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Synchronous languages are now a standard industry tool for critical embedded systems. Designers write high-level specifications by
composing streams of values using block diagrams. These languages have been recently extended with Bayesian reasoning to program
state-space models which compute a stream of distributions given a stream of observations. Yet, the semantics of probabilistic models
is only defined for scheduled equations — a significant limitation compared to dataflow synchronous languages and block diagrams.

In this paper we propose a new operational semantics and a new denotational semantics for a probabilistic synchronous language
that are both schedule agnostic. The key idea is to externalize the source of randomness and interpret a probabilistic expression as a
stream of functions mapping random elements to a value and positive score. The operational semantics interprets expressions as state
machines where mutually recursive equations are evaluated using a fixpoint operator. The denotational semantics directly manipulates
streams and is thus a better fit to reason about program equivalence. We use the denotational semantics to prove the correctness of a

program transformation required to run an optimized inference algorithm for state-space models with constant parameters.
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1 INTRODUCTION

Synchronous programming languages [7] were introduced for the design of critical embedded systems. In dataflow
languages such as Lustre [39], system designers write high-level specifications by composing infinite streams of values,
called flows. Flows progress synchronously, paced on a global logical clock. Specialized compilers generate efficient and
correct-by-construction embedded code with strong guarantees on execution time and memory consumption. This
approach was inspired by block diagrams, a popular notation to describe control systems [40]. Built on these ideas,
Scade is now a standard tool in automotive and avionic industries to program safety critical embedded software [20].

The synchronous model of computation is also central for the discrete-time subset of Matlab/Simulink [43].
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Probabilistic languages extend general purpose programming languages with probabilistic constructs for Bayesian
reasoning [8, 25, 36, 37]. Following a Bayesian approach, a program describes a probability distribution, the posterior
distribution, using initial beliefs on random variables, the prior distributions, that are conditioned on observations.

At the intersection of these two lines of research, ProbZelus [5] is a probabilistic extension of the synchronous dataflow
language Zelus [16]. ProbZelus combines, in a single source program, deterministic controllers and probabilistic models
that can interact with each other to perform inference-in-the-loop. A classic example is the Simultaneous Localization and
Mapping problem (SLAM) [49] where an autonomous agent tries to infer both its position and a map of its environment
to adapt its trajectory.

The probabilistic model of the SLAM involves two kinds of parameters. The position is a state parameter represented
by a stream of random variables. At each instant, a new position must be estimated from the previous position and the
observations. The map is a constant parameter represented by a random variable whose value is progressively refined
from the prior distribution with each new observation. This type of problem mixing constant parameters and state

parameters are instances of State-Space Models (SSM) [19]. Any ProbZelus program can be expressed as a SSM.

Probabilistic semantics and scheduling. In the original ProbZelus semantics expressions are interpreted as state
machines [5]. Following [52], a probabilistic expression computes a stream of measures. The semantics of an expression
with a set of local declarations integrates the semantics of the main expression over all possible values of the local
variables. Unfortunately, this semantics yields nested integrals that are only well defined if the declarations are scheduled,
i.e., ordered according to data dependencies.

This is a significant limitation compared to synchronous dataflow languages where sets of mutually recursive
equations are not ordered: a key requirement for commercial synchronous data-flow languages where programs are
written using a block diagram graphical interface. Scheduling should not depend on the placement of the blocks, this
motivates their definition as mutually recursive equations. Besides, the compiler implements a series of source-to-source
transformations which often introduces new variables in arbitrary order. Scheduling local declarations is one of the
very last compilation passes [16]. The semantics of ProbZelus is thus far from what is exposed to the programmer and
prevents reasoning about most program transformations and compilation passes.

In this paper, we show how to extend the schedule agnostic semantics of dataflow synchronous languages [11, 18] for
probabilistic programming. We first define a new operational semantics where sets of equations in arbitrary order can
be interpreted with a fixpoint operator. The key idea of our approach is to interpret probabilistic expressions as a stream
of functions mapping random elements in [0, 1] to a value and positive score. Like its deterministic counterpart [18], this
operational semantics is executable and has the same structure as the compiled code. A drawback of this semantics is
that, at each step, probabilistic state machines compute measures. Proofs of program equivalence must relate measures
of states through successive integrations by exhibiting a bisimulation [50]. We introduce a denotational semantics
which abstracts away the state machines and directly manipulates streams which simplifies reasoning about program
equivalence. This semantics extends the semantics used in the Vélus project to prove an end-to-end compiler for the

synchronous language Lustre [11-13].

Filtering and constant parameters. As a case study we prove the correctness of a program transformation that
is required to run an optimized inference algorithm. To estimate state parameters, Sequential Monte Carlo (SMC)
techniques rely on random simulations and filtering to approximate the posterior distribution, i.e., voluntarily dropping
information to re-center the inference on the most significant estimations. Unfortunately, this information loss negatively
impacts constant parameters estimations.
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proba motion(f) = x where
rec init x = xo and init v = vo

and v = sample(gaussian(last v +. f x. h, sv)) X
and x = sample(gaussian(last x +. last v *. h, sx)) é \
fi
proba tracker(y_obs) = x where X
rec x = motion(f)
and f = current_force(x)
and () = observe(gaussian(g(x), sy), y_obs)
node main(y_obs) = u where @

rec x_dist = infer (tracker (y_obs))
and u = controller(x_dist)

Fig. 1. Tracking a drifting boat with a marine radar in ProbZelus. x; is the position of the boat in Cartesian coordinates at time
t. The speed of the boat v; is computed from the current force f; which depends on the position of the boat. The observation
g(xt) = (az, 8¢) comprises the radar angle a; = atan(x;[1]/x,[0]), and the echo delay &; = 2||x;||/c where c is the speed of light.

Inspired by the Assumed Parameter Filter algorithm [35], we can split the inference into two steps: 1) estimate
state parameters, and 2) update constant parameters. This technique requires a program transformation to explicitly
separate constant from state parameters. A specialized static analysis identifies the constant parameters and their prior
distributions. A compilation pass then transforms these parameters into additional inputs of the model. We use our
denotational semantics to prove the correctness of this transformation, i.e., the transformation preserves the ideal

semantics of the program.
Contributions. In this paper, we present the following main contributions:

e We introduce in Section 4 a new operational semantics and show that sets of mutually recursive probabilistic
equations can be interpreted using a fixpoint operator.

e We introduce in Section 5 a new denotational semantics that abstracts away the state machines and directly
manipulates streams which simplifies reasoning about program equivalence.

e We prove in Section 6 that these two semantics coincide, i.e., they both define the same streams, and that the
operational semantics is equivalent to the original ProbZelus semantics for the subset of scheduled programs.

e We define in Section 7 a program transformation required to run an optimized inference algorithm for state-
space models with constant parameters. We use our denotational semantics to prove the correctness of the

transformation.

2 EXAMPLE

To motivate our approach, consider the ProbZelus program of Figure 1 adapted from [19][Section 2.4.1]. ProbZelus is a
synchronous dataflow language a la Lustre [39] where programs execute in lock-step on a global logical clock. In this
example, a discrete-time probabilistic model is used to track a drifting boat given noisy observations from a marine
radar. At each instant, a rotating antenna sweeps a beam of microwaves and detects the boat when the beam is reflected
back to the antenna. The radar then estimates the position of the boat from noisy measurements of its angle and of the
echo delay. We assume that the strength of the current only depends on the position of the boat.
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Probabilistic model. The keyword proba indicates the definition of a probabilistic stream function. The motion
model (Line 1) takes as input the stream f of the current force and returns the stream of estimated positions using two
noisy integrators to compute the speed v and position x of the boat. Line 3 uses sample to specify that v is Gaussian
distributed around the (discrete) integral of the current force f where h is the integration step, and last v refers to
the previous speed of the boat initialized Line 2 with the init keyword. Similarly, Line 4 specifies that x is Gaussian
distributed around the integral of v.

The tracker model uses the motion model to estimate the position of the boat (Line 7) and computes the current force
from the position using a deterministic function current_force (Line 8). The observe operator (Line 9) conditions the
model assuming that the observations y_obs are Gaussian distributed around g(x), where g estimates the observable
quantities (e.g., angle and echo delay) from the estimated position. The integration step h, the initial values xo and vo,

and the noise parameters sx, sv and sy are global constants.

Inference-in-the-loop. The tracker model can be used to program a deterministic controller. The keyword node
indicates the definition of a deterministic stream function that takes as input the stream of radar measurements and
returns a stream of commands. Line 12, the explicit infer operator computes the stream of distributions x_dist defined
by the probabilistic model tracker conditioned on the observations y_obs. Line 13 is an example of inference-in-the-loop
where the distribution x_dist of estimated positions is used to compute the command u (e.g., using the mean or the

variance of the distribution) that propels the boat which then influences the next observation.!

Mutually recursive equations. The original ProbZelus semantics focuses on a kernel language where local declarations
are all scheduled, i.e., ordered according to data dependencies: an equation x; = e; must appear after x; = e; if e;
uses x; without a last operator [5, Section 3.1]. But imposing a valid schedule is a significant limitation compared to
synchronous dataflow languages which manipulate mutually recursive equations in arbitrary order. In particular, some
programs can only be scheduled after several compilation passes which introduce additional equations to relax the
scheduling constraints. For instance, in the tracker model, x depends on f (Line 7), but f also depends on x (Line 8).
To break this dependency cycle, the compiler must inline the definition of motion to compute x, then f, then v. Such
programs cannot be interpreted with the original semantics. In this paper, we propose a new operational semantics,

and a new denotational semantics that are both defined on programs before compilation and overcome this limitation.

2.1 Operational semantics

We first propose in Section 4 a new operational semantics for ProbZelus inspired by existing probabilistic semantics [10,
38, 45, 48] where the source of randomness is externalized. Following the original ProbZelus co-iterative semantics [5]
expressions are interpreted as state machines characterized by an initial state and a transition function. The interpretation
of expressions depends on the context: probabilistic (e.g., inside the models motion or tracker) or deterministic (e.g.,
inside the controller main). Given the current state, the transition function of deterministic expressions returns the
next state and a value. The transition function of probabilistic expressions takes one additional argument — a random
element for every random variable — and returns one additional output — a positive score, or weight, which measures

the quality of the output w.r.t. the model.

On the motion model of Figure 1, the state of the transition function memorizes (py, px) the previous values of v

and x (required to interpret the last operator).? The additional argument [ry, | contains one random element for

! A more complex motion model could also use the value of the command.
2 After simplifications, omitting empty states for stateless expressions, see Section 4.
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each sample operator, i.e., an element r of the interval [0, 1] that can be mapped to a sample® of a distribution d using
inverse transform sampling [32]. The model computes the samples v and x associated to the random elements, then

returns the new state (v, x) (i.e., the next previous values for v and x), the result x, and a weight 1 (there is no observe).

(motion));tep (fs (pos px); [ro,rx]) = let py = N(po + f X h,50) in let v = icdf , (ry) in (1)
let pxy = N(px + po X b, sx) in let x = icdfﬂx(rx) in

(v,x),x,1

Mutually recursive equations. Following the original co-iterative semantics for dataflow synchronous languages [18]
we interpret mutually recursive equations with a fixpoint operator in a flat complete partial order (CPO) where variables
are either undefined or set to a value.

For instance, the semantics of the local declarations in tracker is the fixpoint of the following function F starting
from the least element [x « L, f « L]. For simplicity, we assume that the semantics of current_force is a known

stateless deterministic function ¢ and the semantics of the observation function g is a stateless deterministic function g.

F(p) = let (0,x),x,1 = (motion)y® (p(F), (po. px). [ro.7x]) in po =[x« Lfe 1]
let f=c(p(x)) in p1 =[x —icdf,, (rx),f < 1]
let wy = pdi(g(p(x))’sy)(yobs) in p2 =[x « icdfux(rx), f c(icdfﬂx(rx))]
[x & x,f — f] p3 =[x — icdf,, (rx),f  c(icdf , (rx))]

The fixpoint converges after 3 iterations. Since x only depends on the state (p,, px) in Equation (1), the first iteration
returns a value for x even if f is L. The second iteration can then use this value to compute f. Using the resulting
environment, the semantics of tracker computes the next state, the result value, and the weight capturing the likelihood
of the observation w.r.t. the estimation (the density of the distribution N (g(x), sy) at yobs)-

(tracker(y_obs))y® ((po. px). [ro.rx]) = let p =[x icdf, (rx), f — c(icdf,, (rx))] in

let (v,),x, 1= (motion)y P (p(F), (po, p), [ros rx]) in
let f=c(p(x)) in

let wy = pdi(g(p(X)),sy)(yobs) in

(v, %), x, wy

= let x = icdf ny(p 4pyxhse) (Tx) N )
let v = iCdi(pu+c(x)><h,sz,) (ry) in
(0, %), X, pdf n(g(x).5,) Yobs)
The semantics of a sets of equations is defined via a fixpoint operator even when the solution is obvious like in the

motion model. If equations are scheduled, the fixpoint yields the same environment as a sequence of local declarations.

Unnormalized measure. We obtain an unnormalized measure over pairs (next state, value) by integrating over all
possible random elements, i.e., for a model e, if ([e));mp (m,r) = m’,u,w we define ¢(m) = ./[0,1]1’ W X 8(py o) dr where

p is the number of random variables in e and &, ,) is the Dirac distribution on the pair of state and value (m’, ). On

3icdf 4 is the generalized inverse cumulative distribution function of d
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the example of Figure 1, we get:

Y (pos px) = /[0 , /[0 , let (0,x), %, w = (tracker(y_obs));tep ((Pos Px). [1o, 7x]) in W X 8y x) x drx dry

B ./[o 1] let x = iCdi(Px+PuXh,sx)(rx) in

/0 1] let v = icdf p(p,re(x)xhsy) (T0) 1N

Pdf/v(g(x),sy) (Yobs) X 8(ox)x Arx dry

= [ Nt poxhused @) [ NCpas o) % ) (o) paf g0 (Wbs) X S

Inference. For a probabilistic model e, infer(e) is a deterministic expression whose state is a measure over possible
states for e. The transition function 1) integrates the unnormalized measure defined by the model over all possible
states, 2) normalizes the measure, and 3) splits the result into a distribution of next states and a distribution of values.
The runtime iterates this process from a distribution of initial states to compute a stream of distributions. We prove in
Section 5.3 that this semantics coincide with the original ProbZelus semantics for the subset of scheduled programs, i.e.,

they both define the same streams.

Program equivalence. Since deterministic expressions are interpreted as state machines, to prove program equivalence
we exhibit a bisimulation [50], i.e., a relation between the states of the two state machines. Two deterministic expressions
are equivalent if there exists a relation such that 1) the initial states are in relation, and 2) given two states in relation
the transition function produces new states in relation and the same output.

Two probabilistic expressions are equivalent if they describe the same stream of measures of output values obtained
by integrating, at each step, the transition functions with respect to the measure over all possible states computed at the
previous step. We show in Section 4.4 that we can prove the equivalence of probabilistic expressions with a bisimulation

between states, and a coupling between the random elements.

2.2 Denotational semantics

The denotational semantics directly manipulates streams of values. This approach has been successfully used in the
Vélus project to prove an end-to-end compiler for the dataflow synchronous language Lustre [11-13, 15]. The semantics
of a node is defined as a function between input streams and output streams. In Vélus, most of the compilation passes
are proven correct using this denotational semantics. The translation to state machines is one of the very last passes
and focuses on a normalized, scheduled subset of the language.

We extend this semantics to probabilistic models in Section 5. Given a context H mapping variable names to streams
of values, and an array R of stream of random elements, the semantics of an expression returns a stream of pairs (value,

weight): H,R + e || (vg, wo) - (01, w1) - (v2, w2) - ... (the operator - represents the concatenation of stream elements).

“https://velus.inria.fr
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We can interpret tracker of Figure 1 in a context H = [y_obs < y,p,] that contains the stream of observations yp,

and in the random context given by the array R = [Ry, Rx] of two streams of independent random elements in [0, 1].

[y_obs « yobs], [Ro, Rx] + tracker(y_obs) | (0, wo) : (31, w1) : (2, w2)
where jixy = N(Xiit + Oinit X Bsx) © N(xo+09 X Bsx) + N(x1+01 X b, syx)
x = icdf,y (Reo)  +iedf, (Rep)  +iedf,,, (Reo)
Ho = N(vpmit+c(x0) X h,sx) * N(vg+c(x1) X h,sx) - N(op+c(xz) X hysy) » ..
v = icdf ,, (Roo) ©dedfy, (Ror) - dedf,, (Roz)
Hy = N(g(x0), %) o N(@g(x),sx) - N(g(x2),sx)
wy = Pdf 1y, (Yobso) o pdfyy (Wobs)  c pdfyy (Yobsz)

The semantics now directly manipulates streams. At each step, the result, a pair (value, weight), is similar to the

expression in Equation (2), but states are abstracted away.

Mutually recursive equations. Given the random streams R, the semantics of a set of probabilistic mutually recursive
equations H,R + E : W checks that a context H mapping variable names to stream of values is compatible with all
the equations in E, and that the combined weight of all sub-expressions is the stream W. Since variables in a context
are not ordered, there is nothing special to do to interpret mutually recursive equations. By construction the order of
equations does not matter which greatly simplifies reasoning about compilation passes that introduce new equations in
arbitrary order. However, compared to the state machines of the operational semantics, the denotational semantics is

not executable since equations are only checked a posteriori for a given context.

Inference. The semantics of infer now operates on a stream of pairs (value, weight): (vo, wp) - (v1, w1) - (v2, w2) - ....

The infer operator 1) associates to each value v the total weight of its prefix using a cumulative product wi = H?:O

2) computes the un-normalized measure by integrating over all possible values of the stream of random elements, and

Wi,

3) normalizes this measure to obtain a distribution of values. The key difference with the operational semantics is that
the integral is now over the infinite domain of streams. We prove in Section 5.2 that this semantics is equivalent to the

operational semantics, i.e., the infer operator yields the same stream of distributions.

Program equivalence. In the denotational semantics, states are abstracted away. Two deterministic expressions are
equivalent if they define the same streams of output values. A probabilistic expression computes a stream of pairs
(value, weight) where each element only depends on the random streams. Two probabilistic expressions are equivalent
if they describe the same stream of measures over output values, obtained by integrating at each step the values and the
weights over all possible random streams. We show in Section 5.4 that we can prove the equivalence of two probabilistic

expressions with a coupling over the random streams.

2.3 Comparison

The following table summarizes the comparison between the original semantics and the two new semantics. The
original ProbZelus semantics is similar to the new operational semantics but probabilistic state machines directly
computes a stream of unnormalized measures. Compared to the original semantics, the new semantics are not limited
to sets of scheduled equations. In the example of Figure 1 switching the order of equations x and f in tracker does not
change the fixpoint. The new semantics are also modular and can interpret function call without inlining the body of

Manuscript submitted to ACM

https://mc.manuscriptcentral.com/topml



ACM Transactions on Probabilistic Machine Learning

8 Guillaume Baudart, Louis Mandel, and Christine Tasson
d == letx=e|node fx=e|probafx=e|dd
e clx| (e,e) | op(e) | last x| f(e) | ewhererecE

presente — eelsee|reseteeverye
sample(e) | factor(e) | infer(e)

E == x=el|initx=e|EandE

Fig. 2. ProbZelus Syntax.

the callee as illustrated by the example of Figure 1. These semantics can even interpret programs that are not statically

schedulable, e.g., programs where variable dependencies can change dynamically [22].

original operational denotational

Executable v v X
Schedule agnostic X v v
Modularity X v v
Mutual recursion X v v
Randomness internal external external
State explicit explicit implicit

3 LANGUAGE

In this section we recall the syntax and typing rules of ProbZelus [5]. Advanced constructs, e.g., hierarchical automata,
can be reduced to this language. The type system statically identifies deterministic and probabilistic expressions which
have different interpretations in the operational semantics of Section 4 and the denotational semantics of Section 5.

Recursion, loops, and nested inference are not allowed in the language [1].

3.1 Syntax

The syntax of ProbZelus is presented in Figure 2. A program is a series of declarations d. A declaration can be a global
variable let, a deterministic stream function node, or a probabilistic model proba. Each declaration has a unique name.
An expression can be a constant c, a variable x, a pair, an operator application op(e), the previous value of a variable
last x, a function call f(e), a local declaration e where rec E where E is a set of mutually recursive equations, a lazy
conditional present e — e; else ey, or a reset construct reset e; every ez. An equation is either a simple definition
X = e, an initialization init x = e (the delay operator last x can only be used on initialized variables), or a set of

equations E1 and Ej. In a set of equations, every initialized variable must be defined by another equation.

Example. The following node implements a fix-step integrator. The table presents the first few steps of a possible

timeline withh = 0.1.
node integr(x) = i where X [ 1 2 3 4 5
rec init i = 0. and i = (last i) +. x *. h i|0.0 0.1 0.3 0.6 1.0 1.5
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We add the classic probabilistic constructs to the set of expressions: sample(d) creates a random variable with
distribution d, factor(s) increments the log-density of the model, and infer(m) computes the posterior distribu-
tion of a model m. If d is a distribution with a density function, we use the syntactic shortcut observe(d,x) for

factor (pdf ;(x)) which conditions the model on the assumption that x was sampled from the distribution d [52].

Example. The following model estimates the bias of a coin from a stream of coin tosses. Initially the model makes no
assumption, i.e., the bias p is uniformly distributed over [0, 1] (0.5 corresponds to a perfect coin, 1 is a coin that always
returns head). At each time step, we condition the model assuming that the observation o is sampled from a Bernoulli
distribution with the same bias p. The deterministic node main then computes the mean of the posterior distributions

of the bias at each time step.

proba coin (o) = p where
rec init p = sample(uniform(@., 1.))

and p = last p and () = observe(bernoulli(p), o)

node main(o) = m where o 1 0 0 0 [}
rec p_dist = infer(coin(o)) and m = mean(p_dist) m|©@.68 ©0.51 0.34 0.29 0.25
3.2 Typing

Figure 3 - adapted from [5, Figure 12] - presents the ProbZelus type system where each expression is associated to one
of two kinds: D for deterministic, or P for probabilistic. This type system guaranties that probabilistic constructs sample
and factor are only used inside infer.

The typing judgment G +¥ ¢ : T asserts that, in a typing environment G mapping variables names to their types, the
expression e has type T and kind k. Function type are annotated with the kind k of their body. The sub-typing rule can
be used to lift a deterministic expression to a probabilistic expression. Deterministic expressions, e.g., X + 1, can thus
be used inside a probabilistic model (except infer(e) to prevent nested inference).

The type T dist represents distributions over values of type T that can be sampled (sample operator). To simplify
the presentation of the semantics, we assume that the arguments of the probabilistic operator sample and factor
are deterministic. This is not a limitation since the compiler can always introduce intermediate variables to capture
a probabilistic argument, e.g., () = factor(sample(d)) can be written x = sample(d) and () = factor(x). The
infer operator returns a deterministic value (a distribution) that can be used in a classic deterministic program (e.g.,
via standard functions like mean or var).

To type local declaration, equations are associated to the kind of their defining expression. The typing judgement
G +X E : G’ asserts that given an initial environment G, the set of equations E produces a new environment G’ with
kind k. We require that all equations have the same kind, which may necessitate the use of the sub-typing rule for

certain expressions.

4 OPERATIONAL SEMANTICS

In this section, we first recall the original deterministic semantics. We then define a new operational semantics for
probabilistic expressions. In this semantics we interpret sets of mutually recursive equations with a fixpoint operator.
Finally, we define the equivalence of probabilistic programs using probabilistic bisimulation and coupling.
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typeOf(c) = t G(x) =t G(f)=t1 =%t Gle:n
GHlc:t Gl x:t G Fe) i 1y

Gl e:T  e#infer(e) G+l e:Tdist GtPe: float Gt e:T

Gtle:T G +7 sample(e) : T G +F factor(e) : unit G +P infer(e) : T dist

k k k k ’ 7k
G+t e:t G+G1+Gy " E1:G1 G+G1+Ga+ Ey: Gy GHF'E:G' G+G +e:t
G x=e:[x 1] G+X Eyand Ey : G1 + Gy G+K ewhererecE : t

Fig. 3. Typing rules (adapted from [5, Figure 12])

4.1 Background: deterministic operational semantics

Following the co-iterative semantics of dataflow synchronous languages [18, 22], the deterministic semantics interprets
expressions as state machines. The main advantage of the co-iterative semantics is that this interpretation is executable.
Recent works demonstrated an interpreter from this semantics that can be used to test and validate a compiler against a

reference semantics [22].

State machine. A deterministic expression e of type V is interpreted as a state machine characterized by an initial
state [e]™" : S and a transition function [¢]**P : T — § — S x V which given the environment mapping variable
names to values and the current state returns the next state and a value of type V. A stream of values is obtained by

iteratively applying the transition function from the initial state.

mo my m3 m3

01 U2 03

Figure 4 shows a few semantics rules for deterministic expressions adapted from [22]. The state of an expression
is defined inductively. The structure of the state matches the syntax of the expression and remains the same at each
timestep. The semantics thus captures an aspect of the language that is essential for embedded systems: the memory
required at runtime can be statically allocated before the initial step. The state of a variable is empty, and the transition
function retrieves the value of the variable in the environment y at each step. The state of a pair comprises the state of
each sub-expression, and at each step the transition function executes the transition function of each sub-expression
to compute the pair of next states and the pair of value. The initialization of a function call f(e) combines the initial
state of the argument e with the initial state of ey the body of f. The transition function evaluates the argument e into
a value ve, uses this value to evaluate the transition function of ef in a fresh environment where the parameter x is
bound to v, which returns a result v, and returns the combined next states and the result.

Figure 5 shows the semantics rules for deterministic equations adapted from [22]. The state of an equation is
also defined inductively. The equation x = e defines a single variable. The transition function evaluates the defining
expression e into a pair (next state, value), and returns the next state and an environment where x is bound to the value.
The init x = e equation manages the special variable 1ast x which refers to the value of x at the previous time step.
Compared to the original ProbZelus semantics, we do not require initial values to be constants. The state contains the
previous value of x initialized with an undefined value of the correct type nil, and the initial state mg of the expression e.
There are two cases for the transition function. At the first time step (or after a reset), the state contains nil and the
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[e: V]]i]rlit ;S

[e: V] : T —-SxV
[eg™ = 0
Ly () = (¢
[ = 0
I3 () = 0y
[1last x] it = ()

[1ast x]7 ()

[Cer, e ™
[Cer,en 15 (my, mg)

= (),y(x.1last)

— [[el]]init |[ez]]init

= let mj,v1 = |[el]];tep (my) in

11

let my, v = [[ez]];tep (my) in
(m3, m3), (v1,02)

Lree]™ = [el™, [[ef]]init where node f x = ef
[[f(e)]];tep (me,my) = let ml,ve = [[e]];tep (me) in

let m},a = Hef]]?;p_ve] (mg) in

(mt )0
[e where rec E]™ = [el™, [E]™

[e where rec E]];telD (m, M)

let F(p) = (let M, p' = |[E]];tfg (M) in p') in
let p = fix(F) in

let M/, p = [[E]]Sth (M) in
let m’,0 = [[e]];f}; (m) in
(m',M"),0

Fig. 4. Operational semantics of deterministic expressions (adapted from [22]).

transition function evaluates e using mg to compute the initial value i and returns a new state containing the current
value of x and an environment where x.last is bound to i. In any other case, the previous value v of x stored in the
state is defined. The transition function returns a new state containing the current value of x and an environment
where x.1ast is bound to v. The initial state of the composition of two sets of equations E; and E3 is the union of the
states of E; and Ej. The transition function evaluates E; and E on their respective parts of the state but on the same
environment y. This function returns the updated state and the environment containing the variables defined in both

sets of equations.

Mutual recursions. The original co-iterative semantics [18] and recent works [22] interpret mutually recursive
equations using a fixpoint operator. Values v € V are interpreted in a flat domain V;, = V + {1} with L as the
minimal element and the flat order <: Vo € V. L < ov. (V|, 1, <) is a complete partial order (CPO). This flat CPO
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[IE]] init .S
[E]**® : T —SxT
IIx - e]] init — |[e]] init

[x = el (m)

let m',0 = [e]];&p (m) inm’, [x « 0]

[init x = ™™t
[init x = e]];tep (nil, mg)

[init x = e]];tep (v, mp)

ml, |[e]]init
let m’,i= |[e]];tep (mo) in (y(x), mp), [x.last « i]

(y(x), mp), [x.last « 0]

|[E1]]init, |[E2]]init
let M{,yl = [[El]];tffp (M) in
let Mé, Y2 = IIEz]])s,tep (M) in
(M], M3), y1 + 2

[E; and Eo] ™t

[E1 and Eo ]3P (My, Mp)

Fig. 5. Operational semantics of deterministic equations (adapted from [22]).

is lifted to environments defining the same set of variables: Vp1, p2 such that dom(p1) = dom(pz) = X, p1 < py iff
Vx € X, p1(x) < pa(x) and the least element is L = [x « L]y ex-
To interpret an expression with a set of local declarations e where rec E, the transition function first computes the
SR (M) in p’
y+p P
is continuous and has a minimal fixpoint p = fix(F) = lim,— o (F"(L)). After convergence, the transition function

environment defined by E with a fixpoint operator. Given a state M, the function F(p) = let M’, p’ = [E]|

evaluates [ E| )S,th (M) once more to compute the next state M’ (leaving p unchanged by definition of the fixpoint) and

finally evaluates the main expression e in the environment y + p.

Causality. For some programs, the fixpoint operator never converges. For instance, x where rec x = x returns L
at every timestep. In the compiler, a static analysis ensures that dependency cycles between variables are always broken
by a delay (last operator) [24]. This condition ensures that a valid schedule exists (after several compilation passes,
e.g., inlining). If such a valid schedule exists, by monotonicity, each fixpoint iteration computes the value of at least one

variable, the fixpoint is thus reached after a finite number of iterations [22].
Definition 4.1. A program is causal if all dependency cycles between variables are broken by a delay (last operator).

Compared to the original ProbZelus semantics, Definition 4.1 does not require that a valid schedule exists for all
sets of mutually recursive equations. For instance, the program of Figure 1 is causal because the cycle x < f <v < f is

broken by the delay last v in the definition of x (Section 2).

Example. Consider the integr node defined in Section 3.1. For an input expression e with initial state m,, the initial

state of the expression integr(e) is:

m = me, ((), ((nil, (), (0, (0, 0))))
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le:V| : N |[E] : N
le| = 0 ifeis deterministic [x=¢| = el
| sample(e) | = 1 [initx=e| = |e|
| factor(e) | = 0 |[Erand Ez| = |Ei|+]|Ez]

| e where rec E |

le|+|E]

Fig. 6. Dimension of probabilistic expressions and equations (full version in Figure 16 of the appendix).

During execution, the state at timestep ¢ comprises the state of the input expression m, and the previous value of i.

The following table shows the first steps of the timeline.

Me Meg Meq Me2
e 0.0 1.0 2.0

Mintegr | Meos> ((), (0.0, ()), (0, (0, 0)))  mer, (O, ((0.1,0), (0, (0, 0))))  me2, (0, ((0.3,0), (0, (O, O))))
i 0.0 0.1 0.3

4.2 Probabilistic operational semantics

The key idea of the probabilistic operational semantics is to externalize all sources of randomness. Compared to the
deterministic case, the transition function of a probabilistic expression takes one additional argument: an array of
random elements with one random element for each random variable introduced by sample. To capture the effect of the

factor operator, the transition function also returns a weight which measures the quality of the result w.r.t. the model.

Model dimension. The dimension of a probabilistic model is defined as the number of random variables in the model,
i.e., the number of calls to the sample operator. Since loops and recursive calls are not allowed in the language of

Figure 2, the dimension of a model e can be statically computed with the function | e | defined in Figure 6.

Probabilistic state machine. The initialization function of a probabilistic expression e of type V, ()™ : S returns the
initial state. Given an environment, the current state, and a value for all random elements (an array of | e | values in
[0,1]) the transition function (e)**P : T — S$x [0, 1] array — S x V x [0, c0) returns a triple (next state, value, weight).

An excerpt of the probabilistic operational semantics is presented in Figure 7. If e is deterministic, there is no random
variable and no conditioning. The transition function takes an empty array of random elements, evaluates the expression,
and returns the next state, the value, and a weight of 1. The transition function of sample(e) takes an array containing
one random element, evaluates the argument e into a distribution p, converts the random element into a sample of the
distribution using inverse transform sampling icdf Il(r), and returns the next state, the sample, and a weight of 1. The
transition function of factor(e) evaluates its arguments e into a real value v, and returns the next state, an empty
value (), and the weight v. To simplify the semantics, the type system of Section 3.2 ensures that the arguments of
the probabilistic operators are always deterministic expressions. These arguments can thus be interpreted with the
deterministic semantics of Section 4.1. The transition function of a function call f (e) is similar to the deterministic

case with an extra inputs for the random elements® and an extra output for the weight.

SWe note [r1 : r2] the concatenation of two arrays.
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([e . V))init S
(e : V)step I' >Sx[0,1] array — S XV X [0, o)
(e)t = et if e is deterministic
@5 (m (1) = Lt m'o = [e]3P (m) in 0,1
([sample(e)))init — |[e]]init
(sample(e))y P (m, [r]) = letm’,p=[e]y® (m) inm’, icdf ,(r),1
(factor(e))init = [e]™t
(factor(e) ));,tep (m, [1]) = letm',o= |[e]];t8p (m) inm’,(),v
(f(e)))imt = ([e))init, ([efj)init where proba f x = ey
([f(e)));,tep ((me,mp), [re : rs]) = let ml,ve, We = ([e))SteP (me, re) in

(e where rec E)™it

let m}, v, wp = ([efS)[x(_ve] (mf, Vf) in

(m}, m,), 0, we X wr

([e))init , ([E))init

Page 14 of 44

(e where rec E);'P ((m, M), [re : r])

let F(p) = (let M, p,w= ([E))),er (M, rg) in P) in
let p = fix(F) in

let M',p,W = (E)}cb (M, ) in

let m’,0,w = ((e);th (m,re) in

(m',M’),0,w xW

Fig. 7. Probabilistic operational semantics of expressions (full version in Figure 17 of the appendix).

The semantics of probabilistic equations is presented in Figure 8. Given an environment, a state, and an array of
random elements, the transition function (E)*'P : T — S x [0,1] array — S x I x [0, c0) returns a tuple (next state,
environment, weight). The only difference with the deterministic case is that the transition functions now take the

random elements for the sub-expressions as arguments and accumulates the weights.

Example. Consider the coin node defined in Section 3.1. The number of random variables is 1 because there is only
one parameter: p. For an input expression e with initial state m,, the initial state of the expression coin(e) is:

coin.init
p = last p

init p = sample(u(o,1)) () = observe(B(p),o0)

m = me, ((), ((ndl, ((), ))), 0, (0, 0)))

e p 0 1 p o

last p

4.3 Inference

Notations. In the following, Meas(U) is the set of measures on a measurable space U, Jy is the Dirac delta measure

(6x(U) = 1if x € U, 0 otherwise), we note /U u(dx) g(x) the integral of a measurable function g w.r.t. the measure p.
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(E)init . S
(E)**P . T — Sx[0,1] array — S x T x [0, o)

(x - e))init — ((e])init

(x= e));tep (m,r) = letm,o,w= ([e));tep (m,r) inm/, [x < v],w

(init x = e)imit = nil, (e)™t

(initx = e)),s,tep ((nil, mg), r) = letm,i,w= ((e)))s,tep (mo,r) in (y(x),mp), [x.last « i],w

(initx=e)}'P ((0,mo).7) = (y(x).mo), [x.last < o],1

(El and Ez)init — ([El ))init , ([Ez)init

t t .
(E1 and E2)y P (M1, M), [r1 :r2]) = let M}, p1, w1 = (E1)y P (My,1y) in

let My, pa, wo = ([Ezl);tep (M, 1) in
(M7, M3), p1 + p2, w1 X W2

Fig. 8. Probabilistic operational semantics of equations.

The Lebesgues measure over [0, 1]? is denoted A? and by abuse of notation, we note f[ 01)? g(x)dx the integral of g
w.r.t to the measure A?. If f : U — V is a measurable function and p € Meas(V), then the pushforward of y along f
is the measure fiu € Meas(U) defined as fiu = p o f~1. With these notations, the change of variable formula is:
fg(y)f*y(dy) = /g(f(x))y(dx), for any measurable functiong : V. — W.

Given a probabilistic model e of type V with a state of type S, the deterministic expression infer(e) computes
a stream of distributions. At each time step, given a measure over possible states, the transition function returns a

measure over possible next states o, and a measure over return values p.

[infer(e)]™ : Meas(S)
[infer(e)]**P : T — Meas(S) — Meas(S) x Meas(V)

The initial state of infer(e) is a Dirac delta measure over the initial state of the model e. The transition function
first computes a function i mapping a state to the un-normalized measure which associates each pair (next state, value)
to its weight. The infer operator then 1) integrates this function along all possible values of the state, 2) normalizes it

(T denotes the entire space), and 3) splits the result into a distribution of next states o and a distribution of values p.

[infer(e)]imit 1)

(E)init

[infer(e)]5P (o)

Y

ey = [ e o= @) (nr) in xS dr n

letv= / o(dm) y(m) in )

let v=v/v(T) in
71x(V), 124 (V)
If the model is ill-defined, the normalization constant can be 0 or co, which triggers an exception and stops the

execution. It is the programmer’s responsibility to avoid such error cases when defining the model.
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The stream of distributions corresponding to infer(e) is obtained by iteratively integrating the transition function

along the distribution of states.

Omy o1 02 03

H H2 H3

4.4 Program equivalence

Two expressions are equivalent if they compute the same stream of output values. The semantics is defined with an
initial state and a transition function. To prove equivalence of two state machines one can exhibit a bisimulation [50]

that relates the states and ensure the equality of output values.

Definition 4.2. Deterministic expressions are equivalent if there is a bisimulation, i.e., a relation on states # C S X S

such that:

. (|[e1]]i“it, [[ez]]init) eP
e Vy, if (m1,mp) € P, then (m], m;) € P and v; = vz where m},01 = [[el]];tep (mq) and mj, v = [[ez]])s/tep (my).

A bisimulation on states can be lifted to a bisimulation on measures of states to characterize equivalence between

probabilistic processes [9, 47].

Definition 4.3. Let # C S X S be a relation on states. The lifted relation P* is the relation on measures of states

defined as (o1, 02) € P, when for any measurable subset P’ C P, o1(mP’) = o2 (m2P’).

Two probabilistic expressions are equivalent if starting from bisimilar states, integrating at each steps the pairs
(value, weight) computed by the probabilistic operational semantics, the output measures are equal and the measures

on states are bisimilar.

Definition 4.4. Two probabilistic expressions e; and ey are equivalent if there is a bisimulation £ € S X S such that:

. (([el))init, ([ez))init) cP
e Vy, if (my, my) € P, then (07, 0;) € Pt and py = pip, where

o = letyr(my) = / " let m},v1, w1 = ((el]);tep (m1,r1) in Wi X 8y oy dri in
[0,1]!e1
715 (Y1), 24 (Y1)
oppz = let Yp(my) =/ ol let m), v, wy = (e2)y ¥ (mz, 1) in w X (my,0,) drz in
[0,1]e2

71+ (Y2), 724 (P2)

Using this definition, we can show that two probabilistic expressions are equivalent if they describe the same stream
of measures, i.e., if at each step, integrating the transition function along the distributions of state in both expressions

yields the same measures.
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PROPOSITION 4.5. Let e1 and ey be two equivalent expressions with probabilistic bisimulation P. If (o1, 02) € P*, then

with the notations of Definition 4.4, (0{’, aé’) € P* and ,u; = ,ué where

1’ 7
01:H

/ o1(dmy) o (m), / o1 (dmy) oy (my)

/Uz(dmz) oy (mz), /Gz(dmz) pa(m2)

17 7
O35 My

PRrOOF. Let o and ¢’ be the measures on P such that for any measurable P’ C P, 6(P’) = 01(mP’) = 02 (mP’) and
o’ (m)(P’) = o1 (m1) (m1P’) = 05 (m2) (m2P’), where m = (my, mz). By the change of variable formula, for i € {1, 2},
o/ (57") = [ (o) dmi) of(mi) (x7") = [ o(am) o) (x:P") = [ a(am) o' (m)(#)

Similarly, let u(m) = p1(mi) = pa(my). Then, for i € {1,2},

b= [ et dm tmi) = [ otam) utim) = [ otam) uim)

For a given context, each triplet (state, value, weight) is a function of the previous state and of the random elements.
If we can relate the states of e; with the states of ey and the random elements of e; with the random elements of ey, then
program equivalence can be reduced to the comparison of the stream of pairs (value, weight). To relate two distributions,
we use a coupling: a joint measure over the product space such that each marginal corresponds to one of the measure.
We adapt the presentation of coupling for discrete probabilistic systems of [3] and follow the co-algebraic formulation

of [29] to get a characterization of probabilistic equivalence by coupling for our operational semantics.
PROPOSITION 4.6 (OPERATIONAL COUPLING EQUIVALENCE). Probabilistic expressions e; and ey are equivalent if there is
a pair of measurable relations P € S X S and R C [0,1] lerl x 10,111 €| such that:

e mR=[0,1]'¢! and myR = [0, 1] ¢!
o There is a coupling A of the Lebesgue measures over [0, 11le !, and [0,1]1e21:
A(R) =1, mA = Aol and A = Ale:]
o ((e1)™ (e2)t) € P
o Vy, if (m1,mz) € P and (r1,r2) € R, then (m}, m}) € P, v1 = vz and w1 = wy, where

T
m}, o1, w1 = (ex)y ¥ (my, 1)

1
ml, vg, wy = (e2)y ¥ (ma,r2)

Proor. The proofis adapted from [29, Lemma 5.5]. Assume (m1, my) € P.Let us define a measure on (SXV) X (SXV)
as C = / w X 5(,"/130)’(,”;’0) A(dry,drg), where w = wi = wyp and v = v1 = vg. It is a coupling of /1 (m1) and 2 (my).

Indeed, for any i € {1, 2},
TL'i*C = /7; w X 5(m;’v) A(drl,drz) = A- ]l ‘ wi X 5(m;’vi) Al eil(dri) — lpi(mi)
0,1]'ei

We prove that p1 = pz by applying the change of variable formula along 7; : [0, 1] lerl x [0, 1]1e2! — [0, 171,

pi= [ ik A = [y mann) = [ wx s Aldndr).
[o,1]leil iR R
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Let us prove that (o7,0;) € P*. For any P’ C P, let us set Q = {(m},0), (my,0) | (m],m}) € P’}, we prove that

o, (m®P’) = o5(m2P’) by applying the definition of the pushforward measure along 7; 71, noticing that 7;#" = 71 71;Q,

o} (miP") = maihi(m) (mP') = maminC(mmiQ) = 1 C(miQ) = C(Q). o

Finding a relation and a coupling is in general difficult. A useful simple case is when the two programs involve
the same random variables in different orders, e.g., a program and its compiled version after a source-to-source
transformation. Then, the measurable relation on random elements is a permutation, and two expressions are equivalent

if they compute the same stream of pairs (value, weight).

Example. If x and y are not free variables in e; and ez, and each expression has one random variable (| e1 | = | ez | = 1):
sample(e;) + sample(ez) ~ x+ywhere rec x = sample(ez) and y = sample(e1)

We define the following:

mi,01,1= ((91));?1) (m1,r1) vy = iedfy, (r1)

my,v2,1 = ([ezj);ep (ma,r2) vy = icdf,, (r2)
The left hand side term e, = sample(e;) + sample(ey) is interpreted by the state machine:

(e)™ = ((e1)™", (e2)™")
(ee)y P ((m1.ma), [r1 : r2]) = (mf, m)), 0y +vx, 1

The right hand side term e, = x + y where rec x = sample(ez) and y = sample(e;) is interpreted by the state machine:

(er)™" = ((0, (0, O, ((e2)™*, (e)™))
(er)y (((0, (0, D) (ma, m1)), [r2 = 11]) = (0, (0, 0)), (i, m}), 05 + 0y, 1

With £ = {((m1, m2), (((), (0, ())), (mz,m1))) | (m1,mz) € S xS}
and R = {([r1 : 2], [r2: r1]) | r1 € [0,1], 2 € [0,1]} we have:
e 1R =[0,1]2 and 1R = [0,1]?
o the Lebesgues measure on [0, 1]4, A = 2% satisfies 1. A = A2 and mo. A = A2
e P relates initial states ((e1)™, (e2)™) and (((), (), 0)), ((e2)™F, (e1)™it))
o if P relates the current states (my, m2) and (((), ((), ())), (m2, m1)) and the random elements are permuted, then
P relates the next states (m], m}) and (((), ((), ())), (mj, m7)), and the two state machines yield the same pairs

of values vy + vx = vx + 0y and weights 1 = 1.

We can thus apply Proposition 4.6 to conclude that the two probabilistic expressions are equivalent.

5 DENOTATIONAL SEMANTICS

An alternative to the operational semantics where expressions are interpreted as state machines is to define a denotational
semantics where expressions directly return streams of values [21]. This formalism has been successfully used in the
Vélus project to prove an end-to-end dataflow synchronous compiler within the Rocq proof assistant [11-13, 15].

In this section, we first present a denotational semantics for the deterministic expressions of our language. We then
define a probabilistic denotational semantics for probabilistic expressions and prove that this semantics is equivalent to
the probabilistic operational semantics of Section 4.2, i.e., the infer operator yields the same stream of distributions.
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Htreils Hrey| sy Hrels H(x.last) =s
Hrclc Hvrx | H(x) Lo _
H ¢ (ep,e2) | (s1,82) H '+ op(e) | op(s) Hrlastx |s
Hvre|se node fx = ey [x<—se]r—efls H+Hgt+E H+Hgtrels
Hr f(e)ls HtewhererecE |s
Hvre | H(x) Hreli-s H(x.last) =i-H(x) H‘ E; H+¢E;
Hrx=e HFrinitx=e H+ Eq and Ey

Fig. 9. Denotational semantics for deterministic expressions and equations (full version in Figure 20 of the appendix).

5.1 Deterministic denotational semantics

Notations. In the following, V¢ is the type of infinite streams of values of type V. The infix operator (-) : V —
V@ — V@ is the stream constructor (e.g., 1 - 2 -3 - ...). Constants are lifted to constant streams (e.g., 1=1-1-1-...)and
when the context is clear we write f(s) = f(so) - f(s1) - ... for map f s, and (s,t) = (s1,t1) - (s2,22) - ... to cast a pair of

streams into a stream of pairs.

In the denotational semantics, deterministic expressions compute streams of values. In a context H which maps
variable names to stream of values, the semantics of a deterministic expression e returns a stream s: H + e | s. The
semantics of a set of equations E checks that the context H is compatible with all the equations: H + E. The semantics
of a set of equations thus defines a relation between the streams stored in the context. Compared to the operational
semantics, the denotational semantics is not executable since the context must be guessed a priori and validated against
the equations of the program.

Figure 9 presents the denotational semantics for deterministic expressions and equations. A constant is interpreted
as a constant stream, and a variable returns the corresponding stream in the context. The semantics of a pair evaluates
each component independently and packs the results into a stream of pairs. The application of an operator evaluates its
argument into a stream of values and maps the operator on the result. 1ast x fetches a special variable x.last in the
context. A function call first evaluates its argument, and then evaluates the body of the function in a context where the
parameter is bound to the argument value.

To interpret the expression e where rec E, equations E are evaluated in a new context Hg, that is also used to evaluate
the main expression e. The semantics of a simple equation checks that a variable is associated to the stream computed
by its defining expression. The initialization operator init x = e prepends an initial value i to the stream associated
to x and checks that the special variable x.1ast is bound to this delayed version of x. In the denotational semantics,

contexts are un-ordered maps and scheduling equations does not change the semantics.

Causality. For some programs, the denotational semantics is not uniquely defined. For instance, the semantics of
the expression x where rec x = x can be any stream of value (the equation is verified for any context containing x).

Such programs are rejected by the causality analysis of the compiler (Definition 4.1).

5.2 Probabilistic denotational semantics

The key idea of the probabilistic denotational semantics is the same as in Section 4.2: instead of manipulating streams of
measures, probabilistic expressions compute streams of pairs (value, score) using external streams of random elements,

and integration is deferred to the infer operator.
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Hrels Hrelsy, Hrel|w
H,[]rel (s1) H, [R] + sample(e) | (icdfsﬂ (R),1) H,[] + factor(e) | ((),w)

H,Re e ] (se,We) proba f x = e [x < sel,Rptep |l (s,w)
H,[Re : Re] + f(e) U (s, w X we)

H+Hg,REFE:wg H+Hg,Re e || (s,w) H,Rvre | (H(x),w)
H,[Re : Rg] + ewhererecE || (s,w X wg) HRrx=e:w
H,Rrel (i-s,wj-w) H(x.last) =i-H(x) H,Ry + E1 : wy H,Ry+ Ey:wy

HR+initx=e:w;-1 H,[Ry : Ry] + E; and Ez : wy X wo

[HRrel (sw)  W=Iwlge(gijo)el

H+ infer(e) | integ| | ws

Fig. 10. Denotational semantics for probabilistic expressions and equations (full version in Figure 21 of the appendix).

Figure 10 presents the semantics of probabilistic expressions and equations. In a context H which maps variable
names to stream of values, the semantics of a probabilistic expression e takes an array of random streams R and returns
a stream of pairs (value, weight): H,R + e | (s, w). The semantics of a set of equations E takes an array containing the
random streams of all sub-expressions, checks that the context H is compatible with all the equations, and returns the
total weight wg of all sub-expressions: H,R + E : wg.

The semantics of deterministic expressions (e.g., constant or variable) returns the expected stream of values associated
to a constant weight of 1. The semantics of sample takes an array containing one random stream R, evaluates its
argument into a stream of distributions s,, and uses R to compute a stream of samples associated to the weight 1:
(icdfsyo (Ro), 1) - (icdfs”1 (R1), 1) - ... The semantics of factor evaluates its argument into a stream of values w which is
used as the weight associated to a stream of empty values: ((), wo) - ((), w1) - ... The semantics of a function call is similar
to the deterministic case, but the random streams are split between the argument and the function body, and the total
weight captures the weight of the argument and the weight of the function body. Similarly, for a set of local definitions

the random streams are split between sub-expressions and the weight is the total weight of all sub-expressions.

5.3 Inference

As in the operational semantics, the infer operator is defined by integrating at each step the semantics of the model
over all possible values of the streams of random elements. The semantics of a probabilistic model returns a pair of
stream functions (value, weight) which both depend on the random streams. Given the random streams, at each time
step, the semantics of infer first computes the total weight of the prefix to capture all the conditioning since the
beginning of the execution: w = II w = wg - (wg X w1) - (Wo X w1 X wa) - ... Then the function integ 1) turns the current
value v, and the total weight wy, into an un-normalized measure by integrating over all possible values of the random

streams, and 2) normalizes the result to obtain a stream of distributions of values. If /llf is the uniform measure over

the cube of random streams ([0, 1]“’)| el then:

integ| | (Wn -ws) (v-0s) = (let u= [ wpxdy /ILJe ! (dR) in p/pu(T)] - (integ Ws vs) (4)
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Cube of random streams. The uniform measure over the cube of random streams is defined as follows. Let [0, 1]“ be
the countable product of the measurable spaces on the interval [0, 1] endowed with the Lebesgue o-algebra, i.e., the
coarsest o-algebra such that projections are measurable. We define A, as the uniform distribution on the continuous
cube defined by a Kolmogorov extension such that for any k € N, the pushforward measure of 1., along the projection
<k : [0,1]? — [0, 1] on the first k coordinates is the Lebesgue measure on [0, 1]k A<k = <k, (Aw). For any

measurable function g : [0, 11¥ — V we have the following change of variable formula:

/ 9 (R)) Ao (dR) = / 9(R<x) A<x(dR<)

Integrating a function which only depends on the k first coordinates of R can thus be reduced to integrating over

these coordinates. We can then define the uniform measure on the cube of random streams Allf as the | e |-ary product

measure of A,,, and lift the change of variable formula.

5.4 Program equivalence

Compared to the operational semantics where proving the equivalence between two state machines requires a bisimula-
tion, in the denotational semantics, to prove the equivalence between two programs one need only to check that they

define the same streams.
Definition 5.1. Deterministic expressions e; and ey are equivalent if for any context H, H+e; | sand H + e3 | s.

Equivalence between probabilistic expressions is more complex. Two probabilistic expressions are equivalent if they
describe the same stream of measures obtained by integrating at each step the streams of pairs (value, weight) computed

by the denotational semantics.

Definition 5.2. Probabilistic expressions e; and e are equivalent if for all contexts H, and Yk > 0,

[ 2l ar) = [ wmx 2l are)
where H,Ry + eq || (s1,w1) and H, Ry + ez || (s2, w2).

In the denotational semantics, for a given context, each pair (value, weight) is a function of the random streams.
Since, random streams are uniformly distributed, if we can relate the random streams of e; with the random streams
of e; with a coupling on uniform distributions, program equivalence can be reduced to the comparison of the streams

of pairs (value, weight) computed by each expression.
PROPOSITION 5.3 (DENOTATIONAL COUPLING EQUIVALENCE). Probabilistic expressions e1 and ey are equivalent if there
isR c ([0,1]@) el x ([0,1]9) ¢z measurable such that,
e mR = [0,1]"31| and mR = |0, 1]|‘32|
o there is a coupling A, on ([0,1]) €1l x ([0,1]@) €|, such that A (R) = 1, m14A = /lfloel | and oy = /Llfz !
o for all contexts H and arrays of random streams (R, Rz2) € R, s1 = sz and wi = wa, where H, Ry + €1 |} (51, w1)
and H,Ry + e3 || (s2, w2).

Proor. With w = wig = wor and sp = sg = sgi, forall k > 0,

/ Wik X 8 AT (dRy) = / Wi X 05, Ao (dR) = / Wak X Oy A2 (dRy)

[}
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Finding such a coupling is in general difficult. As in Section 4.4, a useful simple case is when the two programs
involve the same random variables in different orders. Then, the coupling permutes the random streams.

The denotational semantics of an expression is described by a derivation tree where each relation is a consequence
of smaller relations on all the sub-expressions, up to atomic expressions. Two expressions compute the same streams if

from the derivation tree of the first, one can build a derivation tree for the second and vice-versa.

Example. If x and y are not free variables in e; and e;:
sample(e;) + sample(ez) ~ x+ywhere rec x = sample(ez) and y = sample(e1)

Let R; be the array of random streams associated to the expressions sample(e;). For all contexts H, if H + e; | pj, then

we define s; = icdf i (R;). Then, the derivation tree for the lhs expression is:

H,R; + sample(er) || (s1,1)  H,Ry + sample(e) | (s2,1)
H,[Ry : Rz2] + sample(er) + sample(ez) | (s1 +s2,1)

With Hg = [x < s2,y < s1], the derivation tree for the rhs expression is:

H+ Hg, Ry + sample(e2) || (s2,1) H+ Hg, Ry + sample(er) | (s1,1)
H+ Hg,Ry + x =sample(ey) : 1 H+ Hg,R; +y=sample(er) : 1

H+Hg[] Fx+yl (s2+s1,1) H+HEg, [Rz2 : Ri] + x = sample(ez) and y = sample(e;) : 1

H,[Rz : R1] + x + y where rec x = sample(ez) and y = sample(er) || (s2 +s1,1)

Since both programs compute the same stream of pairs (value, weight) and the relation permuting random streams
R = {([R1 : Rz],[R2 : Ry]) | Ry € [0,1]®, Rz € [0,1]®} is the support of the coupling A, = AL of A2 and A2, the two

programs are equivalent.

6 SEMANTICS COMPARISON

In this section we show that the operational and the denotational semantics coincide for causal programs, i.e., they
both define the same streams. We then prove that these new semantics coincide with the original kernel semantics for

the restricted set of schedulable programs that can be interpreted by the original semantics.

6.1 Adequacy between the operational and denotational semantics

For a probabilistic expression e, we first relate the operational semantics of Section 4.2 and the denotational semantics
of Section 5.2. If H is a context mapping variables names to streams of values, Hy is the context where streams are
projected on their k-th coordinate and H<y is the context where streams are truncated at k. We define similarly R,
and Ry, for an array of random streams R. The following proposition states that if a program is causal (Definition 4.1),

the probabilistic operational semantics and the probabilistic denotational semantics coincide.

PROPOSITION 6.1. For a correct model e (well-typed, causal, and without runtime error), the probabilistic denotational
semantics is well defined and matches the trace of the probabilistic operational semantics, i.e., for all contexts H, R,
. ste . init .
H,R+ e | (s,w) is well defined and Yk > 0, (Mpy1, Skq1> Wies1) = ([e))Hklti1 (my, Riey1) withmg = (e)'™. By construction,
for all k > 0 the value s and the weight wy only depend on H.j and R¢y.
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ProoF SKETCH. Probabilistic constructs aside, the kernel language of Figure 2 is a subset of the Vélus language
defined in [11]. We compile the model to this language. Probabilistic nodes become deterministic nodes with additional
inputs (the random streams) and one additional output (the score). The sample operator is also compiled to a function
call with one additional input for the random stream, and the factor operator simply updates the score. Following the
semantics of Figure 10, the distribution of random streams in sub-expressions is performed by the compilation function.
We can then apply the correctness theorem of [14, Theorem 5] : if a program is correct and without runtime error, the
denotational semantics is well defined (there is a valid environment for all equations sets) and matches the trace of the
compiled state machine.

The execution of the compiled state machine is deterministic and corresponds to the operational semantics of
the normalized scheduled program which does not require any fixpoint computation. Since, the normalization and
scheduling passes preserve the operational semantics [22], the execution of the state machine also corresponds to the

operational semantics of the original unscheduled program. O

We can now state the adequacy theorem, i.e., the infer operator yields the same stream of distributions in the

operational semantics and in the denotational semantics.

THEOREM 6.2 (ADEQUACY). For a correct model e (well-typed, causal, and without runtime errors), for all context H such
that H + infer(e) | pu, the operational execution trace yields the same stream of distributions, that is, oy = [[infer(e)]]i””

andVk > 0, 0pr1, Piey1 = [infer(e)]ﬁi{l (o%)-
Proor. We show Vk > 0:

Wi X 6me AL8(dR
Ukoc/qo,l]k)mw" mi A< (AR<k)

_ le|
. /([O’I]k)‘fl Wie X 8 A (dR<i)

By Proposition 6.1, for all k > 0, the values si, and the weights wy. computed by the operational semantics corresponds
to the stream (s, w) of the denotational semantics. From the definition of ¢ in Equation (3) in Section 4.3 and Fubini’s

theorem we have:°

e = [ an(dm) yom
W X Alelar
i -/([0,1]")|e\ Wi Xy (me) Ao (dRs<r)
* / ./ Wi X Wieet X Syep,ones A€ (dRis) A‘fk‘ (dR<)
([o,1]%)lel J[o,1]lel =

— lel
o /([0’1]1(“)‘6‘ Wil X Omyey, 00 Askﬂ(dRskﬂ)

The normalization and marginalization by 71, and 72, concludes the inductive case. Then using the change of variable

formula on the cube of random streams we get:

[y o /W—kx 8, A (dR)
which corresponds to Equation (4) in Section 5.3 and concludes the proof. O

®The symbol o means proportional to.
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fe: V]t . s
fe: V]*®P . T — 8§ — Meas(SxV)
{[e]}init — [[e]]init
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Fig. 11. A simplified excerpt of the original ProbZelus probabilistic kernel operational semantics [5].

6.2 Correspondance between the original and the operational semantics

In this section we show that for scheduled programs where local declarations are all ordered according to data
dependencies, the original kernel semantics coincide with the operational semantics, and thus with the denotational

semantics.

Kernel semantics. The original ProbZelus semantics [5, Section 3.1] is a co-iterative semantics similar to the operational
semantics presented in Section 4 where expressions are interpreted as state machines. The key difference is that
probabilistic state machines directly computes a stream of unnormalized measures. Given a current state, the transition
function {e]}*'P of type I — S — Meas(S x V) returns a measure over pairs (next state, value).

Figure 11 shows a simplified excerpt of the semantics of probabilistic expressions from [5]. In a probabilistic context, a
deterministic expression is interpreted as the Dirac delta measure on the pair (state, value) returned by the deterministic
semantics. sample evaluates its argument into a new state m’ and a distribution of values p, and returns a measure over
pairs (new state, value). factor evaluates its argument into a new state m’ and a real value v, and returns a Dirac delta
measure on the pair (m’, ()) weighted by v. To illustrate local declarations, Figure 11 shows the semantics of a simple
expression with two local variables x and y. The state captures the previous value of the initialized variable x, and the

state of all sub-expressions. The transition function starts in a context where the previous value of x is bound to a special

variable x.last, and integrates over all possible executions of the sub-expressions to compute the main expression.
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Since the original ProbZelus semantics focuses on a kernel language where local declarations are all scheduled the
nested integrals are well-defined.

The infer operator is similar to its counterpart in Section 4.2. Given a probabilistic model e with a state of type S
and a return value of type V, the state of infer is a measure over possible states of the model, and at each step, the

transition function returns a measure over possible next states, and a measure over return values.

[infer(e)]¥™ '  Meas(S)
[infer(e)]¥**P : T — Meas(S) — Meas(S) x Meas(V)

Given the unnormalized measure defined by a model e, infer (e) performs the same operations as in the operational
semantics (Equation (3) in Section 4.2): 1) integrate over all possible states, 2) normalize the measure, 3) split the result
into a distribution of next states and a distribution of values. We then obtain a stream of distributions by iteratively

integrating the transition function along the distribution of states.

[[inf"er(e)]]Kinit

[infer(e) ]} (o)

(S[e]]inil

letv= / o(dm) {]e]};tep (m) in

letv=v/v(T) in

(711 (V), 7124 (V))

Correspondance. The definition of infer is very similar to its operational semantics counterpart where the function

¥(m) in Equation (3) plays the role of the semantics of the model. We now show that these two notions coincide.

PROPOSITION 6.3. For all probabilistic expression e where all equations are scheduled, the kernel semantics corresponds

to the operational semantics by integrating over random elements, i.e., for all environment y and state m:

{Ie]};/tep (m) = (‘/[0 e let m',0,w = ((e))s,tep (m, 1) inw X 8(py o) dr

Proor. The kernel semantics is only defined for a scheduled language. We first prove by induction on the structure
of e that the kernel semantics coincides with the operational semantics where local declarations are ordered and can be
computed incrementally without a fixpoint operator. For a set of scheduled equations, the ordered sequence of local
declarations yields the same environment as the fixpoint operator (see Proposition A.1). Since all sets of equations are
scheduled, the operational semantics (with a fixpoint operator) also coincides with the kernel semantics.

The case sample(u) is a simple variable substitution x = icdf #(r), Indeed, any real continuous distribution y is the

pushforward by icdf , of the uniform distribution over [0, 1] denoted A:

S ety dr= [ g, i = [ i @) = [ e pta) =

This property generalizes to discrete distributions, multivariate distributions, and any distributions over Polish spaces.

By analogy, we use the notation icdf , in all cases.
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The case E; and E; is a consequence of Fubini’s theorem.

t t
JUED, ™ (M) (M, dpy) [ (E2Dyih, (M2)(dM,dp2) 8y ). 1+,
= / (_/[0’1]‘61‘ let M, p1, w1 = ([El));tep (My,r1) inwy X Sy, dr1) (dM1,dp1)
t .
/ ( Srogieat let Mo pa, w1 = (E2)5'sh, (Mp, 1) in wo X Oyr, drg) (dM}, dps)
S(M{.M).pr+pe
t .
= foayn froapea /(let M, p1wi = (B0 (My, 1) i wy xaMl,pl) (dM, dpy)
f (let M{,pz, w1 = (EZJ);TEI (Mz,r3) in wg X 5M2,p2) (dMé, dps) dridr;
O(M;,M3),pr+p2
’ T .
= /[0’1]|e1 [ley let M{, p1, w1 = ([El);tep (My, 1) in
let Mé, P2, w2 = ([Ez));_fgl (Mz, rz) in
w1 X w2 X 5(M{,M§),P1+,D2 dridry

Other cases are similar. ]

We can now state the main correctness theorem, i.e., the infer operator yields the same stream of distributions in

the operational semantics and in the kernel based semantics.

THEOREM 6.4 (OPERATIONAL SEMANTICS CORRECTNESS). For every probabilistic model e where all equations sets are

scheduled, for all distribution of states o, and for all environment y:

[infer(e)] ™t

[infer(e)]y (o)

[infer(e) ¥ ™t
[infer(e) ]} (o)

PRrooOF. By construction, in the operational semantics, the first element of the initial state of infer is a Dirac delta
measure on the initial state of the model which corresponds to the initial state of infer in the kernel semantics.
By Proposition 6.3 the un-normalized measure defined by the operational semantics matches the measure computed

by the kernel semantics. Given this measure, the rest of the transition function of infer is the same in both cases. O

7 APPLICATION: ASSUMED PARAMETER FILTER

In ProbZelus, state-space models can involve two kinds of random variables. State parameters are represented by a
stream of random variables which evolve over time depending on the previous values and the observations. Constant
parameters are represented by a random variable whose value is progressively refined from the prior distribution with

each new observation.

Example. Consider the radar example of Section 2 where the current force is an unknown constant 6. We want
to estimate the moving position (state parameter), and the current force (constant parameter). To estimate 0, the

current_force is now a probabilistic model defined as follows (where the noise parameter st is a global constant):

proba current_force(x) = theta where
rec init theta = sample(gaussian(zeros, st))

and theta = last theta
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Fig. 12. Estimates of the theta parameter of the radar example over time with a particle filter (PF at the top) and assumed parameter
filter (APF at the bottom) . The true drift speed is indicated by a green cross. The color gradient represents the dot density. The scale
shrinks over time. Results may differ in between runs.

Filtering. To estimate state parameters, Sequential Monte Carlo (SMC) inference algorithms rely on filtering tech-
niques [19, 30]. Filtering is an approximate method which consists of deliberately losing information on the current
approximation to refocus future estimations on the most significant information. These methods are particularly well
suited to the reactive context where a system in interaction with its environment never stops and must execute with
bounded resources. All ProbZelus inference methods are SMC algorithms [2, 5, 6]. Unfortunately, this loss of information
is harmful for the estimation of constant parameters which do not change over time.

The most basic SMC algorithm, the particle filter, approximates the posterior distribution by launching a set of
independent executions, called particles. At each step, each particle returns a value associated to a score which measures
the quality of the value w.r.t. the model. To recenter the inference on the most significant particles, the inference runtime
periodically resamples the set of particles according to their weights. The most significant particles are then duplicated
while the least interesting ones are dropped.

Unfortunately, constant parameters are only sampled at the beginning of the execution of each particle. After each
resampling step, the duplicated particles share the same value for theta. The quantity of information used to estimate
constant parameters thus strictly decreases over time until eventually, there is only one possible value left. The upper

part of the Figure 12 graphically illustrates this phenomenon.

Assumed Parameter Filter. To mitigate this issue, the Assumed Parameter Filter (APF) maintains a symbolic distribution
for the constant parameters and splits the inference into two steps: 1) estimate the state parameters distributions, and
2) update the constant parameters distributions [35]. The lower part of Figure 12 illustrates the results of APF on the
estimation of the drift speed for our radar example.

The APF algorithm assumes that constant parameters are an input of the model, and their prior distributions an
input of a new inference operator APF.infer (the APF algorithm is described in Appendix B.1). In this section, we

present a program transformation which generates models that are exploitable by the APF algorithm. First, a static
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CEXP-VAR CEXP-PAIR CEXP-OP CEXP-WHERE
CEXP-C xeC CH e C+ e Cte C+dom(E) +C e C + E : dom(E)
Cte CHx C+C (e1,e2) C+€ op(e) C +¢ ewhere rec E
CEQ-CEXP CEQ-EXP
CEQ-INIT CEQ-LAST Cree CKe
CrCinitx=e:0 Ct+¢x=1lastx: {x} Crex=e:{x} Ctex=e:0
CEQ-AND

C+C2I—CE1:C1 C+C1I-CE2:C2
Cl-cEl and Ep : C1 +Cy

Fig. 13. Constant expressions and equations.

analysis identifies the constant parameters and their prior distributions. Then a compilation pass transforms these
parameters into additional inputs of the model. We use the denotational semantics of Section 5 to prove the correctness

of this transformation, i.e., the transformation preserves the ideal semantics of the program.

Example. The radar model (see Figure 1) is compiled into the following model for APF. The constant parameter f is

an argument of the model and the corresponding prior distribution is defined outside the model.

let current_force.prior = gaussian(zeros, st)

proba current_force.model(theta, x) = theta

let tracker_prior = current_force.prior
proba tracker.model(theta, y_obs) = x where
rec x = motion(f)
and f = current_force.model(theta, x)

and () = observe(gaussian(g(x), sy), y_obs)

node main(y_obs) = msg where
rec x_dist = APF.infer(tracker.model, tracker.prior, y_obs)

and msg = controller(x_dist)

7.1 Static Analysis

The goal of the static analysis is to identify the constant parameters of each probabilistic node, i.e., initialized random
variables (init x = sample(e)) that are also constant (x = last x). For a program prog the judgement [],0 + prog : ®,C
incrementally analyzes all the declarations to build the environment ® which associates to each probabilistic node
a type ¢ mapping constant parameters to their prior distributions. The environment C contains the global constant
variables that can be used to define the prior distributions. An excerpt of the type system is given in Figures 13 and 14.

Constants (CEQ-* and cexp-* rules, Figure 13): The auxiliary judgement C +¢ E : C’ (CEQ-"* rules) identifies constant
streams C’ in the set of equations E given the constant variables C. A stream x is constant if it is always equal to its

previous value (x = last x) or if it is defined by a constant expression. The auxiliary judgement C +¢ e (CExp-* rules)
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DECL-CST DECL-PROBA

Cte Cre:¢
O,Crletx=e:D,C+{x} O,Ctrprobafx=e: 0+ [f « ¢],C

EXP-RESET EXP-WHERE
Crey:¢ EXP-APP Cre: e C+°E:D C,DFE:¢p
CFresetejeveryey:¢ CF fpe) : [0 « f.prior] CtrewhererecE: ¢e + PE
EXP-SAMPLE EQ-ONE
x€D Cte Cre:¢
C,D+ init x = sample(e) : [x « €] C,Drx=e:¢
EQ-AND

CDvE :¢; CDFEy:gy
C,D + E1 and Eo :¢1+¢2

Fig. 14. Extract constant parameters and associated prior distributions (full type system in Appendix B.2).

checks that an expression defines a constant stream. An expression with a set of local declarations is constant if all the
equations define constant streams.

Declarations (DECL-* rules, Figure 14): A global declaration let x = e typed in the environment ®, C adds the name x
to the global constant set C if the expression e is constant. A probabilistic node proba f x = e is associated to the map ¢
computed by the judgement C + e : ¢.

Expressions (Exp-* rules, Figure 14): The auxiliary judgement C + e : ¢ collects the constant parameters of the
sub-expressions. To simplify the analysis, we associate a unique instance name 0 to each function call and we assume
that all variables and instances names are unique, e.g., f(1) + f(2) becomes fp, (1) + fp, (2). The rule for fp(e) associates
to 0 the prior distribution of the constant parameters of the body of f: f.prior which is defined as a global variable by
the compilation pass. The rule for reset e; every ez focuses only on the condition ey because e; can be re-initialized
and thus is not constant.

Equations (EQ-" rules, Figure 14): The typing of e where rec E identifies the set D of constant variables in E, then
types the equations with the judgement C, D + E : ¢ where C is the set of constant free variables in E. If a variable x is
introduced by the equation init x = sample(e) and is constant (x € D), then x is a constant parameter and the result

type maps x to the distribution e.

Example. On our example, the variable theta is identified as a constant parameter of the node current_force and is

propagated through the node tracker that calls current_force. The final environment is:

® = [current_force « [theta « gaussian(...)], tracker « [8 « current_force.prior]]

7.2 Compilation

To run the APF algorithm, constant parameters must become additional inputs of the model. The inference runtime can
thus execute the model multiple times with different values of the constant parameters to update their distributions.
The compilation function is defined in Figure 15 by induction on the syntax and relies on the result of the static
analysis. The compilation function C is thus parameterized by the typing environment ® for declarations and the type ¢

for expressions.
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proba f x = Cyj(e) if ®(f) =[]
Co(proba fx=e) = let f.prior = im($) with ¢ = &(f)
proba f.model (dom(¢),x) = Cy(e)
Cg(ewhererecE) = Cyl(e)where rec Cy(E)
L. _ _ 0 if x € dom(¢)
Cy(initx=e) - { init x =Cg(e) otherwise
_ 0 if x € dom(¢)
Cs (x=¢) { x=Cy(e) otherwise
f(Cy(e)) if f is deterministic or ¢ = []
f-model(6,Cy(e)) if 0 € dom(¢)
Cy(fo(e)) = f-model(0,Cy(e)) where otherwise
rec init 0 = sample(f.prior)
and 6 = last 0
Cy(infer(f(e))) = APF.infer(f.model, f.prior, Cy(e))

Fig. 15. APF compilation (full definition in Appendix B.3).

A model proba f x = e such that ®(f) = ¢ (i.e, C I e : ¢) is compiled into two statements: 1) the prior distribution
of the constant parameters in e, let f.prior = im(¢), and 2) a new model that takes the constant parameters dom(¢)
as additional arguments, proba f.model (dom(¢),x) = Cg(e).

The compilation function of an expression Cy removes the definitions of the constant parameters x € dom(¢). The

where/rec case effectively removes the constant parameters by keeping only the equations defining variables x ¢ dom(¢).

The main difficulty is to handle constant parameters introduced by a function call.

o If the node is deterministic, there is no constant parameter.

o If the constant parameters of the callee are also constant parameters of the caller, we have 6 € dom(¢) and we
just replace the call to fp with a call to f.model using the instance name for the constant parameters.

e Otherwise, the constant parameters of the callee are not constant for the caller because the instance fp is used
inside a reset/every or a present/else. In this case, we redefine these parameters locally by sampling their

prior distribution f.prior.

Finally, the call to infer(f(e)) is replaced by a call to APF.infer (f.model, f.prior, e).

7.3 Correctness

We use the denotational semantics defined in Section 5.2 to prove the correctness of the APF compilation pass.

First, we prove that any probabilistic expression is equivalent to its compiled version computed in an environment
which already contains the definition of the constant parameters. The main theorem which relates infer (f(e)) and

APF.infer(f.model, f.prior, e) then corresponds to the case fy(e) in Figure 15.

Definition 7.1. For amodel f that is compiled into f.prior and f.model, the ideal semantics of APF . infer externalizes

the definition of the constant parameters: APF.infer (f.model, f.prior, e) denotes the expression:

infer(f.model (6, e) where rec init 6 = sample(f.prior))
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We first prove the two following correctness lemmas for expressions and equations in parallel.

LEMMA 7.2. For all probabilistic functions f such that ®(f) = @, for all expressions e in the body of f such thatC + e : .,
for all contexts H, R, there is a permutation relating R and [R’ : RP] such that

H,Rre| (s,w) = H+Hf,R' FCyle) U (s,w).

where p = dom(g.) is the list of constant parameters in e, [i = im(¢.) are the corresponding prior distributions and Hy is

the context that already contains the definitions of all the constant parameters in f including p, i.e., Hy (p) = icdfﬁ (Rg).

LEMMA 7.3. For all equations E in the body of f such that C,D + E : ¢, for all contexts H, R, there is a permutation
relating R and [R’ : RP] such that

H,Rl—E:W<=>H+Hf,R’ FCy(E) : W,

Proor. The proof is by induction on the expression and the size of the context, i.e., the number of declarations before
the expression. For each induction case, we apply Proposition 5.3 by giving a permutation relating R and R’ + R inducing
the coupling, and show that a semantics derivation for e in a context H, R is equivalent to a semantics derivation for
Cy (e) in the context H + Hy, R’. We focus on the most interesting cases, i.e., expressions altered by the compilation

function.

Case init x = sample(d) and x = last x where x € dom(¢). We use the permutation relating [Ry] [] : [Rx] and
with vy = icdfu(Rxo)

Hvrd|p-s,

H+[x < 0], [Re] Finit x =sample(d) : 1 H+[x « ox],[]Fx=1lastx:1

H+ [x < 0x], [Ry] F init x = sample(d) and x = last x : 1

On the other hand, because x is a constant parameter, Cy(d) = 0 and Hf (x) = vy.

Hf(x):vx H+Hf,[]l-®:1
H+Hyp, []+ Cg(init x = sample(d) and x = last x) : 1

This results can then be generalized to arbitrary sets of equations where the two equations are not necessarily grouped

together at the cost of an additional permutation.

Case gp (e). By induction we have two permutations relating R, with [R,, : RY] and relating Ry with [R}, Rg ]. With
proba g x = ey and C F eg : ¢4, we can apply the induction hypothesis on e; because there is no possible recursive

call. The callee context for eg is thus strictly smaller than the caller context. We also have Hy = [py « ,] with
Pg = dom(gy), iy = im(¢g), and g, = icdf 7, (RY ).

Ha Hp Ry + Cyle) U (serwe)  [x sl + [5y — dpl Ry + Gy (eg) b (s.w)
H,R. + e || (se;We) [x < sel,Rg - eg | (5, w)
H, R, : Rg] Fgoe) | (s, we xw)
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On the other end, by construction we have proba g.model (pg,x) = C¢9(eg) and there are two cases. If 0 € dom(¢),
then the constant parameters are already in the context and Hy (0) = 0. Using the permutation relating [R, : Ry] with
[Re : RY] : [RE :R‘;)] we have:

H+Hp [1F00 (6p,1)  H+Hp R, +Cple) I (e, we)
H+Hyf, Ry ¥ (8,Cy(e)) I (@, 5e), we) [x  se.fy — Gpl, R, + Gy (eg) U (5,w)
H+Hy, [R}, R}] + g.model (6, Cy(e)) | (s, we X W)
H+Hyp, [Re, Ryl + Cy(gg(e)) U (s, we X w)

Finally if 6 ¢ dom(¢), the constant parameters are not in the context and the compilation adds a defining equation for
6. Using the permutation relating [R, : Ry] with [Ry, :Ré : Rg ]: [R‘f ], and we have:

g.prior = jiy

H+Hf,R§ F sample(g.prior) | (dp,1)

H+Hyp+ [0 « 0p], [R;,R;] +g.model(8,Cy(e)) | (s, w) H+Hp+ [0« z&,],l’%é7 F init 0 = sample(g.prior) : 1

H + Hy, [R;,R;, Rg] + g.model (0, Cy(e)) where rec init 6 = sample(g.prior) | (s, w)

H +Hy, [R, R, RD] + Cg(ga(e)) | (s, w)

We can now state and prove the correctness of the APF compilation pass.
THEOREM 7.4 (APF COMPILATION). For all probabilistic nodes f, for all contexts H,
Ht+infer(f(e)) | d <= H + APF.infer(f.model, f.prior,e) | d
Proor. From Definition 7.1, we need to show that for all random streams R:
H,R¥ fp(e) | (s, w) &= H+[0 — 0p],R" + f.model(0,e) | (s, w)

with f.prior = jiand vp = icdfﬁ(Rg). This corresponds to the case fy(e) with 6 € dom(¢). u]

8 RELATED WORK

Probabilistic Semantics. In the seminal work [45], two semantics are introduced for a probabilistic imperative
language. The first one is already sampling semantics that first picks an infinite stack of random numbers and then
executes the program deterministically. In the second semantics, programs are interpreted as distribution transformer:
input distributions are transformed to an output sub-probability distribution. This second semantics is defined using

measurable functions and kernels.

Probabilistic Coherent Spaces is a generalization of this idea to higher-order types but for discrete probability [27].

This setting has been extended to continuous distributions with models based on positive cones [26, 34], a variation
on Banach spaces with positive scalars [51]. To interpret the sampling operation, cones have to be equipped with a
measurability structure such that measures and integration can be defined for any types [33].

Quasi-Borel spaces (QBS) define an alternative semantics of higher-order probabilistic programs with conditioning [41,

53] based on measurable spaces and kernels. A probabilistic expression is interpreted as a quasi-Borel measure, i.e.,

an equivalence class of pairs [a, ] where y is a measure over R, and « is a measurable function from R to values.

Intuitively, the corresponding distribution is obtained as the pushforward of y along a. Recent work extends this
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formalism to capture lazy data structures and streams in a functional probabilistic language [28]. Our new semantics
rely on a similar representation: probabilistic expressions are interpreted by pushingforward a uniform measure over
[o,1]'el along a measurable function.

Our semantics are also closely related to the sampling semantics of [10] for a higher-order lambda calculus where a
sequence of random draws is a parameter of the evaluation rules. The main difference is that we focus on a stream
based reactive language. On the one hand, we show how to lift the sampling semantics to the reactive setting. On the
other hand, we show how to adapt the reactive semantics (operational and denotational) to the probabilistic setting.
In addition, there is no recursion and no loop in our language. We thus don’t need to define the semantics using
step-indexing.

Other works [23, 55, 56] define a similar semantics using [0, 1] as the entropy which describes an idealized random
numbers generator. The stream head returns a random element, and a stream can be split (e.g., filtering odd/even
indices) to generate two new entropies. This technique is used to interpret programs where random variables can
be dynamically created (e.g., in recursive calls). An originality of our language is that we can statically compute the
number of streams of random variables in a program, i.e., the calls to sample. The random streams exactly correspond
to these sample sites and there is no need for a splittable entropy source. This is reminiscent of the Stan language [17]
where all random variables must be declared in the parameters block, except that in our case, parameters are streams

of random variables.

Mutually recursive equations. In the original ProbZelus semantics, the interpretation of local declarations yields
nested integrals that are only well defined if equations are ordered according to data dependencies (Figure 11 in
Section 6.2). Our new semantics relaxes this assumptions using a fixpoint operator.

Existing works define a fixpoint operator to interpret loops and recursions in probabilistic lambda-calculi [34, 44, 54].
The least element is the null measure, i.e., for all measurable set U, L(U) = 0, and the partial order is p; < py iff
VU .u1(U) < po(U). Unfortunately, using this CPO the semantics of a set of equations is always the null measure. An
alternative is to lift the deterministic operational semantics of Section 4 to measures, i.e., on measure over V, =V +{L}
with the least element L = &[], .- However, using this CPO the semantics of sample(e) is re-computed at each
fixpoint iteration which breaks the correlation between mutually recursive equations. Therefore, we cannot directly

define a schedule agnostic kernel semantics.

Example. Consider the following example: x =y and y = sample(y). In the kernel semantics, local declarations are
interpreted as integration. The semantics is thus the fixpoint of the following function F where the argument p is a

measure over environments.

Fo) = [ ptan) [ @) [ ) Spees ey

If the least element py is the null measure, then p; = F(py) is also the null measure. If py = O[xe—1, ye—1] We get :

PO = 5[x<—¢,y<—¢]

p1 = p(dy1) Sjxe1yey]

p2= [ p(dy1) [ p(dy2) Sixey,yey,]
p3 = [ p(dyz) [ 1(dys) Sixey,yey,]
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The fixpoint is reached after 3 iterations, but the correlation between x and y is lost. The semantics differs from the

scheduled version y = sample(u) and x = y which yields the expected measure: f u(dy) 5[X(_y,y<_y].

Positive cones and wQBS are endowed with a structure of CPO resulting in adequate denotational semantics for

probabilistic programming with sampling from continuous distributions, recursive types and term recursion [34, 54].

Although our language does not support term recursion, fixpoint operators in positive cones or wQBS might be adapted
to give a probabilistic semantics of mutually recursive equations related to our operational semantics. We leave for

future investigations these connections.

Program Equivalence. Probabilistic bisimulation has been introduced for testing equivalence of (discrete) probabilistic
systems [47] and generalized to study Labelled Markov Process (continuous systems) [31]. Probabilistic coupling is a
classic proof technique for probabilistic bisimulation, as shown in [29] using a categorical framework and a co-algebraic
presentation of probabilistic systems. Our presentation of probabilistic bisimulation and coupling for state machines
follows this line of research.

Probabilistic coupling has been extensively used for discrete systems. In [3], an algorithm, based on couplings, has
been introduced to effectively construct probabilistic bisimulation for discrete systems. Coupling has been applied
to the formal verification of distribution equivalence, convergence, and stochastic domination [4, 42]. Probabilistic
coupling has also been used to define a probabilistic bisimulation for a (higher-order) lambda-calculus with continuous
probabilistic choice [46].

A logical relation is proposed in [23, 55, 56] to reason about contextual equivalence for probabilistic programs. In
particular [55] uses this framework to prove that reordering declarations preserves the semantics with a permutation of
the entropy stream. This reasoning is reminiscent of the proof of Lemma 7.2 (APF Correctness). We thus show that
we can apply similar techniques with our denotational semantics which manipulates infinite streams and mutually
recursive equations. Extending these works to define an equational theory to reason about reactive program equivalence

beyond permutations of the random variables streams is a promising future work.

9 CONCLUSION

In this paper we proposed two semantics for a reactive probabilistic programming languages: an operational semantics
and a denotational semantics. Both semantics are schedule agnostic, i.e., sets of mutually recursive equations can
be interpreted in arbitrary order, a key property of synchronous dataflow languages. We defined for both semantics
equivalence of programs. The operational semantics manipulates state machines and equivalence reasoning requires
the description of bisimulations on states. The denotational semantics directly manipulates streams, which can lighten
program equivalence reasoning for probabilistic expressions. We then defined a program transformation required to run
an optimized inference algorithm for state-space models with constant parameters and used the denotational semantics

to prove the correctness of the transformation.
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le] =0 if e is deterministic
| sample(e) | =1
| factor(e) | =0
| f(e)| = |e|+|ep|  whereproba fx=ef
|presente — ejelseex| = |er|+]|ez|
| reset e every ez | = |er |
| e where rec E | = |e|+]|E|
|x=e]| = |e]
|[initx=e| = |e|
| E1 and E; | = |E1|+|Ez]|

Fig. 16. Dimension of probabilistic expressions and equations.

A SEMANTICS
A.1 Operational semantics

Model dimension. The dimension of a probabilistic model is defined as the number of random variables in the model,
i.e., the number of calls to the sample operator. Since loops and recursive calls are not allowed in the language of

Figure 2, the dimension of a model can be statically computed with the function | e : V| : N defined in Figure 16.

The operational semantics is presented in Section 4. Figures 17 and 18 presents the full semantics for expressions
and equations. The additional rules are for present and reset.

The initialization of present e — e; else ey allocates memory for e, e; and ez and counts the number of random
variables in e; and ey (e is deterministic and does not have any random variable). The step function first executes e
and depending on its value executes e; or ez. The initialization of reset e; every ey duplicates the memory needed
to execute e;. That way, in the step function, only the second copy is updated by the transition and if e is reset, the

execution restarts from the initial memory state.

Scheduling. To compare the new denotational semantics with the kernel semantics, it is useful to define an alternative
semantics for a scheduled language without a fixpoint operator. This alternative semantics (e)>**P exactly matches the

denotational semantics except for the two following rules:
t t .
(E1 and Ez);s P (M1, Mp), [r1 = 72]) let M7, p1, w1 = ([El);s P (My,ry) in
t .
let Mj, py, wy = (E2), 3,0 (M, r2) in
(M7, M3), p1 + p2, w1 X w2

(e where rec E);*P ((m, M), [re : rg])

let M/, p, W = ([E))?,Step (M, rg) in
s ste;
Y+p
(m',M’),0,wxW

let m’,0,w = (e)35 P (m, re) in

Since all equations are scheduled, the environment produced by a set of equations can be computed incrementally and

there is no need for a fixpoint operator to interpret local declarations.
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(e))init

( )step (m
(sample(e) )it
(sample(e))y ¥ (m, [r])

(factor(e) )it
(factor(e));® (m, 1)

(f(e))init
(F(@)FP ((memp), [re : r5])

(present e — ej else ey)™tt

:r2])

(presente — e else ezl)f,tep ((m,m1,my), [r1

(reset ey every ey)™it

(reset eg every ez]);tep ((mo, my, mg), w,r)

(e where rec E)mit

(e where rec E)}'P ((m, M), [re : r])

Guillaume Baudart, Louis Mandel, and Christine Tasson

if e is deterministic

II e]] init

let m’,0 = |[e]];,tep (m) inm’,0,1

[[ ]] init

letm',p= [[e]]SteP (m) inm’, icdf ,(r), 1

[[ ]] init

let m',0 = |[e]]step (m) inm’,(),0
( e))init (( Dinit

let m),, ve, we = ([e))

letm O, Wi = ([efﬁ)

(m, e)vwexwf

where proba f x = ef
P (me,1e) in

[xe0e] (mf’ rf) in

[[e]]init (ell)mit ((e )init
let m',0 = |[e]]Step (m) in
t
if o then let (m{,v1,w) = ([el));eP (m1,71)
in (m’, m’, my),v1, w
t
else let (m3, 02, w) = ([eg));ep (mg,r2)
in (m’, my, my), vz, w

(el)init , ([el ))init , ﬂezﬂinit

let mj, vy = ﬂez]];tep (my) in

let ml,vl,w (el)yep( if vy then mg else mq,r) in
(mo, m}, m3), 01, w

(e))init , ([E))init

let F(p) = (let M, p,w= (E)y4p (M, 1) in p) in
let p = fix(F) in

let M/, p,W = ([E));,tfﬁ (M, rg) in
let m’,o,w= ([e])Step (m,re) in

Y+p
(m',M"),0,wx W

Fig. 17. Operational semantics for probabilistic expressions.

PRroPOSITION A.1. For an expression where all equations are scheduled, the scheduled semantics is equal to the operational

semantics with a fixpoint.

Proor. This result is a consequence of the following lemma:

LEMMA A.2. For all scheduled equations set E, the scheduled semantics yields the same environment as the fixpoint

operator, ie., for an environment y, a state M and an array of random elements r:

step

fix(Ap. let M, p",w = ([E))y+p
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((X' - e))init — ([e])init
(x= e))Sytep (m,7) = letm' o,w= ([e));tep (m,r) inm’, [x « v],w
(init x = e)init = nil, ()it
(initx = e);tEp ((nil, mg), r) = letm,i,w= ((e));tep (mo, r) in (y(x), mp), [x.1ast « i],w
(init x =€)y ((0.mo),7) = (y(x).mo), [x.last < o], 1
(El and Eg)init — ([El ))init’ ([Ez))init

t ¢ .
(Ey and E2)y P (My, M), [r1 : 12]) let M{, p1, w1 = (E1)y P (My, 1) in
let My, pa, wo = ([Ez]);tep (Mg, 1) in

(M, M3), p1 + pa, w1 X w

Fig. 18. Operational semantics for equations.

The proof is by induction on E. It is sufficient to focus on the case E; and Es. Since equations are scheduled, E; does
not depend on variables defined in E; and we have for an environment y, a state (M, Mz) and an array of random

elements [ry : ra]:

t .
fix (A(p1 + p2). let M{, pj, w1 = (El);f/};1+p2 (My,r1) in
let My, p}, wo = (Ez))j,tfgl+p2 (Mg, 12) in p} + p3)
= fix (M(py + p2). let M], i, wi = (E1)yyh (M, 1) in
t .
let Mj, p, w2 = (E2)ysp +p, (Ma,12) in p| + p})
= let pi’ = fix(Apy. let M{, p, w1 = (El));tfﬁl (My,r1) in p) in
t ; .
let p’ = fix(Apa2. let MJ, py, w2 = (EZD;:;I;{’Wz (Mg, r2) in p3) in pi’ + py/
= let Mj,p}, w1 = ([El);mp (My, 1) in

¢ .
let My, p3, wa = ([Ez))s,i;;p (Mg, r2) in p{ + pj

A.2 Denotational semantics

Stream functions. The denotational semantics is presented in Section 5. The definition of this semantics relies on
a few stream functions presented in Figure 19. The function ¢! drops the first element of a stream (" drops the n
first elements). The function map f s applies f to each element of the stream s. merge cs as bs merges the streams as
and bs according to the condition cs. as when cs keeps the values of as only when the condition cs is true. The function
slicer ss cs is used to define the semantics of reset e every ez. The first argument ss is a stream of streams where each
stream represents e; restarted at each time step, and cs the the reset condition. When the condition is false, the first
value of the first stream of ss is returned and the second stream of ss is discarded. We progress by one step in e; and the
stream representing e restarted at the current iteration is not useful since the expression was not reset. When the
condition is true, the first stream of ss which represents the current state of e is discarded and the execution restarts
with the first value of the second stream of ss which represents e; restarted at the current step.
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tl . A®Y — A@
tl(a-as) = as
map : (A — B) —> (A® — B?)

map f (a-as) = f(a)- (map f as)

merge : BY — AY 5 A® — A®
merge (T - ¢s) (a-as) bs = a-(mergecs as bs)
merge (F-cs) as (b-bs) = b-(mergecsas bs)
when : A%® — BY — A?
(a- as) when (T -cs) = a- (as whencs)
(a-as) when (F-cs) = as whencs
slicer : (A“)? — B? — A®

slicer ((a - as) - bs - ss) (F - cs)
slicer (as - (b - bs) - ss) (T - cs)

a - (slicer (as - ss) cs)

b - (slicer (bs - ss) cs)

Fig. 19. Stream functions for the denotational semantics.

Hvter st Hrex|sy Hrels H(x.last) =s
Htrclec Htrx | H(x)
Ht (er,e2) | (s1,82) H+ op(e) | op(s) Htlastx |s
Hvre|se node f x =ef [x —selFerls H+Hgt+E H+Hgrels
Hr f(e)ls HtewhererecE |s

Hvrelsc (H whensc) Fep | s1 (H when not s¢) + ez | s2

H+ presente — ej else ey | mergesc s1 s2

[(tl"H)i—qlsn]neN Hrey | se Hvre | H(x) Hvrelo-s; H(x.last) =v; - H(x)

H + reset e every ez | slicer (so -so-s1-52-...) S¢ Hrx=e Hrinitx=e

H+Eq H+Ey
H+ Eq and E»

Fig. 20. Deterministic denotational semantics.

Environment. An environment H is a map from variable names to streams of values, for any bound variable x €
dom(H), H(x) : A”. When the context is clear, we write f H for map f H, e.g., for all x € dom(H), (] H)(x) = tl (H(x)).

Denotational semantics. The full deterministic and probabilistic denotational semantics including the rules for
present and reset are given in Figures 20 and 21. The semantics of the control structure present e — e else ey
uses the when function on the environment H such that the execution of e; and e, respectively progress only when the
condition is true or false. Then the value of these two streams are merged using the merge function. The semantics of
reset ej every ey is based on the slicer function. [(¢!™ H) + e1 | sn],en represents the stream of streams where s,
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H,Re + e ] (se, we) proba f x = ef [x « se],Rf Fef U (s,w)
H, [Re :Rf] Ffce) U (s, wxwe)

H[lrcl ()  HI[lrx| (H).1)

H+Hg,Rg - E:wg H+HE,R3I-6U(S,W)
H, [Re : RE] + ewhererecE || (s,w X wg)

H,Rete|sc (H,Ry when s¢) + e || swy (H, Ry when not s¢) v ez || swy

H,[R1 : Ry] F present e — e else ez || merge sc swi swy

[(tl "HR)re | SW"]nEN HRytFey | se (s, w) = slicer (swg - swg - swy * sw2 - ...) S¢

H, [Ry : Ry] + reset ej every es | (s,w)

Hrels, Hrelw H,Rre| (H(x),w)
H, [R] + sample(e) | (icdeF(R), 1) H,[] + factor(e) | ((),w) HRrx=e:w
H,Rtel (i-s,wi-w) H(x.last) =i-H(x) H,Ri + E1 : wq H,Ry + Ey : wo
H,R+initx=e:wj-1 H,[R; : Ry] + Ey and E3 : wi X wy

[H,R"EU(S,W) W:HW]RE([O,I]w)‘e‘

Ht+ infer(e) | integ| | W s

Fig. 21. Probabilistic denotational semantics.

is the stream of values computed by e; restarted at time step n. In the slicer, the stream sg is duplicated because

reset e; every ey returns the same value whether or not ey is true at the initial step.

B APPLICATION: ASSUMED PARAMETERS FILTERING
B.1 Algorithm

The inference methods proposed by ProbZelus [2, 5, 6] belong to the family of SMC algorithms. These methods rely on
a set of independent simulations, called particles. Each particle returns an output value associated with a score. The
score represents the quality of the simulation. A large number of particles makes it possible to approximate the desired
distribution.

More concretely, the sample(d) construct randomly draws a value from the d distribution, and the factor(x)
construct multiplies the current score of the particle by x. At each instant, the infer operator accumulates the values
calculated by each particle weighted by their scores to approximate the posterior distribution.

If the model calls on the operator sample at each instant, for example to estimate the position of the boat in the
radar example (Section 2), the previous method implements a simple random walk for each particle. As time progresses,
it becomes increasingly unlikely that one of the random walks will coincide with the stream of observations. The score
associated with each particle quickly goes down towards 0.

To solve this issue, sequential Monte Carlo methods (SMC) add a filtering step. Algorithm 1 describes the execution
of one instant for a particle filter, the most basic SMC algorithm. At each instant ¢, a particle 1 < i < N corresponds to

a possible value of the parameters (i.e., random variables) p; of the model. We begin by sampling a new set of particles
Manuscript submitted to ACM
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Data: probablisitic model model, observation y;, and previous result y;—1.
Result: y; an approximation of the distribution of p;.
for each particlei = 1 to N do
p,_, = sample()
plh.wi =model(y; | pi_ )
He = M({W§,p§}1gsm
return /i

Algorithm 1: Particle Filter.

Data: probabilistic model model, observation y;, and previous result p;_1.

Result: y; an approximation of the distributions of state parameter x; and constant parameter 6.
for each particlei = 1 to N do

x2_1,®;_1 = sample()

6' = sample()

x;., w; = model(yt [ 0% x;_) . _

0, = Udpate.((a;._l,l@. model(y; | 0,x;_1,x}))
pr = M({wy, (x;, O }1<i<N)

return y;

Algorithm 2: Assumed Parameter Filter [35].

in the distribution obtained at the previous step. The most probable particles are thus duplicated and the less probable
ones are eliminated. This refocuses the inference around the most significant information while maintaining the same
number of particles throughout the execution. Knowing the previous state pi_l, each particle then executes a step of
the model to obtain a sample of the parameters pi associated with a score w;'. At the end of the instant, we construct a
distribution p; where each particle is associated with its score. M({wg, Pg}lsis N) is a multinomial distribution, where
the value p;' is associated with the probability w;' / Zﬁ 1 wg.

Unfortunately, this approach generates a loss of information for the estimation of constant parameters. On our radar
example, at the first instant, each particle draws a random value for the parameter theta. At each instant, the duplicated
particles share the same value for theta. The quantity of information useful for estimating theta therefore decreases
with each new filtering and, after a certain time, only one possible value remains.

Rather than sampling at the start of execution a set of values for the constant parameters that will impoverish with
each filtering, in the APF algorithm, each particle computes a symbolic distribution of constant parameters. At runtime,
the inference then alternates between a sampling pass to estimate the state parameters, and the update of the constant
parameters. This avoids impoverishment for the estimation of the constant parameters.

More formally, Algorithm 2 describes the execution of one step of APF. At each instant ¢, a particle 1 < i < N
corresponds to a possible value of the state parameters x;' and a distribution of constant parameters @i. As for the
particle filter, we begin by sampling a set of particles in the distribution obtained at the previous instant. We then
N N ;_1’ .
a step of the model to obtain a sample of the state parameters x; associated with a score w};. We can then update ©} by

sample a value 6 in @i_l. Knowing the value of the constant parameters 6’ and the previous state x!__, we can execute

exploring the other possible values for 8 knowing that the particle has chosen the transition xi_l — xI. At the end of
the instant, we construct a distribution p; where each particle is associated with its score. M({wi, (xi, @i)}lsis N)isa
multinomial distribution where the pair of values (xi, ®§) is associated to the probability w; / Zfi 1 wi.
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Cte Cre:¢
O,Crletx=e:D,C+{x} d,Crnode fx=e: D+ [f « 0],C ®,Crprobafx=e: 0+ [f « ¢],C

q),CI-dl 9, Cq O1,Cq + dz :CD/,C/
(I),Cl-dl dz :(I),,C,

CI-61:¢1 CI-62:¢2 Cl—e:q’) Cl—e:¢
Crc:0 Crx:0 Cr (e1,€2) : 1+ ¢2 Crop(e):¢ C + sample(e) : ¢

Cre:¢ Crer:¢ Crey:¢

C+ factor(e) : ¢ Crlastx:0 Ctrpresente; — eyelsees: ¢ CFrresetejeveryes: ¢
Cre:de C+ E:D C,D+E:¢g x€e€D Cre

Ct fag(e) : [0 « f.prior] CtrewhererecE: ¢e + JE C,Dt init x = sample(e) : [x « e]

Cre:¢ Cre:¢ C,Dv-Ei: ¢ C,D+Ey: ¢y
C,Drinitx=e:¢ C,Drx=e:¢ C,D+EjandEz: ¢1+¢2

Fig. 22. Extract constant parameters and associated prior distributions.

x€eC Cte Ct+ee Cte C+ dom(E) +C e C+° E : dom(E)
Cte Crx C ¢ (e1,e2) C+° op(e) C +° ewhere rec E
Cre C¥re
Croinitx=e:0 Cro x=1last x: {x} Crex=e:{x} Crx=e:0

C+C2I—CE1:C1 C+C1I-CE2:C2
C € Eq andEz :C1+Cy

Fig. 23. Constant expressions and equations.
B.2 Static Analysis
The full type system is given in Figures 22 and 23. The interesting cases are presented in Section 7.1.

B.3 Compilation

The complete compilation function to transform a ProbZelus model into a model compatible with APF . infer is given in

Figure 24. Most cases simply call the compilation functions on all sub-expressions. The interesting cases are presented
in Section 7.2.

Manuscript submitted to ACM

https://mc.manuscriptcentral.com/topml



ACM Transactions on Probabilistic Machine Learning Page 44 of 44

44 Guillaume Baudart, Louis Mandel, and Christine Tasson
Cy(c) = c
Cy(x) = x
Cy((e1,e2)) = (Cyle1),Cyle2))
Cy(op(e)) = op(Cyle))
Cy(last x) = lastx
Cylpresente; — ezelsees) = present Cyler) — Cylez) else Cy(es)
Cy(reset er every ez) = reset Cy(er) every Cy(ez)
Cy(sample(e)) = sample(Cy(e))
Cy(factor(e)) = factor(Cy(e))
Cy (e where rec E) = Cy(e) where rec Cy(E)
. _ _ 0 if x € dom(¢)
Cp(initx=e) - { init x =Cy(e) otherwise
_ _ 0 if x € dom(¢)

Cp(x=e) h { x=Cg(e) otherwise

f(Cyle)) if f is deterministic or ¢ = []

f-model(0,Cy(e)) if 0 € dom(¢)
Cy(fy(e)) = f-model(8,Cy(e)) where otherwise

rec init 6 = sample(f.prior)
and 6 = last 6

Cy(infer(f(e))) = APF.infer(f.model, f.prior, Cy(e))
C¢ (E1 and Ez) = C¢ (El) and C¢ (Ez)
Cop(letx=e) = letx=e
Cop(node f x =e) = node f x =Cyj(e)

proba f x = C[j(e) ifo(f) =[]
Co(proba f x =e) = let f.prior = im($) with ¢ = &(f)

proba f.model (dom(¢),x) = Cgy(e)

Fig. 24. APF Compilation.
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