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Abstract
Recently, nonconvex and nonsmooth models such as those using £y ‘norm’ have
drawn much attention in the area of image restoration. This work investigates
the local and global minimizers of the ¢y gradient regularized model with
box constraints. There are four major ingredients. Firstly, we show that the
set of local minimizers can be represented by solutions to some quadratic
problems, which are independent of the fidelity parameter o. Based on this,
every point satisfying the first-order necessary condition is a local minimizer.
Secondly, any two local minimizers have different energy values under certain
assumptions, implying the uniqueness of the global minimizer. Thirdly, there
exists a uniform lower bound for nonzero gradients of the restored images.
Finally, we show that the global minimizer set is piecewise constant in terms
of a, and when A is of full column rank and « is large enough, the distance
between the true image and the restored images is bounded by the noise level.
The numerical examples perfectly demonstrate our theoretical analysis.
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1. Introduction

Image restoration is a typical inverse problem in image processing, including image deblur-
ring, denoising, zooming, padding, etc. Without loss of generality, a real image can be regarded
as a matrix u € R"*". The observed image f € R"*" often contains various degradation such
as noise and blur:

f=Au+n, (1)

where A is a linear operator, and 17 € R"*™ denotes the noise. Image restoration is often
viewed as a linear inverse problem to recover u from f.

In this paper, we consider the following image restoration model by minimizing an energy
function with box constraints:

min [ Au—flF+ > e((Vw)ilb)

ucRxn

1<iji<n
st b Ly SU< D Lk, ©)
where a > 0; || - || represents the Frobenius norm; ¢(x) = 0 if x = 0, otherwise ¢(x) = 1;

Vu = (V,u, V,u) with V,, V, being the forward difference operators with specific bound-
ary conditions; b, b are bound parameters; 1,,x, is all one matrix in R™". For digital images,
since the pixel values lie in a certain range such as [0, 1], box constraints can help to obtain a
better restoration [3, 6, 7, 11]. When b = —co and b = +0o0, this model becomes an uncon-
strained problem.

The first term || Au — f]|? in the energy function is the fidelity term, and the second one
is the regularization term. The regularization term here is a composition of £y ‘norm’ and ¢,
norm to count the number of nonzero entries in Vu, called ¢y gradient regularization. Usually,
in image restoration models, the regularization terms are adopted to suppress the noise and
preserve key features of the image. Many of the models utilized TV regularization [28], which
are convex and thus have well-developed optimization methods to find their solutions. But
now, a class of non-convex function based regularization terms, especially the £y ‘norm’ based
ones, show their better performance on numerical experiments [5, 8, 10, 23, 24].

Model (2) is a general form of some existing models. With Markov random fields theory,
Geman in 1984 and Besga in 1986 used it as a prior in MAP energy to restore labeled images,
known as Potts prior model [4, 12, 31]. Later, it was applied successfully to reconstruct piece-
wise constant images and 3D tomographic images [17, 26]. And recently, with some efficient
algorithms adopted, researchers showed its advantages in image denoising [25, 33] and image
debluring [9, 26, 32, 34]. Except for counting nonzero gradients in (2), ¢y ‘norm’ is used fre-
quently when sparsity is desired, covering very comprehensive fields such as signal process-
ing, dictionary building, compressive sensing, machine learning, classification, morphologic
component analysis, subset selection, and so on [1, 2, 11, 15, 19, 29, 37].

Since (2) is nonconvex and nonsmooth, most algorithms can only converge to one of its
local minimizers. Thus it is worthy to study the local minimizers of (2), as well as the global
minimizers. However, there are scarce results on this. Research on other nonconvex nons-
mooth models are still developing [7, 20, 35], and all of their regularization terms are continu-
ous. For ¢y ‘norm’ related models, most existing analyses focus on the sparse signal recovery
problem, which is formulated as the minimization of least squares regularized with ¢y ‘norm’
[14, 21, 22, 36]. In [14], the author shows that when minimizing fy-type problems under
constraints, every admissible point is a local minimizer. Specifically, [21] give a thorough
investigation on the local and global minimizers of the regularized signal recovery model,
including equivalence, uniqueness and so on. Later, in [22, 36], the authors discussed the
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relationships between the optimal solutions of the regularized signal recovery model and its
different equivalent problems. Inspired by these enlightening findings and the importance of
the ¢y gradient regularization, we try to extend their results to model (2), and besides, develop
some new ideas. In the process, the gradient operator and box constraints in model (2) bring
considerable difficulties.

For the simplicity of description, we now rearrange the image data to be a array in RV with
N equal to the total number of pixels, i.e. N = n?. Correspondingly, the observed image f is
denoted by f € R™ with M = m?, and A is transformed to be a matrix A € R¥*¥_ Thus, we
can represent model (2) by

ueRN 3)

min  F(u) = §]Au— f|* + R(Vu)
s.t. b'l[\]gugl;'lj\],

where

N
R(Vu) =Y o(l(Va)[i]|l2),
i=1

(Vu) = (V,u, Vyu) is the discrete gradient (see the next section for details), 1y is all one vec-
tor in RY. Moreover, we denote the feasible region of (P) as

X={ueR":b-1y<u<b Iy} )

In this paper, we study the local and global minimizers of (P). The main contributions of
this paper are summarized below.

e We present an equivalent form of the local minimizer set of (P), by solving a set of
quadratic problems which are independent of «.. Based on this, we show that every point
satisfying the first-order necessary condition of (P) is a local minimizer.

e We study the strict local minimizers of (P). Especially, we show that when A has full
column rank and f is not in a zero measure set in R™, all (strict) local minimizers have
different energy values. This also indicates the uniqueness of the global minimizer.

e We establish a uniform lower bound for nonzero gradients of the solutions to (P), implying
that the ¢y gradient regularization can generate neat edges.

e Without introducing new equivalent problems, we show that the global minimizer set of
(P) with parameter « as the independent variable is piecewise constant in terms of «, and
correspondingly, the optimal value is piecewise linear. Moreover, we find that when A
has full column rank and « is large enough, the distance between the true image and the
solutions of (P) with parameter « is bounded by the noise level.

The assumption that A has full column rank is a necessary condition for (P) to be well-posed,
and holds generally for problems in image processing. In addition, most of our conclusions
can be extended to more general models(see section 6). These theoretical results may con-
tribute to a better understanding of this model, and can help to analyze the performance of
existing algorithms to solve it.

The rest paper is organized as follows. In the next section, we give some basic nota-
tions. In section 3, we focus on the local minimizers of (P), especially on the strict local
minimizers. In section 4, we show two important properties of the global minimizers: the
lower bound for the nonzero gradients and the piecewise-constant dependency on «. In
section 5, there are some numerical verifications of our main results. The paper is con-
cluded in section 6.
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2. Notations

Here we give some basic notations.

Without loss of generality, we represent an n X n gray image u by an N x 1 vector u, where
N = n?, expanding in column. The ith entry of u reads as u[i], and the corresponding mapping
is

uli] =

Then the discrete gradient operator is a mapping V : RV — RV x RV, For u € RV, Vu is
given by

u[i mod n, [i/n]], 1<imodn<n-—1,
uln, [i/n]], imodn=0.

(Vu)li] == ((Va)[d], (Vyu)[i]),
where

uli+n] —uli], 1<[i/n]<n—-1

(Vali) = {o, lifn] = n,
(V)] = {g’[i—i— 1] — uli], ll ri(:'drr;oi g.é n—1

This definition is based on Neumann boundary condition, and our research in this paper also
works on other boundary conditions.

Let K be any positive integer. The kth vector in the canonical basis of RX is denoted by ey,
i.e. ex[l] = 0y, where Jy; is the Kronecker delta. We use 1x to represent the all one vector in
RK.

Given u € R¥ and r > 0, the open ball at u of radius r with respect to the ¢, norm for
1 < p < coreads as

B,(u,r) :=={v e R* : o —u|, < r}.

To simplify the notation, the ¢, norm in RX is denoted by || - || := || - ||2.
We define two totally and strictly ordered index sets as:

Ie = ({1 K} <), Te= ({01 K<),

where the symbol < stands for the natural order of positive integers. Thatis, Is = {1, 2,3}, but
not {2, 1, 1,3} or others. Accordingly, any subset w C Ik is also totally and strictly ordered.
We define w[k] as the kth element in w, and then, w[1]is the minimum index in w. The comple-
ment of w C Ik is denoted by w® = Igx\w C Ik.

A partition of the set Iy is a grouping of all of its elements into subsets, in such a way
that every element is included in one and only one of the subsets. The subsets in a partition
are called blocks. To sort all of the blocks, we define the < relation between any two subsets
7,7 C Iy as:

T <7< T[] < T[1].

For example, if 7 = {2,5} and 7 = {3,4,7}, then we have 7 < 7 as 2 < 3. If {7, -~ , 7}
is a partition of Iy satisfying 7 < Tgy1,Vk € 1,1, then we say ({7,--- , 7}, <) is a strictly
ordered partition.

Definition 2.1. For any u € RY, the support of Vu is defined as
o(Vu) :={i €y : (Vu)[i] #0}.
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Table 1. The main notations.

P The image restoration model defined in (3)
(P) g

(Qu) The constrained quadratic problem defined in (5)
(Qu) The bounded-variable least square problem defined in (16)
(Po) Problem ( P) with parameter «

F(u) FlAu —£1* + R(Vu)

Zp(u) The indicator function of subset D C RY
X {ueRY :b-1y<u<b-1y}

Co {ueRYN : (Vu)i] =0,Vi € w}

I {1, .K},<)

10 ({0.1,--- K}, <)

o(Vu) {iely : (Vu)li] #£0}

Sw The block partition of Iy with respect to w
U, The block image of u with respect to w

E, The extension matrix defined in (13)

Ay AE,

J(a) The optimal value of (P,)

Us (o) The global minimizer set of (P,)

u' The local minimizer set of (Py,)

ul U'N{ucRY : R(Vu) =k}

& arg min,cy Au — ]

Ck min, ey [|Au — f*

Ti(a) Ga+k

o(k,j) The intersection of Ji () and J;(«)

If u=c-1y for some c€R, we have o(Vu)=0. More importantly,
R(Vu) = to(Vu),Vu € RV.

In this work, we shall frequently refer to the following quadratic problem with a given
w Q ]INl

minew  JAu—fF
(Qw) S.t. b . 1N < u < b- lN, (5)
(Vu)[i] =0, Vieuw

Obviously, problem (Q,,) is convex and proper, and always admits a solution. Specially, we
denote

Co, ={uecR" : (Vu)i]=0,Viecw 6)
Then, the feasible domain of (Q,)is X N C,,.
Finally, we recall some definitions about subdifferential [27].

Definition 2.2. Let® : RY — R U {+oc} be a proper lower semicontinuous function.

(a) The domain of v is defined by domt) := {u € RV : 9(u) < +o0}.
(b) For each u € dom1), the Fréchet subdifferential of ) at u, written éz/)(u), is the set of
vectors u* € RN which satisfy

i int mww) — () — "0 — )] > 0.
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If u ¢ domy), then Hip(u) = 0.
(c) The subdifferential of ¢ at u € doms), written 9 (u), is defined as follows:

OY(u) == {u" € RY : Juy = u, ¥(uy) — (u), 00 (uy) 3 u — u*}.

If u ¢ domt), then 9v(u) = 0.

The following results, although elementary, is central to this paper.
Proposition 2.3 ([27]). Let v : RN — R be a proper function.
(a) (Fermat’s rule, p422 ) If 1) has a local minimum at u, then
0 € 0Y(u).
(b) (p304) If 1 = o + Y1 with vy finite at u and 1, smooth on a neighborhood of u, then
OV (u) = Ovpo(u) + Vip1 (u) where Vipy is the derivative of 1.

Proposition 2.4 ([27], p 203, p 310). Let D be a closed and nonempty subset. We denote
by Tp its indicator function, i.e.

Ip(u) = {

0, if ueD,
+00, otherwise.
If D is convex, then

OTp(u) = dIp(u) = {u* e RY : (u*,v—u) <0,Yv € D}.

The main notations are listed in table 1.

3. The local minimizer

3.1. Representing the local minimizers of (P) by solutions of (Q,,)

In this subsection, we will discuss the set of local minimizers of (P), and find its relationship
with (Q,,). The discontinuity of R(Vu) plays an important role here.

Lemma 3.1.  The function R(Vu) is lower semicontinuous. Specially, if u € R", then there
exists an open ball at i, denoted by B (i, ry), such that ¥ u € B, (i, ry), one of the following
two cases holds:

(a) o(Vu) =o(Vi) <= R(Vu) = R(Vi) <= u € B (it,13) N Co(va)» )
(b) o(Vu) 2 o(Vi) <= R(Vu) > R(Va) + 1, (8)

where Cq(vy) is defined in (6).

Proof. Denote @ := o(Vu). If u = u[1] - 1y, then @ = (). The lemma is obvious for this
case.

If @ # 0, we denote 7:= min{||(Va)[i]||,i € @}. Let r; = %?, and take an arbitrary
u € Boo(, ). Then for any i € @,
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1(Vu)[i] = (V) l]l1* = [[(V (u —w)[i]]?
={w—w)[i+ 1] = -} + {(w— )i +n] — (u—u)i]}?
< (2r)* 4 (2ra)?

=7

As |Vali]|| = 7, it follows that |[(Vu)[i]]| = ||(Va[i])|| — [(Vu)[i] — (Va)[i]|| >7—7=0.
Thus,

(Vu)[i] £0, VYieam,
which indicates that @ C o(Vu). Finally, the fact that @ = o(Va) implies o(Va) C o(Vu),
followed by

o(Vi) = o(Vu), or o(Va) S o(Vu).

Recall that R(Vu) = ffo(Vu). Meanwhile, if u € Cy(vi), by (6), one has R(Vu) < R(Va).

Then (7) and (8) follows immediately. O

The lemma above helps to discuss the fidelity term and regularization term separately when
we are checking if # is a local minimizer.

Proposition 3.2. Given w C Iy, suppose that u solves (Qy,) in (5). Then u is a local mini-
mizer of (P), and o(Viu) C w.

Proof. As u solves problem (Q,), the second constraint (Vu)[i] = 0,Vi € w® in (Qy)
entails o(Vu) C w. According to lemma 3.1, one has the intersection between the neigh-
borhood B (i, ;) of u and the feasible region X of (P) can be divided into two subsets:
X N Boo (1, rz) = By U By, where

By = XN Boo(t,r7) N{u € RY : o(Vu) = o(Va)},

B, =X N By (i, rz) N{u € RY : o(Vu) 2 o(Va)}. 9)
Take an arbitrary u € By. Since o(Vu) = (Vi) C w, it follows that (Vu)[i] = 0,Vi € w-.
Thus, withu € X,uisafeasiblepointof (Q,, ). Asusolves (Q,, ), wehave||Au — f||*> < ||Au — £]|%.

Moreover, applying (7) gives R(Vu) = R(Viu). Hence, Yu € By,

F(@) = 1A — £ + R(Va) < 5 [Au~ I + R(Vu) = F(w).

Take an arbitrary u € B,. We have R(Vu) > R(Va) + 1 according to (8). Because
H(u) := ||Au — f||* is continuous, there must exist a neighborhood O(it) of @ such that
Yu € O(), |Au— f|* > ||Ai — f||* — 2. Hence, Vu € B, N O(it), we have F(ut) < F(u)
as well.

Consequently, Yu € X N Boo(it, 1) N O(&t), we have F(u1) < F(u), which means & is a
local minimizer of (P). O

For any given w C Iy, we have such a problem (Q,,), and any solution # of (Q,,) is a local
minimizer of (P). In this way, we can obtain some local minimizers of (P). Besides, from
proposition 3.2, u satisfies (Vi) C w. However, it is not necessary that o(Vit) = w. See
example 3.3.
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Figure 1. A counter example of ¢(Vi) = w.

Example 3.3. Figure 1 shows an image u €R*5. Then N=25. Let
w=1{7,9,12,14,17,19,22,24}. The pixels in w¢ are colored in pink. For any u € RY, em-
ploying the second constraint (Vu)[i] = 0,Vi € w* in (Q,) yields u = u[l] - 1y, and then
o(Vu) = 0. Thus, it is quite clear that for any solution u of (Q,,), we have (Vi) = 0. It fol-
lows that o(Vit) # w.

Proposition 3.4. [fu is a local minimizer of (P), then i solves (Qg) with @ := (V).

Proof. Since & is a local minimizer of (P), & is also a local minimizer of the following
problem:

min F(u) subjectto  b-1y <u<b-ly; (Vu)l]=0Yiea'. ()

u€RN
The feasible domain of (10) is X N Cg. Thus, there exists a neighborhood O(@) of & such that
Vue O@m)NXNCq Flu) = F(a).
According to lemma 3.1, Vu € Cg N Boo (4, 17), R(Vu) = R(Vu). Thus,

Yue€ O@) NXNCyNBu(ira),  |JAu—f|* > [|Aa —f]*
It follows that @ is a local minimizer of (Qg), whose feasible domain is also X N Cg. Since
(Qg) is a convex optimization problem, we have & solves (Qg). O

Combining propositions 3.2 and 3.4, we can see that solving problem (Q,,) for all w C Iy
is equivalent to finding all of the local minimizers of (P). Specially, we have the following
theorem.

Theorem 3.5. Denote the local minimizer set of (P) as U'. Then

u' = U {u e R : usolves (Q,) }.

ngN

Clearly, there are at most 2N different problems (Q,,), which are irrelevant to «. Thus, U !
is independent of « as well. In other words, for any given @ > 0, the local minimizer set of
(P) is the same.

Note that any local minimizer of (P) satisfies the first-order necessary condition. Conversely,
based on theorem 3.5, we can show the following result.
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Theorem 3.6. Every point satisfying the first-order necessary condition of (P) is a local
minimizer.

Proof. By introducing an indicator function, the constrained problem (P) is equivalent to

min ¢ () := = [|Au — f|* + R(Vu) + Ty (u),
ucRN 2

where X is the feasible domain of (P) defined in (4). Let u be a point satisfying the first-order
necessary condition of (P), i.e. 0 € 9 (&t). Denote @ = o (V). Our idea is to show that i is
also a solution to (Qg), and thus a local minimizer of (P).
We define:
U1(u) == Ixnc, (), a(u) == R(Vu) + Zx(u),
where Cy, is defined in (6) so that X N C is the feasible domain of (Qg ). Next we will prove
the result in three steps.

o step 1: show that 0, (u) = O (u)
Since Cg and X are both convex, we have Vu € C; N X,

1
liminf —— (u*,v — u) > 0}.
VAUV U HU—MH
vEXNCy

o1 (u) = Oy (u) = {u* e RV

Take u € X N Cy N Boo (&, 13). Then o(Vu) = @, and by definition,

A * R T 1 *
Oy (u) = {u* € R : hr;fl;lfm[wz(v) —o(u) — (W v—u)] >0}
—{u €R" : liminf [R(Vo) — R(Vu) — ("0 —u)] >0}

VUV U ||U — MH
VEXNBoo (ry)

1

*
e — ’Z)_
o=l "

lim inf uy >0}
vFuUv—u
VEXNBoo (1)

R(V0o)=R(Vu)

[lemma3.1] = {u* € R" :

1
liminf ———
VAU 0—u HZI — MH
VEXNCg NBoo (ry)

[(7)] ={u" €R": W o—u)y>0}

= é?Lb](u).

Therefore,

My (u) = {u* € RY
={u eRY
={u* eRY

= Oy, (u).

: Fuy — 1,0 () — o (), Do (uy) > u' — u*}

: Ju, € XN Boo (it 1) — it, R(Vity) — R(Vit), Do (1) 3 1 — u*}
: Juy € X N Boo (it 1) — it, R(Vity) = R(Vit), Db (uy) 3 ' — u*}
[(7)] = {u* €RV :

Ju, € XN Cx N Boo (it rz) — i, Oy () 3 1 — u*}

The last equality is due to the definition of subdifferential of ;.

9
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o step 2: show that u is a solution of (Qg)
Since 0 € 9v (), by proposition 2.3, we have

0 € aAT (Al — f) + s ().
Thus, 0 € aAT (A — f) + Ot (i). This implies & is a stationary point of the following
problem:
.« D)
min —flAu —fII" + Zxnc, (u),
which is equivalent to (Qg). Following the fact that (Qg) is a convex problem, one has i is a
solution of (Qg).

e step 3: conclusion
Finally, by theorem 3.5, & is a local minimizer of (P). O

3.2. Solution to problem (Q,,)

To further study the local minimizers of (P), even the global minimizers, we reformulate (Q,,)
to be a bounded-variable least square problem in this subsection, which shows good properties
[16]. To deal with the second constraint (Vu)[i] = 0,Vi € w® in (Q,,), which means u € C,,
defined in (6), we need to introduce some notations in this subsection.

3.2.1. Block partition, block image and extension matrix. For each index i € Iy, we define its
forward one-neighborhood as:

{i,i+ L,i+n}, if 1<imodn<n—1 and 1< [i/n]<n—1,

B — {i,i+ 1}, if 1<imodn<n—-1 and [i/n]=n,
") i+ n), if imodn=0 and 1< [i/n] <n—1,
{i}, if i=N.
Then,

(Vu)[i] = 0,i € Iy <> u[j] = uli], Vj € B..
u € C, < ulj] =uli], Vj € B,i € u°.

The first concept is block partition.

Let ip € w®. If there exists rj € w® such that B; NB, #0, then ulio) = ulj],
Vj e B, UB,; next, if there exists r, € w¢ such that (B, UB, )NB,, # 0, then
ulio] = ulj],¥j € B;, UB,, UB,,; and so on. Hence, there are as many as possible indices
J € Ly satisfying ufig] = u[j] when u € C,, . Thus, we define a partition of Iy as follows.

Definition 3.7. Givenw C Iy, S, = ({71, -+, 7, }, <) is a strictly ordered partition of Iy
satisfying:

(a) for any i € w, there exists k € I, such that B; C 7y;
(b) for any k € L, if §7; > 1, then any two elements in 7, are connected by w®: Vs, € 7y,
there exist ry,- -+ ,r; € w’ such thats € B,,t € B, and B, NB,,, # 0,Vjel_.

Then we say S,, is the block partition of Iy with respect to w.

Example 3.8. This is an example for block partition figure 2(a) shows an im-
age u € R Then N=25. Let w’=1{1,4,8,13,22,25}, and (Vu)[i] =0,Vi € .
The pixels in w® are colored in brown, and pixels in B;,i € w® are colored in pink. As

10
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22

25

(a) (b)

Figure 2. An example of block image. (a) An image u. (b) The block image u,,.

By NBg = {9},Bs N B3 = {13}, we have u[4] =u[5] = ul[8] = u[9] = u[13] =u[l14] =
u[18]. Thus, S, = ({{1,2,6},{3},{4,5.8,9,13, 14, 18}, {7}, {10}, {11}, {12}, {15}, {16},
{17},{19}, {20}, {21}, {22,23}, {24}, {25} }, <).

For any given w C Iy, the block partition S, is unique. The number of blocks in S, is
called the block cardinality of S, denoted by n,. Note that n,, is not equal to fw and different
w may correspond to the same block partition.

The second concept is block image.

The following fact can be verified directly from the definition of S,;:

uecC, <= uljl=ulnl]],VjeEm kel,,. (11)

The right term of (11) means all pixels in the same block of S, share the same value. Therefore,
for any 74 € S,,, we can use u[7;[1]] to represent all u[j],j € 7. And then the image in RY is
projected into a lower dimensional space.

Definition 3.9. Givenw C Iy, S,, = ({71, -+, 7, }, <) is the block partition with respect
to w. The projection operator P,,;: RY — R is given by: u — u,, := P, (u), where

uylk] = u[n[1]], Vkel,,. (12)

Then u, is referred to as the block image of u with respect to w.

For convenience, we use u, to substitute for P, (u) in the whole paper. For any given
w C Iy, the block image u,, is unique due to the strict orderedness of the blocks in &,
Figure 2(b) gives the block image u,, of the image u showed in figure 2(a).

The third concept is extension matrix.

Given a block image in R, we need to recover its original image in R". That is, for the
recovered image, all pixels in the same block of S, should get the value of this block. Thus,
according to the definition of S,, we define the extension matrix E,, € RVN*7w ag

. 1, je€mn,
Ew s k| = .
(Eu)1J:K] {O, otherwise.

From (13), (E,,)[Jj, k] = 11is equivalent to that the index j belongs to the block 74. Notice
that every index belongs to only one of the blocks in a partition, and the intersection between
any two different blocks in a partition is empty. Then, we obtain that each row in E, has one
and only one non-zero entry; each column has at least one non-zero entry. Besides, The ith
column of E, is denoted as (e,,);. The columns of E,, are orthogonal to each other and E,, has
full column rank.

(13)

1
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Lemma 3.10. Given w Cly, E, in (13) satisfies ELE, = diag(#r, - ,47,, ) and
[Ewll2 < VN.

Proof. Since Vk,l €L,

. o (tme ifk=1
(BuEu)lk, 1) = (ew)i (ew)r = {0, otherwise,

the result follows immediately. O

3.2.2. Bounded-variable least square problem. The relationship between previous notations
is summarized below.

Lemma 3.11. Given w C Iy and u € RY, the following statements are equivalent:

(a) u € C,
(b) u=FE,u,;
(c)ue{E,veRY:veRw}

Proof.
(a) < (b). By (11), we have

(V)] =0, View <= ulj] =un[]]] D ufkl, ¥j € mok €L,
<~ u=E,u,.

(b) = (c). This is obvious.

(c) < (b). Since u € {E,v € RV : v € R}, there exists 0 € R"™ such that u = E,,0.
Then

ulj] = olk] = u[n[1]) = usk],  Vje€m,kel,,.

Thus 0 = u,, and u = E_u,,. O
For any matrix A € RM®*¥ the ith column in A is denoted by a;. Then, we denote
A, = AE, = (a'rl[l] 4+ ... +a'rl[ﬁ'rl]’ R 4+ 4 aan[uT”w]) c RMxne (14)

Each column of A, is a linear combination of the columns of A. If A has full column rank,
then A,, is of full column rank. The ith column of A,, is denoted as (a,,);. We set AL := (A,)T.
If A, is invertible, similarly, AJ! := (A,)~% So is E,. From lemma 3.7, given u € RV, if
u € C,, then

Au=AE_ u, = A u,,. (15)

Using lemmas 3.7 and (14), we can eliminate the second constraint from (Q,,). Then (Q,)

can be reformulated by a bounded-variable least square problem [13] as follows:

(Q ) min‘UER"“’ ||va _sz _
“ s.t. b1, <v<b-1,,.

This is a convex optimization problem and always admits a solution. Combining with proposi-
tion 3.4, we get the following lemma.

12
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Lemma 3.12. [fu € RY is a local minimizer of (P), then uig solves (Qg) with & = o(Vi).

‘We conclude this subsection as follows:

u solves (Q,) = i, ="P,([m) solves (Q,),
u=E,v solves (Q,) <= 0 solves (Q,). (16)

3.8. The strict local minimizer

In this subsection, we study the strict local minimizer of (P). Especially, we will show that any
two strict local minimizers correspond to different function values under certain conditions.

Proposition 3.13. Given w C Iy. If (Q,,) has a unique solution &, then u is a strict local
minimizer of (P).

Proof. The proof is similar to the one of proposition 3.2. Similarly, we denote
X N B (i, ry) = By U By, with By, B, defined as (9).

Take any u € By. Then u satisfies R(Vu) = R(Vi), and is a feasible point of (Q,,). Since
it is the unique solution of (Q,,), it follows that ||A# — f||* < ||Au — f]|>. Thus, F (i) < F(u).

For any u € By, R(Vu) > R(Vi) + 1. Meanwhile, there exists a neighborhood O(i)
of i such that Yu € O(a), ||Au — f||*> < ||AG — f]|> — 2 Thus, Yu € B, N O(), we have
F(a) < F(u).

Therefore, for any u € X N B (@, rz) N O(i), we have F (i) < F(u). Equivalently, 7 is a
strict local minimizer of (P). O

If A, has full column rank, (Q,,) is a strictly convex problem and has a unique solution.
Then, from (16), we can see that the solution of (Q,,) is unique. However, the reverse direc-
tion is not always true. If b # —oo or b # 400, it is possible that when A,, is column rank
deficient, (Q,,) has a unique solution lying in the boundary of its feasible region.

Proposition 3.14. Suppose that b = —oo and b = +oo. Let ii € RY be a local minimizer
of (P). Denote & := o(Viu), then the following statements are equivalent:

(a) Ag has full column rank;
(b) the solution of (Qg ) is unique;
(c) uis a strict local minimizer of (P).

Proof.
(a) < (b)is obvious.
(b) = (c) is due to proposition 3.13.
(¢) = (a). Since & is a local minimizer of (P), according to lemma 3.12, we have i € R"®

solves (Qg). Since b = —oo and b = +o00, (Qy) reads as
i Az — fl%.
min |4z — ]| (17)
Assume that statement (a) fails, i.e. ker Ag # (). Let O(it) be an arbitrary neighborhood
of u. Take ¥ € ker Ag whose norm is small enough such that it = E(iig, + ) € O(&) . Then
iy + 0 is a solution of (Qg), and i solves (Qg) with ||Aiz — f||> = ||Au# — f||*>. Meanwhile,
from lemma 3.7, we have (Via)[i] =0,Vi € @°. Hence R(Vit) < o = R(Viu) and then

13
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F(u) < F(u). This contradicts to the fact that # is a strict local minimizer of (P). O

Corollary 3.15. IfA has full column rank, any local minimizer of (P) is a strict local mini-
mizer.

Proof. For any local minimizer iz of (P), it is a solution of (Qg) with @ := (V). Since A
has full column rank, A has full column rank and # is the unique solution of (Qg). Hence, &
is a strict local minimizer by proposition 3.13. [l

Theorem 3.16. Suppose that A has full column rank. Then, there exists a subset Z C RM,
whose Lebesgue measure is zero, such that if f € RM\Z, any two local minimizers of (P) have
different energy values.

Proof. Let, i be two local minimizers of (P). The main idea is to find the necessary condi-
tion for f when F (&) = F(&t). The proof is divided into three steps.

o step 1: find the expressions of F (i) and F (i)
Take & as an example. Denote @ := o(Viu), then & is a solution of (Qg) and #; is a solu-
tion of (Qg).
Firstly, we give some notations to simplify the presentation. We define the active indices of
iy as A(iy) = v C I, such that

Vievr,
Vievs,

{ (i
2 does not

We call &%, i, the active part and inactive part of g respectively. If v = (), then 2
exist and #, = ig. Furthermore, we define two extension submatrices induced by A(z ) as

{E:J = (@)oo (ea)upp) € R,
EZD = ((ew),,p[l], o, (e@)yp[ﬁyc])RMxﬁy .

IS E:\

1
N =
=
el
= |~
A 8
SRS

Let

NN
g e

slV[]]. - as(v[iv]) € R,
VC[I]], it [V [1°]]) € R

N S\
€l

Then we have

:E— Uy = Eaua +E1ﬁ—

<

Also, we denote A2 := AE2 and Al := AEL as two transformation submatrices induced by
A(@g). Then

All = Agiiy = AL + ALzt (18)

For clarity, we define the M x M matrix II(AL) as the orthogonal projection [18] onto the
subspace spanned by the columns of AL. As AL has full column rank, we have

I(AL) = AL[(AL)"AL] ' (AL)". (19)

If #2 is given, then i, solves the following problem

14
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min  [JALY — (f — ALug)|,
veERHVC
S.t. b- lﬁl,c <v<b- lﬁV‘"' (20)

Since i is an interior point of the feasible region of the problem above and AL has full col-
umn rank, we have

[(A5)TAL) (AL (f — ALt) = TL(AL) (f — ARi). @1
Denote the identity matrix in RM as 1. By (18) and (19), we have

i
Uy

i~ f1* = |G, + A, — £
= |T(AL)(f — ALa) + ALus, — f|?
= [|(I(AL) — 1)f — (T(AL) — DAL ||°
=fTWEf +£75G) +T(). @2)
where
W(y) :=1-TI(AL) e RM*M
SG) = 2(I(AL) — DAL € R, (23)
T(y) = (Apug)" (I - TI(Ap))ALug € R,
with y := (@, A(tig ), 4% ). Notice that the definitions of W(y), S(¥), T(y) depend on not only
i, butalso A3 and A, which are induced by index sets @ and A (i ). Assume that A (i) = 0.
Then AL = Ay, W(y) =1 —TI(Ag ), and %2, S(¥), T(¥) do not exist. Without loss of general-

ity, we denote S(¥) = 0, 7(y) = 0 in such a case.
Therefore, we denote

Yi={y=(wr0) : wCly,vCl,,, 0 € R" 0l =borb,Vicly}. (24)

Clearly, y € Y, and for any y € Y, we can define W(y), S(y), T(y) as (23). The elements in ¥
are finite.
Finally, we have

F(@) = SUFTWES +£156) +T6)) + 1,

Fl@) = STWE)f +17S6) +T()] + .
with & := o(Vir), 3,5 := (0, Alitg), i) € Y.

o step 2: find the necessary condition for F(u) = F(it) to construct Z
It follows from F(u) = F (i) that

FTWGE) = WENF +77(S6) - SO) +T0) - T0) ~ 2w~ @) =0. @9

Moreover, by reduction, we can show that when u # it, W(y) = W(y) implies S(¥) # S().
Assume that W(y) = W(3) and S(3) = S(3). A
Similarly, for &, the two extension submatrices induced by A(#g) are E2,EL, and

AL = AEX, Al = AEL. Then, one has

a=Ei +Ea, a=E

From
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0=W(@) - WE) = [I - THAL)] - [ - I(Ay)] = T(Ay) — IL(Ay),  (26)

we can see that the subspace spanned by the columns of AL equals to the subspace spanned by
the columns of AL. Since AL and AL have full column rank, there exists an invertible matrix
P such that

AL, = AP < AE,, = AE_,P <= E, = E_P. 27)

The last step is due to that A has full column rank. Denote v = AL u2 — A%u%. Then, there
exists x; such that v = A% x,.
Furthermore, we have

0="50) - SG) = 2(I(Ay) — DAZag — 2(L(Ay) — DAGiE = 2(IL(Ay) — D)o,

which indicates that v = II(AL)v. That is, v belongs to the subspace spanned by the columns
of Ay, Thus, there exists x; such that v = A_x,, and then we have AL x; — AL x, = 0. Since Ag
has full column rank, we have x; = x, = 0. It follows that

ALEE = ALY < AEL k= AEL I, @Egug: TS (28)
Note that i}, = [(AL)TAL] ™ (AL)T(f — A% i) and i = [(AL)TAL] = (AL)T (f — ALid).
Then
Eyil, = EL[(A5)"AL] 7 (ALY (F — ALas)
[@7)] = ELPIALP) ALPI ™ (ALP)T(f — L)
[(28)] = EL[(A5) AL~ (AL) ( — A%ae)
= EL i,

Combining the equality above with (28) gives
i = E%il, + Ev iy, = ESi + Egily, = i,

which contradicts to the fact that u# # it. Therefore, if W(y) = W(3), then S(3) # S(3).
Finally, we define

Yi={y €Y : Yy €Y, if W)= W(y),then S(y1) # S(y2)} C Y,

and

U {FeR : f1(We) = W) f +£1(S01) = S())
y1,y2€l~/ 2 (29)
+T(y1) = T(y2) — a(ﬁwl — fwy) = 0},
with y; = (w1, v1,01),y2 = (w2, 2, V2). Therefore, (25) means
fez

e step 3: find the Lebesgue measure of Z

Take two arbitrary y; # y, € Y. Denote W := W(y) —Wn) € RM*XM § .— S(y1)—
S(y2) € R T :=T(y;) — T(y2) — 2 (fw; — fw>) € R. We now discuss the solution set of

W +f'IS+T=0.

If W = 0, then the solution set is a quadric, which is a generalization of conic sections [30].
If W = 0 and S # 0, then the solution set is an M — 1 dimensional hyperplane in R¥. In both
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cases, the solution set is closed and has zero Lebesgue measure in RM . Due to the finiteness of
Y, Z is a finite union of such closed solution sets in R¥ whose dimensions are not larger than
M — 1. Thus, Z has zero measure in R

Conclusively, if f € RM\Z, F(u) = F(ir) implies it = it. O

Theorem 3.16 tells that when A has full column rank, different (strict) local minimizers of
(P) correspond to different energy values. This property fails for fin a negligible subset of R,
In other words, it holds for almost all f. Besides, the assumption of full column rank of A is
reasonable. In practical application of image processing, A € RM*M is usually a sparse matrix
transformed from a blur kernel, and A is invertible under general conditions.

The following corollary is obvious.

Corollary 3.17. Suppose that A has full column rank. Then, there exists a subset Z C R,
whose Lebesgue measure is zero, such that if f € RM\Z, then (P) has a unique solution.

4. The global minimizer
In this section, we focus on global minimizers of (P), and present their two important proper-
ties: the uniform lower bound for the ¢, norms of nonzero discrete gradients, and the piece-

wise-constant dependency on «. Since a global minimizer is also a local minimizer of (P),
previous analysis on local minimizers serves the study of the global minimizers.

4.1. The uniform lower bound for the ¢> norm of nonzero discrete gradients

Theorem 4.1.  Suppose that i solves (P). Then, for any i € o(Vu), we have

V5—1  V2|b—b
|(Va)[i]|| > o, where 6 := min{ ,—— }. 30
2aNAl' 2 G0
Proof. Letw := o(Vu). Theblockpartition of Iy withrespecttowis Sy = ({71, , Tz }» <)
By lemma 3.12, ig is a solution of (Qg). We define the active indices of &g as A(ug) C I,
such that
Vie Aug), ip[i) = b or b,
Vie (Alug)),  b<ugli] <b.
Take an arbitrary i € w. We suppose that
i€emn, i+ler, i+nem, (31)

with k, s, € I,,,. Thus a[i] = g k], @i + 1] = ag[s], ali + n] = azf]. Let
lgls] = ug k] + As,  ugplt] = g k] + A,

where Ay, A; € R.Then||(Va)[i]||> = (Ay)? + (A,)? # 0. Our goal is to find the lower bound
for the £, norm of (A, A,)T.
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There are four cases involved: (a) k # s,k £At,s #t; (b) k=s#t; (c) k=tF#s; (d)
k # s = t. It suffices to prove the theorem when k # s,k # t, s # t, since the proofs in the
other three situations are similar to the one in the following Case 3. To show the theorem
when k # s,k # t, 5 # t, we divide our proof into four parts, mainly according to the relation
between {k, s, 7} and the active indices A (i) of .

e Casel {k,s,t}NA(g) =0. 3
We decompose i as: g = 0+ A, where 0, A € R"@,

_ [k] . ‘ As, ] =S,

- Uy K|, =9S,1, Xr .

o[j] := { ) / . and Al[j]:= ¢ A, j=1t
(] otherwise; 0 otherwise

As ug solves (Qg), A is a solution to the following problem

in |4z (2 +A) — £
A lAs(@+4) £

st. b1, <0+A<Lb-1,,,
Aljl=0, jel, \{st}.

Under the assumption that s, # ¢ A(ug ), the above problem is equivalent to

i Ag(AL AT — (f — ASD)|)?
(Al,glzl)r%eRz [As (A1, A2)" = (f o)l

s.t. b <0[s]+ A <b,

b < 0[t] + Ay < b, (32)
where A;; == ((ag)s» (az):) € RM*2. Since (Ay, A;)” lies in the interior of the feasible region
of (32), we obtain that

ATAG(ALA) = ALf, fi=f—Az0€eRY. (33)
On the other hand, let & := E;0. Then i is a feasible point of (P), and

Slaa— 2+ R(Va) = F(@) < F(@) = S|Ai—fIP + R(Va). (34

Meanwhile, since & = E30, applying lemma 3.7 gives (Vi)[j] = 0,V € &°. Furthermore,
from (31), we have a[i] = o[k], a[i + 1] = 9[s], #[i + n] = 0[k]. The fact that 9[k] = ¥[s] = O[f]
implies afil =a[i+ 1] =ali+n]. Thus, (Va#)[ij=0. Note that i€ ® Then
R(Vit) < #w — 1 = R(Vii) — 1. Substituting it into (34) yields

2 < a7~ i g
[(15)] = 40— fI* = |Astic — fI
[ =0+A)]  =2(A, A)ALf — [[Au(Ay, A)T|
< 2(As,AI)Aff
[33)] = 2Au(As )P
<2/ AulBl (A A)T1% (35)

Recall that Ay = AE; and Ay, is a submatrix of Ag. From lemma 3.10, we have
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1Asll2 < [1Asll2 = IAEs]|2 < [|All2]|Esll, < VAl (36)

Combining (35) and (36) leads to

2
= <ONJAIRIA AT

Finally, we get || (A, A)T|| > 6, where
R — 37
"~ VaN Al G7)
e Case2  t{k,s,t} NA(ug) = 1.
There are three subcases included.
Case (2.1). Suppose that 7 € A(ug), k,s ¢ A(ag). We decompose iig as: g =0+ A,
where 0, A € R",
_ _Ah j: k?
w t ) j = k’ ) X1 .
Blj] == {“ . g=ks A =LA - A, =,

us|j|, otherwise; .
wlJ] 0, otherwise.

Then A is a solution of the following problem

. s 2
Juin A (0+A) £l
st. b1, <0+A<Lb-1,,, (33)
Aljl =0, jeL\{ks}.
Denote Ay as ((ag)i (ag)s) € RY¥2 then ||Akll, < V/N||A||o. Since k,s ¢ A(ig),
(—A,, Ay — A))T is a solution of the following unconstrained problem:

i A (AL AT — (F — ALD) |2
o, 00 e [Aks (A1 A2)" = (f — A0
Therefore,
AT AL (=AL A, — AN = AL, fi=f—Az0 € RY. (39)

Meanwhile, it = E;9) is a feasible point of (P), and F(u) < F(&t). Together with
0[k] = 0[s] = 0[t], we have R(Vu) > R(Vii) + 1. Then, proceeding as (35) yields

2 .. (39)
o S2(AnA - ANALF < 20AklRI(=An Ay = AT <2NJAJII(=Ar Ay = AT

Thus
1 _
AL A=A > = =0 40
Thanks to (—A;, Ay — A)T = H(A, A,)T, where H := [0, —1; 1, —1], we have
2
7A’AY7A r < ||H ANA Il = ANA r . 41
(=4, A, DU < H21[(Ag A7 \@—1”( A (41)

Combining (40) and (41) yields ||(Ay, A,)7|| > 6, where § := ‘@2_] 0. Clearly, 6 < 6.
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Case (2.2). Suppose that s € A(ig), k,t ¢ A(lig). The proof is similar to the proof in Case
@2.1).
Case (2.3). Suppose thatk € A(iig), s,t ¢ A(ig). The proof is similar to the proof in Case 1.

e Case3  t{k,s,t} NA(ug) =2.
Since there are two indices in {, s, #} belonging to A (@ ), we need to consider if the values
of #ig in the two indices are equal. Thus, there are six subcases here.

Case (3.1).  Suppose that k,t € A(idg), s ¢ A(tg), and iig[k] = i [f]. Now, we have A, = 0.

k)

Thus, we decompose ig as g = 0 + A, where 9, A € R"=,
AT ﬁ@'[k}’ j:s’ AT - AS9 j:s’
= . d Alj]:= .
ol { iz, otherwise; an L1 { 0, otherwise.

Then A is a solution of the following problem
. (5 2
Juin - [As(0+A) £l
S.t. b-1,, <0+A<Lb-1,,,
Aljl=0, jel,\{s}
Denote A, as ((ag);) € RM*!, then ||A || < V/N||A||, . Tt follows that
. f A2

As € arg grlnerlll ||AsA1 (f va)” .
Thus,

ATAN, = ATf, fi=f—Az0 e RY. (42)

Similarly, & = Eg0 is a feasible point of (P), and F(u) < F(&t). The fact that
0[k] = 0[s] = O[¢] implies R(Vi) > R(Vit) + 1, and then

2 <onalf € 2a AR < 2VIABIAL
Hence,
A > b 0,
VaNTAT,

which indicates || (A, A)T|| > 0.

Case (3.2). Suppose thatk,s € A(ig), t ¢ A(ug), and ig k] = ig]s]. Then we have A; = 0.
The proof is similar to the proof in Case (3.1).

Case (3.3). Supposethats,t € A(ig),k ¢ A(ug), and iig[s] = ig[f]. Then we have Ay = A,.
The proof is also similar to the proof in Case (3.1), and we have ||(A,, A)7|| > 26.

Case (3.4). Suppose that k.t € A(ig), s ¢ A(lig), and uglk] # Ug[f]. Then we have
|A;| = |b — b|. Thus, ||(Ay, A)T|| > 6, where

0 :=|b— bl (43)

Case (3.5). Suppose that k,s € A(ig),t ¢ A(ig), and uglk] # ig[s]. Then we have
18] = b b} Thus, [[(A, A7 > 6.

Case (3.6). Suppose that 5,1 € A(iig), k ¢ A(ig), and ug[s] # ug|t]. Since 5,1 € A(ug) and
lig[s] # ug[t], we have
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(A AP = (K] = dw[s])? + (s [k] — e 1])?
= (tx[k] = b)* + (#a[k] — b)?
-2
2
Therefore || (Ay, A,)7|| > 6, where
VA
0:= —5

Clearly, 0<40.

o Cased #{ks,t}NA(Ig) =3 B

In this case, we have |As|=[b—b| or |A,]=|b—b|. Otherwise, we would have
|As| = |A;| = 0, which means ||(Ay, A;)T|| = 0. Thus, ||(As, A)T|| > 6, where 6 is defined
in (43).

In summary of all cases above, we have ||(Vu)[i]|| > 6, where § = min{d, 6} is independ-
ent of f. This completes the proof. O

By theorem 4.1, the following corollary is immediate.
Corollary 4.2. The lower bound 0 in theorem 4.1 is a decreasing function of c.

In the above theorem, we have proved that for any f € RY, the solutions of (P) have a uni-
form lower bound for the ¢, norm of nonzero discrete gradients. This conclusion suggests that
our regularization applied to (P) yields restorations with neat edges. However, this property
can not be extended to local minimizers of (P). Here we provide an example. Suppose that A
has full column rank. From theorem 3.5, we know uy = (ATA) ~'Af is alocal minimizer of (P).
If the uniform lower bound ¥ > 0 for local minimizers exists, it is less than ||(Vuy)[d]|], i € Iy
satisfying (Vuy)[i] # 0. Let f — 0, then ¥ — 0, which leads to a contradiction.

4.2. Piecewise-constant dependency on the parameter «

In actual application, given an observed image f, we shall adjust the parameter « in (P) fre-
quently to obtain a perfect restoration. The solution of (P) is greatly influenced by «, and the
goal in this subsection is to find the relationship between them.

Let @ € [0, +00). For better presentation, we define (P,,) as follows:

{minueRN Folu) = S| Au—f|* + R(Vu)

P _
(a) S.t. bl}véugbljv

(44)

It is worth to stress that there is no restriction on A in this subsection. Based on (P, ), we
denote

J («) := the optimal value of (P,), (45)
Us(a) :={ucR" : u solves (P,)}, (46)
U :={uecR" : u isalocal minimizer of (P,)}. 47)
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Clearly, J(a) = Fu(u),Vu € U8(a). Note that U’ is independent of o according to theorem
3.5. That is, whatever « is, the local minimizer set of (P, ) is the same. Since a global mini-
mizer of (P,) is a local minimizer, we have U%(a) C U'.

Next we need to find the elements of U¢(«) from U'. Checking whether a local mini-
mizer is a global minimizer requires us to compare its energy value with the optimal value.
The energy function F, (u) of (P,) consists of two terms: the fidelity term ||Au — f]|* and
the regularization term R(Vu). Since Vu € RY, (Vu)[N] = 0, R(Vu) has only N values:
0,---,N — 1. Hence, we can partition ! into at most N subsets according to the regulariza-
tion term values of its elements:

U =U'n{uecR" : R(Vu) =k}, Vkel}_,.

It is possible that there exists 0 < kg < N — 1 such that Z/l,ﬁo = (). Besides, Ll(l) ={ue RY :u

solves (Qg)} # 0 according to propositions 3.2 and 3.4.
It follows from U#(a) C U’ that

J (o) = min F,(u)
ucl!
. .« 2
= min min —||Au —f]|" + k
kel ueut! 2

= min g(min |Au — £||?) + k. (48)
kel _, 2 ‘ueld!

We highlight the local minimizers which have the minimal fidelity term value in each U/, and
define the following sequences:

for k € 19, _, satisfying U} # 0,

Cy := arg min ||Au — f||?, ¢ = min ||Au — f||%;
uell} uell}
for k= —1,or k € 1§, _, satisfying U; # 0,

Ck = @’ Cp = —+o00.
We can see that Cy = Z/Ié # (), and ¢y < +oo. Each C; is formed by all of the local minimizers

whose fidelity term values are ¢ and regularization term values are k. For any k € 19 _,, we

N1’
have C; C Ll,i, and Vu € Cy, Fo(u) = §cr + k. Thus, for any k € ]IR,_I, we define

Tk(a) = Cz—ka +k=F,(u), Yuecc. (49)

Each Ji(a), a € [0,400) is a linear function, with 5 as its slope. Thus, combining (48) and
(49) gives

J(@) = min Ji(a), U(a)C | C

kel wen (50)

Remark 4.3. Itcanbe checked by theorem 3.16 that if A has full columnrank and f € RM\Z
with Z defined in (29), then §C; = 1.

Now, we have determined the optimal value and optimal solutions from the local minimiz-
ers of (P,). And then we need to solve the above optimization problem to obtain 48 (). For
better understanding, we present an example at first.
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10 T T T

_— Jo(oc) =(2/2)*a.+ 0

g -
_— J1(oc) =(1.6/2)*o + 1

8 —— (@) =(1.2/2)c + 2

7 — Js(oc) =(0.5/2)*c. + 3 _
_— J4(oc) =(0.25/2)*0. + 4

6 _

JS(OC) -° Asf_/_._-—’-——-—-/
5

Figure 3. Plots of J;, k € K in example 4.4. The segments marked as bold is the plot
of J(a).

Example 4.4. We set N=6 and ¢y = 2,¢; = 1.6,¢c = 1.2,¢3 = 0.5,¢4 = 0.25,¢5 = 0.
Then Ji () for k € I2 can be obtained by (49). We show the plots of Ji(«), k € 12 in figure 3.
Comparing all these lines, it is straightforward to see that 7 («) is a piecewise linear function:

Jo(e), a €[0,4),
J(a) = Js(a), o€ [4,8),
Js(), a € [8,400).

From figure 3, we can see that J () has several turning points: A(0,0),B(4,4),C(8,5). In
terms of the abscissa values of these turning points, the positive axis [0, +00) is partitioned
into some subintervals. In each subinterval, 7 («) coincides with one of {J; ()}, e.g. T, (@0);
along the starting point of this subinterval towards the right, once J, () intersects with anoth-
er line, the intersection is a turning point of 7 («). Notice that there are three lines intersecting
at o = 8, and the line with minimal slope coincides with J (o) when o > 8.

According to example 4.4, J(a), a € [0, 4+00) is a piecewise linear function, and the key
point is to find the turning points of 7 («).

Let ko € Iy_1. If there exists k; satisfying 0 < k; < ko and ¢, < ¢y, then we have
« «
k71(1 (Oé) =35 >y

2 2

which implies Ji, (o) could never equal to 7 («). Hence, the optimal value 7 () is the mini-
mum among J;(«) whose indices are in

e + ki < ek, + ko = T (),
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K := ({kel[?vfl Do <, V—l<j<k},<)-

Definitely,0 € K. ThelargestindexinKisdenotedbyK,i.e.K := max{k : k € K}.Then{c }rex
is strictly decreasing and cx = min{cy, k € I$_, }. Consequently, we have ¥ o € [0, +00),

J (@) I]{Iélﬂf(lﬂ(a), Kla): arg min Ji(a), U(a) U Cy. 51)
ke ()
Note that the turning points are always generated from intersections of some lines in
{T(a),k € K}. For any k,j € K, k # j,
2(j— k)
Ck — Cj '
Let k € K. Given a > 0, J (o) = Ji(«) if and only if Ji(a) < Ji(a),Vj € K,j # k, which

is equivalent to Sc; +k < 5S¢+, Vj € K,j # k. Since {ci}rek is strictly decreasing, we
have if j > k, then ¢; < ¢, and

._7k(04) < (<)\7J(Oz),V] S K,] >k < a < (<)/€r]§<},1/2k¢(k,]), (52)

@) =J(a) = a=d(kj). whered(k.j) =

if j < k, then ¢; > ¢ and
Ti(a) < (QJj(a),VjeKj<k = a= (>>,-é?£’<<k o (k. j)- (53)
Based on above, we give the following definition.

Definition 4.5. The parameters {a;},{k} are defined iteratively, initialized with
an = O,AO = {0},/(0 =0:

;= minjer sk, G(ki—1.)),
Vi=1,2,- A o ={jJEK j> k1, 0(k-1.]) = a:}, (54)
ke =max{j : je A}

Owing to the finiteness of K, the iteration above ends in finite steps. The number of elements
in {o,} is denoted by T.

Without loss of generality, we denote k_;:= —1 and «,,, := +oo. The index ¢
refers to the index of the turning point. For t € I3, «, is the abscissa of a turning point;
A, includes all of the indices of Jix(«) which intersect with J () at this turning point;
among {Jx(a),k € A}, Ji, (o) has the minimal slope and coincides with J (o) from this
turning point to the next one. Furthermore, {( a;, Ji, (a;) ),t € I%} are all of the turn-
ing points of J(«) (see theorem 4.6). For example 4.4, we can verify that, T=2 and
(0. Tro(@0)) = (0,0). (1, Ti, (a1)) = (4.4), (a2, Ty (2)) = (8.5).

Theorem 4.6. For the problem (P,), its optimal value J(«) and global minimizer set
Us(a) satisfy: ¥t € 19,

Ck,, o€ (Oét,at-&-l),
T(@) = (@) Vaelaan) U@ =1 ). azar 55)
ke,

Proof. The proof is divided into three steps.

o step 1: show that {k; },c1, strictly increases, and k, = K
This is obvious from the definition of {,}.
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o step 2: show that {a; }rer, strictly increases, and satisfies V't € Iy, oy = ¢(ki—1, k;), and

o) o i ok
A5 e = 0= ity oo

Let t € Iy. According to the definition of «;, we have

2k — k1) < 2(kip1 — ki—1)
th—l - ckr th—l - ckt+l .

QO = ¢(kl—17kt) = (56)
Here we give an inequality which can be easily verified: ifa, b, c¢,d > Oanda < ¢,b < d, S < ‘;l,
then

d—b b
> —. (57)

c—a a

Since {k,} is strictly increasing and {c;} is strictly decreasing, we have k; — k1 < ki1 — ki1

and ¢;,_, — ¢, < Cg,_, — C,,- Thus, from (56), we obtain
2k — k kipt — k1) — (ke — ky— 2(ky — ko

Qg = ¢(k[skt+l) _ ( t+1 t) -2 ( 141 1 l) ( t t 1) > ( t t 1) =aq,
Ck — Chip (ckr—l - ck:+1) - (ckl—l - ck;) Chi—y — Ck,

which indicates that {«, } is strictly increasing.
Assume that there exists j € {j € K: k—1 <j < k;}, then

_ Z(k, _kt—l) < 2(j_kt—1>
Chy —Cx, Gk — G

Q

Also, we introduce an inequality like (57): for a,b,c,d > 0 witha > ¢,b > d, % < g, then

d—>b b
< 2. (58)

X
c—a a

Hence, forany j € {j € K: ko <j <k},

¢(kt,j) _ 2(] - kt) —» (J - kt—l) - (kt - kr—l) < Z(kt - kr—l) —a
K — € (cky —¢) = (ks — k)~ kg —cx
As a; = ¢(ki, ki—1), we have o, = max{¢(k;,j) : j € Kk <Jj <k}
Similarly,

I
—_
-

|
—

Oy = max{qﬁ(k,_s,j) : J ek, k(tfsfl) S] < k(tfs)}’ s

Since {«, } is strictly increasing, we have a; > a5, = 1,- -+, — 1. Thus

= a ki j).
AT R o (k)

e step 3: prove (55)
Take any ¢ € 19. From step 4, Vo € (o, 1),

. . 52 . .
a < = min @k, j) &) T () < Ji(a),VjeK, j>k;
JEK >k
53
a> o= max ¢(k;,j) &) T (@) < Ji(«),VjeK, j<k.
JjeEK i<k,
Thus, Ji, () < Ji(a),Vj € K,j # k. Then, we have
Viel), J()=%(a), U(a)=C, VYac (o). (59)

25



Inverse Problems 34 (2018) 095007 X Feng et al

By (51), we have
J(0) = min 7(0) = mink = 7 (0) = 0. (60)
Take any ¢ € Ir. Similarly, we have

. L (2 . .
a,=_min  ¢(k—1.j) &) Tii (o0) < Tj(ew),Vje K, j> ki—i;
JEK >k

. 53 . .
oy = max ¢k, j) (:; T (ar) < Ti(ew),VjeK, j<k.
JjeEKj<k:

Since oy = ¢(k—1,k;), we have J;,_ (ow) = T, (av) < Ji(ey),Vj € K. Moreover, it follows
from the definition of A, that Vk € A;, Ti(ow) = Tk, () < Ti(ew),Vj € K,j ¢ A,. Therefore,
we have

veell, J (o) = T (), U (ay) = kg Cy. ©61)

Finally, combining (59) and (61) yields (55). (]

From the proof, we can see that {k,} is increasing and {c;} is decreasing. Thus, the ele-
ments in U8(«) has decreasing fidelity term values and growing regularization term values
when o« = +00. As J («) is a piecewise linear function with slopes equal or greater than 0 in
each subinterval, the following statement is obvious.

Corollary 4.7. J(«a),a € [0,+00) is piecewise linear, continuous and increasing, and
Us(ar), v € [0, +00) is piecewise constant.

Recalling (1), the true image u is not always a solution of (P, ). However, we can estimate
the distance between u and the solutions of (P,).

Proposition 4.8. Let o > «,. For (Py), its global minimizer set U8 () satisfies

Us(a) = arg  min_[|Au —f]*. (62)

by <u<h-ly

Furthermore, if there exists § > 0 such that ATA — 61 is positive semi-definite, then for any
u € X, where X is the feasible region of (P,,), we have

0

EHM—IZHZ <lAu—fI%, Vi € U(a). (63)

Especially, when u = u, where u is the true image, the right term in the inequality above is
the noise level.

Proof. From theorem 4.6, we can see that U%(«) = Ck,V @ > «,. Since
ck =min{¢; : kely ,}
= min min ||Au — ||
kell, | ueld!
= min ||Au — f|?
uci!

[ theorem 3.5 | = min{||Au — f||* : u solves (Qu), w C Iy}.

It follows from the definition of (Q,,) in (5) that
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ck = min ||Au—f|>
b ly<u<bly

Then,

Us(a) =Ckx =arg min_ [Au—f|>, Va>a,. (64)

b-1y<ush ly

Denote Zx(u) as the indicator function of X, which is the feasible region of (P,,). Then,
we have

Us(a) = arg min G(u) = [Au —f]* + I (). (65)

ueR
According to proposition 2.3, Vi € U8(),0 € 0G (i) = 2AT (A — f) + 0Zx (i), followed by
—2AT (Au —f) € 0Ix (a).
Since X is closed and convex, by proposition 2.4, we have

(2AT(Au—f),v—u) >0, VoeX. (66)

Denote H(u) := ||Au — f||>. Note that H(u) is strongly convex since ATA — 41 is positive
semi-definite. Then for any u € X,

H(u) > H@) + (AT (Ad —f),u — ) + gHu —ul)?

I
[66)]  >H(@)+ o lu—ul?
> S~ il
Thus, §]Ju — > < [Au— f1P. =

According to proposition 4.8, when A has full column rank and « is large, u is sufficiently
close to the solutions of (P, ) as long as the noise level ||[Au — f||* is small enough.

5. Experiments

In this section, we present some experiments to demonstrate our main theoretical analyses,
including:

(a) referring to theorem 3.5, the set of local minimizers is equivalent to the set of solu-
tions of (Q,,), which is independent of «;

(b) referring to theorem 3.16, if A has full column rank, then any two local minimizers of
(P) practically have different energy values;

(c) referring to theorem 4.6, for problem (P, ) in (44), its optimal value J («) is piece-
wise linear, and its global minimizer set U8 («) is piecewise constant; moreover, if «
is large enough, the distance between the true image u and the solutions of (P,) is
bounded by the noise level ||Au — f||*;
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(d) referring to theorem 4.1, there exists a uniform lower bound for the ¢, norm of nonzero
entries in Vi, where i is an arbitrary solution of (P): the lower bound is independent
of the observed image f, and it is decreasing when the parameter « is increasing.

Now, we provide the configurations of our experiments. All of the digits are accurate to six-
teen decimal places, and for better readability, they are showed in two decimal places. Since
it is an NP-hard problem to find the global minimizers of (P), we use images in small size.
In part(a), we use a 6 x 4 test image; in part(b)(c)(d), we use 3 x 3 images. We adopta 3 x 3
Gaussian blurring kernel (fspecial(‘gaussian’)), and preprocess it to be a matrix A. Clearly, A
has full column rank, and A”A — 0.211 is positive semi-definite.

When « and f are given, all local minimizers of (P) are acquired by solving all of the prob-
lems in {(Q,) : w C Iy}. There are 2" problems in it. These bounded-variable least square
problems (Q,,) are transformed into (Q,,) and then solved by a combinational search. Due
to the fact that different w may have the same block partition and other factors, some (Q,,)
have the same solution. Thus, the number of local minimizers of (P) is usually less than 2".
Moreover, the global minimizers of (P) are acquired by a search among all local minimizers.

(a) [n this part, we give an example with 6 x 4 image. We denote a = 100,56 = —o0,
b = 400 and
(1 1 0 0] [1.00 0.89 0.11 0.017
1 100 1.02 090 0.11 0.01
1 100 0.87 0.85 0.20 0.11
u=1lo o 1 1|> S=MF1=101 022 081 088 (67)
0 0 1 1 0.00 0.09 0.89 1.01
00 1 1] |—0.01 0.14 091 1.02]

where 7 € R**3 is a random noise with [|n||> = 0.0038.

After calculation, we obtain 1651657 local minimizers, which are independent of
. Among all of the local minimizers, according to the objective function value, we
show the global minimizer #, the best non-global minimizer u, the worst non-global
minimizer & as follows:

u= - -

u= u=
1.00 1.00 0.01 0.01 1.01 1.01 0.01 0.01 0.507 0.507 0.507 0.507
1.00 1.00 0.01 0.01 1.01 1.00 0.01 0.01 0.507 0.507 0.507 0.507
1.00 1.05 0.01 0.01 096 1.07 0.01 0.01 0.505 0.505 0.505 0.505

001 001 1.00 1.00 |’| 0.01 0.01 1.00 1.00 |*| 0.505 0.505 0.505 0.505
001001 100 100 | | (L G0t 100 100 | | 0507 0507 0507 050
0.01 0.01 1.00 1.00 ' ' ' ' ' ’ ’ ‘

We can see that &, u are close to u, whereas # is totally different. Moreover, we com-
pare all the local minimizers with u. See figure 4. Their regularization term values
concentrate on 7,8, . ..,21, while R(V#z) = 9. Roughly speaking, the energy values
of local minimizers decrease, when their regularization term values increase. Besides,
only a small subset of the local minimizers is around the global minimizer u, but there
are still 9408 local minimizers nearby u within 0.1 error.
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Figure 4. The distribution of all local minimizers in part(a). The global minimizer #
is centered at the origin. Each other point represents a local minimizer u. The distance
between the point and the origin equals |l — ||, the color of this point illustrates its
energy value F(u). The whole space is divided into 24 sections, two of which are
labelled as 0, 6. Points in the same section have the same regularization term value.
That is, if the point is in section labeled 0, then R(Vu) = 0. The regularization term
value increases along the counterclockwise direction.
(b) In this part, we denote o = 888,b = 0,b = 1 and
1 05 1 0.82 0.60 1.04
u= (05 0 0.5], f=Au+mn= 041 020 058], (68)
1 05 1 0.75 0.53 0091
where 17 € R**3 is a random noise with ||n||> = 0.055. The noise here is much larger
than previous example.
Then, we compute the local minimizers of (P), and there are only 140 local mini-
mizers. We sort these local minimizers in terms of their energy values, and their
energy values are shown in table 1. One can see that different local minimizers have
different values.
Furthermore, we test other 1000 sets of random f. In all tests, different local mini-
mizers have different energy values.
(c) In this part, we also denote f as in (68). The parameter « is a variable here. Recall

that the local minimizers of (P, ), « € [0, +00) is independent of «. Then the local
minimizer set of (P,), & € [0, 4+00) is the same as the one of (Pgsg), that is, the 140
local minimizers shown in part (a).

We partition these local minimizers into 9 subsets in terms of their regularization
term values. In each subset, we find the ones having the minimal fidelity term value,

and obtain {Cy}y, and
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Table 2. The values of all local minimizers of (P) when oo = 888 and f'is defined in (68). Each table cell contains the index of a local minimizer,
followed by its energy value.

NO. value NO. value NO. value NO. value NO. value NO. value NO. value NO. value NO. value NO. value

11545 15 56.65 29 82.17 43 122.47 57 156.48 71 175.87 85 190.48 99 199.40 113 219.88 127 237.00
22571 16 64.01 30 82.75 44 125.17 58 158.47 72 176.35 86 190.75 100 201.26 114 224.77 128 237.08
334.10 17 64.41 31 88.07 45 127.54 59 159.38 73 177.30 87 191.08 101 203.24 115 225.49 129 237.95
4 38.57 18 64.65 3291.80 46 129.32 60 159.51 74 177.34 88 191.46 102 203.72 116 226.39 130 238.09
539.57 19 68.45 33 92.80 47 130.46 61 159.83 75177.42 89 192.87 103 209.40 117 227.73 131 238.12
641.25 20 68.69 34 93.36 48 134.63 62 162.19 76 177.48 90 192.98 104 209.42 118 229.78 132 238.37
741.34 21 69.03 3593.84 49 137.74 63 163.17 77 178.00 91 193.38 105 211.40 119 230.88 133 238.42
842.39 22 69.33 36 94.75 50 137.83 64 167.87 78 179.64 92 194.97 106 212.57 120 231.87 134 238.63
942.50 23 69.37 3799.12 51 138.35 65169.91 79 188.39 93 196.77 107 213.09 121 232.02 135 239.22
10 45.06 24 71.64 38 100.81 52 138.82 66 171.96 80 189.47 94 196.85 108 213.39 122 232.14 136 239.47
11 46.20 2572.63 39116.53 53 148.47 67 17291 81 189.51 95197.41 109 213.42 123 233.01 137 239.97
12 46.23 26 76.20 40 120.23 54 150.56 68 173.46 82 189.97 96 197.67 110 214.36 124 234.06 138 240.59
13 51.56 27 76.31 41 120.97 55153.40 69 173.66 83 190.05 97 198.17 111 214.50 125 234.99 139 241.58
14 55.87 28 80.84 42 121.64 56 155.67 70 174.29 84 190.20 98 198.75 112 215.12 126 236.11 140 241.78

£00560 (8102) b€ SWa|qoid 9SIaAU|

Je 1o Buaq X
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Figure 5. Plots of J;(a),k € ]Ig defined in (49). The segments marked as bold is the
plot of J («).

{ci} = {0.54, 052, 039, 0.22, 0.15, 0.08, 0.07, 0.04, 0.02}.

Each Ji (), k € I3 is defined as (49), and their plots are shown in figure 5. Minimizing all
of Ji(a),k € I as (51), we have

Jo(a) = 0.54q, a €10,18.81),
Jsla) =022a+3, o€ [18.81,26.81),
J(a) = { Ja(@) = 0150+ 4, a € [26.81,32.53), 69)
Js(a) = 0.08a +5, € [32.53,88.96),
Js(a) =0.02a 4+ 8, « € [88.96,+0),

and
0.65 0.65 0.65 065 0.65 065 0.65 0.65 O.65]T}, a €[0,18.81),
0.65 0.65 079 0.65 079 079 079 079 1"},  aec(18.81,26.81),

0
0 081 081 081 081]}, ac(2681,32.53),
091 034 074 059 0 074 1 074 074]}, a € (32.53,88.96),
0 050 1 056 1]}, o € (88.96, +00),

091 033 0.84 0.61
. . . - . - . (70)
with U8 («) equal to the union of its left limit and right limit on each breakpoint.

On the other hand, by (54), one has T = 4, and

{k}o=1{0.3.4,5.8},  {o}p = {0, 18.81, 2681, 32.53, 88.96},
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Figure 6. Test for the lower bound.

which coincide (69) and (70). Furthermore, we set o = 10,20, 30, 40, 90 respec-
tively, and compute the corresponding global minimizers, in line with the expression
of U8(«) in (50). Thus, we can see that J(«) is piecewise linear, and U$(«) is
piecewise constant.

When o = 888 > 88.96, we verify that the distance between u in (68) and 1/8(888)
is bounded by the noise level:

0.5 x 0.21 x ||u — U*(888)||* = 0.008 < 0.055 = ||n||.

In this part, we need to verify the uniform lower bound of the ¢, norm of nonzero
gradients of the solutions to (P), defined in (30). Since this bound is related to param-
eter «v, we rename it as 6(«):

V3-1  V2|b—bl
2v/aN|All," 2
To the end, we generate 1000 sets of f from [0, 1]**° randomly, and choose several
a:10, 25, 50, 75, 100, 250, 500.
Given any f,,k=1,---,1000 and any chosen o, we compute the solution of (P),
and then figure out the minimal nonzero gradients of the solution, denoted by i (c):

f(a) := min{ 1.

(@) := min{||[(Va)[i]]|] : i € o(Va),u solves (P)}.

In figure 6(a), we show the plots of vx(«),k =1,---,5. We find that each v («)
is different, and they are roughly decreasing when « is increasing. Owing to that
the solution set of (P, ) for each f; is piecewise constant in terms of «, each v («)
is actually piecewise constant too. The line in blue represents the theoretical lower
bound 6(«). One can see that §(«) is less than all of the v (a),k =1, -+ ,5.

For each «, we compute the minimal nonzero gradients among all of the 1000 ~;(c):

0" (a) := min{v(«),k = 1,---1000},
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and show it in figure 6(b). We can see that it is greater than the theoretical lower bound
(). This fact verifies the reliability of our theoretical lower bound.

6. Conclusions and discussion

The ¢ gradient regularized model has showed its superiority in image restoration. In this paper,
we studied the local and global minimizers of this model with box constraints. Compared to
previous analyses [21, 22, 36] for sparse signal recovery model, the difficulty caused by the
gradient operator in model (3) is resolved by the introduction of the block image, which is
defined in section 3.2. Besides, the bounded-variable least square problems also contribute
greatly to the whole discussion. The numerical examples were provided to demonstrate our
theoretical analyses. Our results give a comprehensive understanding of this image restoration
model, and are conductive to the design of new efficient algorithms to solve it.
Furthermore, the results in this paper can be extended in several ways.

e The box constraints in model (3) can be replaced by the more general box constraints:
b < u < b, where b,b € RV.

e The regularization term R(Vu) is isotropic in model (3). It can be replaced by anisotropic
ones, and the proofs need some modifications.

e When the £, norm in the fidelity term is replaced by any other continuous functions, most
results, such as theorems 3.5 and 4.6, still hold.
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