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A BSTRACT
We present High Skip Networks (HSNs), a higher order generalization of skip
connection neural networks to simplicial complexes. HSNs exploit higher order
structure encoded in a simplicial domain by creating multiple feed-forward paths
of signals computed over the input complex. Some feed-forward paths may propagate the signal through various higher order structures; e.g., if we want to propagate signals over edges, some feed-forward paths may go from edges to triangles
and then back to edges. Similar to the Euclidean skip connection networks, all
paths are combined together at the end by addition or concatenation. We demonstrate the effectiveness of HSNs on synthetic and real datasets. Our preliminary
results show that HSNs lead to a statistically significant improvement in the generalization error when compared to base models without high skip components.
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I NTRODUCTION

The past few years have witnessed a growing interest in learning data on topological spaces modeled as manifolds (Shuman et al., 2016), simplicial complex (Ebli et al., 2020; Hajij et al., 2021),
cell complexes (Hajij et al., 2020) and hypergraphs (Feng et al., 2019). This interest is driven by a
simultaneous success of old and emerging tools including topological data analysis (Edelsbrunner
& Harer, 2010) and topological signal processing (Roddenberry et al., 2022). Much of the interest,
however, is motivated by the success of graph neural networks (GNN)-based models (Zhou et al.,
2020) at tackling a wide range of problems including molecular design (Künzle et al., 2019), predicting protein structure (Jing & Xu, 2021), relational reasoning (Zhang et al., 2020; Schlichtkrull et al.,
2018) and physics (Battiston et al., 2021). Although GNN-based models achieved promising performance, these models can only model pairwise relationships, which limits its use in applications that
require multiway relationships or higher order relationship abstractions (Bick et al., 2021). Examples of these applications include higher-order interactions in physical complex systems (Battiston
et al., 2021) and higher-order protein interactions (Xiao & Deng, 2020).
Earlier works for learning on topological spaces focused on generalizing the graph convolutional
neural networks to process signals on graph edges (Roddenberry & Segarra, 2019; Schaub et al.,
2020). Around the same time, hypergraph convolutional operators were introduced in Jiang et al.
(2019); Feng et al. (2019). Learning on higher order complexes was introduced in Ebli et al. (2020);
Hajij et al. (2020), extending graph neural networks Fey & Lenssen (2019); Battaglia et al. (2018);
Morris et al. (2019); Kipf & Welling (2016a). Recently, several works (e.g., Roddenberry et al.
(2021); Bodnar et al. (2021); Bick et al. (2021); Schaub et al. (2021; 2020)) are proposed for nonlinear higher order signal processing.
This work is the first that proposes a higher order generalization of skip connection neural networks
(He et al., 2016; Ronneberger et al., 2015) with simplicial complexes, and introduces High Skip
* Indicates equal authorships.
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Networks (HSNs). Skip connection layers are arguably one of the most successful layers that allowed
the training of very deep neural networks. The immediate advantage of HSNs over regular networks
defined on these domains (e.g., Hajij et al. (2020); Roddenberry et al. (2022); Ebli et al. (2020)) is
the same that of its Euclidean analogues: training deeper neural networks. HSNs also hold other
unique characteristics. For example, HSNs exploit higher order structure information encoded in
the domain to construct a final output. In particular, HSNs construct multiple feed-forward paths of
signals computed over the input complex. Some of these paths may propagate the signal via higher
order structures thereby exploiting this structural information. For example, if we want to propagate
signals over edges, some feed-forward paths may go from edges to triangles and then back to edges.
These feed-forward paths are combined together at the end by addition or concatenation similar to
their Euclidean analogues (He et al., 2016).

2

BACKGROUND : A BSTRACT S IMPLICIAL C OMPLEXES

This section provides the basic notations and definitions used in the paper. Further details on these
complexes can be found in any classical textbook on algebraic topology (e.g., Hatcher (2005)).
Let V = {v1 , ..., vn } be a set of vertices. A set of k + 1 distinct elements of V is called a k− simplex
on V. In particular, the 0-simplices are the singletons of the set V and are called vertices, 1-simplices
are called edges, and 2-simplices are called faces or triangles. An abstract simplicial complex on
V is a finite collection of simplices X from V such that σ ∈ X and β ⊂ σ implies β ∈ X. The
dimension of X is the dimension of the highest simplex in X. For any 0 ≤ k ≤ n, we denote by X k
the set of all k-simplices. We set |X k | = N k . We typically give each simplex in X an orientation,
which is the choice of ordering on the vertices of the simplex. Two orientations of the same simplex
are considered to be equivalent if they are related via an even permutation.
Let Ck (X) denotes the R-vector space of all linear combinations of all oriented k-simplices in
X. Elements of Ck (X) are typically called k-chains; in particular, k-simplices in X are called
primitive k-chains. We make the convention that an orientation change of a primitive k-chain to
correspond to a change in its sign; for instance, [v0 , v1 ] = −[v1 , v0 ]. Finally, we give the simplices
in X k an ordering and identify the j th element in this ordered set with j th canonical basis element
in RNk . This identification yields a vector space isomophism between Ck (X) and RNk , which
we will assume for the rest of the paper. The space of k-cochains is the dual space of k-chains’
space and will be denoted by C k (X) := Ck∗ (X). Being finite dimensional, these two spaces are
isomorphic. A k-cochain element can be interpreted as a real signal defined on the k-simplices of X
(Grady & Polimeni, 2010). In particular, 0−cochains correspond to the graph signals (Ortega et al.,
2018). The boundary operator ∂k : Ck (X) → Ck−1 (X) is defined on the primitive k-chains via:
Pk
i
∂k [v0 , v1 , · · · , vk ] =
i=1 (−1) [v0 , · · · , v̂i , · · · , vk ], where v̂i indicates that vi is missing from
the sequence that determines the simplex. For an abstract simplicial complex of dimension n, the
boundary operators {∂k }nk=1 completely determine the structure of X. Additionally, these operators
satisfy ∂k−1 ◦ ∂k = 0. Since the complex X is finite, the boundary operator ∂k can be represented
by a matrix Bk and the typical bases used to construct this matrix are the primitive chains of X k and
X k−1 with a fixed order on these chains. Intuitively, this matrix describes the incidence between
the primitive chains of X k and X k−1 and is referred to as the k th incidence matrix of the complex
X. Dually, the coboundary maps are defined as the transpose ∂kT of the boundary maps. The
⊤
(co)boundary can be used to define the combinatorial k-Hodge Laplacian Lk = ∂k⊤ ∂k + ∂k+1 ∂k+1
.
k
k
Similarly, we can define the higher-order adjacency matrix Ak : C (X) → C (X) that describes
the way k-primitive chains are adjacent to each other. In particular A0 is the regular graph adjacency
matrix.

3

P ROPOSED H IGH S KIP N ETWORKS (HSN S )

HSNs are inspired by categorical notions. In category theory, the term factors through refers to a
composition of morphisms. If we are given three objects A, B, and C and a map f : A → B, which
can be written as a composition f = h ◦ g with g : A → B and h : B → C, then we say that f
factors through B. The notion can be intuitively described via the following commutative diagram:
2
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B
g

A

h
f

C

Now let si be in i-cochain and suppose that act on si via two neural networks F, K : C i (X) →
C j (X) such that K = h ◦ g with g : C i (X) → C k (X), and h : C k (X) → C j (X).
C k (X)
(0,h)

g
(F,0)

C i (X)

C j (X)

L

C j (X)

+

C j (X)

This diagram represents a flow of a cochain si through two different feed-forward paths, one of
which “factors through” C k (X) in the sense that it gets mapped to a cochain supported on the
k-simplices via the map g before landing in C j (X)1 . We call the above setup where some feedforward paths go via higher order simplices as the proposed high skip network. Typically, the final
j- cochains K(si ), F (si ) are combined together to form a single j-cochain K(si ) + F (si ). The
networks F , g, and h can be chosen as vanilla convolutional networks (Bunch et al., 2020; Ebli et al.,
2020) or more general higher order message passing networks (Hajij et al., 2020). The following
diagram illustrates how this setting generalizes the classical skip connection setup:
Rn
(0,Id)

Id

Rn

(F,0)

Rn

L

Rn

+

Rn

In fact, HSNs can also be viewed as a non-identity skip connection (Orhan & Pitkow, 2017) with the
difference of having that skip connection across multiple dimensions in the complex. The work by
Orhan & Pitkow (2017) demonstrated that non-identity skip connections lead to training improvements. This is also demonstrated in our results in the next section.

4

E XPERIMENTS & R ESULTS

We evaluated HSNs using synthetic and real datasets. We performed three experiments for three
tasks: link prediction, node classification, and vector field decomposition. Note that our aim is not
to outperform the state-of-the-art methods. Instead, we aim to demonstrate that our method leads to
a statistically significant improvement in the generalization error when compared to a base-model
with a similar number of weights and network structure, except for the high skip part.
Link Prediction. This experiment evaluates the performance of HSN models for link prediction
using two citation network datasets: Cora and Citeseer (Sen et al., 2008). For data setup, we removed
a portion of the citation edges while keeping the features of the nodes. The validation and tests sets
are obtained from the removed links and the same number of randomly sampled non-edges.
To test the proposed method, we created two graph variational autoencoder (GVAE) models (Kipf
& Welling, 2016b). The first one is essentially the same model proposed in Kipf & Welling (2016b),
which consists of encoders for the mean and the standard deviation of the latent space. Specifically,
the encoder consists of two graph neural network : µ = GCNµ (s0 , A0 ) and log σ = GCNσ (X, A0 ).
−1/2
−1/2
Here s0 is the input 0-cochain2 , GCN(s0 , A0 ) = Ã0 ϕ(Ã0 s0 W0 )W1 with Ã0 = D0
A0 D0
- Wi are the trainable parameters, and ϕ is the Relu activation function. The decoder has the form
QN0 QN0
T
P (A0 |Z) = i=1
j=1 P (Aij |zi , zj ) with P (Aij = 1|zi , zj ) = σ(zi zj ). On the other hand, the
1

Note that this diagram is not commutative.
Recall that that 0- cochains on graphs correspond to signals or features defined on the nodes of that graph
as we discussed in Section 2.
2

3
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Table 1: Link Prediction on the Corda and the Citeseer datasets. Bold values indicate superiority.
Method
GVAE
HSN (ours)

AUC (Cora)
0.91183 ± 0.0558
0.93073 ± 0.00273

AP (Cora)
0.91538 ± 00481
0.93650 ± 0.00489

AUC (Citeseer)
0.89558 ± 0.01316
0.91307 ± 0.00984

AP (Citeseer)
0.91241 ± 0.01092
0.92334 ± 0.00612

HSN model is simply defined as HSN(s0 , A0 , ∂1 ) = Ã0 ϕ(Ã0 s0 W0 )W1 + ∂1 ϕ(∂1T s0 W0 )W1 , and
is used to replace the encoder models of the mean and standard deviations above. The decoder in
this second model is defined as before. Note that our HSN model factors through the edges, and
it has the same number of parameters as the GVAE base model. Further, note that the difference
between the base model and the proposed HSN model is the high skip part ∂1 ϕ(∂1T s0 W0 )W1 ,
which might appear as redundant information, but actually contributes to performance improvement.
The performance of link prediction using the proposed HSN is reported in Table 1 for the Cora and
Citeseer datasets. We reported the results using the area under the ROC curve (AUC) and the average
precision (AP) on the test dataset. The reported results are the mean and standard deviation for 10
independent runs with random initializations on the same dataset splits.
Node Classification. We performed semi-supervised node classification to categorize the nodes
in a graph given the class labels of a few nodes; i.e., given a small number of labeled data from
the Cora dataset. We compared the performance of node classification obtained using a deep HSN
model against a base skip connection GCNs. The base skip connection is given by GCN(s00 , A0 ) =
Ã0 (Ã0 s00 W0 + Ã0 GCNd (sd0 , A0 )W)W where GCNi (si0 , A0 ) = ϕ(Ã0 (ϕ(Ã0 s0i−1 Wi )Wi′ ) +
1
0
si−1
0 ), where s0 := Ãs0 W0 and d is the depth of the network. The HSN model is given via:
HSN1 (s00 , A0 , A1 , ∂1 ) = Ã0 (Ã0 s00 W0 + ∂1 (HSNde (sd1 , A1 ) + sd1 )W)W where HSNie (si1 , A1 ) =
i−1
′
0
T 0
ϕ(Ã1 (ϕ(Ã1 si−1
1 Wi )Wi ) + s1 ), and s1 := ∂1 s0 W0 . Note that the networks are essentially similar, and they only differ in the structural matrices: A0 , A1 and ∂1 , which determine the way the
higher skip connection feed-forward paths are defined. Figure 1.a presents the results of 10 independent runs, for each depth, with random initializations on the same dataset splits. We observe that
the performance of HSN does not decay as the number of layers increases whereas the base model
performs worse than the proposed HSN as we increase the number of layers.

(a)

(b)

(c)

Figure 1: (a) A comparison of two networks, baseline skip connection GNN and proposed HCN.
(b) and (c) represent the plot of the 1-cochain ∂1T α both the original edges signal (black arrows) on
the simplicial complex and the reconstructed ones inferred from the network (green arrows). The
black and green arrows overlap demonstrates good performance; 1-cochain is visualized as a vector
field by interpolating it from the edge values using Whitney interpolation (Bell & Hirani, 2012).
Vector Field Decomposition. Any k-cochain can be uniquely decomposed into gradient, curl, and
harmonic parts. This decomposition is called the Hodge decomposition. Namely, for any k-cochain
s, there are unique cochains α ∈ C k−1 (X) and β ∈ C k+1 (X) such that s = ∂kT α + ∂k+1 β + h.
This idea has been exploited in a neural network architecture proposed by Roddenberry et al. (2021).
Here, we used a similar HSN architecture to factor an edge signal through the nodes and the faces of
a 2d-simplicial complex. Specifically, we generated a random 1-cochain on a 2d-simplicial complex
with 332 faces and 131 nodes (See Figure 1.b). We pre-computed the Hodge decomposition of
this cochain. Then, we used this decomposition to create the dataset pairs with the input being the
random 1-cochain s and the output being the projections ∂1T α and ∂2 β. We tested the ability of HSN
models on the regression problem of predicting the projections ∂1T α and ∂2 β given the input. To
this end, we treated this problem similar to the link prediction problem, and masked certain edges
of the random 1-cochain. We then trained the following HSN network on the remaining parts of the
4
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signal:
HSN(s1 , A1 , ∂1 , ∂2 ) = ∂1T (ϕ∂1 s1 W1 )W2 + Ã1 (ϕÃ1 sl1 W3 )W4 + ∂2 (ϕ∂2T s1 W5 )W6

(1)

where Wi represents parameter matrices. Figure 1.b and Figure 1.c show the inference of the trained
network on the entire 1-cochain. The results in the figure show that the original (black arrows) and
the reconstructed (green arrows) signals follow each other closely.
These preliminary results for the three tasks are promising. They demonstrate the ability of the
proposed method to improve performance and generalization error as compared to the base models.

5

ACKNOWLEDGEMENT

Mustafa Hajij was supported in part by the National Science Foundation (NSF, DMS-2134231).
Although the current affiliation of Ghada Zamzmi is the National Institutes of Health (NIH), this
work was designed while being with the University of South Florida. The opinions expressed in
this article are the author’s own and do not reflect the view of NIH, the Department of Health and
Human Services, or the United States government.

5

Accepted at the ICLR 2022 Workshop on Geometrical and Topological Representation Learning

R EFERENCES
Peter W Battaglia, Jessica B Hamrick, Victor Bapst, Alvaro Sanchez-Gonzalez, Vinicius Zambaldi,
Mateusz Malinowski, Andrea Tacchetti, David Raposo, Adam Santoro, Ryan Faulkner, et al.
Relational inductive biases, deep learning, and graph networks. arXiv preprint arXiv:1806.01261,
2018.
Federico Battiston, Enrico Amico, Alain Barrat, Ginestra Bianconi, Guilherme Ferraz de Arruda,
Benedetta Franceschiello, Iacopo Iacopini, Sonia Kéfi, Vito Latora, Yamir Moreno, et al. The
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