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ABSTRACT

In multi-agent reinforcement learning, the behaviors that agents learn in a sin-
gle Markov Game (MGQ) are typically confined to the given agent number. Ev-
ery single MG induced by varying population sizes may possess distinct optimal
joint strategies and game-specific knowledge, which are modeled independently
in modern multi-agent algorithms. In this work, we focus on creating agents that
generalize across population-varying MGs. Instead of learning a unimodal policy,
each agent learns a policy set that is formed by effective strategies across a vari-
ety of games. We propose Meta Representations for Agents (MRA) that explicitly
models the game-common and game-specific strategic knowledge. By represent-
ing the policy sets with multi-modal latent policies, the common strategic knowl-
edge and diverse strategic modes are discovered with an iterative optimization
procedure. We prove that as an approximation to a constrained mutual informa-
tion maximization objective, the learned policies can reach Nash Equilibrium in
every evaluation MG under the assumption of Lipschitz game on a sufficiently
large latent space. When deploying it at practical latent models with limited size,
fast adaptation can be achieved by leveraging the first-order gradient information.
Extensive experiments show the effectiveness of MRA on both training perfor-
mance and generalization ability in hard and unseen games.

1 INTRODUCTION

Behaviors of agents learned in a single Markov Game (MG) highly depend on the environmental set-
tings, especially the number of agents, i.e., population size Suarez et al.|(2019); Long* et al.[(2020).
Many multi-agent reinforcement learning (MARL) algorithms [Sukhbaatar et al| (2016); [Foerster
et al.| (2016); Lowe et al.|(2017) are developed in games with fixed population sizes. However, the
algorithms may suffer from generalization issues, i.e., the policies learned in a single MG are brittle
to the change of game setting |Suarez et al.| (2019). Recent works have experimentally shown the
benefit of knowledge transfer between MGs with different population sizes Agarwal et al.| (2019);
Long* et al.| (2020), which is required to perform between successive games. Unfortunately, the
resulting agents are still confined to particular training games, with less ability for extrapolation.

In this work, we are concerned with learning multi-agent policies that generalize across Markov
Games constructed by varying the population from the same underlying environment. The created
agents are expected to behave well in both training and novel (or unseen) evaluation MGs. However,
optimizing one unimodal policy even for maximizing the performance of the entire training set is
still challenging Teh et al.|(2017). Effective policies in population-varying games, e.g., the ones that
achieve Nash Equilibrium in each game, may behave dramatically different due to the game-specific
strategic knowledge of themselves. Such discrepancy will hamper the performance in individual
games Brunskill & Li| (2013). In this regard, it is desirable to learn sets of policies that contain
the optimal strategies for each training MG, while transferring knowledge to unseen MGs is still
challenging nevertheless.
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To cope with this challenge, we explicitly model thi&5-speci candMG-commorstrategic knowl-

edge. In unseen games, although the optimal game-speci ¢ knowledge that leads to optimal policies
is unobtainable, the common strategic knowledge and various strategic modes can still be captured
during training by imposingnowledge variationsi.e., the suboptimalgame-speci ¢ knowledge.

By learning to make the smartest decisions under multipkginedvariations instead of only t-

ting the best response, the strategic knowledge is learned in an unsupervised manner and agents can
effectively generalize to novel MGs.

Since games induced by varying populations possess distinct optimal policy behaviors characterized
by different (egocentric) strategic relationships, we model the game-speci ¢ knowledge as such rela-
tionship. For example, the optimal game-speci ¢ knowledge for PacMan agents in a ghost-dominant
game is to focus on ghost agents for survival. However, this leads to PacMan agents that are unaware
of eating more food if evaluated in other gamesg,, a PacMan-dominant game. By additionally
impelling the PacMan to pay more attention to other competing PacMan, although the resulting pol-
icy may be suboptimal in the training ghost-dominant game, the common knowledge can be learned,
which involves eluding ghosts while moving towards food that is with less competition.

We proposeéMeta Representations for AgerfddRA) to discover the underlying strategic structures

in the games. By meta-representing the policy sets with multi-modal latent policies, the game-
common strategic knowledge and diverse policy modes are captured with an iterative optimization
procedure. We prove that as an approximation to a constrained mutual information maximization
objective, the latent policies can reach Nash Equilibrium in every evaluation MG under Lipschitz
game assumption and on a large latent space. When with practical limited-size latent models, fast
adaptation is achieved by leveraging rst-order gradient information. We further empirically validate
the bene ts of MRA, which is capable of boosting training performance and extrapolating over a
variety of unseen MGs.

2 PRELIMINARIES

servation set$O 1;:::;Ong. For every agent, o 2 O; is an observation of the global state
s 2 S. State transition and per-agent reward function are de neB & A;:::;An;S% and
Ri:S A [0;1], respectively. The joint strategy is denoted as ( ;:::; N)=( '; ),

where ' is the strategy of agemtand "' is the joint strategy excluding it.

In this work, we consider role-symmetric MGs Suarez et|al. (2019); Muller let al. (2020), where
homogeneous agents are with the same reward function and action space. The type number of
homogeneous agents is denotethpag., h = 2 for Pac-Man and ghosts in any Pac-Man game.

Relational Representationis an opponent modeling framework to capture the strategic relationship
between agents and output embeddifgr further policy or value function learnirjg Long* et|al.
(2020); Agarwal et al.| (2019); Igbal & Sha (2018). Consider the observatiaf agenti with
entitieso' = 0y;01;:::1;0/;:11;0y , Whereog is agenti's self properties €.9., its speed)0]

information €.g., landmark locations) is concatenated to these entities. Then with self-attention
Vaswani et al. (2017) generating the pair-wise relag®n i.e., thej -th entity of agent's egocentric
relational graphy', the representation embeddiegfor agenti is formulated as:

i _ i iy. i _ p @xp(Q(al) K (q))
€ = . g” V(o );whereg” = P " exp(Q(Ois)>KJ(0}))' (1)

Here,V (), Q() andK () denote linear transformations. The observation embedding with an arbi-
trary number of agents can thus be represented with a xed length.

Nash Equilibrium: A core concept in game theory is Nash Equilibrium (NE). When every agent in
gamem acts according to the joint strategyat states, the value/"™ (s) of agent is the expectation

ofi's -discounted cumulative reward:
#

) X .
Vi (s) = E.-s rm(stiar) (2
St F; m t
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In this work, the bold symbol is joint over all agents, and variables with supersaiptof agent.
Denote the value of the best response for agasty "™ , which is the best policy of agentwhen

i js executedi.e, v "™ =max : V"™ .. Then reachesNEiBi 2f1;::;;Ng,vim = v "™ ;

A common metric to measure the distance to a Nash EquilibriumaisHCoNV, which represents

how much each player gains by deviating to their best response (unilaterally) in total. And it can be
approximately calculated in small games Johanson et al. (2011); Lanctot et al. (2017). We denote the
NASHCONV of ingamem asDp, ( ). Then the joint strategy reaches NE im if D, ( ) =0.

Dm( )=Dm( ' M= v V" ®3)

3 LEARNING META REPRESENTATIONS FORAGENTS

3.1 PROBLEM STATEMENT

In a single stochastic game, achieving Nash Equilibrium gives reasonable solutions and is of great
importance Hu & Wellman (2003); Yang et al. (2018grBlat et al. (2017). To enable generaliza-

tion in different MGs, the most straightforward way is to learn a joint strategy stitat contains
effective joint strategies for every M@,g., the ones that achieve NE. Denote the set of all training
MGs asM and the set of evaluation MGs & °. The goal is then to obtain an optimal discrete

( nite) or continuous (in nite) joint strategy set such that:

8m°2M %9 2 :st.Dpo( )=0: (4)

For a satis able , we rst need its sizg¢ j to be suf ciently large to contain at least one effective
strategy for everyn®2 M ° Then should be improved with respect to the worst-perfornmmfy
i.e., the game with no effective strategy contained into achieve low regre® o for all m% In
other words, is updated to include the joint strategythat minimizeD,0o( ). Formally,

=argmin L( ); whereL( )= min mrg%xoDmo( ): (5)

However, minimizingL () over the unseen gameshif °is impractical in general. We cope with
such intractability by introducing a heuristic algorithm and showing that the resulting objective is
indeed equivalent to equation 5 and can thus lead to the optim#&h equation 4.

3.2 RELATIONAL REPRESENTATION WITHLATENT VARIABLE POLICIES

Instead of learning independent policies to formwe adopt hierarchical latent variable policies to
represent the multimodality. In this way, the MG-common and MG-speci c strategic knowledge can
be explicitly modeled. Speci cally, in the relational representation framework, the speci c strategic
knowledge for population-varying MGs is captured by the egocentric relational grsipbe agents
optimally behave in each game by learnipgr-game optimatelationship. Besides, agents take
different actions when incorporating different strategic relationshigsmultiple policy modes are
obtained with varied. Therefore, we treaf as a higher-level latent variable that is dynamically gen-
erated byg = (0;2). Here,z is a lower-level latent sampled from a learned distribupézjm; ).

Then the common knowledge that how agents optimally behave under difteoamt be distilled

into the policy parameter, which includes the transforiv in equation 1 and the successive policy
network parameters. An agent takes acdon (jo;g; ), whereg= (0;z) andz p(zjm; ).

Although the instantiation can be applied to MARL multi-task learning setups, the design of latent
policies by itself doesotimmediately suggest an algorithm that generalizes to novel MGs. As such,
we present the key ingredient of the Meta Representations for Agents (MRA) algorithm as follows.

3.3 GENERALIZATION BY STRATEGIC KNOWLEDGE DISCOVERY

Our core idea to enable generalization is to discover the underlying strategic structures in the un-
derlying games. Although the effective policies in the evaluation games are never known during
training, agents can still learn the common strategic knowledge and different behavioral modes
solely in thetraining games in an unsupervised manner with the impssgxbptimalgame-speci ¢



Presented at the Gami cation and Multiagent Solutions Workshop (ICLR 2022)

knowledge. In particular for population varying games, the agents are assigned different strategic
relationshipsi.e., each agent pays additional attention to some agents while ignoring others. Instead
of learning only one optimal joint policy, training with multiple strategic relationships enables the
unsupervised discovery of behavior modes, some of which offer appreciable returns in evaluation
MGs. Thus, when evaluating in novel games, the desired policy behaviors can be quickly gener-
ated by adaptation. In the extreme case that suf ciently many strategic modes are captured with an
extremely large latent space, the desired policy for evaluation games can be directly found.

Speci cally, agents optimally behave in each game2 M with the optimal policy parameter
and the (per-game) optimal relational grapph By imposingknowledge(or relation) variations
in m, i.e.,, multiple suboptimab at a certain observation, agents learn how the best decisions to
accomplish the task are mades., learn  that achieves the highest average return. With the
discovery of distinct strategic modes, the MG-common knowledge containedsmbtained. Thus,
when agents are in the novel M@s® 2 M 9, their policies can effectively adapt by learning the
optimal relational graph im® or achieve zero-shot transfer (without adaptation) if the latent space
is large. This gives the objective of that maximizes the average return of all knowledge variations
and all training MGs: h i
iy — i;m

maxL ( )_maiXmME;gi ViiGighs s (6)
Notably, equation 6 differs from the objective of multi-task learning where the average training
return is maximized by learning the optimal and asingle optimakelational graph in each game.

In order to perform well in alm®2 M © the strategic modes captured during training should cover
as many behaviors as possible. This requires both a large latent spajj sinediverseactions.
For xed jZj, we introduce a diversity-driven objective that encourages high mutual information
betweeng anda for behavior diversity, as well as betweanandg to encourage game-speci c
knowledge learning. With high dependence betwgeand a, distinct variationsg can generate
diverse actions. o o o

maxL( '; ') =max | (¢;ajo)+ | (m;gjo); ©)

wherel (g;ajo) = H(ajo) H (ajo;g) is the mutual information betweananda conditioned on
observatioro. With a slight abuse of notatiom denotes the basic information of game e.g., the
populations of each role. Iterative optimization of equation 6 and equation 7 is then performed.

3.4 FAST ADAPTATION WITH LIMITED LATENT SPACE SIZE

Despite the diversity-inducing objective, we also need a large latent gppdeéor parameterized
by = f;; g,denote = . Specially, achieving zero-shot transfer requji&s=j |

i j. However, if the settings of games M © are not restricted, the size j is unbounded. For
practical limited-size latent models and unrestridwd, fast adaptation ability is thus desired.

The generated grapl together with observations, actions are stored in the replay buffer. Then
various knowledge variations.e., (0;g) pair, are sampled to update Compared with onlyZj
variations generated in an on-policy manner, this leads to a much larger size of variations. Then we
use similar techniques from Reptile Nichol et al. (2018) to achieve fast adaptation.

The optimization of is now to performK policy gradient steps on each individual MG, instead
of on the average return (over) in a joint training way, In gamen, the objective for in the

k-th mini-batch changes from equation 6Lty ( ') = Eg; v"’,“(j g 1) 4 - LetUg (') denote the
policy parameter afte gradient steps with learning rate Then is updated by + ,
where is ahyperparameterand = UK () . Bydoing so, the rst-order gradient information
can be leveraged to updatg¢owards the instance-speci ¢ adapted policy parameter. Speci cally,
the expected policy parameter upditd ] over mini-batches in ganma is

h i h i
Bl 1=(k pE s+ S B koo 0 @

whererL K () is the gradient at the initial. The derivation is in Appendix B. The second term
of the RHS in equation 8 is with direction that increases the inner product between gradients of
different mini-batcheg k . Thatis, is optimized not only to maximize the return under all relation
variations, but also towards the place that gradients of different variations point to the same direction,
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i.e., the place that is easy to optimize from. With this property, when the optimal strategic modes of
evaluation MGs are not discovered during trainingan still fast adapt to effective policies.

4 ANALYSIS

In this section, we provide a theoretical analysis of MRA. We show how the tractable objective in
equation 6 and equation 7 can be derived out of the primary optimization problem in equation 4.

To begin with, we introduce the Markov state transition operapdr " in MG m, de ned as
o z h i
Pu' X (S)= x(s) E Pm(dsis;a;a’) :
s0s b
Here,x: S R s anlL; Lebesgue integrable function. The norm of the operator is de ned as
k Kop =supfk xki sy 1 kxk sy 19, wherekk s, istheli-norm over the state spae

Then we make the assumption of Lipschitz Game.

Assumption 1. (Lipschitz Game). For any Markov Game2 (M[M 9, there exists a Lipschitz
coef cient , > 0such that for all agentim ands 2 S:
Po P @) @) ©
a,

op s;1

Similar assumptions also appear in many previous works Liu et al. (2021); Zhang et al. (2019). We
note that Assumption 1 is reasonable since the Lipschitz coef cigntan be interpreted as the

in uence of agents Radanovic et al. (2019); Dimitrakakis et al. (2019), which measures how much
the policy changing of an agent can affect the game environment.

Then we de ne a distance metric that measures the discrepancy betiverdM ° by comparing
and computing the distance to NE in the games of the two setd\ Ledenote the total number of
agents in gamen, andh;.,, denote the homogeneous agent set of agenm.

De nition 1. For two sets of MG#1 andM ©, de ne the distanc&betweerM andM °by
&= max min Dpmo( ' %): (10)

) mOm O m2M ;i 02hi;m
i2f 15N 08 2 Dy ( )=0 g
%2f %D o( 9=0 g

We also de ne the -range joint strategy sét to guide the policy learning of agents during training.

De nition 2. For the training MG seM and > 0, the -range joint strategy sef is de ned as:

N [ N N
= m; Where " =f Dm( ) @ (11)

m 2M
By bounding that characterizes a large sét equation 5 can be shown to be equivalent to a con-
strained mutual information maximization objective. Formally, we provide the following theorem.
The variables and parameters are per agemt, is joint over . The superscript is omitted for
clarity.

Theorem 1. Ifj j j "“jand satises & min . W, then with the optimal
parameters =f ; ; ggivenby

; =argmax| (g;ajo) + | (m;gjo) s.t. 2" (12)
for every evaluation Markov Gamma® 2 M O there exists a joint strategy 2 that reaches
Nash Equilibrium (i.e., = satis es equation 4).

Theorem 1 suggests a general paradigm of diversity-driven learning that is effectivé vdatis es
certain properties. In practical MGs, however, the unknown Lipschitz coef cient and the hardness
of calculating& pose challenges to compute the satisfyingAn approximation to the optimal
parameters in equation 12 is to perform iterative optimization following equation 6 and equation 7.
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With xed and , the objective of in equation 6 (greedily) maximizes the expected value over
variations in order to minimize the distances to Nash of different policy modes. In other words, the
distanceD, ( ) of the corresponding joint strategies is minimized to satixfy( ) in the long

run. Then the optimization of and follows to maximizel (g; ajo) + | (m;gjo). By iteratively
improving the mutual information and updatingowards the -range” , the obtained solutions are
close to the optimal parameters in equation 12. Besides, the congition j " j in the theorem
supports the intuition that a suf ciently large policy set (or latent space) is required for zero-shot
transfer. However, as an approximation to the theorem, MRA also has some limitations, which we
discuss and provide potential improvements in Section 7.

5 PRACTICAL ALGORITHM

We have shown that the iterative optimization of MRA can arise from a theoretically justi ed objec-
tive. In this section, we present practical implementations of the two optimization procedures. We
provide the pseudocode in Appendix D. Implementation details can be found in Appendix E.

5.1 MAXIMIZATION OF EXPECTEDVALUE OVER VARIATIONS

The policy parameter' in objective equation 6 is optimized by introducingcentralizedcritic
Q  for each agenit Lowe et al. (2017). Denote the target network with delayed policy and critic

parameters as, , and replay buffer aB. The parameterized criti@ i is optimized to minimize:

. .2 . .
L(")= oacky o Qi02) y' iwherey' =r'+ E  Qi(0%af) (13)
Then the gradient of the policy param(ﬂémf agenti during training i? given by:
riL()= E r ilog i(@jo;g)Qi(o;a) :
O= &, g 1(aj0d:g)Q i (0a) (14)

When evaluation in a novel MG, and ' is ne-tuned to greedily maximize agents' individual
rewards. Denote' = f '; 'g. Then ttbe gradient df' is given by: i
rob()=  E - ryilog (@jo'; '(0;2')Q (o) : (15)

5.2 MUTUAL INFORMATION MAXIMIZATION

In an iteration, several update steps of actor and critic are followed by mutual information
I (¢';a'jo') + | (m;d'jo') maximization. According to the de nition of mutual information and
the non-negativeness of KL divergence, the following bound holds. Aiscbptimized to optimize
equation 16 by gradient ascent. All the derivations below are provided in Appendix C.

P h i
i i(@jo;g) . Py i )
| ;ajo E log——"=% :wherep(ajo) = E ajo; :
(g J ) ol b i g p(a'jO') p( J ) ZO p( ]m) ( j gO) (16)

"ot g% '(o'29

ForjMj training games, the(m;g'jo') term Gan be simpli eld as:
I (M:;gjd) = Enei o logp(mjo';g) +log jMj ; (17

To calculate the RHS of equation 17, we introduce an auxiliary inference netwdbenote the
game's one-hot index as Then the auxiliary network outputs the predictidn.e., p(%jo; g; ). By
minimizing the cross-entropy loss in equation 18and are simultaneously optimized. Gumbel-
softmax trick Jang et al. (2016) is usec% for disciete i
MiNE, pjm: ) xlog p &jo; '(d;z); : (18)
! o D

6 EXPERIMENTS

Experiments are conducted in three environments which cover both competitive and mixed games
and are built based on the particle-world framework Lowe et al. (2017). Models are trained with
random seeds. Details of environment settings and hyperparameters are listed in Appendix E.
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6.1 BENEFITS OFMETA REPRESENTATIONS

We rst conduct experiments to show the bene ts of the proposed meta-representations. We aim
to answer the question that if the MG-common strategic knowledge in various training MGs can be
extracted by MRA, and if it can bene t individual training games.

In Fig. 1, we compare MRA and the following methods: (1) the MADDPG algorithm Lowe et al.
(2017) with relational representationdADDPG); (2) the Reptile algorithm Nichol et al. (2018)
(Reptile); (3) baseline with the same network architectures as MRA, but agents learn their policies
only in asingleMG (baseling.

For MRA and Reptile, the size of training MG gbtj for the three environments & 4; 3, respec-

tively. Further speci cations are in Appendix E. We note thatdlctualexecuted episodes of MRA

in one MG argMj timessmallerthan that for baseline and MADDPG, which reveals the ef ciency

of the proposed meta-representation. Although the Pacman-like world is not a zero-sum game, we
still provide cross-comparison results in Appendix E for completeness.

(a) Treasure collection.(b) Resource occupying. (c) Pacman-like worldLeft: Pac-Man.Right: Ghost.

Figure 1: Bene ts of meta-representations in the three environmegats. 6 collectors and20
treasures(b): 12 agents withs resources(c): 8 Pac-Man4 ghosts an@0food dots.

Figure 2: Multi-MG training curves in resource occupying environment. Total number of training
MGs are4, with population3; 6; 12, 24.

6.2 PERFORMANCECOMPARISON INMULTIPLE GAMES

In this part, we compare the performance of MRA with multi-task and meta-learning methods,
includingEPC Long* et al. (2020) andRL? Duan et al. (2016).

The curriculum learning EPC is implemented by initializidgarallel sets of agents and mix-and-
match the to® sets to the successive MG. For Rleach trial contains a cycle of all tidj MGs.
We also compare another MRA variaohi-MRA , that sampleg from a uniform distribution. In
resource occupying environment wlresources, the results are shown in Fig. 2.

Due to the discrepancy between effective policies in different MGs, the game-common strategic
knowledge is not well exploited by EPC. Rlagents are also observed to perform poorly in some
MGs, which veri es the bene ts ofexplicitly modeling the MG-common knowledge and MG-
speci ¢ knowledge when population varies. Since no game-speci ¢ information is conditioned in
uni-MRA, we observe that some MGs dominate the others. Detailed settings and curves in other
environments are provided in Appendix E.

6.3 GENERALIZATION EVALUATION

If the learned policies both (1) adapt better and faster; and (2) perform well in novel games with
no additional trainingi(e., zero-shot transfer), then the algorithm is considered to generalize well.
Now we evaluate the generalization ability of MRA and other methods based on these two metrics.



Presented at the Gami cation and Multiagent Solutions Workshop (ICLR 2022)

(a) MG with sparse reward. (b) Complex MG. (c) Imbalanced competitive agents.

Figure 3: Adaptation performance comparisda): Sparse reward treasure collection tagky;
Complex treasure collection MG with large population si@); Imbalanced Pac-Man and ghost
agents2 Pac-Man vsS8 ghosts, where random exploration bottleneck exists.

Better Adaptation: We rst show that MRA have better adaptation ability bene ted from the dis-
tilled common knowledge and rst-order gradient information. Comparisons are conducted between
MRA, EPC, RL?, MADDPG andMAAC Igbal & Sha (2018). MADDPG and MAAC are trained
from scratch, while the others are ne-tuned from the parameters trained in multiple MGs.

The common knowledge can provide agents a good policy initialization and overcome the random
exploration bottleneck. For example, the random exploration often results in Pac-Man agents being
killed if ghost agents dominate the game. And all agents end up with almost random behaviors.
However, with common knowledge guiding the Pac-Man to take reasonable actions, agents will get
useful information and learn to accomplish the task. In the Pac-Man game @lytrest agents
chase2 Pac-Man agents, the bene ts of the common knowledge are re ected in Fig. 3(c). The
random exploration leads to worse performance of MAAC and MADDPG agents.

Besides, in Fig. 3(a) when reward shaping
is removed, MRA agents can still adapt with
fewer episodes and has better asymptotic per-
formance. We also show in Fig. 3(b) that
the complexity brought by the large popula-
tions, e.g., 48, can be successfully handled by
MRA. The results verify the bene ts of com-
mon knowledge compared with the transfer

knowledge in EPC. . L -
Figure 4: Left: Evaluation in the training MGs.
Zero-shot Transfer: MRA also has better R|ght Zero-shot transfer to novel MGs.

zero-shot transferability than EPC and RL

The results in resource occupying are reported in Fig. 4. Performance of MRA is calculated by
taking expectations over the latent. However, its return will get higher if enumerated trial-and-error
is takenj.e., choose the best policy mode by trying every

7 CONCLUSION& DISCUSSIONS

In this paper, we propose meta representations for agents (MRA) that can generalize in Markov
Games with varying populations. With latent variable policies and relational representations, the di-
verse strategic modes are captured. As an approximation to a theoretically justi ed objective, MRA

effectively discovers the underlying strategic structures in the games that facilities generalizable
knowledge learning. Experimental results also verify the bene ts of MRA.

Our work also opens some new problems. Theorem 1 requires the computafiandfas well as

an extremely large latent space, both of which are impractical. Although approximations that MRA
makes are reasonable, obtaining optimalwill not always be guaranteed. Possible improvements
include: boundkby imposing restrictions on the evaluation MG set, or enlarge the latent space size
by e.g., adopting continuous latent variables, which we would like to explore as future work.

With role-symmetric game settings, MRA has bene ts in many research problems, including dealing
with population complexity, overcoming the multi-agent random exploration bottleneck, and adapt-
ing faster with the meta-represented agents. A fruitful avenue for future work is to augment MRA
by e.g., adapting roles Wang et al. (2020), to apply to other game settings. Besides, achieving NE
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may not indicate the global optimality in general-sum MGs, and metrics such as social optimum can
be investigated.

For population-varying MGs, we model game-speci ¢ knowledge as strategic relationship. Al-
though it may lose the universality in broader scopes compared with general meta-RL algorithms,
we hope the idea of explicit strategic knowledge modeling can inspire algorithms that adjust with
the task of interest.
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A PROOFs

In this section, we provide three propositions in A.1, A.2 and A.3. The proof of Theorem 1 in A.4
is built upon these propositions.

A.1 PRrROPOSITION1

Before giving Proposition 1, we provide a useful lemma of the Markov state transition operator

Pm " . The following Lemma 1 is given in (Liu et al., 2021), which is concerned with Fictitious
Self-Play. We modify it to be suitable for multi-agent general-sum Markov Games with our nota-
tions.

Lemma 1. (Liu et al., 2021). The Markov state transition operator satis es:

@ ) o
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Proof. To begin with, we have the following inequality of the opera?qf? t

i it i it
Pm Pm
op
[ t 1 i i i i t 1 i i t 1 i i
= Pm Y Pm P m’ + Pm Pm’ I:)m
op
(I t 1 i i i i i t 1 i i t 1 i i
P P P . + P, = P
op op
i i (I i i t 1 i -i t 1
P P . + P, P
op op
i i i i i i i i i t 2 (I t 2
P P o + P, P . + P, Py
op op op
t Pml; i p m| i
op
(19)
Then we have:
X t it i it
P P
t op
X t o4t o4t
Pm Pm’ (20)
t | op
X . i i i
t' Pn P
op
t
Thus,:
x t P (I t P (I t P [ P i
. m m on (1 )2 m m op
O

Now we state our rst proposition.
Let the distance ( ') between policy ' and the best response' in the action space be de ned as:
(= '@s @s)
al g

Proposition 1. For the joint strategy , D, ( ) is bounded by:

L m 1 i )

On() Gy %1 (1) (21)

Proof. First, a state visitation measurgnz? " of the joint strategy '; ) in MG m is de ned
as follows:

[ (I 1
s;my = I Pm ' IS
X . — t (22)
= Pm ' S;

where s is a Dirac delta function.
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By converting the value of strategy to the integration of reward over state measure, we have:

viM(s) vim(s)

= s0 s;mi P E oA rlm (SO’ a‘) ESO s;:n; -i E [ r:n (SO, a.)
= 50 S;ml oo E o I':.n (SO; a) ES0 s::n; i B - r:_n (SO; a) (23)
* ES0 s;mi P E i ; i rlm (SOY a) E i ) -i rll"n (Soy a)
.i; i .i; -i + E i+ E . _Iri SO;a E . -|ri so;a_
s;m s;m Ll(S) s0 sm f m( ) ; m( )

We then bound the two terms separately. For the rst term, we have from Lemma 1 that:

X t P i i t P [ i t P i P i i
. m m o (1 )2 m m op
Then by the de nition ofL ,, , we have:
X t i. i t i i t
P, P
t op
P |; -i P i; -i 24
@ ¥ " T o
T ) ("
Thus, the rst term satis es:
! !
[ i i i X t i i t X t i i t
. = P P
s;m s;m m S m S
i t t L1(S)
X 1. | t I | t
P, P k sk ,(s) (25)
T ) ("
Thel ;1 -norm overs of the second term is bounded by:
E, i+ E i arlis%a) E. irl(s%a)
s sm ! ’ s;1
Ep o U8 U9,
|
( i) X t' (26)
t
_(H
1
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Finally, from equation 25 and equation 26, we have the following bounBfof ):

Dn( )= vi(s) v™(9)
! il

" o R o) Sl (g0
sm sm L1(8)+E50 i E . irn(s5a) Ei. irg(s;a) .
[
L m 5 ( i)+ ( )
@a ) 1 i1
_ L m 1 i
Ta )2 ()i o
O
A.2 PROPOSITIONZ
Proposition 2. For the training MG seM and the evaluation MG sét ©, if satis es
. &
& min M; (28)

mim0 mo+1

then for every evaluation Markov Gam@ 2 M ©, the joint strategy that achieves Nash Equilibrium
in m%is guaranteed to be contained in theange joint strategy sef .

Proof. For De nition 1 of the distanc&between the training MG s&t and the evaluation MG set
M © we have the following equivalent logic statement:

8m%°2M %i2f1;:::;Npog;9m2M ; ; %i%2 hip;
StDm( )=0;Dmo( 9=0;8 "2 ;Dmo( 7 %) &
In an evaluation MGn°2 M ©, leti andi®be the agent index de ned as follows:

i= argmax  min Dpo( i°; Oy st.Dm( )=0:Dmo( 9=0 (29)
i2f 15N nog %2 him

Intuitively, the above ageritis the agent irm° that being replaced by the trained polic&? in the
policy set Ieads to the largest distance to the Nash Equilibrium. And @gisnthe corresponding
agent that i® achieves an NE in a particular training MG.

With i andi®denied in equation 29, the bound in Proposition 1 can be speci ed as follows:

’ : i 0 P
Dmo( |0; 0|): VI(,Hﬁ‘l VI’iT- o
' sl g
P a0
= Vlvgﬂ Vlyin:; L
i;m° i;m° ' (30)
= V’D‘- 0-i VYiO. o .
! ' s;1
mo ooy, ()
; (4 2
@ )

The second equality holds sinBg.o( 9 = 0, and the distance from the joint strategy’; %)
to a Nash Equilibrium is equal to the distance t& The last inequality holds due to the bound in
Proposition 1 and the de nition dfandi®

13
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This implies that for any MGn°we have:
iO
max min Dpmo( 1% O m° iy, (1) 31
i2f 1;:5N | og m2M ;i%h; mo( ) 1 )2 (") 1 (31)
2f Dm( )=0g
°2f D mo( =0 g

With the maximum in uence 0 over the evaluation M@ °2 M © we obtain:

_ mo o (1)
&—m% a )2( )+ I (32)

SinceD, () =0 andDpo( 9 =0, the best response in M@ with other agent's strategies xed

as 1%is 1°. And in MG m® the best response with other agent's strategies xed %isis 9.
Thus we get:

(9= (9= '@ ‘@ (33)

s;1

For that satis es equation 28, we obtain:

max& M
m0 m m0+1 |
.00 "
— o o (1)
i T AR
! (34)
m+1 mo a (0)
max — 11 1 )2( )1

a
mﬂ?X(l m)2 ( 0)+ 1( )

Fori andi®de ned in equation 29, we have the following inequality by noticing that( ) =0:

o o . .
Dm ('; ") = v vT

I
<.
°

" s (35)
a

(1 m)2 ( 0)+ 1( )

mau T (94

@ )

(9
1

This indicates that if we chooseto satisfy equation 28, then the policy that achieves Nash
Equilibrium in MG mCis guaranteed to be included in the policy set.

Since all the above inequalities hold for amy 2 M ©, the policy that achieves NE in all MGs in the
evaluation MG seM Cis guaranteed to be included in the policy set. This completes the praof.

A.3 PRrROPOSITION3

Proposition 3. If j j j “jand satises & min . %, then the optimal
that maximizes the objective:

L( ): max I{THI:\\ Ea ) [IOg (ajo)]; (36)

14
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for every evaluation Markov Ganma® 2 M © there exists a joint strategy 2 that reaches
Nash Equilibrium (i.e., = satis es equation 4).

Proof. Sincej j j "j, the optimalj jthat maximizes.( ) in equation 36 must satisfy:
min Ea ~ [log (ajo)] =1

In other words, for every policy in the joint strategy sef , i.e, »~ 2 ", there exists a learned
policy 2 ,suchthat = ~. Note that the above statement is true only whep j "j.

For that satis es equation 28, from Proposition 2 we know that for every evaluatiomM@&M ©,

the strategy that achieves Nash Equilibrium are guaranteed to be contaifed hus, the optimal
policy set that results from optimizing equation 36 also contains the strategies that are NE in
every MGmP22 M ©

So the optimal policy set satis es equation 4, which completes the proof.

A.4 PROOF OFTHEOREM1

Proof. Sincej j j " j, we can simplify the objective in equation 36 by updating the joint strategy
in a xed-size set . That is, maximizing equation 36 is equivalent to:

max min maxEa ~; [log (ajo)] =max min Ea ~; [log (ajo)] 37)

From the non-negativeness of KL divergence, we have:
N
DkL (*; )= Ex log— O

The equality holds when = ~.

Thus, we have:
maxEaf[log ] H (*) (38)

If 2 " is constrained, then the equality holds anaxE. [log 1= H ()

This leads to: ) .
max min Ea flog J=min H (")

=max H() (39)
=max H( );st. 2"

AN

The above equation states that the stratedgg learned to t~. And to cover all the® 2 | the
entropy of strategies in should also be maximized.
Then we get the following equality:
maxH( )=max | (m;ajo) + H(ajm;0)
=max | (m;ajo) + I (g;ajm;0) + H(ajm;0;q)
(40)

=max | (m;ajo) + | (g;ajo) + H(ajm; 0; )
=max | (m;ajo) + | (g; ajo);

where the rst equality holds following the de nition of mutual information and by noticing that
policy is meta-represented by. The last equality holds since the size of the meta-represented

policy setj  j is suf ciently large and satisfying | j "j.
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Combining equation 39 and equation 40. we have:
min maxEx [log ]=max | (m;ajo)+ I (g;aj0); s.t. 2 " (41)

Then by equation 37 and equation 41, we have that the solution of the following objective is equiv-
alent to the solution of equation 36:

;. =argmax | (g;ajo) + | (m;gjo) s.t. 2
Thus, for every evaluation Markov Ganme® 2 M ©, there exists a joint strategy 2 that
reaches Nash Equilibriun.¢., = satis es equation 4). O

B FAST ADAPTATION WITH FIRST-ORDER GRADIENT

Reptile Nichol et al. (2018) is a meta-learning algorithm that uses rst-order gradient information
for fast adaptation.

For parameter that maximizes objectiveX, () in thek-th mini-batch of gamen, is updated by
+ ,where = UK () andUX () denotes the updatedafterK gradient steps
with learning rate , and is a hyperparameter.

Denote thek-th step parameter ag, then the update of K gradient steps is as follows:

= K 1

IXl
b K (k)

k=1

IXl

= k() +r2LS(D(x 1)+0 ki 1K
“1o 1 (42)
1 K 1

= @L K()+ r2k(1) rk(pH+o 2A

k=1 ]:1

2 0 1 3

K1 K 1 _

4 @L K ()+ reLk (e (1) A+o 25;

k=1 j=1

where the last equation holds sinte ¥, ( j)=rL K ( 1)+ O( ).

_— Kp 1 - .
For the initial parameter = 1, the term rL K ( 1) maximizes the overall performance ain

k=1

all theK mini-batches in an M@n. The key difference from the joint training objective is the term
r 2LK ( 1)rL 1, ( 1). When the expectation are taken under mini-batch samplimg, idenoteE,

as the expectation over the mini-batch de neddy. Omitting the higher-order ter® 2 , we

have:
E[ 1=(K DE LE() +(K 1)K 2) Ex r2LE(O)L ()

D e rahOn WO+ 2O SO

h i
(D2 gyt kO hO)

=(K  DE Ly() +

=(K 1E LK() +
(43)

Thus, updating by + not only maximizes the average performanc&imini-batches
of all MGs, but also maximizes the inner product between gradients of different mini-baitehes,
rL K ( )rL 1 (). Thus, the generalization ability is improved and fast adaptation is achieved.
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Algorithm 1 MRA: Training in MG setM
while not convergedio

for MGm=1:::jMj do Algorith_m 2 MR@: Adaptation in a novel
sample lower-level laterz  p (jm); evaluation MGm
execute actiom (jo;g), whereg = (0;2); while not convergedio
push(o; a; 0% g;r) to replay buffer; sample lower-level laterz  p (jm9);
fork=1:::K do execute actiom (jo;g), whereg =
update critic by minimizing equation 13; (0;2);
update policy at th&-th step ¢ by equation 14; push(o; a;0%r) to replay buffer;
end for update critic by minimizing equation 13;
update by + (« );
update to maximize the RHS of equation 16; update and by equation 15;
update and auxiliary network by equation 18; update delayed parameterand ;
update delayed parameterand ; end while
end for
end while

C DERIVATION OF MUTUAL INFORMATION CALCULATION

The two mutual information terms in equation 12,, 1 (g; ajo) andl (m; gjo) can be calculated as
follows: d
p(ajo; 9)

I (g;ajo)= p(a;o;glog ———— o(2i0) dadodg
= Euaollog 2091+ Eugo D (P0ij - (@0;0)]
(ajo; 9) (44)
a,0; | TN
Faogllog p(ajg) ] 3
(ajo; (0;2)
E o | :
z _p(?m) gog Eyo pjm) [ (ajo; )]
a (jo; (0:2)) g%= (029
Similarly, we have: z
L(migio) = p(m;0;g)log PN gim go g
_ p(mjo)
_ < [l0g (anO)g)] (45)

Emo b [logp(mjo;g)] +log jMj
D PSEUDOCODE

The high level algorithmic frameworks of the training process and evaluation process are shown in
Algorithm 3 and Algorithm 2, respectively.

The complete pseudocode for training MRA is provided in Algorithm 3, and the pseudocode of the
MRA adaptation process is given in Algorithm 4.
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Algorithm 3 Training Procedure of MRA in Séfl of Population-Varying Markov Games

Input: Markov Gamesn 2 M with indexy.
Output: Parameter and ', ', ' for each agent.
Initialize P threads of games;
Initialize Typdate  O;
Initialize replay buffeiD, for each Markov Gamen;
while total episode number not readb
for Markov Gamem in M do _
Reset game, each ageérgamples lower-level latent code p (zjm);
for time steps in an episodi® _ o .
Each ageni executes actioa' jo'; i(d;2'); ' simultaneously and get rewart
next observation;
Push(o; a;0%g;r) to replay buffeD, ;
o a°
Tupdate Tupdate+ P;
if Tupdate/o(mm steps per update P then
A mini-batch ofB samples ofop; ap; ob, Ob; I'p) is sampled fronDy, ;
for k=1 toK do
Update all agents' crltlf_jparamete'r by minimizing:

L " = g b B'Q Q opapg ! ?.whereB' Q = ry +
Eao  Q od;al%g); ' ;
Thek-th step of pghcy parametet; is updated by gradient ascent:

riJ=2 ,r ilog ajo;g; k Q opandgy; '

end for . _ , , _
Update all agents' by T+ (1 ) )
Samplen latent codez? and approximate(ajol,) by = ajo,; ' o;z% ;1
Updateallagents‘bbymaximizing: h g
L =1 E, . .\ log (@'jop; '(opiz') ') .
B b=a'  (jop; '(opiz') ) p(ajo) )

Update and auxiliary network simultaneously by minimizing:
L(; )=Epnp (jm VYlog p 9ioy; (0,;2%);
Update all agents' delayed parameterand ';
end if
end for
end for
end while
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Algorithm 4 Adaptation Procedure of MRA in a Novel Markov Gamé

Input: Trained parameters from Alg. 3.
Output: Adapted parameters.
Initialize replay buffeD; _
Each agent samples lower-level latent cogé  p (zjm9);
while total episode number not readb
Reset game and receive initial observation
for time steps in an episodi . o .
Each agent executes actioa' jo'; i(d;z'); ' simultaneously and get reward,
next observation’ ;
Push(o; a;0%r) to replay buffeDo;
o o
A mini-batch ofB samples ofop; ap; 02; rp) is sampled fronDy ;
Calculate the detached relational graphe I(ob, zb)
Update all agents' critic pgamete'r by minimizing:
L = & 5 B'Q Qonang; ' ?.whereB' Q = r, +
Eao Q 0%a%g; ' ;
Update all agentstarametbf =( 5 ') by gradlent ascent:
rid= g pl 1ilog a'Job, '(ob,zb), L Q opand; '
Update all agents' delayed parameterand ';

end for
end while

E ADDITIONAL EXPERIMENTS

E.1 TRAINING SETUPS ANDHYPERPARAMETERS

Treasure Collection: Each agent is with the goal to collect more treasures in an episode. Treasures
disappear and re-generate at a random location when touched by agents.

Resource Occupying:Agents receive rewards for occupying varisized resource landmarks: higher
reward if one agent is occupying a larger resource with fewer other agents in it.

Pacman-like World: It is similar to predatory-prey games, but with additional food dots. Pac-Man
agents are with goals to collect food and elude ghosts, and ghosts are with goals to touch Pac-Man.

The treasures in the treasure collection environment and the food dots in the Pacman-like world are
randomly initialized in the position range pf 1; +1], and regenerated when touched by collector
agents and PacMan agents, respectively. The sizes of the resource landmarks are pre-de ned as
f0:1;0:2; 0:3; 0:4; 0:5; 0:6g and xed in each episode.

When evaluating the bene ts of MRA in Section 6.1 of the main paper, the training Markov Games
in the three environments are as follows. In treasure collection environment, thetdraneing

MGs in total. The agent populations in tAéMGs are3; 6; 12; 24, respectively, which we denote as
f3;6; 12 24g. The4 training MGs in the resource occupying environmerit@s9; 12; 159. In the
PacMan-like world, there at2training MGs in totalf (4; 2); (6; 3); (8; 4)g, where(4; 2) in the rst

MG denotes that there afePacMan agents arftighost agents.

We adopt the same set of hyperparameter for experimgatallouts are executed in parallel when
training. The maximum length of the replay buffed&6. Episode length is set 0. The dimension

of the latent code is 6. The critic also adopts a self-attention network in a similar way with MAAC
Igbal & Sha (2018). And the number of gradient steps of policy and critic parameters in each update,
i.e, K,issetasl0. And = 1 works well in experiments. Batch size is setlie24and Adam

is used as the optimizer. The initial learning rate is sé2:6M03 In all experiments, we use one
NVIDIA Tesla P40 GPU.
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E.2 CROSSCOMPARISONRESULTS

We provide the cross-comparison results in the PacMan-like world. The comparisons are conducted
between the MRA agents trained in multiple MGs and the agents trained in a single MG. The score
is summed in each episode, averaged across homogeneous agéditsiomand normalized.

Table 1: PacMan scores. Table 2: Ghost scores.
PacMan . PacMan .
Ghosts Single MRA Ghosts Single MRA
Single 0.78 1.00 Single 0.82 0.59
MRA 0.54 0.89 MRA 1.00 0.85

The cross-comparison results are shown in Table 1 and Table 2. We can see that the agents created
by the proposed MRA outperform the single-MG counterparts for both PacMan agents and ghosts
agents, validating the effectiveness of the proposed method.

E.3 IMPLEMENTATION VARIANTS

In role-symmetric games, the parameters are shared by homogeneous agents. Am@n be
implemented as the option architecture Sutton et al. (1999)g corresponds to the-th option
sampled from the categorical distribution. We then conduct experiments on different instantiations
of the (0;2) function in MRA.

We denote the default implementation architecture, where different relational graph from different
attention heads is controlled by the lower-level latent variablas the option Sutton et al. (1999)
architecture. Speci cally, we apply the multi-head self-attention architecture Vaswani et al. (2017).
And the head number is set as the dimension of the categorical distrilpi#Eprandg corresponds

to the graph at the-th head when sampling

The other two variants we consider for implementin@; z) are the ones that are discussed in
Florensa et al. (2017). The rst variant is to concatenat® each entity of the observation de-
compositiono' = 0;0;;  ;0; ;0y . The same relational representation is also adopted to
generate the relational graph The second variant is to perform the outer product between each
observation entity and. We refer to the two variants as “concat” and “bilinear”, respectively.

The performance of the three implementations is evaluated in the 6-resource occupying environment.
The number of training MGs is set & and the numbers of agents in tBgames ard 6; 9; 12g.

The results in Figure 5 show that all the three implementations can obtain agents that effectively act
in all the3 scenarios. And the default option architecture achieves better performance than the other
two variants. The possible reason is that the lower-level latent zdanl¢éhe option architecture can
explicitly control the structural factors and can thus learn the common knowledge more quickly and
better.

Figure 5: Performances of different implementation variants in the resource occupying environment.
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