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Abstract

A significant roadblock to the development of principled multi-agent reinforcement
learning is the fact that desired solution concepts like Nash equilibria may be
intractable to compute. To overcome this obstacle, we take inspiration from
behavioral economics and show that—by imbuing agents with important features
of human decision-making like risk aversion and bounded rationality—a class of
risk-averse quantal response equilibria (RQE) become tractable to compute in all
n-player matrix and finite-horizon Markov games. In particular, we show that they
emerge as the endpoint of no-regret learning in suitably adjusted versions of the
games. Crucially, the class of computationally tractable RQE is independent of
the underlying game structure and only depends on agents’ degree of risk-aversion
and bounded rationality. To validate the richness of this class of solution concepts
we show that it captures peoples’ patterns of play in a number of 2-player matrix
games previously studied in experimental economics. Furthermore, we give a first
analysis of the sample complexity of computing these equilibria in finite-horizon
Markov games when one has access to a generative model and validate our findings
on a simple multi-agent reinforcement learning benchmark.

1 Introduction

Machine learning algorithms are increasingly being deployed in dynamic environments in which
they interact with other agents like people or other algorithms. Often, these agents have their own
goals which may not be aligned with those of the algorithm—making the interactions strategic. Such
situations are naturally modeled as games between rational agents and their prevalence in a wide range
of application areas has driven a surge in research interest in learning in games [1] and multi-agent
reinforcement learning [2] in recent years. Indeed, real-world applications of these problems range
from the training of large language models [3] to the decentralized control of the smart grid [4],
autonomous driving [5], and financial trading [6] among many others.

When viewed through the lens of game-theory, many of these problems can be cast as problems
of equilibrium computation under varying information structures, where the equilibrium represents
a stable outcome for rational agents. The most common equilibrium concept is that of a Nash
equilibrium (NE) [7]: a solution under which no rational agent has an incentive to unilaterally seek
to improve their outcome. Despite its popularity as a solution concept, computing a NE outside of
highly structured games is known to be computationally intractable [8] even for two-player matrix
games.
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Figure 1: The shaded blue region depicts the regime of risk-aversion (7; and 75) and bounded
rationality (e; and e9) preferences that allow for computationally tractable RQE in all 2-player games
as shown in Theorem 2. The markers GHP: Game 4 [16] and SC: Game 1-12 [22] represent the
necessary parameter values required to recreate the average strategy (up to 1% accuracy) played by
people in various 2-player games in observational data.

While relaxations of NE like (coarse) correlated equilibria (CCE) are known to be more tractable to
compute, they also have their limitations. Indeed while CCE can be computed through the use of
no-regret learning algorithms [1], the set of CCE can be large (introducing an additional problem of
equilibrium selection) and may include strictly dominated strategies [9] which means that they cannot
necessarily be rationalized by individual agents [10]. Furthermore, a refinement of CCE—stationary
CCE— are also known to be PPAD-hard to compute in dynamic general-sum games [11].

Beyond these hardness results, solution concepts like NE and CCE also fail to be predictive of what
strategies people play in games [12,13], with people being observed to be imperfect optimizers [14,15]
and risk-averse [16] when confronted with game theoretic scenarios. This aligns with celebrated work
in behavioral economics and mathematical psychology which has repeatedly shown that dominant
features of human decision-making are a failure to perfectly optimize [17] and risk-aversion [18, 19].

The first observation is often referred to as bounded rationality which posits that individuals are
naturally prone to making mistakes and often fail to be perfectly optimal [17]. This is often captured
in games through the idea of a quantal response equilibrium (QRE) [12].

The second observation can be attributed to the fact that players typically face uncertainty and risk
in their decisions, stemming from environmental uncertainties like unknown future events, noise,
or even other players’ lack of optimality. The presence of these uncertainties can lead people to
prefer risk-averse strategies, i.e., strategies which give more certain outcomes at the cost of lower
expected returns [20]. Interestingly, there is evidence that neither of these properties alone can
account for people’s patterns of play observed in controlled experiments [16,21], and that models of
decision-making that incorporate both of these features have the best predictive power [16].

Motivated by these findings, in this paper we formulate and study games in which agents are risk-
averse and have bounded rationality and study the computational tractability of the natural equilibrium
concept in this class of games: a risk-averse quantal response equilibrium (RQE). At first glance,
the introduction of these features of human decision-making into games can break existing game
theoretic structures. However, by relying on dual formulations of risk we show how, for a large range
of degrees of risk-aversion and bounded rationality, RQE are computationally tractable in al// n-player
matrix games. Crucially, the class of computationally tractable RQE is independent of the original
game structure and depends only on players’ degrees of risk aversion and bounded rationality. We
then extend the result to finite-horizon Markov games in which agents interact in a Markov decision
process (MDP) and provide a finite-sample complexity guarantee on how many samples one would
need to approximate a RQE in Markov games.



These results suggest that designing multi-agent reinforcement learning (MARL) agents with realistic
features of human decision-making can allow for a computationally tractable equilibrium concept in
all finite action games and finite horizon Markov games. To emphasize the practical relevance of
this theoretical result, we show how that the regime for which RQE are computationally tractable
captures real-world data from behavioral economics on people’s observed pattern of play in 13
different games. This is illustrated in Fig. 1, where the blue region represents the set of RQE that are
computationally tractable which is a function of agents’ degree of risk-aversion (71 /72), and level of
bounded rationality (e1/€2).

2 Main Contributions and Results

Computational tractability of game theoretic solution concepts. This work proposes a new
solution concept for game theoretic settings that is computationally tractable, yet retains many of
the desirable properties of classical equilibrium concepts. This general question emerged from the
finding that computing a Nash equilibrium—yperhaps the most natural solution concept for a game
between rational self-interested agents—is PPAD-hard [8], even for two-player general-sum matrix
games. Despite this negative result, a large amount of subsequent work has focused on understanding
the classes of games in which one can compute, approximate, or learn Nash equilibria efficiently.
This is often done by assuming additional structure on the players’ utilities and their relationships to
one another, with large classes of games being zero-sum or competitive games, zero-sum polymatrix
games [23,24], monotone games [25], smooth games [26], or socially concave games [27].

In games without such structure however, the natural targets for computation and learning became
correlated [28] and coarse correlated equilibria [29,30] (CE and CCE respectively), both of which can
be shown to emerge as the endpoint of no-regret learning and are thus considered to be computationally
tractable targets for the design of learning algorithms. Despite this desirable property, the two concepts
have significant drawbacks. Indeed both CE and CCE require some form of coordination between
players to implement, introduce a highly nontrivial equilibrium selection problem [1], and may have
support on dominated strategies [9]. Furthermore, in the dynamic game context of Markov games,
stationary CE and CCE are also computationally intractable to compute [11].

More recently, a new equilibrium concept—a smoothed Nash equilibrium— has been proposed
as an alternative to these other equilibrium concepts [31] and motivated by similar considerations
of individual and independent rationalizability and computational tractability. By applying ideas
from smoothed analysis to the problem of computing Nash equilibria the authors show that one
can efficiently find approximate classes of smoothed Nash equilibria—though to the best of our
knowledge this cannot be done in a decentralized way.

Our approach is orthogonal and is rooted in giving MARL agents a foundation rooted in behavioral
economics by imbuing them with a realistic feature of human decision-making: risk-aversion. The
question of computational tractability of risk-averse Nash equilibria has been analyzed in [32]. The
work shows that if agents are risk-averse with respect to all the randomness in the game (including
their own) then a risk-averse Nash equilibrium may not even exist in mixed strategies, and even
understanding if such equilibria exist can be NP-complete. Our formulation overcomes this by
incorporating risk-aversion in a different way. In particular, we make use of a general class of convex
risk measures and present two forms of risk aversion: aggregate risk-aversion and action-dependent
risk aversion—with the latter yielding less conservative solutions at the cost of a more complex
formulation and analysis. Indeed, we show that when agents are risk-averse only to the randomness
introduced to their opponents (and the environment) then the risk-averse Nash equilibria will always
exist. We informally state this result here.

Theorem 1 (Formal statement in Theorem 4). A risk-averse Nash equilibrium (RNE) is a joint
strategy such that no player has any incentive to unilaterally deviate in the risk averse game. There
always exists an RNE for all aggregate and action-dependent risk-averse games.

Proof Sketch. Both risk-averse games we consider are constructed so as to satisfy the conditions of a
convex game [33]. This nontrivial construction enables the existence of Nash equilibria [33]. O

We note that such formulations of risk-aversion are common in the literature on risk-sensitive
control [34,35] and risk-sensitive reinforcement learning [36] where agents are implicitly presumed
to be risk-averse only to the randomness that is outside their control (i.e., the environment).



Predictive power of equilibrium concepts. Another driving force in moving beyond the Nash and
correlated equilibrium concepts stems from their lack of predictive power in experimental settings
(seee.g., [12,13,37-39]). To address this, a line of work originating in economics seeks to understand
the natural solution concepts in game where players have behaviorally plausible restrictions to their
strategy spaces, and to study whether such equilibria were better predictors of human play than
Nash or (coarse) correlated equilibria [16,21,40]. The most common restriction is that players have
bounded rationality,—i.e., they may fail to perfectly optimize—a model with roots in mathematical
psychology [17]. Under this restriction, a natural equilibrium concept that emerged was that of
a quantal response equilibrium (QRE) which induces bounded rationality by either assuming that
the players are rational in a stochastically perturbed version of the game or equivalently that they
optimize a regularized version of their utility [12,41,42]. Beyond their use as a better model for
human decision-making in games, QRE have also increasingly been adopted as a solution concept in
multi-agent reinforcement learning and learning in games [42-47] due to their links with KL and
entropy regularized reinforcement learning.

Despite these developments, QRE are not computable in all games. Indeed the class of QRE or
equivalently the level of bounded rationality needed for computational tractability depends on the
underlying game structure which may not be known a priori. In contrast, we show that the addition of
risk aversion allows for the same class of quantal response equilibria to be computationally tractable
to compute in all finite action games and finite-horizon Markov games. We state this result informally
that crucially depends on different forms of risk metrics and quantal responses.

Theorem 2 (Formal statement in Theorem 5). Suppose the players are risk-averse using some risk
metric (for e.g., entropic risk, also see Table 1) with parameters T, and o respectively. If they respond
in the space of some associated quantal responses (for e.g., Kullback-Leibler divergence, also see
Table 1) with parameters €1 and eo respectively, then the players can compute a risk-averse QRE by
using no-regret learning when the parameters satisfy

€Gam > —.
€272

The blue region in Fig. 1 supports this result for the condition on the computability of risk-averse QRE.
Furthermore, we show that this class of risk-averse QRE is nontrivial and can capture human data
better than risk-neutral QRE—a finding which is in line with findings in behavioral economics [16,21].

Risk-averse and robust multi-agent reinforcement learning. Our work builds on and provides
an additional justification for risk-sensitive (multi-agent) reinforcement learning. This line of work
has roots going back to seminal work by Jacobson on risk-sensitive control [48], and more recently in
risk-sensitive reinforcement learning [36]. In these works, the aim is to find a controller or policy
for a system that accounts for stochasticity or uncertainty in the environment or system in a more
nuanced way than risk-neutral approaches like optimal control or reinforcement learning [35]. Due to
classic duality results (see e.g., [49]) this line of work is closely related to the literature on robust
control and distributionally robust reinforcement learning [S0-53] which seeks to find solutions that
are robust to worst case environmental disturbances.

Our work rigorously extends these formulations to the multi-agent regime though it is not the first
to consider risk-aversion in MARL. Indeed, risk-sensitive MARL has been the focus of several
recent works (e.g., [54-57]). Several provide rigorous definitions of risk-averse equilibria and some
guarantees on their computation by assuming structure on the risk-adjusted game. Oftentimes this
is done by assuming that the risk-adjusted game is itself zero-sum [54], monotone [55], or that it
satisfies other strong conditions [56]. Other works are more empirical in nature [57-62], showing the
promise of risk-averse algorithms for MARL.

One last closely related line of work is the emerging literature on robust multi-agent reinforcement
learning [63—-66]. Once again due to duality arguments, these works can be seen as tackling a
similar problem to the risk-averse MARL problem. The focus of these previous works, however, is on
robustness in the face of only environmental uncertainties (and not opponent strategies), and questions
of existence and computational tractability are either assumed away or the focus is on extensions of
correlated equilibrium concepts. A recent related work in this literature analyzed the computational
tractability of robust Nash equilibria in Markov games, but only provided strong guarantees on the
zero-sum regime, showing that computing such equilibria in general is PPAD-hard [67].
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Figure 2: Cliff Walk Description and Results: The Cliff Walk grid-world is depicted here with color
codes of grids: black is the cliff, blue and pink are agents/players 1 and 2’s goals respectively. The
agents’ proximity to one another increases the randomness in the dynamics making falling into one
of the cliff states more likely. Agent 2’s policy in the left figure showcases more risk-aversion and
less bounded rationality than on the right.

To the best of our knowledge, no previous work in either of these literatures highlights the broad
benefits afforded by risk-aversion in MARL in terms of computational tractability of equilibria. In
our work we show that risk-aversion (and by extension distributional robustness) to all external
randomness, when combined with bounded rationality yields a computationally tractable class of
individually rationalizable equilibria in all finite-horizon n-player Markov games. Furthermore we
show that these equilibria can be computed using no-regret learning algorithms. Indeed we showcase
the effects of risk-aversion and bounded rationality in a simple Markov game mentioned below.

Cliff Walk Environment description: A grid consists of some tiles representing a cliff where they
will remain stuck for all time and goal states for agents as well as goal states of agents. The cliff is the
black grid with rewards —2. Agents/players are rewarded 0 for taking each step and 1 for reaching
their respective goals. Agents actions are {up,down,left,right} and they are followed with probability
pa = 0.9 with random movements happening otherwise. To introduce multi-agent effects we reduce
pa to 0.5 when the agents are at least a grid cell apart— making the likelihood of falling into the cliff
higher. The episode horizon H = 200 and the joint state space is the tuple of players’ positions.

Results Discussion: We present two results in Fig. 2. For both results, agent 1 starts at the 5th row
and 3rd column of the cliff-walking grid-world, and agent 2 starts at the 2nd row and 3rd column
grid position. In both figures, the red and blue paths depict the maximum likelihood paths taken by
agents 1 and 2 respectively. Agent 2’s policy in the left figure showcases more risk-aversion and less
bounded rationality resulting in them preferring to hide far from obstacles than run the risk of falling
off the path. On the right, agent 2 successfully reaches their goal. The equilibrium strategy of agent
1 changes in both scenarios: a more risk-seeking agent 2 forces agent 1—in an effort to minimize
risk—to wait until the path is clear to attempt the journey to its goal.

3 Conclusion

In Section B, by incorporating risk aversion and bounded rationality into agents’ decision-making
processes, we introduced a computationally tractable class of risk-averse quantal response equilibria
(RQE) for matrix games and finite-horizon Markov games. This approach not only makes equilibrium
computation tractable but also aligns well with observed human behavior in behavioral economics. In
Section C, we provided rigorous theoretical results for tractable computation of equilibrium concepts
and also provided sample complexity results in the generative modeling setting for multi-agent
reinforcement learning. In Sections D, we also expanded our findings on small-scale multi-agent
game benchmarks: matching pennies games and cliff walking environment.
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Supplementary Materials

Notations: We use A, to denote probability simplex of size n. In addition, we denote [N] =

1,2,---, N} for any positive integer N > 0. We denote = = [z(s, a € R4 (resp. z =
p g (s,a)eSxA p

[z(s)] ses € R®) as any vector that constitutes certain values for each state-action pair (resp. state).

A  Matrix Games

To begin, we consider n-player general-sum finite-action games. In these games, each player ¢ has
access to a (finite) action set .A; with A; = |.A;| pure strategies. For each tuple of joint strategies
a = (ay,...,a,) € A = [[;_, A; each player has an associated reward or utility R;(a). As is
common in the study of these games, we consider the case where players play over mixed strategies
and seek to maximize their expected utility. Player ¢’s expected utility in this case can be written as a
function U; : P — R which can be written as:

Us(mi, .., mn) = Eqnr[Ri(a)] (D

where 7 = (71, ..., m,) € P =[]/, A, is the joint strategy of all the players. For ease of exposi-
tion we often write the utility as U; (m;, 7—;) where m_; = (71, ..., Ti—1, Tit1, ---, T ) Tepresents the
joint strategies of all players other than .

We note that the expected utility in finite-action games has a multi-linear form and that U, (7;, 7_;) is
convex (actually linear) in 7; for fixed m_;. To see this, one can observe that in two player games,
these utility functions take the simpler, bilinear forms:

U1 (71'1, 7T2) = Egl’\“ﬂ'; [Rl (al, (12)} = ’/T?Rl’ﬂ‘g

2~T

@)

Ua(m1,72) = Earvm [Ra(ar, a2)] = 3 Romi,

where Ry € R41%42 and Ry € RA2*41 are payoff matrices representing the utility or reward
associated to each joint pure strategy.

A natural outcome in this class of games is the notion of a (mixed) Nash equilibrium.

Definition 1 (Nash Equilibrium). A (mixed) Nash equilibrium of a n-player general-sum finite-action
game is a joint strategy ™" = (7§, ..., m}) € P such that no player has any incentive to unilaterally
deviate—i.e,. forallt =1,....,n:

Ui(ﬂ';»k,ﬁii) > Ui(ﬂ'z’;ﬂ'*_i) Vr; € AAi

While such games are well known to admit at least one Nash equilibrium in mixed strategies, the Nash
equilibrium may be intractable to compute. Furthermore, a preponderance of empirical evidence
suggests that people do not play their Nash strategies and in fact are risk-averse and potentially
bounded rational in their decision-making— inducing new forms of equilibria.

In the next two sections, we introduce generalizations of the expected utility game that allow us to
model agents as both risk-averse and imperfect optimizers—both of these being key attributes of
human decision-making. We show that while the addition of risk can undo the existing structure in
the game, the addition of bounded rationality in the form of quantal responses allow us to derive
a class of computationally tractable equilibria in all games that only depends on the degree of risk
aversion and bounded rationality and not on the game structure.

A.1 Risk-Aversion in Matrix Games

Given the setup of an expected utility game, we now allow agents to have risk preferences which we
model through the use of a general class of convex risk metrics which have been the focus of a long
line of study in mathematical finance and operations research [68]. In this framing we move into a
regime where agents seek to minimize a measure of risk.

Definition 2 (Convex Risk Measures). Let X' be the set of functions mapping from a space of
outcomes () to R. A convex measure of risk is a mapping p : X — R satisfying:

1. Monotonicity: If X <Y almost surely, then p(X) > p(Y).
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2. Translation Invariance: If m € R then p(X +m) = p(X) — m.
3. Convexity: Forall A € (0,1), p(AX + (1 = N)Y) < Xp(X) + (1 = N)p(Y).

Typically, and as we assume in the remainder of the paper, the set X’ is the set of measurable functions
defined on a probability space (€2, F, P). Under this assumption, the convex measures of risk allow
us to generalize expectations to allow for agents to optimize for more conservative or worst-case
outcomes. For ease of exposition, we write p, (X) to denote the distribution that the measure of risk
is taken with respect to a reference distribution 7.

In the case of matrix games, we consider the case where agents are risk averse with respect to the
mixing or randomness introduced into the game by their opponents. In generalizing this to stochastic
games in future sections we will also consider the case where agents are risk averse with respect to
the underlying dynamics in the Markov game. Crucially, we assume that players are not risk averse to
their own randomness. We note that is a common approach taken in the literature on risk-sensitive and
robust decision-making [36] and it is necessary since if agents are risk-averse to their own randomness
then an equilibrium may cease to exist [32]. We refer to related works for more discussion.

We consider two generalizations of the original game that differ in how risk is incorporated into
the problem: aggregate risk aversion and action-dependent risk aversion. The first generalization
allows for a comparatively simpler analysis but at the cost of a more conservative solution while
the second is less conservative but requires a more complex analysis. Due to monotonicity and
linearity of expectation both of these formulations can be seen as generalizations of risk-sensitive
decision-making investigated in the literature on risk-sensitive control [35] and risk-sensitive RL [36].
To see this reduction, one can simply take the other agents to be part of an unknown environment.

Aggregate Risk Aversion: To define a game with aggregate risk aversion, we transform the player’s
utilities in (1) into costs f; which take the form

filmi, i) = pix_, (BEx,[Ri(a)]) = pin_, ( > Wi(ai)Ri(auai)) )

a; €A,

where p; »_, is used to denote the potentially different risk preference of agent 7 which depends on
the product distribution of opponents strategies 7m_;.

Action-dependent Risk Aversion: To define a game with action-dependent risk aversion, we
transform the player’s utilities in (1) into costs f; which take the form

filmi,mi) =B, [pin_,(Ri(a))] = > milai)pin_, (Riai,a_;)) (4)

a;€A;

where again p; »_, is used to denote the potentially different risk preference of agent ¢ which depends
on the product distribution of opponents strategies m_;.

We remark that in both of these formulations, if p;(X) = E[—X] for all players ¢ = 1, ..., n (which
satisfies the requirements in Definition 2) then the new formulation reduces to the original expected
utility objective. Thus, both can be seen as generalizations of the classic setup described in the
previous section.

While—at first glance— the modified games look significantly more complex than the previous
expected utility maximization setup (cf. (1)), we can rely on a particularly powerful property of
convex measures of risk to simplify and expose some structure in this class of problems. In particular,
we make use of the dual representation theorem for convex risk measures.

Theorem 3 (Dual Representation Theorem for Convex Risk Measures [68]). Suppose that the set
X is the set of functions mapping from a finite set ) to R. Then a mapping p : X — R is a convex
risk measure (cf. Definition 2) if and only if there exists a penalty function D : Aq — (—00, 0]
such that: p(X) = sup,eca,, Ep[—X] — D(p), where Aq is the set of all probability measures on
Q. Furthermore, the function D(p) can be taken to be convex, lower-semi-continuous, and satisfy
D(p) > —p(0) forall p € Aq.

When the set X is again the set of measurable functions defined on a probability space, one can choose
the penalty function D to represent a notion of of distance from the probability law or distribution of
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Risk-measure Penalty function D(p, q)

Entropic Risk [69] Kullback-Leibler (KL): K L(p, q) = 3, p; log ()
(68] Reverse KL (RKL): " ¢; log (f?)
¢-Entropic Risk [69] ¢-Divergence: > ; pi ¢ (%)

Utility-based shortfall [68] | Utility-based Shortfall (w): infx~o §[r + >, piu* ()‘;%)]

Table 1: We list several widely-used convex risk-measures with its penalty function D(p, q). Here,
p, q are distributions of the same finite dimension, ¢ and u are differentiable convex functions on R
satisfying ¢(1) = 0 and ¢(t) = +oo for ¢ < 0. The utility u is equipped with risk tolerance level of
r, and its penalty function depends on its convex conjugate u*.

the random variable 7. In such cases, the dual representation theorem takes the form:

px(X) = sup Ep[=X]— D(p,n),
pPEAQ

where D(p, ) is convex in p for a fixed m. We also make a simplifying assumption that D is

continuous in both its arguments, which is satisfied by various widely-used risk measures. This

general form allows us to draw connections with a large class of risk and robustness metrics that are

based around ¢-divergences. We provide examples of common risk measures in Table 1.

Given this setup, we can now write the aggregate risk-adjusted game in the following form:

filmi,m_i) = sup —m] Rip; — D;(ps, m—;) (5)
Pi€P_;
where P_; = P/A4, C RA-i, A_, = Zj# Aj,and R; € RA4ixA—i jg player ¢’s payoff matrix.
Similarly, the action-dependent risk-adjusted game takes the form:

filmiym—i) = > milj) ( sup  —(Ri;,pij) — Di(pi,jaﬂ'—i)> ; (6)

JEA; pi,; EP—i
where R; ; corresponds to the jth row of R;.

We note that we differentiate the penalty functions D; to allow for the different agents to have
different risk preferences. In this form, one can see that in a risk-adjusted game, the players imagine
that intermediate adversaries seek to maximize their cost but are penalized from deviating too far
from the opponents’ realized strategies. Thus, agents in risk-averse games introduce a certain amount
of worst-case thinking into their strategies.

Since the Nash equilibrium of the risk-adjusted game can be qualitatively different from that of the
original game, we define a risk-averse Nash equilibrium (RNE) as follows. For ease of exposition we
do not differentiate between aggregate and action-dependent RNE since similar results hold for either
formulation.

Definition 3 (Risk-adjusted Nash equilibrium). A risk-averse Nash equilibrium is joint strategy
w* € P such that no player has any incentive to unilaterally deviate in the risk adjusted game—i.e.,
foralli=1,...n

fi(my m2y) < fi(mi,mly) Vomi € Ay,
Note that since players would like to minimize risk, the direction of the inequality has changed. The

convexity and continuity of the penalty function guarantees that the risk-adjusted games admit at
least one RNE.

Theorem 4. There always exists a RNE for all aggregate and action-dependent risk-averse games
presented in (5) and (6) respectively.

Proof. To begin, we show that f;(m;, m_;) is convex in m; for all 7r; € P_; in (5). This follows from
the fact that D; (-, ) is assumed to be convex and continuous in its first argument. Invoking Danskin’s
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theorem guarantees us that f; is convex in 7; for all fixed values of 7_;. Since the probability simplex
is compact and convex, the game satisfies the conditions of a convex game [33] and thus a Nash
equilibrium must exist. The action-dependent risk aversion regime follows from the linearity of f; in
m; in (6) and a similar invocation of the existence of Nash in convex games [33].

The fact that these Nash equilibria exist is a consequence of the fact that players are not risk averse to
the randomness that they introduce into the game by playing a mixed strategy. Under the stronger
assumption that they are risk-averse to all randomness, previous work [32] shows that RNE may not
exist. Thus, our specific formulation of risk is crucial in that it will always yield a RNE.

Despite the fact that risk preferences already help convexify player’s objectives, the addition of risk
can serve to weaken existing structures in the player’s cost function. To illustrate this, we show
that even in two-player zero-sum games where R; = R = —R1, the risk-adjusted game loses any
zero-sum structure and may cease to even be strictly competitive in the sense that one player’s gain is
the other’s loss.

Example 1. Consider a 2-player zero-sum game where Ry = R = —RI where players have
aggregate risk aversion in the entropic risk metric with different degrees of risk aversion T, and Ts.
Under these conditions, the players loss functions take the following form:

fi(my,m) = sup —m{ Rpy — %KL(pmrz) = ilog( > Wz(j)exp(—ﬁ[Rm]j))

p1EA, 71 1<j<As
1 1 )
fo(my,m2) = sup 73 RTpy — —KL(pg,m) = — log ( Z ﬂl(j)exp(Tg[RTm]j)).
p2€A; 2 T2 1<7<A,

Even instantiating R = Iy, 7 = 10, and for any 7o > 0, both fi(mw,me) > fi(7],m2) and
fa(my,m) > fo(my,me) holds for the regions w,m € As satisfying m2(1) € (0.1,0.5) and
0.75 — m1(1) > @i (1) > 71 (1), which implies that the game is not a strictly competitive game.

Note that the previous example introduces degrees of risk aversion into the game through the
parameters 7; > 0 and 75 > 0. As 7 increases, the game becomes less reliant on the regularization
term, which makes the adversary more powerful and results in more conservative game playing by
the player. As T goes to zero we recover the risk neutral regime [69].

Finally, note that the additional convexity induced by the introduction of risk aversion guarantee is
not enough to ensure the computational tractability of the Nash equilibrium (see e.g., [67]). This is
not surprising given the fact that computing NE in general convex games can be intractable and that
further structural conditions are required for computational tractability.

A.2 Bounded Rationality in Matrix Games

Since risk aversion on its own is not sufficient to guarantee computational tractability of NE, we also
introduce a second important feature of human decision-making into the game: bounded rationality.
Interestingly, in experimental settings risk aversion—by itself— is also not enough to model human
decision-making in game theoretic scenarios [16].

To incorporate bounded rationality into agents, we resort to the notion of a quantal response function.
Definition 4. A quantal response function is a continuous function o : R™ — A, such that: If
x; < xj, 0i(x) > 0,(x), where xy, o (x) represent the k-th components of x and o, respectively.

Clearly, when players responses are constrained to be quantal responses, they cannot be perfect
maximizers since the arg max function does not satisfy the first desiderata of a quantal response
function. Common quantal response functions include the logit response function:
exp(— %xl)
n 1 )
21 exp(—¢;)

where the sign is to account for the fact that agents may be minimizing their loss function.

o(z) = (N

When all players achieve a Nash equilibrium in the space of their quantal responses—the class of
strategies that can be represented by a fixed class of quantal response functions (cf. Definition 4)—the
resulting equilibrium is known as a quantal response equilibrium (QRE). To incorporate quantal
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responses into our risk-adjusted game, we introduce regularization to the player’s losses. This
can be shown to be equivalent to constraining the player’s responses to quantal responses (see,
e.g., [68, Proposition 7], or [42,43]). We write a regularized risk-adjusted game as:

fiei (ﬂivﬂ—i) fz(ﬂuﬂ— ) Jrezyl(m) 8)

where v; is strictly convex over the simplex and controls the class of quantal responses available to
player ¢ and ¢; controls the agent’s degree of bounded rationality.

Example 2. [fplayers are constrained to logit response functions, one can reflect this by incorporating
a negative entropy regularizer v(m) = . p;log(p;). Another class of quantal response functions
would be generated by making use of e.g., a log-barrier regularizer v(m) = — . log(p;). Both of
these regularizers give rise to quantal response functions that satisfy Definition 4.

This game now incorporates two key properties of human decision-making: risk aversion and
bounded rationality on the part of the agents. The natural outcome of this game is what we term as a
risk-adjusted quantal-response equilibrium (RQE).

Definition 5. A risk-adjusted quantal response equilibrium (RQE) of an player general-sum finite-
action game is a joint strategy ™" € P such that for each playeri = 1,...,n:

f’iel(w z)<f (7717 ) vﬂ—zeAA

For any set of convex regularizers v;, it is easy to observe the that game remains a convex game and
thus RQE will exist.

As we will show in the following section, if player’s risk preferences and regularizers (and thus their
set of quantal response functions) satisfy a simple relationship, one can show that irrespective of the
underlying payoffs Ry, ...R,, the game admits RQE that can be efficiently computed using arbitrary
no-regret learning algorithms which include e.g., gradient-play and mirror descent.

B Conditions for Computational Tractability of RQE

In this section we give conditions on the bounded rationality and degree of risk aversion of the players
such that computing cost of RQE in the games is tractable. Further, an immediate consequence of our
result is that players can find such equilibrium outcomes in a decentralized manner using no-regret
learning algorithms.

Remark 1. For ease of exposition we focus on deriving the results for the aggregate risk-aversion
formulation and defer the results for action-dependent risk-aversion to Appendix F. The results for
both formulations in terms of computational tractability are similar in that both allow for a class of
RQE to be learned using no-regret learning. However, we remark that the analysis of the aggregate
case is comparatively simpler and allows one to compute simple bounds on the set of RQE that are
computationally tractable. The action-dependent case requires more work and slightly more stringent
requirements on the relationship between bounded rationality and risk-aversion.

To derive our results on the computational tractability of RQE under aggregate risk-aversion, we
first introduce a related 2n-player game in which we associate to each original player 7 an adversary
whose strategy we denote p; € P_;. Let p = (p1,...,pn) € P = [[;—, P_;. In this new game, each
original player’s loss function takes the form:

Ji(mi, m_i,p) = —m} Ripi — Dy(pi, m—;) + €iv(m;) &)
For each player p; we associate them to a new loss function which we denote:
Ji(m,pinp—i) = 7} Ripi + Di(pi,m—i) = Y &ijv(m5). (10)
J#i

In this 2n player game, the i-th player’s adversary, whose strategy is p; seeks to minimize their loss
J; which is strategically the same as maximizing .J;. We note that unlike the original risk-adjusted
game, the introduction of the new players gives us additional structure that we can exploit. A key
feature that we introduce are the additional parameters &; ; > 0 which we will use to characterize the
degree of risk aversion of each player 7.

Given the definition of the 2n-player game we show how no-regret learning algorithms can be used
to compute a RQE. To do so, we show that CCEs of the 2n-player game coincide with NEs of it
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and NEs of the 2n-player game coincide with RQE of the original n-player matrix game. This is a
phenomenon known as equilibrium collapse which is well known to happen in zero-sum games and
certain generalizations of zero-sum games [23,24]. To prove this, we first define coarse correlated
equilibria.

Definition 6. A coarse correlated equilibrium of the 2n-player game is a probability measure o on
P X P such that forall i = 1, ..., n:

]E(‘n',p)wa[‘]i(ﬂ-vp)] S E(Tr_,',,p)wa-[Ji(Tr;vﬂ-fivp)] Vﬂ'; S AAi
E(W,p)NU[Ji(Ter)] < E(Tr,p_i)Na[Ji(ﬂ->p;7p7i)] Vp; € P_i.

With this definition in hand we now present our results on computational tractability of RQE in
2-player matrix games. We also extend the results to n-player setting in Appendix E.3.

To simplify our results we define Hi(p1,m2) = Di(p1,m2) — &ve(me) and Hao(pa,m) =
Dy (pa,m1) — &av1(m1). Let & > 0 and & > 0 be the smallest values of &; and & such that
H;(p1,m2) and Ha(p2,m) are concave in mo and 7; for all p; and po respectively. The parameters
& and &5 capture the player’s degrees of risk aversion as illustrated in Corollaries 8.1 and 8.2 in
Appendix E respectively.

The following theorem gives conditions on &7, &5 and €1, €2, the bounded rationality parameters
under which RQE’s are computationally tractable using no-regret learning. The proof is postponed to
Appendix E.2.

Theorem 5. Assume the penalty functions that give rise to the players’ risk preferences D1 (-, ")
and Ds(+, -) are jointly convex in both their arguments. If o is a CCE of the four player game with
§12 =& and {21 = &3, and

a &

& €2
then 711 = E,[m1] and Tt = E,[n2] constitute a RQE of the risk-adjusted game.

The previous theorem gives a range of risk aversion and bounded rationality parameters under which
an RQE can be computationally tractable using no-regret learning. Before presenting corollaries
for certain instantiations of risk measures and quantal response functions in Appendix E, we briefly
remark that the result does not necessarily guarantee uniqueness, though by exploiting the connections
between socially convex games and monotone games [70] such a result would follow.

To validate this result, we show that the class of RQE that is computationally tractable seems
sufficiently rich to capture the aggregate strategy played by people in various matrix games studied in
laboratory experiments in behavioral economics [16,22,71] to showcase differing human behavior
from Nash equilibrium strategies. In particular, we showcase in Fig. 1 that for some choice of
parameters (¢; and 7;’s) satisfying conditions in Theorem 5, we recover risk-averse and rational
human behaviors in various matching pennies games mentioned in Tables 2 and 3. We provide more
details about the games and experiments in Appendix D.1 for reproducing our results.

C Extension to Markov Games

In this section, we extend our results to finite-horizon Markov games, or stochastic games [72] which
allow us to model dynamic games which are played out over Markov decision processes.

A Markov game can be seen as a sequential matrix game with dynamics. In this paper, we consider a
general-sum finite-horizon risk-aversion Markov game involving n players, represented as MG =
{H,8,{Ai}icin), {Rins Pintien),ne[m)}- Here, H is the time horizon length of the Markov games;
S =1{1,2,---, 5} represents the state space of the joint environment with size S; we reuse several
definitions in matrix game (see Section A), {.A; };c[,] is the action spaces with cardinality [A;| = A;,
the joint action space is A, the joint action profile is a € A, and P is the product policy space; R; j, is
the utility function of the i-th player at time step h for any (i, h) € [n|x [H], i.e., R; »(s, @) represents
the immediate reward (or utility) received by the i-th player given state-action pair (s, a) € S x A.
For simplicity, we assume R; j, is deterministic; P; ;, : S X A — Ag denote the transition probability
so that P; (s’ | s, @) represents the probability transitioning from current state s to the next state s’
conditioned on the action a.
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Markov policies and value functions. In this section, we focus on a class of Markov policy, where
at any state s at any time step h € [H], the action selection rule depends only on the current state s,
and is independent of previous trajectories. Specifically, for any 1 < i < n, the ¢-th agent executes
actions according to a policy m; = {m;, : S — Ay, }bi<n<m, With m; 5 (a|s) the probability of
selecting action a in state s at time step h. We consider the joint policy of all agents as a product
policy defined as m = (m1,...,m,) : S X [H] — P and the corresponding policy space as II,
namely, the joint action profile a of all agents is chosen according to the distribution specified by
wh(-|s) = (71, hyT2n .-, Tnn) (| $) € P conditioned on state s at time step h. For any given 7,
we employ m_; : § x [H] — P_; to represent the policies of all agents excluding the i-th agent.

Then for any joint policy 7, we can introduce the corresponding value function XN/, p(m):S—R

(resp. Q-function @z n(m) : S x A — R) of the i-th agent to characterize the long-term cumulative
reward by as follows:

H
V(s,a,h) € Ax S x [H]: ‘Zh Z it st,at sh—sl,
o
Qin(ms, a) = Z 1 (s¢,a4) Shsaha], (11)
t=h

where the expectation is taken over the Markovian trajectory {(s;, a;) }n<t<m by executing the joint
policy 7 (i.e., a; ~ m:(- | s¢)) over the Markov dynamics.

C.1 Risk-Averse Markov games

Given these definitions, now we are ready to introduce the risk-averse Markov games (RAMGs) —
considering both the uncertainty of agents’ strategies and the environments (rewards and transitions).
Towards this, we first introduce two important risk-measures for agents’ strategies and environment
respectively to form RAMGs together. Resorting to two sets of convex (convex w.r.t. the first
argument with the second argument fixed) and lower-semi-continuous functions { Dpori (-, ) }ic[n]

and { Denv,i (-, -) }ie[n]- given any policy m, the two risk-measures are defined as:

Vi € [n} : fpol 1(@1) = Ssup —7; lez - pol,i(piv’rrfi)a
Pi€P;

Vien]: fewi(R,P,V)= inf |R+ PV 4 Deni(P,P)|. (12)
PeAg

Here, Q; € RA X252 45 s the payoff matrix for the i-th player, R € R4, P e Ag, V € RS, Note
that for simplicity, we choose the same { Dol i }ic[n] and { Denv,i }ic[n) for all time steps h € [H],
which can be extended to diverse ones for each time step.

Armed with those two penalty functions f ;(-) and feny,i(-), in a RAMG, the i-th agent aim to
minimize its own risk-averse long-term loss function {V; 1 (7) } ne[#], Where V; 5 (7) : S — R for any
joint strategy 7 € II of the i-th agent is defined recursively as follows: for all (h, s,a) € [H] xS x A,

Vin(m;s) = foori (Qin(ms s, ) (13)
where

Qi,h(ﬂ-; S, (1) = fenv,i (Ri,h(S) a)a Ph,s,aa Vvi,h—&-l(ﬂ')) and Ph,s,a = Ph(' | S, (1) € Rle.
(14)

In words, Q; n(m;s,:) € RAX 252 45 is the payoff matrix of the i-th player at state s and time
step h, where the value at the a;-th row and the a_;-th column is specified by Q; (7; s, @) with
a = (a;,a—_;). Therefore, the long-term loss function can be represented as a non-linear sum over
the future immediate rewards as below:

Vin(m:8) = fori © fenvii (Risn(5,2) Phos,iy [fioni © fenvsi (Rijht1s Prtts [fioni © fenvsi (Risht2, Paga,-+)])])-
(15)
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Solution concepts of RAMGs: risk-averse quantal response equilibrium (RQE). After intro-
ducing the RAMG problem formulation, we will focus on the solution concept that incorporate
both risk-aversion and bounded rationality of human decision-making — RQE. To specify, we first
introduce the regularized value functions for any given {¢; > 0};c):

V(i,h,s) € [n] x [H] xS: VS (m;s) = sup —W?Qiyh(ﬂ';& )Pi — Dpol,i(pi, m—3) + €v4(m;)
’ pi€Pi

= i7h(7r;s) +6il/i(7Ti). (16)

In addition, for any policy 7, we denote m; _p, == {7 ¢ }+=1,2,3,... h—1,h+1,. . as the i-th agent’s
strategy over all time steps except step h.

Definition 7 (RQE of Markov games). A product policy m = m X --- X m, € Il is said to be a
risk-averse quantal response equilibrium (RQE) of RAMG if we have
V(i,s,h) € [n] xS x [H] : ‘/Zfib(ﬂ',s) < min ‘/;;L((ﬁ;“m7_h) X T_q; 5), (17)

/.
ﬂ—h's’_}A»Al

where v;(+) is a strictly convex function over the simplex and controls the class of the i-th player’s
ORE with certain degree of bounded rationality €; > 0.

C.2  Algorithm and Theoretical Guarantees

RAMGs with perfect information. Notice that the risk-aversion Markov games (RAMGs) are
sequential games with multiple rounds, it is natural to learn the game from the last step » = H and
then back forward step by step. Towards this, at each time step h, for all (i, h, s,a) € [n]x[H]xXSx A,
we define the (original) payoff matrices for all agents at any state s at time step h as

V(i,s,h) € [n] x S x [H]:  Qin(s,a) = Rin(s,a)+ inf PV;pi1 4 Denvi(P, Phsa)
PeAg
(18)

which shall be used to define a risk-averse matrix game against other players’ strategies later so
that we can calculate a QRE for it with tractable computation cost. Here, we denote the computing
routine of a RQE of a matrix game as RQE(-). Armed with this, we summarize the entire algorithm
to compute RQE for RAMGSs in Algorithm 1. The following theorem shows that computing RQE
using Algorithm 1 is computationally tractable when certain conditions of risk-measure and bounded
rationality are satisfied, which can be directly verified based on Theorem 9.

Theorem 6. For any RAMG MG, assume the penalty functions that give rise to the players’ risk
preferences { Dy (-, -) } are jointly convex in both of their arguments. If for any (s, h) € S x [H], we
can construct a 2n-player game with the other n-additional players’ payoff as (10) with &; ; = j"j
for all (i, j) € [n] x [n]. And foralli=1,...nwe have ¢; > ., &, then the output policy T
from Algorithm 1 is a RQE of MG.

RAMGS can be seen as a sequential of matrix games conditioned on states. As a corollary of the results
in matrix games (Theorem 9), the above theorem shows that the proposed solution concept — RQE
in RAMGs enables computational tractability with any well-defined risk-measures { Denv,i }ic[n]-

RAMGs with imperfect environmental information. In the previous paragraph, we focus on
the cases when the dynamics of the environment of RAMG — reward and transition kernel are
perfectly known. While in practice, especially in MARL tasks, the environments can be complicated
and unknown that need to be learned by interacting with (sampling from) the environments. In this
subsection, we focus on such scenarios and provide the theoretical guarantees of Algorithm 1.

We focus on a fundamental sampling mechanism — assuming access to a generative model or a
simulator [73, 74], which allows us to collect N independent samples for each state-action pair
generated based on the true environment { R, j,, P;L}Z-e[n]) helH]:

V(s,a,7) €S X Ax [n]: Sigan < Pu(-s,a), 8, .=Rin(s,a), i€[N]. (19)

The total sample size is, therefore, Ny := N.S Hie[n] A;.
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Algorithm 1: Computation method of RQE for risk-averse Markov games (RAMGs).

1: Input: reward function {R; h}zE (n]x he[H]» transition kernel { P, }e(m)-

2: Initialization: Qbh(s a) =0, Vm( )=0forall (s,a,h) € S x Ax[H+1].
3: forh=H,H—-1,---,1do

4: fori:1,2,-~-,nandseS,aEAdo

5: Set Q; 1 (s, @) according to (18).

6: end for

7. forse Sdo

8: Get 7Th($) - {Tri,h( )}1<z<n — RQE( 7r0|5; Qz h }1<z<n)

9: Set V; n(s) = f;;",: (Qi,h(& ))
10:  end for

11: end for

12: output: @ = {7 }1<n<m.

In such imperfect information cases, we propose a model-based approach, which first constructs
an empirical reward function and nominal transition kernel based on the collected samples and
then applies Algorithm 1 to learn a QNE. First, the empirical reward function and transition kernel

P e RSTIZ1 AiXS can be constructed on the basis of the empirical frequency of state transitions,
V(s,a,j,h) €S x Ax[n] x [H]: Rju(s,a)=r],,, and
N

ﬁh(s’ |s,a) = %Z ]l{si,s’a = s’}. (20)

i=1
Then with such empirical reward and transition, we can apply the oracle summarized in Algorithm 1.
The following theorem provides the finite-sample guarantees of this model-based approach as below:
Theorem 7. For any RAMG MG, we consider penalty functions { Deny.i(, ) }ic[n] are L-Lipschitz
w.r.t the {1 norm of the second argument with any fixed first argument. Applying Algorithm I with

the estimated reward {}AE] n} and transition kernels { Py, } he[#) as input, the output solution T is an
0-ROE of MG. Namely, we have

VL Fis) = min VS ((mhs i) X Foiis) <8 21
ol AVEFS) = min Vi Rin) xR | < en

as long as the total number of samples satisfying

S
Nai= NS ‘H A; > 88 ‘H AHL | - log (25H ‘H A;/5).
i€[n] i€[n] i€[n]

Remark 2. We remark that L can be some constant for various penalty function, such as L = 1 when
{Denv,i}ie[n} are defined as any £, norm including total variation (TV). We also remark that similar
sample complexity guarantees can be shown when { Deny,i }ic|n) are defined as ¢-divergence and
allude to analyses ideas in [52,53,75,76]. Note that computing exact RQE can be computationally
expensive or may not be necessary in practice. This result provides the first finite-sample guarantees
of computing RQE in RAMGs. We show that even when the environment is not perfectly known but
needs to be learned by samples, we can achieve approximate-RQEs of RAMGs using sufficient finite
samples of size [Vy.

Proof of Theorem 7. Armed with the estimated reward and transition kernel in (20), we can construct
an empirical MG MG = {H,S,{Ai}icin), {Ei,h, ﬁi,h}ie[n],he[H]}- Analogously, for any joint
policy 7, we denote the corresponding risk-averse loss functions or the payoff matrices as {‘A/fh(w)}
and {@flh ()}, respectively.

To begin with, recall the goal is to show that

i € 7_8) b <6
o B Vb F59) = i V(o) xRl <o @
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For convenience, we denote
ik s) € X (H] xSt Vi) = ming V(e R X Fis) @)
and define the best-response policy 7} := {77, : S = Aa, }ne(m) so that
V(i,h,s) € [n] x [H] x S my(s) = argminﬂ;:s,_,AA_Vf;‘L((W;h,ﬂ,_h) X7 _i;8).  (24)
Then, for any 4 € [n], the gap V; (7) — V;'{” (7_;) can be decomposed as follows:
Vi (@) = Vit (7)
= V5@ — Vi@ + (V@) = V5 Fion) x 7))
o (Ve Rien) X i) = V(s Fion) X 7))
SV = T5@ + (V5 Foon) X 7o) = V(i Fion) x 720))
< IV E) = V@)1 + |

Vi (T i) X Tei) = Vi3 (s Ti—n) X i)

1 (25)

where the first inequality holds by applying Theorem 6 with the estimated RAMG MG so that T is a
RQE of MG, i.e.,

Vin@ = min Vi (g imn) X Ti) < V(77 s Timn) X i) (26)
i,h" i

To continue, we divide the proof into several key steps.

Step 1: developing the recursion. To control the two terms in (25), we consider that for any joint
policy 7 and time step (s, h) € S x [H],

Vi (mys) — Vi (ms)

( ) e T A
= gt (Qua(mi,)) = gt (Qun(mis,))
(i)

= sup —75(8)" Genv,i (Rin(5,2)s Phos.s Vins1(7)) pi — Dpoli(pi, T—i(5))
pPi€P;

- |: sup _Wi(S)Tgenv,i (Ri,h(sv :)7 ﬁh,s,:a ‘/}i,h+1(7r)> Pi — Dpol,i(pia 771(5)):|
pi€P;

< Sug —m;(s)T [genv,i (Ri,n(5::)s Prys,sy Ving1(m)) = Genvi (Ri,h(s, D, ﬁh,s,;, ‘Z‘,hﬂ(ﬁ))] Di
pi€Pi

<

Gemii (Risn(5,2): Poss Vi1 (1) = geme (Rin (5, Pass Vinn ()| )

where (i) holds by the definition in (16) and (13), and (ii) follows from the definition of g;‘ou(-) in
(12).

To continue, we know that for any (s,a) € S x A:

Genv,i (Rin(5,a), Phs.as Viht1(T)) — Genv,i (Ri,h(sy 1),13h,s,a, ‘Z,h+1(77))‘

’th S, a) - SUP _P‘/z h+1( )_ Denv,i(]gy Ph,s,a)
PEAS

~ [ Rin(s,a) = sup =PVipia(m) = Denvi( P, Prsa) | |
PeAs

’ — sup <_j5V;,h+1(7T) - Denv,i(ﬁvph,s,a)) + sup (_ﬁ‘//\;l,thl(ﬂ-) - Denv,i(ﬁaﬁh,s,a)) ’

PeAs PeAs

(i) ~ ~ ~ ~

< bup ’ - ( PVz h+1( ) Denv,i(P7Ph,s,a)) + (_P‘/i,h—&-l(ﬂ') - Denv,i(PaPh,s,a)) ’
PeAsg
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(ii) ~ A
= Sup ‘P ( i h+1( ) - ‘/’L h+1 ) ‘ + Sup ’Denv i P Ph s a) - Denv,i(P7 Ph,s,a)
PEA PEA

‘/i,h—i-l(ﬂ') - ‘/}i,h—&-l(ﬂ')H + L HPh,,s,a - Ph,s,a L

where the first equality holds by (18), (i) holds by the supreme operator is 1-Lipschitz, and the
last inequality holds by the assumption that Deny ;(+) is L-Lipschitz with respect to the ¢; norm
for the second argument, with any fixed first argument. We mention an important note here. As
remarked earlier, similar sample complexity guarantees can be shown when { Deny ; }ic[n] are defined
as ¢-divergence and allude to analyses ideas in [53,75,76] to modify this step.

<|

(28)

Plugging in (28) back to (27) and applying the results for all s € S yields

[viim = V@) < [Virr () = T @)+ L mox [ Prce = Prcal

=:ln

= |[Vior (™) = Poia ()| + L. 29)
Applying above fact recursively for h, h + 1,--- | H, we arrive at
Vi = V| _ < ||Vishat® = Tohsa®)|_ + Ltn + Linsa
< 2 Vi () = Vi )| +Lth
H
<LY I (30)

where the last inequality holds since V; () = ‘71-5}14_1(70 =Vipy(m) = ‘27}1_._1(7'() = 0 for any
policy 7.

Step 2: controlling the errors {l;}. The remainder of the proof will focus on controlling (30).

Applying [77, Lemma 17] over all (h, s,a) € [H] x S x A, we achieve the union bound that with
probability at least 1 — 4,

< (31)

max HPh,s,a - Ph,,s,a.
(h,s,a)E[H]xSx A 1

% 1 2S5 Hie[n] AlH
N % 5 '

Applying (31), we arrive at with probability at least 1 — 4,

2ST.cr 1 AsH
< Mslog<nze[n]>_ (32)

vhe (H) b= max [Puoa=Pisa
(s,a)eSxA 1

N ]

Inserting (32) into (30) gives

Finally, recalling (25) yields

145 <25 Hie[n] AiH> (33)

H
‘@fi(ﬂ—@fil(ﬂ)Hw SLY L <HL|—log ;
t=h

Vi (@) = Vit (7-) < V() - Vf;(?r)l\oolJr’

<8HL,|—=1 — 1 34
<38 o8 ( 5 ; (34)
where the last inequality holds by applying (33) with m = 7 or 7w = (7}, T, —n) X T—i. O

20

Vf};((ﬂ,hﬁi,—h) X i) — V;-fi;((”f,hﬁi,—h) X T_i)

oo
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D Experiments and Evaluation
We provide experimental results and details of our experiments in this section for both matrix and
Markov game settings. We provide our code on an anonymous Github link https://github.

com/FortunaAversa/RQE containing instructions to reproduce all results in this paper.

D.1 Experiments and Evaluation in Matrix Games

Game 1 Game 2 Game 3
L TR LT R LT R
00 910 S
Ultol1s | Yialis | Y6 1a
9 10 618 7110
Dlyg | g Dl+15 D71y
Game 4 Game 5 Game 6
LT R LR LR
710 710 71
Ulyln Ulalog Ulil7
519 1138 38
Dilgl o D15l Dlslo
Game 7 Game 8 Game 9
L R LR LR
0 4 93 813
Ulialoe | YUl7l16 | Yloli1r
9 14 6111 713
Dlyg g Dl D71y
Game 10 Game 11 Game 12
LTR LT R LT R
712 T2 713
Ulg| 13 Ulaln | Yls]|o
511 1110 310
D16l 2 D5l D151

Table 2: Payoff Matrices from [22]. In each column, the number above (below) is the payoff for
player 1 (player 2).

L | R
300 | 160
Uli60 | 10
370 | 10
D 1900 | 370

Table 3: Game 4 Payoff Matrix from [16]. In each column, the number above (below) is the payoff
for player 1 (player 2).

Matching pennies matrix games: Two players in matching pennies simultaneously choose heads
or tails, and a player wins (the other player loses) a payoff if their choices match. The detailed payoft
matrices are provided in Tables 2 and 3. These games from [16,22] are focused on showcasing
risk-averse solutions by developing payoffs strategically such that either player deviating from their
choice of plays will cause hefty damage in terms of payoff to the other player. So, both players prefer
a ‘safer’ choice of plays, thus highlighting both risk-averse and bounded rational preferences.

Algorithm and Result details: We use the penalty functions KL and reverse KL with the regular-
izers log barrier and negative entropy, as mentioned in Table 1, for our experiments. To be precise,
we consider the following two experimental setups: (a) For j = 1,2, we let v;(p) = — . log(p;)
and Dj(p,q) = (1/7;)KL(p, q). (b) For j = 1,2, we let v;(p) = 3=, p;log(p;) and D;(p, q) =
(1/7;)KL(g,p). We note that the parameters le play the same role as &;’s (formalized in Corol-
laries 8.1 and 8.2), i.e., the players take more risk neutral decisions as 7; — 0. With the perfect
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information, we use the vanilla projected gradient descent with constant stepsizes [78] as the no-regret
algorithm to arrive at the CCE o of the four player game. We use consistent stepsizes between 10~4
and 1072 for all our runs iterating through 10* steps of gradient descent. We notice 2% deviations in
sup-norm for the algorithm policies in about 20 runs.

D.2 Experiments and Evaluation in Markov Games

We consider a grid-world problem to test our algorithm (Algorithm 1) for showcasing risk-averse
and bounded rational behaviors. We note that we use our matrix game method (as described in
Appendix D.1) for the RQE solver at Line 8 in Algorithm 1.

CIliff Walk Environment description: A grid of size 6 x 6 consists of some tiles that lead to the
agents falling into the cliff. The environment setup is as follows: The cliff is the black grid with
rewards —2. Agents/players are rewarded 0 for taking each step and 1 for when they reach the goal.
The agents move in the direction of action with probability pg = 0.9 and takes uniform step in the
unintended direction. To emphasize the risky choices of agents traversing along the cliff or traversing
in each others’ paths, we reduce pq to 0.5 when the agents are both within a grid apart. The episode
horizon H is 200.

Algorithm details: We use the penalty function KL with the log-barrier regularizer, as mentioned
in Table 1 and Example 2, for our experiments. We also use KL divergence for the environmental
uncertainty metric Deny,; With the same bounded rational parameter T{l used by RQE. We use the
full information of this grid-world to evaluate the Q-values described in Algorithm 1. Additionally, as
we use the matrix games solver for RQE, we have similar statistical deviations for different training
runs. We also showcase results with £; metric for the environmental uncertainty metric Deny ;.

Results Discussion: We present two results in Fig. 2. For both results, agent 1 starts at the 5th row
and 3rd column of the cliff-walking grid-world, and agent 2 starts at the 2nd row and 3rd column grid
position. In the left figure of Fig. 2, agent 1 is risk-averse to the environmental uncertainty induced
by the cliff grids by traversing the longer route shown by the red arrow. Interestingly, complementing
our risk-adjusted notion, agent 2 is risk-averse w.r.t both the environmental uncertainty and evading
the risk of coming into agent 1’s path (which leads to more chances of falling into the cliff). It makes
a less rational and more risk-averse choice by reaching the end state shown by the blue arrow. In the
case of the right figure of Fig. 2. They both make a more rational choice of reaching goal states but
take a riskier path, increasing the chances of falling into the cliff. Interestingly, agent 1 waits at the
corner grid (at the bottom right) until agent 2 passes it, since being at this grid is a more risk-averse
agnostic choice against other players. These empirical evaluations support our theoretical result
(Theorem 6) w.r.t the relative choice of risk-averse and bounded rationality parameters (¢; and 7;’s)
for providing different level of risk-averse solutions.

Now, we showcase results corresponding to ¢; metric for the environmental uncertainty metric Deny;
for the grid-world problem. We consider the same Cliff-Walk environment described before under
some minor modifications discussed here. The rewards for falling into the cliff is now —100 and for
reaching the goal is 20. Agents/players are rewarded a small negative reward of —0.1 for taking each
step. The episode horizon H is 100.

We present two results in Fig. 3 that has similar implications as in Fig. 2. We make one important
observation about these agents equipped with ¢; environmental uncertainty metric. These agents are
less risk-averse towards the cliff in horizontal grid axis compared to the results Fig. 2 corresponding to
the KL environmental uncertainty metric. We do not investigate the effects of different environmental
uncertainty metrics in this work and postpone to address in future research directions.

E Further results on computational tractability of RQE in aggregate
risk-averse matrix games

In this section we provide further results on the aggregate risk aversion formulation of the risk-averse
problem. This section provides a proof of the main result of Theorem 5 presented in the main body
of the paper as well as the generalization of the results on computationaly tractability to n-players. A
key step in the proof is relating the Nash equilibrium of the 2n-player convex game presented where
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Agent 2: More Risk Averse Agent 2: Less Risk Averse
71 =0.005 7w =0.02 71 =0.005 7 =0.005
e = 200 ez = 100 e = 200 €2 = 200

Figure 3: Cliff-Walk results for the ¢; environmental uncertainty metric.

players have utilites of the form (10) and (9) and RQE of the desired game (3). We then use this
result to prove Theorem 5.

E.1 Relating Nash of the 2n-player game and RQE

We first note that this 2n player game is a convex game played over compact convex action sets and
thus a Nash equilibrium must exist [33]. To relate outcomes in this new game to that of the original
game, we show that the strategies played by the original players in Nash equilibria of the 2n-player
game coincide with the RQE.

Proposition 1. [f (7*,p*) is a Nash equilibrium of the 2n-player game, then 7 is a RQE of Game (8).
Furthermore, if 1 is a RQE of Game (8), then (7*,p*) is a Nash equilibrium of the 2n-player game,
where:

p; = arg max —m; TRip; — D;(pi,7*}). (35)
pi€P_;

Proof. To prove this result, we rely on the definitions of Nash and RQE. We begin by proving the
first claim of the proposition. Recall that a Nash equilibrium is a joint strategy (7*,p*) € P x P
such that, forallt =1,...,n

Ji(mr, ) < Ji(w, W_Z,p)Vﬂ',-GAA (36)
Ji(m*, 07, pt) < (7 v i) Y op € Py
Noting that each J; (7}, 7* ;, pf, p* ;) does not depend on p* ;, to show the forward direction, we start
by taking the supremum of the rlght hand side of (36) over p; € P_;. Thus, we find that, for all ¢
J(?T 7T—z7p ) S sup JZ( —z7pl7 ) v 7T S AA
;01‘6737-

where in the second line we used the fact that for any 7, p_;, by definition,

sup Ji(m, pi,p—i) = f;* (7).
pPi€P_;

It remains to show that for any i = 1,...,n, J;(7}, n*,,p*) = f{' (7}, 7*,). This follows from the
fact that the simplex is compact. Indeed for any ﬁxed 7, the function J; (7, p;, p—;) is concave in p;.
Thus, the supremum is attained at p] since
p; =arg min Ji(7*,pi,p’;) = arg max Ji(7*,pi,pZ,).
pi€EP p

—i i€P—i
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Since the same argument holds for all ¢, we have shown that if (7*, p*) is a Nash equilibrium of the
2n-player game, then:

f:z(ﬂ-:‘aﬂ—il) S f7, (71'1, ) v T € AA

which is the definition of a RQE.

To prove the second claim, suppose that 7* is a RQE. By definition, we have that if

pi =arg max —x)" Ripi — Di(ps, 7).
pi€P—;

then p; by construction satisfies the condition of a Nash equilibrium of the 2n-player game:

J( 7pz7p )<J( 7pz7 )szelpf

It remains to show that 7* also satisfies the necessary conditions on J;. To see that this must hold, by
definition, we must have that (7, p) satisfies:

Ji(w;‘,pi‘mii,p’ii):ff'i(ﬁi‘mii)zwrgg;  Jax J(mi,pi, 5,0 5)

Further manipulations allow us to show that:

Ji(mi 7wy pt) = fi (i, m25)

= min max J(m *
TrieAA p,LE'P7 ( 7p'L’ ’L7p )

= min J(m,p;,7";,p%;)

mi€A 4,
S J(7T/17pf77rii)pii) A4 7Tl/» c AAi

Since this holds true for all ¢, this completes the proof. O

E.2 Proof of Theorem 5 and immediate corollaries

Given the results showing that finding a Nash equilibrium of the 2n-player convex game allows us to
compute RQE, we present the proof of Theorem 5. We also provide two corollaries that specialize
the results to different risk-metrics and quantal response functions.

Theorem 8 (Restatement of Theorem 5). Assume the penalty functions that give rise to the players’
risk preferences D1 (-, -) and D1 (-, -) are jointly convex in both their arguments. If o is a CCE of the
Sfour player game with £, = £ and & = &5, and

a. &

& T e
then 711 = E,[m1] and 7t = E,[n2] constitute a RQE of the risk-adjusted game.

The proof follows by showing that CCE of the 2n-player convex game coincide with Nash equilibria
of the 2n-player convex game, and then invoking results from the previous section.

Proof. To prove this, we show that (71, p1, 72, pg) is a Nash equ111br1um of the four player game and
then invoke Proposition 1 (where 7ty = E,[m1], p2 = By [pa]. 72 = B, [m2], and pa = E, [pa]).

To begin, we focus on .J; and .J;. By symmetry, the same arguments hold for .J, and .J,. We first
note that J; is (strictly) convex in 7; for all fixed p;, 72, p2 and jointly concave in p;, ma, p2 for all
fixed ;. Now, starting with the definition of CCE for ¢ and via Jensen’s inequality, we have that:

Eo[J1 (71,01, 72,02)] < E(py rap0) e [J1 (71, D1, T2, D2)]
=Ep, ~p [EMNU\IH [EMNU\IH,M [J1(7T/17p177T2’p2)]”
< Bpipy [EMNU\IH [J1(7T/17p1’7727E0\p1,7r2 [p2])]]
< Epmpy [J1(715 015 Eo | py [T2], Eg |, [P2])]
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< Ji(my,p1, o, P2) Yy € Ay, (37)
Similarly, we note that for {; = &7, Jp is jointly concave in 71, 72, p2, such that:

Eo’[jl(ﬂ—lvplvﬂ-vaQ)] S Jl(ﬁ-lvpllvﬁ-QvﬁQ) Vp/l € AA2~

Letting 2 = (71, p1, 72, P2) and z = (71, p1, T2, p2) to simplify notation, we can now take a weighted
sum of the four utility functions with A € (0, 1) to find that:

> B |3 (1) +AE) + 75 (1) + )|

1 . 1 "
=5 (Aer = (1= XNE) Eo i (m)] + 5 (1 = ez = AG) Eo [v2(m2)]
Choosing A = &5 /(e1 + &3), we can further simplify to find that:

A .
5 (Jl(Z

+ J1(2)) + ? (J2(2) + J2(2))

€162 §165
<61 T8 e+ 5;) Eo [va(m2)]

)
1
2
L[ ee §165 ) .
> - _
=5 (61 = et & V2(772)
A A

=5 (WD) +7i(9) + % (12(2) + (%)) ,

where we used the fact that & > 52 by assumption and invoke Jensen’s inequality for v, at the

second 1nequahty Thus we hfl;e shown that:
5 (Jl(é) +J1(2)) + 1— (J2(2) + J2(2)) (38)
= % (Eo [J1(2)] + Eo [11(2)]) + ? (Eo [J2(2)] + Eo [2(2)]) - (39)

By Eq. (37), we observe:
Eq [J1(2)] £ J1(2),Eo [J1(2)] < J1(2), Eq [J2(2)] < J2(2),Eo [J2(2)] < J2(2). (40)
We note a fact: Aa + (1 — A\)b = Ae+ (1 — AN)dand a < ¢,b < d implies a = ¢,b = d for any
a,b,c,d € R. Using this fact for Eqs. (39) and (40), we have:
Eo [J1(2)] = J1(2) < Ji(ny, b1, 72, p2) Vy € Ag,
Eo [J1(2)] = J1(2) < J1(1,p, 72, P2) VP) € Aa,
E, [J2(2)] = Jo(2) < Jo(71,p1, 5, o) Vs € Ay,
Ey [J2(2)] = J2(2) < Jo(fr1, P1, T2, p5) Vph € Ay,
Thus we have shown that Z = (@1, p1, T2, p2) is a Nash equilibrium for the 4-player game. By

invoking Propostion 1 we derive our result that (71, 7o) must be a RQE for the original risk-adjusted
game. O

We now present two corollaries that specialize the results to specific risk metrics and quantal responses.
In the first, we look at the case where players use entropic risk and log-barrier regularizers.

Corollary 8.1. Suppose the players are risk-averse in the entropic risk metric with parameters Ty
and Ty respectively, meaning that their risk-adjusted losses are given by:

1
fi(mi,ma) = sup —7i Rip1 — fKL(prz) fa(m1,ma) = sup w3 Rops — fKL(pzﬂrl)
p1EA2 p2E€AL

If they respond in the space of quantal responses generated by the log-barrier regularizers with
parameters €1 and eo respectively, and if e1 > P, then, for any R1, Ry the players can compute
an RQE by using no-regret learning.
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In the second corollary we look at the case when players make use of the reverse KL penalty function
and logit quantal responses.

Corollary 8.2. Suppose the players are risk-averse and make use of the reverse-KL as a penalty
function to give rise to their risk metric with parameters T and o respectively. Their risk-adjusted
losses are given by:

fi(m,m) = sup —m{ Ripy — *RKL(pl,Wz) fomy,ma) = sup w5 Rops — *RKL(m,?Tl)
p1EA2 p2€AL

If they respond in the space of quantal responses generated by the negative entropy regularizor with
parameters €1 and eo respectively, and if ey > then, for any Ry, R the players can compute

— €272
an RQE by using no-regret learning.

Proof. The proof of these corollaries result comes from the fact that for £* = %, the function
H(p,m) = LRKL(p,7) — &v(m) is concave in 7 for all p if £ > L. Thus, choosing £* = £ and
invoking Theorem 5 completes the proof. O

Note that the proof of this corollary is the same as that of Corollary 8.1 and so we only provide one
proof for both.

E.3 Computing RQE in n-player General-Sum Games

We now extend our result to the computation of RQE in n-player games. This requires stronger
assumptions on the players’ risk preferences and bounded rationality parameters. Nevertheless, we
once again show that a large class of RQE is computationally tractable in this class of games.

To do so we now define H;(p;, m—;) = D;(pi, m—i) — >_;4; &ijv5(m;). Foralli, j € {1,...,n} let
&; ;> 0 be the smallest values of &; ; such that H;(p;, 7—;) is concave in 7). Again, the parameters
& ¥ capture the player’s degrees of risk aversion. The following theorem gives a general condition
under which an RQE is computable using no-regret learning.

Theorem 9. Assume the penalty functions that give rise to the players’ risk preferences D; (-, -) are
Jjointly convex in both of their arguments. If o is a CCE of the Zn—player game with §; j = & ; for
alli,j € {1,...,n} andforalli=1,...nwehave e; > >, ,, &, then & = E,[r] is a RQE of the
risk-adjusted n-player game.

Jv

Proof. To prove this, we show that (7, p) is a Nash equilibrium of the 2n-player game and then
invoke Proposition 1 (where 7 = E, [7], p = E,[p)).

We focus on J; and .J;. We first note that J; is (strictly) convex in 7; for all fixed p, 7_; and jointly
concave in p, m_; for all fixed 71 by assumption. Thus, via Jensen’s inequality, we have that:

EO'[Ji(ﬂ-apH S Ji(ﬂ-gaﬁ-—lﬁﬁ) Vﬂ-; S AAi

Similarly, we note that for §; ; = 5; s J; is jointly concave in 7, p_;, such that:

]Eo'[jl(ﬂ-7p)] < L(ﬁap;,ﬁfﬁ Vp; € P7i~

We can now take a sum of the 2n utility functions to find that:

ZJz(fﬂﬁ) + 171(7}713) 2 ZEU[JZ'(WJ))} + Ea[ji(ﬂ—ap)]

> &= > & | Bolvi(m)]

i=1 J#i

> 6i— Y & | vil#)

i=1 J#i



n
i=1
where we used the assumed condition on €; to guarantee convexity of the functions of 7; in the second
line, allowing us to use Jensen’s inequality to derive the third line.

Thus we have shown that:

ZJﬁﬁ+Jfrﬁ ZE + Eo |
i=1

i

i(m,p)]

This implies that:
Jl(ﬁ-7ﬁ) = Eo’[*]i(ﬂ-;p)] < Ji(ﬂ-z/ﬁﬁ-fiaf)) Vﬂ-: € AAi

jz(ﬁ—vﬁ = Eo’[ji(,frap)] < jl(ﬁ—vp;,?ﬁfz) vp; € ,Pfi~
Thus we have shown that (7, p) is a Nash equilibrium for the 2n-player game. By invoking Proposi-
tion 1 we can observe that 7 must be a RQE for the risk-adjusted game. O

F Computational tractability of RQE in action-dependent risk-averse matrix
games

As in the case of aggregate risk-aversion, to prove our results we again introduce an auxiliary game
that we relate to our risk-adjusted game of interest. In this case, the loss of the original players is
given by:

Ti(mimoi,p) = > mi(§) (—(Rijspig) — Dilpigsmi)) + evi(m). (41)
JEA;
We now associate each player 1 to its intermediate adversary p;. For each player p; their loss function
is given by:

Ji(m,pi) = Z mi(7) ((Ri g, pig) + Di(pij, m—i) mevk k), (42)

JEA;
where p; = {pi ;}jea, Where p; ; € P—;. This is once again a convex game since each player’s loss
is convex in its own argument. Define f; & > 0 as the minimum value of &; j, needed for J;(7, p;) to
be concave in 7 for all values of p; for all i. Note that due to the structure of J the values of & only

depend on properties of the risk metrics under consideration which are captured in D;, and not on the
payoff structure R;.

The following proposition relates the Nash equilibrium of the 2n-player convex game to the RQE of
the action-dependent risk averse game.

Proposition 2. If (7*,p*) is a Nash equilibrium of the 2n-player game, then 7* is a RQE of
Game (8). Furthermore, if 7 is a RQE of the action-dependent risk averse game, then (7*,p*) is a
Nash equilibrium of the 2n-player game, where:

Pig =arg min Ji; (1" pij) (43)

The proof of this result follows by exactly the same arguments as the proof of Proposition 1 and is
therefore omitted for brevity.

Given these results we now prove the equivalent of Theorem 9 for the action-dependent formulation.
We note that by a more careful accounting of terms, a stronger guarantee is possible in the 2-player
regime similar to Theorem 5.

Theorem 10. Assume the penalty functions that give rise to the players’ risk preferences D;(-,-) are
Jjointly convex in both their arguments. If o is a CCE of the n-player game and for each i:

€ > Z fzj
J

then the marginal strategies t; = E, [m;] constitute a RQE of the action-dependent risk-averse game.
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Note that one point of departure for this result from the previous results is that ¢ is now the CCE of
the original 2-player convex game defined on the objective functions fi* and fs52.

Proof. To begin, let o be a CCE of the convex game played on f;*, where:

fi(my, o) = Z mi(j) ( sup  —(Ry;,pi;) _Di(pi,jaﬂ'—i)> + €v(m;).

GEA; pi,; EP—i

By definition of a CCE, we must have that:
Eo[f (i, m—i)] < Eolfi (mf,m—s)] Vi € Aa,,
forall ¢ = 1,...,n. Given o, we can define a new distribution o’ as (7, p*(7)) where

*(m) = arg min J;(m,p;),

p; (m) gpiGP_i i(m, pi)

with §; ; = £ ;. We now claim that, by construction, o’ is a CCE of the 2n-player game. To see this,
we observe that

Eo [ Ji(mi, m—i, )] = Eo[f5 (mism—i)] < Eo[f{ (7}, m—;)] = Eor [Ji(m}, m—i,p)] V7 € Ay,

where the first equality follows by construction of ¢, the second from the definition of a CCE, and
the third from the fact that the value of p*() only depends on 7_; and not 7.

Similarly, we can show the same result for all the players p;. By simply applying Jensen’s inequality,
we can see that

B 7 20] = B | min (. 1)| < B )] W0 € P
Pi,j
Thus we can observe that ¢’ is a CCE of the 2n-player game. To show that the marginals of 7 in this
CCE are Nash equilibria of the convex game (and thus RQE), we proceed as before. Using the fact
that D(p; j, m_;) is jointly convex in each of its arguments, we can apply Jensen’s inequality to find
that:
Eq [Ji(ﬂ'i, ﬂ-fi,p)] < Ji(ﬂ-ga ﬁ-flﬁﬁ) Vﬂ-: € AAN
where p; ; = E,[p; ;] and 7; = E,[m;]. Similarly, by our choice of §; ; = &; ; we can find that:

Eor [jl(ﬂ-apl)] < jl(’fﬁp;) Vp; eP_;.
Now, we can observe that:

> Ji(Fi F i D) + Ji(F,Di) > B ZJ i iy p) + Ji(, pi)

%

:ZEU' ei_Z£z]
i J

>3 le=> & | vilw)
: j
- Zji(ﬁi,fr_i,ﬁ) + Ji(7,pi),

where the third inequality follows by the Jensen’s inequality. By the same rationale as in the proof of
Theorem 9 we can now conclude that 7 is a Nash equilibrium-joint strategy profile-of the 2n player
game and thus (due to Proposition 2) an RQE of the action-dependent risk averse game. O

Similar to the aggregate risk regime, one can instantiate the previous theorem with specific risk-
metrics and quantal response functions to illustrate the class of action-dependent RQE that are
guaranteed to be computationally tractable. Importantly, this class once again only depends on the
levels of risk averse and quantal response but not on the underlying structure of the game. However,
note that the requirements are more stringent since the requirements on the {*’s are stronger since
they must ensure joint convexity of J;. Nevertheless further algebraic manipulations would allow one
to recover analogues of Corollaries 8.1 and 8.2 for the action-dependent risk case as well. For brevity
we leave these as exercises to the reader.
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