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Abstract

We study monotone inclusions and monotone variational inequalities, as well as their generaliza-
tions to non-monotone settings. We first show that the Extra Anchored Gradient (EAG) algorithm,
originally proposed by Yoon and Ryu [37] for unconstrained convex-concave min-max optimiza-
tion, can be applied to solve the more general problem of Lipschitz monotone inclusion. More
specifically, we prove that the EAG solves Lipschitz monotone inclusion problems with an acceler-
ated convergence rate of O(%) which is optimal among all first-order methods [9, 37]. Our second
result is an accelerated forward-backward splitting algorithm (AS), which not only achieves the ac-
celerated O(%) convergence rate for all monotone inclusion problems, but also exhibits the same
accelerated rate for a family of general (non-monotone) inclusion problems that concern negative
comonotone operators. As a special case of our second result, AS enjoys the O(%) convergence
rate for solving a non-trivial class of nonconvex-nonconcave min-max optimization problems. Our
analyses are based on simple potential function arguments, which might be useful for analysing
other accelerated algorithms.

1. Introduction

We study the constrained single-valued monotone inclusion problem and the monotone variational
inequality, as well as their generalizations in non-monotone settings. Given a closed convex set
Z C R™ and a single-valued and monotone operator F' : Z — R", i.e.,

(F(z) = F(2),z—2') >0, Vz,2 € Z,

the constrained single-valued monotone inclusion problem (MI) consists in finding a z* € Z such
that

0 € F(z*) + 0lz(2"),

where T z(-) is the indicator function for set Z,' and 9T z(-) is the subdifferential operator of Tz. 2
The corresponding monotone variational inequality shares the same input, and asks for a z* € Z
such that

(F(2),2"—2) <0, VzelZ.

1. I(z) = 0 for all z € Z and +o0 otherwise.

2. In general, a monotone inclusion problem refers to finding a zero of a set-valued maximally monotone operator.
When there is no confusion, we use monotone inclusion problems to refer to the constrained single-valued monotone
inclusion problems.
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The monotone inclusion problem (MI) and the related monotone variational inequality play a
crucial role in mathematical programming, providing unified settings for the study of optimization
and equilibrium problems. They also serve as computational frameworks for numerous important
applications in fields such as economics, engineering, probability and statistics, and machine learn-
ing [2, 12, 31].

Although the set of exact solutions to the monotone inclusion problem (MI) coincides with
the set of exact solutions to the corresponding variational inequality, the approximate solutions
to these two problems differ due to different performance measures. An approximate solution to
the monotone inclusion problem (MI) must have a small natural residual,’ while an approximate
solution to the variational inequality only satisfies a weaker condition, i.e., its gap function is small.*
Indeed, it is well-known that an approximate solution to the monotone inclusion problem (MI) is
also an approximate solution to the monotone variational equality, but the reverse is not true in
general.

An important special case of the monotone inclusion problem (MI) is the convex-concave min-
max optimization problem:

min max f(z,y),
where X and ) are a closed convex sets in R™* and R respectively, and f(-,) is smooth, con-
vex in x, and concave in y.° Besides its central importance in game theory, convex optimization,
and online learning, the convex-concave min-max optimization problem has recently received a
lot of attention from the machine learning community due to several novel applications such as
the generative adversarial networks (GANs) (e.g., [1, 14]), adversarial examples (e.g., [24]), robust
optimization (e.g., [4]), and reinforcement learning (e.g., [6, 11]).

Given the importance of the monotone inclusion problem (MI) , it is crucial to understand the
following open question.

What is the optimal convergence rate achievable by a first-order method for monotone inclusions?

()

We provide the first algorithm that achieves the optimal convergence rate and further extend it

to inclusion problems with negatively comonotone operators, an important family of non-monotone

operators. This generalization allows us to obtain the optimal convergence rate for a family of

structured nonconvex-nonconcave min-max optimization problems. Prior to our work, even for

the special case of convex-concave min-max optimization, the optimal convergence rate is only

known for the relatively weak notion of duality gap [26, 27], which is also difficult to generalize to
nonconvex-nonconcave settings, see [37] for more discussion.

3. The natural residual of a point z is simply the operator norm || F'(z)|| in the unconstrained case, i.e., Z = R", and
equals to the norm of its natural map z — IIz[z — F'(z)] [12].

4. There are several variations of the gap function. Depending on the exact definition, a small gap function value could
mean an approximate weak solution, i.e., approximately solve the Minty Variational Inequality (MVI), or an approx-
imate strong solution, i.e., approximately solve the Stampacchia Variational Inequality (SVI). Formal definitions and
discussions are in Section 2.1.

5. If we set F(z,y) = ( szf;ay;)) and Z = X x Y, then (i) F(x,y) is a Lipschitz and monotone operator, and
—V, f(z,

(ii) the set of saddle points coincide with the solutions to the monotone inclusion (MI) problem for operator F' and
domain Z.
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1.1. Our Contributions

A point z € Z is an e-approximate solution to the constrained single-valued monotone inclusion
problem (MI) if
0 € F(z)+0lz(2) + B(0,¢),

where B(0, ¢) is the ball with radius € centered at 0. As we argue in Section 2.3, this is equivalent
to the tangent residual of z, a notion introduced in [5], being no more than €. Our first contribution
provides an answer to question (*).

Contribution 1: We extend the Extra Anchored Gradient algorithm (EAG), originally pro-
posed by Yoon and Ryu [37] for unconstrained convex-concave min-max problems, to solve
constrained single-valued monotone inclusion problems (MI) . Note that constrained convex-
concave min-max optimization is a special case. We show in Theorem 1 that (EAG) finds
an O(%)—approximate solution in 7" iterations for monotone inclusions (MI) , where L is the
Lipschitz constant of the operator F'. The convergence rate we obtain for (EAG) matches the
lower bound by [9, 37], and is therefore optimal for any first-order method.

For the second part of the paper, we go beyond the monotone case and study inclusion problems
(CMI) with operators that are not necessarily monotone and only satisfy the weaker p-comonotoncity
(Assumption 2) condition. Given a single-valued, L-Lipschitz, and possibly non-monotone operator
F and a set-valued maximally monotone operator A, we denote £ = F + A. The inclusion problem
(CM) consists in finding a point z* € R™ that satisfies

0€ E(z") =F(2") + A(z"),

under the assumption that E is a set-valued negatively comonotone operator.

The inclusion problem (CMI) captures (MI) (when p = 0 and A = 0l %) and a class of non-
smooth nonconvex-nonconcave min-max optimization problems (when p < 0 and A chosen appro-
priately, see Example 2). Our second contribution is a new algorithm that achieves accelerated rate
for solving (CMI).

Contribution 2: We design an accelerated forward-backward splitting algorithm (AS) that
finds a O(%)—approximate solution to the inclusion problem (CMI) in T iterations as long as
E = F+ Ais a p-comonotone operator with p > — ﬁ See Theorem 2 for a formal statement.

Our algorithm is inspired by the Fast Extra-Gradient (FEG) algorithm [20]. In particular, (AS) is
identical to FEG in the unconstrained setting, i.e., A(z) = 0 for all z, and can be viewed as a gener-
alization of FEG to accommodate arbitrary set-valued maximally monotone operator A. Our result
is the first to obtain accelerated rate for constrained nonconvex-nonconcave min-max optimization
and inclusion problems with negatively comonotone operators. Splitting methods are a family of
algorithms for solving inclusion problems where the goal is to find a zero of an operator that can
be represented as the sum of two or more operators. These methods only invoke each operator in-
dividually rather than their sum directly, and hence the name. There is a rich literature on splitting
methods. See [32] and the references therein for more detailed discussion.

1.2. Related Work

There is a vast literature on inclusion problems and variational inequalities, e.g., see [2, 12, 31] and
the references therein. We summarize most relevant results in Table 1 and provided more detailed
discussion in Appendix A.
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Table 1: Existing results for min-max optimization problem with monotone or non-monotone oper-
ators. The convergence rate is in terms of the operator norm (in the unconstrained setting)
and the residual (in the constrained setting). (): the result only holds for MVI but not

weak MVI
) . Non-Monotone
Algorithm Setting Monotone Comonotone  Weak MVI
EG [7] general O(%) O(%)*
Normal EG+ [10] unconstrained ~ O(—=) O(—%) O(—=)
VL L .
CEG+ [30] general O(—T) O(ﬁ) O(ﬁ)
Halpern [9] general O( IO%T)
EAG [37] unconstrained O(7)
Accelerated FEG [20] unconstrained O(7) O(7)
EAG [This paper] general O(%)
AS [This paper] general O(7) O(%)
2. Preliminaries
We consider the Euclidean Space (R", || - ||), where || - || is the /2 norm and (-, -) denotes inner

product on R™.

Basic Notions about Monotone Operators.

A set-valued operator A : R" = R" maps z € R"

to a subset A(z) C R™. We say A is single-valued if |A(z)| < 1 for all z € R"™. Tha graph of an
operator A is defined as Grag = {(z,u) : z € R",u € A(z)}. The inverse operator of A is denoted
as A~! whose graph is Gray—1 = {(u, 2) : (z,u) € Graa}. For two operators A and B, we denote
A + B as the operator with graph Grasp = {(z,u4 + up) : (z,u4) € Grag, (z,up) € Grag}.
We denote the identity operator as [ : R" — R™.

For L € (0, 00), a single-valued operator A : R"™ — R" is L-Lipschitz if

1AG) = AR < L- |2 = 2]l

Vz, 2 € R".

Moreover, A is non-expansive if it is 1-Lipschitz. A set-valued operator A : R™ = R" is monotone

if

<u—u',z—z’> >0,

V(z,u), (2, u') € Gray .

For a closed convex set Z C R" and point z € R", we denote the normal cone operator as

Ng:

Nz(z) = {@,

Define the indicator function

{veR": (v,z/ —2z) <0,V € Z},

_J0
_—i-oo

z ¢ Z,
z € Z.

if 2 € Z,

otherwise.
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Then it is not hard to see that the subdifferential operator 0z = Nz. The projection operator
Iz : R® — R" is defined as [Tz[2] := argmin, . z ||z — 2/||*.

Maximally Monotone Operator. A is maximally monotone if A is monotone and there is no
other monotone operator B such that Gray C Grag. When f : R™ — IR is a convex closed proper
function, then the subdifferential operator Jf is maximally monotone. Therefore, 0z = Nz is
maximally monotone. We denote the resolvent of an operator A as J4 := (I + A)~L.

p-comonotonicity. A generalized notion of monotonicity is the p-comonotonicity [3]: For p € R,
an operator A : R™ = R" is p-comonotone if

2, V(z,u), (2, u') € Gray .

<u —u, z— z'> > ,oHu — u"

Note that when A is 0-comonotone, then A is monotone. If A is p-comonotone for p > 0, we
also say A is p-cocoercive (a stronger assumption than monotonicity). When A satisfies negative
comonotonicity, i.e., p-comonotonicity with p < 0, then A is possibly non-monotone. Negative
comonotonicity is the focus of this paper in the non-monotone setting.

2.1. Monotone Inclusion and Variational Inequality

Constrained single-valued monotone Inclusion. Given a closed convex set Z C IR"™ and a
single-valued monotone operator F', the constrained single-valued monotone inclusion problem is
to find a point z* € R" that satisfies

0€ F(z")+0lz(z"). (MI)
We focus on monotone inclusion problems of Lipschitz operators that have a solution.
Assumption 1 n (MI) problem,
1. F is monotone and L-Lipschitz on Z, i.e.,

(F(2) = F(¢),z—2") > 0and |F(z) = F(z)|[| < L- ||z = ||, V2,2 €Z.

2. There exists a solution z* € Z such that 0 € F(z*) + 0l z(z").

We define the Minty Variational Inequality problem (MVI) and the Stampacchia Variational In-
equality problem (SVI) and show how their solutions relate in Appendix B.

2.2. Inclusion Problems with Negatively Comonotone Operators.

We study inclusion problem (CMI) with (non)-monotone operators that satisfies p-comonotoncity
(Assumption 2), which captures (MI) (when p = 0) and a class of nonconvex-nonconcave min-max
optimization problems (when p < 0). Given a single-valued and possibly non-monotone operator
F and a set-valued maximally monotone operator A, we denote ¥ = F' + A. The inclusion problem
is to find a point z* € R" that satisfies

0€ E(z") = F(2%) + A(z"). (CMI)
Similar to (MI) , we say z is an e-approximate solution to (CMI) if
0€ F(z)+ A(2) + B(0,¢).

We summarize the assumptions on (CMI) below.
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Assumption 2 /n (CMI),
1. F:R™ — R™is L-Lipschitz.
2. A:R"™ = R" is maximally monotone.

3. E = F + Ais p-comonotone, i.e., there exists p < 0 such that

(u—u',z2—=2") > pllu— u'HQ, V(z,u), (#,u') € Grag .

4. There exists a solution z* € R" such that 0 € E(z*).

The formulation of (CMI) provides a unified treatment for a range of problems, such as min-max
optimization and multi-player games. We present one detailed example in Example 2 in Appendix B
and refer readers to [12] for more examples.

2.3. Convergence Criteria

An appropriate convergence criterion is the rangent residual defined in [5] 1"3,97’1}‘ (2) == mingeca(z) [|[F(2) + €.

It is not hard to see that rﬁ?’}‘(z) < € implies that z is an e-approximate solution to (CMI) . If
A = 0l z, and Z is bounded and has diameter no more than D, then z is an e-approximate solution
to (MI) .

Another commonly-used convergence criterion that captures the stationarity of a solution is
the natural residual r%?fl = ||z — Ja[z — F(z)]||. Note that z* is a solution to (CMI) iff z* =

Jalz* — F(2*)]. The definition of the natural residual for (MI) is similar: T?%Hz = ||z = IIz[z — F(2)]|.
Fact1l In (CMI), r%“{f‘(z) < rthZ(z)

We provide a proof of Fact 1 in Appendix B. In this paper, we state our convergence rates in

terms of the tangent residual %" (z), which implies (i) convergence rates in terms of the natural

residual r%“f‘(z), and (ii) z is an approximate solution to (CMI) or (MI) . 6

3. Optimal Monotone Inclusion via EAG

In this section, we study the constrained single-valued monotone inclusion problem (MI) with closed
convex feasible set Z C IR and monotone and L-Lipschitz operator F', as summarized in Assump-
tion 1. We analyse the (projected) Extra Anchored Gradient Method (EAG) , which is proposed
by [37] in the unprojected form for Z = R". Let zp € Z be an arbitrary starting point and
{z, Zhyl }i>0 be the iterates of (EAG) with step size n > 0, whose update rule is as follows:

Zyy =1z [zk —nF(z) + (20 — Zk)} ,

k+1
+ (EAG)

b (o — )
k+1ZO ZE)| -

6. We also provice convergence rates for approximate solutions of the Minty Variational Inequality problem (MVI)
and the Stampacchia Variational Inequality problem (SVI). Please see Appendix B for the definition and solution
concepts of the Minty Variational Inequality and the Stampacchia Variational Inequality problem and Theorem 12 in
Appendix C.3 for the corresponding convergence rates.

Zk+1 = HZ [zk — nF(le%)
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Theorem 1 Suppose Assumption 1 holds. Let zy € Z be any starting point and {zj, z,, 41 }e>o be
1k>

the iterates of (EAG) with step size 1 € (0 Denote D := ||zg — 2*||*. Then for any T > 1,

A

44 D?L?
772L2(1 —3772L2) TQ

rid% (2r)® <

We prove a more general version of Theorem 1 in Appendix C.3 where we also provide conver-
gence rates for the Minty Variational Inequality and the Stampacchia Variational Inequality problem.

4. Accelerated Algorithm for Inclusion Problems with Negatively Comonotone
Operators

In this section, we focus on the inclusion problem (CMI) with a single-valued L-Lipschitz (possibly
non-monotone) operator F' and a set-valued maximally monotone operator A, where F'+ A satisfies
p-comonotonicity with p > —ﬁ (Assumption 2). We propose an accelerated forward-backward
splitting algorithm (AS) that is applicable to any maximally monotone operator A. Our algorithm
(AS) generalizes previous algorithms such as EAG and FEG, which are limited to the unconstrained
setting. We show that (AS) enjoys the optimal convergence rate of O(%) via a potential function
argument.

In splitting methods, the update steps in each iteration of can be categorized as the forward
steps, where they involve the forward evaluation of a single-valued operator, or backward steps,
where they require computing the resolvent of an operator.

Accelerated Forward-Backward Splitting (AS). Given any initial point zg € R" and step size
n > 0, (AS) sets ¢g = 0 and updates {zk+% s Zk+1, Ck+1 J >0 as follows: for k > 0,

k(n + 2p)
Zk+%: k+1(20—2k)—k7H'(F(Zk)+Ck)
1 2kp
Zht1 = Jpa |2+ (70 = 2) = nF(z,41) = Pl (F'(2x) + cx) (AS)
+ (20 = 21) = nF(zp1) = 755 - (F(20) + k) = 2rp

Ck+1 = 1
Note that by definition we have ¢, € A(z) forall £ > 1. Our algorithm is inspired by FEG [20]. In
particular, when A(z) = 0 for all z, i.e., the unconstrained setting, ¢, is always 0, and our algorithm
is identical to FEG.

It is worth noting that (AS) only requires the computation of the resolvent for operator A and
only computes it once in each iteration. When A is the subdifferential of the indicator function of
a closed convex set Z, the resolvent operator is exactly the projection to Z. Compared to (EAG) ,
(AS) has an additional feature that it only performs one projection (rather than two) in each iteration
when applied to (MI) . Kim [17] achieves the same accelerated rate in the monotone setting, i.e.,
F + A is monotone, by assuming the ability to compute the resolvent of the operator F' + A (i.e.,
the accelerated proximal point method) or the resolvents of both F' and A (i.e., the Accelerated
Douglas-Rachford method). These resolvents could be substantially more difficult to compute in
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many applications than the resolvent of A, for example, when A = 0lz. We prove Theorem 2 in
Appendix D.1.

Theorem 2 Suppose Assumption 2 holds for some p € (—i, 0]. Let zy € R™ be any starting

point and {zy, 2, 1 }1:>1 be the iterates of (AS) with step size n € (max (0, —2p), 1). Then for
1 k>
anyT > 1,

4 H2L?
(n+2p)2L2 T2

min || F(zr) + ¢ = rig% (2r)* <
cEA(zT) ’

where H} = |21 — z0]|% + |20 — 2*[% < 27020 11z — 272

Remark 3 7o interpret the convergence rate, one can think of a properly selected 1) such that (n +

HZL?
)

2p)L is an absolute constant, and the rate is O(
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Appendix A. Detailed Related Works

There is a vast literature on inclusion problems and variational inequalities, e.g., see [2, 12, 31] and
the references therein. We only provide a brief discussion of the most relevant and recent results.

A.1. Convex-Concave and Monotone Settings

Convergence in Gap Function. Nemirovski and Nesterov [26, 27] show that the average iter-
ate of extragradient-type methods has O(%) convergence rate in terms of gap function defined as
max,cz (F(2'), 2 — 2’), which means that their result only provides an approximate solution to the
weak solution. The O(%) rate is optimal for first-order methods due to the lower bound by Ouyang
and Xu [28].
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Convergence of the Extragradient Method in Stronger Performance Measures. For stronger
performance measures such as the norm of the operator (when Z = IR") or the residual (in con-
strained setting), classical results [12, 19] show that the best-iterate of the extragradient method
converges at a rate of O(%) Recently, the same convergence rate is shown to hold even for the

last-iterate of the extragradient method [5, 15]. Although O(ﬁ) convergence on the residual is op-
timal for all p-SCIL algorithms [13], a subclass of first-order methods that includes the extragradient
method and many of its variations, faster rate is possible for other first-order methods.

Faster Convergence Rate in Operator Norm or Residual. We provide a brief overview of re-
sults that achieve faster convergence rate in terms of the operator norm or residual. Note that these
results also imply essentially the same convergence rate in terms of the gap function. The literature
here is rich and fast-growing, we only discuss the ones that are close related to our paper. Recent
results show accelerated rates through Halpern iteration [16] or a similar mechanism — anchor-
ing. Implicit versions of Halpern iteration have O(%) convergence rate [17, 21, 29] for monotone
operators and explicit variants of Halpern iteration achieve the same convergence rate when F' is
cocoercive [9, 17]. Diakonikolas [9] also provide a double-loop implementation of the algorithm
for monotone operators at the expense of an additional logarithmic factor in the convergence rate.
Yoon and Ryu [37] propose the extra anchored gradient (EAG) method, which is the first explicit
method with accelerated O(%) rate in the unconstrained setting for monotone operators. They also
established a matching Q(%) lower bound that holds for all first-order methods. Convergence anal-
ysis of past extragradient method with anchoring in the unconstrained setting is provided in [36].
Lee and Kim [20] proposed a generalization of EAG called fast extraradient (FEG), which applies
to comonotone operators and improves the constants in the convergence rate, but their result only
applies to the unconstrained setting. Very recently, Tran-Dinh [35] studies the connection between
Halpern iteration and Nesterov accelerated method, and provides new algorithms for monotone op-
erators and alternative analyses for EAG and FEG in the unconstrained setting. In Theorem 1, we
show the projected version of EAG has O(%) convergence rate under arbitrary convex constraints,
achieving the optimal convergence rate for all first-order methods in the constrained setting.

A.2. Nonconvex-Nonconcave Min-Max Optimization and Inclusions with Non-Monotone
Operators

Many practical applications of min-max optimization in modern machine learning, such as GANs
and multi-agent reinforcement learning, are nonconvex-nonconcave. Without any additional struc-
ture, the problem is intractable [8]. Hence, recent works study nonconvex-nonconcave min-max
optimization problems under several structural assumptions. We only introduce the definitions in
the unconstrained setting, as that is the setting considered by several recent results, and all con-
vergence rates are with respect to the the operator norm. The Minty variational inequality (MVI)
condition (also called coherence or variationally stable): there exits z* such that

(F(z),z—2")>0, VzeR"

is studied in e.g., [7, 22, 23, 25, 34, 38]. Extragradient-type algorithms has O(%) convergence

rate for Lipschitz operators that satisfy the MVI condition [7]. Diakonikolas [10] proposes a weaker
condition called weak MVI: there exits z* and p < 0 such that

(F(z),2—2") 2 p- IF)I?, VzeR™
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The weak MVI condition includes both MVI and negative comonotonicity [3] as special cases.
Diakonikolas [10] proposes the EG+ algorithm, which has O(%) convergence rate under the weak
MVI condition in the unconstrained setting. Recently, Pethick et al [30] generalized EG+ to CEG+
algorithm which has O(%) convergence rate under weak MVI condition in general (constrained)
setting. The result for accelerated algorithms in the nonconvex-nonconcave setting is sparser. FEG
achieves O(%) convergence rate for comonotone operators in the unconstrained setting [20]. In
general (constrained) setting with comonotone operators, implicit methods such as the proximal
point algorithm has been shown to converge [3, 18]. To the best of our knowledge, (AS) is the first
explicit and efficient method that achieves the accelerated and optimal O(%) convergence rate in
the constrained nonconvex-nonconcave setting (Theorem 2). We summarize previous results and
our results in Table 1.

Appendix B. Additional Preliminaries

Maximally Monotone Operator. When A is maximally monotone, useful properties of J4 (See
e.g., [31, 33]) include:

1. J4 is well-defined on R"™;
2. J4 is non-expansive thus single-valued;
3. when z = Jy(2'), then 2/ — z € A(2);

4. when A = 0l z is the normal cone operator of a closed convex set Z C R", then J,4 = Iz
is the projection operator for all n > 0.

Monotone Inclusion

Remark 4 We remind readers that in general, monotone inclusion problem is to find z* € R"
such that 0 € A(z*), where A is a set-valued maximally monotone operator. To ease notation, we
sometimes refer to the constrained single-valued monotone inclusion problem stated in (MI) as the
monotone inclusion problem.

Variational Inequality. A closely related problem to (MI) is the monotone variational inequality
(VD) with operator F' and feasible set Z, which has two variants. The Stampacchia Variational
Inequality (SVI) problem is to find z* € Z such that

(F(2%),2z"—2) <0, VzelZ (SVI)

Such z* is called a strong solution to VI. The Minty Variational Inequality (MVI) problem is to find
z* € Z such that
(F(2),2*—2) <0, VzelZ. (MVI)

Such z* is called a weak solution to VI. When F' is continuous, then every solution to (MVI) is
also a solution to (SVI). When F' is monotone, every solution to (SVI) is also a solution to (MVI)
and thus the two solution sets are equivalent. Moreover, the solution set to (MI) is the same as the
solution set to (SVI).
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Approximate Solutions. We say z € Z is an e-approximate solution to (MI) if
0€ F(z)+0lz(z) + B(0,¢),

where we use B(u,r) to denote a ball in R™ centered at u with radius . We say z € Z is an
e-approximate solution to (SVI) or (M V]) if

(F(2),z—2") <€V € Z, or
(F(2'),2 —2") < €,V2' € Z, respectively.

When F'is monotone, it is clear that every e-approximate solution to (SVI) is also an e-approximate
solution to (MVI); but the reverse does not hold in general. When F' is monotone and Z is bounded
by D, then any J5-approximate solution to (MI) is an e-approximate solution to (SVI) [9, Fact 1].
Note that when Z is unbounded, neither (SVI) nor (MVI) can be approximated. If we restrict the
domain to be a bounded subset of (possibly unbounded) Z, then we can define the (restricted) gap
functions as

GAPR' (2) = F — 2
( ) z’EZg'l\%)((z,D) < <Z)7 = >7
GAPY p (2) == F(2),z—2').
( ) z’EZI?W%)({Z,D) < (Z ) =T >

The O(+ 1 ) convergence rate for extragradient-type algorithm [26, 27] is provided in terms of GAPM Vi (2)

which means convergence to an approximate weak solution. Prior to our work, the O(T) conver-
gence rate on GAPS V1 (%) was only known in the unconstrained setting [37]. When F is monotone,
then the tangent residual rt“” 'h(2) < £ (definition in section 2.3) implies GAPSVI (z) < el5,

SVI( )

Lemma 2]. Therefore, our result also implies an O( ) convergence rate on GAP when Z is

arbitrary convex set (Theorem 1).

Example 1 (Gap function is weaker than natural residual) Consider an instance of the Mono-
tone VI problem on the identity operator F'(x) = z in Z = [0, 1].

* Observe that the natural residual on x € Z is ||z — llz[x — F(x)]|| = .

* Moreover, since Z = [0, 1], observe that for any x € Z and D > 0,

GAPSVI( ) < GAPSVI( )= max z-(z—2') = 2?, and

x'€[0,1]
2
GaPMY () < GaPMY T (2) = max o/ - (v —a) = =,
2’ €[0,1] 4

As a result, any algorithm with O(%) convergence rate with respect to the gap function only implies
a O(%) convergence rate for the corresponding (M) or the natural residual.

Inclusion Problems with Negatively Comonotone Operators
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Example 2 (Min-Max Optimization) The following structured min-max optimization problem
captures a wide range of applications in machine learning such as GANs, adversarial examples,
robust optimization, and reinforcement learning:

min max f(z,y) +9(@) = hly), M
where f(-,-) is possibly non-convex in x and non-concave in y. Regularized and constrained min-
max problems are covered by appropriate choices of lower semicontinuous and convex functions g
and h. Examples include £1-norm, {2-norm, and indicator function of a convex feasible set. Let
z = (z,y), if we define F'(z) = (0. f(x,y), =0y f(x,y)) and A(z) = (0g(x), Oh(y)), where A is
maximally monotone, then the first-order optimality condition of (1) has the form of (CMI) . See
[20, Example 1] for examples of nonconvex-nonconcave conditions that are implied by negative
comonotonicity.

Proof of Fact 1 Proof For any c € A(z), we have

ria(z) = llz = Jalz — F(2)]|

= ||[Jalz+ ] — Jalz — F(2)]| (z = Jalz + ¢))
< |IF(z) + €. (non-expansiveness of .J 1)
Thus r?;f’j(z) <mingc e [|[F(2) + | = rﬁ?”}x(z). [

Appendix C. Missing Proofs in Section 3: Optimal Monotone Inclusion via EAG

Our analysis is based on the following potential function Vj: for & > 1,

k(k+1
Vie:= (2) AnF (z1) + nexl)? + k- (F (21) + nex, 2 — 20)
Zp_1 — nF(zk_%) + %(zo — 2k-1) — %k

Ui

@)

where ¢ 1=

From the update rule of (EAG) , we know ¢, € Nz(z). Thus || F(2;) + ekl > mineen, ¢z, 1F(21) + || =
7197 (2,). In Theorem 9, we show V} is “approximately” non-increasing, i.e., V11 < Vi + O(1) -
|1nF (2k41) 4 ncis1|]? for all k > 1. From this property, we get O(%) last-iterate convergence rate
in terms of || F(z1) + er|| and thus the same convergence rate in *"(27) (Theorem 1).

Potential functions in a similar form as V}, have been used to analyse (MI) by Diakonikolas [9]
for the Halpern iteration algorithm, and by Yoon and Ryu [37] for (EAG) in the unconstrained
setting (£ = R™). We emphasize that we use a different potential function with different analysis.

Diakonikolas [9] studied the Halpern iteration with operator P := I — Jp g1, which is %-
cocoercive but can not be computed efficiently in general. She showed that the follwoing potential
function is non-increasing.

k(k+1)

Pe= P @I + k- (PG, 2 — o)
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which leads to O(%)—approximate solution to (MI) after " iterations. However, since P can not
be computed efficiently in general, the algorithm needs O(log(2)) oracle queries for an O(e)-
approximate value of P in each iteration, thus total oracle complexity O(£2 - log(2)) for an e-
approximate solution to (MI) . In contrast, we use operator F' in the potential function V}, and we
prove Vj is only “approximately” non-increasing (see Theorem 5 and 9). Moreover, (EAG) needs
only 2 oracle queries in each iteration and achieves optimal O(%) oracle complexity for an e-
approximate solution to (MI) (Theorem 1) matching the lower complexity bound Q(%) [9].

Yoon and Ryu [37] studied convergence of (EAG) for (MI) in the unconstrained setting (Z =
IR™). The specific algorithm they analysed uses anchoring term %H (20— z1) while we use %—i—l (z0—
z1) (see Remark 10 for more discussion on the choice of the constant in the anchoring term). They
use the following potential function

Py = Ay |F(z)|” + By - (F(z1), 21 — 20),

where B, = k + 1, and Ay = O(k?) is updated adaptively in a sophisticated way for each k.
Their potential function P, is more complicated compared to V}, as we choose By = k and A, =
@. For the analysis, their proof of the monotonicity of P is relatively involved. In contrast, we
use a simple proof to show that V}, is “approximately” non-increasing (Theorem 5) which suffices
to establish the O(%) convergence rate. Moreover, our analysis can be naturally extended to the

constrained setting where Z C R" is an arbitrary closed convex set (Theorem 9).

C.1. Warm Up: Unconstrained Case

We begin with the unconstrained setting Z = IR", which illustrates our main idea and proof tech-
niques. Yoon and Ryu [37] also analyse the unconstrained setting but our proof is much simpler.
In the unconstrained setting, c;, = 0 by definition. Thus

k(k+1
Vi = (2)\’77F(Zk)H2 + k(nF(z1), 2k — 20), Vk > 1.

It is not hard to see that V; < (n?L? + 2nL)||zo — 2*||*: since the update rule for z1 and z; of
2
(EAG) coincides with the update rule of EG, by [5, Theorem 1], we have H77F(21)H2 < HnF(zo)H2 <
n?L?||z9 — z*\|2; by [19] and [12, Lemma 12.1.10 ], we have ||z1 — z*|| < ||z0 — 27|
Vi = [InF(20)[1* + (nF(21), 21 — 20)
2 * *

< InFzo) I + InF (0l (121 — 2] + [lz0 — 27[])

< (L 4+ 2nL) |20 — 2|
Theorem 5 Suppose Assumption I holds with Z = R"™. Then for any k > 1, (EAG) with any step

. . 2712
sizen € (0, %) satisfies Vi1 < Vi + 1277%L2 HnF(zkH)HQ.

Proof Since F'is monotone and L-Lipschitz, we have the following inequalities

(F(zk41) = F(zk), 21 — 2641) < 0

and
2

2
[y Pl =y = <0
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We simplify them using the update rule of (EAG) .
In particular, we replace zj, — 241 with nF'(z, 1) — == (20 — 2z) and Zpp1 — g1 with
2 2

k+1
nE (24 1) = nF (21)-

1

m(zo - Zk)> <0, 3)

(WP () = W) 1P y) -
2 2
HnF(zmé) - 77F(2k:+1)H — 772L2H77F(2k+%) - nF(Zk)H <0. )
It is not hard to verify that the following identity holds.
kE(k+1)

20212

E4+1|[(n2L? — 1)k 4+ n*L?
=l oo e VISR 0 ()

k+1 n?L?

Vie = Vier1 + k(k + 1) - LHS of Inequality(3) + - LHS of Inequality(4)

2

Note that k2+1 < 1holds forall k£ > 1. Thus, Viy1 < Vi + 7 2L2 HnF(zkH)HZ. [ ]

Lemma 6 Forallk > 2,

k(k+1) 2L
(A - s Il

2
< (1 + 77L)2H20 z H + 2L2 Z H77F Zt

Moreover, whenn € (0 ), we have

_1
b \/§L
k2 o2 7]2[/2 —

AP (z)]1? < (14 L)% |20 — 2°|| +m2“ﬁﬂ%>”
t=2

Proof Fix any k£ > 2. By definition, we have

k(k+1
Ve = D )2 4 ki (), 5~ 20

k(k

> (J)HnF(zk)n P (1), ) (1), 2" = 2) <0)
k(k+1 k(k+1 k? )

> Sl - Dyl - - 1P

Cfa,) > ~[all* ~ ol

k(k+1 *

> MEED pp ) o - 21 (Fr <D
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Using Theorem 5, we have

n2 L2 k
Vi<WV +-——5— F
kS Vit 1_n2L2t22H77 (Zt)H

Combining the two inequalities above and the fact that V3 < (2nL + 172L2) |20 — 2*||? yields the
' 5): 772L2§ <kf0rk:>2 Hence
the second inequality in the statement holds. |

first inequality in the statement. When nL € (0, —-), we have

Theorem 7 Suppose Assumption 1 holds with Z = R". Let z9 € R"™ be arbitrary starting

point and {zk,zk+;}k>0 be the iterates of (EAG) with any step size n € (0, ﬁ) Denote
11k>

D := ||z — z*||. Then forany T > 1,

4(1 +nL)? D?L?
2 L2(1 — 3n2L2) T2
2(1+nL) DL

nL+/1— 3n2L2 T

1F (o) || <

GAPS’VI(

2r) <

If we set n = 3L, then || F(z7)||* < %'IT)#.

Proof Note that the second inequality is implied by the first inequality since GAPS VI H(z) < D -

|F'(z7)|| [5, Lemma 2]. Denote ay := W It suffices to prove for all £ > 1,
4(1+nL)?

< 0N 5
U= 3202k )

Since the update rule for z1 and 27 of (EAG) coincides with the update rule of EG, by [5, Theorem
2

11, we have |[nF(z1)||> < [nF(20)]|* < n*L?||20 — 2*||” and thus a; < n?L? < i. Thus (5) holds
fork =1.
From Lemma 6, we know for k& > 2,

k2 n
— . < (1 L+ 1 —— .
1 ar < (1+nL) +1—772L2tz:;at

Applying Proposition 16 with C; = (1 + nL)? and p = n*L? < % completes the proof. [ |

C.2. Convergence of EAG with Arbitrary Convex Constraints

In this section, we show how to extend the analysis in the unconstrained setting to the arbitrary
convex constrained setting. Recall that the potential function V} and ¢ are defined in (2). We use
the fact that ¢, € Nz(z;) extensively.

Vi < (14nL+n2L?)(2+2nL+n>L?)

*(12
L I2

Proposition 8 ||z0 —z
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Proof We first upper bound ||nF'(z1) + ncy || and |21 — zo|| . Note that z1, z; are updated exactly
2
as original EG. By definition, we have

InF(21) +ner|| = HUF z1) + 20 —nF(z1) - ZIH

< HnF 21) — nF( 21 ‘—i— llz0 — z1]]
< 17LHZ1 —z1|| + ||z0 — 21]| (L-Lipschitzness of F')
2

<(1+ nL)Hzl —z1||+ ) zZ1 — ZQH

2 2
< (1 —|—17L—|—772L2)‘ z1 — ZOH

2
1+nL+n?L? .

< A=z - =l

J1—n2L?

where in the last inequality we use a well-known result regarding EG [12, Lemma 12.1.10 ]

* (|2 * (|2

|z 1 2l < Hzole‘ln}”ﬁﬁ I”. Note that in the above sequence of inequalities, we also prove
14+nL

that HZl — ZOH < 717712L2 HZO — Z*H

By definition of V; and the above upper bound for ||nF'(21) + ne1 | and || 21

Vi = ||[nF(z1) + 77CIH2 + (nF'(21) + ne1, 21 — 20)
< |InF(21) + neil|” + [nF(21) +ner| - 121 — 20|
(1 +nL + nQLQ)(2 +2nL + n*L?) .
0

2

- Z¥||%.

Theorem 9 Suppose Assumption 1 holds. Let zq € Z be any starting point and {zk, 2yl He>o be

>

the iterates of (EAG) with step sizen) € (0, 1). Thenforanyk > 1, Vi1 < Vit 2 2L2 H77F(Zk+1) + nepat]?
where Vi, and c;. are defined in (2).

Proof We first present several inequalities. From the monotonicity and L-Lipschitzness of F', we

have
k(k+1 2 2
(—énsz)) . <n2L2 . Hzlﬁé - Zk—i—lH - HnF(zH%) - 77F(Zk+1)H ) <0, (6)
(=k(k+1)) - (nF(2k11) — nF(21), 2641 — 21)) < 0. (7)

Since Tl = Mz[zr —nF (zk) + ﬁ(za — z1)], we can infer that z;, — nF'(zx) + %4-1(20 —
2k) — 241 € Nz(z,,1). Moreover, by definition of ¢; and cy1, we know ¢, € Nz(2;) and
2 2
ck+1 € Nz(zg41). Therefore, we have

1
(—k(kﬁ+1))-<zk—nF(zk) il +/€—|—1( k)’zk+é_zk+1> <0, ®)
(=k(k+1)) - kg1, 241 — 2) <0, 9)
(—k(k+1))- <776k, 2 — zk+%> <0. (10)
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The following identity holds when we substitute 7cy 41 on both sides using neg1 = 2, —1F (2, 1 )+

y +1 (20— 2 ) — 2k 41, which follows from the definition. The correctness of the identity follows from
Identity (19) in Proposition 15: we treat wo as zo; ¢ as 2, -1 fort € {1,2,3}; y; as nF(zH%)
2

fort € {1,2,3}; u; as neg and ug as ncgy1; p as n?L? and q as k.

Vi — Vi11 + LHS of Inequality (6) + LHS of Inequality (7)

+ LHS of Inequality (8) + LHS of Inequality (9) + LHS of Inequality (10)
2

k(k+1 1
:(;—). z,H_%—zk—l—nF(zk)—i—nck—i—k+1(zk—zo) (11)
(1 —n?L>k(k+1) 2
DD e )t
+(k+1)- <77F(Zk+%) = NF(2k11), nF (2k41) + 776k+1>- (13)
Since ||al|* 4 (a,b) = [|a + bH |b” , we have
Expression(12) + Expression(13)
2
:HA' (UF(ZH%) - UF(ZkH)) + B (nF(2k+1) + 770k+1)H
k+1 n?L?
where A = (1_772;;# and B = iLan ;1) Since k£ > 1, we have k‘H < 1. Hence, we
have Vi1 < Vi + 5 sz InF (2k41) + nexp||. u

Remark 10 The proof of Theorem 9 naturally extends to the following algorithm and potential
Sfunction: Fix any zp € Z and n € (0, %), 0 > 0. Update z1, 21, €1, Vi as (EAG) and for k > 1:

1
Zy1 =1z [Zk —nF(z) + m(zo - Zk)] ;
1

=l [’“ T Z’“)} |

2k — nF(z,H%) + ﬁ(zo — 2k) — Zk+1
Ck+1 = )

n

kK+o+1)(k+d+2

Vi1 = ( )2( )||77F(Zk+1) + nepg ||

+(k+0+1) - MF(2k11) +1Cky1, Zhg1 — 20)-

Since the identity in Proposition 15 holds for any q # 0, we only need to change every k to be k + §
in the proof of Theorem 9. It is possible that a choice of & > 0 leads to a better upper bound (better
constant) than § = O which is chosen for (EAG) , but we do not optimize over J here.
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Lemma 11 Fork > 2,

k(k+1 2 L2
(5 - L8 ) oG + P

2L2 k—1
<Vt ko =1 o IR + el

Moreover, when n € (0, fL) then

2 272 k-1

2 (|2 n-L 2
Z'||77F(Zk)+770k” <Vi+ |20 — 27| +1_772L2t§_;||77F(2t)+770t|| :

Proof Fix any k£ > 2. By definition, we have

k(kE+1
Vi = QH F(z) + nckH + k(nF(zx) + nck, 2k — 20)

Mk+n
- 2

V

nF (z1) + neel|* + k(nF(z1) + ne, 2 — 20)
(F + 0l z is monotone and 0 € F'(z*) + 0lz(2*))

k(k+1) k(k +1)

> 1nF (2x) + nex||* - InF (2x) + nex||* — 20 — 2|2

k+1 ) )
({a,b) = —§llall” = ZlIolI*)

k(k +1 .
REL D) P () + meall? = [120 — 2% (14)

>

According to Theorem 9, V11 — V; < %an’(ztﬂ) + neggr||? for all ¢ > 1. Through a
telescoping sum, we obtain the following inequality:
272

L
VkSV1+177

k
> InF (=) + ned . (15)
t=2
The first inequality in the statement follows from the combination of Inequality (14) and (15). The

1
<i<t Whenne(O,ﬁ).

2
second inequality in the statement follows from the fact that ; 2 L2

C.3. Proof of Theorem 1

Theorem 12 [More general version of Theorem 1.] Suppose Assumption 1 holds. Let zo € Z be
any starting point and {zy., 2, 1 }1:>0 be the iterates of (EAG) with step size 1) € (0, 7 L) Denote
1ik>

D := ||zg — z*||*. Then forany T > 1,

44 D?L?
tan 2
< .
rpz(er)” < PL2(1—32L%) T2
V44 DL
GAPSVI( ) <

nL\/1—3772L2' T
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Proof

The bound on GAPg}g(zT) follows from the bound on rfﬁff}l(zT) since GAP}%‘g(zT) <D-
T?Z(ZT) [5, Lemma 2].

2
Denote aj, := % It suffices to prove that for all k > 1,
o—
44
ag < (16)

— (1= 3n2L2)k2%
Note that from the proof of Proposition 8, we have

(1+nL+n*L?)?
1— 172L2

InF(z1) + nes||* < 20 — 2

which implies a; < (LS < 6. Thus (16) holds for & = 1.

From (8), we also have

(1+nL +n?L?)(2 + 2nL + n*L?)
1— 7721/2

Vi< Iz = 21* < 10 ||z — 2*[|*.

Thus by Lemma 11, we have

2 272 k-1
k 2 (2 n-L 2
T InF ) el <11l = 2P 4 T S I () e
t=2

12 n2L2 k-1
:>Z-G,k S 11+1_772112t22at

Applying Proposition 16 with C; = 11 and p = 72L? € (0, %), we have (16) holds for any k > 2.
This completes the proof. n

Appendix D. Missing Proofs in Section 4: Accelerated Algorithm for Inclusion
Problems with Negatively Comonotone Operators

To analyze (AS), we adopt the following potential function: for & > 1,

k? 20\ p >
o= (5 (1422) = £ () + el + k- () + e~ ).

The potential function is the same as the one used in the analysis for FEG [20] when ¢, is always
0, and we properly adapted for non-zero c’s. The convergence analysis builds on the following two
properties of the potential function: Proposition 13 establishes an upper bound of U;; Lemma 14
shows Ug41 < Ug forall k£ > 1.

Proposition 13 Uy < WHEEHI. o) 20112 and ||z — zo® < 2 - 7187 (20)2
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Proof Note that z1 = zg and 21 = Jpa[z0 — nF(20)]. Thus we have nc; = 2o — nF (20) — z1. We
2
first bound ||nF(21) + nci| as follows:

[nEF(21) +nerl| = |lz0 — 21 +nF(21) — nF(20)]|
< |lzo — 21|l + InF (z1) — nF(20)|| (Triangle inequality)
< (I4+nL)-|z0 — 2] (F is L-Lipschitz)

Then we can bound U; as follows:

Ur =5 [[nF(z1)+ 7701H2 + (nF'(21) + ne1, 21 — 20)

IN

INA
P Iy I

AnF(z1) + ner || + |nF(z1) + ner - |21 — 2ol (Cauchy-Schwarz Inequality)

14 nL)?
(277) + (1 +77L)> o1 = 20])?

1+nL)(3+4+nL)
2

IN

[lz1 = 2o

Moreover, for any ¢ € A(zg), we have

|21 = 20|l = [|Jpalz0 — nF'(20)] — Jnalzo +nc]]|
<n-[|[F(20) + | (JA 1s non-expansive)
Hence ||z1 — 20]| < 7~ mingeaczg) [1F(20) + cll = 7 - 5% (20). L

Lemma 14 Assume Assumption 2 holds for some p. Let zyg € R"™ be any initial point and

{2k, Zk+l}k>1 be the iterates of (AS) with step size n > —2p.” Then for all k > 1, we have
1Ik>

U1 < Uy

Proof Fix any k£ > 1. We first present several inequalities. Since F'is L-Lipschitz, we have

(52 (e

Additionally, since F' + A is p-comonotone, ¢ € A(z), and 11 € A(zg+1), we have

2 2
2ot — k|| = 9P Grs) = 0P )| ) <o, (a7

(—k(k+1)) ((TIF(zkH) + ncg1 — nEF (2) — NCky Zkt1 — 2k)
— Ll i) + e — 0 (2) — nckHQ) <0, (1s)

The following identity holds due to Identity (20) in Proposition 15: we treat xg as zg; x; as
2o fort € {1,2,3} yras nF (2, 1) fort € {1,2,3}; uy asneg, and uz as neg41; p as n?L?, q
2 2

7. Lemma 14 holds for all step size n, but our potential function is no longer useful when n < —2p.
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Zk+k+1(20 Zk) kTt 1(1+2p)77F(Zk:)_Zk+%
wi (1428) ’

as k,and r as %. Note that by the update rule of (AS), we have nc; =

o 1 Qk%
and by definition, we have ncy1 = 2 + 717 (20 — 21) — nF(le%) — 1 (0F (z) +mek) — 241

Ux — Ug41 + LHS of Inequality (17) 4+ LHS of Inequality (18)

_ (A —n?L?)(k +1)

2
Mzpaq — 241
2 H k1l ™ Zkt g

Hence, Uy < Uy. |

D.1. Proof of Theorem 2

Fix any T' > 1. According to Lemma 14, we have Ur < U;. Then by definition of Ur, we have

T° 2p P 2 *
Ur = 5 1+ — 7)) 5T NnF(zr) +ner||” + T - (nF(2r) + ner, zr — 2%)

+T - (nF(z7) + ner, 2° — 20)

T2 2
z( (1+n”> gT)~\|nF<zT>+ncT||2+f7T-unF<zT>+ncT||2

2
LT <77F(ZT) + ner, 2° — zo)
= W;”) NE(zp) + er|? + T - (nF(27) + ner, 2 — )
> W02 e g = 22000 e 4 ?
Tarael T I
— W N E(2r) + 7| - n J172p||zo — 2|

In the first inequality, we use the fact that z* is a solution of the (CMI) with the p-comonotone

operator '+ A. In the second inequality, we use (a, b) > —gHaHZ = %HbH2 for d > 0.

< (1+nL)2(3+77L)

By Proposition 13 and the assumption that nL < 1, U; Nz — Z()||2 <

4|z — zo||* < 75 - 7% (20)%. Therefore,
|F(27) + cr|? < S S s A 20 — 2*||
~ n(n+2p)1* n+2p
4 2p 2
= (1+%5vu — 2
(n+2p)2T2<( N ?7) 1o =<l )
4

< W(Z’L"Zl_ZOH2+H'ZO_Z*H2)- (p<0)

Appendix E. Auxiliary Propositions

Proposition 15 Let xg, x1, x2, T3, Y1, Y2, Y3, U1, us be arbitrary vectors in R™. Let ¢ > 0, p > 0,
andr # —% be real numbers.
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Ifus =x1 —yo + qjll(xo — x1) — x3, then the following identity holds:

+1
WD gy vl +q- o+ 1,21~ 20)
+1 + 2
- <(Q)2(Q) Nlys +usl]® + (g + 1) - {ys + ug, 3 —:1:0))
qg+1) 2 2
T p-llze — 23" — |ly2 — ysl|
p
—q(qg+1) (ys —y1, 23 — x1)
1
—q(g+1)-(u3,z3 — 1)
—q(g+1) - (u,x1 — x2)
1 1 2
ZQ(C];‘)' m—:c1+y1—|—u1+q+1(a:1—xo)
1—pglg+1
+ ()2() Nya — y3?
P

+(¢+1) - (y2 — y3, y3 + us)

14— (zo— xl) L (142r)y1 —x2
Ifu; = pEs) =0 i+2 ) and uz = $1+q+1( 1) — yz—qu(zn +u1) — 3,

then the following tdentlty holds:

2
(G420 =ra) I+l + -+ w0 — )

(q+1

L4 2r) —r(g+ 1)) s + usl® = (g4 1) - (ys + us, @3 — o)

20
( iz = sl = lla — sl 0

A\ (ys+us —y1 —ur, w3 —x1) —7rllys +uz —y1 —ua| )

( )( 1)2

|22 —963||2-

Proof We verify the two identities using MATLAB. Readers can find the verification code here or
go to the next url:

https://github.com/weigiangzhengl999/Accelerated-Non—-Monotone—Inclusion.
|

Proposition 16 Let {a), € R" };>2 be a sequence of real numbers. Let Cy > 0 and p € (0, %) be
two real numbers. If the following condition holds for every k > 2,

k2 D k—1
- <C _ 21
70k S 1+1—p ;am (21)
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then for each k > 2 we have

4-C1 1
< N
ak_1—3p k2

(22)

Proof We prove the statement by induction.
Base Case: k = 2. From Inequality (21), we have

Thus, Inequality (22) holds for k£ = 2.

Inductive Step: for any £ > 3. Fix some £ > 3 and assume that Inequality (22) holds for all
2 <t < k — 1. We slightly abuse notation and treat the summation in the form 2?23 as 0. By
Inequality (21), we have

2 k—1
—ap < C1+ T2 ¢
B
k—1
C p
Sljp'i‘ﬂ'zat (a2 < Cy)
t=3
—1
C 4dp - C 1 . . .
S _1 + = b )1 i 30) Z e (Induction assumption on Inequality (22))
+=3
& 2p Cy oo 1 w2 5 1
= —2<l
I—p  (L—p)(1-3p) (i =% —1=2)
C1-3p
This complete the inductive step. Therefore, for all £ > 2, we have a; < 401, L |

1-3p k2
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