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Abstract

Low-rank Adaptation (LoRA) has emerged as a
powerful method for fine-tuning large-scale foun-
dation models. Despite its popularity, the theoret-
ical understanding of LoRA has remained limited.
This paper presents a theoretical analysis of LoORA
by examining its connection to the Mixture of Ex-
perts models. Under this framework, we show
that simple reparameterizations of the LoORA ma-
trices can notably accelerate the low-rank matrix
estimation process. In particular, we prove that
reparameterization can reduce the data needed
to achieve a desired estimation error from an ex-
ponential to a polynomial scale. Motivated by
this insight, we propose Reparameterized Low-
Rank Adaptation (RepLoRA), which incorporates
lightweight MLPs to reparameterize the LoRA
matrices. Extensive experiments across multiple
domains demonstrate that RepLoRA consistently
outperforms vanilla LoRA. Notably, with limited
data, RepLoRA surpasses LoRA by a margin of
up to 40.0% and achieves LoRA’s performance
with only 30.0% of the training data, highlighting
both the theoretical and empirical robustness of
our PEFT method.

1. Introduction

With the rapid growth in data availability and computational
resources, large-scale models trained on extensive datasets
have demonstrated remarkable generalization capabilities,
enabling successful applications across language, vision,
and multi-modal tasks (Dosovitskiy, 2021; Radford et al.,
2021; Touvron et al., 2023). However, fully fine-tuning such

“Equal contribution 'Qualcomm Al Research, Qualcomm Viet-
nam Company Limited *Work was completed while an employee
at Qualcomm *The University of Texas at Austin, USA *Monash
University, Australia. Correspondence to: Tuan Truong <tu-
antruo @qti.qualcomm.com>.

Proceedings of the 42" International Conference on Machine
Learning, Vancouver, Canada. PMLR 267, 2025. Copyright 2025
by the author(s).

Pretrained
Weights

l:‘ — Frozen
n D — Trainable

Wo € R b hg

9o, | €
B

~

N

/ AQ}T Bo \
NN

“
e N\
d Pretrained %}1

Weights
S

Wy € R4

Figure 1. Overview of our proposed method RepLoRA, which
reparameterizes the low-rank matrices as the output of a
lightweight MLP, whose inputs are two diagonal matrices.

models for specific downstream tasks can be prohibitively
expensive. To address this challenge, several parameter-
efficient fine-tuning (PEFT) methods (Houlsby et al., 2019;
Lester et al., 2021; Jia et al., 2022) have emerged, facili-
tating effective adaptation of large pre-trained models by
adjusting a minimal set of parameters while keeping most
of the backbone frozen. Among these methods, Low-Rank
Adaptation (LoRA) (Hu et al., 2022) stands out for its sim-
plicity and effectiveness and has been successfully applied
across diverse domains (Li et al., 2022; Qin et al., 2023;
Taori et al., 2023; Liu et al., 2024a). Despite its successes,
theoretical understanding of LoRA has remained limited,
hindering our ability to optimize its performance further.

Building on the recent finding (Le et al., 2024) about the con-
nection between attention mechanism (Vaswani, 2017) and
the mixture of experts (MoE) (Jacobs et al., 1991; Jordan
& Jacobs, 1994) models, we present a rigorous theoretical
study demonstrating how LoRA can be interpreted within
this new framework. Leveraging this perspective, we show
that a straightforward reparameterization technique (Li &
Liang, 2021; Le et al., 2025), which represents low-rank
matrices as the output of an MLP, can theoretically enhance
the performance of LoRA. Specifically, our analysis re-
veals that this reparameterization can reduce the data needed
to achieve a desired estimation error from an exponential
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Figure 2. Sample Efficiency on FGVC Datasets. RepLoRA not
only outperforms LoRA consistently but also achieves LoRA per-
formance on a full dataset with only f = 30% training fraction.

scale to a polynomial scale, thereby substantially improv-
ing sample efficiency. Based on these insights, we intro-
duce Reparameterized Low-Rank Adaptation (RepLoRA)
- anovel PEFT method reparameterizes low-rank matrices
through a lightweight MLP.

We conducted extensive experiments across multiple do-
mains, including image, video, language, and multi-modal
tasks. Our results indicate that RepLoRA consistently
demonstrates better performance than vanilla LoORA. When
only a tiny fraction of the training data is subsampled, Re-
pLoRA improves up to 40% over LoRA. This highlights
the robustness and effectiveness of our method, both the-
oretically and empirically. Moreover, the MLP used for
reparameterization can be discarded after training, ensur-
ing that our approach remains as efficient as the standard
counterparts at inference time.

Contributions. In summary, our contributions are: (i) We
provide a rigorous theoretical analysis of LoRA from the
perspective of a mixture of experts. (ii) Our results show
that reparameterization can substantially improve sample
efficiency, transitioning from an exponential rate to a poly-
nomial rate. (iii) Building on these theoretical insights, we
introduce RepLoRA, a novel PEFT approach that integrates
reparameterization into LoRA. (iv) Extensive experiments
across diverse domains demonstrate that RepLoRA consis-
tently outperforms vanilla LoRA by a significant margin,
thereby underscoring its effectiveness and robustness from
theoretical and empirical perspectives.

Organization. The paper is organized as follows: Section
3 provides the background on LoRA and MoE. Section 4
establishes the connection between LoRA and MoE. Section
5 presents our theoretical analysis, including the statistical
benefits of reparameterizing LoRA. Building on these in-

sights, Section 6 presents our method, RepLoRA. To demon-
strate the effectiveness of RepLoRA, Section 7 presents the
experimental results. Finally, Section 8 concludes the paper.

Notation. For any n € N, let [n] := {1,2,...,n}. For
any set .S, |.S| denotes its cardinality. Given a vector u :=

d o d
(u1,ug,...,uq) € R* and o := (o, a,...,0aq) € N,
we define u® = ui"us? ... uy?, [ul == u Fug ...+ ug
and a! := aqlas!. .. ayl, while ||u|| stands for its Euclidean

norm. For positive sequences (ay,)n,>1 and (by,)n>1, we
write a, = O(b,) or a,, < b, if there exists a constant

C > 0 such that a,, < Cb,, for all n € N. The notation
a, = Op(b,) indicates a,, /b,, is stochastically bounded.

2. Related Works

Parameter-Efficient Fine-tuning (PEFT). With the re-
cent rise of large models, PEFT methods are growing in
popularity for their ability to fine-tune large-scale models by
training a relatively small number of parameters for adapt-
ing to specific downstream tasks. Existing PEFT methods
can be divided into three categories. The first category is
referred to as adapter-based methods, which introduce ad-
ditional trainable parameters to the frozen backbone. For
example, Series Adapter (Houlsby et al., 2019) proposes
adding linear modules in sequence to the existing layer, or
Parallel Adapter (He et al., 2022) proposes integrating these
modules in parallel. The second category of PEFT meth-
ods is Prompt-based methods that add extra trainable soft
tokens, referred to as prompts, to the input (Lester et al.,
2021; Razdaibiedina et al., 2023; Wang et al., 2023). A
weakness of these methods is that they increase inference
latency compared to the original model.

Low-Rank Adaptation (Hu et al., 2022). LoRA and its
variants are among the third category of the PEFT method,
which is well-known for its simplicity and for not adding
extra inference burden. To fine-tune the linear layers of a
large model, LoRA applies low-rank matrices to approxi-
mate the weight changes and then merges them with the
pre-trained weights for inference. A recent variant of LoRA
is DoRA (Liu et al., 2024b), which proposes to decompose
the weight change into a learnable magnitude and direc-
tional component. Another example is AdaLoRA (Zhang
et al., 2023), which parameterizes the incremental updates
in the form of singular value decomposition and prunes less
significant singular values for more efficient updates. Or-
thogonal Fine-tuning (OFT) (Qiu et al., 2023) exploits the
orthogonal factorization to fine-tune diffusion models. Re-
cently, VeRA (Kopiczko et al., 2024) significantly reduces
the number of trainable parameters compared to LoRA by
using learnable scaling vectors to adjust a shared pair of
frozen random matrices across layers. Notably, our method,
which will be proposed in the following few sections, also
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falls within this category, and we validate its efficacy along-
side LoRA and its variants through theoretical analysis and
comprehensive experimentation.

Mixture of Experts. Expanding upon the foundational
principles of mixture models (Jacobs et al., 1991; Jordan &
Jacobs, 1994), earlier research (Eigen et al., 2014; Shazeer
et al., 2017) established the Mixture of Experts (MoE) layer
as a crucial mechanism for effectively scaling model ca-
pacity. Over time, MoE models have gained significant
recognition due to their versatility across multiple domains,
including large language models (Du et al., 2022; Zhou et al.,
2023), computer vision (Riquelme et al., 2021; Puigcerver
et al., 2024), multimodal learning (Han et al., 2024), and
multi-task learning (Ma et al., 2018). Recent studies have
focused on analyzing the convergence rates of expert es-
timation in MoE models, exploring different assumptions
and configurations related to gating mechanisms and expert
functions. For instance, in the context of softmax gating,
Nguyen et al. (2023; 2024a;b) revealed that the expert es-
timation rates are shaped by the solvability of polynomial
systems arising from interactions between gating and ex-
pert parameters. More recently, Nguyen et al. (2024d;c;
2025) employed least squares estimation to establish an
identifiability condition for expert functions, particularly in
feedforward networks with nonlinear activation functions.
These findings indicate that under these conditions, estima-
tion rates improve significantly compared to models relying
on polynomial experts.

3. Preliminaries

This section briefly reviews the background for multi-head
self-attention in transformers, low-rank adaptation, and a
mixture of expert models.

Multi-head Self-attention. We begin by revisiting the
architecture of the multi-head self-attention (MSA) layer
in Transformer (Vaswani, 2017; Dosovitskiy, 2021). Let
X = [z1,...,zy]" € RV*? denote an input sequence of
embeddings, where N is the sequence length and d denotes
the embedding dimension. The MSA layer processes this
sequence as follows:

MSA(Xg, X, Xv) = Concat(hy, ..., hy, )W, (1)

where each attention head is defined by h; =
Attention( X W2 XWE XWY) for i € [m]

Here, Xo = (XWPZ2,...,XW9), Xx =
(XWE . XWE) and Xy = (XW)Y,..., XW))
are the query, key, and value matrices, respec-
tively. Furthermore, m is the number of heads,

and WO ¢ R™*4 is the output projection ma-
trix.  Each attention head h; is parameterized by
WP € R WK € RXd and W € R4, with

d
dk :dv - E

Low-Rank Adaptation. LoRA (Hu et al., 2022) has
emerged as an efficient method for adapting large pre-
trained transformer models to downstream tasks. Building
upon the hypothesis that the updates during fine-tuning ex-
hibit a low “intrinsic rank”, LoRA proposes to fine-tune
the transformer architectures’ linear layers by incrementally
updating the pre-trained weights with the product of two
low-rank matrices. For a given pre-trained weight matrix
Wy € R™*™ LoRA represents its update as AW = BA,
where B € R™*", and A € R™*" with r < min{m,n}.
Consequently, the output of the fine-tuned model is:

9y =W'x=Wyx+ BAx. )

During training, W), remains fixed, while A and B are
updated. Typically, LoRA adjusts the linear layers that
generate transformer models’ queries and values (or keys,
queries, and values). In line with prior work (Hu et al., 2022;
Liu et al., 2024b; Xin et al., 2024), here we fine-tune the
query and value projection matrices, leading to the following
output expression:

frora(X; A, B) = Concat(ﬁl7 e 7Fvam)Wo7 3)
where for each i € [m], h; = Attention(X we +
XBg,iAg: XWE XWY + XBy;Ay,). Here, we
denote A = [Ag,Ay], and B = [Bg, By], where
AQ = (AQ,l, ey AQ,m), and AV = (dAV’l7 ey AV,m)-
Likewise, Bg = (Bgz1,...,Bgm), and By =
(By.1,...,Bym). For each head i € [m], the dimen-
sions of these matrices are Ag ; € R ¥k Bg,; € RaxT,
AV,i € ]RTXd’”, and BV,i S RéxT,

Mixture of Experts. A mixture of experts (MoE) (Jacobs
et al., 1991; Jordan & Jacobs, 1994) model consists of NV
expert networks, f; : R? — R% for i € [N], and a gating
function G : R? — R that allocates contributions of each
expert based on the input « to the model. The output of the
MoE model is given by:

N
Y= ZG(m)i - fi(z),

where G(z) = softmax(si(z),---,sny(x)), and s;
R? — R is a score function. In the subsequent sections, we
discuss how MoE relates to LoRA and provide a theoretical
analysis of the proposed method.

4. LoRA from the perspective of MoE

Prior work (Le et al., 2024; 2025) has shown that each
attention head in the MSA layer can be viewed as a spe-
cialized architecture of multiple MoE models. Specifically,
from Eq. (1), consider the output of the [-th head h; =
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v, )T € RYX LetX = [a] ... aL] €
RN denote the concatenated input embeddings. We then
define N experts f; : RV? — R% encoded within the MSA
layer as follows:
T T
f(X)=W" EX=W" a;, )
for j € [N], where the matrix E; € R¥N? js such that
E;X = x;. Next, we introduce N x N score functions
s;.j : RNV — R associated with these experts:

o) = CEIWEWS BX o] WEW/ w)
S Vi, VA
&)

fori € [N] and j € [N]. Consequently, each output vec-
tor h; ; can be formulated as the result of an MoE model,
utilizing the experts and score functions defined above:

N
hy; — exp(si,; (X))
) 32:21 > p exp(sik(X)))

Within a pre-trained MSA layer, all parameters of these
experts and score functions WlQ, VV,K , and VV,V remain
fixed. When LoRA is applied, it refines these experts and
score functions with low-rank updates:

fi(X) =W + By Av,) TEjX, (N
XTE] (WS + Bg,Ag)W[E ' E;X
Vd, ’

for i € [N] and j € [N]. From these definitions
and Eq. (3), the modified output of the [-th head h; =
hig,---, hl,N]T € RVXdv can be expressed as:

i N
h;; = Z

= S exp(5(X)))

From this perspective, LoRA effectively fine-tunes the pre-
trained MoE models contained within each MSA head by
incorporating low-rank modifications to both the expert and
the score functions. Next section will leverage this MoE
viewpoint to analyze the theoretical properties of LoRA.

- [5(X). (6)

8:,;(X) =

®)

) rx) (o)

5. Theoretical Analysis of LoRA: With and
Without Reparameterization

This section presents the theoretical benefits of applying the
reparameterization technique in LoRA via its connection to
MOoE as formulated in Section 4. For simplicity, we will take
into account only the first row of the first attention head iLLl
specified in Eq. (9). Under this simplified setting, we will
investigate the convergence behavior of low-rank matrices
within the following MoE-based regression framework:

Problem setup. Let (X;,Y7), (X2, Y2),...,(X,,Y,) €
R? x R? be i.i.d. samples of size n generated from the
following regression model:

Y= fo.X)+e, i=12,...,n (10)
Above, we assume that X;, Xo, ..., X, are i.i.d. samples
from some probability distribution x with bounded support.
Meanwhile, €1, €9, . . . , €, are independent Gaussian noise
variables such that E[¢;|X;] = 0 and Var(¢;|X;) = v21I;
for all ¢ € [n]. Next, the regression function fg, (-) takes
the form of an MoE model with L unknown experts, that is,

zL:eXp (XT (MY + By, ;AL )M X + ¢;)
= Dy(X)
-(My + By, Ay )X, (11)

where we denote

L
Dy(X) = exp(X (MY + By , Aj
k=1

’k)M%X—i—c,t),

. L

while G = 35—y exp(¢j )y, Az By, A7 ) TP
resents for a mixing measure, that is, a combination of
Dirac measures d, associated with unknown parameters
(ci,Bo jis AD jr» By i AVJ )L, 1 in the compact param-
eter space © C R x R x Rrxd x RIXr x Rrxd,
In addition, we assume that the matrices M) € Rixd,
M?( x R4 and M8
formulation in Eq. (9).

€ R4 gre given to align with the

With versus Without Reparametrization. Sub-
sequently, we establish the convergence rates
of estimating the unknown low-rank matrices
{Bo 1 AG i By jis A*{/J»,}]L,:1 under two scenar-
ios, namely without shared structures among these low-rank
matrices (equivalently, without reparametrization) in
Section 5.1 and with shared structures among these
low-rank matrices (equivalently, with reparametrization) in
Section 5.2. Our ultimate goal is to demonstrate that sample
efficiency of estimating these low-rank matrices under the
shared structures setting is much better than that under the
non-shared structures setting with a given error € > 0. The
theory sheds light on our design of Reparameterized LoRA
(RepLoRA) in Section 6.

5.1. Without Reparametrization: Suboptimal Sample
Complexity

We begin our convergence analysis for low-rank matrices
with the scenario where the LoRA reparametrization is ab-
sent. It is worth noting that we can estimate those unknown
matrices via estimating the ground-truth mixing measure
G, For that sake, we utilize the least square method (van de
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Geer, 2000) to obtain the following estimator:

n

2
G € arg Gerélg,n(e)z (YZ — fg(XZ)) , (12)

where we denote by G/ (O) = {G =
Zﬁ/:l exp(¢jr)0(Bg, 1, Aq 1 By Ay 1) 1 < ¢ <
L, (Cj/,BQ,j/,AQJ'/, By, AVJ'/) € @} the set of all
mixing measures with at most L' atoms. As the number of
ground-truth experts L is typically unknown in practice, we
assume that the number of fitted experts L’ is large enough
such that L' > L.A Then, to determine the convergence rates
of the estimator GG,,, we use a loss function built upon the

concept of Voronoi cells (Manole & Ho, 2022).

Voronoi loss. Given a mixing measure G with L' > L
atoms, its Voronoi cell set {V; = V;(G) : j € [L]} is
generated by the atoms of G, as follows:

V;:={ie[Ll]:

where H := (Bg, Ag, By, Ay ). Then, the Voronoi loss
function used for this section is defined as

1Z: — Z7|| < |1Zi — Z; ||,V # 5},

D1, (G.G.) Z\ 3 explei) — exp(c))
=1 7€V/
L
+ 3% exp(e)(|ABg,is I” + 1A Ay "
j’:liGVj/

+ 1AByij ||" + |AAvi; "),

for r € N, where AH,;;» := H; — H, for any 1,5'. Now,
we are ready to study the sample efficiency of LoRA without
reparametrization in Theorem 5.1 whose proof is deferred
to Appendix A.1.

Theorem 5.1. The following bound holds for any r € N:
1

~

where &, denotes the expectation taken with respect to the

product measure f(i.

~ L. .
Let us denote G,, = ) ./ eXp(C?)d(Bg,i,A" By, Ap )
Then, it follows from the result of Theorem 5 1 and the
formulation of the loss D ,. that the convergence rates of

sup Ef
GEGL (O)\GL_1(©)

[Dl T(Gnv G)]

the low-rank matrix estimators BQ i AG i By AV,z are

slower than any polynomial rates Op(n~/2") for r € N.
Thus, these rates could become as slow as Op(1/log" (n))
for some constant 7 > 0 (due to the inequality log(n) < n).
As a consequence, we need an exponential number of data
O(exp(e~'/7)) to obtain the approximations of the low-
rank matrices with an error e. This observation reflects
the suboptimality of the sample complexity of the LoRA
without applying the reparametrization technique.

5.2. With Reparametrization: Optimal Sample
Complexity

In this section, we consider the scenario where the low-
rank matrices share their structures with each other. In
particular, we consider the case where the low-rank matrices
are reparameterized as:

Ag=Ay =¢i1(A) Bg = By = p2(B),

where V1 Rmxm _ R?'Xd’ 09 - Rmxm _y RT‘Xd are
some functions, A € R™*™ B ¢ R™ X™" are learnable
matrices with given dimensions m, m’ > 1. We specifically
note that, for the simplicity of the theoretical development,
this formulation is simplified compared to what was used in
practice because we set the low-rank matrices of queries to
be equal to that of values. As we will show in this section,
even with this simplified formulation, reparameterization
gives superior sample complexity compared to vanilla LoORA
without reparameterization.

After training, the reparameterization can be discarded, and
only the low-rank matrices Ag, Ay, Bg, By need to be
stored. We observe that the reparameterization strategy
implicitly encodes a shared structure between the query and
value low-rank matrices. The primary difference compared
to the original LoRA is that instead of learning the low-rank
matrices separately, we reparameterize those matrices as
the output of the two shared structures 1, 2. To study the
theoretical advantages of the reparametrization technique,
we focus on the following two settings of the functions ¢4
and o:

(i) Simple linear reparametrization: p1(A) = W1 A and

(pQ(B) = WQB

(ii) Non-linear reparametrization: ©1(A) = o1(W1A) and
p2(B) = 09(W2B), where o7 and o9 are two non-linear
activation functions applied element-wise to the matrices
WA and Wy B

It should be noted that the above reparametrization settings
can totally be generalized to the scenarios where the matri-
ces Ag and Ay share only the learnable matrix A. In par-
ticular, we can reformulate those matrices as Ag = Wg 14
and Ay = Wy 1 A for the simple linear reparametrization
and as Ag = 01(Wg,14) and Ay = g1(Wy,1A) for the
non-linear reparametrization. In order to tailor to these
settings, it is necessary to include several terms involving
parameters W ;1 and Wy, ; rather than merely parameters
W1 as in the above settings. However, we realize that these
terms not only provide no additional information on our
convergence analysis but also make it unnecessarily compli-
cated. Therefore, we assume without loss of generalization
that AQ = AV = WlA or AQ = AV = Ul(WlA) to
simplify the analysis, making it more accessible.
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5.2.1. SIMPLE LINEAR REPARAMETERIZATION

We first take into account the simple linear reparametriza-
tion where Ag = Ay = Wi Aand Bg = By = W)B.
Under this setting, the ground-truth regression function in
Eq. (11), which we denote now as fz_(X) to avoid confu-
sion, takes the following form:

>

exp(XT (MY + W3, BiW; A5 MYX + )

= Dy(X)
(MY, + W5 BiWT ADX, (13)
- L
where we denote D;(X) = >, exp(XT(Mg2 +
W3 .B;. ikAZ)M%X + c}.), while the mixing measure

is of the form G, := E v—1exp(cj )ow; JBI,W; A,
J

Similar to Section 5.1, we estimate the unknown low rank

matrices via estimating the ground-truth mixing measure

G, using the least square method:

n

G, € arg min Z (YZ — f@(Xi))Q,

_m (14)
GeG./(©) =

where G (0) = {G = Z 1 exp(cz)éw2 \B,Wi A,

1<¢<L, (¢;,Wa;,B;,W1,, A;) € O} stands for the

mixing measure set. To capture the convergence behavior

of the estimator, we use the following Voronoi loss tailored

to the simple linear reparameterization setting given by

L
5,6 = 30 | D exples) - exo(c))
i’=1 i€V,
>

> exp(e)||Zi - Z;|
J'E€[L]:|V;r|=1i€V)

> D en@lzi- Z,

J'ELL):|Vy [>T i€V

where we denote Z := Wy BW; A. Given the above loss
function, we study the sample efficiency of the LoRA with
simple linear reparametrization in Theorem 5.2.

Theorem 5.2. The estimator G, converges to the true mix-
ing measure G, at the following rate:

Dy(Gy, G.) = Op(y/log(n)/n).

Proof of Theorem 5.2 is in Appendix A.2. The above
bound together with the construction of the loss D2 indi-
cates that the convergence rates of estimating low-rank ma-

trices Wy, B;, WY j,A;,, for j/ € [L], range from order
Op([log(n

)/n]2) to order Op([log(n)/n]%). Thus, it costs
at most a polynomial number of data O(¢~*) to approximate
those low-rank matrices with the error e. Compared to the
exponential number of data required in the LoRA without
reparametrization in Section 5.1, we observe that the LoORA
with linear reparametrization is much more sample efficient.

5.2.2. NON-LINEAR REPARAMETERIZATION

Next, we draw our attention to the LoRA with non-
linear reparametrization where the low-rank matrices are
parametrized as Ag = Ay = o01(W1A) and By =
By = 03(W5B). Then, the ground-truth regression func-
tion in Eq.(11), denoted as fz (X) in this section, admits
the following form:

exp(XT (MY + 02(Ws ; B} o1 (Wi jA?)) MYX + )

>

j=1

Dy (X)
(MY + 02(W5 ;B )1 (W7 A)X, (15)

~ N
where we denote Dy(X) := >, exp(XT (Mg +
oo(W3 . Bji)o1 (W Ap)) MY X + ¢f) and the mixing

~ L
measure G, = Zj/ 1 exp(c )6(W* VB, W, A)
associated with unknown parameters
(cj W3, B, WY, A*/)jL, , in the parameter space
O C R x R¥X" x IRTXd. The least-square estimator of the

ground-truth mixing measure G, is now defined as

n

G, €arg _min Z (YZ - f@(XZ))Q

Geg(©) =

(16)

where G/ (0) = {G = Zle exp(ci)é(wz,iBth,iAi) :
1 < ¢ < L, (Ci, W2,iBi7W1,iAi) € @} For the
sake of capturing the convergence rate of the estimator
G,,, the Voronoi loss function is tailored to the non-linear
reparametrization setting as

Z‘ Zexp (i) — exp(cj)

=1 ZGV/

+ Y exp(e)(|AWRB) iy || + AW A)ij )

xp(ci) (|AW2B) iy || + [ A(W1A)i; %),

where we denote A(W12B),;j := Wy ;B; — W; B, and
AWLA)j = Wi, A, — Wi A7, for any i,;'. Before
presenting the main result of this section in Theorem 5.3,
it is necessary to impose some mild assumptions on the
activations o1 and o9. Due to the space limit, we defer those
assumptions to the proof of Theorem 5.3 in Appendix A.3.

Theorem 5.3. Assume that the activation functions o1 and
oo meet the assumptions specified in Appendix A.3. Then,
the estimator G,, converges to the true mixing measure G,
at the following rate:

= Op(y/log(n)/n).

DS (énv é*)
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Theorem 5.3 suggests that the convergence rates of esti-
mating low-rank matrices W3 ; B} and W7 ; A7 are either
Op([log(n)/n]z) or Op([log(n)/n]3) depending on the
cardinalities of their associated Voronoi cells, or equiv-
alently, the number of their fitted parameters. In other
words, we need a polynomial number of data, O(e~2) or
O(e™%), to achieve the approximations of the low-rank ma-
trices with the error € when employing the LoRA with non-
linear reparametrization. Compared with the LoRA with-
out reparametrization, which requires up to an exponential
amount of data for the same task, the LoORA with non-linear
reparametrization is more sample efficient.

6. Reparameterized Low-rank Adaptation

In the previous section, we demonstrated that vanilla LoORA
without reparameterization establishes a suboptimal rate for
low-rank matrix estimation while introducing shared struc-
tural reparameterization to achieve the optimal rate. Build-
ing on this theoretical insight, we introduce our method:
Reparameterized Low-Rank Adaptation (RepLoRA). This
method is tailored explicitly for fine-tuning transformer ar-
chitectures by refining the linear layers that generate queries
and values (or keys, queries, and values). This paper focuses
on fine-tuning the queries and values for simplicity and clar-
ity. Recall in vanilla LoRA, the matrices that generate the
queries and values are given as:

Wé =Wy + BgAg

W =Wy + ByAy, (17)

where Bg, By € R™*" and Ag, Ay € R"™*" are learn-
able low-rank matrices. Inspired by our theoretical results,
RepLoRA innovatively reparameterizes A and B, modeling
them as outputs of two MLPs. With non-linear reparameter-
ization, the low-rank matrices are given by:

[Aq, Av] =904 (A)  [Bq,Bv]=ge5(B), (18)

where A, B are learnable matrices, and gg , , go, are two-
layer MLPs with a shared part and distinct output heads. In
this approach, A¢g and Ay are derived from a shared under-
lying input A, with distinct outputs A and Ay produced
by the separated heads of gg ,. Similarly, By and By fol-
low the same structure, leveraging a shared B input. While
we focus on fine-tuning the queries and values to streamline
the analysis, this formulation can naturally be extended to
fine-tune the keys. We implement A and B as diagonal
matrices to ensure parameter efficiency. After training, the
reparameterization gg , and gg, can be discarded, and only
the fine-tuned matrices Ag, Ay, B, and By need to be
retained for inference. Hence, this approach does not incur
any additional computational overhead for inference. An
illustration of this method is provided in Figure 1.

8
[ RepLoRA (Lincar)

=3 RepLoRA (Non-linear)

Improvement (%)

Figure 3. Performance improvements over LoORA. RepLoRA out-
performs LoRA across all domains, with non-linear reparameteri-
zation substantially surpassing its linear counterpart.

7. Experiments

Experimental Settings. We conduct extensive experi-
ments across multiple domains to demonstrate the versatil-
ity and effectiveness of RepLLoRA in a wide range of tasks.
Our evaluation spans four distinct settings: language (com-
monsense reasoning), image (classification), video (video
action recognition), and multi-modal (image/video-text un-
derstanding). To provide a comprehensive evaluation, we
compare RepLoRA against several PEFT methods, such as
Full Fine-tuning, Prefix Tuning (Li & Liang, 2021), LoRA
(Hu et al., 2022), DoRA (Liu et al., 2024b), and Series
Adapter (Houlsby et al., 2019). As summarized in Fig-
ure 3, RepLoRA consistently outperforms LoRA across all
settings, highlighting its robust adaptability and superior
performance in various tasks.

Evaluation Metrics. In Parameter-Efficient Fine-Tuning
(PEFT), evaluations typically focus on performance and the
number of trainable parameters. The goal is to maximize
performance while minimizing the parameters required. To
assess this trade-off, in addition to reporting performance,
we adopt the Performance-Parameter Trade-off (PPT)
metric, proposed by Xin et al. (2024). Specifically, for a
PETL algorithm M, the PPT metric incorporates its task
performance M;, the number of trainable parameters Py,
and a normalization constant C'. Formally, we have:

P
PPTy = M, X exp(— logw(?M +1)).

Commonsense Reasoning. In our first experiment, we
compare the performance of RepLoRA against LoRA and
other PEFT methods using LLaMA-7B/13B (Touvron
et al., 2023) on the Commonsense Reasoning task. We
also include the accuracy of ChatGPT, measured with the
GPT-3.5-turbo API with a zero-shot Chain of Thought ap-
proach (Wei et al., 2022). The commonsense reasoning
benchmark comprises eight sub-tasks with predefined train-
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Table 1. Top-1 Accuracy and PPT on commonsense datasets. The accuracies are reported with LLaMA-7B and LLaMA-13B.

Model Method #Params (%) BoolQ PIQA SIQA HellaSwag WinoGrande ARC-e ARC-c OBQA | AVG PPT
ChatGPT - - 73.1 854 68.5 78.5 66.1 89.8 79.9 74.8 | 77.0 -

Prefix 0.11 64.3 76.8 73.9 42.1 72.1 72.9 54.0 60.6 | 64.6 0.83

LoRA 0.83 67.2 79.4 76.6 78.3 78.4 77.1 61.5 742 | 741 1.0

LLaMA-7B Adapter 0.99 63.0 79.2 76.3 67.9 75.7 74.5 57.1 724 | 70.8 1.74

DoRA 0.98 69.7 83.4 78.6 87.2 81.0 81.9 66.2 79.2 | 784 1.81

RepLoRA 1.01 71.8 84.1 79.3 85.2 83.3 824 66.2 81.2 | 79.1 1.96

Prefix 0.03 65.3 75.4 72.1 55.2 68.6 79.5 62.9 68.0 | 684 0.79

LoRA 0.67 71.7 82.4 79.6 90.4 83.6 83.1 68.5 82.1 80.2 2.15

LLaMA-13B Adapter 0.80 71.8 83.0 79.2 88.1 82.4 82.5 67.3 81.8 | 79.5 1.80

DoRA 0.68 72.4 84.9 81.5 92.4 84.2 84.2 69.6 82.8 81.5 2.19

RepLoRA 0.99 73.1 85.2 84.7 91.1 85.9 84.7 73.4 85.6 | 829 2.60

ing and testing datasets. Following the settings outlined in
(Hu et al., 2023), we combine the training datasets from all
eight sub-tasks into a single training dataset and evaluate
performance on the individual testing datasets for each task.
To ensure a fair comparison, we fine-tuned the models with
RepLoRA using the same configuration as LoRA, keeping
the rank fixed. As presented in Table 1, RepLoRA achieves
significantly better results than LoRA across all settings, de-
livering substantial improvements not only in accuracy but
also in the PPT score, emphasizing its parameter efficiency.

Image Classification. We extend our evaluation of
RepLoRA to the image domain and fine-tune the ViT-
B/16 architecture (Dosovitskiy, 2021), pre-trained on the
ImageNet-21K dataset (Deng et al., 2009), on two chal-
lenging benchmarks: the VTAB—-1K dataset suite (Zhai et al.,
2019) and the FGVC dataset collection (Jia et al., 2022).

The VTAB-1K benchmark is a diverse suite of 19 datasets
spanning various domains designed to test image classifica-
tion and prediction capabilities. These datasets cover a wide
range of tasks involving distinct semantics and object cate-
gories, organized into Natural, Specialized, and Structured
domains. Each dataset includes 1,000 training examples,
with an official 80/20 train-validation split, making it a rigor-
ous test for generalization across different domains. On the
other hand, the Fine-Grained Visual Classification (FGVC)
suite, which consists of five datasets tailored for fine-grained
recognition, focuses on tasks requiring subtle visual discrim-
ination between closely related categories within specific do-
mains. These datasets challenge models to identify nuanced
differences, robustly evaluating RepLoRA’s capabilities in
fine-grained classification.

Table 2. Classification performance on FGVC datasets.

CUB-200 Oxford Stanford Stanford

Method 5011 NABirds Flowers Dogs Cars AVG PPT

FFT 873 82.7 98.8 89.4 845 88.5 -
LoRA 84.6 78.2 98.9 85.1 77.1 84.8 0.82
Adapter 87.1 843 98.5 89.8 68.6 85.6 0.84
Prefix 875 82.0 98.0 742 90.2 86.3 0.85
DoRA ‘ 873 80.0 99.1 87.6 819 872  0.88
RepLoRA 89.1 86.1 99.3 91.2 87.6 90.7  0.90

The results, summarized in Table 3 and Table 2, highlight
the superior performance of RepLoRA across most settings.

On average, RepLoRA achieves a notable improvement of
over 3% compared to LoRA, with notable gains exceeding
6% on datasets like dSprites-location. Similarly,
RepLoRA outperforms all baselines on the FGVC datasets,
with the sole exception of Prefix Tuning on the Stanford
Cars dataset. The performance gap with LoRA is par-
ticularly significant, which was > 6% on average. On
Stanford Cars, the improvement reaches a remarkable
10%. RepLoRA remains highly parameter-efficient despite
these substantial gains, as reflected in its PPT scores.

Video Action Recognition. Given RepLoRA’s strong per-
formance in the image domain, we expand our experiments
to the video domain. We evaluate our method against base-
line approaches using the Video Swin Transformer on two
datasets: SSv2 (Goyal et al., 2017a), which offers a rich
dataset with abundant data, and HMDB51 (Kuehne et al.,
2011), which presents a more challenging scenario with
limited data and fewer categories. Despite the contrast-
ing characteristics of these datasets, Table 4 indicates that
RepLoRA remarkably outperforms all baselines while main-
taining parameter efficiency, underscoring its adaptability
and robustness across diverse data settings.

Image/Video-Text understanding. Having demonstrated
that RepLoRA outperforms the baselines on the language
and vision tasks, we attempt to see if RepLoRA remains
competitive on multi-modality tasks. This experiment
compares RepLoRA with LoRA and full fine-tuning (FT)
on the VL-BART (Lewis et al., 2020). The experiments
were conducted on four image-text tasks: NS (Goyal
et al., 2017b), GOA (Hudson & Manning, 2019) for vision
question-answering, NLVR? (Suhr et al., 2019) for visual
reasoning, MSCOCO (Chen et al., 2015) for image caption-
ing, and four video-text tasks from the VALUE benchmark
(Lietal., 2021): TVQA (Lei et al., 2018) and How2QA (Li
et al., 2020) for video question answering, TVC (Lei et al.,
2020) and YC2C (Zhou et al., 2018) for video captioning.
We follow Sung et al. (2022) and adopt the same setup of
LoRA when applying RepLoRA. It is evident that RepLoRA
consistently surpasses both FT and LoRA in accuracy and
PPT in both Tables 5 and Table 6. In particular, RepLoRA
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Table 3. Performance on VTAB-1K with ViT-B/16 pre-trained on ImageNet-21K.

Natural Specialized Structured
— E é s £
o [ i) 3 9] - [0}
o bl o o e} @ [} - O - N —
o < — o ] < Q, O o [¢] “ << el
— 6] ~ ©~ > Y ] [e] | | = (@] | |
o o o o — %) 0 = 9] 9] Q — I i s Jas
< 2 a = %] Z ™ Q e} - - > > © = IS IS 9 o
=3 B 3 8 B 5|5 3 8 §/& & g 5 & & 2 ¢
Method 8] O A [ o 1%} % 8} 5] o4 41 8} (8} a 1 kel o} ) w | AVG PPT
FFT 689 877 643 972 869 874 388|797 957 842 739|563 586 41.7 655 575 46.7 257 29.1 | 655 -
LoRA 67.1 914 694 982 904 853 54 | 849 953 844 736|829 692 498 785 757 47.1 31 440 | 722 0.72
Adapter | 69.2 90.1 68 98.8 899 828 543 | 8 949 819 755|809 653 486 783 748 485 299 416 | 714 0.71
Prefix 755 90.7 654 96.6 86 785 46.7| 795 951 80.6 740|699 582 409 695 724 468 239 344 | 676 0.73
RepLoRA | 732 941 733 993 944 89.1 589 | 8.2 975 879 778|851 72,6 557 812 817 492 357 473 | 759 0.74

Table 4. Performance on Video Action Recognition task.

SSv2 HMDB51
Method Model Pretraining #Params (M) | Acc@1 PPT | Acc@l PPT
FFT Video Swin-B  Kinetics400 87.64 50.99 - 68.07 -
LoRA Video Swin-B  Kinetics400 0.75 3834 037 | 6212 061
Adapter ~ Video Swin-B  Kinetics400 1.56 39.09 036 | 67.52 0.63
Prefix Video Swin-B  Kinetics400 6.37 3946  0.31 56.13 045
RepLoRA  Video Swin-B  Kinetics400 1.45 46.12 041 | 6823 0.64

exceeds LoRA’s performance by nearly 2% in image-text
understanding tasks and roughly 4% in video-text under-
standing tasks, reaching the performance of FT.

Table 5. Performance on image-text tasks with VL-BART.

Method  #Params (%) VOA'" GOA NVLR? COCO Cap AVG PPT
FT 100 66.9 56.7 73.7 112.0 71.3 -
LoRA 5.93 65.2 53.6 71.9 115.3 76.5 0.99
DoRA 5.96 658 547 731 115.9 774 1.00
RepLoRA 6.02 665 554 742 116.2 781 1.02

Enhancing Sampling Efficiency. Our theoretical analysis
has demonstrated that reparameterization achieves superior
rates of sample efficiency compared to vanilla LoRA. To
validate this claim, we evaluate the sample efficiency of
RepLoRA on FGVC datasets. Following the approach of
d’Ascoli et al. (2021), we subsample each class at fractions
f={1%,10%, 30%, 50%, 100%} and scale the number of
training epochs by 1/ f, ensuring the total number of data
seen by the model remains constant. Figure 2 shows that Re-
pLoRA consistently outperforms LoRA across all sampling
fractions. The improvements are significant at smaller frac-
tions, with RepLoRA achieving a remarkable 40.4% gap at
f = 1%. More importantly, we emphasize that RepLoRA
matches LoRA’s performance with only 30% training frac-
tion, therefore underscoring RepLoRA’s superior sample
efficiency, as predicted by our theoretical analysis. We refer
to Appendix C.1 for a breakdown of these results.

Linear vs. Non-linear Reparameterization. Another
conclusion from the theoretical analysis is that even a sim-
ple linear reparameterization with a shared structure offers
significant efficiency gains compared to vanilla LoRA. Fur-
thermore, as shown in Theorems 5.2 and 5.3, incorporating
non-linear reparameterization further improves the rate of
low-rank matrix estimation. To validate this hypothesis, we

Table 6. Performance on video-text tasks with VL,—BART.

Method  #Params (%) TVQA How2QA TVC YC2C AVG PPT
FT 100 76.3 73.9 457 1540 875 -
LoRA 5.17 75.5 72.9 44.6 1409 835 1.06
DoRA 5.19 76.3 74.1 458 1454 854 1.08
RepLoRA 5.30 77.8 75.1 46.6 151.6 87.8 112

conducted empirical experiments, with the results presented
in Figure 3. These results demonstrate that non-linear repa-
rameterization outperforms the linear setting by substantial
margins, underscoring its effectiveness. For a more detailed
comparison of linear versus non-linear reparameterization
performance, please refer to Appendix C.2.

8. Conclusion

We introduced a theoretical framework that bridges LoRA
with MoE, offering new insights into the benefits of reparam-
eterizing LoRA for achieving optimal sampling efficiency.
Building on this theoretical foundation, we proposed Re-
pLoRA, an effective and efficient approach to PEFT. To
evaluate RepLoRA, we conducted extensive experiments
across four diverse domains: image, video, text, and multi-
modal tasks. RepLoRA substantially outperformed LoRA
and other PEFT methods in all settings, demonstrating its
adaptability and effectiveness. These results highlight the
potential of reparameterized structures in enhancing effi-
ciency and effectiveness for fine-tuning large-scale models.
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Supplement to “RepLoRA: Reparameterizing Low-Rank Adaptation via the
Perspective of Mixture of Experts”

In this supplementary material, we provide proofs of the main results in Appendix A. Details of experiments are in
Appendix B while additional experiments are in Appendix C.

A. Proofs of Theoretical Results

This appendix provides proofs for key results in the main text.

A.1. Proof of Theorem 5.1
The proof is divided into two steps as follows:

Step 1. To begin with, we demonstrate that the following limit holds for any » > 1:

. . lfe — fa.llL2qu
| f il e 19
ey GegL,(e):gll,T(G,G*)gs D1, (G,Gy) (19

Note that it is sufficient to construct a mixing measure sequence (G,,),>1 that satisfies both Dy (G, G.) — 0 and
I fa, — fellL2(u) /D1 (Gn, G) — 0,28 n — o0.

For that purpose, we take into account the sequence G,, = ijll exp(c)d( By, A7 By, AT

) where
i

* exp(c}) = exp(ch) = 1 exp(c}) + g+7 and exp(c’) = exp(c}_;) forany 3 <i < L+ 1;
* By, =Bp,=B5,and B}, = Bj,, ;forany3 <i<L+1;
c Ap = AL, =ALand AY = Ay, forany3 <i < L+ 1;

* B}, =By, + W(I,O, ...,0), B{:y = By, — W(LO’ ...,0)and By, = By, , forany 3 <i <
L+1, ’

. A@}l = A?;’z = A’{,’l and A’{,z = A}})Fl forany3 <: < L+1;

in which we assume WLOG that (A}, ;)™") # 0.

Then, we can compute the loss function Dy (G, G, ) as

1
D (G Ga) = —5 + [exple)) + 7| - = O(n ™). (20)

nrJrl

It can be seen that Dy ,.(G,,,G.) — 0 as n — 0.

Subsequently, we illustrate that || fa, — fa., | 22(u)/P1,r(Grn, G«) — 0. In particular, let us consider the quantity

L
Qu(X) = | 3 exp(XT (MG + Bl 1 Ab )X + )] - o, (X) = fa. ()]
k=1
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which can be decomposed as follows:

Z >~ exp(el) | exp(XT (MG + B A )X)(M} + By, Ay )X
J=1i€V;

—exp(XT (Mg + By, A )X) (MY + Bi,, Ay )]

-

exp(cl')| exp 0,i Q.iAQ,i)&) — exXp Q Q. 41Q.j Gn
()| exp(XT (M@ ; + B ;A )X) (XT (MG + By ;AH ))X)| fa, (X)

J

1

<

J S

_|_

M=

(3" expley) — exp(c;) ) exp(XT (MG + By ;A5 )X) (MY + B, A}, )X — f, (X)]
US%

1 i

It follows from the choices of By ;, Ap) ;, By, Ay, and ¢} that

Nl
DN | =

L n n * *
An(X) = [exp c1) T+1:| eXP(XT(MQ + B4 1A 1)X)(By Ay, — By Ay )X
=1
1 * * n n * * n n * *
=3 [eXP ,.H} eXP(XT(M(?g + BG1AG)X)(BYV,1 AV, — By 1 Avy) + (By oAV, — By Ay )X
=0,
where the last equality occurs as BVlA BVlA"{,1 = 611 and BVQA BVlA = *%611 in which eq;

denotes the matrix of size d x d such that 1ts (1,1)-th element i 1s one while others are zero.

Moreover, we can also verify that B,,(X) = 0, and C,,(X) = O(n~("+1). Thus, we deduce that Q,,(X) /D (G, G.) — 0
as n — oo for almost every X.

As the term {Zézl exp(XT (Mg + B, AG )X + c,”;)} is bounded, we have [fq, (X) — fa. (X)]/D1,(Grn,Gy) = 0
for almost every X. This limit suggests that

I fa. — fa.llz2(w)/P1,r(Gn, Gx) =0

as n — oo. Thus, we obtain the claim in equation (19).

Step 2. We will establish the desired result in this step, that is,

_inf sup Es, [D1.+(Gr, G)] = n~1/2. (21)
Gn€GL/(©) GEGL (O\GL-1(O)

Since the noise variables ¢; follow from the Gaussian distribution, we get that Y;|X; ~ N (fg, (X;),0?) for all i € [n].
Additionally, for sufficiently small € > 0 and a fixed constant C; > 0 which we will select later, we can find a mixing
measure G, € Gr/(©) such that Dy ,.(G',,G.) = 2¢ and || far — fa. ||L2(u) < Cie thanks to the result in equation (19).
According to the Le Cam’s lemma (Yu, 1997), as the Voronoi loss function D, . satisfies the weak triangle inequality, it
follows that

_inf sup Ej6[D1r (G, G)]
GreGr/(©) GeGr/ (©)\GL-1(©)

2 %mexp(—nmw[nw(fe; (X),0%), N (fa. (X),0))])

2 c- exp(—anG; - fG* ||%2(/L))
> e exp(—Cine?), -

where the second inequality follows from the equality

(far (X) = fa. (X))Q.

202

KL(N(fG’* (X)702)5N(fG* (X)702)) =
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Let e = n~'/2, then we get that ¢ - exp(—Cjne?) = n~ /2 exp(—C)). Consequently, we achieve the desired minimax

lower bound in equation (21). Related works on parameter-efficient fine-tuning techniques, low-rank adaptation, and mixture
of experts are in Appendix

A.2. Proof for Theorem 5.2
We first start with the following result regarding the convergence rate of the regression function estimation fg to the true
regression function fg_ :

Proposition A.1. Given the least square estimator G, in equation (14), the convergence rate of the regression function
estimation fg, (-) to the true regression function fg (-) under the L?(uu) norm is parametric on the sample size, that is,

/e, = = Op(y/log(n)/n). (23)

Proof of Proposition A.1 is given in Appendix A.4. Given rate of f5 in Proposition A.1, our goal is to demonstrate the
following inequality:

||fG— () /D2(G, Gy) >

L/

We divide the proof of the above inequality into local and global parts.

A.2.1. LOCAL PART

For the local part, we prove that

(M)/DQ(G7 G*) >0

lim inf lfe —

e=0GeG,/ (0):Ds(G,G ) <e
Assume that the above claim does not hold. It indicates that we can find a sequence of mixing measures G, :=
Z]l-//zl eXp(Cn’j/)éBn,j’An,], in Q_L/ (@) such that

{ Dyp = D2(Gnaé*) — 0,
||fGn (#)/'Dzn — 0.

as n — co. We denote V" :=V; (G,,) as a Voronoi cell of G, generated by the j-th components of G.. Without loss of
generality, we may assume that those Voronoi cells do not depend on the sample size, i.e., V; = V. Therefore, the Voronoi
loss Do, can be rewritten as follows:

L
Doy = Z ‘ Z exp(cn,i) — exp(c;f,)’ + Z Z exp(cn,i) [AWp 2i5: By iy Wi 1150 Anij |

j'=1 iEVj/ j’E[L}:‘Vj/IZI ievj/

+ Z Z xP(Cn,i ) |AW,, 250 Br,ijs W 160 An i ||
J'E€[L]:|V;r|>14€Vy

where Wn’Qij/ABn’ij/ n,lij’An,ij’ = Wnygj/Bn_’j/ n,lj’An,j’ - W;JB;le*ﬂAf for all i € Vj/.

To simplify the ensuing presentation, throughout the proof we denote Z := Wy, BW A for all the matrices Wy, W, A,
and B. Given the new notation, the Voronoi loss D,,, becomes

Z ’ Z eXp Cni —exp( ) + Z Z exp Cni ||AZn ij’ ”

=1 LEV/ 'e[L] ‘V/| 1Z€V/

+ Z Z exp(en,i) | AZnijr |12

€LV, |>1i€V;

Since D, — 0, we have Zzev exp(cn,i) — exp(Cxj), Zn,; — Z; forany i € V; and j € [L]. Throughout this proof,

we assume without loss of generality that MY Kj= = Iz with a note that our techniques can be extended to the general setting
of that matrix. Now, the proof of the local part is divided into three steps as follows:
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Step 1 - Taylor expansion. First, we define
L

Qu(X) i= | Y- exp(XT (M + ZDX + )| - [f, (X) = fe, (X))
k=1
Then, we can decompose the function @, (X) as follows:

L
QulX) = D2 3 explcno) [ exp(XT (M8 + Z,,X) (MY + Z,,)X — exp(XT (M + Z;)X) (MY + Z))%|

j=lieV;
L
=3 explen)| exp(XT (M + Z0,)X) — exp(XT (M + Z;)X)| fa, (X)
j=11i€V;
L
£y ( Z exp(en) - exp(c;) ) exp(XT (M + Z))X) [(M + Z))X — fa, (X))
J=1 zEVJ
1 (24)

Decomposition of the function A,,(X). We denote U(X; Z) := exp(XT (Mg + Z)X) and V(X; Z) = (MY, + Z)X,

and F(X; Z) = U(X; Z)V(X; Z). Based on the number of elements in each Voronoi cells, we decompose the function
A, (X) as follows:

> explens) [F(X? Zn,i) = F(X Z;f)}

JiVil=1i€V;
+ 3 Zexp(cnyi)[F(X; Zp i — F(X; Z;f)]
J:Vi>14€V;

= An,l(X) + ATL,Q(X)

An application of the first-order Taylor expansion leads to

_ _ ||

V(K Zoi) = U Z0) + 3 (AZ )" g(Z;] (%: Z7) + Ry (X),
la|=1

_ _ olely _

V(X Zn:) = V(X Z)) + > (AZnij)® 37} (X; Z}) + Rij2(X),

|a]=1
for any i and j such that i € V; and |V;| = 1. Here, the functions R;;1(X) and R;; 2(X) denote the Taylor remainders

Collecting the above results leads to

exp(cn.i ] _
> 3 o 5 faz,0 2 Y v 2
J:V;|=14€V; ’ la|=1
|ex] _
+(AZ, ;)" g(Z;/‘; (X Z*)U(X z: )} + R, 1(X)

|| _
- > Z{ wa ?(X 2V (X: Z0)

J:1Vj|=1|a|=1

_ || _ _
0 B O ZOCG Z) ) + R ()

where the function Ry, 1 (X) satisfies that R,, 1 (X)/Da,, — 0. It is due to the uniform Lipschitz property of the function F
In the above display, the formulations of the coefficients M,, ; . are given by:

. exp(cn)
Mn,j,a = Z 7(AZn’ij)a,

: al
lEVJ‘
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for any |o| = 1.
Moving to the function A,, »(X), an application of the Taylor expansion up to the second order leads to

|| _
- 3 Y (g zvez;)

J:|Vi|>1 1< <2

_ olely . )
+Mn,j, a(Z) (X Z )(](}g7 Z])}
y Y I8l
+|a|:1 Bl=1 el g(z)a Ik Z)P 5(X; Z}) + Rn2(X)

where the remainder R, »(X) satisfies that R, 2(X)/Da,, — 0. In this equation, the coefficients M, ; o and M,, ; » 5 take
the following forms:

y exp(cn,i) o
Mnajva = Z O[' (AZTL,’L]) 5
i€V

for any || = 2 and

eXP(Cn,i) «@
anjvoﬁﬁ - E 04'5' (AZTLJJ) +ﬂ7
i€Vj

for any |a| = [#| = 1. Simple algebra leads to the following formulations of the partial derivatives of U(X;Z) and
V(X; Z):
ou
oz

02U
. 7) = X)) x(u2)x (v2) (MO
B(Z) ) 0(Z) ) (X; Z) = XXX @)X 02) exp(XT (MY + Z)X),

X; Z) = XX exp(XT(MY + 2)X),

ov
0?V
D@Dz

(X7 Z) = X(U1)€U17

Plugging these formulations into the functions A,, 1(X) and 4,, »(X), we obtain that

d d
A=Y exp(XT(Mg+Z;‘)X)[ S My, XEOXOI(MY + 2K+ Y Mn,j,eumxweul}
7:|V;il=1 uy,v1=1 up,vp=1
+Rn,1(X)a
d d
Apa(X) = > exp(XT (M + Z))X [ N> Myje,, XXM+ Z)X+ > Myje,,, X"ey,

7 Vi>1 u1,v1=1 uy,v1=1

i d
DD Mujen e, XUXOVKEXCD oxp(XT (MG + Z7)X) (MY + Z7)X
YD Mugenyen XXV exp(XT (M + Z5)K)ew, | + Rua(X).
u1,v1=1ugz,v2=1

In these equations, e, is denoted as the vector in R? such that its u-th element is 1 while its other elements are 0 for any
1 < u < d. Furthermore, e, is denoted as matrix in R4 with its uv-th entry is 1 while other entries are zero.
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Moving to the function B,,(X), we can decompose this function as follows

Decomposition of the function B, (X).

U(X; Z;)] o, (X)

Z Zexpcnl[ (X5Z,,) —

J:Vji|=14€V;
+ Z Z exp Cn,i |: X Z, z) U(X7 Z;)i| fGn (X)
3 Vi|>1i€V;

= Bn’l(X) + Bn,Q(X)

An application of the Taylor expansions up to the first order for B,, 1(X) and the second order for B,, »(X) leads to

_ _ o _

B (X Z My jas 8 U( X; Z}) fa, (X) + Rus(X),
J:IVjl=1]al=1

_ _ olely _

B, 2(X) = Mn,j (XW(X; Z]*)fGn (X) =+ RTL,4(X)

where the Taylor remainders R,, 3(X), Ry, 4(X) satisfy that R,, 3(X)/D2,, — 0 and R,, 4(X)/Da,, — 0. Direct calculation

leads to

d
|: Z M"] eu1v1 ('“'1 (o i|fGn( ) R 73(X)7
1,v1=1

J:lV;1=1 ,U
d
Bua(X) = 3 exp(XT(Mg—i—Z;)X){ 3N Muje,,, XOOXOD
J:Vi>1 uy,v1=1
Ry, 4(X),

v x () x () x (u2) x(v2) fa (X) +

i d
2 D Mugen,

u1,v1=1ugz,va=1

Putting all the above results together, we can represent the function @, (X) as follows

d d
Q) = Y expX (M +ZDK)| Y Mo, XX (MY + ZDX) 4 Y Mg, Xe,
J:Vil=1 u1,v1=1 uy,v1=1
d - d -
+ Z eXp(XT(MC% + Z;)X) |: Z Mnyj,eul'ul X(UI)X(UI)(Mg + Zj*)X + Z Mnaj7eulvl X(vl)eu
uy,v1=1 uy,v1=1

J:vil>1

d d
+ Z Z anjveulvl +euguy

XXX exp(XT (MY + Z)X)(MY) + Z;)X
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d
-y exp(XT(Mg+z;)X)[ S Mg, XEXOD] fg (X)

7:Vjl=1 uy,v1=1

- ¥ exp(XT(Mg—i—Z;)X)[ S Mo, XEOX0D
J:Vil>1 uy,v1=1

d d
E S Mg KOOXOIRER0] g %)

u1,v1=1uz,v3=1

L
=Y Nojexp(XT (MG + Z)X) fo, (X) + Z Ny jexp(XT (MG + Z;)X) (MY, + Z;)X
j=1
+ Rn,l (X) + Rn,2 (X) - Rn,B(X) - Rn,4(X) (25)

where Ny, j == 37, , exp(cn,i) — exp(c;) forany j € [L].

Step 2 - Non-vanishing coefficients. As indicated in equation (25), the ratio Q,,(X)/Da,, can be expressed as a linear
combination of the following independent functions:

U(X; Z)XIXO(MY) + Z0)X,  UX; Z25)Xey,,

XXX X (MY + 20X, U(X; Z5)XEIxxee,,
OXEIXM fe, (X), U Z;)xtIxtoxtext) fe (X),
1 Z7) [, (X),  UX;Z7)(My + Z7)X

for any indices 1 < j < Land 1 < uy, vy, uz,v2 < d.

We demonstrate that at least one of the coefficients of these independent functions does not go to 0 as n — co. Assume
by contrary that all these coefficients of these linear independent functions go to 0. From equation (25), we obtain that

M, j.o/Dans My, j.o0.5/Dans and N, j /D, go to 0 for all the coefficients a, § € NO*¥ satisfying that 1 < |a| + |3] < 2.
Since N,, /D2y, — 0, we find that for any j € [L]

| Siev, exp(ens) —exp(e)| [N,
DZn DQTL

Taking the summation of these limits leads to

L *
Zj:l | Ziev_,» exp(cn’i) - exp(cj)|
DQn

0. (26)

Eievj exp(cn,i)|AZn,ijll1
DQn

Now, for any indices j € [L] such that |V;| = 1, the limits M, .., /Dan — 0 lead to — 0. That

result directly implies that

Zj;|v7~ |=1 Zievj exp(n,i)[|AZn 5|
: ' —0
DQn

27

Moving to indices j € [L] such that their corresponding Voronoi cells satisfy that |V;| > 1. The limits M, ; 2¢,,, /Don — 0
lead to

Dicv, exp(eni) |AZ ;]|
D2n

(28)

By putting the results in equations (26), (27), and (28) together, we arrive at 1 = %" — 0 asn — oo, which is a
contradiction. As a consequence, at least one of the coefficients of the linear independent functions in @Q,,(X)/Da,, does not
goto0asn — oo.
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Step 3 - Application of the Fatou’s lemma. We denote m,, as the maximum of the absolute values of the coefficients
of the linear independent functions in @,,(X)/Da,. As at least one of these coefficients does not go to 0, it indicates that
1/, #+ 0o asn — oo. Since || fa, — fa. ll12(u)/D2n — 0asn — oo, we obtain || fa,, — fa. |l £2(n)/(MnD2,) — 0. An
application of the Fatou’s lemma leads to:

0— fim G

n—00 mn'DQn

L2(p) > /liminf |fG" (Sf) _ fé*(X)}du(X) > 0.

n—o0 mnD2n

/6. (%) — fa. (X)]

That inequality demonstrates that lim inf,, _, o,

= 0 for almost surely X. As n — oo, we denote

7/T/an)2n
Vi, < M, V.
n,j,o n,j,o,8 n,j
— 25 J,00 ’,17) — gj,a B ,D7 — Tj,
My L2n My Lon My L2n

for any indices j € [L] and any coefficients o, 5 € N**¢ such that 1 < |a| + || < 2. Here, we have that at least one

coefficient from {X; o, &j.0.5,7; : j € [L], o, f € N¥¥4 : 1 < |a| 4| 8| < 2} is different from 0 (indeed, it should be equal
to 1). Given the above notations, the limit lim inf,, o ’fG"(TrS DfG*( )| = (0 implies that
n+’2n
d d
S exp(XT (MY + 27) [ 3 Neno XEIXCO(MG 4+ Z1X) + Y Mn,j’eM”X(“l)eul}
J:Vjl=1 u1,v1=1 uy,v1=1
d
+ Y e (MY + Z))X [ 3 New o XOOXOD (M 4 Z7)X + Z My jen,s, Xey,
J:Vil>1 w1,v1=1 uy,v1=1
d d
Y DT Newyuyengey XUIXEDX @K exp(XT (MY + Z7)X) (MY + Z)X
u1,v1=1uz,v2=1
1 d
3 Y G en XXX exp(XT (M + Z;‘)X)ew]
u1,v1=1uz,v2=1
d
- > (T (ME+Z)%) > A X0XOD] g, (X)
J:Vjl=1 v1=
d
- Y expXT (MY + Z)) )[ 3 Neuy, XKD
JvsI>1 ui,o1=1
d d
Z Z gje”vl)6u2u2X(ul)x(vl)x(uz)x(w)] e (X)
uy1,v1=1u2,v2=1
L
- Z 7 exp(XT (MY + Z))X) fa, (X Z 7exp(XT (MY + Z)X) (MY + Z))X =0 (29)

for almost surely X. However, that equation implies that all the coefficients {); o, &j.0.5,7; : j € [L],a, 5 € N#*4 . 1 <
|a| 4+ |B] < 2} are 0. Tt is a contradiction. As a consequence, we obtain that

lim inf lfe —

Dy(G,GL) >0
e=0GeG,/ (0):Dy(G,G)<e (/D2 )

A.2.2. GLOBAL PART

The result of the local part implies that we can find a positive constant ¢’ such that

) inf I fe —
GeG/(0):D2(G,Gy)<e’

2 p)/DQ(G7G*) >0
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Therefore to obtain the conclusion of the theorem, we only need to prove that

inf — Dy(G,G,) >0
GEG,/ (0):D2(G, G )>e! Ife 20/ P2l )

We assume by contradiction that the above claim does not hold. It indicates that there exists a sequence of measures
L . 5
G, =221 exp(n,)0B, ; 4, ; in Gr/(O) such that

{ (Gn7G ) >
”f . " (u)/DQ(GmG*) =0

as n — oo, which implies that || fo, (w) — 0asn — oo.
Given that © is a compact set, there exists a mixing measure G’ in Gz (©) such that one of the G/,’s subsequences converges
to G'. Since D2(G,, G,) > €', we obtain that Do(G’, G,) > &’. An application of the Fatou’s lemma leads to

0= lim | f w2 [mint | fa, (%) - fo. (O du(x)

The above inequality indicates that for = fg, for almost surely X. From the identifiability property, we deduce that
G’ = G.. Tt follows that Dy (G’, G..) = 0, contradicting the fact that D2 (G’, G) > &’ > 0. Hence, the proof is completed.

n

Proof for the identifiability property. We will prove that if f¢(X) = fa_ (X) for almost surely X, then G = G... To ease

the presentation, for any mixing measure G = Z _1exp(cj)0B, A, € G (E), we denote

exp(u)
SE L exp(XT(MY + Z,)X +¢;)

softmaxg(u) =

where u € {XT(Mg + Z))X +¢; : j € [L]}. The equation fg(X) = fg_ (X) indicates that

L L
> " softmax(XT (MG + Z;)X + ¢;) (MY, + Z;)X Z softmax(X" (Mg + Z;)X + ¢;)(My + Z;)X.  (30)
Jj=1 =1

That equation implies that L = L. As a consequence, we find that
{softmax(XT (M3 + Z;)X + ¢}) : j € [L]} = {softmax(X" (M + Z;)X + ¢;) : j € [L]},
for almost surely X. By relabelling the indices, we can assume without loss of generality that for any j € [L]
softmaX(XT(Mg +Z7)X +cj) = softmaX(XT(Mg + Z;))X +¢;),

for almost surely X. Given the invariance to translation of the softmax function, the equation (30) leads to

Zexp ) exp( XT(MQ +Z; )X) (MY + Z;)X

p (c;) exp(X (M§ + Z;)X)(My + Z;)X, (31)

HMh

for almost surely X.

Now, the index set [L] can be partitioned into /m subsets K1, Ko, . .., K, where i < L, such that exp (c;) = exp (c (cj) for
any indices j, j' € K; and i € [m]. Thus, equation (31) can be rewritten as follows:

Z Z exp () exp(X (M§ + Z))X)(My + Z7)X
Z Z p (c;) exp(XT (M§ + Z;)X)(My + Z;)X,
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for almost surely X. The above equation implies that
{(My) +Z)X:je K} ={(My+Z)X:jeK;},
for any ¢ € [m] and for almost surely X. Hence, we obtain that

Z Z exp (¢;)dz, = Z Z exp (¢})0z;.
i=1 jek, i=1

JEK;

As a consequence, G = G, and the proof is completed.

A.3. Proof of Theorem 5.3

Firstly, we can reduce to the case where W7, W are identity matrices. In particular, we may denote o4 (X ) = o1 (W1 X)
for input X, and consider ¢} in the place of o1. We first start with the following result regarding the convergence rate of the
regression function estimation fx to the true regression function fz :

Proposition A.2. Given the least square estimator G,, in equation (16), the convergence rate of the regression function
estimation f () to the true regression function fz (-) under the L*(p) norm is parametric on the sample size, that is,

If&, — fa. Itz = Op(Vlog(n)/n). (32)

Given rate of fz in Proposition A.2, our goal is to demonstrate the following inequality:

L2/ D3(G, G.) > 0.

_inf |[fz - fa.
Geg/(©)

We divide the proof of the above inequality into local and global parts. Before going into the proof details, let us introduce
some essential assumptions on the activation function o.

Assumptions. We impose the following assumptions on the activation functions o; and oy:

(A.1) (Algebraic independence) If there exist parameters (B, A) and (B’, A’) such that 02(B)o1(A) = 02(B’)o1(A),
then we obtain that (B, A) = (B’, A’).

(A.2) (Uniform Lipschitz) Let F(X; B, A) := exp(XT (M + 02(B)o1(A))X)(My + 02(B)o1(A))X. Then, for any
7 € {1, 2}, we have

>

le|=7

( ol Fp olelp

J . - < _ ! ! C T
aAalaBaz (X7B7A) aAalaBaz —C”(B?A) (B7A)|| ||’YH I

(X; B, A’))va

for any vector v € R?%" and for some positive constants ¢ and C' which are independent of X and (B, A), (B’, A’). Here,
a = (a1, ag) € N"™Xd x Naxr,

(A.3) (Strong identifiability) For any natural number ¢ and distinct parameters {(B;, A;) : j € [¢]}, the functions in the set
{X®, X X T05(B;), X1 (4;)X, X 02(B), 01(A4;) X,
XWX xWxXxO[XToy(B;)]? XWX [0 (A;)X]?
XWX XT 00 (B,)o1(A)X 1 j€[l], uv e [d]}

)

are linearly independent for almost surely X.

A.3.1. LOCAL PART

For the local part, we prove that

LQ(M)/D?)(é? é*) > 0.

lim inf lfz— fa
e=0Geg,/(0):Ds(G,G.)<e ¢ G
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Assume that the above claim does not hold. It indicates that we can find a sequence of mixing measures én =
Ll . ~
> ji=1exp(Cn,j)0B, , A, , in G/ (O) such that

{D%:Dw%ﬁgﬁm
||f§n - fé* LQ(H)/D?m — 0.

as n — co. We denote V" :=V; (én) as a Voronoi cell of G,, generated by the j-th components of G... Without loss of
generality, we may assume that those Voronoi cells do not depend on the sample size, i.e., V; = V. Therefore, the Voronoi
loss D3, can be rewritten as follows:

L
Dyn =) ‘ Y exp(end) —exp(ci)| + Y Y exp(ea) (|ABuy |+ [AAny )

J'=1 i€V j’G[L]:|VJ/‘:1 1€V

Y Y expen)(IABu i P + 1A AL |2),

J'E€[L]:|V;r|>14€V)

where AB,, ;5 == By ; — B}, and AA,, i :== A, ; — AJ, forall i € V; and j e [L].

Since Ds,, — 0, we have Zievj exp(cni) — exp(c;f), B,; — Bj,and A,; — A forany i € V;and j € [L].
Throughout this proof, we assume without loss of generality that M% ; = 13 with a note that our techniques can be extended
to the general setting of that matrix. Now, the proof of the local part is divided into three steps as follows:

Step 1 - Taylor expansion. First, we define

L

Qn(X) := [Z exp(X" (Mg + 02(Bj)o1(AR)X + p)| - [f5, (X) — 7, (X)].
k=1

Then, we can decompose the function Q,,(X) as follows:

L
Qn(X) => > exp(cn.s) [exp(XT(Mg + 02(By.i)01(An)X) (MY 4 09(Byi)o1(An)X
j=14i€V;

— exp(XT (M + 02(B;)or1 (A7) X) (MY, + 02(B)o1(A])X]

L
=373 explen.) [ exp(XT (M s + 02(Bo.i)o1 (A,0))X) — exp(X (M +02(B; )01 (A47))| f, (%)

= A (X) = Bo(X) + G (X). (33)

Decomposition of the function A, (X). We denote U(X; B, A) := exp(X T (M§+02(B)o1(A))X) and V(X;B,A):=

(MY + 03(B)o1(A))X, and F(X; B, A) = U(X; B, A)V(X; B, A). Based on the number of elements in each Voronoi
cells, we decompose the function A,,(X) as follows:

A=Y Zexp(cm)[F(X;Bm,Aw)_F(X;B;,A;)}
7| Vi|=11i€V;

+ YD explen) {F(X; B, Ani) — F(X; Bj, A;)]

Vi[> 14€V;
= A 1(X) + A, 2(X)
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An application of the first-order Taylor expansion leads to

olel

U(X; By, Ani) = U(X; Bj,Aj) + Z (AAn,ij)al(ABn,ij)azm(X§ B, Aj) + Eij,l(X)v
|a|=1

= 17 * * a o 3‘04‘7 * * D

V(X; By, Ani) = V(X; B}, Aj) + Z (AA,,i;)* (AByij) 2W(X§ B}, A}) + Rij2(X),

la|=1

for any i and j such that i € V; and |V;| = 1. Here, the functions ﬁij,l(X) and Eij’Q(X) denote the Taylor remainders.
Collecting the above results leads to

A § E €XP(Cn,i E aq o 8"1‘[7 * *\ 17 * *
F:|Vj|=11i€V; ’ la|=1

8‘04‘7 * *\T7 * * 53

r alalfj * *\T7 * *

J:Vil=1|al=1

r 3‘04‘7 * *\T7 * * D
+ M, X;Bj,Aj)U(X;Bj,Aj)}Jar,l(X)

+(AA,, ;)" (AB,, ;)™

0 g A B

where the function Eml (X) satisfies that le (X) /D3, — 0. It is due to the uniform Lipschitz property of the function F'.
In the above display, the formulations of the coefficients M, ;  are given by:

AT exp(cn,i) o «a
M"Jﬂholz = Z T(AA”J]) I(ABn7ij) %
i€V )

for any |a| = 1.
Moving to the function Avn,Q (X), an application of the Taylor expansion up to the second order leads to
A71,2(X) = Z Z {M"»LOLLOQW(X;BjaAj)V(X; BjaAj)
7 Vi>11<|a|<L2

Ar 5|a\‘7 * *\TT * *
JFMn,j,al,aaW(X% B;, A}U(X; B_ijj)}

Z — glel 91817

M jor 0282 5 4o g gas (X; B}, A

+ D aamaps
ol =181

X; B}, A}) + R, 2(X)

where the remainder én’g(X) satisfies that }Wzn,g(X) /D3, — 0. In this equation, the coefficients Mnﬂ-,ahw and

My, j o, 81,a2,8, take the following forms:

~ 3 exp(Cn,i) o ,
Mmj,ahaz = al (AAmij) (ABmij)Mv
iEV_;’ ’

for any || = 2 and

v exp(cn,i
M jor 02,82 = Z Ojﬂzm)(AAn,z‘j)alJr’Bl(ABn,ij)a2+62,
’L‘EVJ‘ e
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for any |a| = |8 = 1. Simple algebra leads to the following formulations of the partial derivatives of U (X; B, A) and
V(X;B,A):

U L
Saw (KB, A) = X ot (AM)XT oo (B) exp(XT (MY + 02(B)o1(A))X),
oU
5@ (X; B, A) = Xa)(B™)oy (A)X exp(XT (MG + 02(B)o1(A))X),
277 _
%(X, B,A) = X(U)X(U)o—i (A(u))O'/l(A(v))(XTJQ(B))2 + l{u:v}X(u)oJl/(A(u))XTo_Q(B):|
x exp(XT (Mg + 03(B)o1(A))X),
277 _
%(X;B,A) = X(M)X(”)JQ(B(“))U’Q(B(”))(al(A)X)z + 1{u=v}X(u)Ué/(B(u))0—l(A)X:|
x exp(XT (Mg + 03(B)o1(A))X),
62[7 [ u v u v Uu v u v
g (K B A) = XWX 0l (Ao (BM) + XX o} (AM)0(BY)X 03(B)a1 (A)X]
x exp(XT (Mg + 03(B)o1(A))X),
ov
AW (X; B, A) = XWo!| (A™)oy(B),
ov
aB (X B, A) = o1(A)Xoh(B™)ey,
0V (W) 5/ ( A(W)
WK%B,A):%U}X o (Ao (B),
92V )
spag® 5 B A) = Lz o (A)Xeg (BM)e.,
o’V @) 51 ( A (B®)
SAope % B A) =XWe (A (B )e,

Plugging these formulations into the functions A, ;(X) and A,, 5(X), we obtain that

Apa(X) = 3 exp(XT (MG +02(B))or(A))X) (L], XX 02(B)) + L], Xor1 (47)X)
J:vil=1

(MY, + 03(B})o1 (A})X + L]y Xora(B}) + 01(A) XL o5 | + Bt (X),
Ana(X) = > exp(XT (MY + 02(B;)o1(A])X )[(L;UXXT@(B*) + L, 5 ,;Xo1(A])X
Jivil>1
+XTLn,37jX(XT02(Bj)) +Ln4jXXT02(B*) + XL, 5,X X(01(A})X)? +Ln6anl(A )X
+ X T L7 X + X7 Ly 7 XX 03(B)o1 (A)X) x (MY, + 02(B)o1(A)X + L, , ;Xoa(B])
+01(A})X Ly 25 + LIAJXUQ(B;) +01(A})X L ; + Ll 7. ] + Rn,?(x>7
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where the formulations of L, 1 j, Ly 2, ..., Lne,; are given by:

L= (Mnjeu,Odal(A(u)))g 1
L= ( n,3,0d, quz(B(u)))u g
Lngg = (Muje,ten0,01(A)ot (A5 o,
L= ( n.j.2€..0401 (A(u ))u 1
( 7]0d;€u+5u02(‘B( ))02( (U)))u'u 1)
( n.Js Od;2€u02(B(u)))u 1
(

M ,Jeu,eugl(A(u)> (B(U)))u'u 1+

Ln,57J
Ln,GJ

Lnﬁ,J

In these equations, ¢, is denoted as the vector in R? such that its u-th element is 1 while its other elements are 0 for any
1 < u < d. Furthermore, e, is denoted as matrix in RIX4 with its uv-th entry is 1 while other entries are zero.

Decomposition of the function B, (X). Moving to the function B,,(X), we can decompose this function as follows:

Ba®X) = Y 3 explend) |U(X: Bu, An) — UK B A)| 5, (X)
J:Vil=1i€V;

+ 3D explen) [T Bui Ana) - UK By A 15, (X)
J:Vi|>14€V;

= Bp1(X) + Bpa(X).

An application of the Taylor expansions up to the first order for f?n’l (X) and the second order for En’g (X) leads to

— lely . -
Z Z Mn,j,al,azm(X; B}, Aj)fa, (X) + Ry 5(X),
#Vsl=1 Jal=1

ool . ~
n 2 Z Z Mn,] ay,a2 DAY B2 (X; Bj ) A])fén (X) + Rn,4(X)
J:Vil=11<el<2

where the Taylor remainders ﬁn’3(X)7 }N?,nA(X) satisfy that §n3(X) /D3, — 0 and EnA(X) /D3y, — 0. Direct calculation
leads to

Bua(X)= > eXP(XT(M(%+<72(B}‘)01(A§))X){ w1 XX 0o (B)) + Ly o ;Xo1(ADX| g (X) + R 3(X),
J:Vsl=1

Bua(X)= Y exp(X (M + ag(B;)al(A;))X)[ XX oy(BY) + L Xo1 (ADX
J:vil>1
+ X L3, X(X T 02(B}))? + Ly 4 ;XX 03(B) + X" Ly, 5,;X(01(AD)X)? + L, 6 ;X0 (A)X

+ X L7, X 4 X Ly 1, XX 03( B} ) (A)X] 5, (X) + B a(X),
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Putting all the above results together, we can represent the function @Q,,(X) as follows:

Qu(X) = Y exp(XT(Mg+az<B;>al<A;>>X>[(LL]XX 02(B}) + L) 5 ;Xo1 (A])X) (MY, (34)
J:Vil=1

+ UQ(B;)Ul(A;))X + LT—lr717jX02(B;) + 01 (A;)XLn72,j:|

+ ) exp(xT (MY +02(B;)01(A;))X)[(LIUXX 02(B]) + L 5 Xoy(ADX (35)
J:V;I>1

+ X Ly 5, X(X T 02(B}))? + Ly 4 ;XX 05(B) + X Ly, 5,;X(01(ADX)? + L, 6 Xo1(A)X

+ X Ly X+ X Ly 7, XX 02 (B )01 (AD)X) x (MY + 02(B})o1(A3)X + L) | ;Xoa(Bj)

—|—O'1(A )XLngj—|—Ln4JXO'2(B*)—|—O'1(A*)XLn6J—|—L X

= Y ep(XT (M + 02(B))or (A))X) L)1 XX 02(B]) + Lo X1 (A))X f5, (X)
J:vil=1

- Z exp(XT(Mg+02(B;)01(A;))X)[ v XX Too(BY) + L) 5, Xoy (AD)X (36)
J:vil>1
+ X Ly 3 ;X(X 02(B}))? + Ly 4 ;XX 02(B) + X Ly 5,;X(01(A])X)?

+ L6 X0 ADX + XT L7 ;X + X L7 ;XX 03(B})or1 (A7)X| f5, (X)

L
+3 Ny exp(XT (MY + 03(B;)o1 (AD))X) | (MY + BiADX - fa (X)}
j=1
+ R, I(X) + R, Q(X) - R, 3(X) - Rn,4 (X), 37

where N,, ; := > iev, exp(cn,i) — exp(cj) forany j € [L].

Step 2 - Non-vanishing coefficients. As indicated in equation (37), the ratio Q,,(X)/Ds,, can be expressed as a linear
combination of the following independent functions:

U(X; BfA5)XWX 0y (B)V(X; B, AY), U(X; B;ANXWo (ADXV(X; BY, AY),  U(X; BiA)XWay(BY)
U(X; Bf A})o1(A5)Xe,, UK BrAHXWXW) (X 0y(B)))*V (X; B}, AS),
U(X; B A7) XX (01 (A7)X)°V(X; By, A7), U(X; Bj A;)XWoy (A7) X)V(X; B, A7),
U(X; B A)XWXWV(X; By, A%), UK BrA)XWXOXT 0y(B} )0y (A5)XV (X; B}, AS),
U(X; B; A)XMX 05(B)) f5, (X), UK BjA)XMo1(A7)X 5, (X),
U( )
( i)
( )
( )

S S S

X; B; A5 XX (XT0y(B;))* [, (X), UK B; A5)X™X 05(B;) f5, (X),
U(X; B; A)XWXO) (01 (ANX) fz (X), UX;BjA)XMoy(A)X) fz (X),
0(X; B A7)XMX0) (X), UK B A)XWXWIXT0y(B))o1(A)X 5 (X),
U(X; BfAS)V(X; B, AY), U(X; B{AY)f5 (X),

for any indices 1 < j < Land 1 < uy, vy, ug,v2 < d.

We demonstrate that at least one of the coefficients of these independent functions does not go to 0 as n — co. Assume
by contrary that all these coefficients of these linear independent functions go to 0. From equation (37), we obtain that
Mnd,ahw /Dsn, M, njso1sBr s,/ Dan» and N, j/ D3y g0 to 0 for all the coefficients a1, B1, g, Ba € N satistying that
1< o]+ 1] + [ag| + [Ba] < 2.
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Since ij/Dgn — 0, we find that for any j € [L]

| Siev, explens) ()] |N,,

= 0.
D?m DJn -

Taking the summation of these limits leads to

L *
Ej:l | Zievj exp(Cn,i) — eXP(Cj)|
DBn

— 0. (38)

Elev eXp(('n 1)HAAn,in1
— O as

Now, for any index j € [L] such that |V;| = 1, the limits M,w,emo +/D3n — 0lead to
n — 00. Due to the equivalence between the ¢1-norm and the /o-norm, this result directly implies that

Zj;n}j\:l Zievj eXp(Cn,i)”AAn,ij”
D —0
3n

Z_j:n;j =1 Zievj exp(cn,i) [|ABR,i5ll

B — 0. Thus, we obtain that

Similarly, since Mn,j,od,eu /D3y, — 0, we also get that

S5y 11 Siew, D(en i) (1A An i + | ABy i)
— 0 (39)
DSn
Moving to indices j € [L] such that their corresponding Voronoi cells satisfy that |V);| > 1. The limits Mn,j,zeu,o /D3 — 0
and M, j0,.2¢,/D3n — 0 induces that

i1 Siev, OP(en (18452 + [ABuy?)

D (40)

By putting the results in equations (38), (39), and (40) together, we arrive at 1 = % — 0 as n — oo, which is a
contradiction. As a consequence, at least one of the coefficients of the linear independent functions in Q,,(X)/Ds,, does not
goto 0asn — oo.

Step 3 - Application of the Fatou’s lemma. We denote m,, as the maximum of the absolute values of the coefficients
of the linear independent functions in @Q,,(X)/Ds3,. As at least one of these coefficients does not go to 0, it indicates that
1/mp, #» 0o asn — oo. Since || fz  — f& lz2(4)/Psn — 0asn — oo, we obtain || fz — fa_llL2(u)/(MnDsn) — 0. An
application of the Fatou’s lemma leads to:

= fa e fa X) - fz (X)
0= tim Mo, ~Jallw Z/Iiminf‘ Gn &

> 0.
n— o0 mnDSn n—o00 mnD?m du(X) 20

|#5,(3) = f.(X)|

That inequality demonstrates that lim inf,, , o,
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for any indices j € [L] and 7 € [7]. Here, at least one element of the set {\o j, A, ; : 5 € [L], 7 € [7]} is different from 0.
f5,() — 15.(%)]

mnD?m

Given the above notations, the limit lim inf,,_, = 0 implies that

= Y exp(XT(MY +UQ(B;)Ul(A;))X)[(XLXXTUQ(B;) + Ay ;X1 (ADX) (MY + 02(B})o1(AS))X
J:V;l=1

+ X;DXOQ(B;) + 01 (A;)XS\QJ
+ Y exp(XT (MY + 02(B])o1(A}))X) [(X[J_XXT@(B;) + )Xo (ADX + XT A3 ;X(XT 0o (B]))?
j:\Vj\>1
+ AL XX T03(B]) + X A5 ;X (01 (A)X)? + A, Xo1(ADX + XAz ;X + X T\ ;XX 02 (B])o1(A])X)
X (MY + 02(B})o1(AD)X + A ;Xoo(B]) + 01(A)XAaj + Af Xo2(B]) + 01(A})XXe; + X{jx}
3 ep(XT (MY + 0a(B)or(A)X) [XIJ.XXT@(B;) + g jxal(A;)x] fa. (X)
J:V;l=1

— > exp(XT (MY + 02(B;)o1(A})X) [XLXXT@(B;) + A3 ;Ko (ADX + XAy X(X 0o (B]))?
J:Vi>1

+ AL XX T03(B]) + X A5 ;X (01 (A)X)? + A ;X1 (AD)X + XT A7 ;X + XTS\”XXTJQ(B;‘)Q(A;)X} fa (X)
L ~
+3 " Roy exp(X T (MY + 02(B])o1(A7)X) {(M{} +BIADX — f5 ()] =0 (41)
j=1

for almost surely X. However, that equation implies that all the coefficients {\g j, A : j € [L],7 € [7]} are 0. It is a
contradiction. As a consequence, we obtain that

LQ(M)/D3(67 é*) > 0.

lim inf lfz— fa
e=0GeG,/(0):Ds(G,G.)<e ¢ G

A.3.2. GLOBAL PART

The result of the local part implies that we can find a positive constant ¢’ such that

in fo = Ta 20 /Ds(G, G.) > 0.
ée(jL/(@):'Dg(é,é*)Sal H G G. (P«)/

Therefore to obtain the conclusion of the theorem, we only need to prove that

inf fa— fa 2o /Ps(G, Gy) > 0.
éeéL,(@):Ds(é,é*)>a/‘| ¢ G. I (/D5 )

We assume by contradiction that the above claim does not hold. It indicates that there exists a sequence of measures
G =r e )8 in G/ (©) such that
n T Zuj=1 Xp(cn,j) (B, j,An,;) 1M L/( ) suc a

Ds(Gl,Gu) > &'
Ifa, = fa, ez /Ps(Gr, Gi) = 0

as n — oo, which implies that || fz, — f& [/z2(u) — 0asn — oo.

Given that © is a compact set, there exists a mixing measure G'inGr (©) such that one of the é;’s subsequences converges
to G'. Since D3(G),, G.) > €', we obtain that D3(G’, G..) > €. An application of the Fatou’s lemma leads to

2
0= lim |f5, — fz. g > / liminf || 75, (%)~ f5. (%) du(x).

The above inequality indicates that fg, = fg for almost surely X. From the identifiability property, we deduce that
G' = G,. Tt follows that Dg(é/, é*) = 0, contradicting the fact that Dg(él, é*) > ¢’ > 0. Hence, the proof is completed.
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Proof for the identifiability property. We will prove that if f5(X) = fg (X) for almost surely X, then G = G.,. To ease

the presentation, for any mixing measure G = Zle exp(c;)d(B;,A;) € G1/(O), we denote

exp(u)

softmaxg(u) = =
Sy exp(XT (MY + 02(B;)o1(A;)X + ¢;)

where u € {XT (Mg + 02(B;)o1(A;)X +¢;:j € [L]}. The equation f&(X) = f&_(X) indicates that
L
Zsoftmax (XT (M + 02(B;)o1(A;))X + ¢;) (MY, + 02(B;)o1(A;))X
=1

oftmax XT(Mg + 02(B})o1(A})X + &) (MY, + 02(B;})o1(A})X  (42)

IIMh

That equation implies that L=L. Asa consequence, we find that
{softmax(XT(Mg +09(By)oi(A;)X +¢;):j € [L]} = {softmaX(XT(Mg +09(Bj)o1(A])X +¢}) : j € [L]}
for almost surely X. By relabelling the indices, we can assume without loss of generality that for any j € [L]
softmaX(XT(Mg +02(Bj)o1(A])X +¢cj) = softmax (X" (Mg + 02(Bj)o1(A;)X +¢j),

for almost surely X. Given the invariance to translation of the softmax function, the equation (42) leads to

L
> exp (¢;) exp(XT (MG + 02(B;)01(A;)X)(My + 02(B;)o1(A;))X
j=1
L
= 3 exp (&) xplOT (MY + oa(B)on (AN + on (B (A, 42
for almost surely X.
Now, the index set [L] can be partitioned into 77 subsets K1, K, . . ., K5 where 7 < L, such that exp (¢j) = exp (cj,) for

any indices j, 7' € K; and i € [rn]. Thus, equation (43) can be rewritten as follows:

DD expley) exp(XT (MG + 03(B;)o1(A,)X) (MY, + 02(B;)o1(A;))X
i=1 jefQ

=3 exp(c)) exp(X (MY + 02(B] )01 (A;)X) (MY, + 02(B})o1 (A))X,
=1 jeK,
for almost surely X. The above equation implies that
{(MY + 02(B;)o1(A)))X 1 j € Ki} = {(MY + 02(B;)o1(A)))X : j € K},

for any ¢ € [] and for almost surely X. Since the activation functions o1 and o9 are algebraically independent, the above
result indicates that

Z Z exp (¢;j)0 Z Z exp (¢ 5(3 AT

As a consequence, G = G, and the proof is completed.
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A.4. Proof of Proposition A.1

Recall from the setting that (X1, Y1), (X2,Y2),..., (X, Y,) € R? x R? are i.i.d. samples from the following regression
model:

Yi=fa.(Xi) +e, i=12,...,n,

where the Gaussian noises €1, ..., &, are i.i.d. and satisfy that E[z;| X;] = 0 and Var(g;| X;) = o021 for all i € [n].
Furthermore, fg_(.) admits the following form:

L T * * 0
epr MQ+W2JB WUA )M X+c) o
- (M, W, . BXW . ANX
Z Df(X) ( v+t 25537 g J)

Jj=1

where we denote D (X) = Y1, exp(XT (MY + W3 B;Wi A7) M X + c;). Finally, the least-square estimator Gy,
takes the following form:

Gn:farg min ZHY fa(Xa)1?,
GeG,,(O)

From the Gaussianity assumption of &;| X;; for all ¢ € [n], we have Y;| X; ~ N(fg, (X;),0%14) for all i € [n]. Therefore,
the least square estimator (¢, is indeed a maximum likelihood estimator with respect to the data Y1| X7, ..., Y| X, which
takes the following form:

e GargmafoIOg (p(Y;|fa(X;),0213)).
GeGi(©) T

Here, p(Y;| fa(X;), 0%1;) stands for multivariate Gaussian distribution with mean f(X) and covariance matrix 02/;. An
application of Theorem 7.4 from (van de Geer, 2000) leads to

h(p(Y|fa, (X),015),p(Y|fa,(X),0%15)) = Op(y/log(n)/n),

where h stands for the Hellinger distance. As the Hellinger distance between two multivariate Gaussian distributions has
closed-form expression, direct calculation yields that

W (p(Yfe, (X),0%13),p(Y|fa.(X),0%13)) = 1~ exp{ - él\f@n (X) - fe. (X)II2}~

Therefore, for sufficiently large n, for some universal constant C' the above inequality leads to

1
1- C’log(n)/n)
C'log(n)/n )
1—Clog(n)/n
C'log(n)/n
1—Clog(n)/n
< 160%Clog(n)/n.

6, (X) = f. (X2 < 807 log (
= 80”log (1 +

< 82

That inequality is equivalent to

/e, (X) = fa.(X)|| = Op(vlog(n)/n).

As a consequence, we find that

Ife, =

The proof of the proposition is completed.

= Op(V/log(n)/n).
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B. Experimental Details

B.1. Hyperparameters

For the vision tasks, we use grid search to tune the learning rate in the range of {0.001, 0.005, 0.01,0.05,0.1}, and the
weight decay in the range of {0.0001, 0.0005,0.001,0.01,0.1}. Other hyperparameters are reported in the tables below:

Table 7. Hyperparameter configurations of RepLoRA for ViT-B/16 on the vision tasks.

Hyperparameters (RepLoRA) | Classification Video-Action Recognition
Rank r 8
o} 8
Dropout 0
Base Optimizer AdamW
Lr Scheduler Cosine
Batch size 64 512
Warmup steps 100
Epochs 100 90

Table 8. Hyperparameter configurations of RepLoRA for LLaMA-7B/13B on the commonsense reasoning tasks.

Hyperparameters (RepLoRA) LLaMA-7B LLaMA-13B
Rank r 16 32 16 32
@ 32 64 32 64
Dropout 0.05
Base Optimizer AdamW
LR 2.00E—-04 1.00E—-04 200E-04 1.00F—04
Lr Scheduler Linear
Batch size 32
Warmup steps 100
Epochs 3

Table 9. Hyperparameter configurations of RepLoRA for VL-BART on the Image/Video-Text Understanding tasks.

Hyperparameters (RepLoRA) | Image-Text Video-Text
Rank r 128
« 128
Dropout 0
Base Optimizer AdamW
LR 1.00E — 03 3.00E — 04
Lr Scheduler Linear
Batch size 300 40
Warmup ratio 0.1
Epochs 20 7

C. Additional Experiments
C.1. Sample Efficiency on the FGVC Datasets

C.2. Linear vs Non-linear Reparameterization

Recall that in our practical method, the low-rank matrices are given by:
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Table 10. Detail statistic of RepLoRA and LoRA sample efficiencies on five FGVC datasets.

f CUB_-200.2011 NABirds OxfordFlower StanfordDogs StanfordCars | AVG
0.01 10.1 2.2 15.1 12.1 13.3 10.56
0.1 70.6 50.3 71.6 65.3 60.2 63.6
LoRA 0.3 75.1 70.8 85.3 80.2 73.3 76.94
0.5 80.1 76.9 96.2 85 75.5 82.74
1 84.6 78.2 98.9 85.1 77.1 84.78
0.01 50.2 40.1 55.3 51.2 59.8 51.32
0.1 80.2 79.6 85.9 80.8 79.1 81.12
RepLoRA | 0.3 85.3 85.9 93.1 79.1 81.6 85.0
0.5 87.9 86 98.9 86.3 84.9 88.8
1 89.1 86.1 99.3 91.2 87.6 90.66
CUB-200-2011 NABirds OxfordFlowers
© . 96% e b ® ; S ———— - e e
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Figure 4. Visualization of sample efficiency of LoORA and RepLoRA on five FGVC Datasets.

B

were implemented with linear layers without activation. For the nonlinear

reparameterization setting, these functions were implemented with a two-layer neural network with a hidden dimension of
64 and sigmoid activation functions on all settings.

Detail results.

The tables below report all results for linear vs. non-linear reparameterization
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Table 11. Image classification accuracy of Linear vs. Non-linear Reparameterization on VTAB-1K.

> +H
— < =} + £
o N + =] 0 - [0}
o — o =} T} © o - ) - N —
o < — o 5] < Q 8] [a] o o < =1
— ¢] M ~ > < O ¢} | | = O | |
a4 0] 1) o — 9] o) <] 9 9] Q - | | m m
< + 2 9] Z ™ Q e} - - > > [ = 4 G ™ [
[ — [a) o D s} o £ I 0 D 9] 1) | [ 0, [oN o o
Method s 8 5 & & & oa 8 & & & 8 v oA ¥ 3% 3 % % |ave
LoRA 67.1 914 69.4 982 904 853 54 849 953 844 736 829 692 498 785 757 471 31 44 | 722
RepLoRA (Linear) | 70.1 93.1 71.7 989 933 8 56 904 958 863 756 832 706 546 767 80.6 48 313 399 | 739
RepLoRA (Non-linear) | 73.2 941 733 993 944 89.1 589 892 975 879 778 851 72.6 557 812 817 492 357 473 | 759
Table 12. Image classification accuracy of Linear vs. Non-linear Reparameterization on FGVC datasets.
Method CUB_200.2011 NABirds OxfordFlower StanfordDogs StanfordCars | AVG
LoRA 84.6 78.2 98.9 85.1 77.1 84.7
RepLoRA (Linear) 88.6 85.2 98.1 89.9 83.3 89.0
RepLoRA (Non-linear) 89.1 86.1 99.3 91.2 87.6 90.7
Table 13. Video action recognition performance of Linear vs. Non-linear Reparameterization on SSv2 and HMDB51 datasets.
SSv2 HMDB51
Method Model Pretraining #Params (M) | Acc@1l PPT | Acc@l PPT
LoRA Video Swin-B  Kinetics400 0.75 3834 037 | 62.12  0.60
RepLoRA (Linear) Video Swin-B  Kinetics400 0.91 41.89 0.40 66.01 0.63
RepLoRA (Non-linear) | Video Swin-B  Kinetics400 1.45 43.12 041 68.23  0.64
Table 14. Performance of performance of Linear vs. Non-linear Reparameterization on the Commonsense Reasoning task.
PEFT Method BoolQ PIQA SIQA HellaSwag WinoGrande ARC-e ARC-c OBQA AVG
LoRA 67.2 79.4 76.6 78.3 78.4 77.1 61.5 74.2 | 74.0875
LLaMA-7B RepLoRA (Linear) 67.1 81.7 79.3 71.9 79.6 78.4 64.1 774 | 75.6875
RepLoRA (Non-linear) 71.8 84.1 78.9 85.2 83.3 824 66.2 81.2 | 79.1375
LoRA 71.7 82.4 79.6 90.4 83.6 83.1 68.5 82.1 80.175
LLaMA-13B RepLoRA (Linear) 72.6 82.2 82.3 90.4 84.1 82.9 67.9 83.9 | 80.7875
RepLoRA (Non-linear) 73.1 85.2 84.7 91.1 85.9 84.7 73.4 85.6 | 82.9625

Table 15. Performance of Linear vs Non-linear reparameterization on the image-text understanding task on VL-BART.

Method VQA GQA NVLR COCO Cap | Avg.

LoRA 652 536 719 115.3 76.5
RepLoRA (Linear) 655 55 72.3 115.9 77.2
RepLoRA (Non-linear) | 66.5 554 74.2 116.2 78.1

Table 16. Performance of Linear vs Non-linear reparameterization on the video-text understanding task on VL-BART.

Method TVQA How2QA TVC YC2C | Avg.

LoRA 75.5 72.9 446 1409 | 83.5
RepLoRA (Linear) 76.3 73.4 449 1432 | 84.5
RepLoRA (Non-linear) | 77.8 75.1 46.6 151.6 | 87.8
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