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ABSTRACT

Neural networks have architecture dependent parameter space symmetries where
distinct parameters realize the same function. If an optimizer does not behave
consistently under symmetry transformations, optimization dynamics depend on
the arbitrary choice of representative along symmetry orbits. Recent work charac-
terizes symmetries via the Jacobian of the evaluation map, decomposing param-
eter space into a functional subspace affecting outputs and a fiber subspace of
symmetry directions. We show Gauss-Newton (GN) is symmetry-equivariant and
that symmetry equivariance forces the pullback form P = .J T B.J within a natural
class of preconditioners. We then show that GN uniquely achieves optimal conver-
gence conditioning within this class, while whitening achieves optimal whitening
conditioning (isotropy of updates) but exhibits structured symmetry breaking due
to the square root. These results clarify the relationship between Gauss-Newton,
whitening and symmetries, which could be especially valuable for overparameter-
ized networks.

1 INTRODUCTION

Parameter symmetries can be formalized concretely through the Jacobian of the evaluation map
J(0) = Vof(0, ), whose rank defines the functional dimension and whose row space and ker-
nel space define the functional and fiber subspaces, the latter of which corresponds to symmetry
directions (Grigsby & Lindsey} 2024).

Matrix whitening methods approximate isotropic conditioning by learning preconditioners P ~
E[ggT}‘l/ 2, which improve convergence (Frans et al., [2025b), but do not explicitly respect the
functional/fiber decomposition due to their approximations (Frans et al.| [2025a). Natural gradient
achieves invariance under smooth reparameterizations of the parameter space (Amari, |1998). While
related, reparameterization invariance is not identical to symmetry equivariance, and estimating the
Fisher information reliably in highly overparameterized networks remains challenging (Kristiadi
et al.| 2023) (van Oostrum et al.| [2022). Recent work has positioned Gauss-Newton as an upper
bound on performance for second-order optimizers (Abreu et al., [2025). Since matrix whitening
approximates the related G'/2, this raises the question: why would we observe a performance gap
between these methods and full Gauss-Newton beyond approximation error and how do both relate
to symmetry?

We ask: which preconditioners respect neural parameter symmetries, what constraints does this
impose and how does this relate to conditioning and convergence behavior? Our contributions:

* We prove Gauss-Newton is exactly symmetry-equivariant (Theorem|I), and that this forms
a broad class of natural symmetry equivariant preconditioners of the pullback form P =
JT BJ (Theorem , which is implicitly shown in prior work (Martens) 2020).

* We prove that GN uniquely achieves optimal Newton-style convergence conditioning
within this class, while G'/2 achieves optimal whitening/isotropy via the congruence trans-
form but exhibits structured symmetry breaking (Theorem [3]and f]).

* We clarify the relationship between whitening, GN, and Fisher, and the distinction between
symmetry equivariance and reparameterization invariance.
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2 PRELIMINARIES

Let§ € R? denote parameters, f (0, x) € R* the model output, and £(z, y) a loss twice-differentiable

in its first argument. We consider losses L(0) = £ ™" 0(f(0, x;),y;).

n

The evaluation Jacobian J(0) := V,f(0,2) € R**? induces a decomposition: the functional
subspace 7, := Im(J ') contains directions affecting outputs, while the fiber Ay := ker(.J)
contains symmetry directions. By the chain rule, g(0) := VoL = J V. .l € Fp.

The Gauss-Newton matrix is G(0) := J TH.J, where H, := V2¢, known as the loss hessian,
is positive semidefinite for convex losses, such as Mean Squared Error (MSE) and Cross Entropy
(CE). This is an example of a pullback: given a matrix B on output space R”, the pullback through
Jis J T B.J, a matrix on parameter space. The pullback transfers geometry from output space (often
thought of as a Riemannian manifold) to parameter space via the evaluation Jacobian.

Parameter symmetries. A parameter symmetry is an invertible map ¢ : R? — RY satisfying
f(o(0),z) = f(0,x) for all 6, . We restrict our attention to smooth symmetries, which are diffeo-
morphisms that leave the function unchanged and let T'(0) := D¢(0) denote its Jacobian. Differ-
entiating both sides of the symmetry condition with respect to 6 and applying the chain rule gives
J(9(0)T = J(8), s0 J(6(0)) = J(O)T .

Symmetry-equivariant preconditioners. The gradient g = J'V_/ transforms as g — T ' g
under symmetry (since J — JT~1). For the update A@ = —P~!g to transform as Af > TAf, we
need P to satisfy P(¢()) = T~ T P(6)T ', which is also a congruence transformation of P by 7.
A preconditioner with this property is called symmetry-equivariant.

Why does this make updates equivariant? The gradient transforms as g — 7~ " g (Theorem , so:

Ael _ _(P/)—lgl — _(T—TPT—I)—l(T—Tg) — _TP—lg = TAG.

Why symmetry equivariance matters. If  and ¢(0) realize the same function, a sensible opti-
mizer should always give the same functional trajectory. Symmetry equivariance guarantees this.
Without it, optimization dynamics depend on the arbitrary choice of representative within a sym-
metry orbit. In overparameterized networks where symmetry orbits are large, this can cause the
optimizer to behave inconsistently across equivalent initializations or be sensitive to optimizer hy-
perparameter selection.

3 MAIN RESULTS

3.1 GAUSS-NEWTON IS EXACTLY SYMMETRY-EQUIVARIANT

Theorem 1 (Exact symmetry equivariance of GN). Under a parameter symmetry ¢ with Jacobian
T(0) = D¢(0):

g9(¢(0)) = T(0)~ "9(6), (1)
TO)"TGO)T(H) . 2

2
-
—
=
I

If G(0) is invertible on Fy, the GN update A) = —G~1g satisfies
AO(6(6)) = T(6) A0(6).

Note this result is implicit in |Martens| (2020) but is restated for parameter symmetries. The proof
(Appendix [A.T) follows from the chain rule and the symmetry condition.

Why GN is natural. The pullback structure G = J ' H,J ensures ker(G) = ker(J): GN has
zero curvature exactly in fiber directions. The loss Hessian H, ensures it respects curvature in
output space, making GN a valid Hessian approximation under small residuals. Thus GN is both
symmetry equivariant and a principled curvature approximation.
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3.2 SYMMETRY EQUIVARIANCE FORCES PULLBACK STRUCTURE

Assumption 1 (Dependence on the evaluation map). The preconditioner P(0) depends on 6 only
through the evaluation map f(0,-) and its derivatives. Consequently, directions that do not change
the function are ignored, i.e. ker J(0) C ker P(6).

Theorem 2 (Pullback necessity). If P(0) is symmetry-equivariant and satisfies Assumption|I} then
on Fy there exists a matrix By depending only on the evaluation map such that

P(0) = J(0)T By J(0).

Note this result is stated in terms of reparameterization here Martens|(2020) but is restated for clarity
of discussion.

3.3 WHITENING: STRUCTURED SYMMETRY BREAKING

Define
S0):=T) 1)~ -0,

which measures the distortion induced by symmetry.

Consider the matrix whitening update
Ay (0) == —G(6)7"/29(0),

where G~1/2 denotes the principal (pseudo-)inverse square root on the functional subspace Fy.

Theorem 3 (Equivariance defect of matrix whitening). Under a parameter symmetry ¢ with tangent
map T'(0), the whitening update transforms as

Aw(p(0)) =T(0) M(0) Aw(0),
where the defect operator M (0) is invertible, given by

M(6) == S(0) G(6)"/>(G(9)/>S(0)G(0) /%) /2.

In particular, whitening is exactly symmetry-equivariant iff M (0) = I, which holds when T(0) is
orthogonal, just as in vanilla gradient descent (S = I). See Appendix[A.3|for proof.

Corollary 1 (Distortion suppression relative to gradient descent). Let k(.S) denote the condition
number of the symmetry distortion operator S. Then the whitening defect satisfies

k(M) = \/k(S).

In contrast, gradient descent obeys
Aga((0)) = T(0) S(0) Aga(0),

so its symmetry distortion scales with k(S) directly.

3.4 OPTIMAL CONDITIONING WITHIN THE PULLBACK CLASS

Since symmetry-equivariant preconditioners must take the pullback form P = .J T B.J, we ask which
choice of B yields desirable conditioning.

Consider the quadratic model

LO+A)~ L(O) +g A+ ATGA.

Two objectives arise:
Newton conditioning. Choosing P = G gives A = —G~1g, the Newton step.

Whitening conditioning. Whitening requires isotropic updates, P~TE[gg"|P~! = I. Since
E[gg"] =~ G, this gives P = G'/2.
Theorem 4 (Conditioning objectives). Let P(§) = J' BJ and G(0) = J"H.J. On Fy:
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1. Newton-style: P = G iff B = H.,.
2. Whitening-style: P~TGP~! = I iff P = G'/? and there is no B to write P as a pullback

Thus Gauss—Newton (B = H,) achieves Newton conditioning, while whitening produces P =
G'/2, which is not symmetry-equivariant generally. Practical whitening optimizers approximate
E[gg"]~'/2, corresponding to approximating G''/? (Appendix |A.6).

4  DISCUSSION

4.1 GN, FISHER, AND REPARAMETERIZATION

Natural gradient is defined using the Fisher information matrix
F =E[Vlogps Viogpj ],

which requires the model to define a probability distribution. In practice it is often approximated
by the empirical Fisher, which depends on labels rather than the model distribution and can differ
substantially from the true Fisher (Kunstner et al., 2020).

Following Kristiadi et al.| (2023)), a reparameterization ¢ : © — W is a diffeomorphism between
parameter spaces under which natural gradient is invariant. A symmetry T : © — O instead acts
within one parameter space while leaving the function unchanged (f(7¢) = f(9)), and thus forms
a special case of reparameterization.

For common losses such as cross-entropy, the Fisher and Gauss—Newton matrices coincide. Both
respect smooth reparameterizations and therefore parameter symmetries. In practice, Gauss—Newton
has proven easier to approximate in large networks, whereas natural-gradient methods often struggle
with reliable Fisher estimation in highly overparameterized settings (Abreu et al., 2025} [Kunstner
et al., [2020; [van Oostrum et al., [2022).

4.2 PRACTICAL CONSIDERATIONS

Practical whitening optimizers such as Shampoo and Muon use structured approximations (e.g.,
Kronecker factorizations and layerwise whitening) (Frans et al.,2025a)). These generally violate the
pullback structure P = J " B.J and therefore break symmetry equivariance. In practice, J is typi-
cally singular in overparameterized networks, which can introduce additional sources of symmetry
breaking, but GN has been shown to be close to optimal for relatively large transformers (Abreu
et al., 2025). Our analysis suggests whitening methods implicitly trade symmetry equivariance for
isotropic updates. This can improve robustness to noise but deviates from the Gauss—Newton geom-
etry, which fully inverts curvature on the functional subspace.

5 CONCLUSION

Overparameterized networks contain large symmetry orbits: many parameter configurations repre-
sent the same function. A symmetry-equivariant optimizer therefore produces consistent functional
trajectories across equivalent parameterizations.

Gauss—Newton satisfies this property because its pullback structure G = J | H..J yields ker(G) =
ker(.J). More generally, within a natural class of functional preconditioners, symmetry equivariance
forces the pullback form P = .J T B.J. Within this class, Gauss—Newton and whitening correspond
to two distinct desirable conditioning objectives: curvature inversion and isotropic updates.

Whitening achieves isotropy but breaks symmetry equivariance due to the matrix square root, intro-
ducing controlled distortion relative to gradient descent. These results clarify the geometric trade-
offs underlying second-order and whitening-based optimizers in overparameterized networks.
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A PROOFS

A.1 PROOF OF THEOREM/[]]
Let ¢ be a symmetry with f(¢(0),z) = f(0,z) and T = D¢(6).

Jacobian. Differentiating f(¢(0),2) = f(6,x) with respect to 8 gives J($(0))T = J(0), so
J((0)) = J(O)T.

Gradient. By the chain rule, g = J'V_/. Since outputs match, V ./ is unchanged while .J >
JT1:
9(0(0)) = (JT )TV =T"TJTV.L =T Tg(0).

GN matrix. Similarly H, is unchanged, so:
G(¢(0) = (JT HTH(JT ") =T""GO)T".

Update. On Fy where G is invertible:
A0($(0)) = —G(6(9)) 1g(¢(0)) = —(T~"GT™) YT~ Tg) = ~TG g = TAH(0).
O

A.2 PROOF OF THEOREM[2]

We show that symmetry equivariance of the update A§ = —P~1g, together with fiber-blindness and
dependence only on the evaluation map, forces a pullback structure.

Since ker J C ker P, the preconditioner acts only on the functional subspace Fp = Im(J "), as
directions in ker J do not affect the function. On this subspace, the Jacobian J is injective. Conse-
quently any such preconditioner can be written in the form

P=J"BJ
for some matrix B acting on Im(J).
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Symmetry constrains B. If P is equivariant, then under any symmetry ¢:
J(6(0)) T Boo)J(9(0)) =TT T By JT™".

Using J(¢(f)) = JT ! and simplifying: J Byg)J = J' ByJ. Since J is injective on Fy, we

have By ) = Bg on Im(.J). Combined with Assumption B depends only on f(#). O

A.3 PROOF OF THEOREM[3]

From Theorem ]
g=T"Tg, G =T TGT"

Define B := G271, Then
G'=B'B.

Using g = GY/2G~1/2¢g, we write
g =T"Tg=BT(G ).

Thus the whitening update transforms as

Aw(9(8)) = —(G) 12 = ~(BTB)"'2BT(G™/).

Using the identity
(BTB)—l/QBT — BT(BB'I')—l/Q7
we obtain
Au(6(6) = =BT (BBT)"12(G 1),
Since
BBT = ql\2r-ip-Tqol/2 — Gl/zSGl/Q,
and
BT =7-T@gV/?
we obtain
Au(6(6) = ~T(SGV(GV/25G ) 112) (G /2).
Defining
M = SGY?(GY?SGY?)~1/2,
gives

Aw(9(0)) = TMA(0).

A.4 PROOF OF COROLLARYI

Write the polar decomposition of G/251/2 = U D where U is orthogonal and D > 0. Then
GI/ZSGI/Q —_ (G1/251/2)(G1/251/2)T —_ UDzUT,

so (G1/28GY/?)=1/2 = UD~'U . Substituting into M = SG'/2(G'/25G'/?)~1/2;

M = 31/2(51/201/2)UD_1UT — 51/2(G1/251/2)TUD—1UT — Sl/ZDUTUD—lUT — SI/QUT.

Since U is orthogonal, the singular values of M equal those of S'/2, so

k(M) = )\rnm(<5))1/2 = v/k(9).

The gradient descent defect is S directly, so x(S) = (1/x(S))?, confirming whitening halves the
distortion exponent. O
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A.5 PROOF OF THEOREM[4]
Let P=J"BJand G = J" H,.J. We work on F, where J is injective.
Newton (P = G). Weneed J' BJ = J" H,J. Since J is injective on Fy, this holds iff B = H,.
Whitening (P = G'/?). We require P~7"GP~! = I, equivalently P? = G (since G is symmet-
ric). Within the pullback class P = J T BJ, this would require

J'BJJ"BJ=J"H.J,

which cannot be satisfied while preserving symmetry-equivariance, since matrix square roots do
not commute with congruence transformations in general. Thus no symmetry-equivariant pullback
preconditioner achieves exact whitening.

A.6 RELATING WHITENING TO G'3

The whitening metric. With g = J T V_/, the gradient covariance factors as:
Elgg']| = J E[V.LV LT]J.
This is a pullback through J, so whitening inherits the pullback structure.
Cross-entropy loss. For cross-entropy loss, V¢ = p — y where p is the predicted distribution.
Under the model distribution y ~ p:
Eyp[V:LV.L"] = diag(p) —pp' = H..

So E[gg"] = G, and ideal whitening gives G'/2. This also equals the Fisher information matrix
under the model distribution, so Gauss-Newton and Fisher coincide for CE (Kunstner et al., [2020).

MSE loss. For MSE, V.¢ = f(6,x) —y =: r (the residual) and H, = I. Then E[gg'] =
JTE[rrT].J, which equals G = JT.J only if residuals are isotropic. So whitening approximates but

does not equal G'/2.

Only G (Newton-optimal) but not G''/2 (whitening-optimal) is symmetry-equivariant in the ideal-
ized case.
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