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Abstract

Lipschitz bandits is a fundamental framework used to model sequential decision-
making problems with large, structured action spaces. This framework has been
applied in various areas. Previous algorithms, such as the Zooming algorithm,
achieve near-optimal regret with O(T?) time complexity and O(T') arms stored
in memory, where 7" denotes the size of the time horizons. However, in practical
scenarios, learners may face limitations regarding the storage of a large number
of arms in memory. In this paper, we explore the bounded memory stochastic
Lipschitz bandits problem, where the algorithm is limited to storing only a limited
number of arms at any given time horizon. We propose algorithms that achieve
near-optimal regret with O(T) time complexity and O(1) arms stored, both of
which are almost optimal and state-of-the-art. Moreover, our numerical results
demonstrate the efficiency of these algorithms.

1 Introduction

Multi-armed Bandits (MAB) is a powerful framework used to balance the exploration-exploitation
trade-off in online decision-making problems. Within this framework, a learner sequentially selects
arms (actions, decisions, or items) and learns from the associated feedback, aiming to maximize the
expected total reward within finite time horizons. Some well-known algorithms, such as UCB1 and
Exp3, have achieved near-optimal regret by storing records of all arms in memory. In many bandit
problems, algorithms can access information about the similarity between arms, suggesting that arms
with similar characteristics often yield similar expected rewards. The Lipschitz bandits framework
is a prominent variant that addresses decision-making in large, structured action spaces, where the
expected reward of the arms follows a Lipschitz function. For instance, in recommendation systems,
the arms correspond to items represented by feature vectors. Items with similar feature vectors are
likely to result in similar outcomes or conversions.

Recently, a series of works in the field of online learning have been dedicated to managing scenarios
with large action spaces while maintaining sub-linear memory usage. This direction is driven by the
need to effectively tackle extensive real-world applications such as recommendation systems, search
ranking, and crowdsourcing. In these applications, arms correspond to items, solutions, or models,
which leads to significant memory demands. For instance, in recommendation systems, the learner
faces the challenge of choosing from millions of items, like music and movies, to present to users,
especially in scenarios characterized by limited space or an infinite number of arms. Therefore, the
development of memory-efficient algorithms has become crucial for these applications. In recent
years, substantial efforts have been made to address the challenge of bandits with limited memory
(Assadi & Wang, 2020; Jin et al., 2021; Maiti et al., 2020; Agarwal et al., 2022; Assadi & Wang,
2022; Wang, 2023; Assadi & Wang, 2023a). However, previous research has mainly focused on
unstructured action spaces, often overlooking the fact that in these applications, arms with similar
characteristics tend to yield similar expected rewards.
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Table 1: Comparison with State-of-the-art Lipschitz Bandits Algorithms

Algorithm Regret Time complexity = Space complexity
Zooming(Kleinberg et al., 2019) O T 0 (T?) o(T)
HOO(Bubeck etal,, 2011a) O T+ O(TlogT) o(T)
MBAD(Ours) O (T O(T) 0()

One general approach to solving Lipschitz bandits is through discretizing the structured action space.
Algorithms based on uniform discretization have been shown to achieve optimal worst-case regret up
to a logarithmic factor (Kleinberg, 2004). Another strategy, adaptive discretization, progressively
‘zooms in’ on more promising regions of the action space, yielding near-optimal problem-dependent
regret (Kleinberg et al., 2019). However, existing algorithms like the Zooming algorithm necessitate
O(T) stored arms in memory and O(7'?) time complexity for stochastic Lipschitz bandits (Kleinberg
et al., 2019; Feng et al., 2022), which may be impractical for many real-world applications. In
this paper, we consider a typical scenario where the learner operates within the stochastic bandits
framework over a Lipschitz action space while facing constraints on the number of arms that can be
stored in memory.

The limited memory constraint and large structured action space present several challenges, necessi-
tating a nuanced approach to effectively balance exploration and exploitation under uncertainty. One
key challenge is the propensity to over-exploit suboptimal arms retained in memory, leading to high
regret. Conversely, reading new arms into memory risks discarding potentially valuable arms. In
scenarios with infinite actions, the vast search space requires numerous samples to ensure adequate
exploration. The structured nature of the action space demands that algorithms focus on zooming in
on more promising regions, but space constraints limit the learner’s capacity to acquire comprehensive
knowledge about the metric space. Traditional full-memory algorithms start by dividing the action
space into many small subcubes, a process known as discretization. Each cube is treated as an arm,
and in each round, the algorithm updates the average estimate of the selected cube’s reward based on
feedback. It then compares this estimate against all other cubes in the storage space through various
computational methods.

1.1 Our Contributions

Our primary insight revolves around two key aspects: metric embedding and pairwise comparisons.
Metric embedding involves mapping elements from one metric space to another while preserving
distance relationships as closely as possible. Our algorithm effectively maps the metric space to a tree,
where each node represents a cube. Traversing this tree is analogous to navigating the entire metric
space. Pairwise comparisons of arms reduce memory complexity. Instead of constantly covering the
entire space, our approach considers all subcubes as a stream. From this stream, we continuously
select cubes for pairwise comparisons, gradually converging to the optimal region.

Based on this insight, we introduce two algorithms: the Memory Bounded Uniform Discretization
(MBUD) algorithm and the Memory Bounded Adaptive Discretization (MBAD) algorithm. The
MBUD algorithm employs a uniform discretization strategy combined with an Explore-First approach.
In this method, all cubes are of the same size. The algorithm prioritizes selecting a near-optimal
arm following an exploration phase and allocates the remaining rounds to exploitation, achieving
near-optimal worst-case regret. The exploration phase consists of “cross exploration phases” and the
“summarize phase”. During the cross exploration phases, exploration is confined to a subset of cubes
to gather information about the optimal arm while minimizing regret. The summarize phase explores
all cubes to pinpoint the optimal arm’s location.

The MBAD algorithm utilizes an adaptive discretization strategy, incorporating a round-robin playing
approach. This allows for subcubes within subcubes, organizing the entire action space into a tree
structure. The algorithm selectively focuses on more promising regions of the action space, thereby
attaining near-optimal instance-dependent regret. Each node in this structure represents a subcube,
with parent and child nodes corresponding to subcubes and their subdivisions, respectively. Traversal
involves transitioning from a node to its child and navigating through a parent node’s children to the
next subcube. Pruning prevents over-zooming through two conditions: discarding inferior cubes with
high confidence and establishing a lower bound on cube edge length, which decreases as exploration
progresses. These conditions ensure efficient exploration without over-zooming.
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Overall, our contribution lies in pioneering memory-efficient algorithms for large structured action
spaces, particularly within Lipschitz metric spaces. We introduce the MBUD and MBAD algorithms,
which achieve near-optimal regret while requiring storage for only the best-estimate arm for exploita-
tion and one additional arm for exploration. This means only two arms need to be stored in memory,
regardless of the problem’s scale. Furthermore, each algorithm exhibits O(T") time complexity,
indicating that their execution time scales linearly with the number of rounds.

1.2 Related Work

Lipschitz bandits. Multi-armed bandits is one of the most classical frameworks to model the
trade-off between exploration and exploitation in online decision problems. The Lipschitz bandits
framework considers the large, structured action space in which the algorithm has information on
similarities between arms. The model was first introduced by Agrawal (1995) with interval [0, 1].
The near-optimal upper and lower bounds for the worst case were provided in Kleinberg (2004)
via the uniform discretization strategy. Subsequent work (Kleinberg et al., 2019) proposed the
zooming algorithm, achieving near-optimal instance-dependent regret for the problem and studying
the extension for the general metric action space. Several other works have established regret bounds
for the stochastic reward feedback setting (Bubeck et al., 2011a; Magureanu et al., 2014; Lazaric
et al., 2014). Other works have also extended the results to the adversarial version (Podimata &
Slivkins, 2021; Kang et al., 2023), contextual setting (Slivkins, 2014; Krishnamurthy et al., 2019;
Lee et al., 2022), ranked setting (Slivkins et al., 2013), contract design (Ho et al., 2014), federated
X-armed bandit (Li et al., 2024a,b), and other settings (Bubeck et al., 2011b; Lu et al., 2019; Wang
et al., 2020; Grant & Leslie, 2020; Feng et al., 2022; Xue et al., 2024).

Memory-efficient learning. Another line relevant to this paper is online learning with memory
constraints. Liau et al. (2018) considered stochastic bandits with constant arm memory and proposed
an algorithm achieving an O(log 1/A) factor of optimal instance-dependent regret, where A is the
gap between the best arm and the second-best arm. Chaudhuri & Kalyanakrishnan (2020) studied
stochastic bandits with M stored arms and showed there is an algorithm with regret O(K M +

(K3/2/T)/M). Subsequent work (Agarwal et al., 2022) provided an algorithm achieving regret
O(V/KTlogTloglogT). In addition to the bandits problem, there are also many works about
other online learning problems. Srinivas et al. (2022); Peng & Zhang (2022) showed the trade-off
between regret and memory for the expert problem. More pure exploration models with memory
constraints were considered in Assadi & Wang (2020), including the coin tossing problem, noisy
comparisons problem, and Top-K arms identification. Previous works on bandits with limited
memory have not considered structured action spaces and could not deal with infinite actions. There
are some other works on memory-efficient online learning (Peng & Rubinstein, 2023; Assadi &
Wang, 2023b). Beyond the online learning setting, the memory-efficient learning problem was solved
in different situations, including statistical learning (Steinhardt et al., 2016; Garg et al., 2017; Raz,
2017; Garg et al., 2019; Sharan et al., 2019; Lyu et al., 2023), convex optimization (Marsden et al.,
2022; Blanchard et al., 2023a,b; Chen & Peng, 2023), estimation problems (Acharya et al., 2019;
Diakonikolas et al., 2022; Berg et al., 2022), parity learning (Raz, 2019; Kol et al., 2017), and other
learning problems (Hopkins et al., 2021; Brown et al., 2022; Chen et al., 2022).

2 Problem Setup and Preliminaries

Notations. In this paper, we use bold fonts to represent vectors and matrices. For a positive integer
T, we use [T to denote the set {1,2,...,T}. For aset X, we use |X| to denote its cardinality. For a
random variable Z, we use E[Z] to denote its expectation. For an event £, we use P[£] to denote its
probability.

2.1 Problem Setup

We formally define the Lipschitz bandits problem below. Given 7" rounds, dimension d, and arm space
X =[0,1]%, each arm & € X is associated with an unknown reward distribution D,,. In each round
t € [T, the algorithm selects an arm z; € X" and obtains a scalar-valued reward feedback r; € [0, 1],
which is a sample from the reward distribution D,,. The expected reward p(-) of the reward
distribution satisfy the Lipschitz condition: |pu(z) — p(y)| < L- |z —y| Va,y € X. And we call L
the Lipschitz constant. Then a problem instance is specified by the known number of time horizons 7',
known Lipschitz constant L, and unknown mean reward ((-). For the purposes of simplification in our
proofs, we assume L = 1. The algorithm aims to maximize the expected total reward E[ ", el 4]
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We use regret to measure the performance of the algorithm compared with the expected total reward
of the best-fixed arm in action space X: Ry (7)) = T - sup,cy u(z) — E {Ztem rt} .

Then we present the memory model employed in the paper. The algorithm operates by selecting
arms from the memory and pulling them. When the memory reaches the capacity and the algorithm
attempts to choose a new arm, it becomes necessary to discard at least one arm from the memory.
Consequently, any statistical information associated with the discarded arm, including its index, mean
reward, and number of pulls, is forgotten and will not be retained thereafter. We measure the space
complexity of the algorithm by the hard constraint for the number of arms stored in the memory. This
constraint aligns with the assumption of having oracle access to the input arm, as commonly defined
in streaming problems.

2.2 Covering Dimension and Zooming Dimension

Then we provide some technical tools that are used in this paper and introduce the covering dimension
and zooming dimension for one action space X. We use the definitions in (Slivkins, 2019) and provide
them below. Notice that the Lipschitz bandits problem is defined in an infinite-action space. We
select a fixed, finite discretization actions space S C X. Let {X1,..., Xn}A; C X] be an cover
of the action space X. Let ¢ denote the maximum diameter of X; for all ¢ € [N]. Then the arm set
S = {a;|x; € X, i € [N]} is an e-mesh. The covering dimension d of the action space X’ is defined
as d = inf,>0 {|S| < €7, Ve > 0}. Let p, := sup, ¢y () denote the expected per-round reward
of the optimal arm in space X’ and A(z) := p% — p(x) denote the gap between arm x and the optimal
arm. Define V; = {z € X : 277 < A(z) < 2'77,j € N}, then set ), contains all arms whose gap
is between 277 and 2! ~7. Consider the e-mesh S; for space ;. Then the zooming dimension d for
the action space X' is d, = infg>¢ {|Sj| <P e=277Vj¢ N}.

Covering dimension is a property of the action space while the zooming dimension is a property of
the instance. Notice that we always have d, < d. This is because the covering dimension considers
the e-mesh of the entire action space X, whereas the zooming dimension focuses only on the set )/;.
The covering dimension is closely related to other notions of dimensionality in a metric space, such as
the Hausdorff dimension, capacity dimension, and box-counting dimension, all of which characterize
the covering properties in fractal geometry. Similarly, the zooming dimension is another measure
used to evaluate the structure of a metric space. Both of these dimensions are widely utilized in the
field of Lipschitz bandits. For further details and alternative formulations regarding the covering
dimension and zooming dimension, refer to (Kleinberg et al., 2019).

3  Warm Up: Uniform Discretization Algorithm

This section provides the intuition, specification, and theoretical analysis of the Memory Bounded
Uniform Discretization (MBUD) algorithm (shown in Algorithm 1) for the stochastic Lipschitz
bandits problem.

Algorithm overview. To facilitate our discussion, we begin by outlining the core idea behind the
algorithm. This algorithm employs a uniform discretization strategy and adopts an Explore-First
methodology, which endeavors to identify a near-optimal arm following the exploration phase and
dedicates the remaining rounds to exploitation. Throughout the exploration stage, the algorithm allo-
cates two units of memory space: one for storing the best-estimated arm and another for temporarily
holding a newly read arm. Note that the best-estimated arm serves a dual purpose: it is not only
crucial for the exploitation phase but also enables the swift identification of sub-optimal arms.

The exploration phase in Algorithm 1 is divided into [loglogT'| phases, further structured into
two main segments: the ‘cross exploration phases’ and the ‘summarize phase’. During the initial
[loglog T'] — 1 phases, the algorithm iterates over the arms within the discretized action space to
minimize regret. Exploration is limited to a subset of cubes at a time, allowing the algorithm to
gather information about the optimal arm while minimizing regret. In the final phase, termed the
‘summarize phase’, the algorithm revisits all arms within the uniform discretization space. Overall,
each arm is read into memory twice to ensure thorough evaluation. Furthermore, we implement a
budgeting strategy for each phase, wherein the total number of pulls across all arms is constrained by
a predefined budget. The goal is to select the optimal arm with high probability after accumulating
sufficient information during the previous phases. This structured approach balances exploration and



192
193

194
195

197
198
199
200
201

202
203
204
205
206
207

208
209
210
211

212
213
214
215
216
217
218

219
220
221
222

Algorithm 1 Memory Bounded Uniform Discretization (MBUD)

Input: arm space X’ = |0, 1]d, time horizon 7', parameter c.

B log T 1/(d+2)
1:yeO,ryEO,nyeo,B_lel,e:(T> , 0+ [loglogT] — 1.
2: forp=0,--- ,¢p—1do

3: Bp — w/TBp_l.

4 forqg=1,---, || do

5 Generate a new cube C' <~ CROSSCUBE(9, €, p, q), and select a arm « from C.
6: (y,7y,ny) < COMPARE(c, &, Y, Ty, Ny, €By).

7 end for

8: end for

9: forq=1,---, e do

10:  Generate a new cube C' <+ GENERATECUBE(e, ), and select a arm « from C.
11:  (y,7y,ny) < COMPARE(c, T, y, 7y, Ny, €Bg_1).

12: end for

13: Play arm y until the end of the game.

Algorithm 2 CROSSCUBE
Input: number of phases ¢, edge-length €, parameters q.
11 Ky < maxgen{k? < @}, ko + maxpen{k? < [pe |}
2: Letnode + €G4 (p, k1) + %gd (g, k2), then the cube could be determined by node and e.

exploitation under memory constraints, aiming to quickly identify the optimal arm while minimizing
the sampling of suboptimal arms. The specifics of this approach will be detailed subsequently.

Exploration strategies. For the cross exploration phases, the gap between neighboring arms is
€ (¢ defined in Algorithm 1). There are O(e~%) cubes (arms) in the discretization action set,

) of them.

We generate a new cube by using the function G4(a, b), a,b € N which converts the integer a to a
d-dimension vector. And the i-th entry of the vector is the i-th right-most digit in base b. To aid
understanding, we offer several examples: G3(3,2) = (0,1,1), G5(1208,26) = (1,20, 12), and
G2(1208,26) = (20, 12). The function could be done by a succession of Euclidean divisions by b.
For the summarize phase, the gap is € and all cubes in the discretization set are explored.

which is an e-mesh of X'. Each cross exploration phase will only explore O (m

The CROSSCUBE function generates cubes for the cross exploration phases by calculating parameters
based on the number of phases and the edge-length of the cubes. Specifically, CROSSCUBE generates
a new cube using a combination of two geometric sequences. It first calculates the parameters
and k4 as the maximum integers such that ke < ¢ and k< [gbe’dj , respectively. The function then
determines the cube’s position using these parameters and the edge-length €. The cube is defined

by a node position generated by eG4 (p, <1) and \%gd(q, k2), where G4 is a geometric sequence

generator that converts an integer to a d-dimensional vector. The GENERATECUBE function is similar
to CROSSCUBE but is used during the summarize phase to generate cubes without considering the
phases. It calculates the parameter  as the maximum integer such that k% < |e~¢]. The cube is then
determined by the edge-length ¢ and a node position generated by €G,(q, ).

Compare strategy. Then we introduce the compare strategy, which is also useful for the MBAD
algorithm described in the following section. The algorithm always selects the arm with the fewest
pulls in the memory. After sufficient samples, it will eliminate one sub-optimal arm based on its
upper confidence bound and then generate a new arm (i.e., read a new arm into the memory). Notice
that the algorithm may prioritize two sub-optimal arms with a small gap. Therefore, there is a cap
on the number of pulls each phase for any arm. It helps the algorithm in striking a balance between
exploration (read a new arm) and exploitation (play arms in memory).

The algorithm maintains three statistics for one arm in memory: the index x, the mean reward
estimator 7, and the number of pulls n,. The constant c is an exploration and exploitation balancing
parameter. In the exploration part, there are [loglog 1] phases. Let B, be the budget of samples for
the p-th phase. We use y and z to denote the best-estimated arm and the new arm in the algorithm,
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Algorithm 3 GENERATECUBE
Input: edge-length €, parameters q.
I: K+ maxpen{k? < [e7?]}.
2: Let node « €G, (g, k), then the cube could be determined by node and e.

Algorithm 4 COMPARE
Input: constant ¢, arm x and y, 7y, 1y, b.
1: 7, < 0,n, < 0.
2: while n, < born, < bdo
3:  Pull the least played arm between x and y. If there is no single least played arm, select a
random arm.
Update 75, Ny, Ty, Ty

if min{7, + \/(clogT)/ng, 1} < max{r, —+/(clogT)/n,,0} then

4
5:
6: Break and return (y, 7y, ny).
7
8

else if max{r, — \/(clogT)/n,,0} > max{7, —\/(clogT)/n,,0} then
: Break and return (z, 7, ny;).
9: endif
10: end while
11: Return (y, 7y, ny).

respectively. If the upper confidence bound (UCB) of arm = is less than the lower confidence bound
(LCB) of arm y, then « is suboptimal with high probability. If the LCB of y is less than the LCB of
arm z, then x is not too bad with high probability. For the remaining cases, we could choose either x
or y, and we choose arm y at the end of the algorithm.

Flowchart. In Appendix A.l, we include a flowchart that illustrates the operation of the algorithm.

Theoretical result. The computational workload of the MBUD algorithm is characterized by a
constant per-round operation, leading to a total time complexity of O(T'), where T represents the
number of rounds. Regarding space complexity, the MBUD algorithm necessitates the storage
of merely two arms in memory at any given time. Additionally, the space requirements for the
GENERATECUBE and CROSSCUBE subroutines are minimal, each consuming O(1) units of space
in terms of arm storage. Consequently, the overall space complexity of the algorithm is O(1).

We provide the theoretical result below and provide the details of the theoretical analysis in Appendix
B. The result recovers the worst case regret in previous work and recovers the lower bound up to a
logarithmic factor (Kleinberg, 2004).

Theorem 1. For the stochastic Lipschitz bandits problem with metric (X, D) and time horizon T,
where X = [0,1]% and D is a known metric function. Algorithm I uses O(1) stored arms and

achieves regret
d+1

Rx(T) < O(T+2),

where d is the covering dimension of space X.

The theoretical analysis is mainly based on the ‘clean event’, which holds that the observed mean
average is a good estimator for the expectation with high probability. At a high level, the analysis
shows that the deviation between the mean estimator of the best-estimated arm y and the optimal
expected reward p% is small enough when p > 1. Then the sub-optimal arms could be discarded
quickly, which helps us to bound the incurred regret of sub-optimal arms and the exploitation phase.
We bound the expected regret during all time horizons by considering the discretization error, the
incurred regret of all sub-optimal arms during the exploration, and the sub-optimality of the selected
arm before the exploitation together.

4 Adaptive Discretization Algorithm

This section provides the main idea, specification, and theoretical analysis of the Memory Bounded
Adaptive Discretization (MBAD) algorithm (shown in Algorithm 5).

6
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Algorithm 5 Memory Bounded Adaptive Discretization (MBAD)
Input: time horizon T, constant c.

1: y < 0,7, « 0,n, < 0, By + VT.
2: forp=1,2,...do

B log 7\ 1/ (d+2)
xeo,rweo,nweo,bpeBp-( %) )

3
4 ADAPTIVECUBE(4, 1).
5: Bpy1 + BplogT.

6: end for

Algorithm 6 ADAPTIVECUBE

Input: parameters m, g, edge-length e = 27,
1: K < maxpen{k? < [e7¢]).
node < eG4 (g, k), then the cube C could be determined by node and e.
Select a arm « from C.
if ¢ + 1 < 2™ and the output of COMPARE(c, Z, y, 7y, 1y, 20e ~2) is arm y then
check the next cube with parameters m and q + 1.
else if 20e =2 < b, then
(y,7y,ny) + COMPARE(c, T, Y, Ty, ny, 20 2).
Equally partition the cube C into 2¢ subcubes and check the first subcube.
end if

R A A S

Algorithm overview. We begin with some intuitions. The MBUD algorithm achieves near-optimal
regret in the worst case but fails to leverage the beneficial structure of ‘nice’ problem instances.
To address this, we present the MBAD algorithm, which is based on adaptive discretization, and
establish a near-optimal instance-dependent upper bound. The idea behind adaptive discretization is
straightforward: the algorithm should focus more on promising regions. For instance, the zooming
algorithm approximates the expected rewards over the action space and explores more in regions
with a high probability of yielding high rewards. However, due to memory constraints, the algorithm
cannot obtain a comprehensive picture of the action space over time. To overcome this obstacle, the
MBAD algorithm employs a “round robin” strategy, storing the best-estimated arm as the next read
arm in memory. Unlike the MBUD method, which chooses predetermined steps, the MBAD algorithm
selects the next read arm based on the confidence radius of the arms in memory. Consequently, steps
are smaller and probes (newly picked arms) are more numerous in promising regions.

Exploration strategies. The ADAPTIVECUBE subroutine is the cornerstone of the MBAD algo-
rithm, functioning as a recursive mechanism to navigate and leverage a cubic region within the
decision space. This procedure dynamically adjusts the exploration granularity based on observed
rewards and predetermined sampling constraints. Initially, the algorithm selects a cube C' for ex-
ploration. If this cube is deemed sub-optimal compared to the optimal estimated arm stored in
memory (denoted as arm vy), the algorithm discards this cube in favor of exploring a subsequent
cube, following the generation rules outlined in the GENERATECUBE subroutine described in the
MBUD algorithm (Section 3). Conversely, if the cube shows promise, the algorithm proceeds to
explore within it, subdividing it into smaller subcubes for more detailed exploration. Each exploration
phase is governed by a specific sample budget, which regulates the granularity of exploration to
prevent excessive sampling of sub-optimal arms in the early stages. This adaptive exploration process
continues until the entire action space has been thoroughly explored. The decision-making process
is inherently dynamic, constantly evolving based on past actions to enhance the efficiency of future
exploration and exploitation efforts.

To prevent the MBAD algorithm from “over-zooming”, we implement two stop conditions. The first
condition discards the current cube in favor of a new one once we are highly confident that the current
cube is inferior to the best cube we’ve explored (see lines 4-5 of Algorithm 6). The second condition
sets a lower bound on the edge length of the cube to be explored in each round, which gradually
decreases as exploration progresses (see line 6 of Algorithm 6). These conditions together ensure the
algorithm avoids over-zooming. In the initial learning phase, our knowledge of the optimal cube is
limited, making it challenging to effectively distinguish suboptimal cubes using only the first stop



285
286
287

288
289

290
291
292
293
294

296
297
298
299
300
301
302
303

305
306
307
308
309
310
311
312

313
314

315

316
317

319
320

321
322

323

324
325
326
327
328
329
330

332
333

condition. However, the second condition, with a larger initial lower bound on cube edge length,
prevents over-zooming. As the learning process advances, the algorithm can more reliably eliminate
suboptimal cubes, thus avoiding over-zooming on them.

Flowchart and algorithm description. Due to page limitations, Appendix A.2 contains a flowchart
illustrating the operation of the algorithm along with its description.

Theoretical result. Analyzing the space complexity of the MBAD algorithm and its ADAPTIVE-
CUBE subroutine requires careful consideration due to the subroutine’s recursive nature. Specifically,
the conditional logic that triggers further recursion or partitioning into 2¢ subcubes adds layers of
complexity. Within the ADAPTIVECUBE subroutine, each recursive invocation contributes to the call
stack, with space consumption directly proportional to the recursion depth. The space required to
sustain the state of each cube, alongside the recursive call stack within ADAPTIVECUBE, implies
a complexity that scales linearly with recursion depth, complemented by constant overheads for
variables preserved at each recursion level. Nonetheless, the algorithm’s design allows for the direct
computation of all parent and neighboring cube information from the current cube’s coordinates and
edge length, obviating the need for multiple cube storage in memory. Consequently, only a single
cube needs to be maintained at any time during the ADAPTIVECUBE process, affirming a space
complexity of O(1) for the MBAD algorithm. This space complexity analysis directly informs the
algorithm’s time complexity. Similar to the MBUD algorithm, the overall time complexity of the
MBAD algorithm remains linear with respect to the total number of rounds.

As a by-product of the MBAD algorithm, we introduce a simpler, more practical algorithm for
scenarios where d, < 1. Detailed descriptions and theoretical analyses of this algorithm can be
found in Appendix D. We provide the theoretical result below and elaborate on the details of the
theoretical analysis in Appendix C. The result establishes the optimal instance-dependent upper
bound, up to a logarithmic factor, for the stochastic Lipschitz bandits problem. Previous works
(Slivkins, 2014; Kleinberg et al., 2019) have already established related lower bounds, indicating that
our work achieves near-optimal regret. While there are other forms of results, such as those presented
in work (Magureanu et al., 2014), we believe that adopting one form is sufficient to demonstrate the
near-optimal performance of our algorithm.

Theorem 2. For Lipschitz bandits with time horizon T and Lipschitz constant L, Algorithm 5 with
¢ > b achieves regret

~ d.+1
Rx(T) < O(T%+2),
using O(1) stored arms, where d, is the zooming dimension of space X.

We also mainly consider the clean event. The algorithm plays in a ‘round-robin” manner. There are at
most O(log T') phases because of the delicate design of the budget for each phase. For each phase,
we show that the deviation between the mean reward of the best-estimated arm and optimal expected
per-round reward 1} is small. Then the algorithm could approximately adjust the sub-optimality of
arms and set more probes in more promising regions. Then we prove that the incurred regret could be

bounded by O(T%ré (log T)ﬁ) by bounding the pulls of bad arms according to the definition of
zooming dimension.

5 Numerical Evaluations

In this section, we show the efficiency of our algorithms through a series of numerical simulations.
The baseline consists of three algorithms: the uniform discretization with UCB1 algorithm (UD) and
the zooming algorithm. For the uniform discretization, we pick a fixed e-mesh of the action space
and run the UCBI algorithm only considering the finite uniform discretization action space. The
UCBI algorithm is a popular algorithm for achieving near-optimal regret with finite action space.
Kleinberg (2004) prove that the uniform achieves optimal worst-case regret up to logarithm factors.
The zooming algorithm (Kleinberg et al., 2019) is an implementation of the adaptive discretization
strategy, which deploys more probes in regions deemed more ‘promising’. Theoretical analysis shows
that the zooming algorithm both achieves optimal worst-case regret and instance-dependent regret up
to logarithm factors.
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Figure 1: The results obtained with different time horizons.

We set X = [0, 1] and choose the reward function f(x) = 0.5 — |z — 0.5|. In each round ¢, the
algorithm plays one arm z, and receives a stochastic reward y satisfying

fle)+¢& 0< flr)+¢<1
y=11 fl@)+&>1
0, fl)+¢<0

Specifically, & ~ N(0,0.12) is the Gaussian noise. The MBAD algorithm are only allowed to store
two arms in memory, while there is no memory constraint for the UD+UCB1 algorithm and the
zooming algorithm. All results are averages over 50 runs. Figure | displays the results obtained
across varying time horizons, where the horizontal axis denotes the time horizon and the vertical axis
measures regret. From the figure, we have that MBAD algorithm significantly outperforms the UD
strategy. Additional numerical results are detailed in Appendix E.

6 Conclusion and Discussion

We consider the Lipschitz bandits with limited memory problem. We introduce two novel algorithms:
the Memory Bounded Uniform Discretization (MBUD) algorithm and the Memory Bounded Adaptive
Discretization (MBAD) algorithm, which are predicated on the principles of uniform and adaptive
discretization, respectively. Theoretical analyses reveal that the MBAD algorithm achieves near-
optimal performance with O(1) stored arms and O(T") time complexity, highlighting its efficiency
and practical applicability. Moreover, numerical results show the efficiency of our algorithms.

The Lipschitz bandit problem in higher dimensions is often perceived as a ‘needle in a haystack’
problem. Intuitively, finding the optimal solution in such high-dimensional spaces seems extremely
challenging, but this perception does not always hold in practice. Many scenarios reveal beneficial
structures within Lipschitz bandits, which is why our research emphasizes not only worst-case regret
but also instance-dependent regret. Our proposed algorithm achieves nearly optimal time and space
complexity for both worst-case and instance-dependent regrets.

In practical applications, Lipschitz bandit problems are found in areas such as non-parametric
estimation, model selection in machine learning tasks, and decision-making processes in robotics and
games. Furthermore, research on Lipschitz bandits has inspired algorithmic advancements in other
domains, such as decision trees and tree-based methods, where the principles from Lipschitz bandit
algorithms guide the splitting and growth of trees. Despite these advancements, certain limitations
remain. High-dimensional Lipschitz bandits can still pose significant computational challenges,
especially in cases where the underlying structure is less apparent or more complex. Additionally, the
requirement for sufficient exploration to accurately estimate the optimal arm can lead to increased
computational overhead in large action spaces.

Our algorithm introduces a novel framework that efficiently addresses online decision-making and
balances exploration and exploitation in Lipschitz action spaces. This framework leverages beneficial
structures in the problem space to enhance performance while maintaining computational efficiency.
We hope our approach could make a substantial contribution to the community, especially in areas
that require efficient and effective decision-making under uncertainty.
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A Algorithm Flowchart

A.1 Flowchart for the MBUD Algorithm

The flowchart illustrates the process of the Memory Bounded Uniform Discretization (MBUD)
algorithm, showcasing its core steps and transitions. The algorithm begins by dividing the exploration
phase into [loglog T'| phases, further segmented into cross exploration phases and the summarize
phase.

At the start of the algorithm, the arm space X = [0, 1}‘1, time horizon 7', and parameter c are
initialized. The initial values for variables such as the best-estimated arm y, its average reward
7y, and the number of pulls n, are set to zero. The budget parameter B_ is initialized to 1, and
the discretization parameter e is calculated. Rather than covering the entire space continuously, the
MBUD algorithm treats subcubes as a stream, selecting cubes for pairwise comparisons and gradually
converging to the optimal region.

[0}
o
~
oo

uniform discretization

©
=
S}

11 | 12

a stream of subcubes
CrossCube: generate next

cube during cross exploration
phases

GenerateCube: generate next
cube during the summarize
phase

l — MBUD

/S
BB rap—

obtain the optimal subcube -

Figure 2: Flowchart for the MBUD algorithm

During the cross exploration phases, which encompass the first [loglog 7] — 1 phases, the algorithm
iterates over arms within the discretized action space. In each phase p, the budget parameter B, is

updated to /7' B,,_1. For each ¢ from 1 to | pe~?|, the CROSSCUBE function generates a new cube
C by calculating parameters ;1 and 2 and determining the cube’s position using the edge-length e.
An arm x is then selected from the cube C. The COMPARE function evaluates the selected arm against
the current best-estimated arm y, updating y if necessary based on the comparison of their upper and
lower confidence bounds. In the final phase, known as the summarize phase, the algorithm revisits
all arms within the uniform discretization space. For each ¢ from 1 to |¢~¢|, the GENERATECUBE
function generates a new cube C without considering the phases, using a parameter x to determine the
cube’s position. An arm x is selected from this cube and compared against the current best-estimated
arm y using the COMPARE function, ensuring thorough evaluation. The algorithm culminates by
selecting the best-estimated arm y and playing it for the remaining rounds until the end of the time
horizon.
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si2 A.2 Flowchart for the MBAD Algorithm

513 The MBAD algorithm dynamically adapts its discretization of the action space, focusing more
514 on promising regions to identify the optimal arm with high probability. The flowchart effectively
515 demonstrates how the algorithm narrows down the search space through adaptive discretization.
st6 Initially, the algorithm sets up the necessary parameters and variables. During the cross-exploration
517 phases, the ADAPTIVECUBE function generates and selects arms from cubes. Arrows indicate the
st process of moving to the next cube if y remains the best arm, and the selection and evaluation of
519 subcubes when the comparison budget condition is met.

e adaptive discretization

[+] L] [¢]
e
°1° B E E a stream of subcubes
check the next cube ’ 7
asseenin line 5 of

Algorithmé "7 T"TTTTTTTT 'l ______________________________

/Y
acl ]
aE 7
check the first }

Ak different exploration
phases with different
edge length lower
bounds

/Y
]
B (I I E] —  MBAD

the algorithm will converge to the optimal subcube -

subcube as seen in
line 8 of Algorithm 6

Figure 3: Flowchart for the MBAD algorithm

520 We present the pseudocode. The algorithm begins by initializing key parameters: the time horizon T’
521 and a constant c. Initial values for essential variables include the best-estimated arm vy, its average

s22  reward 7, and the number of pulls n,, all set to zero. The initial budget B; is set to VT. In each

523 phase p, the algorithm initializes a new arm « with zero values for its index, average reward 7, and
) 1/(d+2)
ogT
o .
525 ADAPTIVECUBE function is then called with parameters m = 4 and ¢ = 1, and the budget for the

526 next phase B),1 is updated to By, logT'.

524 the number of pulls n;. The budget for the current phase b,, is calculated as B, - The

527 The ADAPTIVECUBE function is crucial for refining the discretization of the action space and
s28  selecting promising arms. It begins by setting the edge-length e = 27", The function calculates the
s29 parameter  as the largest integer such that k¢ < [e~?|. A node is generated using the geometric
s30 sequence G4(q, ), and the cube C'is defined by this node and e. An arm « is selected from the cube
531 C. If ¢+ 1 < 2™ and the COMPARE function indicates that y remains the best arm after comparison,
s32 the algorithm proceeds to the next cube with parameters m and ¢ + 1. If the comparison budget
sa3  20€~2 does not exceed by, the algorithm updates y using the COMPARE function, partitions the cube
53  C into 29 subcubes, and checks the first subcube.
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B Proof of Theorem 1

d+2)

log T 1/ .. . . .
£ . Similarly, the discretization

T
error is the gap of the best fixed arm benchmarks between two spaces:

Let S denote the e-mesh of the action space where € = (

Dx(S) =T - sup p(z) — T - sup p(z).
TEX z€S
Then the regret could be rewrote as
Rx(T) =Rx(T) + D (S).
We call Dy (S) the discretization error and it could be bounded by
D (S) < Te < T2 (log T) 7.

In the rest of this subsection, we shall prove

a
+
p

For any fixed arm x € S, with probability 1 — T~ ¢:

() — 7| < 1)

By a union bound for all arms and all rounds, (1) holds for all arm z; € S,t € [T] with probability at
least 1 — T%~¢. To ease the reading, we assume ¢ = 5. We call this ‘clean event’ and let £ denote
it. Then we analyze the regret based on the clean event. Let R denote the regret for the p-th phase.
Consider RY, because the number of pulls of all arms in phase 0 is bounded by € By, we have

RY < 2\/T/ loglogT.

Then we consider R, p € [¢ — 1]. Let 1% := sup,cs p1(2) denote the expected per-round reward of
the optimal arm in space S. Let x, and 1, denote the optimal selected arm during phase p and its
expected per-round reward, respectively. From the definition of uniform discretization and Lipschitz

condition, we have
log T\ 1/ (@+2)
Hs = Hy < ( Oj% ) loglog T (2)

for all phase p € [¢ — 1]. To ease the reading, define

loe T 1/(d+2)
P .= < Oj% ) loglogT.

For phase p, we consider the best estimate arm y at the start of the p-th phase. If 7, is discarded in
phase p — 1, according to the stop condition of compare strategy, we have

i N 5logT 5logT . 5logT
> — - > - :
v E e T\ T T T S e 2\ By ¥

For arbitrary discarded arm z, let R? and N? denote the accumulated reward and total number of
pulls during phase p, respectively. Notice that the value of 7, — /(5 log T') /n, is non-decreasing, so

we have
RP 5logT 5logT
X > * _ 2 .
N1\ NT 1T e By,

Combine (2) and (3) together, we get

5logT 5logT
P>2NP | wl_ — - .
Rm - T <Mp—1 Nazc) 1 631171 )
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Let R2 denote the cumulative regret of playing arm x during phase p, we have

5log T 510gT+(I)>

R? < 2NP
r = r ( Nf -1 GBp_l

log T
<2 <\/6N£’ log T + N2, [ 2108 +Nggcp> .

EBp,1

The first term from the gap between the expected reward of best estimated arm and the selected
sub-optimal arm. The second term from the deviation between the best estimated arm and optimal
expected per-round reward of the (p — 1)-th phase. And the last is the discretization error during
phase p — 1. Let S,, denote the set of arms in phase p. According to Jensen’s inequality

Z\ﬁ< |S|ZNP<F

:EES TES,

Then we obtain

S VNE < IS,)/eB, <

herd eloglogT

Consider all selected arms during phase p and the stop condition of the compare strategy, we have

log T
RE<2 ) <\/6Np 1ogT+NP,/5 %8 NP<I>>
p 1

€S,

3B [5logT
< P P 2+v/6logT E v/ N?
~ loglogT ( eB,_1 + ) + 8 = v

< 3B, 5logT+q> 43 6BplogT.
loglogT eBy_1 eloglogT

For the incurred regret by the deviation between the expected reward of best estimated arm and the
selected sub-optimal arm, we have

Z 68, logT <6 6B4—1logT <6 67T logT <0 (Td+2>,
— eloglogT eloglogT eloglogT —

For the incurred regret the deviation between the best estimated arm and optimal expected per-round
reward, we have

2 3B, [5logT 5 log T 5 log T
> < 6861
= loglogT \| €eBp—1 —

For the incurred regret of the discretization error during one phase, we obtain

— loglogT ~ loglogT

Then we consider the total cumulative regret during the exploration part. Let Rf; denote the regret

incurred in the last part. According to that the value of 7, — 1/(5log T') /n,, is non-decreasing and
the relationship between By and By_1, we have

o < i1
RS < RS
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Then the regret incurred by the exploration is
¢ $—1 o
S RE<2Y RL<O(T#7).
p=0 p=0

Consider the selected arm y after the exploration and let RY denote the regret due to selecting it.
According to the stop condition of compare strategy, we have

Then for the regret

Based on the clean event, we have

ERs(T)[€] =RY + > RE < O (T%l) .
p=0
Then the regret is
Rs(T) = E[Rs(T)[€] - P(€) + E[Rs(T)| €] - P(=€)

<[0(TH))(1-1/T) +1

Combine it with the discretization error, then we complete the proof.

C Proof of Theorem 2

To ease the reading, let ¢ = 5. For all arms z; € X and all rounds ¢ € [T], the gap between the mean
reward and the expectation could be bounded with probability 1 — T~

5logT

() — 7| < ,Vt € [T].

Tt
We call this ‘clean event’ £ and mainly analyze the regret based on £. Assume the MBAD algorithm
consume all time horizons during the ¢-th phase. For the stochastic Lipschitz instance, we always
have ¢ < O (101;{% ZT)‘ Let R% denote the regret for the p-th phase. For the first phase, we have
R}Y < N! < B; < V/T. Then we consider Rg, 1 < p < ¢. For phase p, we consider the best
estimate arm y at the start of the p-th phase. If 2, _, is discarded in phase p — 1, according to the
stop condition of compare strategy, we have

N N 5logT 5logT N 5logT
> —/ -/ > — 2/ ,
Ty - /’Lp—l ny nw;_l - /’Lp—l 2 bp71

For arbitrary discarded arm z, let R and N? denote the accumulated reward and total number of
pulls during phase p, respectively. Notice that the value of 7, — /(5 logT") /n, is non-decreasing, so

we have
RP 5logT 5logT
A e R \ B
5logT 5logT
P>2NP | wl_ — — ] .
Rm - T <Mp—1 Nazc) 1 bp,1 )
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Let R2 denote the cumulative regret of playing arm x during phase p, we have

5logT S5logT
RP < 2NP 1/ .
r = z ( Nf; —1 + bp_l >

Similarly, the first term from the gap between the expected reward of best estimated arm and the
selected sub-optimal arm. The second term from the deviation between the best estimated arm and
optimal expected per-round reward of the (p — 1)-th phase. Recall the set

Vi={reX:27" < A(x) <274 i e N},
and the definition of zooming dimension

d, = gr;% {1S;] < O(e®),e = O(277),Vj € N}.

1
Pick § — (#) i \/ivlﬁgj + \/M < O(3), then R < O(3NP). If | /5L > Q(5),

then b, 1 = O(log T)A~2(x). If |/ 55T > ©(6), then N? = O(log T)A~%(x). According the
stop condition of the compare strategy and the definition of zooming dimension, we have

RE, <ONP+ > > RP

1:271>5 x€Y;
< 6NP + O((log T)?)6%T1 < 6T + O((log T)?)5%=+1

dy+1 2
< O(T %=+ (logT)7=+7).
Then we have
¢ 4 )
>, < 30l log 1)) < O
—1 p=1
Based on the clean event, we have

dy+1

¢
E[Rx(T)|E] <> RL < O(T52).

The regret is

Then we complete the proof.

D A Simple Algorithm

We present the pseudocode. The algorithm also maintains the index z, the mean reward estimator
7y, and the number of pulls n, for one arm in memory. The constants ¢ and 7 are two parameters
to balance the exploration and exploitation. For each phase p, the algorithm determines the budget
b, of samples for each probe, the number of total pulls N? during the phase, and the usage factor
Ap obtained after the phase. Once the arm z is discarded, the algorithm chooses the next probe by

adding n+/(clog T') /(n, L?), which is the step size and has the same order as the confidence radius
of arm z.

We have the following theoretical result.

Theorem 3. For Lipschitz bandits with time horizon T and Lipschitz constant L, Algorithm 7 with
¢ > 5and n = 1/3 achieves regret

R (T) < O(T42),

using O(1) stored arms, where d, < 1 is the zooming dimension of space X.
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Algorithm 7 A Simple Algorithm
Input: rounds 7', Lipschitz constant L, constant ¢ and 7

1: y < 0,7, + 0,n, + 0, By + VT.
2: forp=1,2,--- do
x <+ 0, NP < 0.
while z < 1 do
Fy < 0,1, <+ 0,b, < (B,/3)?/3(clog T)/3L2/3.
while n, < b, orn, < b, do
NP ¢ NP 4+ 1.
Pull the least played arm between = and y, and select a random arm if there not exists a
least played arm.
9: Update 75, Ny, Ty, 1y

10 if min{7, + \/(clogT)/ng, 1} < max{r, — +/(clogT)/n,,0} then

11: Break.

12: else if max{r, — \/(clogT)/n,,0} > max{7, — \/(clogT)/n,,0} then

AN U

13: Y= T, Ty < Typy Ny < Ny
14: Break.

15: end if

16: end while

17: x <+ x +n4/(clogT)/(n,L?).

18:  end while
190 Byt < BplogT.
20: end for

D.1 Proof of Theorem 3

The proof closely mirrors that of Theorem 2. To ease the reading, let ¢ = 5 and = 1/3. For all
arms x; € X and all rounds ¢ € [T, the gap between the mean reward and the expectation could be
bounded with probability 1 — T~ 1:

S5logT

() — 72, | < ,Vt € [T].

Tt

We call this ‘clean event’ £ and mainly analyze the regret based on £. For the number of phases ¢,

we always have ¢ < O (lolg(_’lgo ZT)' Notice that the number of total pulls during the phase p,

by
5logT

(Bp/3)*/3(5log T)1/%
5logT e

NP < 3b,L < 3(B,/3)**(5log T)1/3\/

Let Rg denote the regret for the p-th phase. For the first phase, we have R}Y < N!' < By <T.
Then we consider R, 1 < p < ¢. For phase p, we consider the best estimate arm y at the start of the
p-th phase. If 27, is discarded in phase p — 1, according to the stop condition of compare strategy,

we have
_ [5logT [5logT [5logT
>k = — >ur =2 .
v = Ny Naz Hp-1 bp—1

For arbitrary discarded arm z, let R? and NP denote the accumulated reward and total number of
pulls during phase p, respectively. Notice that the value of 7, — /(5 log T') /n, is non-decreasing, so

we have
RP 5logT 5logT
x > * _ 2 .
N1 TV NE—T e T A,
5logT 5logT
P>2NP [ — -/ .
Rm - T <Mp—1 Na:[c) 1 bp,1 )
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Let R2 denote the cumulative regret of playing arm x during phase p, we have

S5logT 5logT
RP < 2NP .
= ( NT-1 7\ bp1>

Similarly, the first term from the gap between the expected reward of best estimated arm and the
selected sub-optimal arm. The second term from the deviation between the best estimated arm and
optimal expected per-round reward of the (p — 1)-th phase. Recall the set

Vi={reX: 27" < Ax) <274 i e N},

and the definition of zooming dimension

d, = égfo{|SJ| <O(P),e=00279),Vj € N}.

e
Pick § — (#)+ if\/slogT n \/5137gT < O(3), then R < O(3NP). If /5L > Q(5),

NP—1
then b,—1 = O(log T)A~2%(x). If |/ ?\;Zg}; > Q(8), then N? = O(log T)A~2(x). According the

stop condition of the compare strategy and the definition of zooming dimension, we have
R, <GNP+ > > RP
1:271>5 TEY;
< ONP + O((log T)?)§% 1 < 6T 4+ O((log T)?)s%=*1
< O(TT (log T) 772,
Then we have

dz+1

¢ ¢
S R <Y O(TTH (log T)2) < O(T'T7),
p=1 p=1

Based on the clean event, we have

dy+1

[
ERx(T)|E] <> RS < O(TT32).

p=1

The regret is
~ dp+1 ~ dz41
R (T) < O(TE2)(1— 1/T) +1 < O(T%42).

Then we complete the proof.

E Numerical Results

Different variances. Keeping other setting of Figure 1(b) unchanged, Figure 4(a-b) present the
results with different variances. For & ~ N(0,0.05?) (Figure 4(a)), the MBAD algorithm achieves
140.2% regret of the zooming algorithm. For ¢ ~ A(0,0.22) (Figure 4(b)), the MBAD algorithm
achieves 149.5% regret of the zooming algorithm. Overall, our algorithm performs better when the
variance is small. Note that the algorithm is based on the ‘successive elimination-style’ strategy and
smaller variances make the algorithm select better arms during comparisons with higher probability.

Uniform noise distribution. Keeping other setting of Figure 1(b) unchanged, Figure 5(a) presents
the results with uniform noise distribution. For £ ~ U/(—0.2,0.2) (Figure 5(a)), the MBAD algorithm
achieves 118.1% regret of the zooming algorithm. The results show that our algorithms work robustly
for different noise distributions.

Quadratic reward function. We also provide the numerical results for different reward functions.
Keeping other setting of Figure 1(b) unchanged, Figure 5(b) presents the results with uniform noise
distribution. For f(x) =1 — 4 x (0.5 — x)? (Figure 5(b)), the MBAD algorithm achieves 132.3%
regret of the zooming algorithm. The results show that our algorithms work robustly for different
reward functions.
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Figure 4: Performance comparisons for Gaussian distribution with different variances.
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Figure 5: Performance comparisons for (a) Uniform distribution; (b) Quadratic reward function.
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1. Claims

Question: Do the main claims made in the abstract and introduction accurately reflect the
paper’s contributions and scope?

Answer: [Yes]

Justification: The main claims in the abstract and introduction accurately reflect the paper’s
contributions and scope as they succinctly outline the problem addressed, the approach taken,
and the novel insights or advancements achieved within the specified research domain.

Guidelines:

The answer NA means that the abstract and introduction do not include the claims
made in the paper.

The abstract and/or introduction should clearly state the claims made, including the
contributions made in the paper and important assumptions and limitations. A No or
NA answer to this question will not be perceived well by the reviewers.

The claims made should match theoretical and experimental results, and reflect how
much the results can be expected to generalize to other settings.

It is fine to include aspirational goals as motivation as long as it is clear that these goals
are not attained by the paper.

2. Limitations

Question: Does the paper discuss the limitations of the work performed by the authors?
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Answer: [Yes]

Justification: The paper discusses the limitations of the work in the Conclusion and Discus-
sion section.

Guidelines:

* The answer NA means that the paper has no limitation while the answer No means that
the paper has limitations, but those are not discussed in the paper.

 The authors are encouraged to create a separate "Limitations" section in their paper.

The paper should point out any strong assumptions and how robust the results are to
violations of these assumptions (e.g., independence assumptions, noiseless settings,
model well-specification, asymptotic approximations only holding locally). The authors
should reflect on how these assumptions might be violated in practice and what the
implications would be.

 The authors should reflect on the scope of the claims made, e.g., if the approach was
only tested on a few datasets or with a few runs. In general, empirical results often
depend on implicit assumptions, which should be articulated.

* The authors should reflect on the factors that influence the performance of the approach.
For example, a facial recognition algorithm may perform poorly when image resolution
is low or images are taken in low lighting. Or a speech-to-text system might not be
used reliably to provide closed captions for online lectures because it fails to handle
technical jargon.

* The authors should discuss the computational efficiency of the proposed algorithms
and how they scale with dataset size.

If applicable, the authors should discuss possible limitations of their approach to
address problems of privacy and fairness.

* While the authors might fear that complete honesty about limitations might be used by
reviewers as grounds for rejection, a worse outcome might be that reviewers discover
limitations that aren’t acknowledged in the paper. The authors should use their best
judgment and recognize that individual actions in favor of transparency play an impor-
tant role in developing norms that preserve the integrity of the community. Reviewers
will be specifically instructed to not penalize honesty concerning limitations.

3. Theory Assumptions and Proofs

Question: For each theoretical result, does the paper provide the full set of assumptions and
a complete (and correct) proof?

Answer: [Yes]

Justification: Yes, the paper provides the full set of assumptions and delivers complete and
correct proofs for each theoretical result, ensuring rigor and thoroughness in the presentation
of mathematical or theoretical findings.

Guidelines:

» The answer NA means that the paper does not include theoretical results.

 All the theorems, formulas, and proofs in the paper should be numbered and cross-
referenced.

* All assumptions should be clearly stated or referenced in the statement of any theorems.

* The proofs can either appear in the main paper or the supplemental material, but if
they appear in the supplemental material, the authors are encouraged to provide a short
proof sketch to provide intuition.

* Inversely, any informal proof provided in the core of the paper should be complemented
by formal proofs provided in appendix or supplemental material.

¢ Theorems and Lemmas that the proof relies upon should be properly referenced.

. Experimental Result Reproducibility

Question: Does the paper fully disclose all the information needed to reproduce the main ex-
perimental results of the paper to the extent that it affects the main claims and/or conclusions
of the paper (regardless of whether the code and data are provided or not)?

Answer: [Yes]
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Justification: Yes, the paper provides all the necessary details for anyone to reproduce the
main experimental results, ensuring transparency and allowing others to validate the claims
and conclusions independently.

Guidelines:

The answer NA means that the paper does not include experiments.

If the paper includes experiments, a No answer to this question will not be perceived
well by the reviewers: Making the paper reproducible is important, regardless of
whether the code and data are provided or not.

If the contribution is a dataset and/or model, the authors should describe the steps taken
to make their results reproducible or verifiable.

Depending on the contribution, reproducibility can be accomplished in various ways.
For example, if the contribution is a novel architecture, describing the architecture fully
might suffice, or if the contribution is a specific model and empirical evaluation, it may
be necessary to either make it possible for others to replicate the model with the same
dataset, or provide access to the model. In general. releasing code and data is often
one good way to accomplish this, but reproducibility can also be provided via detailed
instructions for how to replicate the results, access to a hosted model (e.g., in the case
of a large language model), releasing of a model checkpoint, or other means that are
appropriate to the research performed.

While NeurIPS does not require releasing code, the conference does require all submis-
sions to provide some reasonable avenue for reproducibility, which may depend on the
nature of the contribution. For example

(a) If the contribution is primarily a new algorithm, the paper should make it clear how
to reproduce that algorithm.

(b) If the contribution is primarily a new model architecture, the paper should describe
the architecture clearly and fully.

(c) If the contribution is a new model (e.g., a large language model), then there should
either be a way to access this model for reproducing the results or a way to reproduce
the model (e.g., with an open-source dataset or instructions for how to construct
the dataset).

(d) We recognize that reproducibility may be tricky in some cases, in which case
authors are welcome to describe the particular way they provide for reproducibility.
In the case of closed-source models, it may be that access to the model is limited in
some way (e.g., to registered users), but it should be possible for other researchers
to have some path to reproducing or verifying the results.

5. Open access to data and code

Question: Does the paper provide open access to the data and code, with sufficient instruc-
tions to faithfully reproduce the main experimental results, as described in supplemental
material?

Answer:

Justification: We plan to release this information after the paper’s publication.

Guidelines:

The answer NA means that paper does not include experiments requiring code.

Please see the NeurIPS code and data submission guidelines (https://nips.cc/
public/guides/CodeSubmissionPolicy) for more details.

While we encourage the release of code and data, we understand that this might not be
possible, so “No” is an acceptable answer. Papers cannot be rejected simply for not
including code, unless this is central to the contribution (e.g., for a new open-source
benchmark).

The instructions should contain the exact command and environment needed to run to
reproduce the results. See the NeurIPS code and data submission guidelines (https:
//nips.cc/public/guides/CodeSubmissionPolicy) for more details.

The authors should provide instructions on data access and preparation, including how
to access the raw data, preprocessed data, intermediate data, and generated data, etc.
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786 * The authors should provide scripts to reproduce all experimental results for the new

787 proposed method and baselines. If only a subset of experiments are reproducible, they
788 should state which ones are omitted from the script and why.

789 * At submission time, to preserve anonymity, the authors should release anonymized
790 versions (if applicable).

791  Providing as much information as possible in supplemental material (appended to the
792 paper) is recommended, but including URLSs to data and code is permitted.

793 6. Experimental Setting/Details

794 Question: Does the paper specify all the training and test details (e.g., data splits, hyper-
795 parameters, how they were chosen, type of optimizer, etc.) necessary to understand the
796 results?

797 Answer: [Yes]

798 Justification: The paper clearly outlines essential information needed to understand the
799 results.

800 Guidelines:

801 * The answer NA means that the paper does not include experiments.

802 * The experimental setting should be presented in the core of the paper to a level of detail
803 that is necessary to appreciate the results and make sense of them.

804 ¢ The full details can be provided either with the code, in appendix, or as supplemental
805 material.

806 7. Experiment Statistical Significance

807 Question: Does the paper report error bars suitably and correctly defined or other appropriate
808 information about the statistical significance of the experiments?

809 Answer: [Yes]

810 Justification: Yes, the paper appropriately reports error bars and provides correct definitions
811 or other relevant information about the statistical significance of the experiments, ensuring
812 clarity and accuracy in the interpretation of results.

813 Guidelines:

814 * The answer NA means that the paper does not include experiments.

815 * The authors should answer "Yes" if the results are accompanied by error bars, confi-
816 dence intervals, or statistical significance tests, at least for the experiments that support
817 the main claims of the paper.

818 * The factors of variability that the error bars are capturing should be clearly stated (for
819 example, train/test split, initialization, random drawing of some parameter, or overall
820 run with given experimental conditions).

821 * The method for calculating the error bars should be explained (closed form formula,
822 call to a library function, bootstrap, etc.)

823 * The assumptions made should be given (e.g., Normally distributed errors).

824 * It should be clear whether the error bar is the standard deviation or the standard error
825 of the mean.

826 * It is OK to report 1-sigma error bars, but one should state it. The authors should
827 preferably report a 2-sigma error bar than state that they have a 96% CI, if the hypothesis
828 of Normality of errors is not verified.

829 » For asymmetric distributions, the authors should be careful not to show in tables or
830 figures symmetric error bars that would yield results that are out of range (e.g. negative
831 error rates).

832 o If error bars are reported in tables or plots, The authors should explain in the text how
833 they were calculated and reference the corresponding figures or tables in the text.

834 8. Experiments Compute Resources

835 Question: For each experiment, does the paper provide sufficient information on the com-
836 puter resources (type of compute workers, memory, time of execution) needed to reproduce
837 the experiments?
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10.

Answer: [Yes]

Justification: The paper gives clear details on the computer resources needed for each
experiment.

Guidelines:

» The answer NA means that the paper does not include experiments.

* The paper should indicate the type of compute workers CPU or GPU, internal cluster,
or cloud provider, including relevant memory and storage.

* The paper should provide the amount of compute required for each of the individual
experimental runs as well as estimate the total compute.

* The paper should disclose whether the full research project required more compute
than the experiments reported in the paper (e.g., preliminary or failed experiments that
didn’t make it into the paper).

. Code Of Ethics

Question: Does the research conducted in the paper conform, in every respect, with the
NeurIPS Code of Ethics https://neurips.cc/public/EthicsGuidelines?

Answer: [Yes]

Justification: The research conducted in the paper adheres to the NeurIPS Code of Ethics in
all respects, ensuring ethical standards are met throughout the research process.

Guidelines:

* The answer NA means that the authors have not reviewed the NeurIPS Code of Ethics.

* If the authors answer No, they should explain the special circumstances that require a
deviation from the Code of Ethics.

* The authors should make sure to preserve anonymity (e.g., if there is a special consid-
eration due to laws or regulations in their jurisdiction).

Broader Impacts

Question: Does the paper discuss both potential positive societal impacts and negative
societal impacts of the work performed?

Answer: [Yes]

Justification: The paper discusses societal impacts of the work in the Conclusion and
Discussion section.

Guidelines:

* The answer NA means that there is no societal impact of the work performed.

o If the authors answer NA or No, they should explain why their work has no societal
impact or why the paper does not address societal impact.

» Examples of negative societal impacts include potential malicious or unintended uses
(e.g., disinformation, generating fake profiles, surveillance), fairness considerations
(e.g., deployment of technologies that could make decisions that unfairly impact specific
groups), privacy considerations, and security considerations.

* The conference expects that many papers will be foundational research and not tied
to particular applications, let alone deployments. However, if there is a direct path to
any negative applications, the authors should point it out. For example, it is legitimate
to point out that an improvement in the quality of generative models could be used to
generate deepfakes for disinformation. On the other hand, it is not needed to point out
that a generic algorithm for optimizing neural networks could enable people to train
models that generate Deepfakes faster.

* The authors should consider possible harms that could arise when the technology is
being used as intended and functioning correctly, harms that could arise when the
technology is being used as intended but gives incorrect results, and harms following
from (intentional or unintentional) misuse of the technology.

« If there are negative societal impacts, the authors could also discuss possible mitigation
strategies (e.g., gated release of models, providing defenses in addition to attacks,
mechanisms for monitoring misuse, mechanisms to monitor how a system learns from
feedback over time, improving the efficiency and accessibility of ML).
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11.

12.

13.

Safeguards

Question: Does the paper describe safeguards that have been put in place for responsible
release of data or models that have a high risk for misuse (e.g., pretrained language models,
image generators, or scraped datasets)?

Answer: [NA]
Justification: The paper is a theoretical paper and poses no such risks.
Guidelines:

* The answer NA means that the paper poses no such risks.

* Released models that have a high risk for misuse or dual-use should be released with
necessary safeguards to allow for controlled use of the model, for example by requiring
that users adhere to usage guidelines or restrictions to access the model or implementing
safety filters.

* Datasets that have been scraped from the Internet could pose safety risks. The authors
should describe how they avoided releasing unsafe images.

* We recognize that providing effective safeguards is challenging, and many papers do
not require this, but we encourage authors to take this into account and make a best
faith effort.

Licenses for existing assets

Question: Are the creators or original owners of assets (e.g., code, data, models), used in
the paper, properly credited and are the license and terms of use explicitly mentioned and
properly respected?

Answer: [NA]
Justification: The paper does not use existing assets.
Guidelines:

* The answer NA means that the paper does not use existing assets.
* The authors should cite the original paper that produced the code package or dataset.

 The authors should state which version of the asset is used and, if possible, include a
URL.

* The name of the license (e.g., CC-BY 4.0) should be included for each asset.

* For scraped data from a particular source (e.g., website), the copyright and terms of
service of that source should be provided.

 If assets are released, the license, copyright information, and terms of use in the
package should be provided. For popular datasets, paperswithcode.com/datasets
has curated licenses for some datasets. Their licensing guide can help determine the
license of a dataset.

* For existing datasets that are re-packaged, both the original license and the license of
the derived asset (if it has changed) should be provided.

* If this information is not available online, the authors are encouraged to reach out to
the asset’s creators.
New Assets

Question: Are new assets introduced in the paper well documented and is the documentation
provided alongside the assets?

Answer: [NA]
Justification: The paper does not release new assets.
Guidelines:

* The answer NA means that the paper does not release new assets.

* Researchers should communicate the details of the dataset/code/model as part of their
submissions via structured templates. This includes details about training, license,
limitations, etc.

* The paper should discuss whether and how consent was obtained from people whose
asset is used.
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* At submission time, remember to anonymize your assets (if applicable). You can either
create an anonymized URL or include an anonymized zip file.

14. Crowdsourcing and Research with Human Subjects

15.

Question: For crowdsourcing experiments and research with human subjects, does the paper
include the full text of instructions given to participants and screenshots, if applicable, as
well as details about compensation (if any)?

Answer: [NA]
Justification: The paper does not involve crowdsourcing nor research with human subjects.
Guidelines:

* The answer NA means that the paper does not involve crowdsourcing nor research with

human subjects.

* Including this information in the supplemental material is fine, but if the main contribu-
tion of the paper involves human subjects, then as much detail as possible should be
included in the main paper.

* According to the NeurIPS Code of Ethics, workers involved in data collection, curation,
or other labor should be paid at least the minimum wage in the country of the data
collector.

Institutional Review Board (IRB) Approvals or Equivalent for Research with Human
Subjects

Question: Does the paper describe potential risks incurred by study participants, whether
such risks were disclosed to the subjects, and whether Institutional Review Board (IRB)
approvals (or an equivalent approval/review based on the requirements of your country or
institution) were obtained?

Answer: [NA]
Justification: The paper does not involve crowdsourcing nor research with human subjects.
Guidelines:

* The answer NA means that the paper does not involve crowdsourcing nor research with

human subjects.

* Depending on the country in which research is conducted, IRB approval (or equivalent)
may be required for any human subjects research. If you obtained IRB approval, you
should clearly state this in the paper.

* We recognize that the procedures for this may vary significantly between institutions
and locations, and we expect authors to adhere to the NeurIPS Code of Ethics and the
guidelines for their institution.

* For initial submissions, do not include any information that would break anonymity (if
applicable), such as the institution conducting the review.
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