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Abstract

We show that adaptive proximal gradient meth-
ods for convex problems are not restricted to tra-
ditional Lipschitzian assumptions. Our analysis
reveals that a class of linesearch-free methods
is still convergent under mere local Holder gra-
dient continuity, covering in particular contin-
uously differentiable semi-algebraic functions.
To mitigate the lack of local Lipschitz continu-
ity, popular approaches revolve around e-oracles
and/or linesearch procedures. In contrast, we ex-
ploit plain Holder inequalities not entailing any
approximation, all while retaining the linesearch-
free nature of adaptive schemes. Furthermore, we
prove full sequence convergence without prior
knowledge of local Holder constants nor of the
order of Holder continuity. Numerical experi-
ments make comparisons with baseline methods
on diverse tasks from machine learning covering
both the locally and the globally Holder setting.

1. Introduction

We consider composite minimization problems of the form

minimize ¢(x) = f(z) + g(x) P)
rER™
where f : R — R is convex and has locally Holder con-
tinuous gradient of (possibly unknown) order v € (0, 1],
and g : R® — R is proper, Isc, and convex with easy to
compute proximal mapping.

The proximal gradient method is the de facto splitting tech-
nique for solving the composite problem (P). Under global
Lipschitz continuity of V f, convergence results and com-
plexity bounds are well established. Nevertheless, there ex-
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ist many applications where such an assumption is not met.
Among these are mixtures of maximum likelihood models
(Grimmer, 2023), classification, robust regression (Yang
& Lin, 2018; Forsythe, 1972), compressive sensing (Char-
trand & Yin, 2008) and p-Laplacian problems on graphs
(Hafiene et al., 2018), or the subproblems in the power aug-
mented Lagrangian method (Luque, 1984; Oikonomidis
et al., 2023; Laude & Patrinos, 2023).

Although often linesearch methods are still applicable un-
der this setting, their additional backtracking procedures
can be quite costly in practice. In response to this, this work
investigates linesearch-free adaptive methods under mere
local Holder continuity of V f, covering in particular all
continuously differentiable semi-algebraic functions.'

In the Holder differentiable setting, a notable approach was
introduced in the seminal works (Nesterov, 2015; Devolder
et al., 2014) that rely on the notion of e-oracles (Devolder
et al., 2014, Def. 1). The main idea there is to approxi-
mate the Holder smooth term with the squared Euclidean
norm, resulting in an approximate descent lemma (Nes-
terov, 2015, Lem. 2) that can be leveraged for a line-
search procedure. More specifically, given n € (0, 1), some
Yo > 0, and an accuracy threshold € > 0, Nesterov’s uni-
versal primal gradient (NUPG) method (Nesterov, 2015)
consists of computing

k+1

T = prox,, ., (a:k — ’yk+1Vf(xk)), (1a)

where vi+1 = 27vxn™* and my, € N is the smallest such
that
P < f@8) + (VF(R), M = ah)
+o ettt —aP? - ge. (b
Itis clear that € is a parameter of the algorithm, a fact which
is further illustrated by the convergence rate

2
1—v 1+v 0 * |12
110 2Ly 7 flz” =277
+1 Jat e (1c)

p(a®) = p(a”) <

o

where L, is a modulus of Holder continuity of the gradi-
ent: the coefficient of the 1/(k+1) term becomes arbitrarily

large as higher accuracy is demanded € — 0. This approach

IThis is a consequence of the Lojasiewicz inequality: for a
continuous semi-algebraic function H : R" — R", consider
f(z,9) = llz — yl| and g(w, y) = | H(x) — H(y)| in (Bochnak
et al., 1998, Cor. 2.6.7).
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nevertheless allows handling Hélder smooth problems in
the same manner as Lipschitz smooth ones and thus imple-
menting classical improvements such as acceleration (Nes-
terov, 2015; Kamzolov et al., 2021; Ghadimi et al., 2019).
Moreover, its implementability has led to algorithms that
go beyond the classical forward-backward splitting, such
as primal-dual methods (Yurtsever et al., 2015; Nesterov
et al., 2021) and even variational inequalities (Stonyakin
et al., 2021).

In the context of classical majorization-minimization, when
the order and the modulo of smoothness are known, the
Holder smoothness inequality itself has been used to gen-
erate descent without the aformentioned approximation.
Akin to Lipschitz continuity, Holder continuity of Vf
with constant [ translates into a descent lemma inequal-
ity which, after addition of g(x), yields the upper bound to
the cost ¢

() < f(@*) + (V") z —a*) + g(z)

+ mllx — k|t 2
for any Ai41,, < 1/H, cf. Fact 2.2.2. This was considered
in (Bredies, 2008; Guan & Song, 2021) in a general Banach
space setup as well as in (Yashtini, 2016; Bolte et al., 2023)
for smooth but possibly nonconvex problems. With x*+!
denoting the minimizer of the above majorization model,
the first-order optimality condition

0 € dg(z" 1) + V f(zF)

I v AR T IS CASR A B €)

reveals that the resulting iterations are essentially an Eu-
clidean proximal gradient method for a particular stepsize
Vi1 = g1, |[2F T — 2|17 that bears an implicit de-
pendence on the future iterate z¥+1.

Such a majorize-minimize paradigm adopts Ax11, as an
explicit stepsize parameter, and is thus tied to (the knowl-
edge of) the order v of Holder differentiability. Instead, we
directly derive conditions on the “Euclidean” stepsize 71
and rather regard Ajy1, as an implicit parameter, crucial
to the convergence analysis yet absent in the algorithm. (In
contrast to A;41,,, the absence of the subscript v in 741
emphasizes the independence of the Holder exponent on
the Euclidean stepsize; this notational convention will be
adopted throughout.)

We also remark that the implicit nature of the inclusion (3)
is ubiquitous in algorithms that involve proximal terms of
the form || — z*[|” for p > 1, such as the cubic Newton
and tensor methods (Nesterov, 2021a; Doikov et al., 2024,
Cartis et al., 2011) or the high-order proximal point algo-
rithm (Luque, 1984; Nesterov, 2021b; Oikonomidis et al.,
2023; Laude & Patrinos, 2023). Notice further that the
Holder proximal gradient update for non-Euclidean norms

as described above differs from performing a “scaled” gra-
dient step followed by a higher-order proximal point step.
Instead, that corresponds to the anisotropic proximal gradi-

ent method (Laude & Patrinos, 2022) for choosing ¢(x) =
ye Cd et

Our contribution

Our approach departs from and improves upon existing
works in the following aspects.

 Through a novel analysis of adaPG%" (Latafat et al.,
2023a), we demonstrate that the class of linesearch-free
adaptive methods advanced in (Malitsky & Mishchenko,
2020; 2023; Latafat et al., 2023a;b) are convergent even in
the locally Holder differentiable setting, covering in partic-
ular the class of semi-algebraic C'' functions.

* Our approach bridges the gap between two fundamental
approaches to minimizing Holder-smooth functions: it is
both exact as in (Bredies, 2008), in the sense that it does
not involve nor depend on any predefined accuracy, and
universal akin to the approach in (Nesterov, 2015), for it
does not depend on (nor require the knowledge of) prob-
lem data such as the Holder exponent v.

* We establish sequential convergence (as opposed to sub-
sequential or approximate cost convergence) with an exact
rate
. E : 1

min p(a") — ming < Oty )- )
Differently from existing analyses that rely on a global
lower bound on the stepsizes to infer convergence and an
O(1/(x+1)) rate in the case v = 1, we identify a scaling of
the stepsizes and a lower bound thereof that enables us to
tackle the general v € (0, 1) regime.

« In numerical simulations we show that adaPG®? per-
forms well on a collection of locally and globally Holder
smooth problems, such as classification with Holder-
smooth SVMs and a p-norm version of Lasso. We show that
our method performs consistenly better than Nesterov’s
universal primal gradient method (Nesterov, 2015) and in
many cases better than its fast variant (Nesterov, 2015), as
well as the recently proposed auto-conditioned fast gradi-
ent method (Li & Lan, 2023).

2. Universal, adaptive, without approximation

We consider standard (Euclidean) proximal gradient steps

k+1

o = p1r0>(,m+19(:c’C — Y1V f(@")) ®)

for solving (P) under the following assumptions.
Assumption 2.1. The following hold in problem (P):

A1 f :R™ — R is convex and has locally Holder continu-
ous gradient of (possibly unknown) order v € (0, 1].
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A2 g : R™ — R is proper, Isc, and convex.

A3 A solution exists: arg min ¢ # (0.

We build upon a series of adaptive algorithms, starting with
a pioneering gradient method in (Malitsky & Mishchenko,
2020) and the follow-up studies (Latafat et al., 2023a;b;
Malitsky & Mishchenko, 2023; Zhou et al., 2024) which
contribute with proximal extensions, larger stepsizes, and
tighter convergence rate estimates. While standard results
of proximal algorithms guarantee a descent along the iter-
ates in terms of the cost, distance to solutions, and fixed-
point residual individually, the key idea behind this class
of methods is to eliminate linesearch procedures by implic-
itly ensuring a descent on a (time-varying) combination of
the three (see Lemma 3.3). This was achieved under local
Lipschitz continuity of V f, by exploiting local Lipschitz
estimates at consecutive iterates 21, z* € R” generated
by the algorithm such as

A A A € Bl A )

= o — kTP (©

and
_IViER) = VERY|
B P o

(with the convention % =0).

Under the assumption considered in the aforementioned
references of local Lipschitz continuity of V f, that is, with
v = 1, the estimates ¢, and Lj as in (6) remain bounded
whenever z¥ and 2*~! range in a bounded set. Although
this is no more the case in the setting investigated here,
for ¢}, and L; may diverge as x* and z*~! get arbitrarily
close, we show that these Lipschitz estimates can still be
employed even if V f is merely locally Holder continuous.

Specifically, we will consider the following stepsize update
rule

) 1
Vht+1 = Vk mm{ g @)

q  Ve—1

1
\/Q[Vﬂi = 2= a)wl — (a— 1), }

for some ¢ € [1,2], where [ - |+ := max{ -,0}. This cor-
reponds to the update rule of the algorithm adaPG%" of
(Latafat et al., 2023a) specialized to the choice r = 4/2
for the second parameter. This restriction is nevertheless
general enough to recover the update rules of (Malitsky &
Mishchenko, 2020, Alg. 1), (Latafat et al., 2023b, Alg. 2.1),
and (Malitsky & Mishchenko, 2023, Alg. 1) (¢ = 1), as
well as the one of (Malitsky & Mishchenko, 2023, Alg. 3)
(g = 3/2), see (Latafat et al., 2023b, Rem. 2.4). In particu-
lar, our analysis in the generality of ¢ € [1, 2] demonstrates

that all these adaptive algorithms are convergent in the lo-
cally Holder (convex) setting.

A crucial challenge in the locally Holder setting is the lack
of a positive uniform lower bound for the stepsize sequence
(V&) sen generated by (7). To mitigate this, we factorize ~y,
as

Yo = Az — 2, (8)

introducing scaled stepsizes Ay, as suggested by the upper
bound minimization procedure (3). This allows us to nor-
malize the Holder inequalities into Lipschitz-like ones, see
Lemma 2.3. (Throughout, the subscript v shall be used for
quantities with dependence on v for clarity of exposition.)
Our analysis relies on showing that this scaled stepsize is
lower bounded whenever the second term in (7) is active
(see Lemma 3.6). We emphasize that this quantity, while
crucial in our convergence analysis, does not appear in the
algorithm, which only uses the estimates (6) and the update
rule (7), neither of which depend on (the knowledge of) the
local Holder order v.

2.1. Holder continuity estimates

In this section, we set up some basic facts about Holder
continuity of V f that will be essential in our analysis. We
again emphasize that our convergence analysis makes mere
use of existence of v € (0,1] (see Assumption 2.1.A1),
but the algorithm is independent of (the knowledge of) this
exponent, cf. adaPG® 3 (Algorithm 1).

Local Holder continuity of V f of order v (which we shall
refer to as local v-Holder continuity of V f for brevity)
amounts to the existence, for every convex and bounded
set {2 C R™, of a constant Lo, > 0 such that

IVf(y) = V@) < Lavlly — 2|

Note that both norms are the standard Euclidean 2-norms.
We remark that the limiting case ¥ = 0 amounts to sub-
gradients of f being bounded on bounded sets, that is, to
f being merely convex and real valued with no differentia-
bility requirements. Although not covered by our conver-
gence results in Section 3.2, the preliminary lemmas col-
lected in Section 3.1 still remain valid for any real-valued
convex f. To clearly emphasize this fact, whenever appli-
cable we shall henceforth specify “(possibly with v = 0)”
when invoking Assumption 2.1; in this case, the notation
V f shall indicate any subgradient map Vf : R™ — R"
with Vf(z) € 0f(x), and

Lao < 2lipg f €))

Vz,y € Q.

is bounded by twice the Lipschitz modulus for f on (2
(Rockafellar, 1970, Thm. 24.7).

Throughout, we will make use of the following inequali-
ties, which reduce to well-known Lipschitz and cocoerciv-
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ity properties of V f when v = 1. The proof of the sec-
ond assertion can be found in (Yashtini, 2016, Lem. 1); our
cocoercivity-like claims are a slight refinement of known
global and/or scalar versions, see e.g., (Bauschke & Com-
bettes, 2017, Cor. 18.14) and (Ying & Zhou, 2017, Prop. 1).

Fact 2.2 (Holder-smoothness inequalities). Suppose that
h : R™ — R is convex and Vh is v-Holder continuous
with modulus Ly, > 0 on a convex set E C R" for some
v € [0,1]. Then, for every x,y € E the following hold:

1 (x —y, Vh(z) — Vh(y)) < LE,VIIZ —yll'*
2. h(y) — h(z) — (Vh(z),y — z) <

— 1+l/
If v # 0 and Vh is v-Hélder continuous on an enlarged
set B := E + B(0; diam E) with modulus Lz ,,, then the
following local cocoercivity-type estimates also hold:

“lw =yl

14+v

3. £ 7 | Vh() = VA > < (a—y, Vh(@) - Vh(y)
4. 15 7 [ VA(x) = Vh(y) |+ <h(y) —h(x) -
(Vh() —x).

Based on the inequalities in Fact 2.2, given a sequence
(2%).en We define local estimates of Holder continuity of
V f with v € [0, 1] as follows:

_ (ah —a2F LV f(ah) - V(eRh)
by, = ToF = 21 (11a)
and
kY _ k—1
P 71 B (G 1o

CRra

Let us draw some comments on these quantities. Consider-
ing the scaled stepsize A, given in (8), it is of immediate
verification that

MLy = Liy Akl = Vil (12)
Moreover, observe that
gk,,u < Lk,y < LQ,V (13)

holds whenever Lg , is a v-Holder modulus for V f on
a compact convex set {2 that contains both 2*~! and z*,
the first inequality following from a simple application of
Cauchy-Schwartz. We also remark that defining ¢ ,, and
Ly, as above in place of a cocoercivity-like estimate

A o |

Chyy = <12:V (z* Vf(ffkl»)u

causes no loss of generality, since each one among cy ,,
l, and Ly, can be derived based on the other two.
The use of ¢, and L; , provides nevertheless a simpler
and more straightforward Holder estimate, contrary to ¢,

IVf(a*
—2F TV f(zF) —

which instead involves counterintuitive powers and coeffi-
cients, as well as a potentially looser Holder modulus, and
fails to cover the limiting case v = 0, cf. Fact 2.2.3.

Let us denote the forward operator by

= id — V. (14)

The subgradient characterization of the proximal gradient
update (5) then reads

Hy (271 — H(2%) € y.00(z"). (15)

As in (Latafat et al., 2023b), the combined use of ¢, ,, and
Ly, yields a local Holder modulus for the forward opera-
tor, though in this work it will be convenient to express it
with respect to the scaled stepsize A, asin (8).

Lemma 2.3. Let {;, and Ly, be as in (11) for some
2P~ 2% € R”, and let Hy, be as in (14) for some 7, > 0.
Then, for any v € [0, 1] and with Ay, ,, as in (8) it holds that

2 LHGN) - HeG I
M = =

=1+, L3, — 2 e wliw

1+ ’Y]%Li — 27]{)’616'

Being M}, a Lipschitz estimate, unless V f is locally Lips-
chitz continuous there is no guarantee that M}, is bounded
for pairs 2°~1, 2¥ ranging in a compact set. The v-Holder
estimate of the forward operator Hj, which instead is

guaranteed to be bounded on bounded sets (for bounded

(Vk)ke]N), is given by

| Hy (z™) = Hi (21|
ka k- 1Hv

k—1)1—v
[

My, = MkHo:k —x
S (1 + )\k,l/Lk,l/)”xk -

k—1 ”171/ _

(16)

where the inequality follows from the triangle inequality
and the definition of Ly, ., cf. (11b).

3. AdaPG?? revisited

In this section adaPG®? is presented in Algorithm 1 for
solving composite problems (P). The main oracles of the
algorithm are plain proximal and gradient evaluations. We
refer to (Beck, 2017, §6) for examples of functions with
easy to evaluate proximal maps.

AdaPG®Z incorporates the simple stepsize update rule
(10) with a parameter ¢ € [1,2] that strikes a balance
between speed of recovery from small values (e.g., due
to steep or ill-conditioned regions), and magnitude of the
stepsize dictated by the second term. If ¢ = 1, whenever
v2L2 < Ly, the second term reduces to 1/o = oo, and

Yer1 = Yr/1 + /v strictly increases. On the other
end of the spectrum, if ¢ = 2 the update reduces to

_ . 1 Yk 1
Vh+1 = VeI 4§ 4 /5 + T (1
Te—1 2['y£Li—l]+




Adaptive Proximal Gradient Methods Are Universal Without Approximation

Algorithm 1 AdaPG? % : A universal adaptive proximal gradient method

Require: starting point z~! € R", stepsizes 7o > v_1 > 0, parameter g € [1,2]

Initialize: 20 = prox,  (z~' — %V f(z™"))
Repeat for £ = 0,1, ..
1: With ¢, Ly, given in (6), define the stepsize as

. until convergence

(with notation [z] 4 0} and convention i 00)

max {z, 5

. 1 1
Vi1 = Yk Min -+ 8L , (10)
Va1 \/2[%313% —C2-Qmb+1-4q,

2 ot = prox,, (2% — 11 V("))

where having the first term active (for instance if v, Ly <
1) for two consecutive updates already ensures an in-
crease in the stepsize owing to the simple observation that

2+ /12> 1.

While adaPG? 2 has the ability to recover from a poten-
tially bad choice of initial stepsizes 7y, v—1, the behavior
of the algorithm during the first iterations can be impacted
negatively. To eliminate such scenarios, vy can be refined
by running offline proximal gradient updates. Specifically,
starting from the initial point 2!, o can be updated as the
inverse of either one of (11b) or (11a) evaluated between
2~ ! and the obtained point. If the updated stepsize is sub-
stantially smaller than the original one, the same procedure
may be repeated an additional time. Once a reasonable g
is obtained, we suggest selecting v_; small enough such

that /2 + 710 > \/21T0’ ensuring that v; would be pro-
portional to the inverse of Ly. We remark that the choice
of v_1 does not affect the sequential convergence results
of Theorem 3.7. It does nevertheless affect the constant in
our sublinear rate results of Theorem 3.8, through possi-
bly having a larger p,,,x therein, although this effect is a
mere theoretical technicality with negligible practical im-
plications.

3.1. Preliminary lemmas

This subsection collects some preliminary results adap-
tated from (Malitsky & Mishchenko, 2020; 2023; Latafat
et al.,, 2023a;b) that hold true under convexity assump-
tion without further restrictions. In particular, the next
lemma can be viewed as a counterpart of the well known
firm nonexpansiveness (FNE) of prox,,, which is re-
covered when ~v,y1 = 7%, and offers a refinement
of the nonexpansiveness-like inequality in (Malitsky &
Mishchenko, 2023, Lem. 12) that follows after an appli-
cation of Cauchy-Schwarz.

Lemma 3.1 (FNE-like inequality). Let Assumption 2.1.A2
hold and f be differentiable. For any v > 0 and denoting

P41 = Yet1/y, iterates (5) satisfy the following:

o [l = 2P < (Hi (a7 = Hi (%), 2

k l,k+1>
Pk+1

)

< pret|He (2" 1) = Hy (2.

By combining this inequality with the identity in
Lemma 2.3 we obtain the following.

Corollary 3.2. Let Assumptions 2.1.A1 and 2.1.A2 hold
(possibly with v = 0). For any v > 0, and with My, and
Ak, as in (14) and (8), iterates (5) satisfy

[ e VA [ N € 1))

We next present the main descent inequality taken from
(Latafat et al., 2023b, Lem. 2.2). Its proof is nevertheless
included in the appendix to demonstrate its independence
of v: it relies on mere use of convexity inequalities and
identities involving Ly, {, as in Lemmas 2.3 and 3.1 to ex-
press norms and inner products in terms of ||z* — 2*~1||2.
It reveals that for any ¢ > 0 and x* € argminp, up to a
proper stepsize selection, the function

Ul (z*) = Lja® — 2|2 + L||a* — 27112
+ (1 + qpr) Pe—a (18)
monotonically decreases, where we introduced the symbol
Py, = ¢(z*) —mingp (19)

for the sake of conciseness.

Lemma 3.3 (main inequality). Let Assumption 2.1 hold
(possibly with v = 0), and consider a sequence gener-
ated by proximal gradient iterations (5) with v, > 0 and
Pk+1 = Ye+1/~y. Then, for any ¢ > 0, * € argmin @, and
k € N the following holds:

ulgﬂ(x*) < Z/{,Z(a:*) - Wk-(l +aqpr — qpi+1)Pk—1
— {3 — P [RLE — b2 — q)
+1 =g Hl=* — 2", (20)
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Apparently, the stepsize update rule of adaPG?%? is de-
signed so as to make the coefficients of P,_; and ||z*F —
2*=1||2 on the right-hand side of (20) negative, so that
the corresponding proximal gradient iterates monotonically
decrease the value of U] (z*).

Lemma 3.4 (basic properties of adaPG®2). Under As-
sumption 2.1 (possibly with v = 0), the following hold for
the iterates generated by adaPG®'% :

1. (U (2¥)) en as defined in (18) decreases and converges
to a finite value.

2. The sequence (z*), o is bounded and admits at most
one optimal limit point.

3. Ppin < Yi(x*)/ (Zf:ll Vi) for every K > 1, where
Pénm = minogigk PZ

Remark 3.5. The validity of Lemma 3.4.3 also when v = 0

hints that having 0, - v+ = oo suffices to infer conver-

gence results for the proximal subgradient method without

differentiability of f. Whether, or under which conditions,

this is really the case is currently an open problem.

3.2. Convergence and rates

Distinguishing between the iterates in which the stepsize
is updated according to the first or the second element in
the minimum of (10) will play a fundamental role in our
analysis. For this reason, it is convenient to introduce the
following notation:

K1 = {k €N |y =n (21a)

1 Vi
q + ’Yk—l}
and

Ky =N\ K. 21b)

Unlike its locally Lipschitz counterpart (v = 1), in the Hol-
der setting, a global lower bound for the stepsize sequence
(7k) sen cannot be expected. Nevertheless, a lower bound
for the scaled stepsizes Ay, whenever k£ € K is sufficient
to ensure convergence.

Lemma 3.6. Let Assumption 2.1 hold (possibly with v =
0), and consider the iterates generated by adaPG?%.
Then, with Ko as in (21b), for every k € Ko

1
Ak > m and pyy1 > VoreoLny (22)

where puuas = max { 3 (1+ /T4 ¥a), 22 |

The anticipated lower bound on (Mg, );cx, Will follow
from (13), once boundedness of the sequence (z*), o gen-
erated by adaPG?? is established.

Theorem 3.7 (convergence). Under Assumption 2.1, the

sequence (z*) wen generated by adaPG?% converges to
some T* € arg min ¢.

While a global lower bound for the stepsizes (V) ;e 18
not available, it is at the moment unclear whether one for
the (entire) scaled sequence (Mg, ),cn eXists. Neverthe-
less, with Py as in (19), a lower bound for an alternative
scaled sequence (Yi41P;, ren does exist, thanks to
which the following convergence rate can be achieved.

(l—u)/y)

Theorem 3.8 (sublinear rate). Suppose that Assump-
tion 2.1 holds. Then, the following sublinear rate holds for
the iterates generated by adaPG® % :

0<i<K Yo(K +1)’

q(. % q (o) 1EE
(K+1)¥

where C(q,v) = \ﬁ(ﬁ)u(ﬁpmax + 1)17” and Lq ,
is a v-Hélder modulus for NV f on a compact convex set ()

that contains all the iterates x*.

Some remarks are in order regarding the convergence re-
sults of the method. First, the obtained rate matches the one
of the standard convex Holder smooth setting of (Bredies,
2008) and the one in the nonconvex case (Bolte et al., 2023,
Prop. 9), while it is worse than the one of the Universal Pri-
mal Gradient Method in (Nesterov, 2015). Since our analy-
sis relies upon a more involved Lyapunov function along
with an adaptive stepsize rule, whether or not it can be
tightened in order to obtain a better rate remains an inter-
esting open question.

In the locally Lipschitz setting v = 1, the above rate
matches the O(1/(x+1)) of (Latafat et al., 2023a, Thm. 1.1)
(with » = ¢/2). Despite such a worst-case sublinear rate,
the fast behavior of the algorithm in practice can be ex-
plained by utilization of large stepsizes and the bound in
Lemma 3.4.3.

We also remark that under (local) strong convexity, up to
modifying the stepsize update similarly to (Malitsky &
Mishchenko, 2020, §2.3), a contraction can be established
in terms of U} (z*) in Lemma 3.3. We refer the reader to
(Malitsky & Mishchenko, 2020) for this approach and post-
pone a more detailed analysis to a future work.

4. Experiments

q
2

We demonstrate the performance of adaPG? 2 on a range
of simulations for three different choices of q. We com-
pare against the baseline and state-of-the-art methods: Nes-
terov’s universal primal gradient method (NUPG) (Nes-
terov, 2015), its fast variant (F-NUPG) (Nesterov, 2015),
as well as the recently proposed auto-conditioned fast gra-
dient method (AC-FGM) (Li & Lan, 2023).

While adaPG?? only involves gradient evaluations, the
other methods additionally require evaluations of the ob-
jective. In all applications considered in this section, the



Adaptive Proximal Gradient Methods Are Universal Without Approximation
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Figure 1. p-norm Lasso with varying powers p. It can be seen that adaPG® ? performs better than NUPG in all cases in terms of calls
q .
to A, AT . In this experiment adaPG? 2 also performs consistently better than the accelerated algorithms AC-FGM and F-NUPG.

smooth part f(z) takes the form 1)(Ax) where A is the de-
sign matrix containing the data. Consequently, matrix vec-
tor products y = Az and AT V1)(y), each of complexity
O(mn), constitute the most costly operations. For the sake
of a fair comparison, we store vectors that can be reused
in subsequent evaluations, and plot the progress of the al-
gorithm in terms of calls to A and AT. As a result, denot-
ing with # 4 the number of calls to A and A", and with
#.s > 1 the number of linesearch trials (including the suc-
cessful ones), each iteration involves:

* NUPG: 1 call to V f and #s to f; by exploiting linear-
ity, #4 = 1 + #s

* F-NUPG: #_s callsto V f and 2 x # 5 to f; by exploit-
ing linearity, #4 = 3 4+ #.s

e AdaPG%2: 1 call to V f; using linearity, # 4 = 2

* AC-FGM: 1 call to V f and 1 to f; by linearity, # 4 = 2.

Implementation details In all experiments the solvers
use x = 0 as the initial point, and are executed with the
same initial stepsize computed as follows. First, we ran an
offline proximal gradient update starting from the initial
point and computing the stepsize as the inverse of (11b)

evaluated between the initial and the obtained point. This
procedure was repeated one additional time in case the ob-
tained stepsize was substantially smaller than the original
one. In the case of AC-FGM, in addition, we used the pro-
cedure of (Li & Lan, 2023) which can also be found in
Appendix D. The implementation for reproducing the ex-
periments is publicly available.’

4.1. p-norm Lasso

In this experiment we consider a variant of Lasso in which
the squared 2-norm is replaced with a p-norm raised to
some power p € (1,2):
o1

min o [[Az = bl|7 + Allz]|1, (23)
for A € [-1,1)™*", b € R™ withn > mand A > 0. The
first term in (23) is differentiable with globally Holder con-
tinuous gradient with order v = p — 1. The proximal map-

ping of the second term is the shrinkage operation which
is computable in closed form. To assess the performance

https://github.com/Emanuellaude/
universal-adaptive-proximal-gradient
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Figure 2. Classification with Holder-smooth SVMs. It can be seen that adaPG® 2 consistently outperforms NUPG in terms of calls to

A AT

of the different algorithms we generate random instances
of the problem using a p-norm version of the procedure
provided in (Nesterov, 2013). In Figure 1 we depict con-
vergence plots for the different methods applied to random
instances with varying dimensions of A € R™*", pow-
ers p € (1,2) and number of nonzero entries %k of the
solution z*. It can be seen that adaPG?# performs con-
sistently better than Nesterov’s universal primal gradient
(Nesterov, 2015) method NUPG with ¢ = 1e~12 in terms
of evaluations of forward and backward passes (calls to
A, AT). In this experiment adaPG® 3 also performs con-
sistently better than the accelerated algorithms AC-FGM
and F-NUPG.

4.2. Holder-smooth SVMs with /¢, -regularization

In this subsection we assess the performance of the differ-
ent algorithms on the task of classification using a p-norm
version of the SVM model. For that purpose we consider
a subset of the LibSVM binary classification benchmark
that consists of a collection of datasets with varying num-
ber m of examples a;, feature dimensions n and sparsity.
Let (aj,b;)7; with b; € {—1,1} and a; € R" denote

the collection of training examples. Then we consider the
minimization problem
1 m
min — z; Lmax{0,1 —b;(a;, z)}" + Allz[lr.  (24)
i=
for p € (1,2). The loss function is globally Hélder smooth
with order v = p — 1 while the proximal mapping of the

second term can be solved in closed form. The results are
depicted in Figure 2.

4.3. Logistic regression with p-norm regularization

In this subsection we consider classification with the lo-
gistic loss and a smooth p-norm regularizer, for some p €
(1,2). The problem can be cast in convex composite mini-
mization form as follows
1 m
: 1
i 77 D (1 —explbylag ) + Al 29
j=
Unlike the previous classification model this yields a
smooth optimization problem. Hence we perform gradi-

ent steps with respect to (¢ and choose the nonsmooth term
g = 0. The results are depicted in Figure 3.
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Figure 3. p-norm regularized logistic regression. In the present
q . .
cases adaPG? 2 performs better than the baseline algorithms.

4.4. Mixture p-norm regression

In this final experiment we consider the following mixture

model:
J

. .
LAz —b7||Bs, 26
xgé%)j:l oAl — b (26)

where By () is the 2-norm ball with radius r and p; €
(1,2]. Since the p; are not identical the smooth part in
(26) is merely locally Holder smooth. The nonsmooth
part g is the indicator function of the set Bo(r). In Fig-
ure 4 we compare the performance for J = 6 with
p = (1.8,1.7,1.6,1.5,1.5,1.5) and different values of
n where the entries of A7 € [—1,1]"*" and b’ €
[-1,1]™ are uniformly distributed between [—1,1] with

)

m = (400, 300, 400, 100, 100, 300).

5. Conclusions

In this paper we showed that adaptive proximal gradient
methods are universal, in the sense that they converge un-
der mere local Holder gradient continuity of any order. This
is achieved through a unified analysis of adaPG¢# that en-
capsulates existing methods for different values of the pa-
rameter g € [1,2]. Sequential convergence along with an
O(Y/k") rate for the cost is established. Remarkably, the
analysis and implementation of the algorithm does not re-
quire a-priori knowledge of the order v € (0, 1] of Holder
continuity. In other words, adaPG? % and its analysis au-
tomatically adapts to the best possible choice of v.

The validity of some of the auxiliary results for v = 0 is an
encouraging indication that the algorithm could potentially
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Figure 4. Mixture p-norm regression with ball constraint. It can
q . .
be seen that adaPG? 2 performs best on this comparison.

cope with plain real valuedness of f, waiving differentia-
bility assumptions. Whether this is really the case remains
an interesting open question.

Moreover, our experiments demonstrate that adaPG%3
consistently outperforms NUPG on a diverse collection of
challening convex optimization problems with both locally
and globally Holder smooth costs. In many cases we ob-
serve that adaPG® 2 performs better than the accelerated
algorithms F-NUPG and AC-FGM. We conjecture that
adaPG? 2 exploits a hidden Holder growth that acceler-
ated algorithms cannot take advantage from (as is known
for the classical Euclidean case under metric subregular-
ity). In future work we aim to extend our analysis to non-
convex and stochastic settings.
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A. Proofs of Section 2.1

Proof of Fact 2.2 (Holder-smoothness inequalities). The proof of assertion 2.2.1 follows by the Cauchy-Schwarz inequal-
ity. For assertion 2.2.2 when v > 0 we refer the reader to (Yashtini, 2016, Lem. 1); although the reference assumes global
Holder continuity, the arguments therein only use Holder continuity of V f on the segment [z, y]. For the case v = 0, for
any z,y € E and Vh(z) € Oh(z), Vh(y) € Oh(y), we have

h(y) < h(z) +(Vh(y),y — z)
= h(z) + (Vh(z),y — z) + (Vh(y) — Vh(x),y — )
< h(@) + (Vh(z),y — ) + |[Vh(y) — Vh(z)|ly — =
< h(x) +(Vh(z),y — ) + Leolly — =,

where the first inequality follows from convexity of h.

We now turn to the last two claims, and thus restrict to the case v > 0. We will only show assertion 2.2.4, as 2.2.3 in turn
follows by exchanging the roles of « and y and summing the corresponding inequalities. The proof follows along the lines
of (Beck, 2017, Thm. 5.8(iii)) and is included for completeness to highlight the need of the enlarged set 2. We henceforth
fix z,y € E C E. Since V f is v-Holder continuous in E with modulus L .- it follows from assertion 2.2.2 that

F(2) < F) + (VF(), 2 — ) + 22|z —y| ' vz eE. 27)

Let I, (y) == f(y) — f(x) — (Vf(z),y — x), and note that [, is a convex function with Vi, (y) = Vf(y) — Vf(z). For
any z € E, we have

Lo(2) = (2) = f(2) = (V] (), 2~ 2)

F@) +(VF W),z — ) + T2t |z =y — f(z) — (VF(2),2 - )
S) = @)~ (VS y =)+ (V) ~ Vi), 2~ y) + 2Bz — g+
Lo(y) + (Via(y), 2 — ) + 122z — gl

Noticing that VI, (z) = 0, it follows from convexity that z is a global minimizer of [,;, hence that minl,, = I, (x) = 0. Let
us denote v := WVZ (y) and define z = y — ||Vl (y )||1/”L%1U/Vv. Note that

1
_ (1YWY _ (IVSf Vi)
||z—yH—(” Liyll) _(\ (yL) )\)

- - <|ly — =],
and in particular z € E + B(y; ||y — z||) C E. From the previous inequality we get
— mi _ 1/vyr—1/v
0=minl, =l (z) <l (y — V(v / LE,V v).
vyr—1/v Lg 1
<L) = [V Ly " (V). 0) + 5 7o | VW)

= f0) = f@) = (V@) =) = Za 7w IV @) = VF@)I 7,

as claimed. O

Proof of Lemma 2.3. Expanding the squares yields

1Hk (%) = He(z" [ = l|l2® = &2 492V F (%) = VAP + 29 (a? — 271 VF (") - V@)

= |lz® = 2P AR LR ll2® = TP+ 2yl [l — 2T

From the identity v; = g, ||z¥ — 2%71||*=" > 0, the claimed expression follows. O

12
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B. Proofs of Section 3.1
Proof of Lemma 3.1 (FNE-like inequality). Recall the subgradient characterization

=~ k_pk+1
Vg(z*+) = =i Vf(z*) € og(a*t1). (28)
We have
Hy (2" Y= Hy (2 Hy(zhF 1) —zk .
< K ( A{)k K ( ),J}k _ xk+1> _ < K ( — ) +Vf(xk),xk —.%‘k+1>
__1 k+1 _ k2 k_ k41 Hp(@*™H-aF  Hppa(a®)—abt!
T Ve ||:L‘ o7+ (2 z ’I Yk L V41 |>
> 1 ||£L'k+1 o xk”2’ cg(zF) cag(ak+1)
TYh+1
owing to monotonicity of dg. Invoking the Cauchy-Schwarz inequality completes the proof. O

Proof of Lemma 3.3 (main inequality). From the convexity inequality for g at 2! with subgradient %g(mk“) asin (28),
we have that for any x € dom g

0 < g(@) = g(@™) +(Vf(a"),x — 2") — A-(ah — 2™t o — o)
= g(2) = (@) + (Vf(a"), 2 — ") + b= (o — a® = [|l2™ — 2 = [la” = 2*F1)%). @9)
On the other hand, using Vg(z*) € dg(z*) yields that
0 < g(a™) — g(a®) + (Vf(a"1), 2" — 2F) — %k(xk_l — zF Rt gk, (30)

We now rewrite the inner product in (29) is a way that allows us to exploit the above inequality:
(Vf(a"),z =) = (Vf(a"), 2 —a*) + (Vf(2"),2" — ™)
< f(@) = f@¥) + (Vf(ah), 2k — b ).
The last inner product can be controlled using (30):
(VF(a¥),aF — a1y = (Vi) = V@), o — 2 4+ (Vb ), o — ah )
< (VF(@?) = V(") 2" — a4 g(@ ) = g(a®) — (a7 = b P o)
= g(@"+Y) = g(&¥) + L (Hy(ab 1) — Hy(ah),a* — ot )
(Lemma3.l) < g(az™*!) — g(a®) + 25| Hy (2" ) — Hy ()2
Combine this with the prior inequality and (29) to obtain
0 < ta(e(@) = (@) + ph [1Hi (@) = He(@)]? + 3 (12" —2|® — [l2"* — 2] — [|]2* —«**1%) 3D
= Y1 (p(x) = p(@*) + Py Migl|a® — 22+ g lla® —ff” — §lla* Tt — ) = glla® — 22, (32)

where Lemma 2.3 was used in the last equality. Finally, recalling the definition of %g(xk) as in (28) we have

Zh—1_gk

V@) - Vi) € dp(at),

V(") + Vg(a®) = L (Hy (a7 — Hy(a*)) =

Vi
Therefore, for any ¥541 > 0

0 < it () = ole?) = L (Hy ) - Hy(e), o — o)
= Ve+10k+1 (@(fﬂk*l) — pla®) = I 2t - mkHQ)'
Combining the last two inequalities and letting Py, (z) = op(x*) — () yields

Sl =l + s (14 Drr) Pa(@) + g [la* — 2

< 3l2* — 2l + 1Pk Pom1 () — prgr (O1 (1 — i) — prt M7 ) || — 2|

Letting ¥, = qpy, for all k, and setting x = x* € arg min ¢ establishes the claimed inequality. O
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Proof of Lemma 3.4 (basic properties of adaPG®% ).
* 3.4.1) The update rule for -y, ensures that the coefficients of ||z¥ — z*~1||? and P_; in (20) are negative, and that
therefore (U} (2*)),c is decreasing. Since U (*) > 0, the sequence converges to a finite (positive) value.

* 3.4.2) Boundedness follows by observing that 3 ||z* — 2*||> < U(z*) < Ug(x*) for all k > 0, where the last inequality
owes to the previous assertion. In what follows, we let Lg,, < oo be a v-Holder modulus for V f on a convex and
compact set {2 that contains all the iterates % In particular, ¢, , < Ly, < Lg , holds for every k. Suppose that 2, and
xl are two optimal limit points, and observe that

U (o) = Ui (ale) = Fllzeel® + llab |l + (2, ol — 2o0)-

Since both (U} (o)) pen and (U (2L,))en are convergent, by taking the limit along the subsequences converging to

Too and 2/ we obtain (T, ' — Too) = (2, 7" — T ), which after rearranging yields ||z, — z/||?> = 0.

* 3.4.3) Since (1 + gpr. — quﬂ) > 0 because of the update rule of y% 1, and with Pénin ‘= ming<;<y P; denoting the
best-so-far cost at iteration k, a telescoping argument on (20) yields that

K K
PR (L +gpk — appn) < D (L + apk — 4pis ) Pes
k=1 k=1
U (") = Uy (%) <UL (") = yiea (L apren) PR, (33)
hence that
min Z/lf{(:z:*)
PK — K+1 2
Y1 W+ apx — apiyy) + (1 + gpr+1)
B Ui (z*) _ Ui (=)
T K = FreEm
Skt (T + QWP — QVe11PE11) + Vet + QUr1PK 11 GNP+ Dy Tk
Further using the fact that U{ (z*) < UJ(2*) by Lemma 3.3 completes the proof. O

C. Proofs of Section 3.2

Proof of Lemma 3.6. Owing to pr1 < \/1/q + pi as ensured in (1), it can be verified with a trivial induction argument
that
P < Proae = max{%(l—k 1+4q),p0} for all k > 0. (34)

If k£ € Ko, then v coincides with the second update in (10), and thus

1 1
2 ;
\/2 [)‘i,vLi,u —(2=q@) el +1— q} . V2w Ly

completing the proof. O

(35)

Pmax = Pk+1 =

In our convergence analysis we will need the following lemma that extends (Latafat et al., 2023a, Lem. B.2) by allowing a
vanishing stepsize. As a result it is only 7,41 times the cost that can be ensured to converge to zero, which will nevertheless
prove sufficient for our convergence analysis in the proof of Theorem 3.7.

Lemma C.1. Suppose that a sequence (") reN converges to an optimal point x* € arg min o, and for every k let k=
proxwﬂg(ack — Y1 V [ (@F)) with (7)) pen © Ry bounded. Then, (z%), o too converges to x* and (41 (p(Z%) —
ming)),cn — 0.

14
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Proof. By nonexpansiveness of the proximal mapping
2% = 2| < [la® = " = 2 (VF(@®) = V@) < l2* = 2*[| + yen[[VF(25) = V()] =0,

where we used the fact that 2* = prox,,, , (2" — 41V f(2*)) for any j+1 > 0 in the first inequality, and boundedness

of k41 in the last implication. Moreover, for every £ € IN one has

~ ((—ki : — =k kY o < =k\ _ *\\ _ [k \V4 k\ _ =k . _ =k
k1 (p(2%) —min ) = Y41 (f(Z7) +9(2%) — minp) <y (f(Z7) — f(27)) — (&% = 1 VI (@7) = 27,27 = 77),

where in the inequality we used the subgradient characterization of the proximal mapping. The inner product vanishes

since both 2* and Z* converge to 2*, and the claim follows by continuity of f and lower semicontinuity of . O

Proof of Theorem 3.7 (convergence). We first show two intermediate claims.

Claim 3.7(a): If v > 0, then infyen Py = 0, and in particular (z*), o admits a (unique) optimal limit point.
If supyecnvw = oo, then we know from Lemma 3.4.3 that liminf,_, P, = 0. Suppose instead that ('yk)ke]N is
bounded. Then, the set K5 as in (21b) must be infinite. Let L, ,, be a v-Holder modulus for V f on a compact convex
set € that contains all the iterates ¥, ensured to exist by Lemma 3.4.2. Since Ly, , < Lq ,, it follows from Lemma 3.6
that .

" Y \/iLQ,l/pmax

Vk € Ko, (36)

hence from (33) that
Dl =+ gprk — gpia) Per < oo
keEKo
Noticing that 1 + gp — qpiJrl = 0for k ¢ Ko, necessarily 1 + gp — qpﬁJrl # 0as Ky 3 k — oo (or, equivalently,

as k — 00), for otherwise lim infg_, o pg > 1 and thus i " 0o. Therefore, there exists an infinite set K 5 C K5 such
that 1 + gp, — qp}_, > € > 0forall k € K», implying that

Z 2% — 2Py < o0
kef(z

Thus, limg -, o |lzF — 2*=1|| = 0 (or lim infy .z, Px—1 = 0, in which case there is nothing to show). For any
x* € arg min ¢ we thus have

0< P = (") —ming < (a* — 2*, £ =25 — (Vf(a*) - Vf(zh)))
<l — 2 (2t = oK+ V£ = V) G7)
= [|lz* — ¥ (W”xk_l — 2P| + Ly, [z - ka")

<2k = e flla* = 2 (ks + Law) V€ Ka.

Amin,v

Since v > 0, by taking the limit as f{g > k — oo we obtain that limf(ﬁk_)Oo P, =0.

Claim 3.7(b): If v > 0 and (Vi) ey is bounded, then (x*), . converges to a solution.
Suppose first that (7 ),cy is bounded. Consider a subsequence (z¥), . ;- such that lim x5k —cc P = 0, which exists
and converges to a solution 2* by Claim 3.7(a). Since (), is bounded, in light of Lemma C.1 also P+l — 2% and,
in turn, z¥t2 — z* as well. Then,

Z/lgﬂ(a:*) = %kaﬂ — |+ %kaﬂ — kaQ + (L + qpr+1)Pe — 0 as K 5 k — oo,

and thus £||z* — z*|| < U (z*) — 0 as k — oo, since the entire sequence (U} (z*)),,cy is convergent.

To conclude the proof ot the theorem, it remains to show that also in case (i), is unbounded the sequence (mk)keN
converges to a solution. To this end, let us suppose now that ~; is not bounded. This case requires requires a few more
technical steps, which can nevertheless almost verbatim be adapted from the proof of (Latafat et al., 2023a, Thm. 2.4(ii)).

15
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See also (Latafat et al., 2023b, Thm. 2.3(iii)) for an alternative argument; we emphasize that the difference with both
aforementioned works is that the stepsize sequence is not guaranteed to be bounded away from zero.

We start by observing that Claim 3.7(a) and Lemma 3.4.2 ensure that an optimal limit point * € arg min ¢ exists. It then
suffices to show that ¢} (z*) converges to zero. To arrive to a contradiction, suppose that this is not the case, that is, that
U = limp_ o Z/{,Z (z*) > 0. We shall henceforth proceed by intermediate claims that follow from this condition, eventually
arriving to a contradictory conclusion.

Contradiction claim 1*: Forany K C N, imgsg— o0 z*
The implication “<" follows from

= z* holds iff limg sk 00 Vir1 = OO

Y Pr—1 < Z/{lg(at*) < o0

since ("), < is bounded and x* is its unique optimal limit point.
Suppose now that (2*) wex — x*. To arrive to a contradiction, up to possibly extracting another subsequence suppose that
(Ve+1)gex — 7 € [0,00). Then, it follows from Lemma C.1 that (z**1), _ .- — 2* and (Y11 Pet1) e — 0. As shown
in (34)

Pk < Pmax forall k >0 (38)

which in turn implies (yx42Pk41),ex — 0 and that (y442),cx is also bounded, we may iterate and infer that also
(2%72), c ¢ converges to z*. Recalling the definition of ! in (18),

Z/{,Z+2(m*) = %kaﬁ - 1’*”2 + %”ka - 99k+1H2 + Yit2(1 + gprt2)Pry1 — 0,

contradicting U = lim g5 00 Uy 5 (2*) > 0.

Contradiction claim 2*: Suppose that (z), .o — x*; then also (")

It follows from the previous claim that lim g5 00 Yx+1 = 00. Because of (38), one must also have lim x5 00 Y = 00.
Invoking again the previous claim, by the arbitrarity of the index set K the assertion follows.

keEK — Ty

Contradiction claim 3*: Suppose that (z), .o — x*; then (Yi—1Lp—1)pe e — 00 and (pr)yex — 0.

Using the previous claim twice, %=1, 2¥=2 — 2* as K > k — oo. In particular
lim |zt —2F 7212 = 0. (39)
K>k—o00
From the expression (18) of U4}/ we then have
li (1 P = 40
Kaggoo%( +qpr)Pr—1 =1, (40)

where we remind that by contradiction assumption U := limg_, L{,g (2*) > 0. Denoting C' ‘= pmax(1 + ¢Pmax), We have

Yo-1Pooy < 257 = 2| (|27 = 27+ e [V @Y = VAR

= [lz*7 — (| (2" = 2"+ ypa L |l = 2R 2))
for every k. Then, by (40)
O0<U= i 1 P._; = liminf 1 1P
< dm (1+gp) Py = lminf py(1+ gpr)yn-1Fi—

< pmax(1 + gPmax) Il{lgllcglfo [t — 2| (”x]%l — 2" 2| + g1 L [l — xkiguu)

which yields the first claim owing to (39) and v > 0.
This along with the update rule (10) implies

1
Ve Lioi — 2= @)me—1le—1 +1 -]

o < — 0,
b= 2[
as claimed.

Having shown the above claims, the proof is concluded as in (Latafat et al., 2023a, Thm. 2.4(ii)) by constructing a specific
unbounded stepsize sequence and using claims 1* and 3" to obtain the sought contradiction. O
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Proof of Theorem 3.8 (sublinear rate). The existence of Q2 as in the statement follows from boundedness of (z*), . see
Lemma 3.4.2. We proceed by intermediate claims.

Claim 3.8(a): If A, < L , then P, < Pj,_;.
Let Vip(z%) == Vf( ) + Vg(a*), where Vg is as in (28). Then, Vo (2*) € dp(z*) and thus

k

P(e*1) 2 pla®) + (Vpla), 2t = o)
= o)+ E(H( ) — Hy(ob), 24 = o)
= @)+ Lot — U - Ly R o
= o)+ (5 = L) 1 = 2|1+,

establishing the claim.
1-v
We next aim at establishing a lower bound on the stepsize sequence in terms of P, “ . To simplify the exposition, we

now fix z* € arg min ¢ and denote
Cl(v) = \/2Ui(z*) (L + La,.). (41)

Claim 3.8(b): For every k € N it holds that P, < CI(\p.,,)||lz* — 2+ 1"
We begin by observing that _
Vip(a") = L (Hy(a" 1) = Hy(a¥)) € dp(a™)

owing to (28). Combined with (16) and (8) it follows that

V(™) < (53 )l =2 < (5

w)llz® =2t

Moreover, by convexity, 59 ()
v k,v

P = p(a) = ming < (Vo(a¥), 2" — 2%) < |[Ve(a)|llla" — 2*|| < \/2U] (%) (5}

1
w)llz =2

as claimed, where the last inequality uses the fact that ||z% — z*[|? < U (z*) < U (z*).
We next analyze two possible cases for any iteration index & > 0.

P 1_711
Claim 3.8(c): Foranyk € Ko, Vi1 > fLQ - ( }(A‘:m,u)> .
Since Ly, < Lq,, as shown in Lemma 3.6 A\, > Amin,y = m holds for every k € Ks. Moreover, by
Q,vPmax
definition of K,
Yk
Ve4+1 =
\/2 {)‘i,ul’i,u - (2 - q)/\k,VzkaV +1- q} n
by N k _ L k—1)1—v k _ L k—1|1-v k _ L k—1)1—v
) pollah =2+ T
\/2 P\z,u‘[’%,u — (2 - q))\k7ygk-,y +1-— q} . kv Qv
1-v 1-v
: E_ o k—1|1—v _ P v B v : .
By using the lower bound ||z — 2" || > (CS(/\;W)) > (CS(/\m;n,u)) in Claim 3.8(b) raised to the power

1;—” the claim follows.

) Ky # O and) k > min Ky,

!H][l v )

Claim 3.8(d): Forany k € K1, Y1 > e

(1+ )

K2’<k I:KQO{O,L...,I{Z—l}

&
2 otherwise.
Let
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denote the (possibly empty) set of all iteration indices up to k£ — 1 such that the first term in (10) is strictly larger than
the second one.

If Ko <k = 0, then p;1 = \/1/q + p; holds for all ¢ < k, which inductively gives p7 > 1 +3 Lforallt =1,...,K
(since pg > 1). We then have

k
Tier =90 [y PR = (14 253 (43)

Suppose instead that K5 < # ), and let ny j, denote its largest element:
N = max Ky .}, = max {z <k |Yit1 <y % + pi}.

Observe that the update rule p;+1 = /g L 1 p; implies that p; ;o > 1 holds whenever i,i + 1 € K. In fact, p;4; =

% + pi > f holds for every ¢ € K71, in turn implying that

Lwi+le Ky = p7+22\/;+\/T2\/é+\/g>1

Qi+l i€k = [I5 > 7 (44)

In particular,

(this being also trivially true for an empty product, since ¢ > 1).
We consider two possible subcases:

¢ First, suppose that the index j := max {n27 E<i<k| Aiy > ﬁ} exists. Schematically,

cKo cK;y
I 1T 1
- 1
’I’LQ’k, ey s ,k and )\j’y> Taoo: (45)
v
Xip<gd

Qv

By definition of ny 1, all indices between j and k are in K, and thus

k1 (4 -
=] ri = v = i
i=j+1
5 Claim 3. S(b) 1—v 1—v
(4>)L |f — 2= > L v “ﬁ@# S i B B
ﬁLn fL Cl(Ajw) Valey \Cl(Yrg,) '

Since A;, < — holds foralli = j+1,...,k, it follows from Claim 3.8(a) that P, < P;, and thus

1—v

P v
w2 G (aias) (40)
¢ Alternatively, it holds that ); , < ﬁ for all j = na,...,k, and in particular by virtue of Claim 3.8(b) we have
that P, < P, , . Arguing as before, ’
E+1 (44 Claim 3.8(c) P 1-v p 1—v
1 "2k v 1 X v
Ve+1 = ’Vn2 r+1 sz = \/q’VnQ,kJrl 2 V2qLla., (C'Z()\im,u)) 2 VZqLa ., (ég()\!::in,u)) . (47)

i=ng2 r+1

Combining (46) and (47)

1—v
1 1 P 1 1—v
Vi+1 = min = v ~ 1—v - = ~ 1-v Pk T
Cg(l/Lﬂv") v \/icg(Amin,V) v \/ELQJ’ Vv quQ,t/Og()\min,l/) v

where the identity uses the fact that the minimum is attained at the first element, having C(v) decreasing in v > 0 and

L o>\, = —2L1 — (si >
LQ,u = >\m1n,u \/Epmastz,y (SIHCG pmax = 1)
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Finally, combining Claims 3.8(c) and 3.8(d) and noting that

1—v 1—v

1 U — ! V P
V2aLo.y \ CY(Amin) VELL, \ V@) (Ve +1) )

we conclude that

1 1-v
— P v if (K2 # 0 and) k > min Ko
1—v 17k )
Vet1 = Ui ()= Clgv)»
k
(1 + %) %Yo otherwise

holds for any & € N, where
v 1—v
C(Q7 V) = \/iLQ,V\/a (1 + ﬁpmax)

is as in the statement. Denoting ky = min Ky — 1 if K5 # () and 0 otherwise, the sum of stepsizes can be lower bounded
by

K+1

K+1 h
IAETIED SABEVED DAl ko’7k>7021+ )? L[q(x*) Zpk '
1 q,v ”k ko

1—v

A K-i—l—kio
> 1+ )2 —(min Py) *
"Z Y U = olg. 0t R

K+1—-k -y

7 Jlr_y 0 T (min Pk) v
Ui ()2 Clg,v)v k<K

1 -y

— - (min Py) ~ K+1).
die = ol R T }( )

> Yoko +

> min {fyo,

Therefore, in light of Lemma 3.4.3, for every K > 1 we have

K41
1 1
Ui > mm P Ve > min < mm P, — min P)" »(K +1).
1( ) kzl 0 L[f(x*)lzTC(q,l/)% (kgK ) ( )
Equivalently, for every K > 1 it holds that
Ul (z* U (z* H—”C ’
cither min P < ) o i p < @) F Clav)
k<K Yo(K + 1) k<K (K + 1)~
Further using the fact that U{ (z*) < U (z*) by Lemma 3.3 results in the claimed bound. O

D. Implementation details of AC-FGM

In this section we describe the specific implementation of the auto-conditioned fast gradient method (AC-FGM) (Li & Lan,
2023), which in our notation reads

k+1

41 = prox,, (P — e V")

(1 = Brs1)y* + By 2t

oF = M 2R /(1 ).

k+1

Regarding the positive sequences (V)kens (Bk)ken, (Tk)ken, wWe use the update rule described in (Li & Lan, 2023, Cor.
3) and as such in Corollary 2 of the same paper. We choose 51 = 0 and By = § = 1_‘[ for all k£ > 2, ensure that
S [ﬁ, 3%] and set yo = % and ;1 = min{ A== 1+1’y ,4T’°} for all &k > 2. Flnally, 71 =0, 7% = 2and

Tht1 = Tk + § + 2(15’# for k > 2 and some a € [0,1]. We chose @ = 0, since this configuration consistently
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outperfomed the others in our experiments. The sequence (¢ )ren is the so-called local Lipschitz estimate and is defined
as in (Li & Lan, 2023, Eq. (3.9)):

Vet —aC |2V f(a?) =V f (20)[>+(e/4)2 —c/4
[zt —=°]*
IVf(&*) =V f*h)|?
2AAf (@F=1)=f(aP)—(V f(aF),ab 1 —aP)|+e/ 7

ifh =1,

Cp =
otherwise.

where e is the predefined desired accuracy of the algorithm.
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