test. It considers two different
models. A predefined number of non-linear transforms are used in the learning mode and one
sparsifying transform is used for test time.

2.1 THE PARAMETRIC NON-LINEAR TRANSFORM MODELING

Considering the learning mode, we assume that for every class ¢ € C there exist one non-linear
transform defined by a set of parameters P, = {A € RM*N 7. € RM} Ve € (f] All nonlinear
transforms described by {P;, ..., Pc'} share the linear map A and have distinct parameters 7.. One
P. with T, is related to only one class c. It is assumed that the parameters 7. are spread far apart
in the transform domain. In addition, when all the non-linear transforms are applied to the corre-
sponding class samples then the transform data samples are separable w.r.t. the different classes, in
the transform domain.

As far as the non-linear transform we focus on transforms expressible by a two-steps operation,
consisting of a linear mapping (step 1) followed by an element-wise non-linearity (step 2):

A Hare ()
Xe,k > Axc,k ? Ye,ks (1)
step 1 step 2

where Vw.r = Ax.r € RM M, (Wep) = sign(we i) © max(|we | — 76,0) : RM — RM,
represents a non-linear thresholding function with parameters 7, € R . We also have to mention
that the thresholding is done with different thresholding parameters 7.(m) for the corresponding
different transform dimensions m € M.

At testing time we use one, common sparsifying transform defined by a set of parameters
P ={A € RM*N 71 € RM} for all data samples, with a constant tresholding parameter 7. The
transform matrix A is one and same for the C training and the testing models.

In the following section we describe the non-linear transform models, the proposed discriminative
prior and its mesure, together with the main reason behind this particular use of non-linear transform
models for learning and a sparsifying transform model for testing.

2.2 THE NON-LINEAR TRANSFORM MODEL WITH A DISCRIMINATIVE PRIOR

The learning model This paper defines a compact description of the non-linear transform (T]) by a
non-linear transform model as follows:

Axc,k =Yk + Zeks Ye, ko = TPC (Xc,k); (2)

3That is the number of non-linear transforms equals the number of classes.
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where 77¢(.) : RY — RM is a parametric non-linear function that gives y..x, by using the set
of parameters P.. The term z., = AXcj — Y,k is the non-linear transform error vector that
represents the deviation of Ax, ; from the targeted transform representation y. j = TPe (X¢,x) in
the transform domain. Since the transform representation y.; = TPe (xc,x) takes into acount a
non-linearity, Ax. j is only seen as its linear approximation. Knowing something in advance about
the difference between y.  — Ax.j can be used in our model. However, since in advance we do
not have any prior we assume that it is Gausssian like distributed. Therefore, the prior on z. j, is

[AXc 1=y, H2
N
additionally that the non-linear function 77<(x. ) gives sparse y. i, then we have the improper

modeled as p(Xc k|yec,k, A) X exp , where /3 is a scaling parameter. Assuming

prior on y. ., defined as p(y. ) o exp(—”y%”l) where (3 is a scaling parameter. This paper
models the joint probability p(71, T2, ..., Tc, Ye.k) aS

1 .
P(T1, T2, oy TC, Yeyk) X eXp(—E Join  D(Yek; Te))p(Yer), 3)
and assumes that (A;;q) : p(T1,72,....,Tc) = [[.p(7), where 35 is a scaling parameter. By

the assumption in subsection 2.1} 7.; are spread far apart in the transform domain. Therefore, a
minimum over D(y. x; Tc1) ensures that y, 5 in the transform domain will be located to the closest
7.1 W.r.t. to the mesure D(y. ; Tc1). Moreover, given the class label ¢ using (3) and (A;;q) the

model for the discriminative prior reduces to p(7e|yc k) exp(fW) where D(y. k; Te) i8

a parametric measure with parameter 7.. Assuming that D(y, x; T) is determined by a relation on
the support intersection between y. j, and 7. we propose the following definition of measure:

D(yer;7e) =yl 07l + lyor © 7ol + Ver © 73, 4)

where ||y, ® 7|1 + ||y, , © 7. ||1 measures the similarity contribution on the support intersec-
tion using the positive and the negative components, yjk, 7,7 and y_,, 7., respectively, of y.
and 7, and ||y © 7.||3 measures the strength of the support intersection between y. ; and 7.
The true p(7¢) and 7 are not known and instead of estimating them explicitly, an approximation to
D(ye,x; Te) is considered based only on the concentrations of the similarity on the support intersec-
tion and the expected strength of the support intersection for the transform data.

Non-parametric approximation We propose an approximation by sum of two expectations. The
first one is the expected similarity on the support intersection for the positive and negative component
between all y. 5 and the coresponding sets of the transform representations Y. that come from
all classes cl different from ¢, i.e., ¢ # cl. The second is the expected strength on the support
intersection between y.. , and the set of transform representations Y\ . that come from all classes c1
different from ¢, ¢ # c1. We define the approximation as:

Z D(yer; ) ~ DI (X) + SI(X) where
c,k

C K

K
DZ (X) = Z Z Z Z (”ij © yz—Llel + ||Yc_,k © yc_1,k-1||1)a (5)
):

o

=1 k=1 c1€{{1,2,....C}\c} k1=1
c K

K
ZZ Z Z ye,x @ycl,k1||§,

c=1k=1 c1€{{1,2,...,C}\c} kl=1

SH(X

we highlight that the transform represntations y.; used in the approximation DZ (X)
and SZ (X) are the result of applying the sparsifying transform with parameter set P to
the data samples x.j. The m-th element yjk(m) of y:fk is defined as yjk(m) =
max(ye,k(m),0) and similarly, y_, (m) = max(—yck(m),0), Ym € M. We also de-
fine the expected similarity using the positive and negative components of all y.; across

the transform representations Y\, that come from the same classes c as DZ X) =

K - - .
DIIDINEDY kle{{1,2,...K}\k} (HY:rk © y:r,m 1+ ||yc,k © yc,mHl)- If the measure DZ (X) is
not used then the approximation (3)) is most similar to the one proposed in|Liu et al| (2016).
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By () a link is established between the non-linear transform models and the sparsify-
ing transform model, or more generaly, assuming A is known, between a parametric and

a non-parametric modeling view. The terms 7((0_1)12,()(01() che{{l)Qv,,)C}\c} Zfl:l yc_l,kl’

2 K + 2
(CDK)(CK) 2 cle{{1,2,..CP\} 2oki—1Yer, k1 and (CDE)(CEK) Dct el 2ok Yel k1 ©Yel k1 are
seen as finite sample estimates E]E] of the positive, negative components and the Hadamard square,
7.7, 7.5 and T, ® T, respectivly, for the unknown variable 7, Vc € C.

Note that the Fisher discriminate constraint Yang et al.| (2011b), the pairwise constraint (Guo et al.
(2013) and the support intersection constraint|Liu et al. (2016) are all approximations of a discrim-
inative prior. However, they all have specific assumptions on the distribution of the data represen-
tation in the transform domain. The advantage of using (9) is that the approximation is without
any prior to the probability distributions p(7..) and without any explicit assumption about the met-
ric/measure, or space/manifold in the transform domain.

Given a training set X, the learning perspective w.r.t. a discriminative property is to estimate
a non-linear transform models P. = {A € RM*N 7, € RM} that minimize the empirical ex-
pectation CLK Yoerpmini<e<ce D(yer; Te) ~ E[mini<c.<c D(yer; Te)]. Moreover, if the corre-
sponding class labels for the training set X are give[ﬂ then ), mini<.<c D(ycx; T) equals to
> ek D(¥e,k; T) and exactly matches the empirical expectation D7 (X) + SL(X).

The testing model Assume that the transform matrix A and the parameters 71, 7o, ..., T¢ are known,
then given any data sample x_ j, the transform representaton y j is estimated as:

min [|Ax.x — Yerlls + Ao( min  D(yer; 1)) + Mllyerlls, (6)
Ye,k cl<C

1<ecl
which is eugialent to min;<.;<c (minycvk |AXc ke — Yerll3 + XD (Yer; Ter) + M1 Hyc,k||1). Fur-
theremore, if we assume that the measures D(y. i; T¢1) are zero, i.e., D(yc.r;Te1) = 0, then the
discriminative prior is non-informative, in a sence that it has no influence in the models. Only then
do the non-linear transforms reduce to the sparsifying transform model, since (6) reduce to:

5+ Mllyekl (7

Considering the testing stage, we note that the result (5) sheds light on another view. Namely, the
sparsifying transform model P = {A € RM>*N A1 € RM} is also seen as an approximation to the
models represented by a set of parameters P, = {A € RM*N 7, ¢ RM} with expected loss in the
discriminative properties of the transform representations expressed by the similarity concentration
measure D}’ (X) 4 S7 (X). At the same time this measure can also be considered as an empirical
risk [Vapnik| (1995) w.r.t. the discriminative properties, related to the generalization capabilities
Vapnik! (1995) and Mark! (2010) of the sparsifying transform model. Note that the same model is
also the simplest that approximates the non-linear transform models used in the learning stage.

min ||AXek — Ye,k
Ye,k

2.3 THE LEARNING ALGORITHM

In summary, the used priors are:
Axel — yc,k||§)
Bo
D(ye,r; 7c) [¥eklly
P(Te,Yer) = D(TelYer)D(Yer) o exp(— —=2—2) exp(— =250 ).
B2 B1
*Since elef{1,2,...C\e} Zkl(”y:k © y:&,lel + Myer ©  Yamlh) =
I (che{{1,2 ..... CY\c} 2k yz,m) © y:r,kHl + |l (che{{l,z ..... CH\c} 2ok y;l,kl) © y;k||1’ Te o~

p(Xc,k Ye,ky A) X exp(

®)

(Ve © Yek)s Te © Te ™ (o= R CR) Soelef{1,2,....00\¢} 2okt Vel ki © Vel k1.

®Note that if the labels are not given then the unsupervised case can also be addressed by using a likelihood
measure between a sample and the rest of the available samples, with the possibility to be defined in the original
or in the transform domain.



Under review as a conference paper at ICLR 2018

Additionally, we have a prior on A that penalizes the information loss in order to avoid trivially
unwanted matrices A, i.e., matrices that have repeated or zero rows. The prior is defined as:

1 1 1
P(A) o< exp(—$(A)) = exp ((IAII% + o [|AAT —I|[ — - log | det ATAI)) ;O
Bs Ba Bs
where the ||A||r penalty helps regularize the scale ambiguity, the log | det (AT A)| and || A% are
functions of the singular values of A and together help regularize the conditioning of A. Assuming
that the expected coherence 12 (A) between the rows a,, of A (i.e., AT = [a1, ag, ..., ap]) is
defined as 12 (A) = m DI |y, al,, %, Ymy,my € {1,2,.., M}. Then [[AAT —TI||%,
measures the expected coherence 2 (A) and the ¢ norm for the rows of A.

Note that the joint probability can be expressed as:
p(xc,lm Ye k) Te, A) = p(xc,k:7 Ye, ks Tc|A)P(A)7 (10)

where p(Xek; Ye ks TelA) = p(XeklYer, A)P(Te; [Yer)P(Yek), since p(Xer|yer, Te, A) =
P(Xek|Yek, A). Given the available training data set X, maximizing p(X¢.k, Ye i, Te, A) over Y
and A is same as minimizing the following problem:

. V2 )
e [AX = Y3+ zk: AD(Yeri Te) + Mllyerl + Q(A), (11)

where { g, A1 } are inversely proportional to the scaling parameters {2, 51 }. Note that the solution
to is not equivalent to the maximum a priory (MAP) solution, which is difficult to compute, as it
involves integrating over the vectors y. ;. Considering the optimization perspective, the problem is
not convex in the variables (Y, A). The proposed solution here is obtained by iteratively, marginally
maximizing the probability p(Xc k, Ye,k, Te, A) over Y and A which is equivalent to maximizing
the conditional densities p(ye,x|Xc, k, Te, A) and p(A|Xc i, Ye i, Tc), respectively. Meaning that at
one iterating step one of the variables Y or A is fixed and w.r.t. the other the problem (TT)) is mini-
mized. The following describes the iterating steps that consist of linear map estimation (maximizing
P(A|Xek, Yok, Te)) and discriminative encoding (maximizing p(ye,k |[Xe,k, Te, A)).

Linear map estimation: Given the available data samples X and the corresponding transform rep-
resentations Y the linear map A estimation problem reduces to:

A A
min||AX = Y3+ | A[f + TIAAT ~T|F — Ailog | det ATA, (12)

where {2, A3, A4} are inversely proportional to the scaling parameters {3, 34, 85} and we use the
e-close closed form solution estimated as follows:

Proposition 1 (e-close closed form solution): Given Y € RMXCK X e RNXCK qnd M > N,
Vg > 0,A3 > 0and Ay > 0 let the eigen value decomposition UxEx V' of XXT' + M\oI and
the singular value decomposition Uy, xy EUXXYvEXXY of ULXYT exist, then if and only if
ox(n)>0,Yn e N =1{1,2,3,..., N}, (I2) has e-close approximative solution as:

A=V, xyU}, xy 2431 UL, (13)

where X 4 is diagonal matrix, ¥ 4(n,n) = o4(n) > 0, and g 4(n) are solutions to quartic polyno-
mials with global minimums (the proof is given in Appendix A.2).

Discriminative encoding: Given the available data samples X and the current estimate of the
transform A the discriminative representation estimation problem is formulated as (Ppg) :
miny |AX — Y||Z + o Yok D(yeri ™) + Mllyerll- (Ppr). Even not knowing p(7.) or the
model variables 7. we show that by the approximation (3)), (Ppr) has an efficient solution. Assum-
ing that Y\ . is given, using the approximation (3)), then for any sample k& € K from any class ¢ € C,
problem (Ppr) reduces to a constrained projection problem:

min [|Axe k. — Yerl3 + Ao (82 [yerl + 8¢ (yer O yer)) +M1T |yel, (14)
c,k
and has a closed form solution as:

Ve =sign (Ax. ) © max (JAxc k| — Aoge — A11,0) @ (1 + 2Xgs.), (15)
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where we abuse notation to denote |y, x| as the vector having as elements the absolute values of
the corresponding elements in y. 5, @ is a Haddamard division, g. = sign(max(Ax.,0)) ©

df + sign(max(—Ax.x,0)) ©d;, df = 10; > k1 y:’l,kl, d; = f;e > k1 Y11 and
C C C C
Se =13 1071& Y k1 Vel k1 © Yei,k1 (the proof is given in Appendix B).
C C

We note that at convergence (which we do not prove here) we can only claim that a joint local max-
imum in (Y, A) of p(X¢,k, Ye,k, Te; A) has been reached, even if, as in this case, each optimization
step achieves the (marginal) e-close and the global optimal solution, respectively.

2.4 A MEASURE FOR THE DISCRIMINATIVE PROPERTIES AND ITS BOUNDS

This paper proposes a notion for the discriminative properties of a data set under a non-linear trans-
form named as discrimination power, based on a measure for the relations between the concentra-
tions D}, (X) and D} (X).

éRMXCK

Proposition 2: The discrimination power for any dataset Y € under a non-linear trans-

form with parameter set P is defined as:
T' = log(DE".(Y)) — log(DE" (Y) + ¢) = log(DF, (X)) — log(DF (X) +¢),  (16)

where BM = {A, € RM*M 0 € RM}, A, =L and € > 0 is a small positive constant.

Remark 1: The advantage of this measure is that it logarithmically signifies the difference between
D7, (X)and D} (X].

The definition about the discrimination power of the original data set X, but, now under a model
with a parameter set BY = {A, € RV*N 0 € RV} where A, = L is equivalent to the one defined
for Zt. We denote it as Z°. The bound on the discrimination power is given by the following result.

Theorem 1: The discrimination power for any data set X € RN*CK ynder any non-linear trans-
form with parameter set P is bounded as:
N
aDg (X)
"{—55x—la,=1}

log(Amin(ATA)) +1
og( ( )) +log DFY (AX) 1 ¢

< Tt <log (DZK(AX)) “loge.  (17)

The proof'is given in Appendix

At first the resulting bounds might look counterintuitive since the loss of information seems to
increase the discrimination power. This fact is true, however, up to a certain limit. Therefore, it is
important to distinguish two main conclusions. First, for any model with a set of parameters P for
which there is no loss of information, that is, no thresholding, the only condition for the increase in

the discrimination power is Dle (X) > DEM (AX) and DZITC(X) < DB (AX). Second, in the

£ly,c
rest of the cases for which DZN (X) > DZM (Y) and Dflivc(X) < Dfliwc(Y) holds true it will be
possible to increase the discrimination power. Moreover, there is a trade-off between the increase
in discrimination power as a result of the loss of information as consequence of the non-linear
thresholding operation.

I oyl li+ims 0yl
B2

"Assume we have a discriminative prior defined as p(7.|yecr) o exp(—

loFoyl  li+lv; Oyl .
P(Ve|ye,k) x exp(——= ok 1,82 k1 ), where 7. and v, are unknown parameters. Then the differ-

) and

ence D .(X) — D7 (X) between D7, .(X) and D}, (X) actually represents a finite sample approximation

to a discriminative density since it approximates the density log ( w), ie., DZ?C(X) - DZ (X) ~

p(velye,k)
(Tc, u,~) (7e, c, ) _ _ _
—log (LYot and —log (272Y) = D(re,yer) — D(we,yer) = It @ yhl + I ©
Yek lh — (ch+ GY:,kul +l|ve” QYZk||1)~

81n Appendix C we also provide a sensitivity analysis that complements our result since it is related to the no-
tion about the discriminative quality of the representation. The result in Appendix C also gives an information-
theoretic interpretation and information-geometric perspective about the model and the similarity concentration
measure without the need of strict conditions for regularity, i.e., smoothness of the manifolds.
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Figure 2: The evolution of the similarity concentrations C'1 = DZ MC (Y)and C2 = DZ Y (Y), their

ratio C'1/C2 and the discrimination power log(C1/C?2) = Z* during the learning of the non-linear
transform with transform dimension M = 19000.

Cn(A)  u(A)  te[min] 70 IRt 757" INT
D1 2.21 0.03 5.10 0.03 0.18 0.68 1.98
D2 1.80 0.02 5.45 0.02 0.10 1.30 1.79
D3 2.12 0.02 6.55 0.00 0.01 0.71 1.61
D4 0.08 0.02 8.92 0.08 0.61 0.89 1.89
D5 6.01 0.01 12.8 0.01 0.16 1.02 212
D6 33.1 0.02 30.1 0.06 0.53 1.36 3.36
D7 1.60 0.02 5.00 0.13 0.63 1.06 1.96

Table 1: The conditioning number C,,(A) = 3=2= and the expected mutual coherence 11(A) for

min

the learned transform A. The execution time t.[min] in minutes of the proposed algorithm for 28
iterations at the transform domain dimensionality M = 19000.

3 NUMERICAL EXPERIMENTS

The numerical experiments are summarized in two different parts. In the first series of the experi-
ments the properties of the learned map A for the proposed algorithm are investigated. We evaluate
the computational efficiency, as run time ¢.[min], the conditioning number C),(A) = f\‘m#, the ex-

min

pected mutual coherence 1(A) and the discrimination power across several databases for a learned
non-linear transforms having different dimensionality. A comparison between the discrimination
power uder different transforms is presented. The discriminatation power is estimated in the orig-
inal domain, after transform by a random matrix (having Gaussian random samples as entries and
transform dimension of M = 19000) and after a learned non-linear transform having transform
dimension M = 19000 without and with discriminative prior, denoted as 70, IRT, 75T and TV T
respectively. The second part evaluates a comparison of the discrimination power between the pro-
posed algorithm and different DDL methods Ramirez et al.| (2010), |[Yang et al.| (2011a)), |Vu et al.
(2015)) and |Vu & Monga (2016). This comparison considers a setup where the used data sets are
divided into a training and test set. Moreover, the learning is performed on the training set and the
evaluation is performed on the test set. In the same series of experiments the recognition accuracy
for the two data sets is also computed and compared.

Data sets and algorithms set up The used data sets are Extended YALE B (D1)Georghiades et al.
(2001), AR (D2) Martinez & Benavente| (1998), Norb (D3) [LeCun et al.| (2004), Coil-20 (D4)
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Figure 4: The similarity concentrations C'1 = DZZ(Y) and C2 = DEBIM (Y), their ratio C'1/C?2
and the discrimination power log(C'1/C2) = Z* on a subset of the transform data using learned
non-linear transform at different dimensionality M € Q.

Nene et al.| (1996), Clatech101 (D5) [LeCun et al.| (2008), UKB (D6) Nistér & Stewenius| (2006)
and MNIST (D7) Lecun & Cortesl All the images from the respective datasets were downscaled
to resolutions 21 x 21, 32 x 28, 24 x 24, 20 x 25, 21 x 21, 20 x 25, 28 x 28, respectively, and
are normalized to unit variance. Considering the used implementation of the algorithm we note that
the singular value decomposition for a large matrix has high computational complexity. However,
A — A, where A is estimated as a solution in the transform update step, can be considered as an
proximal operator [Parikh & Boyd| (2014)) for the gradient of the objective (12). Additionally, instead
of using all of the available data samples X, a subset of them might be used. Therefore, one simple
on-line variant for the update of A w.r.t. a subset of the available training set has the form A*+! =
Al — p(At — At) with p a predefined step size. In the numerical experiments we use the on-line
variant of the algorithm (the convergence analysis for this variant of the algorithm is left for future
work) were we used a baches of sizes equal to 10%—12% of the total amount of the available training
data. The parameters Ao and A; are set such that the resulting non-linear transform representation
has a very small number of non-zeros w.r.t. the transform dimension. In the experiments this number
is set to be 15. The rest of the parameters are set as { A2, Az, A4} = {1000000, 1000000, 1000000}.
The algorithm is initialized with a random matrix having i.i.d. Gaussian (zero mean, variance one)
entries and is terminated after the 28th iteration. The results are obtained as the average of 3 runs. An
implementation presented in|Vu & Monga (2016) was used to learn the dictionaries and estimate the

10
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| D1 D7 | D1 Acc. [%] | D7 Acc. [%)]
ZDLST 0.71 0.67 DLSI 96.5 DLSIT 98.74
7FDbDL 0.87 0.63 FDDL 97.5 FDDL 96.31
ZCOPAR | (57 0.54 COPAR 98.3 COPAR 96.41
ZLRSDL | 42 040 LRSDL 98.7 LRSDL —
INT 0.98 0.81 NT 99.7 NT 99.02
a) b) c)

Table 2: a) The discrimination power for the methods D L.SIRamirez et al.| (2010), FDDL [Yang
et al|(2011a), COPAR|[Vuetal|(2015) and L RS D L|Vu & Mongal(2016)) and the proposed method
NT,b) and c) The recognition results on the Extended Yale B and MNIST database.

100 —EVALES I I I 100 ST,
98 r 1 ol
> 96 >
S g4t S g6t
< o2t <
94 |
90 -
88 ‘ ‘ ‘ ‘ 92 ‘ ‘ ‘
0.2 0.4 0.6 0.8 1 1.2 1.2 1.3 1.4 15
Discriminative power Discriminative power
M \ 100 500 15K 4K M \ 1K 4K 6K 12K
Acc. [%] | 89.1 943 974 99.7 Acc. [%] | 9249 9424 96.01 99.02
7t 0.21 073 093 1.23 It 1.18 1.35 1.42 1.55

Figure 5: The recognition results and the discrimination power on the Extended Yale B and MNIST
databases, respectively, using a non-linear transform with different dimensionality M and linear
SVM classifier on top of the transform representation.
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2
Figure 6: The expected loss E[|| %5 [|3] = E[W] and the discrimination power on the
Extended Yale B and MNIST databases, respectively, on the transform representation Y, obtained
by using a non-linear transform 77 at different dimensionality M.

sparse codes for the respective supervised dictionary learning methods DDL |[Ramirez et al.| (2010),
Yang et al.[(2011a), Vu et al.|(2015) and [Vu & Monga (2016).

Linear map properties, the similarity concentrations and the discrimination power The condi-
tioning number and the expected coherence for the learned transforms are shown on Table [T} The
learned transforms for all the databases have good conditioning numbers and low expected coher-
ence. The running time ¢, measured in minutes, and the number of used dimensions, denoted as M
are also shown in Table[I] The learned transforms for all the data sets have relatively low execution
time, regardless of the very high transform dimension M = 19000. The discrimination power is

significantly increased in the transform domain ZV” compared to the one in the original domain Z©
. . * . .. . . M
and is higher than Z57" and Z"* The evolution of the similarity concentrations C1 = Df (Y)

and C2 = DflM (Y), their ratio C'1/C2 and the discrimination power log(C1/C2) = Z* for subsets
of the used databases after applying a non-linear transform with transform dimension M = 19000

is shown in Figure It is important to note that the similarity concentrations C'1 = DflM;(Y) and

11
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Cc2 = DEIM (Y) are decreasing, meaning that there is a loss of information. However how this
loss effects the resulting similarity concentration is crucial for the discrimination properties. As
shown in Figure [2] the slope of decrease for C2 is stronger. Therefore, the discrimination power
increases per iteration. For the Coil-20 (D4) database there is a fluctuation. This is explained by
the fact that during learning we used a small number of data samples from the same database and
that in the data there is high variability. The conditioning number and the expected coherence
for the learned transforms for all the databases at different transform dimensions M € Q =
{100, 1150, 2200, 3250, 4300, 5350, 6400, 7450, 8500, 9550, 10600, 11650, 12700, 13750, 14800,
15850, 16900, 17950, 19000} are shown in Figure We see that the value of both the condi-
tioning number and the coherence is reducing and it converges to common values. This confirms
the effectiveness of the conditioning and the coherence constraints. The similarity concentra-
tions C1 = DZZ(Y) and C2 = DZM (Y), their ratio C'1/C?2 and the discrimination power
log(C1/C2) = T for a subsets of the used databases after applying a non-linear transform having
transform dimensions M € Q is shown in Figure E} We can see similar behavior as previous,
that is, C'l and C'1 are decreasing, but, the slope of decrease for C2 is stronger. Therefore, the
discrimination power increases as the transform dimension increases.

NT vs DDL discrimination power and recognition performance The proposed method is com-
pared with DLSIRamirez et al| (2010), FFDDL |[Yang et al.| (2011a), COPAR [Vu et al (2015)
and LRSDL[Vu & Monga| (2016)). Half of the data samples from the data set Extended YALE B,
sampled at random are used for learning and the remaining other half are used for evaluation. Con-
sidering the MNIST database the training set is used for learning and the test set is used for both eval-
vating the discrimination power and the recognition accuracy. We compute both the discrimination
power and the recognition accuracy on a subsets from the test sets. The dictionary size (transform
dimension M) is set to be equal to {150, 75, 1515, 3825, 570, 150, 300} for the used databases, re-
spectivly, in all of the comparing algorithms. The discrimination power of the comparing methods is
denoted as ZP LS TFDDL TCOPAR anq TLRSDL The recognition results for the methods DLST,
FDDL,COPAR and LRS DL on the data sets Extended YALE B and MNIST were not computed
here, rather we use the best reported result form the respective papers Ramirez et al.|(2010), [Yang
et al.[(2011a), Vu et al.| (2015) and [Vu & Mongal (2016). Considering the proposed algorithm the
non-linear transform was learned for the transform dimensions M = {100, 500, 1500, 4000} and
M = {1000, 4000, 6000, 12000}, respectively, for the used data sets. After the transform was
learned, the transform data samples were computed for the respective training and test sets. Then,
the transform training data samples were used as features to learn a linear SVM classifier in one-
against-all regime. The results are shown in Table[2]a), b) and ¢). The discrimination power of the
proposed non-linear transform is higher that the discrimination power of the comparing methods.
The recognition accuracy is higher for high dimensionality of the proposed method and outper-
forms the DDL methods at dimensionality 4000 and 12000. In Figure[5]and Figure [6|are shown the

s ok Axep—yesl2 -
recognition accuracy and the expected loss measured as E[[| 22 (3] = E[wiyk“ﬂ as a linear

function of the discrimination power evaluated at transform dimension M = {100, 500, 1500, 4000}
and M = {1000, 4000, 6000, 12000}. It is interesting to highlight that as the discrimination power
at different transform dimension increases it also increases the accuracy of recognition. Moreover,
the results on these two data sets show that this increase is approximately linear. On the other hand
the expected loss decreases as the discrimination power at different transform dimensions increases.

4 CONCLUSION

This paper presented a novel approach for learning discriminative and sparse representations. A
novel discriminative prior was proposed and the properties of the models with the prior were in-
vestigated. A low complexity learning algorithm was presented. The preliminary results w.r.t. the
introduced measures and the recognition accuracy on the used databases showed promising perfor-
mance. We showed that it is possible to increase the discrimination power with information loss.
Moreover, we highlight that when expanding to high dimensional space with non-linear transforms
how the loss of information reflects the similarity concentrations is crucial for the discriminative
properties. A study on the recognition capabilities for other databases are our next steps. An ex-
tention considering the sufficient conditions for increase in discrimination power in the transform
domain, under supervised and unsupervised case, together with an analysis for a deep architecture
where per single layer we have a non-linear transforms are left for our future work.

12
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APPENDIX A.

A.1 THE GLOBAL OPTIMAL SOLUTION

Given X and the curent estimate of Y, the estimate of the transform is a solution to the following
problem

A A
min||AX — Y3+ ?2||A||§, + gHAAT — 1% — M log|det ATA. (18)

Theorem 2 (golobal optimal solution) Given X € RN*CK and Y € RM*CK if and only if the
Jjoint decomposition
XXT =Uuxxiul

XYT =UxExyViy,

exists, where Ux € RVN*N js orthonormal, Vxy € RM*N jg per columns orthonormal and
Yy, Exy € RV*N are diagonal matrices with positive diagonal elements, then (I8) has a global
minimum as

19)

A =Vxy 3,2 UL, (20)
Ya(n,n) =oca(n), Yn,o4(n) > 0 and o o(n) are positive solutions to
)\3 4 Ug( (n) - 2)\3 2 oxXy (TL) gx (TL)
— S - —2)41 =0. 21
A AT Gy ATy T TR ) @
Proof of Theorem 2 Consider the equvalent trace form of (I8)
minTr{(AX — Y)'AX — Y} + \Tr{ATA}+
(22)

ATr{(AAT —T)T(AAT —T)} — \ylog|ATA].

Note that since Ay > 0,XX” + oI is a symetric positive definite matrix whit all eigenvalues
non-negative, therfore it decomposes as

UxX3U%L = UxZx UL UxZx UL = XXT + )L (23)
Let
A =BD,D=Uyx 'U%, (24)
Define
g1 = BDXY7 ¢, = BBT, g3 = (BDD”BT)(BDD"B™)” -
g+ = (BDDTBT), g5 = log| det BDDTBT|,
Then (I8) equvalently is
mgn —Tr{gi} +Tr{g2} + A3Tr{gs — ga} — Mags. (26)

Asumme that B decomposes as
UpXpV 27)

where X g is a diagonal matrix with positive diagonal elements, U g is column orthogonal and V5
is orthogonal square matrix. Moreover, let the following decomposition on XY 7' exists

XYT = UxExyV%y, and substitute as Up = Vxy, Vp = Uy, (28)

then
Tr{g.} = Tr{UpEpVEUxEJ ULXY"T} = Tr{Ep2 ' Exv}. (29)

The term

Tr{g,} = {BBT} = Tr{(UpZpVE)(UpZpVE)T} = Tr{Z%}, (30)

and
Tr{g.} = {BDD'B”} = Tr{Ep3 /'S 'S} = Tr{Z*3%}. 31)
Tr{gs} ={(BDD"BY)(BDD"B")"} = Tr{Z*=% 1, (32)

13
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g5 =log|det AAT| =log|det D'B"BD| =

1§12 y1—1 2 (33)
log |det UxE' 222 UL | = log | det 2%
Finnaly, (18)) is reduced to
N
. Az 4 ox(n) —2Xs oxy(n) ox(n)
— " - — 221 34
MiNG 5 (n) — 0_4 (’I’L) UB( ) O_g( (Tl) Op (TL) ox (’I’L) OB (n) 4 1log oA (n) ) ( )

equalling to zero the first order derivative of the objective (33) w.r.t. op(n) and multiplaing by
op(n) gives

A3 4 o) =2 5 oxy(n) ooy
40’%(’”‘) UB(n) + G_g((n) B( ) O'X(n) B( ) 2>‘4 0 (35)

A closed form solution to (34) exists and depends on the discriminint of the quartic polynomial.
Moreover, since 4%~ ( ) is positive a global minimum to (18)) exists if and only if the decompsition

(19) exists O

A.2 THE ¢-CLOSE CLOSED FORM APPROXIMATION

Consider the equvalent trace form (26) of (I8) and note that since A2 > 0, XX + AT is a symetric
positive definite matrix whit all eigenvalues non-negative, therfore it decomposes as

UxX3U%L = UxZx UL UxZx UL = XXT + )L (36)
Let the following decomposition exists
UuxyZBuexy Vi xy = UxXYT. (37)
Define
A =BD, where D = UxX'U% (38)

Assume that B decomposes as UpX ng = B, where Xp is a diagonal matrix with positive
diagonal elements, U g is column orthogonal and V p is orthogonal square matrix and let

Up = (UyyxyViexy)' Ve = Ux, (39)
then
Tr{AXY"} =Tr{BUxZ ' UYXY"} =
Tr{Vusxy Ul xy 835 Uvxxy Uvy xy Ziy xy }-

Consider the decomposition UpX BV% of B, use [Mirsky| (1959) and Neumann| (1937) and note
that

(40)

min_max Tr{UpEpVEUxEJULXYT} < rgiBnTr{EBE;(lzp}, 1)

5 UB, VB
where Xt is a diagonal matrix, having diagonal elements Y.r(n,n) = or(n) = T(n,n),Vn € N
and T = UUxxyzUXXngxxy.

Note that the term Tr{(AX)(AX)T} = Tr{BBT} = Tr{¥%} and as in the Apendix
subsection A.1 Tr{AAT} = Tr{BDD'B”} = Tr{E3%.?}, Tr{(AAT)(AAT)T}
Tr{(BDD"BT)(BDD"B”)} = Tr{Z4%:"'} and log|det AAT| = log|det D"BTBD| =
log|det UxE!' 222 1UL | = log | det £3°%3%|.

Finally, the aproximation of using the bound is reduced to

N
)\3 Yy o%(n) —2X; , or(n) ox(n)
MiNg - (n E )+ op(n) — op(n) —2X4 1o (42)
B( )n lo_X B o,g((n) B( ) O'X(n) B( ) 4 gO’A?’L

equalling to zero the first order derivative of the objective @2) w.rt. op(n) and multiplaing by
op(n) gives

Ug{ (n) —2X3 o2

ZI0NRE

or(n)
ox TL)

(n) — op(n) —2X, =0. (43)
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A closed form solution to @3)) exists and depends on the discriminint of the quartic polynomial.
Moreover, since 404)‘7(371) is positive a global minimum to (@2) exists. Therfore, having the decom-
X

position UpXpVE = B, the substitutions Up = (Uy, xy V{;, xy)" and Vg = Ux with the
solution of (@2) gives the e-close closed form approximative solution to problem (T8)) as

A=V xyUl v EpE UL, (44)

where the bound (#T)) implies that the e-close closed form approximative solution is a lower bound
to the solution of (18 OJ

APPENDIX B.

Let yei 1 = ijk,I + Y1 k10 ijkl € R4 and Yo € M. Consider the measure DZ (X)

Di(X)= D D Ivha O¥hmeli+ D D I¥am OValh =

cl,c2 k1,k2 cl,c2 k1,k2
cl#c2 cl#c2
+ Tyt ’ T 45)
Z Z |ycl,k1| |yc2,k2| + Z Z |yc1,k1| lyc2,k2"
cl,c2 k1,k2 cl,c2 kl1,k2
cl#c2 cl#c2

Let A and Y\ {¢1, 51} be given then problem Ppp has only one varible y1 x1. Conseqently in @[),

¥e1,k1 1s releted with only a part of the transform representations in DZ (X), the rest are constants
for the reduced problem Ppp, in particulary we have

T - T - T - Ta-
|Vl Z Z|y:r2,k2|+|yc1,k1| Z Z|yc2,k2|:|y:rl,k1| di + [yl ds, 46)
k2

c2 k2 c2
c2#cl c2#cl

whered =Y c2, Yo l¥hioldo = 2 3,4 |Yim 4ol and we abuse notation by denot-
1 - c2#£cl ’

c2#c
ing |yc1,x1| as the vector whose elements are the absolute values of the elements in y¢ g1.

Note that
S (X) = Z Z Y11 © yeonall3 =
cl,c2 k1,k2
1#£¢2
s . (47)
S ek ©Yern)  (Yer k2 © Yeah2)-
cl,c2 k1,k2
cl#c2
simmilary as in (6) we have
Z Z(ycl,kl OVer k1) (Yezka © Yoz k2) =
2 k2
e . ; (48)
(Yer,1 ©Yer,k1) ( Z Z}’cz,kz OVe2k2) = (Ye1,61 © Ye1,k1) Ses
chicl h2

where s, = > 2 Zm Ye2,k2 © Ye2,k2. Denote qer k1 = AXcp,x1 and consider the problem
c2#cl '

miny,_, ., | qet,r1 — Yerr1 3+

AO((yjl,kl)de + (yc_l,m)Td; + (Yerk1 © Yer,k1) " 8e) + Allyer vl @
by taking the first order derivative w.r.t. y.1 51 we have that
(Yer,k1 = Gen k) + Ao(sign(yy 1) © df +sign(y; 1) ©dy + yer k1 Ose) (50)
Arsign(yer k1) = 0,
take sign magnitude decomposition of y.1 k1 = sign(yc1,x1) © |¥e1,51| then we have
sign(ye1,k1) © |[Yer, k1] © (14 2Xosc) — sign(de1 k1) © |Qer k1 |+ 651)

No(sign(yy 4) © df +sign(yy, 4y) ©dy) + Aisign(yer r1) = 0.
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X — Y
\LN \l/ M
o D (X) log Df LX) _ og Df . (Y)
DEY (X)+e D (X)+e DEM (Y)+e
! \
z° Tt

Figure 7: The relation for the definition of the discrimination power in the original and the transform
domain under the base models B and BM .

Let the sign of y1 1, i-e. sign(ye1,x1) be equal to the sign of sign(qc1 1), and Hadamar multiply
from the left side by sign(qe1 1) then we have

[yer, k1] © (14 2X08c) — |[Qet,r1]| + Ao(sign(qerk) © Sign(qg,m) odf+
sign(qe1,k1) © sign(q, 4,) ©d;) + M1 =0,
note that sign(qei k1) © sign(qjl,kl) = sign(qjl’kl) and that sign(qei k1) © Sign(qc_l,kl) =
sign(—q,, ;). theretofore we have
Verri] © (14 2X08c) = |qerr1| — Ao(sign(af 4,) © df +sign(—qg; ) ©d;)—
>\11)
since the magnitude might be only positive we have that |y.1 k1| © (1 + 2X¢s.) = max(|qe1 k1] —
Xo(sign(af; 41) © df + sign(—qg; ;) © d) — A11,0). Denote g. = (sign(qy; ;) © df +
sign(—q,; ;;) © d; ) then the closed form solution to @9) is:
Vei,k1 =sign(Axcr k1) © max(|Axer g1] — Ao8e — A11,0) @ (1 + Aos,), 54
which completes the proof []

(52)

(53)

APPENDIX C. SENSITIVITY ANALYSIS AND INTERPRETATIONS

The similarity concentration measure provides possibility to measure the discriminative properties,
their deviation, increase (or decrease) and the corresponding relations between different non-linear
transform models across one domain or different domains, thereby quantifying their quality w.r.t.
the discriminative properties.

C.1 SENSITIVITY ANALYSIS W.R.T. THE SIMILARITY CONCENTRATION MEASURES

An illustration about the definition of discriminative power given by a diagram is shown in Figure

To measure the ability for an increase in discriminative properties by a non-linear transfornrﬂ we
first have to define a notion for the discriminative properties on a data set under different non-
linear transform models. Therefore, first we introduce the ’special” base models and then analyze
the properties of the similarity concentration measures under the change in model parameter and
the relation between the base model and the proposed non-linear transform model defined by a
parameter set P = {A € RMXN 1 ¢ RM},

Any data set X in the original domain might have a transform model with parameters BY = {A, €
RNN 7 =0 € RV}, if A, = I € DY we refer to it as a base original model. Similarly as in
the original domain, any data set Y in the transform domain might have a transform model with
parameters BM = {A; € RM*M 7 = 0 ¢ %y}, ifA;, =1¢ Dﬂ‘r/[ we refer to it as a base
transform model. Any base model, defined ether in the original domain B” or in the transform
domain BM, has domain equal to the co-domain, since X = 78" (Xex) and ye = 78" (Yer)
holds trivially, for the respective sets of parameters BY = {A, =1 € DY, 7 = 0 € RY} and
BM = {A; =T e DY, v =0c RY}. Thisis illustrated with a diagram shown in Figure§]

“Instead of using the term non-liner transform model as defined by (@ or @) for short we just use the term
model.
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original domain transform domain
P
X T, Y
:tTBN 1:7_5]\1
X Y
transform domain transform domain

Figure 8: The original and the transform domains under a non-linear transforms with a set of param-

eters BY, P and BM, note that for TB Y and 78 M the original and the transform domains are the
same.

A base original model provides a possibility to compare it with any other non-linear transform model
with parameters P = {A € RM*N 7 ¢ RM}. Additionally, note that for BM = {A, =1 €

DM, =0 € RM} we have that DF ", (Y) = DI (X) and that DF"' (Y) = DF (X). It implies
that the similarity concentrations can be analyzed as a function in the original domain under model
P or in the transform domain under model BY. The main relations considering the preservation
of change in the similarity concentration between two models, defined not necessary in the same

domain are stated by Lemma 1.

Lemma 1: The non-linear transform model @) totally preserves the information in the change for
the similarity concentration for a data set X w.r.t. a small change in the parameters of the models
BN, BM and P if |6, = 0 and ||8;]|.. = 0 as

aDE" (X) aDE™ (X) oD} (X) 9D](X)
() A <8AO|A"_I TR, M T Ton T o T
oy a ((PPRLX)  ODE(X) " opE(Y) oD (Y) JR
A Toa T ToA ) T oA, AT s, et
oDB" (Z) D5 ()
(R3) : A8] = gliAtMt:I + gliAtMt:I +67,
where
oDF (X) 0DF(X)
ZaliA + ék :Z Z ycl,klxz:k +yc,kXZ17k1
c,cl k,k1
k#k1
aDE".(Y) DB (Y)
%C|At:1 +—F——|a,=1= yCl,iﬂycT,k + yc,kyfl,m
oA, e 2 2
k#k1
oD5" (Z) oDB" ()
(f;lz&t |At:1 + ;I.At |A‘:I - Z Z ch,klZZk + ZCJCZZl,kl
c,cl kk
k;ﬁkll
aDB" (X) (56)
§T|AO:I = Z Z Xe kXe 1 + Xe kX g
° c k,kl

BN
oDg (X) T T
oA lag=1 = D > XekXip1 + Xl p1Xly,
o c,cl,c#cl k,k1

T T
8o =2 > ZermiXiy + Ze kX

c,cl k,k1
k#k1

T T
6t = E : E : Zc1,k1Y ek + Zce,kYe1,k1

c,cl k,k1
k#k1
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The proof'is given in Appendix C.2.

The terms z. , represent the non-linear transform error vectors that appear in the model Ax. ) =
Ye,k + Zc,i as a result of applying an element-wise non-liner operation H, to Ax. y, i.e., Yer =
Hr(Axc ). As an example in the sparsifying transform model z. 1, is the “loss of information”, that
is the information about the values of the elements in Ax. j that are discarded. The terms J,, and ;
correlate the errors z. ;, with the original data x.; x; and transform data y; 1, respectively. Note
that if there is no loss of information (in the earlier example it means that there is no thresholding
and just a simple linear transform model is used) then §, = 0 and §; = 0. Moreover, d, and d; bear
important information about the discriminative properties in the transform domain.

D} (X oD} (X S . .
The terms %K( ) and Of,k( ) represent the change of the similarity concentrations under in-
. X
finitesimally small change of the parameter A from the model P. The terms QT°()| A =1 and
aDE" (x)

—oA, |a,—1 have dual interpretation. Assuming metric A, = I, then the first one is considered
as a change of the similarity concentrations under infinitesimally small change of the space metric,
or equivalently under small metric perturbation. Conversely, assuming the data samples are dis-
tributed under a Gaussian distribution with parameters identity covariance matrix and zero mean,

BN BN
ie. X ~N(p=0,2=1),then 813217°(X)|A0_1 nd wngo(X)|A0:1 represent the change of the

similarity concentrations under small change in the assumption away from a Gaussian distribution.

Equation (R1) relates the base transform for the original domain B with any arbitrary transform
defined in the original domain P. The relation (R2) is a result about the preservation of change
in the similarity concentration between two models B and P defined on two different domains.
Whereas (R3) gives the preservation of change in the similarity concentration between the error in
the transform domain.

The next result highlights the relation between: the linear projection (by the linear map A that
appears in the model P) of the change in the similarity concentration under the model BY in the
original domain and the change of the similarity concentration under the model B in the transform
domain.

. . o oDE", (X apEN (x ,

This relation exists independently for g%,’;()\ A,=I and élT:)\ A,=1, hevertheless, we will
. . . Tey (X

define the summarized and the independent versions. Therefore, first we define L)| A,=1 =

oDE" (%) aDE" (X) T4, (Y) apE™ (v) apBN (Y)

—a—|a,=1 + —ga—la,=1 and =gx—|a,-1 = —gx—|a,=1 + 7211; |a,=1 and

. 8D (X oD} (X (X oD} (X
rewrite (R1) as Aagé)()' A1 — 0 = %A( ) 4 (’;k( ), then replace %A( )y gk( )

in (R2) by the same term in (Rl), use (R3), reorder and we have the following result.

Lemma 2: For fixed T any non-linear transform model @) preservers the information in the change
of similarity concentrations w.r.t. a small change in A by

8\731( ) T __ 8\751 (V) _ 6\7@1 (Y)
(R4) aA |Ao:IA - aAt |At:I - aAt |At:I +€c+€7
8D51 C( ) T aDél (V) anl C(Y)
: 2 _ - — = 7 — 57
(R5) :A A, |a,=TA DA, |A,=1 A, la, =1+ &, (57)
A 9D, (X) 7 _ 9D¢ (V) _ 0Dy, (Y)
(R6) :A 9A, la,=1A" = A, |a,=1 = TOA, la,=1 +§&,
where
V =AX
78‘7& (Z) ajfl (Y, Z)
£C+£ - 8A ‘At:I aAt |At,:I
07,(2), ODf (2) - oDE (2) | (58)
oA, AT T oA, AT oA, AT
0T, (Y Z
7‘7[13;t ) ‘A,,:I =0, + 5tT
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The expressions (R4) actually relate the metric in the original domain under the model BY
to the induced metric in the transform domain for the model B, with induction done by the
model P with parameter set {A € RM*N 7 ¢ RY}. Moreover, the model P might describe
a transform domain with a non-smooth manifold. Since the manifolds of the original and the
transform domain under the models B and B™ are smooth the analysis of their relations re-

veals insights about the relation between the manifolds under the models BY and P. The terms
0Te, (Z 0T, (Y;Z . . . .
‘?‘#ﬂ) |a,=1 and ‘7"1( ) |a,=1 carry out the information about the breaks and the discontinu-
ities of the regularity and smoothness in the manifold induced by the model P. Also we note
O™ Tp, (X) " 17, (X) 9" Je, (Y) " 17, (Y)
that =55 la=1 = 455K A, =r and il A or = AT
8T, (X ) X 0T, (Y ) Y . .
‘?A(U )|AO:I = %gfi}&i” ,=1 and %E)‘AFI = %gfik(t”At:I might be interpreted as
Fisher information matrices evaluated at A, = I € DY and A, = I € DM. Furthermore, if
0T, (Z 8T, (Y;2Z) . . .
I ‘g{}&(t )|At:I||* 0 and HJ%T‘AFI”* = 0, then (R4) in information geometry is seen as
change of coordinates on a manifold, where the intrinsic properties of curvature remain unchanged
under different parametrization.

|a,—1 therefore,

APPENDIX C.2

Note that for the model P* we have that
v =7 (Ax) = max(Ax — 7,0) — max(—Ax — 7,0),

59
q =7 (Ax) = max(Ag — 7,0) — max(—Ag — 7,0), (>9)
since
sign(a) max(|a| — b,0) = max(a — b,0) — max(—a — b, 0), (60)
The first order derivative of the divergence DZt (x; g) w.r.t. the parameter A is:
oD} (x;g)
0A (61)
d(max(Ax — 7,0)T max(Ag — 7,0))  9(max(—Ax — 7,0)T max(—Ag — 7,0))
A * A

we assume that the threshold parameter 7 is chosen such that the vector |[Ax| — 7 (or for any other
q, the vector |Aq| — 7 ) has least one non-zero element, then

d(max(Ax — 7,0)T max(Ag — 71,0))
O0A

= max(Ag — 7,0)x” + max(Ax — 1,0)g”, (62)
and
O(max(—Ax — 7,0)" max(—Ag — 7,0))
0A N (63)
— max(—Ag — 7,0)x” — max(—Ax — 1,0)g”
combining (62)) and (63) we have that

oDT' (x;g) _

OA
max(Ag — 7,0)x” 4+ max(Ax — 7,0)g” — (64)
(max(—Ag + 7,0)x” + max(—Ax — 7,0)g”) =
ax’ +yg"
where
y(m) = Sign(aax) maX(|a,17;lX| - T(m)’ 0) (65)
q(m) = sign(a;,g) max(|a;,g| — 7(m),0),
VYm € M.
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Similarity, note that for the model P§ = {A,, T = 0} we have that

X, =T 70 (Ax) =
sign(A,x) ® max(|A,x| — 0,0) =
max(A,x —0,0) — max(—A,x — 0,0),
o :7—735’ (Aog) =
sign(A,g) © max(|A.g| — g,0) =
max(A,g — 0,0) — max(—A,g — 0,0).

The first order derivative of the divergence DZS (x;8) wrt A, is:
po
oD 510 (x;8)

0A,
note thatat A, = I, Pf = BY and we have that

= XogT + goXT7

ODE" (x; g)

T T
_1=X + gx
A, la,—1=xg" +g

Also for the model P§ = {A;, ™ = 0} we have that

Yt =77 (Ary) =
sign(A;y) © max(]Ay| — 0,0) =
max(A;y — 0,0) — max(—A;y — 0,0),
q: =77 (Arq) =
sign(A¢q) © max(|Aq| — q,0) =
max(A¢q — 0,0) — max(—A;q — 0,0).

The first order derivative of the divergence Dz‘g (y;q) wrt Ay is:
Pt
9D, (y;q)

0A,
note that at A; = I, P = B and we have that

=yiq" +aqy’,

8D£M (y;a) T T
T|Ao:1 =yq +ay
Consider the following

Ag=q+z/x! [ Axgl =yg’ +zg’
Ax =y +2zo/g" Agx” = qx”T + zoxT

A(xg" +gx") =yg" +ax” +zi1g" +zox"

where
71 = Ax — sign(Ax) max(|Ax| — 71,0)

zo = Ag —sign(Ag) max(|]Ag| — 71,0)
A closer look at reveals us that

1

8DZN (x;8) 6DZ) (x;8)
A—————p 0= ———""—>
0A, O0A

21,22
+ ozt
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where
6 =zgl +zox”

By similar construction applied to the rest of the pairs of data samples we have the result:

oDB" (X oDB" (X oDF (X) 9DP(X
A @1,(1( )|AO=I+ 01 ( )|AO=I _ Kl,c( ) + Zl( ) +50D
0A, 0A, 0A 0A
Note that
Ax=y +z/q" . Axq” =yqT + 2147
Ag=q+z/y” Agy” = qy” +zoy”
Axy" +ag”) =yq" + ay” +z1q” + zoy”,
where

71 = Ax — sign(Ax) max(|Ax| — 71,0)
zo = Ag —sign(Ag) max(|]Ag| — 71,0)

A closer look at reveals us

T
A ODZ)1 (x;8) B BDEM (y;q)| 4 §7he2
0A T 0A, MErTT o

where
, T T
07 =z1q" + z2y

By similar construction applied to the rest of the pairs of data samples we have the result:

t t T
ODF.(X) D[ (X) ODE(Y) ODE” (Y)
A ’ + L =| —F——|a=1+ —F———|a,=1 | +0:0
OA 0A OA, OA,
Note that
Ax =y +2/z% Axzl = yzl + 2,27
Ag =q+2zy/z] Agz! = qzl + zozT
A(xzl + qz7) = yzl + qz! + z12] + 2,27,
where

71 = Ax — sign(Ax) max(|]Ax| — 71,0)
zo = Ag — sign(Ag) max(|]Ag| — 71,0)

A closer look at reveals us

0D (21520)

A=) =

e+ (07T

where
21,2 T T
0,7 =2z1q" +z2y

By similar construction applied to the rest of the pairs of data samples we have the result:

oDB" (Z) DB (z)
A(SOT _ ly,c _ 4y
( 9A, A1 A,

At—1> + 5tT|:|
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Figure 9: The ratio C'1/C?2 of the similarity concentrations C1 = DB" (Y) and C2 = DEM (Y)

Zl ,C
and the discrimination power log(C1/C2) = Z* for randomly chosen subsets from all of the used
databases under a non-linear transform with transform dimension M = 19000 and varying thresh-
olding parameter 7 = A\1.

APPENDIX D

The result in by Lemma 2 (58) decomposes on the contribution components for simmilarity and on
the contributiong components for dissimilarity

0T, (AX) 0T, (AX) 0Ty, (AX)
8At ‘At:I = 6At |At:I|s 8At |At:I|d+£C|S £c|d+£|s £|d
87
Moreover, w.r.t. the simmilarity concentrations we have the following decompositions
oDE" (AX
T PP AR || ) <DL 4 Trle) = DL(X) + e}
(88)
oDB" (AX) M
Tr{—ga " la=} =DE (Y) +Tr{€l} = Df (X) + Tr{el.},
therfore we have the following bounds
aDE" (X) aDE" (AX) y
@ THAT S o AT} < D] (X) < Tr{—50 5 a il ) = DEL(AX)
. (89)
oDB" (X) oDB" (AX)
b: Tr{A—2 |, AT} < DF(X) < Tr{—2""|a 1]} = DE" (AX)

0A, 0A,

BN BN
Additionaly, we have that ¢ : Amin(ATA)Tr{ 220y 1y < Tr{aZP0c0), (ATY,
where Ap,in (AT A) is the minimum singlular value of the matrix AT A. Taking the logarithm of the

DFY (X . . .
0. )6 using the bounds a, b and ¢ we arrive at the desired result []

ratio —pts-——
DT (X)+

APPENDIX E

The exact steps of the proposed non-linear transform learning are described by Algorithm 1.

APPENDIX F

The ratio C'1/C2 between the similarity concentrations C1 = DKBIIZ(Y) and C2 = DﬁM (Y) and

the discrimination power log(C'1/C2) = Z* on subsets of the used databases after applying a non-
linear transform with transform dimension M = 19000 and varying the thresholding parameter
7 = A1 is shown in Figure[9] We used 70 different values for the parameter A, sampled uniformly
from the interval (0, (maxi<.<c,1<k<kx Maxi<m<nm [ahXcx|)). The results were obtained using
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Algorithm 1 Non-linear transform learning algorithm
InplIt Xa )‘07 )‘1, A27 )\3a )\4
A — inicialize
repeat
DISCRIMINATIVE ENCODING closed form solution per data sample
Y +— AX
repeat
for Vc € C do
d; < chic >k Yo dd chcic p yjl,kl and

Se ¢ ) IC;E D k1 Vel kl © Yel k1
C C

end for
for Ve € C and Vk € K do
g < sign(max(Ax.,0)) ® dl + sign(max(—Ax.x,0)) ©d;
Ve < sign(Ax ;) © max (AxXcr — Aog + A11,0) @ (1 + 2X¢s,)
end for
until convergence
TRANSFORM UPDATE e-close closed form solution
szg(Uq); — XXT 4+ AoI and UUXXYEUXXYV[IJ}XXY — U§XYT
. o2 (n)—2X\ or(n oa(n
ming, (n) 22 0% (n) + ( X ig()(nf ) 0% (n) — Z o4 (n) — 224 log 2443
where O’F(n) — T(n, 7’L), T+ Uy, xyXuyxy UEXXY’ YneN
AV, xy Ul ¢y Za3S'U%

until convergence

Output A)Y
5 ‘ ‘ TD
—TD-100 —TD-1000
—TD-500 —TD-4000
al E-YALE-B | 1p_1500 TD-6000
—TD-4000 —TD-12000
L o
Q Q
Ozt o
—
1 |
O L
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e e
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Figure 10: The ratio of the similarity concentrations similarity concentrations C'1 = DZ (Y)

and C2 = D} " (Y) and the discrimination power log(C'1/C2) = Z* for the Extended Yale B and
MNIST databases under non-linear transforms having different transform dimension M and varying

thresholding parameter 7 = Al.

a non-linear transform learned with one value for parameter A for all the databases. Since all the
databases have different variabilities and the amount of available data is different, this result suggest
that per different database there should be different optimal values for the parameter .
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The results about the ratio C'1/C2 between the similarity concentrations C1 = Dfﬁ{c(Y) and

Cc2 = DﬁM (Y) and the discrimination power log(C'1/C2) = Z' on the Extanded-Yale-B and
the MNIST data sets after applying a non-linear transform with transform dimensions M =
{100, 500, 1500, 4000} and M = {1000, 4000, 6000, 12000}, and varying the thresholding param-
eter 7 = Al are shown in Figure We again used 70 different values for the parameter A,
were obtained using a non-linear transforms learned with optimally choose values (by using cross-
validation) of the parameter A for the two different databases. As expected, we can see that the
extreme points of the ratio between the /,.-norms C'1 and C'2 of the similarity concentrations and
the discrimination power is around the optimal values of the parameter 7 = Al.
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