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Abstract

We study the oracle complexity of producing (4, €)-stationary points of Lipschitz functions, in the
sense proposed by Zhang et al. [20]. While there exist dimension-free randomized algorithms for
producing such points within O(1/d¢®) first-order oracle calls, we show that no dimension-free
rate can be achieved by a deterministic algorithm. On the other hand, we point out that this rate can
be derandomized for smooth functions with merely a logarithmic dependence on the smoothness
parameter. Moreover, we establish several lower bounds for this task which hold for any random-
ized algorithm, with or without convexity. Finally, we show how the convergence rate of finding
(9, €)-stationary points can be improved in case the function is convex, a setting which we motivate
by proving that in general no finite time algorithm can produce points with small subgradients even
for convex functions.

1. Introduction

We consider the problem of optimizing Lipschitz continuous functions f : R¢ — R using a first-
order algorithm, which utilizes values and derivatives of the function at various points. Though
problems of this type are ubiquitous throughout modern machine learning, they are well known
to be impossible to solve at a dimension-free rate without further assumptions such as convexity
or smoothness. For example, it is generally impossible to obtain local minima or approximate-
stationary points of f [14, 20], nor is it even possible to get close to such points within any finite
time independent of d [11]. Seeking to design reachable optimization goals for this large function
class, Zhang et al. [20] proposed the relaxed notion of a (4, €)-stationary point. Simply put, these
are points for which there exists a convex combination of gradients in a d-neighborhood whose
norm is less than € (see Section 2 for a formal definition). Their main contribution is a randomized
algorithm, INGD, which produces (9, €)-stationary points of any Lipschitz, bounded from below
function within O(1/d¢3) iterations. Although INGD initially required access to a slightly nonstan-
dard oracle, follow-up works modified the algorithm such that it will rely on access to a standard
first-order oracle at differentiable points [9, 17]. All of these algorithms are randomized and share
the same oracle complexity of O(1/5€3).

In this work, we aim towards a better understanding of the oracle complexity of producing
(6, €)-stationary points in various settings. First, we examine whether the algorithms mentioned
above can be derandomized. Namely, what rate can be achieved by a deterministic algorithm that
produces (9, €)-stationary points? We solve this question by showing a strong lower bound, proving
that deterministic algorithms cannot achieve any dimension-free rate. On the other hand, we point
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out that if the objective function is even slightly smooth, it is possible to provide a deterministic
algorithm whose rate is O(1/d¢) with only a logarithmic dependence on the smoothness parameter.

Next, we take the first step towards providing lower bounds which hold for any (possibly ran-
domized) first-order method. In terms of ¢ dependence, we provide a lower bound of €(1/¢?)
which holds even for convex functions. In terms of § dependence, we provide an Q(log(1/4)) lower
bound for nonconvex functions. Though these results are clearly not tight, there are currently no
randomized lower bounds whatsoever for this setting in terms of neither € nor d. Noticeably, Zhang
et al. [20] do prove an 2(1/6) lower bound, though their proof covers only deterministic algorithms
which have access to the derivative alone (without function value). As we conjecture the lower
bounds are loose, especially with respect to 9, providing tighter and unified lower bounds - in terms
of § and € - remains an intriguing open question.

Finally, we also examine the complexity of finding (0, €)-stationary of convex functions. Al-
though the vast majority of convex optimization literature deals with minimizing the function value
[16], some applications require the design of algorithms that produce points with small subgradients
(see [1, 15] and discussions therein). Moreover, while for smooth convex function the picture is rel-
atively well understood in terms of complexity upper and lower bounds [6], for nonsmooth convex
optimization much less is known in terms of minimizing subgradient norm. We start by proving that
even for convex yet nonsmooth functions, it is generally impossible to produce e-stationary points -
namely, with some subgradient of norm at most € (corresponding to § — 0). In fact, we prove an ex-
plicit 9-dependent lower bound for convex functions, hinting that it might be beneficial to consider
the relaxation of (0, €)-stationarity in this setting as well. Furthermore, we show that the complexity
of producing a (4, €)-stationary point of a convex function improves (when compared to the noncon-
vex case) to O(1/6%/3€?) iterations using a randomized algorithm, or (again) even a deterministic
algorithm if the function is slightly smooth. These algorithms have optimal e-dependence as they
match our aforementioned lower bound.

Overall, we hope this work will motivate further understanding of complexity guarantees for
nonsmooth optimization as a whole, and of producing (J, €)-stationary points in particular.

This paper is structured as follows. In Section 2 we formally introduce the terminology which
we use throughout the paper. In Section 3 we present our results for deterministic algorithms, while
in Section 4 we provide our randomized lower bounds. In Section 5 we turn to analyze the case of
convex functions. We conclude in Section 6 with a discussion of our results and future directions.
The appendices contain a brief account of the notation we use throughout this work, along with the
full proofs of our results.

2. Preliminaries

Nonsmooth analysis. We call a function f : RY — R L-Lipschitz if for any 2,y € R? : | f(z) —
f()| < Lz —yl|, and H-smooth if it is differentiable and Vf : R? — R? is H-Lipschitz,
namely forany z,y € R? : |V f(x) — Vf(y)|| < H ||x — y||. By Rademacher’s theorem, Lipschitz
functions are differentiable almost everywhere (in the sense of Lebesgue). Hence, for any Lipschitz
function f : RY — R and point x € R< the Clarke sub-differential set [7] can be defined as
Of(z) :=conv{g : g = lim, o0 Vf(zy), T, — z}, namely, the convex hull of all limit points of
V f(xy,) over all sequences of differentiable points which converge to x. Note that if the function is
differentiable at a point or convex, the Clarke sub-differential reduces to the gradient or subgradient
in the convex analytic sense, respectively. We say that a point z is an e-stationary point of f(-) if
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there exists g € df(x) : ||g|| < e. Furthermore, given § > 0 the Goldstein J-subdifferential [10] of
fatxis the set 95 f () := conv () ,_, <5 9.f(2)), namely all convex combinations of gradients
at points in a §-neighborhood of x. We say that a point x is a (0, €)-stationary of f(-) if there exists
g € Osf(x) such that ||g]] < e. Note that a point is e-stationary if and only if it is (J, €)-stationary
for all 6 > 0 [20, Lemma 7].

Algorithms and complexity. Throughout this work we consider (possibly randomized) iterative
first-order algorithms, from an oracle complexity perspective [14]. Such an algorithm first produces
x1 possibly at random and receives (f(x1),0f(x1)).! Then, for any ¢ > 1 produces z; possibly at
random based on previously observed responses, and receives (f(z:),0f(x:)). We are interested in
the minimal number 7" for which it can guarantee to produce some (d, €) stationary point. Namely,
given some function class 7 we look at sup sz mingen Pra[3t € [T7] : ¢ is (0, €) —stationary] >
%, where the probability is with respect to the algorithm’s internal randomness when acting upon
f € F (or deterministically, if the algorithm is deterministic).

3. Deterministic algorithms

As discussed in the introduction, [9, 17, 20] all provide randomized algorithms that given any L-
Lipschitz function f : RY — R and an initial point x; that satisfies f(x1) — inf, f(z) < A,
produce a (6, €)-stationary point of f within 5(AL2 /6€3) oracle calls to f. We start by showing
that this rate, let alone any dimension-free rate whatsoever, cannot be achieved by any deterministic
algorithm.

Theorem 1 For any deterministic first-order algorithm and any iteration budget T' € N, there
exists a 1-Lipschitz function f : R? — R, d = T + 2 such that f(x1) — inf, f(z) < 1 yet the
T iterates produced by the algorithm when applied to f are not (9, €)-stationary points for any

1 1
0<%, €< 35

We defer the full proof to Section B in the appendix, though the intuition can be described as fol-
lows. For any deterministic first-order algorithm, if an oracle can always return the “uninformative”
answer f(z;) =0,V f(x;) = e; this fixes the algorithm iterates x1, . .., z7. It remains to construct
a Lipschitz function that will be consistent with the oracle answers, yet all the queried points are not
(6, €)-stationary. To that end, we construct a function which in a very small neighborhood of each
queried point z; 1ooks like - + e{ (z — ), yet in most of the space looks like z ++ max{v'z, —1}
which has (0, €)-stationary points only when x is correlated with —v. By letting v be some vector
which is orthogonal to all the queried points, we obtain the result.

The construction we just described crucially relies on the function being highly nonsmooth -
essentially interpolating between two orthogonal linear functions in an arbitrarily small neighbor-
hood. As it turns out, if the function to be optimized is even slightly smooth, then the theorem above

can be bypassed, as manifested in following theorem.

Theorem 2 Suppose f : RY — R is L-Lipschitz, H-smooth, and x1 € R is such that f(x1) —
inf, f(z) < A. Then there is a deterministic first-order algorithm that produces a (9, €)-stationary

point of f within O(%) oracle calls.

1. For the purpose of this work it makes no difference whether the algorithm gets to see some subgradient or the
whole subdifferential set. That is, the lower bounds to follow hold even if the algorithm has access to the entire
subdifferential set, while the upper bounds hold even if the algorithm receives a single subgradient.
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The simple idea which proves Theorem 2 is to replace a certain randomized line search in INGD
with a deterministic binary search subroutine, which terminates within O(log(Hd/¢)) steps if the
function is H-smooth. Such a procedure is derived by Davis et al. [9] for any H-weakly convex
function along differentiable directions, and since any H-smooth function is H-weakly convex
and differentiable along any direction, this can be applied as is proving Theorem 2. Although
the algorithmic ingredient to this observation appears inside a proof of Davis et al. [9], they use
it in a different way in order to produce a randomized algorithm for weakly convex functions in
low dimension, with different guarantees suitable for that setting. For completeness we explain in
Section B in the appendix how this leads to Theorem 2.

4. Randomized lower bounds

We now turn to establish complexity lower bounds which will hold for any (possibly randomized)
algorithm based on a first-order oracle, as common in the optimization literature stemming from the
seminal work of Nemirovski and Yudin [14]. Our first lower bound will be for the complexity of
producing (d, €)-stationary points in terms of e-dependence.

Theorem 3 Foranye < 1, § < ﬁ and any randomized first-order algorithm A, there exists

a 1-Lipschitz convex function f : R* — R, d = O(1/€%) such that f(z1) — inf, f(z) < 1 yet
Pry[3t € [T] : z; is (0, €)—stationary] < 1 unless T = Q(1/€?).

An observation we would like to make is that Theorem 3 actually provides an optimal £2(1/6¢%)
lower bound in a certain parameter regime. Indeed, since it holds even when § = (1/¢), for such
a choice of § we have Q(1/€2) = Q(1/6€%), resulting in the optimal bound. In standard settings in
optimization which involve optimizing with respect to a single complexity parameter (e.g. e-sub-
optimality or e-stationarity) providing a lower bound in a certain parameter regime typically extends
to any parameter regime through rescaling tricks of the form f(z) — C1f(Cs - z). Unfortunately,
this does not seem to be the case for (9, €)-stationarity as there aren’t enough degrees of freedom
to control the scales of both J and e, while maintaining the Lipschitz and initial sub-optimality
constant.

The proof of Theorem 3 appears in Section B in the appendix, and is based on the well estab-
lished machinery of high-dimensional optimization lower bounds (see for example Carmon et al.
[4], Nemirovski and Yudin [14], Nesterov [16], Woodworth and Srebro [18]). To sketch the proof
idea, we examine a random orthogonal transformation on top of the so called “Nemirovski func-
tion”, which is approximately of the form = — max{|z; — 1|}. Though the Nemirovski function is
commonly used to prove lower bounds in terms of sub-optimality (i.e. f(x;) — inf, f(zx)), we de-
velop an analysis of its (J, €)-stationary points from which a complexity lower bound can be derived.
On the one hand, any oracle response reveals information about a single coordinate which roughly
leads to a lower bound of d queries in order to get information about d coordinates. On the other
hand, the subgradients at points which are not near (1,1,...,1) € R? are convex combinations of
+e; for some standard basis vectors e;, thus have norm of at least (1/+/d) which is smaller than e
only whenever d = (1/¢€2).

As to §-dependent lower bounds, we provide the following theorem.

Theorem 4 For any randomized first-order algorithm A and any 6, € < %, there exists a I-Lipschitz
function f : R — Rsuchthat f(x1)—inf, f(x) <1, yet Pra[3t € [T] : x¢ is (J, €) —stationary]| <
3 unless T = Q(log(1/9)).
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Underlying the proof of Theorem 4 is a useful observation on the structure of (J, €)-stationary
points in dimension one: Although in general it is not true that a (4, €)-stationary point is necessarily
d-close to an e-stationary point [11] (yet the opposite implication is trivially true), for univariate
functions these two notions are actually equivalent.

Claim 1 If f : R — R s Lipschitz, then x € R is (J, €)-stationary if and only if it is 0-close to an
e-stationary point.

We provide a proof of Claim 1 in Section B in the appendix. This claim is useful for our
purposes since it allows us to convert any one-dimensional lower bound for getting J-close to e-
stationary points, into a lower bound for finding (0, €)-stationary points. The former can be done
using a technique which appears in [11] which itself is based on a technique for the deterministic
setting due to Nemirovski [13]. The basic idea is to construct a function which is parameterized by
a binary vector, such that optimizing the function essentially reduces to guessing the binary vector.
If the function is constructed such that any oracle response reveals a constant number of bits from
the vector, this implies that the length of the vector can serve as a complexity lower bound for the
optimization problem. Since the result in [11] is asymptotic - for § — 0, or equivalently for a binary
vector of arbitrary length - providing a specific -dependent lower bound boils down to extracting
and improving its d-dependence through a more careful analysis which appears in Section B in the
appendix.

5. (9, ¢)-stationarity for convex functions

Recalling that for convex functions the Clarke sub-differential coincides with the convex subgradient
[7, Proposition 2.2.7], we are interested in the possibility of producing points with small subgradi-
ents of convex Lipschitz functions. It turns out that the same discussed proof idea of Theorem 4
also extends to convex functions, albeit with substantially more technical work to ensure that global
convexity is maintained. This yields the impossibility of producing e-stationary points within any
finite time even for convex functions.

Theorem 5 For any randomized first-order algorithm A and any §,¢ < %, there exists a con-
vex I-Lipschitz function f : R — R such that f(z1) — inf, f(x) < 1, yet Pry[3t € [T
a1 is (6, ) —stationary] < 1 unless T = Q(y/log(1/6)). In particular; no finite time algorithm
can produce a i-stationary point of 1-Lipschitz convex functions with constant probability.

Following the theorem above, we aim towards achievable relaxations of stationarity for convex
Lipschitz functions. One natural relaxation is getting d-close to an e-stationary point. While it is
known that without convexity no algorithm can guarantee getting to such points in a dimension-free
rate [11], perhaps not surprisingly, this is not the case for convex functions. Indeed, given a Lipschitz
convex function and a diameter bound dist(z;, arg min, f(z)) < R, Davis and Drusvyatskiy [8]
provide a first-order algorithm that produces a point which is d-close to an e-stationary point of f
within T’ = O(%) oracle calls. Furthermore, since any such point is also a (d, €)-stationary point,
then by Theorem 3 this is the best achievable rate for this task in terms of e-dependence.

As in the rest of this work, we consider the coarser relaxation of (4, €)-stationary points. It is
important to emphasize that even for convex functions, the two notions of (¢, €)-stationarity and
being J-close to an e-stationary point are inherently different. Indeed, as we illustrate in Lemma 18
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in the appendix, a (6, ¢)-stationary point can be arbitrarily far away from any e-stationary point.”
It turns out that for the sake of producing (4, €)-stationary points a simple combination of gradient
descent and the INGD algorithm of [20] can provide a better dependence in terms of § than [8] as
we claim next.

Theorem 6 Suppose f : R — R is L-Lipschitz and convex, and x1 € R% R > 0 are such
that dist(x1,argmin, f(x)) < R. Then there exists a randomized first-order algorithm that

produces a (9, €)-stationary point of f with probability at least % within T = O (%) ora-

cle calls. Moreover, if f is also H-smooth, then there exists such a deterministic algorithm with
T=0 <L2R2/3 log(H)).
§2/3¢2

The proof is provided in Section B in the appendix. We would like to point out is that the
improved rates for convex functions provided by Theorem 6 require the stronger assumption of
a domain bound R := dist(x1,argmin, f(x)), as opposed to a sub-optimality bound A :=
f(x1) — inf, f(x). This is indeed a stronger assumption since for any L-Lipschitz function we
have A < LR. Furthermore, since the lower bound in Theorem 3 holds for convex functions, and
as we explained why it provides an €2(1/d¢?) lower bound for a certain parameter regime, we can-
not expect such an improvement in general without any further assumption. We note that this is
analogous to the smooth convex case for which a gap between A-based rate and R-based rate exists
as well [6].

6. Discussion

In this paper, we studied the oracle complexity of producing (4, €)-stationary points in various set-
tings. Following our results, there are several notes and open ends we would like to point out.

In our opinion, the main open question in this realm is narrowing the gap between the O(1/5¢3)
complexity upper bound of the INGD algorithm, and our Q(1/€? + log(1/d)) complexity lower
bound (which follows by combining Theorem 3 and Theorem 4). We observed that the Q(1/€?)
lower bound in Theorem 3 actually matches the upper bound in a certain parameter regime, which
we suspect hints that the lower bound can be further improved. This would require in particular a
polynomial lower bound in terms of ~! which we do not currently know how to prove.

We also examined the complexity of producing small subgradients of convex Lipschitz func-
tions, showing that no finite algorithm can obtain such points unless a positive d-relaxation is in-
troduced, similarly to the nonconvex case. Given an additional assumption of a domain bound as
opposed to a sub-optimality bound, we were able to provide improved rates for convex functions.
We would like to point out that although the lower bound in Theorem 3 is stated in terms of a sub-
optimality bound, the same proof can be easily adapted to the bounded domain case. Indeed, by
replacing |x; — 1| in the proof by |z; — R/+/d|, the same result holds for any § = O(R).

Another interesting direction for future work is to establish dimension-dependent lower bounds
for producing (4, €)-stationary points. Although several recent works considered this setting [9, 12],
no complementing lower bounds currently exist.

2. Similar results appear in [11, 17]. However, the former reference provides such a result for nonconvex functions. The
latter reference does provides a result for convex functions, but the construction uses a point which is 2J-close to an
e-stationary one, rather than arbitrarily far. Accordingly, Lemma 18 strengthens both.
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Appendix A. Notation

We denote by R? the d-dimensional Euclidean space, any by (-,-), || - || the standard inner product
and its associated Euclidean norm, respectively. Given a point 2 € R? we denote by z; its i’th
coordinate, and for any subset A C R? we denote their distance dist(z, A) := infyca ||z — y||. We
let e; € R? be the 7’th standard basis vector, N = {1,2,...} be the natural numbers starting from
1, and [N] = {1,2,..., N} be the natural numbers up to N € N. We denote by B,(x) the open
Euclidean ball around € R? of radius > 0, where d is clear from context. We use standard big-O
asymptotic notation: For functions f,g : R — [0, 00) we write f = O(g) if there exists ¢ > 0 such
that f(z) < c-g(x); f = Q(g) if g = O(f). We occasionally hide logarithmic factors by writing

[ =0(g)if f =O(glog(g +1)).

Appendix B. Proofs
B.1. Proof of Theorem 1

Fix T' € N. Suppose that for any ¢ € [T — 1] the first-order oracle response is f(z;) = 0,V f(z;) =
e1. Since the algorithm is deterministic this fixes the iterate sequence x 1, . .., xz7. We will show this
resisting strategy is indeed consistent with a function which satisfies the conditions in the theorem.

To that end, we denote r := min<;z;<7 ||z; — ;| /4 and fix some v € (span{ei,z1,...,27}
with ||lv|| = 1 (which exists since d = T + 2). For any z € R? we define

)J_

g-(x) := min{|lz — z||* /r?, 1}v "z + (1 — min{||z — z||* /r%,1})e] (z — 2) ,

and further define

h(z) = vlz, VZ:G[T]:Hx—xinr .
9z, (x), Fie[T]: |z —ax] <r
Note that h is well defined since by definition of 7 there cannot be i # j such that ||z — z;|| < r

and ||z — x| < 7.

Lemma?7 h : R? — R as defined above is T-Lipschitz, satisfies for any i € [T] : h(x;) =

0, Vh(z;) = e1 and has no (6, 5)-stationary points for any § > 0.
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n—oo

Proof We start by noting that & is continuous, since for any z and (y,)22; C By(2), yn — ¥
such that ||y — z|| = r we have

lim h(yn) = lim gz(yn)

n—oo n—oo

= Tim (minflyn — 20 /72, 11Ty + (1= minlyn — 2| /12, 11)e] (g — 2))

. lyn — 21>+ lyn — 21\ +
= lim, ( ot (1= el n )

=v'y.
Having established continuity, since z — v z is clearly 1-Lipschitz (in particular 7-Lipschitz), in
order to prove Lipschitzness of h it is enough to show that g, () is 7-Lipschitz in ||z — x;|| <
for any x;. For any such z, x; we have

20z T — ;| 2e (x — x; T
Vgxi(x) = - (a: _ l‘z) + H 3 z” v 21 (T2 z)( l) 3 +e
viz, 207 (z — ;) |z — 4| 2¢] (x — z;) |z — il
- 2 =(z =) + Tzl 1T2 ~ (2 — @) 51 ter,
(D
hence
20 (z — x; T — ;| 2e! (z — x; x— ;|
IV gan @)l = || 22T (g gy Mol 2@z Mol
T r r r
2ol Nz = aill® | Nz — ) 2| -l —@all* | o — 2l
< L 7t lleill + [l

<24142+1+41=7,

which proves the desired Lipschitz bound. The fact that for any i € [T] : h(x;) = 0, Vh(x;) = e1
is easily verified by construction and by Eq. (1). In order to finish the proof, we need to show that i
has no (9, %) stationary-points. By construction we have
Oh(x) = v, VZ:G[T]:Hx—xi|]>7“’
Ve, (), Fe[T]:|lx—az] <r

while for ||z — 2;|| = r we would get convex combinations of the two cases.®> Inspecting the set
{Vgz,(z) : ||z — z;|]| < r} through Eq. (1), we see that it depends on z, z;; only through x — z; and
that actually

(V9. (@) : llz — 2l < 7} = {Vao(@) : |1zl < r},

3. Since we are interested in analyzing the J-subdifferential set which consists of convex combinations of subgradients,
and subgradients are defined as convex combinations of gradients at differentiable points - we do not lose anything
by considering convex combinations gradients at differentiable points in the first place.
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which is convenient since the latter set does not depend on x;. Overall, we see that any convex
combination of gradients of A is in the set

0z z|? 2¢! z||?
{>\1'U+)\2< 3 :U+|| H v — 12 x—Hry erter | AL >0 M+ =1,z <r

r2 r
= {)\121 + Ao (2UT33 x|z —2e] z -z — ||z|%er + e1) AL >0+ =1,z < 1}
= {()\1 + X2 ||z][P)v 42X ((v —e1) Tz)x + Aa(1 — [|z]|*)er s A, A2 = 0, A1 + g = 1, ||z < 1} .

We aim to show that the set above does not contain any vectors of norm smaller than %. Let u be an
element in the set with corresponding A1, Aa,  as above. If ||u|| > 1 then there is nothing to show,
so we can assume |lu|| < 1. We have
wv= A+ |z)*+ 20w ——e)z-2Tv

= A1+ o lz]? 4 20 (v 2)2 — 2Xge] 2 - T v

> A+ A0 2)? + Xole] )2 + 200" 2)? — 200e] -z v

=X+ X0z —ef )%+ 20 (v z)?

> M+ do(v z —ef z)?

> Xo(v'w—efz)?, 2)
which gives

u' (e +v) =M + Ao+ 20w s —ef z)(e] z+ v x)

>1—dxfv's —ef 2
©)
> 1—4vVuTv.

Hence

1< |u'(e1 4+ v)| + 4V ouTv < |Jul| - |ler + v|| + 4/ |u]|
[lull<1
<V20ull + 4y [ull < V21l + 4y/]ul]

1 1

= ||ul| > — > — .

Given the previous lemma we can easily finish the proof of the theorem by looking at

1
f(x) = = max{h(x),—1} .
f is 1-Lipschitz (since h is 7-Lipschitz), and satisfies f(z1) — inf, f(z) = 0 — (—1) < 1. Further-
more, forany i € [T] : h(z;) = 0> —1 = f(z;) = Lh(z;) = 0, which by the fact that h is
7-Lipschitz implies that for any z € Bi(z;) : h(z) > —1 = Of(x) = 10h(z). In particular,
7
a%f(xi) = %G%h(xl) so we conclude using the lemma shows that no z; isa (3, 1 - 5=) = (%, 515)

stationary point of f.

10
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B.2. Proof of Theorem 2

The proof is based on a slight modification of the INGD algorithm of Zhang et al. [20]. To give some
background, this algorithm is based on a gradient-descent-like procedure, where in each iteration,
given current point z, it uses a certain element g; € Js f(z:), until it finds a g; such that ||g:|| < e.
If g, does not satisfy this condition, it is ensured that the function value decreases by at least de/4,
which can happen at most 4A /Je times. g, itself is produced by repeatedly searching in various
directions away from z;, and maintaining a convex combination of elements in Js f (), until either
a sufficient decrease is found or the norm of the convex combination becomes sufficiently small.

In the original INGD algorithm, a given direction is searched by picking a point at random in an
interval starting from x. If there is no sufficient decrease in that direction, the fundamental theorem
of calculus implies that the derivative along that direction is small on average, hence picking a point
at random is sufficient. In our case, we de-randomize this part of the algorithm, by replacing it with
a deterministic binary search (following Davis et al. [9]).

More formally, we replace the INGD algorithm with Algorithms 1,2,3 below, where the change
is in calling the binary search subroutine (Algorithm 3) instead of picking a point at random. In-
specting Algorithm 2, we see that it maintains a convex combination of elements in 5 f (x), and calls
the subroutine BinarySearch(z, gi) only whenever ||gx|| > € and f(z) — f(x — mgk) < 2l gll-
That being the case, the fundamental theorem of calculus ensures

Loz s leell N _ 9 _1 5< <_t) >
4Hng 2 =5 (f(x) f(x Hgk!gk>>6/0 Vilz Hnggk L9k ) dt .

Namely, on average along the segment [z, x — ”;—kugk], points have gradients whose dot product

with gy, is small. Accordingly, using the fact the V f is H-Lipschitz, BinarySearch(x, gx) performs

a binary search along this segment and produces a point y; such that (V f(yx), gr) < % I ngZ

within O(log(0H/ ||gk||)) = O(log(0 H/¢)) first-order oracle calls [9, Lemma 3.9]. This is the only
modification to INGD which is introduced to Algorithm 1, when compared to [9, 20]. Accordingly,

MinNorm finds an approximate minimal norm element of 95 f(x;) within O (%) first-
order oracle calls [9, Corollary 2.5]. Since we claimed that this can happen at most O(A/de) times,
overall this produces a (¢, €)-stationary point of f within O (%) oracle calls.
Algorithm 1 INGD(z1,7)
Input: Initialization 2; € RY, iteration budget T’ € N.
fort=1,..., T —1do
2
g+ < MinNorm(x;) > Complexity O(%)
if ||g¢|| < € then
return x;
else
T+l S Tt — IIQ%H‘%
end if
end for
return z

11
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Algorithm 2 MinNorm(z)
Input: = € R?, §,¢ > 0.
k+ 0
go < Vf(z)
while [|g¢|| > eand f(z) - f(z — 1279) < § [lgxll do
yr < BinarySearch(z, gy) > Finds gy, € [z, — 12098]  (Vf (), 95) < 5 9wl

Gr+1 < argminyepo 1] [[Age + (1 = A)V f (yi) ||
k+—k+1

end while

return gy

Algorithm 3 BinarySearch(z, g)
Input: z,g € R? 5, H > 0.
(a,b) < (0,1)
— 5
g < mg
while b — a > 12 Iﬂ, do
if f(z — %42 -g) > §(f(2 — ag) + f(z — bg)) then
(CL, b) <_ ( i) DEte[a7aTH]<vf(z_tg)7g> SEtE[“TM,b}<Vf(Z_tg)79>
else
(a7 b) — ((ZT—H)> b) > Ete[ay%ﬁﬁvf(z - tg)ag> > Ete[“TJfl’,b}<vf(z - tg)ag>
end if
end while
return r — ag

B.3. Proof of Theorem 3

We derive the lower bound using the so-called “zero chain” technique [4, 18]. While a full dis-
cussion of this technique can be found in [3, 4], we will only state the relevant definitions and
propositions we will use in our proof.

Definition 8 For x € R?, we define its a-progress as prog, (x) := max{i € [d] : |z;| > a}.
Definition 9 A function f : R — R is an a-robust zero-chain if for every x € R%:
prog,(z) <i = f(y) = f(y1,...,9:,0,...,0) forallyin a neighborhood of x.

Proposition 10 ([3], Proposition 2.3) Let R,a > 0, T € Nand d > [T + 20%2 log(372)]. Let
f: RT — R be an a-robust zero-chain, let U € RY*T pe g uniformly random orthogonal matrix
and denote fy(x) = f(UTx). If A is a (possibly randomized) algorithm interacting with fr; such
that its iterates satisfy Hx(t) H < R for all t with probability 1, then with probability at least % over
the draw of U:

prog,, (UT2®) < t forallt <T.

12
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Given the proposition, we aim to construct a robust zero chain function which such that all its
(6, €)-stationary points will have large progress. To that end, for any 7' € N,a > 0 we define
f:RT — R as follows
Jr.a(z) = max{|z; — 1| + 3a(T — 1)} 3)
1€[T]

Lemma 11 ForanyT € N,a > 0, fr is 1-Lipschitz, convex and is an o-robust zero-chain.

The lemma and its proof are similar to [5, Lemma 23], though we provide a proof for completeness.
Proof LetT € N,«a > 0 and abbreviate f = fr,. The Lipschitz property is easily seen since
is a composition of 1-Lipschitz functions. Convexity follows from the fact that the maximum of
convex functions is itself convex. To prove that f is an a-robust zero-chain, let 2 € R” be such
that prog, (z) < i, and y € B,(x). Note that |z;| < « and that Vj : |z; — y;| < a. So for any
i1+1<j5<T weget

lyj — 11 +3a(T — j) < laj — 1+ 3a(T — j) + a < 1+ 2a + 3a(T — j)
<l14+20+43a(T—i—1)=1—a+3a(T —1i)
<l|zi—1l—a+3a(T —i) <|y; — 1|+ 3a(T — i) .
By Eq. (3) this shows f is an a-robust zero-chain by definition. |

1 _ 1 — L
From now on we fix some € < 1, < - andsetT' = 15, @ = g7.

provides a crucial property of the (4, €)-stationary point of f7 4.

The following lemma

Lemma 12 Let x be a (6, €)-stationary point of fr.o. Then there exists I C [T, |I| > 2L such that
Vi € I:x; > L Inparticular prog, (z) > i,

Proof Throughout the proof we abbreviate f = fr,. Denote f;(z) := |z; — 1| + 3a(T" — 7), and
note that f(z) = max;cm{ fi()}. Consequently,

Of (x) = conv{df;(z) : fi(x) = f(zx)}
=convigi(z) : fi(z) = f(x)}, gi(z):= {{sign(azi —1)e;}, z; # 1

{se:-1<s<1}, z; =1
= 05f(z) = conv{gi(y) : fi(y) = f(y), llx —yll <o} .
From the representation above we can see that if x satisfies that
Vy € Bs(x) Vi € [T] such that fi(y) = f(y) : |yi— 1| >0 4)

then any g € 05 f(x) is a certain convex combination of vectors of the form +e; (since in that case
the second condition in the definition of g; is never satisfied). Furthermore, in this case note that
either e; € Js5f(x) or —e; € Osf(x) but not both, since if both of them are in Js5f () then by
convexity of Js there exists some y; — 1 = 0 contradicting Eq. (4). We will now show that if that is
the case, then x is not a (9, €)-stationary point. Indeed, if x satisfies Eq. (4) then for any g € 0 fs(x)

13
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there exist S = {i1,...,ij5} C [T], Aiys oo, Aigg,
suchthat g = ), o A; - 0;e;. Hence

Cauchy Schwarz 1 1
ol = [Sx2 s ( ) T
; ; w/ys VIS VT

This establishes that if z satisfies Eq. (4) then it is indeed not a (J, €)-stationary point. So if z is a
(6, €)-stationary point, we deduce that there exist y € Bs(x),i € [T such that f;(y) = f(y) and
also y; = 1. For this y it holds that Vj € [T] : f;(y) < f(y) = fi(y), hence

>0: Zies)‘i = 1and Tiys -5 Tig, € {:l:l}

ly; — 1+ 3a(T — 5) < |y — 1| + 3a(T — i) = 3(T — i)

)
= |y; — 1| <3a(j —i) <3aT <

W =

We see that for all j € [T] : % <y < %, and recall that ||SU —y|| < §. Assuming towards

contradiction that the lemma is not true, we get |J| C [T, |J \ > L suchthatVj € J: z; < % and
in particular |z; — y;| > 3. But this means that ||z — y[| > % - \/g = ? = & > §whichisa

contradiction. [}

Given the previous lemma, finishing up the proof is done by a standard application of the afore-
mentioned lower bound techniques. All we need to do is to apply a random orthogonal transfor-
mation on top of our constructed function, and to handle “large queries” by extending our function
such that points of large norm do not depend on the orthogonal transformation (see [4, Section 5]).
We do this by defining

fu(w) = max{ fro(UTz), 2(|z] - 2vT)} .
On the one hand, if ||| < 2v/T then
2(lall = 2VT) <0< fraUTe) = fo(z) = fra(UTz).

On the other hand, if ||| > 6+/T then

1
fro(Uz) < Uzl + 1] + 5 < (l=]l + 2VT) + (|l = 6VT) = 2(|lz|| — 2VT)
= Ju(z) =2(|z| -2vT),
which does not depend on U. Furthermore, repeating essentially the same calculation as in Lemma 12
shows that the (6, €)-stationary points of f;(-) are exactly the (4, €)-stationary points of f(UT"),
which in particular shows they satisfy prog,, (U z) > %. Applying Proposition 10 with R = 6+/T
finishes the proof.
B.4. Proof of Theorem 5

Let$§ < 1, T < £+/log(1/5). By Yao’s lemma [19], we may assume A is deterministic and provide
a distribution over hard functions. Namely, we will construct an index set 3 and a parameterized
subset of convex Lipschitz functions { f, : o € X} that satisfy for any o € ¥ :

14
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* f5is convex and 1-Lipschitz.

* f, attains its minimum with arg min, f(z) C (0, 1). In particular, by Lipschitzness f(z1) —
inf, f(z) < 1.

e Vo ¢ argmin, f(z), Vf'(z) € Of(z): |f(2)] > 1.

Yet, the first 7" iterates produced by A(f,) : x{", e ,:cgf, satisfy

2
PrD dt e [T]: dist(x{“,argminfg(x)) < 5} <3 %)
oY X
for some distribution D over Y. In particular, by the third bullet above, with the same probability
and Claim 1 they are not (6, §)-stationary.

We start by defining a sequence of segments in [0, 1] parameterized by binary vectors, which
will form the basis for our upcoming function class construction. For any ¢ € N we denote

33
|
N
N —
|

x®

T
R

N =
|

@

+D—‘
o
N~
N
—~~
vO
p—t
N—

, 1 1 1 2

We interpret the subscript 0 as ”left” and 1 as “right”, corresponding to the location of the segment
with respect to the center % Denote by (;56, ¢ the unique affine functions with positive derivatives
which map (0, 1) to I, I} respectively - which we think of as “rescaling” the unit segment to the
left or to the right. We can now define for any k € N, (01, ...,0%) € {0,1}F :

Io‘1,...,ak = ¢;1 ©---0 (blg'k (07 1) - (07 1) :

The following lemma shows that the parameterization of the segments above forms a binary
tree structure. This correspondence is given by considering binary vectors as vertices, while its
sub-tree consists of vectors for which it serves as a prefix. Later on we will use this intuition to
construct functions parameterized by binary vectors, in a way that essentially reduces optimization
to traversing the tree. In particular, optimizing the function will require getting to a randomly
selected leave which is unknown in advance to the algorithm.

Lemma 13
1. Foranyl < kandanyou,...,00,...,0, €{0,1} 1 Ip,.. 6, D Ioy... 0. ok
2. If(o1,...,0k-1) # (0, ..., 04_,) then for all oy, 0} € {0,1} : I, . 5 N Iyr .ol = 0.

"k

Proof

L. I(le-,Uzw,Uk = zln O---0 d)lal( ffﬁl ©--+0 ¢§k(0, 1)) - ¢z171 ©---0 ¢lal(o> 1) = IUl,~~->Ul'

15
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Figure 1: Illustration of Iy, I; and hg, hy.

2. Leti < k — 1 be the minimal index for which o; # o7, and assume without loss of generality
thato; = 0,0, = 1. Ifz € I, ., , then

T <SUp gy, 00yt ogh ooy (0,1)
<supgy, o odht 0¢f(0,1)

0i—1

1

<@g, 0085, (5)
<infgl o---ogl ! 0¢i(0,1)

= inf gy, 00y, 0¢L,(0,1)
< inf ¢, o---o¢ffz_11 0 gy 0+ 0y (0,1)

= inf Ic’l,..,,ajc )

hence z ¢ I, 1.

With the parameterized family of segments in hand, we are ready to define a corresponding
family of functions. We define the function h? : [0,1] \ I} — R as follows

gitl_o 1 1
B () *<W)9E+1, 0<z<35+gnm
1) =\ rgihy 2 1 2 ’
{IFI_4 T — gFl_4> 2 + gi+1 S €T S 1

which is the piecewise linear function which satisfies h(0) = h(1) = 1, h(3 + g57) = h(3 +
$57) = 3 + gorr. and also define hf : [0,1] \ I — R as hjj(z) := hi(1 — z) - see Fig. 1 for
an illustration. We also denote ®(z) := ¢! () — 81-% which is the affine function which satisfies
®(0) = 3, (1) = 5 + grr, () = ()" = (¢9)"-

16
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Finally, given any N > 2 and 0 = (01,...,0x) € {0,1}"V we are ready to define f : R — R

as
(hy, () ze[0,1]\ L,
(I)l ° h(2)'2 © ( 31)_1(1:) UAS Icrl \10170'2
(bl o (1)2 © h(%’:; © ( (%’1 © ¢3’2)_1($) T e ‘[0'17‘72 \‘[0'1»0'270'3
N
o (2) = Plo...opN-1opN 1 . o N—1y-1 I I
o © O Ngy © (¢al © © oN_l) (r) z€ 01, ON—1 \ O1,0N
Plo-- 0 dN71(0) T € Loy, on
1—=x z <0
T r>1

The following lemma show that the constructed function satisfies our desired requirements.
Lemma 14 Forany N > 2, o € {0,1}V :

o N is 2-Lipschitz and convex.

o N(2) attains its minimum, and Vz ¢ argmin, fN(z) Vg € 0fN(z) : |g| > i.

o fN(0) — min, fN(x) < 1andVz € argmin, fN(x) : |z| < 1.
Proof Let N > 2, o € {0,1}". We start by proving that f2 is continuous. It is clear that f is
piecewise linear since hy, , ¢, ®* are, So in order to show continuity we need to show continuity
at the endpoints of adjacent linear pieces. Since by Lemma 13 it holds that [0,1] D I,, D Iy, 5, D

-+ D Iy, oy inspecting the definition of fév we see that we need to verify continuity only at the
endpoints of I, ., for any i € [N]. For any ¢ € [INV], the left endpoint of I,,, ., satisfies
lim Nz
e (inf Ioy,....0;)t fo (@)

= lim dlo...od'opit! O(¢1 O"'O¢>éi)_1($)

z—(inf gL 0004 (0,1))F it o1

= lim ®'o.. .0 Piopit! (z)

z—0t i
1 i . +1
=®' o0 ®'( lim ot (2))

=d'o- 0@l o dl(1)
=®'o--0®" 1o d ohl (0)
= lim <I>lo'--0‘1>i_10hzfi0(¢1 oot ) H(x)

. . o1 o1
x*)(lnf ¢(1J'1 O"'O(bé'iil (071))_

= li N(x).
x%(inf}gl,m,o—i)* fU (:U)
The right endpoint follows a similar calculation, resulting in continuity.
Having established that f2 is piecewise linear and continuous, Lipschitzness will follow from
the fact the each linear segment has a bounded slope. To see this holds, recall that
(@) = (¢ = (@) = ©)
((¢)~1)
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so we get

1 —1 _ i 1 -1 y-1) v 8T -2 2
’(‘P 0 0@ ohy o(dy 00y ) )'Z\(%)\SW:1+8¢+1_4<2-

In order to prove convexity, it is enough to show that each linear segment has slope which is larger
than the segment to its left (hence the derivative is increasing which implies convexity). Recalling
that by Lemma 13 we have [0,1] D I, D Ip, 6, O -+ D Iy, on. We see that it is enough to
establish monotonicity between the left linear segments of I, .. 5., I5y,... 0,,, (in that order) and
between the right linear segments of I5,, . 5. 1, , loy,..0; (in that order) for any i € [N]. In order
to do that, first note that by definition of k¢, h}) we have

gitl_9 1 2
1OV () — g7 ) ., 0S2z<35—gnm
( Z) (x) - gitl_9 1 1 )
c__—< s————<zx<1
81+1+2 9 2 gi+1 —= =
(8t -2 1 1
tive - L (55) . 0se<i g @
VA= (si1g 1 2
i+l _4 ) 2 + Qi1 S x S ]-

Denoting by L(I,, . »,) the left linear segment of I, ,,, we see that for any x € L(I,,, o) We
have by Eq. (6) and Eq. (7):
. . . /
() (@) = (@' o 0@ 0 hif] o (@), 00 6h) ™) (2)

Oit1 o1 o

(ki) @ e Lo, < - (Zi;;) ,

while for any x € L(1,

O1,.,034+1

) we have

Ti+2 o1 Oi+1

= (h;;g) (xz € L[0,1]) = — <8’+3—4 :

(XY (@) = (o 0B 02, o (6}, 0+ -0 i) ) (2)

]t242 )°
monotonicity. Checking the right linear segments results in the same calculation, overall proving
the first bullet.
For the second bullet, note that f(f.v attains its minimum at I, since till then the function is
decreasing, and after that it’s increasing (and on that segment it is constant). Elsewhere we already

saw that the derivatives are + (8i+1_2) , £ (8i+1_2) which are easily verified to have absolute

It is easy to verify for all ¢ € N that — (gzrié:i) < — (8“272) which established the desired

8112 8itT+4
value larger than % forany ¢ € N.

The third bullet easily follows since I,y C [0,1] and fN(0) =1, ®Lo--- 0 ®N=1(0) > 0.

-----

The following lemma follows immediately from the definition of f)¥ and from Lemma 13,
though we state it for future reference.
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Lemma 15 Forany N > 2,0 € {0,1}",1 < k < N, it holds that N (x), (fN) (z) do not
depend on oyy1,...,0N forx & 1y, . 5.

Given Lemma 13 and Lemma 15, we state the following lemma which whose proof appears in
[11, Proof of Proposition 1].

Lemma 16 ([11]) Foranyt e N, 1 <I <k < N :

1
]i_r [xt+1 S Iol,‘..,al,.‘.,ok‘xly e, X ¢ IO'1,...,0'1] S W .

We now claim that points that are § close to arg min, f~(z) = Ioi..on CIloyon, C
Iy, .. .on_o C ... arenecessarily inside I,, . ., withlarge enough k.

Lemma 17 Letk = |\/log(1/6)] < N € N. Then dist(z, Iy,, .oy ) < 0 impliesx € Iy, . .
Proof Recall that I, . 55 C Iy, .. o,,and note that forany : € N :

inf 101,~~~,U¢+1 — inf 101,~~-,U¢ = gbil O---0 d)zal o d’ff—il (O) - Q%l ©---0 ¢Zal (0)

1%

=

’ ~.
—

5| (o5 0 —0)

7=1
L2 1 2
=g (5- )
7j=1
L 21
> g

where (x) follows from the fact that for any affine mapping = — ax + b it holds that (azq + b) —
(axe + b) = a(x1 — x2). Thus

nf Iy oy —Infly o = E : (ianUl,m,UiH - inf[m,.--,m’)
i=k

- 2t 1
= i(i+3) 4
1=k 8 2 4
2k
> ——o7y d,
4-8 2

where that last inequality is a straightforward computation for k = |1./log(1/5)]|. We conclude
that

infl,, o <infly . on—0,

while the same arguments also show that sup I, .. o, > sup Iy, .. -5 + 0. Overall, we see that for
any x satisfying dist(z, I, . oy) <0 :

infly o <Ilgy,on —0<zx<suply .o +0<suply, o, = TE€Is o -
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We are now ready to finish the proof. We setk = |11/log(1/6)|, N = k+1, o ~ Unif{0,1}".
We consider the algorithm’s iterates x1, ..., z7 as random variables which depend on the random
choice of the function f, fed to the algorithm. Denote the stochastic process

Zy=0, Zy :=max{l e N:3Is < t,zs € I5,, o},

and note that that Z; 1 — Z; > 0 with probability 1, yet by Lemma 16: Pr[Z; 11 — Z; = m| < 2ml_1 .
Hence by Lemma 17

Pr [Ht € [T7] : dist(z¢, argmin £V (2)) < 5} <Pr[3te(l):xt €1y, 0, =Pr[Zr >k

1 1 T 1 T oo
< ElZr] = ;E[Zj —Zj 4] = k;ﬂ;)m[zj —Zj 1 =m]
1l 1 1 1 1<~ 4T 2
SRl Tl e S p T <

This proves Eq. (5) for 2-Lipschitz function and %-stationary points. By rescaling the Lipschitz
constant and e by a factor of 2, we have finished the proof.

B.5. Proof of Theorem 4

The proof is identical to the proof of Theorem 5 which appears above, by replacing the con-
structed family f, by the family h, constructed in [11, Proof of proposition 1]. The only mod-
ification throughout the whole proof is that Lemma 17 holds with £ = O(log(1/J)) instead of

k= %\ /log(1/0), affecting the final bound on T" appropriately.

B.6. Proof of Theorem 6

It is well known (see for example [2, Theorem 3.2]) that given a Lipschitz convex function, per-

. . . 2R2/3 . . .
forming projected gradient descent for 7] := Le%% iterations and setting xgp = T% Zf;l xj

satisfies f(zgp) — inf, f(z) < % = R?/3¢5'/3. Furthermore, according to [20, Theorem 8], if

we initialize INGD at a point « such that f(z) — inf, f(z) < A then with probability 2 it produces

a (9, €) stationary point within 7p = 9] (%g) oracle calls. In particular, initializing at xgp for

which we have A = R?/3¢5/3 yields Ty = % and letting 7' = 17 + I3 proves the claim.

Replacing INGD with its deterministic counterpart from Theorem 2 proves the additional claim.

B.7. Proof of Claim 1

First, if « is -close to an e-stationary point it is clear that it is also (0, €)-stationary. For the nontrivial
implication, suppose z is (J, €)-stationary. Namely, there exists g € conv(Uy_s<t<+50f(t)) with
lg| < e. By Caratheodory’s theorem (for d = 1), this means there exist t1,to € (—6,9),g; € Of(t;)
and A1, \y € [0, 1] satisfying A; + Ao = 1 such that g = A\1g1 + Aago. If either g1 or go satisfy
|gi| < e then we get that x is d-close the e-stationary point ¢;. Otherwise, both g; satisfy |g;| > e,
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but their convex combination is of magnitude smaller than e - thus they necessarily have different
signs. Without loss of generality suppose g1 < 0,g2 > 0. We claim that in this case there exists
t* € [t1,t2] such that 0 € Of(t*), finishing the proof since x is J-close to the stationary point t*.
Indeed, let A := {t € [t1,t2] : Vg € Of(t),g < 0} and note that by assumption t; € A, ty & A.
Denote t* := sup A € [t1, to] which exists since A is non-empty. On the one hand, by definition
of the supremum there exists a non-decreasing sequence {y,}>2; C A with lim,, ooy, = t*.
Note that by definition of A all the sub-differentials at all of y,, are negative, thus ¢* has some non-
positive sub-differential (by Bolzano—Weierstrass one can construct a converging sub-sequence of
derivatives). On the other hand, by construction all differentiable points in (¢*, t2) have only positive
differentials, thus = + ¢* has some non-negative sub-differential. Finally, recalling that 0 f(t*) is
convex we get 0 € 0f(t*) as claimed.

Appendix C. Additional Lemma

Lemma 18 Forany C > 1, < 1 and any ¢ < %, there exists a 1-Lipschitz convex function

f: RY — R in dimension d = O(1/€%) and a point x € R? such that x is a (6, €)-stationary point
of f, yet is at distance at least C'§ away from any e-stationary point of f.

Proof Fix§ <1< C, e < g5, and let d = [3]. We denote by A := diag(2¢%,1,...,1) € R4

the diagonal positive-definite matrix whose diagonal is (2¢2, 1, ..., 1), and consider its correspond-

ing Mahalanobis norm f(z) := vz " Az. For any = # 0 we have

1 o x! A%z

\Y =— Az = ||V = —=

f(a) v = Vi@ =S

2T Az € Amin(A), Amax(4)] = [2€%,1] .

In particular, we see that for any 2 # 0 the gradient norm is at least v/2¢2 = /2 - ¢, thus it is not
an e-stationary point. We deduce that f is indeed 1-Lipschitz, and that it has no e-stationary points
except for the origin (which is its minimum, hence stationary). Denote zq := %el and notice that its
distance from the only e-stationary point of f is ||zo — 0| = % > (6. It remains to show that xg is a
(0, €)-stationary point of f. To that end, consider forany 2 < j < d : z; := m0+%-ej = %el—i—%-ej

which are clearly inside a §-ball around xy. Furthermore,
1 de o 2 24/2
- . <el+e]> :£661+iej
52 82
Ve T T

4 2 3 3
Now, define g := A+ 2?22 V f(z;) and notice that by definition g € 9 f5(xo) since ||z — z;|| <
d. This establishes that z is indeed a (4, €)-stationary point since

Vf(z) =

1 d \/5 2\/§ d
gZCl_ljZ;Vf(Zj)=3€'el+3(d_1)jz;6j

ST . R U T S iGN S
= —_— - . — — - [ €
g 9 " 9(d—1)? 9 "9d—1) -

where the last inequality is easily verified for d = [6%] [ |
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