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ABSTRACT

This paper studies how to achieve accurate modeling and effective control in
stochastic nonlinear dynamics with multiple interacting objects. However, non-
uniform interactions and random topologies make this task challenging. We ad-
dress these challenges by proposing Graph Controllable Embeddings (GCE), a
general framework to learn stochastic multi-object dynamics for linear control.
Specifically, GCE is built on Hilbert space embeddings, allowing direct embed-
ding of probability distributions of controlled stochastic dynamics into a repro-
ducing kernel Hilbert space (RKHS), which enables linear operations in its RKHS
while retaining nonlinear expressiveness. We provide theoretical guarantees on
the existence, convergence, and applicability of GCE. Notably, a mean field ap-
proximation technique is adopted to efficiently capture inter-object dependencies
and achieve provably low sample complexity. By integrating graph neural net-
works, we construct data-dependent kernel features that are capable of adapting
to dynamic interaction patterns and generalizing to even unseen topologies with
only limited training instances. GCE scales seamlessly to multi-object systems
of varying sizes and topologies. Leveraging the linearity of Hilbert spaces, GCE
also supports simple yet effective control algorithms for synthesizing optimal se-
quences. Experiments on physical systems, robotics, and power grids validate
GCE and demonstrate consistent performance improvement over various compet-
itive embedding methods in both in-distribution and few-shot tests.

1 INTRODUCTION

Controlling nonlinear dynamics with continuous state and action spaces across multiple interacting
objects is challenging in domains such as network systems (Qin et al.l [2022), robotics (Yoneda
et al.,|2021)), and autonomous agent systems (Gelada et al., [2019). Model-based control algorithms
offer a promising solution to this problem (Jacobson & Mayne, |1970; [Todorov & Li,[2005)), typically
approximating the nonlinear control problem through global or local linearization techniques. While
these methods have demonstrated strong performance (Tassa et al., 2007; |Levine & Koltun, |2013)),
they generally assume access to a known system model and a carefully designed, low-dimensional
state representation. In practice, however, system dynamics are often unknown and governed by
complex interactions among multiple objects, which significantly complicates control design (Bullo
et al., 2018). To address these challenges, we propose a framework, termed graph controllable
embedding (GCE), which learns controllable embeddings [1_-] of stochastic multi-object dynamics for
efficient control. GCE consists of: (1) Modeling, where the embeddings capture system dynamics
and interactions directly from different stochastic graph representations; and (2) Control, where
simple linear control algorithms are deployed within the learned embedding space.
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'A controllable embedding is a representation space where system dynamics are modeled to allow linear or
locally linear control synthesis, following (Banijamali et al., [2018)).
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Controllable Embedding. A common approach to handling complex, unknown dynamics is to
learn a latent space (e.g., smooth manifold or function space) in which the system evolution becomes
easier to model and control (Ha & Schmidhuber, |2018}; Watter et al.,2015). The goal of constructing
such latent spaces is to simplify the dynamics into an approximately linear or globally/locally lin-
ear one, enabling the use of linear control methods (Mauroy & Goncalves, 2016; Banijamali et al.}
2018). The mainstream for learning globally linear embeddings is Koopman theory (Brunton et al.,
2021}; [Koopman, 1931} [Mezicl 2020). It lifts system states into an infinite-dimensional function
space where the dynamics evolve linearly (Korda & Mezic, 2018}, [Mauroy et al., 2020; Bevanda
et al., 2021; |Cheng et al., [2023). However, applying Koopman-based methods to stochastic multi-
object systems is challenging due to two key limitations. First, conventional Koopman operators
are originally formulated for deterministic dynamics, making their extension to stochastic settings
non-trivial (Brunton, 2019). Second, most Koopman-based models treat the system as a single en-
tity, thereby neglecting the relational topology among interacting objects (Brunton et al. 2021)). As
a result, they often exhibit poor generalization for multi-object environments and require param-
eterizations that scale quadratically with the number of objects, increasing the risk of overfitting.
Another stream focuses on learning locally linear dynamics (Levine et al.l [2020; Mhammedi et al.,
2020; [Klushyn et al., 2021), often leveraging variational autoencoders (VAE) for constructing low-
dimensional manifolds (Farenga et al.,2024; Mudrik et al.,[2024). While effective for reconstructing
high-dimensional observations such as images, they also neglect object-level interactions, making
them less suitable for multi-object systems and ultimately limiting their control performance.

Graph Representation. Graph neural networks (GNNs) offer a natural framework for modeling
interactions among multiple objects. Early workstreams (Battaglia et al.l 2016, (Chang et al.| 2016
Poli et al.| [2021) laid the foundation for data-driven physics simulators by modeling multi-object
dynamics using GNN-based architectures. Building on this, subsequent studies (Li et al., 2018;
2019; [Sanchez-Gonzalez et al.| [2020; Han et al., [2022}; [Luo et al.| 2023} |Poli et al., 2021) adopted
message-passing networks to learn object-centric dynamics over graphs. However, these methods
primarily target prediction tasks rather than control. Consequently, the learned embeddings do not
have a linear or locally linear dynamics, which can be easy for downstream control. Then, either
additional local linearization techniques or difficult nonlinear control methods are needed, which
complicates the problem studied in this paper. Another workstream focuses on model-based multi-
agent reinforcement learning for multi-object systems (Jiang et al., 2018; [Liu et al.l 2020; [Zhang
et al., [2022; |Haramati et al.,|2024). While these approaches leverage learned dynamics to improve
sample efficiency and value function approximation, the resulting dynamics are neither linear nor
locally linear in the embedding space, making them unsuitable for synthesizing optimal sequences.

A natural idea for the studied problem in this paper is to integrate the controllable embedding and
graph representation together. For instance, |Li et al.| (2020) proposed a compositional Koopman
method for deterministic multi-object systems. Specifically, GNN is first used to encode each ob-
ject’s state into a latent representation. Then, a shared Koopman operator is constructed to linearly
evolve all latent states in a common embedding space. While these kinds of methods are empirically
effective, several challenges remain. (1) Theoretical gap in stochastic setting: existing methods
for stochastic multi-object dynamics lack rigorous theoretical foundations with no formal theories
to guide the design of controllable embeddings. (2) Unrealistic relational assumptions: they often
assume uniform interaction among all neighbors, a simplification that is typically misspecified in
a probabilistic sense; (3) Limited scalability and generalization: they lack thorough evaluation of
scalability and generalization to large-scale or random graphs in stochastic multi-object systems.

Motivated by these findings, GCE in Figure [2|is proposed here to address the above challenges.
In detail, we study how to embed stochastic nonlinear dynamics into a general reproducing kernel
Hilbert space (RKHS) where the multi-object dynamics become linear and linear control methods
can be easily implemented. The choice of Hilbert space embeddings is inspired by their compati-
bility with two properties underlying controllable embeddings (Song et al., 2009} [2010; [Fukumizu
et al., [2013; [Uehara et al.| 2022)): (1) Modeling: they provide a flexible and expressive representa-
tion to capture complex dynamics with multi-object interactions; (2) Control: their inherent linearity
supports simple and analytically tractable control policies. Our key contributions are as follows:

(1) Generalized framework: A theoretical framework for learning controllable embeddings in
multi-object systems with formal consistency and convergence guarantees. Unlike prior determinis-
tic methods, GCE generalizes representation, prediction, and control synthesis within a probabilis-
tically interpretable setting; (2) Adaptive interaction modeling: One specific embedding based on
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mean field approximation, supported by theoretical guarantees. This breaks the uniform neighbor
influence assumption by adaptively capturing non-uniform interactions and achieves provably low
sample complexity. Moreover, we further test multiple forms of potential energy functions, demon-
strating the flexibility and effectiveness of our framework. (3) Scalability and generalization:
GCE naturally scales to large systems with random graphs and remains robust under uncertainty
and noise, enabling effective control in challenging environments.

2 PRELIMINARIES

Notation and Setup. Blackboard bold letters (e.g., @, A, H) denote compact spaces, capital letters
(e.g., Oy, As, H;) denote random variables, and lowercase letters (e.g., o¢, as, hy) denote their
realizations. At time ¢, O; and A; are the observation and action random variables with realizations
ot € @and a; € A, respectively. The history random variable H; summarizes past information (here
H,; .= O;_4) withrealization h; € H. The future observation O; follows the conditional distribution
P(O; | Ay = ay, H; = hy)—abbreviated as P(O; | at, h;) hereafter—given the executed action a;
and the history h;. We use Greek letters ¢ and ¢ to denote feature maps into RKHSs, with ¢q, ¢4,
and ¢y mapping into Hg, Ha, and Hy, respectively; ¥© := ¢g(O;) and 1Y := ¢o(0;) represent
the mapped random variable and its realization, respectively. The symbols ®, &, and © represent
the tensor product, the direct sum, and the element-wise product, respectively. To clarify indexing,
subscripts indicate time steps, while superscripts indicate object indices. For example, 0! denotes
the observation of the i-th object at time step ¢. Finally, we define the shorthand [N] := {1,..., N}
for the consecutive integer set. please see more notations in Tables [6|and[7]in Appendix

Definition 1 (Hilbert Space Embedding of Conditional Distributions (Sriperumbudur et al.| 2010)).
For the conditional distribution P(Oy | at, hy) of the future observation random variable Oy given
the action a; and history hy, its Hilbert space embedding is defined as the conditional expectation
of the feature map in a RKHS Hg:

E[¢f | ap, he] = @wg P(os | az, he)doy = Cojam [V1 @ ¥}, (1)
(S

where ' = ¢y (hy) and ¢ = ¢ (as) are the characteristic kernel features in their respective
RKHSs Hy and Hy; Cojan : Hu ® Ha — Ho is the conditional embedding operator.

This embedding yields a nonparametric repre-

sentation of the conditional distribution in the 0 .
RKHS (see more details about RHKS in Ap- o P‘”f/o,‘,4()0’"/?‘,4::/?’*%4,0 o loh G s mwo
pendix [C), thereby avoiding density estimation RO i " (\w s

(see formal analysis in Appendix[D.I]and[D.2). | f ? 7 } ______ g | e
With characteristic feature maps, the embed- S m— }

ding uniquely specifies the conditional distribu- P i L

tion (Sriperumbudur et al.| 2010). Intuitively,
the tensor product ;" ® 1 represents the joint
features of the conditioning variables (ay, h;), Figure 1: Hilbert space embedding of conditional
allowing the operator Coj4p to act linearly on distributions. Left: Stochastic nonlinear dynamics
the joint input space and represent the con- as evolving conditional distributions P(O¢|ay, h;)
ditional expectation in closed form. In prac- (red curves: probability distributions, black dots:
tice, Cojam enables efficient one-step predic- realizations). Right: After embedding into RKHS,
tion from history and action features, and can dynamics become linear under Co|ap (red dots:
be applied recursively to perform multi-step expectations).

rollouts and facilitate control planning (shown

in Figure [T)).

Problem Formulation. We consider a stochastic dynamics composed of N interacting objects,
represented as a graph Gy = (V?, &) at time t. Each one of € V¢ = {0:} X, corresponds to the
observation of the i-th object, and ai denotes the control action applied to it. The full set of actions at
time ¢ is denoted by V¢ = {a!} X ,. The relational structure is encoded by a fixed binary adjacency
matrix £ = {e"7}X,_|, where "/ = 1 indicates an edge from object i to j, and "/ = 0 otherwise.
For each object i, we denote its (inclusive) neighborhood by £(i) := {j|e®/ = 1} U {i}. Our goal
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Figure 2: An example illustration of the GCE framework. The robot with multiple interconnected
objects is initialized on top of a thin pole. At time step ¢, the observation is embedded into an RKHS
via characteristic feature maps. A mean field approximation is then applied: the history features are
computed via an element-wise product to reduce computation, while the action features preserve
their structure for optimization (see math in Equation[9). The predicted features are mapped back to
predict the (¢ + 1)-step observation, enabling the robot to stabilize on the pole.

is to construct a controllable embedding to model the stochastic multi-object dynamics governed by
the unknown transition function JF:

to+1:]:( toﬂ g78)7 )

where F captures the time evolution of object observations based on actions and interactions. Af-
ter system identification, the second goal is to enable effective control in the learned embedding
space. Specifically, we seek a representation in which the dynamics are amenable to linear control
algorithms. The objective is to find actions {2} | that minimizes a cumulative cost over M steps:

M
min > JOVEVE), st Vi, =FOVVEE), 3)
{vfa}ivil tZl

where J : V° x V* — R is a cost function defined over graph representations. As shown in
Figure|[T] Hilbert space embeddings offer a general mechanism to represent stochastic dynamics in a
form amenable to linear control. This motivates the extension of Hilbert space embeddings to GCE,
which captures stochastic multi-object dynamics while enabling efficient linear control. In the next
section, we detail how to construct such embeddings to jointly support the modeling objective in
Equation 2] and the control objective in Equation 3]

3 FRAMEWORK OF GRAPH CONTROLLABLE EMBEDDINGS

In this section, we first establish the theoretical foundation of GCE. Then, we propose a mean field-
based instantiation for capturing non-uniform interaction weights among multiple objects. Finally,
we compare different embeddings within the GCE framework, analyzing their properties across
various settings and deriving sample complexity guarantees.

3.1 FoOUNDATION OF GCE: EMBEDDING AND CONSISTENCY

We formalize the Hilbert space embedding of a stochastic multi-object system as an instantiation of
GCE. Using the feature maps in Definition |1} let /", 42**, and ¢ denote the realization features
of the ¢-th object’s history, future observation and action, respectively. For each pair of connected
objects i and j, we define a conditional embedding operator Cpi| 45y that models the contribution
of object j’s history and action to the conditional expectation of object i’s future observation:

Oij | 4 1J h,j i o
E[ t l] |ai7hi]:COi|AjHj[ tj®’¢)?]}7 VZ,jG[NL “4)
where wto 7 indicates the component of the future observation feature of object ¢ attributable to
object j’s influence. The overall conditional expectation of object ¢’s observation feature is:
O,i i il N h.j 2J
E[ t ’ | {ai,hi j:l] = Z CO’?\AJ'HJ' ["/}t ! ®"/};ﬁl]]a (3)
JEE()

where Coi|aipi is the zero operator whenever j ¢ £(i). Bach Cpijaspgs implicitly encodes the
relative importance of the j-th object’s influence on the ¢-th object, as these effects are generally not
equally distributed. More probabilistic analysis and formal derivation are referred to Appendix
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Theorem 1 (Consistency and Convergence of GCE). Let CAO” Aips be the empirical estima-
tor of the embedding operator Coi|aspi, constructed from T' i.i.d. samples using character-

istic kernel features. For any input set {a{ , hi §V:1 define the estimated embedding of ob-

ject i’s future observation as: > = > jee( Coilaini {ﬂ/?’ﬂ ® wf’j}. Then, as T — oo,
Hq/)?l —E [ Ot | fop@d i f:l} H — 0. Since the kernel feature is characteristic, this
H

convergence implies that the conditional distribution P(O? | {al,hi}) induced by Coi|aiHi
T—o00

also converges: P(O! | {a?, b ) — PO | {al, hl o)

Theorem [I] shows that, given sufficient samples, the conditional embedding operators in GCE exist
and converge consistently, ensuring probabilistic consistency of the induced conditional distributions
(see proof in Appendix[F-T). Although Equation[5|provides a principled formulation for embeddings
of stochastic multi-object dynamics, its direct application for control poses two difficulties. First,
estimating Coi| 44 s is computationally intensive due to the high dimensionality introduced by the

tensor product 1&? Y @ by, which in turn increases the required sample size. Second, the entan-
gled representation of actions and histories in the tensor space makes sequential action optimization
intractable. Inspired by the decomposition of joint distributions in exponential families (Zhang
et al.| 2008; |Altun et al., 2012}, we address these difficulties by disentangling the tensorized feature

U @ ¢ into a simplified form:

h,j I~y I I IR % J1 o ahed IR ] ;L
Coijaimi [V @] = [Coijai, Cosjasl [0y |987] = Coi|mity” +Coijaity”, Vi, j € [N],
(6)
where [- || -] represents the concatenation operation, Co:| 5 and Cp:| 45 denote a neighbor-specific
linear operator that captures the distinct influence of object j’s history and action on object 7, respec-

tively. In this reformulation, the tensor map in Equation@is replaced by concatenation [1/)? I .
This concatenation approximates linear relationships in the probability distributions while neglect-
ing higher-order interactions in the original tensor product. Consequently, the computational com-
plexity is significantly reduced, and the action and history representations are disentangled, making
sequential action optimization tractable. See more formal analysis in Appendix [D.4]

3.2 EFFICIENT EMBEDDING: ADAPTIVE MEAN FIELD APPROXIMATION

Although valid controllable embeddings have been formally defined in Equation [6] estimating all
linear conditional operators Cp:|4i s Temains computationally prohibitive. The number of such
operators grows with the number of edges and can scale quadratically with the number of objects in
dense graphs, i.e., O(NN?) in the worst case. However, modeling all pair-wise interactions is often
unnecessary. To mitigate this issue, we leverage mean field approximation, which significantly
reduces the sample complexity by summarizing the collective influence of neighbors.

Probabilistically, the mean field approximation avoids dealing with the full joint conditional distri-
bution over all pair-wise history-observation interactions. It replaces this with an aggregated form
that captures the combined influence of neighbors, while keeping their contributions unequal. A
probabilistic derivation of this factorization, including its separation into history and action terms, is
provided in Appendix In such case, the interaction weight of node 7 interacting with neighbor
7 at time ¢ is approximated as

o h,i h,j
ald = exp(f(¥y a%/}fzi ))hk : 7
Zkes(i) exp(f (¢, ¥™))

where ai’j € [0, 1] denotes the Boltzmann-Gibbs weight, f is a pair-wise negative potential energy
function, and the denominator 3 ¢ ;) exp(f( i 7)) serves as the partition function, normal-

izing the probability one. f can be either predefined or learned via neural networks. Based on the
mean field approximation, the expected feature of object ¢ can be computed as the weighted aggrega-

tion from its neighbors: > JeE) ai’j wf J Accordingly, Zj cei) Coi|mi ¢f J can be approximated
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by applying a shared conditional operator to this aggregated feature:

Z Coi‘Hj w?’j ~ CO'i\H( Z Oéi’jﬂff’j), (8)

JEE(4) JEE(4)

where Cpi|p is a shared approximation operator derived under the homogeneity setting [*| to fur-
thermore reduce computational complexity. This formulation captures the essence of the mean field
approximation by replacing heterogeneous, neighbor-specific interactions with a unified, averaged
effect, to reduce per-object computation to constant time, independent of the neighbor number.

Unlike Co:|p, we keep Cpi| 45 unchanged to facilitate the optimization of sequential actions. Finally,
the overall conditional expectation of object i’s observation feature in Equation [5|changes to:

By {af, b} i) = Corm (D ar?e?) + D Conarti” ©)

JEE() JEE®)
Notably, the action-to-observation block is often sparse in real-world scenarios. Thus, the com-
plexity is dominated by the history-to-observation block whose computational complexity can be
reduced by making all conditional linear operators Co: | share the same parameters, leveraging the
homogeneous nature of the relational structure (since the transition probability of each object is the

same). Under this representation, the total computation time in the history part can be reduced to
O(N).

3.3 COMPARISON OF DIFFERENT EMBEDDINGS: PROPERTIES AND SAMPLE COMPLEXITY

To generalize our framework, we compare four embedding formulations existing in GCE, each for-
mally defined in the main text and derived in detail from the probabilistic view in the appendices: (1)
Tensor form(Tensor, Equation 5} Appendix [D.3)): full tensor-product embedding without control-
lable structure constraints. This form is probabilistically consistent (see Theorem|[I), as it retains all
high-order interaction terms; (2) Dense form (Dense, Equation [6} Appendix[D.4): controllable em-
bedding without homogeneity or mean field approximation. It remains consistent for all pair-wise
terms but ignores higher-order interactions in Hilbert space embedding; (3) Homogeneous form
(Hom; cf. |Li et al|(2020)): assumes graph homogeneity and enforces uniform neighbor weights,
leading to a misspecified product form from a probabilistic viewpoint; (4) Homogeneous form with
mean field approximation (Hom + Mean, Equation [0} Appendix [D.3): leverages homogeneity
and adaptive neighbor weighting via Boltzmann—Gibbs weights. The product form is an approx-
imation to the true joint distribution over the entire graph, retaining unequal influence from each
neighbor while reducing complexity. Table|l| summarizes their properties, including satisfaction of
controllable embedding, applicable scenarios, sample complexity, computation time, ability to in-
corporate adaptive weights, and generalizability to random graphs. Overall, Hom + Mean strikes
a balance between sample efficiency and expressiveness by approximating the probabilistic structure
with adaptive weights, while avoiding the misspecification in Hom and the combinatorial complex-
ity in Tensor and Dense. The complete quantitative analysis is given in Appendix [E] with proved
sample complexity and generalization on graphs in Appendix

Table 1: Comparison of four different embeddings in GCE.

Property Tensor Dense Hom Hom + Mean
Controllable embedding X v v 4
Scenario heterogeneity heterogeneity =~ homogeneity =~ homogeneity
Sample Complexity very high high medium low
Computation Time very high high high low
Adaptive Weight v (implicit) V(implicit)  X(misspecified) v '(explicit)
Generalize to Random Graphs hard hard medium easy

From a sample complexity perspective, Hom + Mean enjoys two key advantages: the mean field
approximation replaces O(N?) neighbor-specific operators with a single shared operator, greatly

*In our setting, “homogeneity” means all nodes share the same operator mapping from history features to
observation features, while neighbor influencing weights vary. The shared operator represents one universal law
of interaction. The local interaction rule between neighboring objects is the same, e.g., in Rope environment in
Figure ??. Since the embedding feature for a ”top mass” and a “regular mass” are different, applying the same
operator to them will naturally produce different dynamic evolutions.
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reducing the number of parameters to estimate, while adaptive weights preserve variability across
neighbors without explicit pair-wise modeling. These properties enable efficient learning and few-
shot adaptation to new or random graphs, unlike Tensor and Dense (poor transfer) or Hom
(misspecified weights). Using random matrix theory, we show that the required sample size of
Hom + Mean scales with an effective operator dimension rather than the total number of graph
edges, yielding much smaller requirements for training data than pair-wise conditional embedding
operators on graphs (see Theorems [a] [b] [c]in Appendix [F2).

4 IMPLEMENTATION

As shown in Figure [J] the implimentation of GCE is as follows: (1) an encoder that maps observa-
tions into RKHSs, (2) various ways for estimating adaptive Boltzmann-Gibbs weights, (3) tailored
loss functions for controllable embedding, and (4) a linear quadratic regulator (LQR) controller in
the RKHS. Pseudo code is given in Appendix

Mapping to RKHSs. A message passing GNN encoder projects the i-th object’s history and
future observations into RKHSs /" € R ¢ € R%. The observation feature is " =

fy(ol, Sjece(d) fe(ok, ol ,eb7)), where fy and fe are neural networks extracting deep kernel fea-

tures; and action a! uses a fixed linear projection to its feature ;' " ¢ R for easier optimization
(see Appendix [H).

Boltzmann—-Gibbs Weights. To com-
pute adaptive interaction weights, we em-
ploy a Nadaraya—Watson kernel estima- Table 2: Parameterizations of the potential function
tor, which ensures a stable approxima- f(-,-)in Equation (0, A\, k) are hyperparameters.

tion of Boltzmann—Gibbs weights.  For Type Name Potential f
each object 7, the weight is given by R

2% N i ok Gaussi Iyt v Ml
A o G(quth)/z:keg(i) G(qp;’wt )’ Kernel-based e Hwh’izfzhvﬂ B
where G(-,-) is an exponential kernelized Laplace  ——=————— .
energy function of the form G(vi, ) = VMF H(H,:’t,,a,im)v“:’f,f,j )

By h,j aNE] it

eXP(f (" by J)) We  evaluate both Neural-based ~ MLP MLP ([ ||ph+1)

kernel-based and neural parameterizations of
f as shown in Table 2} please refer more de-
tails to Appendix [D.5).

Loss Functions. The GNN block is then utilized to encode this feature in RKHS, the forward loss
Lwa in the embedding feature space can be represented as

1 5 1, i ; ; 1
M 0 Covlm Zj a1y Coijar ... Coran by
L7 D) I R e B KO : - : : H
t=1 N 5 N.j, hj 5 5 N | NHS
w? CON|H Ej Qy Jd)t J CON‘A] cen CON‘AN 1/)?
(10
where /. is sampled data distribution of realizations [¢)""!, - - -, ¢™N] and ||-|| i s denotes the Hilbert-

Schmidt norm. All conditional operators CAO” g share the same learnable parameters. To improve
latent control quality, we can achieve M -step open-loop control by optimizing M -step sequential
prediction loss. This is implemented by iteratively generating M-step sequences in the feature
space through autoregressive prediction. After learning the observation features, we utilize the same
message passing block as the decoder. The loss function of reconstruction becomes

fe =3 | (el R S N M 8 (an
t=1

where 1! indicates the decoder function, which pulls estimated features L/Ajto " back to the observation
space. Our total loss function has two parts, the forward and reconstruction loss, and we train the
encoder-decoder GNN blocks and linear conditional operators based on Equations[T0]and [T T}
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LQR Control. As presented in Equation [3] we directly solve a quadratic cost function in feature
space over M steps:

M
. 20,1 70,N o, o, T a,l a,N
min E[ZH[ t o Wt ]T_[ *’17"'7 *N] ||221+[ t o Wt ]T”éz] (12)
t=1

Vi,

where (1 and @), are two pre-defined positive definite matrices to measure quadratic costs, and
T . . . .
[vs ’1, ey i’N] is a pre-defined target observation feature which should be achieved in M steps.

We minimize the control cost function Equation[I2] by using convex optimization.

5 NUMERICAL EXPERIMENTS

We evaluate our method on four control environments: (1) Rope — a chain of masses with the top
mass controlled horizontally; (2) Soft — a soft robot made of interconnected objects; (3) Swim — the
soft robot swims freely in fluid (Li et al., [2020); and (4) Power-Grid — a high-dimensional system
with random topologies aiming to stabilize node voltages. Robustness is tested with additive white
noise at 2%, 5%, 10%, and 20% of observation variance (see more details in Appendix .

Metrics and Baselines. We use open-loop control with

a 40-step LQR in Rope, while Soft and Swim generate

64-step control with feedback from step 32. Power-Grid

uses a 100-step horizon with feedback at step 50. Per-

formance is evaluated via control cost (Equation[T2) and

control error ||V§; — V2||/|1V2]|, averaged over 200 runs.

Few-shot validation on unseen graphs tests the general- T e poner G
ization of the algorithm. The baselines are controllable -
embedding methods without relational structures, includ-
ing VAE (Banijamali et al.,[2018)) and Prediction, Consis-
tency, Curvature (PCC) (Levine et al., 2020), and graph
representation methods, including Koopman Polynomial
Model (KPM) (Li et al., |2020), Compositional Koopman
Operator (CKO) (L1 et al., [2020), and GraphODE (Luo
et al., |2023)), where CKO represents the current state-of-
the-art in graph embedding control tasks (see control an-
imations in Appendix [[7).

Rope Soft

e e}

°

Figure 3: The 3D demonstration of con-
trol tasks.

Table 3: Performance comparison for in-distribution and few-shot validation. Control cost and error
are shown as mean + standard deviation, with the best and second-best results highlighted in green
and blue, respectively. Due to page limit, for additional Rope and Soft comparison, see Table 9]

In-Distribution Validation Few-Shot Validation
Methods Environments Control cost Control error Control cost Control error

VAE 573.1 £ 108.7 0.73+£0.19 8354 +113.2 0.92+0.15

PCC 513.3+£925 0.68 £0.15 732.8 +£94.5 0.80 £0.12
GraphODE 417.8 £87.9 0.52+0.17 693.5 +58.2 0.58 +0.09
KPM 385.5+75.2 0.44 £ 0.06 523.4+22.8 0.61 £0.11
CKO Swim 389.1+76.9 0.42+0.13 421.0+70.0 0.44 +0.08
Ours (VMF) 392.7+73.1 0.45 +£0.09 4523 +62.9 043 +0.15
Ours (Laplace) 403.1 £ 68.3 0.46 £0.13 435.7+744 0.45+0.10
Ours (Gaussian) 383.7+77.8 0.41 = 0.08 404.3 +74.2 0.41 £ 0.09

Table 4: Evaluation under varying noise levels in Power-Grid on random graphs with 100-150 ob-
jects. "NaN" means the unstable control. For additional control cost comparison, see Table[T0]

Method Noiseless 2% 5% 10% 20%
GraphODE 0.58 £0.043 0.62 +0.073 NaN NaN NaN
KPM 0.42 +0.028 0.50 + 0.022 NaN NaN NaN

Control Error gy 047+0031 048+0.034 0510027 0650051  0.85=0.055

Ours (Gaussian) ~ 0.21+£0.005 027 £0.018  0.39+0.024  0.63+0.037  0.83 £ 0.041

5.1 RESULT ANALYSIS

(1) Is it necessary to design specific controllable embeddings for multi-object dynamics? Yes. In Ta-
ble 3] general-purpose controllable embeddings such as VAE and PCC, while capable of capturing
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individual trajectories, fail to provide structured features for control. Although GraphODE incorpo-
rates relational structures, it lacks an explicit controllable design and depends on local linearization
via auto-differentiation, resulting in suboptimal performance. This highlights that merely encoding
relational dependencies is not enough; the embedding must also be tailored to control objectives.

(2) How well do the empirical findings validate the theoretical predictions of our framework? We
divide the answer into four points. (a) Analysis of baseline methods. CKO is an instance of the
Hom subclass in our framework, with misspecfied uniform weighting. As shown in Figure [9] (Ap-
pendix [L.5), the empirical prediction error accumulates faster than our methods in both deterministic
and stochastic environments. As a result, CKO performance is degraded across all tasks as shown
in Table[3] (b) Failure cases and theoretical justification. KPM fails under high-noise conditions
(see Table[d). This is primarily because Hilbert space embeddings require characteristic features to
uniquely represent probability distributions. The polynomial features in KPM are not characteristic,
and therefore cannot faithfully embed the underlying distributions (see Theorem [I). (c) Analysis
sample complexity of different embeddings. To validate the properties summarized in Table
we compared: Dense, Hom, Hom + Mean and excluded Tensor due to its lack of both local
and global linearity. In few-shot settings, we varied the number of training trajectories from 1 to
32 to assess sample efficiency and expressiveness. As shown in Table 5] Hom + Mean consis-
tently outperforms Dense and Hom with limited samples, owing to the introduction of mean field
approximation. As sample size increases, all methods improve due to reduced operator error, align-
ing with Theorems [aHc] While Dense eventually has similar control error with Hom + Mean,
Hom + Mean always maintains lower control costs. (d) Gaussian Kernel leads to a stable mean
field approximation. Among the three variants for estimating the energy function f, Gaussian
consistently outperforms vMF and Laplace as shown in Table 3] Its advantage lies in providing
a smoother and more stable mean field approximation, which better captures both central tenden-
cies and uncertainty in RKHSs. In contrast, vMF emphasizes directional alignment, and Laplace
encourages more uniform energy with slow decay rates, making them less robust across diverse en-
vironments. We also experimented with a neural network, but it was unstable for the energy function
f in RKHSs, further underscoring the benefit of analytically tractable kernels such as Gaussian.

(3) To what extent does the non-uniform weighting from the mean field approximation enhance
control performance? As shown in Table[3] our method consistently outperforms baselines across all
three tasks in terms of both control cost error. While CKO achieves comparable performance to ours
on in-distribution validation for Soft and Swim tasks, it shows a larger performance gap during few-
shot generalization. This discrepancy stems from the limitations of misspecified representation (see
Figure [12)), which reduces model expressiveness. To further validate this observation, we compare
the 100-step prediction errors and sample complexity of CKO and our method in Figure [9] and [I0]
(Appendix [L.5). The results validate that our method yields lower error and sample complexity.

(4) Is the proposed framework capable of generalizing to large-scale multi-object systems with ran-
dom topologies in noisy environments? Yes. As shown in Table [d] Power-Grid presents a more
challenging setting due to its scale, graph complexity, and random topology. GraphODE and KPM
fail consistently above 2% noise, producing unstable (NaN) results. At low noise levels, our method
significantly outperforms CKO in both control error and cost. While the performance gap narrows
with increasing noise, our approach remains more robust and generalizes better across conditions.

Table 5: Control error under different numbers of training trajectories used for few-shot adaptation
in the Rope environment. The table reports performance using varying numbers of demonstration
trajectories, referred to as “fitting number”. For additional control cost comparison, see Table [IT]

Method 1 4 8 16 32

Dense 0.79 £ 0.25 0.41 +£0.11 0.36 £0.12 0.28 £ 0.08 0.26 £ 0.10
Control Error Hom 0.74 £ 0.25 0.32 4 0.08 0.30 £ 0.06 0.30 £ 0.06 0.30 £ 0.06

Hom + Mean 0.51 £+ 0.12 0.29 £ 0.09 0.26 £ 0.08 0.25 £ 0.08 0.23 £ 0.09

Ablation study on Gaussian Kernel. The Gaussian kernel leads to the best performance across
all tasks. The Gaussian kernel bandwidth o in Table2]can be interpreted as a temperature factor that
determines how local features are mixed with those of their neighbors. To investigate its impact, we
evaluated 0 = {0.1,0.5,1,2,3,4,5,10} during few-shot validation in Rope and Soft environments.
Due to the quadratic effect of the bandwidth, when o > 10, the attention weights become nearly
uniform across neighboring nodes, which is the reason we do not evaluate o with a value larger than
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10. We found in Figure d]that ¢ = 2 achieves the best performance in both control error and control
cost. This can be interpreted as physical temperatures: when ¢ is small (Temp — 0), node dynamics
are nearly self-determined due to strong penalties for deviation. When o is large (Temp — 00), all
neighbors exert nearly equal influence, reflecting maximal thermal mixing. An ablation on feature

dimension is provided in Appendix [[.6] with dimension 32 achieving the best performance.
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Figure 4: Control error and control cost for varying bandwidth o values in Rope and Soft environ-
ments. Results are reported as mean and standard deviation over multiple runs.

6 CONCLUSION

We proposed Graph Controllable Embeddings (GCE), a general framework for modeling stochas-
tic multi-object dynamics and synthesizing effective control sequences. By introducing the mean
field approximation, GCE efficiently captures inter-object dependencies and achieves provably low
sample complexity. Leveraging graph neural networks, our method adapts to dynamic interaction
patterns and generalizes to unseen topologies with limited training data. A limitation of our frame-
work is that it currently focuses on pair-wise relations; extending it to richer relational structures,
such as hypergraphs and incorporating attention-based techniques for modeling interaction weights
remains unexplored.
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THE USE OF LARGE LANGUAGE MODELS (LLMS)

During the preparation of this manuscript, the authors used ChatGPT to polish the writing (e.g.,
improving grammar, readability, and clarity). The content, technical contributions, and conclusions
of the paper were developed entirely by the authors, who take full responsibility for all ideas and
results presented.

A NOTATIONS

Table 6: Basic Notations of Hilbert Space Embedding

observation action history
compact spaces @) A H
random variables O, Ay H;
realizations ot ag hy
kernels ko(-,04) ka(-,az) kp (-, he)
covariance operators Coo Can Cum
feature maps of realizations V2 = polor) V¢ = dalar) PP = du(hy)
feature maps of random variables  ? = ¢o(O;) V¢ := pa(0)) PP = du(hy)
RKHS Ho Ha He

Table 7: Notations in the Main Text

Notations | Meaning
Colan general embedding operator
Coi|aiHi embedding operator that models object j’s effect to i’s observation
Coini,Coi|as the disentangled embedding operators
Coilm shared embedding operator
& binary adjacency matrix
E(7) (inclusive) neighborhood
F unknown transition function for multi-object dynamics
f pair-wise negative potential energy
Iv, fe neural networks in message passing GNN
G kernelized energy function
J cost function defined over graph representations
P(Oy|Ar = ay, Hy = hy) conditional distribution given action a; and history h;
Q1,Q> positive-definite matrices
1Z8 action of graph at time step ¢
Ve observation of graph at time step ¢
o} Gibbs-Boltzmann weight
(o, A\ K) hyperparameters of kernel potentials
I 1—norm
Il 2 2—norm
Il 1l norm over Hilbert space
Il llus Hilbert-Schmidt norm
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B NAVIGATION FOR READING

To help the reader navigate the Appendix, we briefly summarize its structure and content as follows:

Preliminaries: Basics of RKHS in[C| We begin with a short introduction of kernel meth-
ods and reproducing kernel Hilbert spaces (RKHS), which provides the necessary back-
ground for our embedding framework.

Theoretical Foundations of GCE in[D} We then construct the Graph Controllable Embed-
ding (GCE) under the Hilbert space embedding framework, presenting the Tensor, Dense,
and Hom+Mean forms. Each embedding is also interpreted from a probabilistic perspec-
tive.

Discussion of Various Embeddings in [E} Next, we compare the four forms: Tensor,
Dense, Hom, and Hom+Mean in terms of their properties, sample complexity, and com-
putational trade-offs. This section also provides explicit derivations and calculations.

Theoretical Analysis in [F] After that, we present formal proofs, including probabilistic
consistency, convergence results, and sample complexity analysis for different embedding
forms.

Experimental Details in[I} Finally, we provide additional experimental details, implemen-
tation setups, and extra results that complement the main text.

This organization mirrors the logical flow from foundations, to construction, to comparison, to theo-
retical analysis, and finally to empirical support. Readers may choose to follow the entire sequence
or jump to the section most relevant to their interests.
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C PRELIMINARIES: BASICcS OF RKHS

In this section, by largely following the research (Fukumizu et al., [2013), the Hilbert spaces are
assumed to be separable and dense in L? space.

C.1 POSITIVE DEFINITE KERNELS

Let X be a set, and consider a symmetric function £ : X X X — R, known as a positive definite
kernel, satisfying the condition:

n
Z CiCjk(l‘i,l‘j) Z 0,
ij=1
for any finite points x4, ..., x, € X and real coefficients cy, ..., ¢,. The matrix (k(a;i, a:j))?jzl is
called the covariance operator.

By the Moore-Aronszajn theorem (Aronszajn, [1950), every positive definite kernel on X defines a
unique reproducing kernel Hilbert space (RKHS) #H with an inner product structure (-, -), comprising
functions on X such that:

l. Forany z € X, k(-,z) € H.
2. The span Span{k(-,z) | z € X} is dense in H.
3. Forallz € Xand f € H, (f,k(-,z)) = f(z).

The RKHS H is thus characterized by the kernel k, with k(-, 2) serving as the reproducing kernel.
A kernel k is termed bounded if there exists M > 0 such that k(z,x) < M forall x € X.

C.2 KERNEL MEANS AND COVARIANCE OPERATORS

Let (X, Bx) be a measurable space and X a random variable taking values in X with distribution
Px. Suppose k is a measurable positive definite kernel on X such that E[k(X, X)] < oco. The
associated RKHS is denoted by H.

The kernel mean embedding m x of X in H is defined by:
mx = Ek(-, X)] = /k(-,x) APy ().

Using the reproducing property, the kernel mean satisfies:
(fymx) =E[f(X)], forall feH.

Now consider two measurable spaces (X, Bx) and (Y, By), and let (X,Y’) be a pair of random
variables taking values in X and Y, respectively, with joint distribution Pxy over X x Y. Let
kx and ky be measurable positive definite kernels with associated RKHSs Hx and Hy, satisfying
Elkx(X,X)] < oo and E[ky (Y, Y)] < 0.

The (uncentered) covariance operator Cy x : Hx — Hy is a linear operator defined as:

(9, Cyx fny = E[f(X)g(Y)],
for all f € Hx and g € Hy. The integral representations are given by:

(Cyxf)(y) = / by (1.9) (%) dPxy (2.9),  (Cxx[)(x) = / kx (@, @) £(7) dPxy ().

Under the bounded assumption, the kernel mean and covariance operators are well-defined for a
given probability distribution. The (cross-)covariance operators can be written as

Cyx = ]E[k‘y(-, Y) (9 k‘X(',X)L Cxx = E[kx(,X) ® ]{ix(,X)]
The conditional mean embedding of Pxy (Y |X = z) in Hy is then
my |z = Elky (-,Y)|X = 2] = CyxCxxkx(-,z) = Cyxkx (-, 2), (13)

where Cy | x : Hx — Hy is the conditional embedding operator and C)}ﬁ( is the inverse (or regular-
ized inverse) of the covariance operator of Cx x.
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D THEORETICAL FOUNDATION OF GCE

Following the definitions from Appendix |C]| we first introduce the essential theoretical foundation
of Hilbert space embedding, followed by the construction of GCE.

D.1 INTRODUCTION TO KERNEL BAYES’ RULE AND HILBERT SPACE EMBEDDING

Before presenting the main theoretical analysis, we recall the kernel mean map and its application
to Bayes’ rule, known as the Kernel Bayes’ Rule (KBR) (Fukumizu et al., 201 1)).

Let (X,Y,Z) be random variables taking values in measurable spaces (X,Bx), (Y, By), and
(Z, Byz,), respectively, with joint distribution P. We seek a kernel-based analogue of the conditional
distribution
P(ZY =y| X =2)

PY=y|X=x)"
where x € X, y € Y, and z € Z are realizations of random variables X, Y, and Z, respectively.

To obtain this kernel representation, we require the kernel mean embedding of the conditional joint
distribution P(Z,Y | X = z).

P(Z|Y =y X =) =

Let kx, ky, kz be measurable positive definite kernels on X, Y, and Z, with associated RKHSs
Hx, Hy, and Hyz. The canonical feature maps for realizations and random variables as

ox(x) = kx(,2), ov(y) =ky(hy), ¢z(2) =kz(-,2),
and
ox(X) =kx (-, X), on(Y)=ky(Y), ¢z(Z)=kz(",Z2).
We assume each kernel is characteristic, ensuring that the kernel mean embedding defines an injec-

tive mapping from probability measures over the domain to elements in the corresponding RKHS
(Sriperumbudur et al., [2011)).

Step 1. The conditional joint distribution P(Z,Y | X = x) admits the kernel mean embedding
mzyle = E[¢z(Z2) ® ¢v(Y) | X = z] € Hz @ Hy.

Equivalently, it can be expressed via the conditional embedding operator Czy|x : Hx — Hz @ Hy:

mzy|e = Czv|x ¢x(z) = Czyx Cxx ¢x(2), (14)
where
Czyx ==E[¢z(Z) @ ox(Y) ® ¢x(X)]
is the (uncentered) cross-covariance operator between (Z,Y) and X, and Cx x is the covariance
operator of X.

Step 2. Once we have the conditional joint embedding mzy|,, KBR gives the conditional mean
embedding of Z give Y =y and X = z as

Mzlye = El9z(2) | Y =y, X = 2] = CzyuCyy ), dv(y) (15)
where
Czvie =E[#z(2) @ ¢y (V)| X =2], Cyy. =Epy(Y)®@¢y(Y)|X =2z].
Expressing these conditional operators in terms of unconditional covariance operators yields
Czvie = CzyxCxx®x(2), Cyy|s = CyyxCxxox(2),

such that

El¢pz(2) |Y =y, X =] = <CZYXC§§¢X(I)) (CYYXC;@(%&(I)) ov(y).  (16)

Two Steps in One Formula. Observing the properties of Equations [I4] and [T3] the conditional
embedding of Z given joint distribution X and Y can be written as a single formula in the tensor
space:

Elpz(Z) | Y =y, X = 2] = Cziyx[ox(z) ® oy (y)] = CZYXC(}lX)(YX)[d)x(m) ® ¢y(y)] (A7)
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where tensor covariance operator Cy x)(y x) and conditional embedding operator Cz|y x are

Covxyvx) = E[(¢v(Y) @ ¢x(X)) @ (¢v(Y) ® ¢x(X))]

and
Cziyx = CZYXC(;X)(YX)~

Remark 1. The tensor formulation in Equation[I7is equivalent to apply KBR in two steps (X —
(Z,Y), thenY — Z), but it avoids intermediate conditioning and directly represents P(Z | Y, X)
in one operator by Cz)y x.

D.2 HILBERT SPACE EMBEDDING OF STOCHASTIC DYNAMICS

In this paper, our goal is to embed the conditional probability
P(Ot|At :at,Ht :ht) (18)

of the future observation O, given history h; € H and a; € A. Following Definition|l| we denote
the kernel feature mappings of their realizations and random variables in their respective RKHSs
Hp, Ha and Hgp as

’(/}f = ¢H(ht)> wg = ¢A<at)7 1/}1? = ¢@(Ot)7 (19)

and

Vit = gu(Hy), Uit = ou(Ar), ©F = ¢o(Oy). (20)

According the properties of KBR (see Equation [I7]in Appendix [D.T), the conditional mean embed-
ding of Oy given (h, a;) is expressed directly in tensor form as

Ely | Ay = ar, He = he) = CoanCipmyam Wt @ ¥§] = Copanlvr @ 4f], @21

where Coar and C( 4y (am) are denoted as

Coan =E[WY @ v @],
Ciamyam = B[] @ vfh) @ (¢7* @ ¢i")).

The operator Cojap @ Hu ® Ha — Ho is the conditional embedding operator, mapping joint
history-action features to observation features in the RKHS. Figure (1] illustrates the core idea of
Hilbert space embedding of stochastic dynamics. Left: The nonlinear stochastic dynamics are rep-
resented by the evolving conditional distributions P(O;|A; = ay, H; = hy), shown as red curves.
Red dots indicate possible samples from these distributions, and black dots denote realized obser-
vations. Right: After embedding into an RKHS, the dynamics become linear under the conditional
embedding operator Co| 4 7, With red dots indicating the corresponding conditional mean estimates
in the RKHS.

D.3 DERIVATION OF GCE BASED ON HILBERT SPACE EMBEDDING

The Hilbert space embedding of stochastic dynamics has been established in Appendix We
now show how the GCE can be constructed via Hilbert space embedding.

Consider a stochastic system of IV interacting objects, where each object ¢ is associated with an
observation Q" action space A‘, and history space H'. At time ¢, object 4 has history h¢ € H’, action
al € A, and future observation o} € Q. Also, we denote the H;, Ai and O} as the corresponding
random variables. Applying Definition 1] the corresponding RKHS feature maps are

h,i i a,t 7 0,1 7
V= dmi(hy), Y= dailay), ¥ = doi (o),
in the corresponding RKHSs Hyi, H i and Hg:, respectively.
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Recalling the principles of KBR in Appendix the joint conditional distribution of all [NV objects
can be written as
PHONYL, [ {A] = af, H] = h]}),)
(Bayei’rule)P({Oz, Ai = llg, Htj = hi %‘:1)

P({A] =al, H] = h]}))) (22)

N i J_ 0 i _ pi\N
(object—wiseficlorizalion) H P(Oza {At - atht - ht j:1)

i=1 P({Ai :agaHtj :h{ éV:1)

In the RKHS setting, this corresponds to a global conditional embedding operator Co| 4 acting on

the pair-wise joint history—action feature [//"! @@, ... YN @ ¢®"]. While this global form is
valid, it does not exploit the relational structure of the interaction graph, where each object interacts
only with a subset of other objects (e.g., neighbors).

Decomposition into pair-wise contributions. From the tensorized formulation in Equation 21}
the global conditional embedding of all objects can be written as

bt @yt
0,1 O,N j j j j .
E Wt oy ]|{A§:ag,HtJ:hi}§V:1 :CO\AH : )
N @ g

where [1p7", - - - 2N stacks the observation features of all N objects and Co|am is a global oper-
ator from the joint history—action RKHS to the joint observation RKHS.

By the linearity of Co 4, this global operator can be represented in block form:

COIlAlHl e COI‘ANHN
Cojan = : : ;
CONlAlHl . CON|ANHN

where each block Cpi|4s s maps the history—action feature of object j to its contribution in the
conditional expectation of object ¢’s observation.

For the i-th object, the i-th row of this block matrix yields:

- AT
Bl | {al, h{}}L.] = [Cosarmrs- -, Coijanmv] :
v @y (23)
= > Conarms [V @],

JEE(D)

Interactions occur only with neighbors j € £(i); for non-neighbors (j ¢ £(i)), we set Coi|ai i = 0.
This induces a localized form of the global conditional embedding, fully aligned with the entire

topology.

Interpretation. In this view, Equation [23|is a factorization of the global conditional embedding
operator induced by KBR, where only the operators Cpi| 45 s corresponding to edges in the inter-
action graph are active. This factorization preserves the theoretical grounding of the Hilbert space
embedding while enabling efficient modeling and control through localized graph structure.

Limitations. While the embedding offers a powerful representation of distributions, the tensorized
formulation in Equation [23|still suffers from two limitations:

* Sample complexity. Based on the random matrix theory (Tao, |2012), the convergence of
the covariance operator grows significantly with the modes of the tensor.
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* Optimization. The intertwining of history and action features within the tensor prod-
uct complicates the optimization of sequential actions. Since control algorithms like
LQR/ILQR assume additive disentanglement between history and action features, the ten-
sorized embedding in Equation 23] violates this assumption.

To concretize the controllable embedding within the Hilbert space embedding framework, the ten-
sorized features in Equation 23| must be disentangled to meet the requirements of controllable em-
bedding.

D.4 DISENTANGLEMENT OF HISTORY AND ACTION FEATURES FOR OPTIMIZATION

Building on previous studies (Altun et al., 2012; [Zhang et al., 2008)), an efficient approach to address
the aforementioned problems involves simplifying the tensorized formulation into a concatenated
feature representation, [wf 7 || 4¢*?]. This decomposition simplifies the problem by factorizing the
action and history random variables into two product conditional probability distributions, as exem-
plified in (Song et al., 2009; |Altun et al.,|2012). By adopting the concatenated feature representation,
Equation [23|can be simplified as:

E| - ’ {a],h] ;\le] = [Coijarmr, - ,Coijavyn] X | .

= Z Coraims [ e Iy ].
jeg() (24)

h,j a,j
~ Z Coilaity” + Coijaity™”
JEE(3)

1 h,N N T
W)g Yty Wt ||¢? ]

where the linear conditional operator is simplified to the form [Coi |z, Cor| i) Here, this formula-
tion in Equation[24]can be regarded as an approximation of Equation[23]by neglecting the high-order
interaction of history and action features. The formulation directly brings two advantages:

* Reduced Sample Complexity. Based on the concentration inequalities in random matrices
(e.g., matrix Hoeffding and Bernstein inequalities (Van Handel, |2014)), the sample com-
plexity can be significantly reduced with a lower dimension. Then 3—mode tensor operator
Co|an in Equation [Zf] can lead to a higher sample complexity.

* Simple Optimization. When optimizing the quadratic cost function constrained by Equa-
tion (3] the only undetermined variable is the fully decomposed action feature ¢ instead of
the entangled feature ¥ ® 2.

D.5 EFFICIENT EMBEDDING BY MEAN FIELD APPROXIMATION

In systems with multiple interacting objects, each object directly influences its neighboring objects
through their relational structure. For multi-object systems with many objects and dense edges, mod-
eling all these pair-wise interactions explicitly becomes computationally expensive, scaling with the
number of edges in the graph. The core idea of using mean field approximation is to simplify the
modeling of complex interactions in systems with many interacting components by approximating
the influence of all other components on a given component as an average or “mean’” effect, rather
than modeling every pair-wise interaction explicitly. Thanks to the disentangled structure in Equa-
tion 24 we can separately model how history influences the future observation probability and how
actions affect the observation, combining them multiplicatively in the joint conditional distribution.

To disentangle history and action effects, we assume conditional independence between actions and
histories given the observation (A 1L H | O). This allows us to factorize the conditional distribution
into pair-wise history potentials and an action-dependent likelihood term as

P(O; | {H] = h}jeew), {A] = al}jee)
(25)

(pair-wise factorization on history effect) ij i j j i § i
X H e, (OtaHt = ht) 'P({At = at}jGS(i)‘Ot) )
JeE(i)

where
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. <I>§l’j > 0 is a pair-wise history potential encoding the interaction between object i’s obser-
vation and object j’s history.

* P ({A =al} jee@)| 0t ) is a disentangled action-dependent likelihood term, reflecting the
statistical dependency between the neighbors’ actions and object i’s observation.

Based on the dlsentangled probability in Equation 23] the naive assumption of equally weighted
potentials ®*7 for all j is generally invalid, rendering the representation in (Li et al., 2020) misspec-
ified.

Mean field normalization for history. Based on Equation 23] only the history part requires mean
field normalization. We convert ®;” into normalized influence coefficients by taking its expectation
under the current mean field approximation ¢(O}):

exp (Ey0p oz @} (01,1 )
o = — ,owith Y el =1 (26)
D kee(i) ©XP (Eq(og)[log@h’ ( %hf)}) JEE()

Here the expectation E,o:)[-] (under variational distribution g(O})) ensures that the influence

weights do not directly depend on the unknown variable O, but rather on its current mean field
approximation.

GCE with mean field approximation. Substituting these weights into the GCE formulation in
Equation 24| and applying the principles of KBR yields:

Z Coiri Vi + Coijas i

JEE(D)

N , 27
:CO'LH( Z a"? ’(/)il’]> Z Coz Ad ’(/)t ’J.
)

JEE( JEE(

Here, Co:|p is a shared conditional embedding operator used in the homogeneous case, while the
non-uniformity of a7 directly reflects the unequal pair-wise potentials ®%J.

Practical Computation. Directly estimating the distribution ¢(O?) is infeasible, as the multi-object
dynamics evolves in a continuous observation space. Instead, we approximate the influence weight
o, using the history hi = o}_,, which is temporally close to the future observation o}. Since the
forward dynamics are modeled in an RKHS, we compute the weights from the history features via

a Gibbs measure: i h
0w exp(f( ) t’j)) 23
Q= hi Bk (28)
Z eXp(f( )y 't ))

ke&(1)

where f|’|is a negative pair-wise potential function between history features. The normalization in
Equation [7|ensures jes() ay? =1.

We consider the following four choices for f to instantiate the pair-wise potential:
1. Gaussian potential. Let )", ¢!/ € R Define

h.i h,j
I

frer(r i) = 952 ,

with bandwidth ¢ > 0. This corresponds to a positive definite Gaussian kernel and is robust
to small perturbations.

*Here, exp(f(-,-)) can be regarded as practical proxy to measure exp (Eq(oz) [log @37 (-, )]), this holds

since there exist some functions that pull features to the observation space.
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2. Laplace potential.

; ) wh,i_wh,j
Fraplipt w9 = W — Vel

with scale A > 0. Compared to the quadratic potential energy in Gaussian kernel, the
Laplace form induces heavier tails due to the nature of L* norm.

3. von Mises-Fisher (vMF) potential.

hii hj hii hj
P p _ LR S
hyip h,j ) - H( hyi ) hygy
19 2 Nl [l K | PR ({7 B
with concentration £ > 0. This favors alignment on the unit sphere and is natural for
directional embeddings.

vaF(

4. Neural potential. Let fy : R% x R% — R be a neural scorer:

fo(l Ty = MLP([f" || ),

where [-||-] denotes concatenation. This yields a flexible, learnable potential while preserv-
ing nonnegativity via the exponential link.

In all cases, the Gibbs normalization in Equation [7| ensures Zj c£li) ai’j = 1. Hyperparameters
(0, A\, k) or the neural parameters ¢ can be learned by the joint training.
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E DiscusSION OF VARIOUS EMBEDDINGS IN GCE

This section introduces four embedding formulations used in our framework and evaluates their
properties for controllable embedding design. We denote the dimensions of the history, action, and
observation features by d;,, d,, and d,,, respectively.

E.1 FORMULATION OF VARIOUS EMBEDDINGS IN GCE

Tensor Representation. Originating from the inherent structure of Kernel Bayes’ Rule (KBR),
the tensor representation directly follows Equation [2T]and can be expressed as:

E| s | {a],h] ] Corjarmr ... Corjangn bt @yt
: = : : : . (29)

O,N N j ' . h,N N
E[% |{ag,hg ;V:1] CON|A1H1 CON‘ANHN wt ®w?

Each sub-operator Coijaigi € R *(drnxda) acts on the tensorized feature 1/1? I ® Py A=

R(4n*da)x1 " entangling history and action information. This entanglement makes it not suitable
for controllable embedding, as the representation is neither locally nor globally linear. The compu-
tational complexity is O(N?2d,djd,,) per forward pass, making it computationally expensive for N
with a large value. For simplicity, we refer to this form as Tensor.

Dense Representation. The dense representation removes the tensor product entanglement by
decomposing the history and action features, as in Equation 24}

[E[v" | {af, hi 1]

O,N s .

-E[ t ’{ai,hi é\{:l]

_CollHl COl‘HN '(bf’l C01|A1 COIlAN w;l’l
. . . . + . . . .

N
_CON|H1 cee CON|HN ¢f7N CONlAl s CON‘AN wg’

(30)

Here, Coijps € R%*¥ and Cpijx; € R% >4 making the representation locally linear in each
feature type. The complexity is O(N?2(d,dj, + d,d,)) per forward pass, lower than the tensor form
but is still quadratic in N if with dense connections. For simplicity, we name this form as Dense.

Homogeneous Form with Uniform Weight. This form generalizes the compositional Koopman
operator (L1 et al.,[2020), assuming equal-weight influence from all neighbors:

(E[v" [ {al, b}

O,N J VN
_E[ t Hatvht j:l]
r h,1 a,l
CollHl cee COl‘HN wt CollAl cee CollAN ’L/}t
ol I 2 B I z
. h,N A a,N
_CON|H1 CoN|HN 1/}t CoNlAl CoN‘AN qj}t

3D

The sub-operators have the same dimensions as in the dense form, and the complexity remains
O(N?*(dydy, + dody)). In the setting of (Li et al.l 2020), Coi|gi are shared for the entire graph.
However, the uniform-weight assumption is generally inaccurate in probabilistic settings (see Equa-
tion[25). We call this form Hom.
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Homogeneous Form with Mean Field Approximation. To address the limitation of uniform
weighting, we propose to use a mean field approximation with adaptive Boltzmann—Gibbs weights:

(E[v" [{al, b}

_E[ tO’N | {a{,h{}?f:l}

r 1,53 1
Cotiu > jee() & Wy Corar -+ Corjan Ui
= : ® : + : : x|

N.j, h,j . a,N
_CONlH Zjef,‘(N) oy ¢t CoN‘Al CoN‘AN ¢t

9

where © denotes the element-wise product with shared operator Co:|y. We refer to this form as
Hom + Mean. This form offers:

1. Lower complexity: The history term costs O(Nd,dy) and the action term costs
O(N?3d,d,), reducing cost compared to dense and tensor forms.

2. Fewer parameters: Requires fewer learnable parameters than dense or tensor forms.

3. Adaptive weighting: Captures non-uniform neighbor influence without quadratic parame-
ter growth.

Comparison of Embeddings. Table [§|summarizes the properties of the four embeddings.

Table 8: Comparison of embedding formulations in GCE.

Embedding Complexity Parameters Adaptive weights
Tensor O(N?%d,dyd,) Quadratic Yes (implicit)
Dense O(N?(dodp, + dod,))  Quadratic Yes (implicit)
Hom O(N?(dydy, + dody)) Constant No (uniform)
Hom + Mean O(Nd,d;, + N%d,d,) Constant Yes (explicit)

E.2 EMPIRICAL ESTIMATION OF CONDITIONAL EMBEDDING OPERATORS

The empirical computation of the four forms in GCE is listed as follows. Given an i.i.d. sample
{(0i7a%7 R ?al{,V’ htl’ R 7hiv)}T

,—1- The empirical covariance and cross-covariance operators are
estimated as:

T
5 1 0,i h,j .
%W:T;%®%»JHM
1~ -
COiAj:?;l/}?ﬂ@wgdv ]G[N]a
1 T
5 h,j h,j :
%w—T;%®%,JHM
1 T
5T a,j a,j :
CAJAJ—T;% @y’ j€E[N]

1. Tensor Form (Tensor). From Equation[29] the empirical block-operator is

T
5 1 i hj o ras ,
Conarm = 7 )7 ® (67 @477), jeN],
t=1
and the conditional embedding operator is computed as

Coiarms = Conasms (Comsancsan + M) (33)
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where A\ is the Tikhonov regularization and
Conriyai iy = Z (¥ @ i) @ (i @ vi).
s

2. Dense Form (Dense). From Equation[30] the history and action parts are separated:

Coips = Coips (Cusms + M)~ j €[N], (34)

Coijai = Coias (Casai + M)_l, J € [N]. (35)

3. Homogeneous Form (Hom). In Equation operators Coi| g5 for all i are shared:

, 1 . R _
Coilar = > Coins (Crims + M) L, jeN], (36)
=1

while Cpi| 4 follows the empirical estimation of the Dense form.

4. Homogeneous with Mean Field Appr0x1mat10n (Hom + Mean). From Equation the
history part uses adaptive weights o;”:

N T B
:%ZZ (lﬁgﬂl ® ( Z ai’j¢élvj)> (( Z O‘i’j’(ﬁf’j) ® ( Z a?jwf,j) +/\I> ’

i=1 t=1 JEE®) JEE() JEE(i)
(37)
with
1 N T
5 = 0,i 4,5, .h,J
Con =57 22 ¥ @ (3 at?ur?), (38)
=1 t=1 Jeg(z)
1 ML y . y ;
Can =57 D2 (D ¥/ )@ (D ailu). (39)
i=1t=1 je£(i) JEE(D)

Here, Coi| g is shared and computed as in Equation 37] E while Ci| 45 follows the empirical estima-
tion of the Dense form.

25



Published as a conference paper at ICLR 2026

F THEORETICAL ANALYSIS

F.1 PROOF OF THEOREM[I]

Proof 1. Step 1: Convergence of empirical operators. Based on the practical computation in
Equationin Appendixfor all j € [N],

-~ ~ A il
Coi|aini = Coi|ains (C(HJ'AJ')(HJ'AJ) + )\I) ;
where

T
5 1 0,1 j a,j
Coinimi = T Z@/’t’ ® (¥ ® ¥),
t=1

T
5 1 iy . » .
Caimiy(AiHI) = T Z (Wi @vp?) ® (vi? @ ).
t=1

Since the feature maps are bounded, continuous, and the samples are i.i.d., the Hilbert space
strong law of large numbers (Muandet et al.| 2017) implies

5 a.s. 5 a.s.
Coinini —>HS Coiains, C(AjHj)(AJ‘HJ‘) —>HS C(AjHj)(AjHj)

in Hilbert-Schmidt norm. With \ = A\p | 0 and T A — o0, operator perturbation results yield
(Kato| |2013))

“€Oi|AJ‘HJ' —Coiains o == 0.
Step 2: Pointwise convergence on fixed inputs. For fixed {a{ , hi };VZI define
Pt = Z €Oi|AJ'HJ [Q/J?’j ® T/Jf’]} :
JEE)
0% = Y Conmm [ @up7] —E [s0% | (. m1L].

JEE(D)

Then
~0.i 0i
Yt —

~ h,j a,j
< § HCoqAJ‘HJ‘ —Coiasmi|| - H¢t ® Py H
H . . op H
JEE(1)

)
op

< Cl€(i)| - max HCAoquHa‘ —Coi|aimi
JEE()

where C < o0 is a constant due to the boundedness of features in the compact space Q%. The

right-hand side converges to 0 in probability, hence

nox; O, ix
Hwt ’L_wt Z
H

T—o0
—_—

0.

Step 3: From embedding convergence to weak convergence. If the kernel feature is character-
istic (Sriperumbudur et al.||2011), then

o o
Ut ="

where MMD is the maximum mean discrepancy[f} and thus the above convergence in H implies

MMD(P(0} | {af, hi}), P(O} | {ai, hi})) = )

H

= i 1 ; T—o00 i i ;
P(O; | {a], h{}1) —= P(O] | {a], h]}1_)).

“The maximum mean discrepancy (MMD) between two distributions P and @ is defined as
MMD(P, Q) = |[mp — mq||+, where mp and mq are their kernel mean embeddings in the RKHS
‘H(Hofmann et al., 2005).
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F.2 PROOF OF ERROR BOUNDS OF VARIOUS EMBEDDINGS IN GCE
The main steps to prove the error bounds for Equation[I0]is outlined as follows:

* Procedure 1: Combine the well-established matrix concentration inequalities in Appendix
to determine the sample complexity of the sub-operators Co:| g and Coi|ai3

¢ Procedure 2: Establish the union error bound for the Hilbert—-Schmidt norm in the forward
loss function shown in Equation [I0}

* Procedure 3: Prove the sample complexity for other embeddings: Hom and Dense.

F.3 PROCEDURE 1: SAMPLE COMPLEXITY OF SUB-OPERATORS

The regression error in Equatlons [35]and [37] arises from two primary sources: (1) the estimation of

cross-variance operators CO i Ad Col 1> as well as covariance operators C A AT ¢ i g7 based on finite
i.i.d. T samples; (2) the influence of the perturbed term AI. We proceed to derive the non-asymptotic
convergence rate step-by-step using concentration results for random matrices.

Here, we first give an instance proof for the C%, and this proof can be plugged into the other cases.

Proposition 1. For the i-th object in graph, let C/\Oi‘Aj = Coini (éAjAj + ML, where Coini €
R *da qnd C wiai € R¥Xda qre two estimated adjoint and self-adjoint operators, respectively.
Assuming both two operators are from a finite i.i.d. T samples in Equation[35] we have probability

at least 1 — 35 with § € (0,1) and T > %

ICoi 4 — Cosjas|l < EZ + ESS,

g < — 1 . ( clog(2d,/9) +>\> . Al
Amin (CAj AJ) T)\min (CAJ' AJ') /\mm (CAJ Ai + )\)

and

2log((dotda)/6)v | 2108((dotda)/8)L
T 3T

)

Egh < :
(1 s Y Cas) 4 A

Proof. According to Lemmas [2]and i} we can decompose empirical operators as two terms: target
operators and errors as

CAOiAJ =Coiai +MNoiai, (40)
CAjAj = CAjAj + AAJ‘AJ':

where Api 45 and A 45 45 can be regarded as the residual error terms. Our target is to derive how the
error bounds of Ay: 45 and A 45 45 change with the sample number.

By differencing two operators, we obtain
COi|AJ - éoi\Aj
:COiAJ'CXilAj - éoiAj (éAjAj + )\])_1
:COiAJCZ721Aj —(Coini +Moini)(Cajas +Aajas + M1 @D

-1
:COiAj <CAJAJ (CAjAj -|— A.A_]Aj + )\I)_l) _AOiAJ (CAJAj + AAjAJ + )\I) .

part 1 part 2

We divide the derivation of the error bounds into two steps, corresponding to parts 1 and 2, denoted
by E;”) and E, %, respectively..
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Step 1. Deriving the Error bound E;91

Based on the Woodbury identity E] (a.k.a. matrix inversion lemma) (Deng, |2011)), the first error term
becomes

Coiai (CA}A;' — (Cpipi + Apini + )\I)_1>

_ _ 42
:CozAsz‘CAlej ( —Cpini +Cuipi +ANpiai + AI) (Cpini +Apins + M) ! (42)
:COiAjCZ}Aj (Apipi + A (Caias + Apias + )\I)_l.
Plugging the Lemmas [2]and ] into Equation[42] we get
‘ CoiaiCoaias (Masas + A1) (Casas + Aasas + M)
Z‘ Cé%iciﬁjcgfﬁcgfﬁ (Aasas + A (Casas + Masas + A7 (43)

Vo Corgn) - e ( ¢log(2da/9) H).A - !

Amin (CAj Aj ) TAmin (CAJ' Aj ) éAJ A+ /\) '
where the first and second terms are derived using singular value decomposition techniques, the
third term is based on the error bound for self-adjoint matrices with probability at least 1 — § when
T > % (a direct result from matrix Hoeffding inequality in Lemma @), and the last term
leverages fundamental properties of matrix theory. The primary contributor to the error bound is the
statistical deviation term A 4 45, while the regularization term A is typically small in practice.

Step 2. Deriving the Error bound E;JQ

To derive the second error term E*7,, we consider the bound

a,2’
|A0iai (Casas + Aasas + A7 < 1Aoa |
- )\min(CAJ'AJ' + AAjAj + )\I)
g Aot
(1 - %) Amin (Cai ai) + A (44)
\/210g(2(da+da)/6)~v | 210g(2(dotda)/9)-L
T 3T

<
- clo a/0
(1 — TS ,\lmign((zch;A_)i)) Amin(Caiai) + A

which holds with probability at least 1 — 20. The first inequality follows from the standard sub-
multiplicative property of the operator norm. The second inequality is a consequence of Lemma [4]
which applies matrix Hoeffding inequality to the self-adjoint operator C 45 45 + A 45 45. The final
inequality uses Lemma[2] which applies the matrix Bernstein inequality to bound the spectral norm
of the empirical deviation Ay 4; with high probability.

Applying a union bound over the two error terms E;JI and Efljz, the total error is bounded with
probability at least 1 — 34.

Proposition 2. For the i-th node in a homogeneous graph with N nodes, let éoi = éoi H (é HH+

A)~L, where Crn € R¥%dn qnd Coipr € R%X gre two estimated adjoint and self-adjoint op-
erators, respectively. Assuming both two operators are from a finite i.i.d. T samples in Equation[37]
we have probability at least 1 — 36 with § € (0,1) and T > %
ICoim — éoi|H|| < Ei@ + E;;L,Qv

where

- 1 clog(2dy/90) ) 1

Ey 1 <V Amaz(Coioi) - < + A —
ol nml( oo ) )\min (CHH) NT)\mln (CHH) )\min (CHH + )\)
“Itis shortenas A~ — (A+ B)™' = A7'B(A+ B)~%.
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and

2log((do+dp)/)v

+ 2log((do+dp) /)L
NT 3NT ?

Ej s < _
clog(2dy /5)
(1 - NTg\im(}C/I.IH)))‘mzn(CHH) + A

Remark 2. Due to the homogeneity of the graph, each node contributes T i.i.d. samples, resulting
in a total of N'T' samples. This significantly improves the convergence rate of the estimated operator

Ch compared to a single-node setting.

F.4 PROCEDURE 2: SAMPLE COMPLEXITY OF Hom + Mean IN Loss FUNCTION[I0|

Theorem a (Sample Complexity of Hom + Mean). Considering a homogeneous graph with N
nodes, the graph dynamics satisfy the formulation Equation[2] For Hilbert space embedding, history,
action, and observation feature dimensions are dy, d,, and d,, respectively. For finite i.i.d. sample

number T' > max; (i:ﬁ?j}*ﬁ% \Y Ji,l;\)i(j‘i’}{/%), we have a probability at least 1 — 36 with § €
(0, 1) satisfying

Pt Cor|u > ay Iy Cotjar ... Covan] [uP!
S : © : - : : :
PN Con|u > a T Covjar .. Cowan] [pf™
<O(N) max(Eh L\ + Ej5) + O(N?) max(E” +EYY),

HS

where B}, E ]2 E} | and E}, , are defined in Pr0p0s1tlonslandl

Proof. By applying the properties of Hilbert—Schmidt norm and triangle inequality, we have when
M=1

N
m<)
i=1

N

0,1 5 03,10, 5 s

t _CO‘|H< > iy )_ZCO‘MJwt H
) =

JEE(
<3 [con( 3 @t ut?) < Conu( 3 aiul?)|
P = =
JEE() JeE(@) (45)
N . ~ .
+ > (Conasti? = Coiasvi
ij=1
< Z COi\H —COi|HH Z a;’]’(/J?’] + Z COi|Aj — COilAj g’] .
i=1 JEE(i) irj=1
All features are well-defined in the Hilbert space, and thus both || 3=, ;) oy Lyl and ||l
are uniformly bounded by a constant (see the properties of kernel functions in Appendix [C)). By

combining with Proposition[I} the error bound in the left-hand side scales with the number of nodes
as O(N)(E}, ha1t Eh 2)-

Combining Proposition the error bound of right-hand-side scales as O(N?) max; ; (Eflj1 + Ew L).

Here max; ; (E;J1 + E” ,) controls the upper error bound of sub-operators in actuation components.

Since the two parts hold under 7' > max; (W%{@) and T > Jf,lfL%, we rewrite the con-

dition as T > max; ( ;};i(fjﬁ 1{1‘3-)) Y ]f,l;)ifi%’}f% ) Combining the two parts together, we obtain the

union error bound for the forward loss function as O(N) max; (Ej, , +E}, ,)+O(N?) max; ; (B +
Eb)-
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F.5 PROCEDURE 3: SAMPLE COMPLEXITY OF OTHER EMBEDDINGS

Theorem b (Sample Complexity of Hom). Considering a homogeneous graph with N nodes, the
graph dynamics satisfy the formulation Equation[2] For Hilbert space embedding, history, action,
and observation feature dimensions are dy, d,, and d,, respectively. For finite i.i.d sample number

T > max; (f\}nii(fzjx)) v ]f/l;igicé’}f?)) we have a probability at least 1 — 35 with § € (0,1)

satisfying
0,1 h,1 a,l
wt COl\Hl e Col|HN % COl\Al T COl\AN wt
: _ . . . . + . . . :
N N N
»(/)?’ CONlHl cee CON‘HN ll’ CONlAl s CONlAN 1/)?’ HS

< O(N*) max(Ej, ; + B}, ) + O(N*) max(E} + Eyh)
) ’ ’ 1,7 ) s
where E;Jp E;]Q E} | and E}, , are defined in Propositionsand .

Proof. The proof of this theorem follows the same idea with Theorem [a} the main difference is
that here we need to estimate each Cp: |, since the implicit weight influenced by the j-th node is
unknown. Thus, the upper error bound is scaling quadratically with the number of nodes, since there
are N2 operators in the first block.

Theorem ¢ (Sample Complexity of Dense). Considering a graph with N nodes, the graph dy-
namics satisfy the formulation Equation 2} For Hilbert space embedding, history, action, and
observation feature dimensions are dy,, d,, and d,, respectively. For finite i.i.d. sample number

T > max; (f\jfi(?i‘;x)) v f:i((i‘;jbl/{i))), we have a probability at least 1 — 36 with 6 € (0,1)

satisfying

0,1 h,1 a,l
Uy Coum -+ Cormn Py Corjar -+ Corjan Uy
: : k& : N : . : :

N N
Py CON|H1 e CON‘HN w{hN CON'AI e CONlAN Wy

< O(N?)max(F} ; + Fy)) + O(N?) max(E,) + Eb),
,J ’ ’ 4,J ’ ’

HS

i ij ; i i.j i
where E; and E s are defined in Proposmonand E,\ and Ey, are defined as

i 1 log(2d;, /6 1
Fh:j1§ Amaz (Coioi) - ( ¢log(2dn/ ))—i-)\)-)\ o

Arnin(cl—[j]—[j) T)‘min(CHJ'Hj éHJHJ + A)

and
2log((do+dn)/8)v + 2log((do+dn)/d)L
T 3T )

h2 = :
clog(2dy/5) o
(1 — /0 Hn) Ain (Coripri) + A

Proof. The error bound difference between the homogeneous graph and inhomogeneous graph is
that each operator Cp:|g; should be estimated independently (see the explanation in Equations

and . Thus, each error bound of F,ijl and F,ZLJ2 can be proved by following Proposition
Following the same idea shown in Theorems [a] and 2 the union upper bound can be derived as
O(N?) max;,; (Fyy + Fyp) + O(N?) max 5 (B + Ey%).
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G AUXILIARY LEMMAS

The auxiliary lemmas in this section are primarily based on the monographs (Vershynin, |2018;|Tropp
et al.|[2015). These four lemmas are focused on handling error bounds for the approximated adjoint
and self-adjoint operators that arise in regression. The derivation of these error bounds relies on
three fundamental matrix inequalities: Matrix Bernstein, Chernoff, and Hoeffding, which serve as
key tools for controlling the embedding errors.

Lemma 1 (Matrix Bernstein Inequality (Vershynin, 2018}, [Tropp et al.l 2015)). Consider a finite
i.i.d. sequence {X}7_, of independent, random matrices with finite dimension di X ds. Assume
that Xy, is centered at 0 and bounded by a constant L for any index k as

E[X:| =0 and |X3| < L.

Let Z =Y, _, Xy. Define the matrix variance statistic:
v(Z) = max{|| Y E[Xp X[]]|l, | Y EXT X5} (46)
k=1 k=1

Then we have

P<||Z|| > t) < (d + @)exp(M

The introduction of the term v(Z) arises from the symmetrization technique used in the proof, where
the operator norm of the sum is related to the maximum of the operator norms of the variance terms
in both the original and transposed spaces.

Lemma 2 (Error Bound of Cross-Covariance Operator). When Lemmall| holds, we have a proba-
bility at least 1 — §

o 2 10g((d1 =+ dQ)/(S)U 210g((d1 =+ dg)/5)L
— <
ICyx = Crxll = \/ N * 3N ’

dixd
Cyx € R7e%,

where

’

€ = H (Cyx —Cyx)(Cyx — CYX)T

)

C2 = H (éYX - CYX)T(éYX - CYX)

v = max(cy, ¢a).
Remark 3. Lemma[2)is a direct result based on Lemmall} Following from finite i.i.d. samples, the

convergence rate with the number of samples N is scaling as O(y/ %). The error bound

established in Lemma 2] is particularly valuable for conducting non-asymptotic analyses of cross-
variance operators.

Lemma 3 (Matrix Chernoff Bound (Vershynin, 2018)). Consider a finite i.i.d. sequence {Xi} of
random and symmetric matrices with a finite dimension d,. Assuming that the eigenvalue of Xy, is
bounded by a constant L for all index k as

0 < )\mzn(Xk) and )\mam(Xk) < L.

Z:ZXk.
k

Introduce the random matrix

Define
Then, for any € € [0, 1), we have

P(Ammw) <a- G)Mmm) < 2d, oxp(—cpimin/ L). “7)
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Lemma 4 (Error Bound of Covariance Operator (Tropp et al.,[2015)). Consider the random variable
Cxx € R we have a probability at least 1 — & with § € (0,1) when N > M

clog(2d/9)

(Cxx) ( NApmin(Cxx)

) Amin(Cxx),

where A .
)\maa:(CXX) <L< N, with ¢ > 0.

Remark 4. Lemmal|can be derived from the matrix Chernoff bound through the Laplace transform
technique, which transforms the multiplicative bound into an additive form of matrix concentration
inequality. The resulting error bound exhibits a convergence rate of O(%) with respect to the
sample size N. This concentration inequality is particularly effective for analyzing covariance
operators, especially in the context of empirical covariance operators in Hilbert space embedding.
The primary source of estimation error arises from the finite sampling, which is quantified by this
probabilistic bound.
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H PSEuUDO CODE

Algorithm 1 Graph Controllable Embedding (Hom+Mean)

Require: Data D = {{77 i\io} o

objects; learning rate a:; number of training epoches K; four different pair-wise potential energy
functions f(-, -) in Table 2]

Modeling

Nsample

: t—step transition tuple 7' = (o}, a}™N, hi V) with N

1: Initialize GNN encoder and decoder v and 11
2: for Training epoch k = 0, ..., K do
3:  {Encode inputs: observations and history via neural embeddings; actions via a fixed linear
projection (ensuring direct recovery back to the original action space)}
4:  Embedding graph history h}*" and future observations ofV: )} AN do(0pN) and
f AN éwu(htY), action features are obtained via a fixed linear projection: ;' AN
¢A ( a%:N
L h,i h,j
5:  Estimate Boltzmann-Gibbs weights o’ = exp (41 e )
> exp (@)
kEE(4)
6:  Compute the ensemble features 3° ¢ ;) a;” i
7:  Estimate {éoilH}izl:N and {CAOi‘Aj }ij=1:~ by solving Equationby minimizing Hilbert-
Schimit norm
8:  Compute the loss L defined by Equation
9:  Update encoder and decoder ¢ and v with stochastic gradient descent
10: end for

Control

Require: target V?7; initial observation as history V§; control horizon M ; GNN encoder and decoder

1 and 1

11: Construct the control objective Equation[I2]
12: Obtain the optimal control sequences (V{, ..., V§,) from minimizing Equation
13: Apply (V¢,..., V%)
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I ADDITIONAL EXPERIMENT DETAILS

I.1 CONTROL ENVIRONMENT DETAILS

In the numerical experiments, we adopt the control environments from (Li et al., 2020), where inter-
actions between different objects are considered differently depending on the types of connections
and the physical properties of the objects involved. The environments are designed to capture diverse
interaction dynamics, as detailed below:

* Rope. In the Rope environment, the top mass has a fixed height and is considered different
from the other masses. Thus, there are 2 kinds of self-interactions for the top mass and
the non-top masses, respectively. Additionally, we have 8 kinds of interactions between
different objects. The objects in a relation could be either top mass or non-top mass. It is
a combination of 4. The interaction may happen between two adjacent masses or masses
that are two-hop away. In total, the number of interactions between different objects is
4 x 2 = 8. The in-distribution test includes 5 — 9 objects, and few-shot test is from 10 — 14
objects. Examples of rope systems are demonstrated in Figure[5]

* Soft. In the Soft environments, there are four types of quadrilaterals: rigid, soft, actuated,
and fixed. There are four types of self-interactions, respectively. For the interactions be-
tween objects, there is an edge between two quadrilaterals only if they are connected by a
point or edge. Connections from different directions are considered as different relations.
There are 8 different directions: up, down, left, right, up-left, down-left, up-right, down-
right. The relation types also encode the type of receiver object. Thus, in total, there are
(8 + 1) x 4 = 36 types of relations between different objects. The in-distribution test
includes 5 — 9 quadrilaterals, and few-shot test is from 10 — 14 quadrilaterals. Examples
of soft robotics are demonstrated in Figure[d]

* Swim. In the Swim environment, there are three types of quadrilaterals: rigid, soft, and
actuated. Similarly to the Soft environment, different edge types are specified for different
connection directions. The number of edge types is (8+1)x3 = 27. The in-distribution test
includes 5 — 9 quadrilaterals, and few-shot test is from 10 — 14 quadrilaterals. Examples
of swim robotics are demonstrated in Figure

* Power grid. The primary control objective in this environment is to stabilize the voltage
magnitudes at all nodes around a predefined reference voltage value, Ve = 1p.u.. Each
node has a state vector [V, V!], where V! is the voltage magnitude at node 7 at time step
t, and Vit is its rate of change. This stabilization is achieved by adjusting the reactive
power generation (Qgen at generator nodes in response to both internal system dynamics
and external disturbances (i.e., noise) generated by the loads.

The underlying grid topology is modeled as an undirected graph, which may be fixed (e.g.,
ring or grid structures) or randomly generated using an Erdés—Rényi model (Examples are
illustrated in Figure [8). The graph is assumed to be connected, and nodes are randomly
designated as either generators or loads, maintaining a generator ratio between 20% and
50%. Generator nodes are controllable via reactive power inputs, while load nodes are
subject to time-varying noise disturbances. To learn the system dynamics, we generate
1000 randomized instances with topologies ranging from 50 to 100 nodes and evaluate
the control performance on larger graphs with over 100 nodes. The control problem is
formulated as the following cost minimization over a time horizon M:

M 2 2
DIV =Viatllg, + Iu'llg,
t=1

where Q1 and (D, are positive definite weighting matrices, and u! is the control input at
time step t.

1.2 DATA GENERATION

We generate 10,000 episodes for the Rope environment and 50,000 episodes for the Soft and Swim
environments, with 90% of the episodes used for training and the remaining 10% for testing. Each
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episode consists of 100 time steps. The dataset includes physical systems with varying numbers of
objects ranging from 5 to 9. In the Rope environment, ropes consist of 5 to 9 masses, where each
mass is treated as an object. The observation for each mass includes its position and velocity in a
2D space, resulting in a 4-dimensional observation per mass. In general, a rope with N masses has a
4 N-dimensional observation space. In the Soft and Swim environments, soft robots consist of 5 to 9
quadrilaterals, each treated as an object. For each quadrilateral, we observe the positions and veloc-
ities of its four corners, leading to a 16-dimensional observation (4 positions x 4 velocities). Thus,
for a soft robot with NV quadrilaterals, the observation has a dimensionality of 16/N. Additionally,
we generate a few-shot set with 200 episodes for each environment to evaluate the generalization of
our graph controllable embedding. The Rope few-shot set includes ropes with 10-14 masses, while
the Soft and Swim sets include robots with 10—14 quadrilaterals, more than the number of objects
in the training sets. The graph topology is generated with a random structure and a random number
of nodes, ranging from 50 to 150. To ensure the controllability of the random graph, the graph must
be connected. This is guaranteed if the edge connection probability p satisfies

(14+6)Inn
p>——
n

where n is the number of nodes and 6 > 0 is a small constant. In our setup, we set the connection
probability to p = 0.15.

1.3 TRAINING DETAILS

Our methods and baseline models are trained using the Adam optimizer with a learning rate of 1e~*
and a batch size of 8.The learning rate scheduler follows a linear schedule with a decay rate of 50%
per 100K gradient-descent steps until reaching a minimum learning rate of 1e~°. For all models,
we apply 400K iterations of gradient-descent steps in the Rope environment and 580K iterations
in the Soft and Swim environments, respectively. The number of future steps in the loss function
Equation[T0]is set to M = 16. All experiments were run on a single RTX 4090 GPU.

1.4 BASELINE ALGORITHMS

The baseline algorithms are trained on the same dataset and device. We compare the control perfor-
mance of our model with two categories of baselines:

* Controllable embedding methods without relational structures:

— VAE-based controllable embeddings: https://github.com/ericjang/e2c}
— Prediction, Consistency, Curvature (PCC) https://github.com/
VinAIResearch/PCC—-pytorch,
¢ Graph representation methods:

— Koopman Polynomial Model (KPM): https://github.com/YunzhuLi/
CompositionalKoopmanOperators/blob/master/models/
CompositionalKoopmanOperators.py,

— Compositional ~ Koopman  Operator (CKO): |https://github.com/
YunzhuLi/CompositionalKoopmanOperators/blob/master/
models/CompositionalKoopmanOperators.py

— GraphODE: https://github.com/Zymrael/gde.
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Figure 5: Examples of the random parametrized shape of the rope system. The red dots in each
sub-figure represent the control targets.

P el

Figure 6: Examples of the random parametrized shape of soft robotics. The red boxes are repre-
sented as the control target of each soft robot.

TR o

Figure 7: Examples of the random parametrized shape of swim robotics. The red boxes are repre-
sented as the control target of each swim robot.
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Figure 8: Examples of the random graph of a power grid. The red node represents the generator,
and the blue node represents the load.
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1.5 ADDITIONAL EXPERIMENTAL RESULTS

Noisy vs. Noiseless Conditions. We evaluate the predictive performance of our models by fore-
casting 100 steps into the future in the Rope and Soft environments, with and without observation
noise, and compare with the state-of-the-art CKO method. Figure [J] presents quantitative results
averaged over 20 trajectories from different initial conditions; shaded regions indicate one standard
deviation. Across both environments and noise settings, our method consistently achieves lower
NRMSE and standard deviations than CKO, demonstrating improved robustness and accuracy in
long-horizon dynamics prediction.

Prediction error - Rope (noiseless) Prediction error - Rope (noise) Prediction error - Soft (noiseless) Prediction error - Soft (noise)
30.0
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— ours — ours 147 — ours 57.5| — ours |
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Figure 9: Comparison of normalized root-mean-square error (NRMSE) over 100 rollout steps. The left two
figures show results for the Rope environment with and without noise; the right two figures show results for the
Soft environment. Additive noise is zero-mean Gaussian with standard deviation equal to 10% of the standard
deviation of the observation data.

Sample Efficiency. To understand the sample efficiency of our model, we vary the number of data
samples used for system identification from 1 to 32, and compare with CKO as shown in Figure [I0]
This empirical trend aligns with our theoretical analysis: according to Theorems [a] and [b] the error
bound scales proportionally to /1/T, where T is the number of samples. Given that constants
such as d,, dy,, and N remain fixed for a chosen feature dimension, the sample size 1" becomes the
primary factor influencing the bound. As the fitting number increases (i.e., 1), the prediction error
consistently decreases, confirming the theoretical rate. Moreover, as shown in Theorems|[ajand[b] our
method (Hom + Mean) achieves an error bound that scales as O(N) for history-to-observation
part, in contrast to CKO (the Hom framework) with a bound scaling as O(N?). Consequently,
when both methods are evaluated with the same fitting number, our method consistently yields a
smaller error bound. These results demonstrate that our theoretical predictions are well supported
by empirical observations, validating the improved sample efficiency of our approach.

—_— 1 2 — 4 - 8 — 16 - 32
Fitting number (Rope) - Ours Fitting number (Rope) - CKO Fitting number (Soft) - Ours Fitting number (Soft) - CKO
100 80
35
- ~70 20 0
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Figure 10: Prediction error (NRMSE) over 100 rollout steps under varying fitting number used for system
identification, ranging from 1 to 32, as indicated in the legend. Results are shown for both the Rope and
Soft environments. The comparison includes our method and the CKO baseline. As the number of samples
increases, our method achieves lower prediction error with faster convergence, demonstrating improved sample
efficiency consistent with the theoretical rate predicted in Theorems [a]and [b]

Evaluation Time of Different Embeddings. We measure the computation cost of different em-
beddings by recording the time required to predict 100 steps. As shown in Figure[TT} Hom+Mean
achieves the fastest runtime, outperforming both Dense and Hom. This observation is consistent
with the theoretical computation complexity analysis summarized in Table [§]
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Figure 11: Evaluation time (seconds) for predicting 100 steps with different embeddings.
Hom+Mean achieves the lowest runtime, consistent with the theoretical complexity in Table [8]
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Figure 12: Visualization of a 9-object Rope. The left column shows observations at ¢ = 30 and 60,
with shading color representing pair-wise L? distances. The middle column depicts non-normalized
adaptive Boltzmann—Gibbs weights, highlighting non-uniform neighbor influence (ours). The
right column illustrates the misspecified uniform weights, where all neighbors exert equal, non-
normalized influence.
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Table 9: Full performance comparison. Results are reported for in-distribution and few-shot vali-
dation. Control cost and control error are shown as mean * standard deviation, with the best and
second-best results highlighted in green and blue, respectively.

In-Distribution Validation | Few-Shot Validation
Methods [ Environments | Controlcost [ Controlerror | Control cost [ Control error

VAE 259.7+£80.9 0.65+0.14 282.4+82.3 0.69 £0.25

PCC 212.6 £64.2 0.58 £0.12 246.7+71.5 0.62+£0.13
GraphODE 187.2 £51.7 0.49 +0.13 198.0 £53.8 0.49 +0.09
KPM 148.5+39.3 0.36 £ 0.09 206.1 £43.5 0.21 £0.04
CKO Rope 1359 +£28.0 0.30 £ 0.06 168.5 +45.4 0.22 £0.04

Ours (VMF) 137.5+30.2 0.27 £ 0.09 146.3 + 49.7 0.13 £ 0.05
Ours (Laplace) 130.6 +32.7 0.32 £0.06 162.8 +46.2 0.17 £ 0.05
Ours (Gaussian) 122.6 + 19.2 0.26 + 0.08 159.4 +43.1 0.14 £ 0.03
VAE 314.7+57.0 0.54 +£0.25 768.1 £137.0 0.49 +£0.24

PCC 289.4 +£49.7 0.51 £0.22 698.3 £ 102.6 045 +0.21
GraphODE 1949 £35.6 0.33£0.15 472.9 + 84.1 0.29+£0.13
KPM 164.6 £22.6 0.19 £ 0.09 388.5+65.8 0.20 £ 0.08
CKO Soft 160.8 +£26.4 0.17 £ 0.06 357.6 £63.7 0.20 £ 0.07
Ours (VMF) 155.2 +28.3 0.16 + 0.08 357.2+61.4 0.22£0.10
Ours (Laplace) 169.5 + 19.1 0.18 £0.09 382.5+70.9 0.19 £ 0.08
Ours (Gaussian) 158.6 +21.7 0.13 £ 0.05 344.2 +56.3 0.12 + 0.06
VAE 573.1 £108.7 0.73 £0.19 835.4+113.2 0.92 +£0.15

PCC 513.3+£925 0.68 £0.15 732.8+£94.5 0.80 £0.12
GraphODE 417.8 £ 879 0.52 £0.17 693.5 +£58.2 0.58 £ 0.09
KPM 385.5+75.2 0.44 + 0.06 52344228 0.61 £0.11
CKO Swim 389.1£76.9 042 +0.13 421.0 +70.0 0.44 £0.08
Ours (VMF) 392.7+73.1 0.45 +0.09 452.3+629 0.43 +£0.15
Ours (Laplace) 403.1 £68.3 0.46 £0.13 435.7+74.4 0.45+£0.10
Ours (Gaussian) 383.7+77.8 0.41 + 0.08 404.3 +74.2 0.41 + 0.09

Table 10: Full evaluation under varying noise levels in Power-Grid. With the test on random
graphs with 100-150 objects. Additive noise is introduced with standard deviations equal to
2%, 5%, 10%, 20% of the standard deviation of observations. ”NaN” means the unstable control
optimization.

Method Noiseless 2% 5% 10% 20%
GraphODE 0.58 £0.043 0.62 £0.073 NaN NaN NaN
KPM 0.42 +0.028 0.50 + 0.022 NaN NaN NaN

Control Error oy 047+0031 048+0.034 0510027 0650051  0.850.055

Ours (Gaussian)  0.21+£0.005  0.27 £0.018  0.39+0.024  0.63+0.037  0.83 £ 0.041

GraphODE 1329+095  14.93%1.06 NaN NaN NaN
Control Cost KPM 9.19+1.66  11.70% 1.68 NaN NaN NaN
ontrot Cos CKO 11042082 11224084 11.69+1.67 1242227  15.15+4.55

Ours (Gaussian) 4.77 £ 0.61 4.99 + 0.69 5.72+0.91 7.81+1.13 1143 +1.14

Table 11: Control error and control cost under different numbers of training trajectories used for
few-shot adaptation in the Rope environment. The table reports performance using varying numbers
of demonstration trajectories, referred to as “fitting number”.

Method 1 4 8 16 32
Dense 0.79 £ 0.25 041 £0.11 0.36 £ 0.12 0.28 £ 0.08 0.26 + 0.10
Control Error Hom 0.74 £ 0.25 0.32 4+ 0.08 0.30 £ 0.06 0.30 £ 0.06 0.30 & 0.06
Hom + Mean 0.51 + 0.12 0.29 £ 0.09 0.26 £ 0.08 0.25 £+ 0.08 0.23 + 0.09
Dense 183.8 £+ 38.6 163.9 £ 429 161.6 £ 42.9 160.9 £ 41.5 159.6 £ 39.6
Control Cost Hom 1473 £229 149.2 £ 34.5 135.9 £27.9 131.6 4 32.8 130.2 £ 35.6
Hom 4 Mean 135.3 + 31.2 119.8 +17.5 122.7 +19.2 118.7 + 20.8 111.7 4+ 24.9
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1.6 ABLATION STUDY ABOUT FEATURE DIMENSION

We conduct an ablation study to investigate the impact of feature dimension on control performance
in Power-Grid. As shown in Table [I2] increasing the feature dimension from 8 to 32 consistently
improves both control accuracy and control cost in both noiseless and noisy settings. The best per-
formance is achieved at Dim = 32, which yields the lowest control error and cost, indicating an
optimal trade-off between representation capacity and learning complexity. Interestingly, while in-
creasing the dimension to 64 slightly improves performance in the noiseless case, it leads to notable
degradation under noise, particularly in terms of control cost. This suggests diminishing returns
from higher dimensions and potential overfitting. Moreover, the curse of dimensionality in opti-
mization may play a role, making convergence more difficult and requiring more iterations for the
optimizer to find an effective solution.

Table 12: Comparison of control error and cost across different feature dimensions without and with
2% standard deviation noise in Power-Grid environment.

Noiseless 2%

Control Error

Ours (Dim = 8) 0.24 +0.008 0.29 £+ 0.011
Ours (Dim=16) 0.23 +0.007 0.29 £ 0.009
Ours (Dim=32) 0.21 £0.005 0.27 & 0.018
Ours (Dim=64) 0.20 +0.008 0.28 £ 0.013
Control Cost

Ours (Dim = 8) 8.74 +2.78 9.80 = 2.84
Ours (Dim=16) 6.74 = 1.64 7.44 + 0.44
Ours (Dim=32) 4.77 £+ 0.61 4.99 + 0.69
Ours (Dim=64) 1045 +244 13.56 £ 1.56
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1.7 ILLUSTRATION OF CONTROL RESULTS
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Figure 13: Examples of control performance visualization for Rope, Soft, and Swim. From left to
right: the first snapshot shows the initial state, followed by the progression towards the target within
a fixed time horizon (indicated by the orange circle in Rope, and the orange box in Soft and Swim).
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Figure 14: Control visualization of a 102-node power grid over 4 temporal slices (0.05s per step).
Blue and red nodes represent loads and generators, respectively, with values indicating voltage mag-
nitude (p.u.). Under the control strategy, voltage magnitudes gradually stabilize towards the refer-
ence value of 1 p.u.
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Figure 15: Node-wise power grid voltage trajectories over time for the visualized graph topology,
showing the stabilization of voltage magnitudes towards the reference value of 1.0 p.u.
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