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Abstract

To model discrete sequences such as DNA, proteins, and language using diffusion,1

practitioners must choose between three major methods: diffusion in discrete space,2

Gaussian diffusion in Euclidean space, or diffusion on the simplex. Despite their3

shared goal, these models have disparate algorithms, theoretical structures, and4

strengths. Ideally we could see each of these models as instances of the same5

underlying framework, and practitioners could seamlessly transition between the6

domains to fit their applications. However previous theories have only considered7

connections in special cases. Here we unify all three methods of discrete diffusion8

as different parameterizations of the same underlying process: the Wright-Fisher9

population genetics model. We find simplicial and Gaussian diffusion as two10

large-population limits. Our theory formally connects the likelihoods and hyperpa-11

rameters of these models. Finally, we relieve the practitioner of balancing model12

trade-offs by demonstrating it is possible to train a single model that can perform13

diffusion in any of these three domains at test time. In a proof of concept result,14

we show that we can train models on multiple domains at once that are competitive15

with models trained on any individual domain.16

1 Introduction17

Practitioners build diffusion models of language, DNA, and proteins to generate high quality se-18

quences conditioned on desirable properties [Sahoo et al., 2024, Sarkar et al., 2024, Alamdari et al.,19

2023]. These models are used for conditional generation [Wang et al., 2024], optimization [Gruver20

et al., 2023], and myriad other tasks [Luo et al., 2022, Baron et al., 2025].21

A practitioner has three main choices when modeling discrete sequence data with diffusion (Fig. 1b):22

(1) Discrete diffusion: the most straightforward and natural domain [Campbell et al., 2022]. (2)23

Gaussian diffusion: a mature field with elaborate sampling and training procedures [Dieleman et al.,24

2022]. (3) Simplicial diffusion: in theory inherits the continuous algorithms of Gaussian diffusion25

while working in a “natural” space, but in practice suffers from severe numerical instability issues26

[Avdeyev et al., 2023].27

Unfortunately, there is little work comparing these models, and thus practitioners have minimal28

practical guidance on model selection. We give an overview of existing theories connecting these29

models in Appendix A. The gap in theory is particularly evident in light of basic comparison problems30

which have yet to be solved: (1) Loss comparisons: Diffusion models are trained to optimize a lower31

bound on the likelihood (ELBO). However, despite models achieving similar ELBO values, there is a32

belief that the “continuous-space likelihood is not directly comparable with discrete-space likelihood"33

[Avdeyev et al., 2023]. (2) Hyperparameter comparisons: Each of these models are specified by34

hyperparameters with different interpretations, and there is no mechanism to qualitatively compare35

the assumptions each set of these hyperparameters are making across models.36
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(a) (b)

Figure 1: Discrete, Gaussian, and Simplicial diffusion for discrete data are unified by Wright-
Fisher diffusion. (a) Wright-Fisher diffusion with population size ζ = 6, showing mutation and
reproduction processes across generations. (b) The three diffusion methods emerge as different limits
of Wright-Fisher: discrete diffusion corresponds to ζ = 1, while Gaussian and simplicial diffusion
arise as ζ →∞ with zero and non-zero reproduction rates.

We address these theoretical and practical challenges by unifying diffusion methods with a process37

from human population genetics – the Wright-Fisher (WF) model. We formally prove all three38

methods are instances of WF (Fig. 1). We use this connection to answer the basic theoretical39

questions of loss and hyperparameter comparison. Then, for the practitioner, we show that a particular40

parameterization choice – the sufficient-statistic parameterization – allows one to train a single41

model that can perform diffusion on all three domains at test time. We show in a proof of concept42

that models trained this way can be competitive with models trained on individual domains.43

2 Diffusion models for discrete data44

We consider modeling a distribution p(x0) over a discrete space of size B, and extend to sequences45

of discrete objects in B.2. Our model begins by sampling from distribution q(x1), and then applies a46

stochastic process parametrized by θ from time 1 to 0. This produces a trajectory qθ((xt)1t=0) and we47

hope to pick θ so that qθ(x0) ∼ p(x0).48

Markov processes To generate training data to fit qθ((xt)1t=0), we take samples x0 ∼ p(x0) and49

evolve it according to a Markov process to get a trajectory p((xt)1t=1). We can train qθ on these50

trajectories by optimizing a negative ELBO51

− log qθ(x0) ≤− Ep((xt)1t=1|x0) log
qθ((xt)

1
t=0)

p((xt)1t=1|x0)

=− Ep((xt)1t=1|x0) log
qθ((xt)

1
t=0|x1)

p((xt)1t=1|x0, x1)
+ KL(p(x1|x0)|q(x1)).

(1)

To make the second term of Eqn. 1 small we need p(x1|x0) ≈ q(x1). To do so, we pick an increasing52

“time dialation” function τ : [0, 1]→ [0,∞) and simulate xt so that it has had the Markov process53

applied to it for time time τt (see B.1 for explanation). Picking τ1 very large, the second term of the54

ELBO can be made arbitrarily small, so we leave it out of the presentation below.55

Matching forward and backward flow qθ is usually parameterized to take xt, t and predict the x0
that generated xt, that is, approximate p(x0 | xt, t); we represent this prediction x̃0 = qθ(x0|xt, t)
as a vector of probabilities over the B tokens

∑
b x̃0,b = 1. Some rearrangement then allows one to

rewrite the first term of Eqn. 1 as an expectation of a term L that can be interpreted as the divergence
between the “infinitesimal flow” forward p and backward qθ at xt:

Et∼Unif(0,1)Ep(xt|x0)L(xt, t, x0, x̃0).

We describe the ELBO algorithms for discrete and Gaussian diffusion, along with the challenges of56

comparing their losses and hyperparameters in Appendix B.3.57
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3 Unifying diffusion models58

We derive connections between discrete, Gaussian, and simplicial diffusion using a population59

genetics framework, based on the Wright-Fisher mathematical model of genetic drift [Wright, 1931].60

Using this framework we show that Gaussian diffusion can be derived directly from discrete diffusion,61

enabling previously impossible comparisons between the models. Then in Appendix B.4 and G.562

we derive a unifying connection to simplicial diffusion.63

We represent each dimension of a sequence as a population with ζ copies of each letter to get a
sequence of sequences.

ex. for ζ = 4, x0 = A|C|C|T is represented as AAAA|CCCC|CCCC|TTTT.

Algorithm 1 ELBO for ζ discrete diffusion

1: Sample t ∼ Unif(0, 1)
2: Sample noisy xt:
3: Sample x⃗t ∼ Multinomial(ζ, xT0 e

τtL)/ζ
4: Predict de-noised X:
5: Predict x̃0 = qθ(x0 | x⃗t, t)
6: Compute loss:
7: p = x⃗T0 e

τtL; q = x̃T0 e
τtL

8: L =
∑
b1 ̸=b2 Lb2→b1 τ̇tζx⃗t,b1D

(
pb2
pb1

∣∣∣∣∣∣∣∣ qb2qb1
)

Then each letter in each sequence is evolved ac-64

cording to the mutation matrix L (where Lb1→b265

describes the rate at which b1 mutates to b2).66

When ζ = 1 we get discrete diffusion. Next67

we show that as ζ → ∞ we get Gaussian dif-68

fusion. Below we discuss the one-dimensional69

case D = 1, which can naturally be extended to70

a multi-dimensional diffusion model.71

Representing xt on the simplex Even though72

we will ultimately arrive at a Gaussian limit in73

Euclidean space, we first represent xt on the74

simplex. Above xt was one of B tokens; now75

it’s one of Bζ sequences of B tokens xt = x
(1)
t · · ·x

(ζ)
t . It can be generated as in the ζ = 1 case76

by sampling each x(z)t ∼ Categorical(x⃗T0 e
τtL). In App. G.1 we note however that the loss and77

p(x0 | xt, t) – the target for qθ(x0 | xt, t) – do not depend on the order of the letters of xt. Therefore78

we can represent xt as a vector of counts of each letter, or normalize by ζ to get
∑
b xt,b/ζ = 1.79

In App. G.1 we derive the loss, giving us Alg. 1 – differences to discrete diffusion in Alg. 2 are80

highlighted in blue.81

Figure 2: Discrete diffusion with a large pop-
ulation converges to Gaussian diffusion. With
ζ = 1000, we show example trajectories (x⃗t)t
from A, B, and C that converge to approximate
Gaussians near π.

Gaussian limit As ζ → ∞, trajectories con-82

verge quickly to the stationary distribution of L,83

π, and behave like Gaussians near π because of84

the central limit theorem (Fig. 2). As ζ →∞we85

zoom further into the neighbourhood of π where86

the diffusion occurs, moving from diffusion on87

the simplex to diffusion in Euclidean space. In-88

terestingly, we see that in the multi-dimensional89

case, the relevant Gaussian diffusion can occur90

in a subspace determined by the spectrum of L.91

Theorem 3.1. (Formal statement and proof in92

App. G.2) Call λ1 the largest negative eigen-93

value of L and P1 the projection onto the corre-94

sponding left eigenspace. Without loss of gener-95

ality, assume λ1 = 1. For each ζ pick time dila-96

tion τ ζt = 1
2 log

(
ζe−2τt − ζ + 1

)
and rescale97

x⃗ζt =
√
ζ − (ζ − 1)e2τt(x⃗t−π)/

√
π. Define the embedding into Rrank(Pi), Qi = ji(Q̃iQ̃

T
i )

−1/2Q̃i98

where Q̃i = diag(π)−1/2Pidiag(π)
1/2 and ji is any isometry from Im(Q̃i)→ Rrank(Pi).99

When ζ = 1 we get discrete diffusion: τ ζt = τt and x⃗ζt is only linearly transformed (x⃗t − π)/
√
π.100

When ζ → ∞, we get Gaussian diffusion in the first eigenspace. Only the first eigenspace has101

signal (in the limit, the component of xζt in KerQ1 is independent of x0). The paths (Q1x⃗
ζ
t )t∈(0,1)102

converge in distribution to paths from Gaussian diffusion with time dilation τt and embedding103

emb(x0) = Q1(x⃗0/
√
π). The ELBO in Alg. 1 converges to the ELBO for Gaussian diffusion in104

Alg. 3.105
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3.1 Comparing diffusion models106

Loss comparison Gaussian and discrete diffusion are thought to have incomparable likelihoods107

due to a singularity in the Gaussian diffusion loss (see B.3.1). However, Thm. 3.1 suggests that there108

is no difference in training a discrete diffusion model with ζ = 10100 and training Gaussian diffusion109

with Alg. 3 on a computer, suggesting their ELBOs are comparable. Our unification result offers an110

explanation for why the singularity exists (Appendix C.1), and suggests a practical solution to enable111

comparison, which we name the “hollow predictor”. We weight the output of the neural network112

by the evidence for each x0, qθ(x0 | xt, t) ∝ p(xt | x0, t)qθ(x0) where p(xt | x0, t) automatically113

handles deciding when x0 is obvious from xt’s location on the simplex (explanation in C.1). Thus,114

when this parameterization is used, Gaussian and discrete diffusion likelihoods can in fact be directly115

compared. In App. G.4 we prove that applying the hollow parametrization removes the singularity at116

0 of the Gaussian ELBO.117

Hyperparameter comparison Discrete and Gaussian diffusion models are specified by hyperpa-118

rametersL and emb with vastly different interpretations (see B.3.1). Thm. 3.1 reveals that embeddings119

correspond to a corrected fist eigenspace of the mutation matrix, establishing a formal connection120

between L and emb (see Fig. 5). The practical implications of this connection are that (1) one can121

sanity-check their designed L by checking its induced embeddings, and (2) discrete diffusion offers122

a richer design space, as one can specify all the interacting eigenspaces of L rather than just the123

dominant one, emb.124

4 Practical unified diffusion models125

We show through a particular parameter choice, the“sufficient-statistic parameterization” (SSP), one126

can train a single neural network that can perform diffusion on any domain at test time (Fig. 3).127

Further, the SSP explains the root of the noted “time-invariance” of masking diffusion and extends128

this property to every diffusion model (C.3).129

The goal of a diffusion model is to predict1 qθ(x
d
0 | x−dt , t) ≈ p(xd0 | x−dt , t) for all d, t. To do so,

one must integrate over the unseen x−d0 weighted by their likelihood of producing the data x−dt :

p(xd0 | x−dt , t) =

∫
p(xd0 | x−d0 )dp(x−d0 | x−dt , t).

This means that the only way each xd
′

t impacts our prediction is through the evidence it gives us about130

xd
′

0 . We can summarize this “evidence” in the normalized vector2 ϕ⃗(xd
′

t , t)b ∝ p(xd
′

t | t, xd
′

0 = b)131

(Supp. Fig. 6). A bit of algebra shows that these ϕ⃗’s are sufficient statistics – they contain all132

relevant information about the diffusion process and t, leaving a regression task that invariant to both.133

Figure 3: The sufficient statistic parametriza-
tion enables training a single model that can
do discrete or Gaussian diffusion. We used an
ESM2 architecture on Uniref50 for 48 hours on a
single A100.

134

Proposition 4.1. (Proof in App. G.3) There is
a function F d, depending on p(x0) and not on
the diffusion process or t, such that

p(xd0 | x−dt , t) = F d(ϕ⃗(x⃗1t , t), . . . , ϕ⃗(x⃗
D
t , t)).

Therefore we can parametrize our135

neural network qθ(x
d
0 | x−dt , t) =136

F dθ (ϕ⃗(x⃗
1
t , t), . . . , ϕ⃗(x⃗

D
t , t)) for a neural137

network F dθ that learns the “universal” F d.138

Performance of a unified model Lastly, as an139

initial experiment, we train discrete and Gaus-140

sian diffusion models on proteins and compare141

to a model using the SSP which alternated be-142

tween discrete and Gaussian training steps. We find that even controlling for compute, the single SSP143

model is competitive with the single-domain models (Fig. 3).144

1For the non-hollow parameterization, swap x−d
t with xt.

2Note this only works with diffusion models of discrete data where ϕ⃗ is finite dimensional.
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A Related work220

To provide context for our work, we give an overview of other theories of unification and diffusion221

model parameterizations below.222

Theories unifying discrete and continuous diffusion There is a long history of deriving continuous223

limits of discrete processes, the “forward” processes of diffusion models. Groundbreaking work by224

Stone [1963] derived Gaussian diffusion as a limit to biased one-dimensional random walks. In one of225

the most celebrated results in mathematical genetics, Kimura [1955] also derived a continuous limit of226

the Wright-Fisher process with non-zero reproduction. We (1) apply these results to understand and227

improve diffusion models, (2) also show convergence of the ELBO of diffusion models, and, to our228

knowledge, (3) derive a new result – the multi-dimensional Gaussian-diffusion limit of Wright-Fisher229

with zero reproductions – demonstrating previously un-characterized behaviour dependent on the230

eigenspace of the mutation operator. Results (2) and (3) are what allow us to compare likelihoods231

and hyperparameters.232

Looking at generative diffusion models, Winkler et al. [2024] used the result from [Stone, 1963]233

(through a citation from Sumita et al. [2006]) to connect the special case of one-dimensional,234

unbiased discrete diffusion to one-dimensional Gaussian diffusion. They use this observation to235

heuristically argue, or conjecture, the convergence of the backwards processes as well. Sahoo et al.236

[2025] suggested that by taking Gaussian diffusion and applying argmax, one recovers discrete237

diffusion3. They used this insight to answer the loss comparison problem by proving that the ELBO238

of discrete diffusion is always superior to that of continuous diffusion. Unfortunately, this is based on239

3Interestingly, Stone [1963] also wrote discrete diffusion as the function of an underlying Gaussian diffusion.
However the function from Stone [1963] was a path-dependent time-dilation rather than argmax.
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a mathematical error (details in App. E): by applying argmax to Gaussian diffusion one does not get240

a Markov process, a property which was crucial to their proof of the loss comparison question. Li241

et al. [2025] looked at Gaussian diffusion with a generalized noising strategy; they noted a special242

case resembled masking diffusion – each token was either fully noised or un-noised. However the243

training procedure and ELBO of this special case are distinct from standard masking diffusion [Shi244

et al., 2024].245

Parameterizations of discrete diffusion models In diffusion, one uses a neural network to predict246

the identity of each dimension of the “un-noised” sequence xd0 given the noised sequence and the247

time t, qθ(xd0 | xt, t). A number of works suggest superficially distinct, but ultimately equivalent248

parameterizations [Campbell et al., 2022, Lou et al., 2023].249

For discrete diffusion models, Austin et al. [2021] suggested multiplying the output of the neural250

network by p(xdt | xd0) to “automatically” incorporate the information about the noised token about251

that particular location. Amin et al. [2025] interpreted this as using a “hollow” predictor as qθ(xd0 |252

xt, t) ∝ p(xdt | xd0)qθ(xd0 | x−dt , t), with the neural network playing the role of qθ(xd0 | x−dt , t).253

While relegated to the appendix of these works, we show that this choice is crucial for the loss254

comparison problem when its application is extended to Gaussian and simplicial diffusion.255

Zheng et al. [2024], Ou et al. [2024], and Sahoo et al. [2024] noted that for masking diffusion, it256

is not necessary to pass t to qθ(xd0 | xt, t) – it is “time-invariant". Zheng et al. [2024] suggests this257

makes masking models a fundamentally different object than other diffusion models: “we reveal258

that both training and sampling of [masked models] are theoretically free from the time variable,259

arguably the key signature of diffusion models, and are instead equivalent to masked models.” Our260

sufficient-statistic parameterization shows on the contrary that every diffusion model can be made261

time-invariant by a choice of parameterization, with masking as a special case.262

B Methods263

B.1 The time dilation function264

To make the second term of Eqn. 1 small we need p(x1|x0) ≈ q(x1) which in particular means that265

p(x1|x0) should not strongly depend on x0. Conveniently, applying a Markov process to x0 usually266

leads to p(xt|x0) converging to a stationary distribution p(x∞) as t→∞, a good choice for q(x1).267

However our t is on the interval [0, 1], not [0,∞), so we compress [0,∞) into [0, 1]: we pick an268

increasing “time dialation” function τ : [0, 1]→ [0,∞) and simulate xt so that it has had the Markov269

process applied to it for time time τt. In particular, if τ1 is very large, p(x1|x0) ≈ p(x∞) = q(x1).270

τt is a more convenient parametrization for our presentation than equivalent functions βt = τ̇t, αt =271

exp(−τt) in other works [Shi et al., 2024].272

B.2 Moving to multiple dimensions273

To consider sequences of discrete objects x0 = x10 · · ·xD0 , we simply apply the Markov process to274

each position xd0 independently. Therefore “Sample noisy xt" remains the same, just repeated for275

every d. As well, the “infinitesimal flow” for each position ends up being independent: the “Compute276

ELBO” step also remains the same, just repeated for every d and then summed across all d. To277

compute the ELBO therefore, in the “Predict de-noised x0” step we will predict x̃d0,θ = qθ(x
d
0|xt, t)278

for each d.279

B.3 Discrete and Gaussian diffusion280

For discrete diffusion, the Markov process is stochastic mutation defined with a rate matrix L (where281

Lb1→b2 describes the rate at which b1 mutates to b2); the form for L was derived in Campbell282

et al. [2022]. This gives Alg. 2, where x⃗0 is the indicator vector for the token x0, D(λ1||λ2) =283

λ1 log
λ1

λ2
− λ1 + λ2 is the KL divergence between two Poisson distributions, and τ̇t is the derivative284

of τt. For Gaussian diffusion, the Markov process is Brownian motion on embedded vectors285

emb(x0) ∈ Rr; the form for L was derived in Ho et al. [2020]. This gives Alg. 3.286
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In summary, getting a stochastic estimate of the ELBO has 3 steps: (1) Sample noisy xt by simulating287

the Markov process for time τt, (2) Predict de-noised x0 with x̃0,θ(xt, t), and (3) Compute the288

particular form of L. The difference between diffusion models lies in the first and third steps.289

Algorithm 2 ELBO for discrete diffusion

1: Sample t ∼ Unif(0, 1)
2: Sample noisy xt:
3: Sample xt ∼ Categorical(x⃗T0 e

τtL)
4: Predict de-noised x0:
5: Predict x̃0 = qθ(x0|xt, t)
6: Compute ELBO:
7: p = x⃗T0 e

τtL, q = x̃T0 e
τtL

8: L =
∑
b ̸=xt Lb→xt τ̇tD

(
pb
pxt

∣∣∣∣∣∣∣∣ qbqxt
)

Algorithm 3 ELBO for Gaussian diffusion

1: Sample t ∼ Unif(0, 1)
2: Sample noisy xt:
3: Set xt = e−τtemb(x0) +

√
1− e−2τtN(0, I)

4: Predict de-noised x0:
5: Predict x̃0 = qθ(x0|xt, t)
6: Compute ELBO:
7: L = τ̇te

−2τt

(1−e−2τt )2
∥emb(x0)− emb(x̃0)∥2

8:

290

B.3.1 Theoretical challenges in discrete and Gaussian diffusion comparison:291

Likelihood comparison We would like to compare the likelihoods of discrete and Gaussian292

diffusion, but these are sometimes infinity. At initialization, ∥emb(x0) − emb(x̃0)∥2 is roughly a293

constant, and for the classical choice τt = − 1
2 log(1 − t), the square error in Alg. 3 is weighted294

by 1/2t2, so the loss is ∼
∫ 1

0
t−2dt = ∞. To avoid the singularity at small t, one chooses a295

minimum tmin
4. Formally this is equivalent to estimating an ELBO for log p(xtmin

) instead of296

log p(x0). However, xtmin
is not a discrete object so p(xtmin

) is a continuous density, fundamentally297

a different object than the probability of a discrete object p(x0). Nevertheless, the values of the298

ELBO for log p(xtmin) is often close to ELBOs from discrete diffusion models, suggesting they may299

be comparable.300

Hyperparameter comparison Discrete and Gaussian diffusion models are specified by hyperpa-301

rameters L and emb with vastly different interpretations. To specify a discrete diffusion model, one302

must specify a matrix whose entry Lb1→b2 describes the rate at which b1 mutates to b2. For proteins303

for example, this is often specified using the BLOSUM amino acid similarity matrix [Alamdari304

et al., 2023]. To specify a Gaussian diffusion model, one must specify a embedding function emb305

that takes the alphabet into Euclidean space Rr for some r (we write emb(x̃0) as shorthand for306 ∑
b x̃0,bemb(b)). This can use pre-trained embeddings [Dieleman et al., 2022] or a variety of other307

strategies [Shabalin et al., 2025].308

B.4 Unifying simplicial diffusion309

We now allow our population of ζ to reproduce. At rate ζ we generate ζ “children” which each310

randomly and uniformly pick a parent; we also allow individuals to continue mutating according to311

mutation matrix L so that mutations may be introduced between generations (Fig. 1a). We now ask312

what happens when ζ →∞ by referring to the mathematical genetics literature. One biologically313

reasonable assumption these works make is a parent-independent mutation rate matrix, that is,314

L = ψ × (1π⃗T − I) for stationary distribution π⃗ and mutation rate ψ > 0 (see ex. Tavaré [1984]).315

Since this does not restrict the design space of simplicial diffusion, which is specified exactly by an316

intensity parameter ψ and stationary distribution π⃗, we make the same assumption.317

The limit of the forward process Kimura [1955] was the first to derive the ζ →∞ limit of the318

stochastic process. Unlike the mutation-only case which zooms in on π⃗, this limiting distribution has319

paths that travel throughout the simplex (see Fig. 1b. Indeed this limit, often itself called “Wright-320

Fisher diffusion” is exactly the “Jacobi process” used in simplicial diffusion [Avdeyev et al., 2023]. In321

higher dimensions, Ethier and Kurtz [1986, Chapter 10] also gives the same result as the construction322

from Avdeyev et al. [2023].323

4Most discrete diffusion models also have a singularity at t → 0+, requiring one to specify a tmin [Campbell
et al., 2022, Lou et al., 2023]. This is not the case for “schedule-conditioned” models, including masking,
partially explaining its popularity [Amin et al., 2025, Shi et al., 2024].
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The limit of the ELBO We add to these results by also deriving the limit of the discrete diffusion324

ELBO. Remarkably, we get the “score-matching” objective of Avdeyev et al. [2023] scaled by τ̇t/2.325

This justifies its use as an ELBO while Avdeyev et al. [2023] only recognized it as a stable training326

objective.327

Theorem B.1. (Proof in App. G.5) As ζ →∞, the discrete diffusion objective in Alg. 2 converges to328

the teal quantity from Alg. 4.329

Algorithm 4 ELBO for simplicial diffusion. Our changes to Avdeyev et al. [2023] are coloured.

1: Sample t ∼ Unif(0, 1)
2: Sample noisy xt:
3: Sample m ∼ A(ψ, τt) with Alg. 5; if τt < 0.05, use Alg. 6
4: Sample x⃗t ∼ Dirichlet(ψπ⃗ +mx⃗0).
5: Predict de-noised x0:
6: Predict x̃0 ∝ qθ(x0 | xt, t)
7: Compute ELBO:
8: Compute s⃗(x⃗t | x0, t) = ∇xt log p(xt|x0, t) with Eqn. 2; if τt < 0.05, use Eqn. 3
9: L = τ̇t

2 ∥s⃗(x⃗t | x0, t)− s⃗(x̃t | x0, t)∥
2
diag(x⃗t)−x⃗tx⃗Tt

330

Sampling noisy xt Avdeyev et al. [2023] and Richemond et al. [2022] suggested sampling xt by331

costly and approximate simulation from a stochastic differential equation. Instead, the suggestively332

titled paper “Exact simulation of the Wright-Fisher diffusion” [Jenkins and Spanò, 2017] gives a333

simple formula for the marginals xt (blue in Alg. 4). The algorithm samples x⃗t from a Dirichlet that334

is centred at the stationary mutation distribution π⃗ when m = 0 and becomes more concentrated335

around the signal x0 when m is larger. m itself is an integer sampled from a distribution A(ψ, τt) that336

represents, going back in time τt, how many ancestors the population descend from – it is small when337

τt is large, when everyone descended from a handful of individuals from far back in time. Indeed338

Stark et al. [2024] suggested a Dirichlet distribution as a natural noising distribution for xt for flow339

matching – we see this intuition applies without having to do away with diffusion altogether.340

Low t behaviour Both the simulation ofA(ψ, τt) and the calculation of the gradients∇xt log p(xt |341

x0) involves an infinite series [Tavaré, 1984]. Luckily the terms converge extremely fast – at square342

exponential rate. This is not true however at low t, leading to the well known instability of simplicial343

diffusion [Avdeyev et al., 2023, Richemond et al., 2022]. This instability is also well known in the344

mathematical genetics literature, with Griffiths [1984] emphatically stating that using the infinite345

series at low t “produces nonsense from a computer.”346

The solution at low t is to replace the series approximation, which gets worse with lower t, with a347

central limit approximation for A(ψ, τt) [Griffiths, 1984, Jenkins and Spanò, 2017] that improves348

with lower t (purple in Alg. 4); this is analogous to how reflected diffusion models were made stable349

despite their own infinite series expansion with the same problem Luo et al. [2022]. We picked the350

τt < 0.05 threshold as recommended by Jenkins and Spanò [2017]. In App. F.1 we describe how to351

use this approximation to also stabilize the loss computation.352

C Discussion of Theoretical Results353

C.1 Enabling loss comparison354

Figure 4: The hollow
parameterization leads
to realistic reverse path
samples. ζ = 300.

Fig. 2 suggests why the limiting Gaussian ELBO is infinite: paths from x⃗t355

have two phases, a nearly deterministic phase where no information about356

x0 has been lost (Fig 2 left), and a random phase (Fig 2 right). Diffusion357

models reversing these paths should therefore go through a random phase,358

until p(x0 | xt, t) becomes obvious, and then trace a deterministic path359

back to x0. However, at initialization, x0 is “never obvious” to the neural360

network qθ(x0 | xt, t), leading to mismatches to the deterministic paths361

(Fig. 4 "Random"). As ζ gets larger, the paths get more deterministic362
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and our choice of τ ζt “smooshes” the deterministic phase towards t = 0,363

causing the singularity in the limit.364

The practical solution is therefore simple – weight the output of the365

neural network by the evidence for each x0, qθ(x0 | xt, t) ∝ p(xt |366

x0, t)qθ(x0) where p(xt | x0, t) “automatically handles” deciding when367

x0 is obvious (Fig. 4 "Hollow").In App. G.4 we prove that applying the368

hollow parametrization removes the singularity at 0 of the Gaussian ELBO.369

This was suggested by Austin et al. [2021] to improve discrete diffusion models, but here we show370

that important for building Gaussian diffusion models with formally comparable likelihoods as well5.371

Amin et al. [2025] showed that in higher dimensions this becomes equivalent to using the “hollow”372

predictor6.373

C.2 Embedding hyperparameter comparison374

Figure 5: Euclidean embeddings of
amino acids from BLOSUM L. With
the BLOSUM discrete diffusion process
inspired by [Alamdari et al., 2023], we
extract emb(x0) from Thm. 3.1 for all
amino acids.

Hyperparameter comparison Thm. 3.1 gives us a for-375

mula for an embedding function emb determined by the376

slowest-decaying directions in L. Remarkably, this con-377

nection accommodates Gaussian diffusion in different di-378

mensions Rr: r is simply determined by the dimension of379

the dominant eigenspace of L. In Fig. 5 we show the top380

eigenspace of the BLOSUM matrix, often used to build381

stochastic processes for amino acids, seeing that it clusters382

similar amino acids together.383

C.3 Time-invariant diffusion models384

Masking diffusion is celebrated for its “time-385

invariance” [Zheng et al., 2024, Sahoo et al., 2024]: its386

optimal qθ(xd0 | x−dt , t) does not depend on time. This387

theoretically connects it with masked language models and practically means that one does not need388

to engineer neural networks of two variables, both xt and t. Our SSP allows us to make any diffusion389

model time-invariant.390

Time-invariance is a function of parameterization: Masking is time-invariant due to a choice of391

parametrization. To see this, imagine applying a time-dependent rotation to each xdt ; we are essentially392

performing the same diffusion but now must also pass t to qθ so it can “undo” the transformation. The393

ϕ⃗ can be thought of as automatically transforming xt so F d is independent of time in any diffusion394

model.395

Masking uses SSP: Indeed the SSP of masking diffusion, ϕ⃗(xdt , t) = δxt if xt ̸= mask and396

ϕ⃗(xdt , t) = [ 1B , . . . ,
1
B ] otherwise, is exactly the canonical parametrization. Thus the time-invariance397

of masking isn’t special – rather masking’s most convenient parametrization happens to be the SSP.398

5Note this hollow parametrization is specific to our setting of Gaussian diffusion for discrete data where
there are only finitely many possible x0.

6Note this does not require a change of architecture – qθ(x
d
0|x−d

t , t) can be a function of all of xt but must
learn to disregard xd

t .
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D Supplementary Figures399

Figure 6: The sufficient statistic parameterization represents x⃗t from all diffusion models in the
same space.

E Mathematical error in Sahoo et al. (2025)400

In Theorem 3.1, Sahoo et al. [2025] shows that the ELBO of a discrete diffusion model is always401

tighter than that of a Gaussian diffusion model. In its proof, with wt from Gaussian diffusion,402

zt = argmax(wt), and x = z0 = w0, they state “Since the transition zt → zs is Markov, we get:403

q(zs | wt, zt, x) = q(zs | zt, x)”. Putting aside the correctness of this statement, it is clear that the404

proof as stated requires the Markov property of (zt)t.405

The way the Markov property is shown is as follows. They first define a discrete diffusion model, let’s406

call this (z̃t)t, such that z̃0 comes from the data distribution and z̃ evolves with respect to a uniform407

forward process with rate parameter β(t) chosen such that the marginals match p(zt|z0) = p(z̃t|z̃0).408

In Eqn. 29 they compute d
dtp(zt|z0) and in Eqn. 32 they compute d

dtp(z̃t|z̃0) for all starting points409

and show they are identical. After noting the equivalence of equations 29 and 32, they state "This410

pmf and the ODE are the unique signatures of a Uniform-state discrete diffusion process (Lou et al.,411

2023; Schiff et al., 2025)." and from this conclude that the path distributions of (z̃t)t and (zt)t are412

equivalent, and in particular, that (zt)t is Markov7.413

However, despite a similar result for Markov chains (two Markov processes with identical semi-414

groups are equivalent), p(zt|z0) = p(z̃t|z̃0) and d
dtp(zt|z0) =

d
dtp(z̃t|z̃0) for all starting points is not415

enough to conclude the identity of the path distributions p((zt)t|z0) = p((z̃t)t|z̃0). First note that416
d
dtp(zt|z0) =

d
dtp(z̃t|z̃0) is not an independent condition: it follows from p(zt|z0) = p(z̃t|z̃0). Next417

consider this counter example:418

• z̃0 = 1 and (z̃t)t evolves by switching sign with rate 1. Therefore p(z̃t = 0) = 1− 1
2e

−2t.419

• z0 = 1 and (zt)t has a 50% chance to stay at 0 forever and a 50% chance to swap sign420

at time − 1
2 logU for a U ∼ Uniform and never again. Therefore p(z̃t = 1) = 1

2 (1 +421

p(− 1
2 log Uniform > t)) = 1− 1

2e
−2t.422

• When z0 = −1 or z̃0 = −1, then swap signs.423

We have p(zt|z0) = p(z̃t|z0) for all z0 and therefore d
dtp(zt|z0) =

d
dtp(z̃t|z0) but clearly p((zt)t) ̸=424

p((z̃t)t).425

Simple computer simulations indeed show that p((argmax(wt))t) and p((z̃t)t) are different. We426

show this in Fig. 7. Indeed a statistical test applied to these simulations shows p((argmax(wt))t) ̸=427

p((z̃t)t): a Mann-Whitney test shows that the paths of the argmax of Gaussian diffusion have more428

transitions that those of discrete diffusion with p < 10−300.429

7This interpretation of the text was confirmed in personal communication with the first author of Sahoo et al.
[2025]
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Figure 7: The argmax of Gaussian diffusion appears different from discrete diffusion in sim-
ulation, despite having the same marginals. We compare example paths of p((argmax(wt))t)
(left, red; we show Gaussian diffusion wt in grey), p((z̃t)t) for uniform discrete diffusion (centre,
blue), and their empirical marginals over 10’000 simulations (right); we simulate using a grid size of
0.0001. Note the two processes have the same marginals but their paths appear different; in particular,
whenever wt is near 0, (argmax(wt))t undergoes a very large number of transitions in a small time8.

F Wright-Fisher sampling and score calculations430

Note, just like App. G.1, we can deal with x⃗t rather than the actual sequences xt. We now discuss431

how to sample and calculate the functions s⃗(v⃗ | x0).432

Sample noisy xt We’ve discussed the algorithm from Jenkins and Spanò [2017] in the main text.433

We now present their algorithm for sampling from A(ψ, τt).434

Algorithm 5 Exact sampling from ancestral process A(ψ, τt)

1: Define coefficients: cψkm =
(2k+ψ−1)(ψ)(k−1)

m!(k−m)! for k ≥ m
2: Define PMF: qψm(τt) =

∑∞
k=m(−1)k−mcψkme−k(k+ψ−1)τt/2

3: Sample U ∼ Uniform[0, 1]
4: Initialize M ← 0
5: Compute initial bounds: S− ← 0, S+ ← qψ0 (τt)
6: while not (S− > U or S+ < U ) do
7: Find KM such that cψ(KM+1)Me

−(KM+1)(KM+ψ)τt/2 < cψKMMe
−KM (KM+ψ−1)τt/2

8: Update lower bound: S− ← S− +
∑⌊KM/2⌋
i=0 (−1)icψ(M+2i)Me

−(M+2i)(M+2i+ψ−1)τt/2

9: Update upper bound: S+ ← S−+
∑⌊(KM−1)/2⌋
i=0 (−1)icψ(M+2i+1)Me

−(M+2i+1)(M+2i+ψ)τt/2

10: if S− > U then
11: return m =M
12: else if S+ < U then
13: M ←M + 1
14: end if
15: end while

Compute loss We present a formula for s⃗(v⃗ | x0, t) = ∇ log p(x⃗t | x0, t)|v⃗ to enable computation435

of the loss. Avdeyev et al. [2023] computed these scores using a previously determined result with436

8Indeed, noting the self-similarity of Brownian motion, one can show that, conditioned on wt = 0, with
probability 1 (zt)t makes infinitely many transitions in the interval [t, t+ ϵ) for any ϵ > 0. The probability of
infinitely many transitions in a bounded interval for discrete diffusion however is 0.
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B = 2 then generalizing to higher dimensions with their stick-breaking procedure and a change of437

variables. We are instead able to derive it directly from first principles.438

There are two infinite series which will be important,439

Gψ(t, x0, x⃗t) = 1 +

∞∑
k=1

(−1)kaψk (t, πx0 , x⃗t,x0)

Fψ(t, x0, x⃗t) = 1 +

∞∑
k=1

(−1)kbψk (t, πx0
, x⃗t,x0

)

where440

aψk (t, πx0 , x⃗t,x0) = e−
k(k+ψ−1)t

2
(2k + ψ − 1)(ψ)(k−1)

k!
2F1(−k, ψ + k − 1;ψπx0 ; x⃗t,x0)

bψk (t, πx0
, x⃗t,x0

) = e−
k(k+ψ+1)t

2
(ψ)(k)

k!

(2k + ψ + 1)(ψ + k)

(ψ + 1)ψ
2F1(−k, ψ + k + 1;ψπx0

+ 1; x⃗t,x0
)

where 2F1 is the hypergeometric function. Although these look complicated, in practice, most terms441

in the numerators and denominator of a and b nearly cancel to 1, and, when t is not too small,442

e−k(k+ψ+1)t/2 decays extremely quickly.443

Using the results in Tavaré [1984] we compute s⃗(v⃗ | x0) in terms of these series. Since we’re only444

interested in differences for calculating the ELBO, s⃗(v⃗ | x0, t)− s⃗(v⃗ | x̃0, t) we ignore constants not445

depending on x0.446

Proposition F.1. (Proof in App. G.6)
p(x⃗t | x0, t) = Dirichlet(πψ)(x⃗t)Gψ(τt, x0, v⃗).

For c⃗(v⃗) = ∇ logDirichlet(πψ)(x⃗t) which does not depend on x0,447

s⃗(v⃗ | x0, t) = c⃗(v⃗) + x⃗0w(x0, v⃗) (2)
where

w(x0, v⃗) =
e−ψτt/2(ψ + 1)

π(x0)

Fψ(τt, x0, v⃗)

Gψ(τt, x0, v⃗)
.

Note with the hollow parameterization, calling w⃗b = w(b), we get

s⃗(v⃗ | x̃0, t) = c⃗(v⃗) +
e−ψτt/2(ψ + 1)

π(x0)

∑
b x̃0,bFψ(τt, b, v⃗)∑
b x̃0,bGψ(τt, b, v⃗)

.

F.1 Low time regimen448

When t is small, sampling from A(ψ, τt) or calculating Gψ, Fψ become unstable. Griffiths [1984]449

suggested a Gaussian approximation for A(ψ, τt) which we will also use for deriving stable approxi-450

mations of s⃗(v⃗ | x0, t).451

Sample noisy xt We copy the following from Jenkins and Spanò [2017].452

Algorithm 6 Sampling from ancestral process A(ψ, τt) - Low t approximation

1: Set β ← 1
2 (ψ − 1)τt

2: if β ̸= 0 then
3: Set η ← βe1−β

4: Set µ← 2η
τt

5: Set σ2 ← 2η
τt

(
η+β

1−e−2β

)2 (
1 + η

η+β − 2η
)
β−2

6: else
7: Set µ← 2

τt

8: Set σ2 ← 2
3τt

9: end if
10: Sample Z ∼ N (µ, σ2)
11: return m = max(0, ⌊Z + 0.5⌋) ▷ Round to nearest non-negative integer
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Compute loss The loss in this regimen, even with the Griffiths approximation, becomes intractable;453

instead we use the Griffiths approximation to simply bound the loss.454

When t is small, x0 is almost always b∗ = argmaxbx⃗t,b. We therefore set x̃0 = δb∗ . x0 ̸= b∗ is so455

rare we only aim to find a loose bound. Calling v⃗ = x⃗t we bound the loss by456

L ≤ τ̇t
2
(∥s⃗(v⃗ | x0, t)− c⃗(v⃗)∥Diag(v⃗)−v⃗v⃗T + ∥s⃗(v⃗ | b∗, t)− c⃗(v⃗)∥Diag(v⃗)−v⃗v⃗T )

2

=
τ̇t
2
(w(x0, v⃗)

√
v⃗x0

+ w(b∗, v⃗)
√
v⃗b∗)

2.

In the next proposition we give an alternate formula for w(x0, v⃗) which will allow us to Griffith’s457

approximation and a saddle point approximation to estimate w(b∗, v⃗). It will also allow us to bound458

w(x0, v⃗). To our knowledge, this strategy is original.459

Proposition F.2.
w(x0, v⃗) = v⃗−1

x0
Ẽv⃗x0mt

where Ẽ is over the weighted, normalized distribution p(A(ψ, τt) = mt)
(ψ)(mt)

(ψπx0 )(mt)
v⃗mtx0

.460

Proof. Simple inspection of first expression of the proof of Prop. F.1.461

For w(b∗, v⃗), when t is small and v⃗b∗ is not small, we derive a saddle point approximation to Ẽv⃗x0mt

in Eqn. 3 below. v⃗x0
is small, the saddle point approximation fails. However, if we’re only interested

in getting a bound, we can bound Ẽv⃗x0mt ≤ Ẽv⃗b∗mt which can then be estimated using the saddle
point approximation; this is our strategy for w(x0, v⃗). Therefore, we get

L ≤ 2τ̇tv⃗
−1
x0

(Ẽv⃗b∗mt)
2.

Saddle point approximation Let’s take the Griffiths approx as t becomes small, so wt ∼ N(µ, σ)462

where µ, σ are form Alg. 6. Let’s use Stirling to approximate463

(ψ)(mt) =
(ψ +mt − 1)!

Γ(ψ − 1)
≈
√
2π(ψ +mt − 1)

Γ(ψ − 1)

(
(ψ +mt − 1)

e

)(ψ+mt−1)

so464
(ψ)(mt)

(ψπx0)(mt)
≈Γ(ψπx0

− 1)

Γ(ψ − 1)
e−(1−πx0 )ψ

×
(
1 +

(1− πx0
)ψ

ψπx0
+mt − 1

)(ψπx0+mt−1)+1/2

(ψ +mt − 1)(1−πx0 )ψ

≈Γ(ψπx0
− 1)

Γ(ψ − 1)
eπx0ψ

× exp

(
(1− πx0

)ψ

2(ψπx0
+mt − 1)

)
(ψ +mt − 1)(1−πx0 )ψ.

We take a saddle point approximation of Ẽxt,x0mt, i.e. take its value as the maximizer of the465

approximate log likelihood466

C − 1

2σ2
(mt − µ)2 +

(1− πx0
)ψ

2(ψπx0
+mt − 1)

+ (1− πx0
)ψ log(ψ +mt − 1) +mt log(v⃗x0

) +O(1/mt).

Forgetting the reciprocal terms, the most naive approximation therefore is467

w⃗ ≈ v⃗−1
x0

(
µ+ σ2 log v⃗x0

)
.

Taking into account only the larger reciprocal term, you get a slightly more accurate approximation,468

w⃗ ≈ v⃗−1
x0

(
(µ̃− (ψ − 1)) +

√
(µ̃+ (ψ − 1))2 + 4(1− πx0)ψσ

2
)
/2 (3)
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where µ̃ = µ+ σ2 log v⃗x0 is the naive approximation.469

Note the second approximation becomes the first when the “perturbation” 4(1− π(x0))ψσ2 is small.470

Noting mt ∼ t−1, the first approximation has relative error roughly O(t) while the second has471

relative error roughly O(t2);472

When t is extremely small and v⃗x0
is large, then473

w⃗b ≈ 2t−1v⃗−1
x0

(
1 +

1

3
log v⃗x0

)
≈ 2t−1.

This is a good approximation when log v⃗x0
is large (say v⃗x0

> 0.5) but can fail otherwise – it can474

even give negative numbers!475

G Theoretical results476

G.1 Mutation population discrete diffusion loss477

In this appendix we derive Alg. 1 by showing it is equivalent to Alg. 2. Namely, we assume D = 1478

and xt is a sequence of length ζ and show479

• Predict de-noised x0: the target of qθ(x0 | xt, t), p(x0 | xt, t), only depends on the480

vectorized x⃗t.481

• Compute loss: L =
∑
x′ ̸=xt Lx′→xt τ̇tD

(
p(x′|x0,t)
p(xt|x0,t)

∣∣∣∣∣∣∣∣ p(x′|x̃0,t)
p(xt|x̃0,t)

)
is equivalent to the form482

in Alg 1.483

Given prediction and loss computation only depend on x⃗t, we can also replace sampling xt with just484

sampling x⃗t ∼ Mult(ζ, x⃗T0 e
τtL)/ζ, giving Alg. 1.485

Predict de-noised x0 Simply note486

p(x0 | xt, t) ∝p(x0)p(xt | x0, t)

=p(x0)

ζ∏
z=0

(x⃗T0 e
τtL)

x
(z)
t

=p(x0)

B∏
b=1

(x⃗T0 e
τtL)

ζx⃗t,b
b .

Compute loss For sequences x ̸= x of length ζ which differ in exactly one position, say x(z) = b ̸=
b′ = x′(z), then Lx→x′ = Lb→b′ and for every x0

p(x′ | x0, t)
p(x | x0, t)

=
x⃗0e

τtLb⃗′

x⃗0eτtLb⃗
.

If x, x′ differ in more than one position, then Lx→x′ = 0. Call x[z,b]t a sequence which has all the487

same letters as xt except has b in position z. Then calling p⃗ = x⃗T0 e
τtL and q⃗ = x̃T0 e

τtL,488

L =
∑
x′ ̸=xt

Lx′→xt τ̇tD
(
p(x′ | x0, t)
p(xt | x0, t)

∣∣∣∣∣∣∣∣ p(x′ | x̃0, t)p(xt | x̃0, t)

)

=

ζ∑
z=0

∑
b′ ̸=x(z)

t

L
b′→x

(z)
t
τ̇tD

(
p⃗b′

p⃗
x
(z)
t

∣∣∣∣∣∣∣∣ q⃗b′q⃗
x
(z)
t

)

=
∑
b

#{z | x(z)t = b}
∑
b′ ̸=b

Lb′→bτ̇tD
(
p⃗b′

p⃗b

∣∣∣∣∣∣∣∣ q⃗b′q⃗b
)

=
∑
b′ ̸=b

Lb′→bτ̇tζx⃗t,bD
(
p⃗b′

p⃗b

∣∣∣∣∣∣∣∣ q⃗b′q⃗b
)
.
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G.2 Proof of Gaussian convergence489

Our formal statement of the theorem adds some mild positivity assumptions for τ , π and P1 which490

are satisfied by any reasonable choice of τ and almost every choice of L. It is also more specific491

about the limiting behaviour of x⃗ζt in non-dominant eigenspaces: we also limit to Gaussian diffusion,492

but with meaningless embeddings sampled from random Gaussian vectors independent of x0.493

Let us interpret the embedding Q1. In the case that L is doubly stochastic, or reversible,494

π = [ 1B , . . . ,
1
B ] and L is symmetric; in this case Q1 = j1P1 is just the orthogonal projec-495

tion onto the dominant eigenspace. In the more general case that L satisfies detailed balance,496

(diag(π)1/2Ldiag(π)−1/2)ij =
√

πi
πj
Lij is symmetric so Q̃i is the orthogonal projection onto the497

dominant eigenspace of the “symmetrized” generator. In more general cases, we don’t get a sym-498

metrized operator or an orthogonal projection Q̃i, so we must “correct” for this with the adjustment499

(Q̃iQ̃
T
i )

−1/2Q̃i.500

Theorem G.1. (Formal statement and proof of Thm. 3.1) Call −λ1 > −λ2 > . . . the negative501

eigenvalues of L and P1, P2, . . . the projections onto the corresponding left eigen-space. Without502

loss of generality, assume λ1 = 1. Assume τ̇t is bounded on every compact interval of (0, 1),503

πb > 0 and P1⃗b ̸= 0 for all b and P1⃗b ̸= P1⃗b
′ for any b ̸= b′. For each ζ pick time dilation τ ζt =504

1
2 log

(
ζe2τt − ζ + 1

)
and rescale x⃗ζt =

√
ζ − (ζ − 1)e−2τt(x⃗t − π)/

√
π. Define the embedding505

into Rrank(Pi),Qi = ji(Q̃iQ̃
T
i )

−1/2Q̃i where Q̃i = diag(π)−1/2Pidiag(π)
1/2 and ji is any isometry506

from Im(Q̃i)→ Rrank(Pi).507

Fix an x0.508

• (Path convergence) Call (z⃗t)1t=0 the paths with z⃗0 = Q1(x⃗0/
√
π) evolving under the

Ornstein-Uhlenbeck process

dz̃τ = −z̃τdτ +
√
2dWτ

for a Brownian motion (Wτ )
∞
τ=0 and call z⃗t = z̃τt . Then (Q1x⃗

ζ
t )t∈(0,1) converges in509

distribution to (z⃗t)t∈(0,1) in the sense of Lem. G.7.510

• (Convergence of non-dominant directions) The component of x⃗ζt in KerQ1 is
∑
i>1 Q̃ix⃗

ζ
t .

Each component (Qix⃗
ζ
t )t also converges to a Gaussian diffusion independent of x⃗0 with

modified time-dilation and scaling: call (z⃗t)1t=0 the paths with z⃗0 ∼ N (0, I) independent of
x0 evolving, forward and backward on (−∞,∞), under the stationary Ornstein-Uhlenbeck
process

dz̃τ = −z̃τdτ +
√
2dWτ

for a Brownian motion (Wτ )
∞
τ=0 and call z⃗t = z̃

τ
(i)
t

where τ (i)t = λi
2 log(e2τt − 1). Then

((1− e−2τt)−1/2Qix⃗
ζ
t )t∈(0,1) ⇝ (z⃗t)t∈(0,1).

• Call the ELBO in Alg. 1

L(x⃗ζt , t, x⃗0, x̃0) =
∑
b1 ̸=b2

Lb2→b1 τ̇
ζ
t ζx⃗t,b1(x⃗

ζ
t )D

(
pb2
pb1

∣∣∣∣∣∣∣∣qb2qb1
)

where x⃗t,b1(v⃗) is the inverse of the transform from x⃗t,b1 to x⃗ζt,b1 . Then, for all v⃗, t, x⃗0, x̃0

L(v⃗, t, x⃗0, x̃0)→
τ̇te

−2τt

(1− e−2τt)2
∥emb(x0)− emb(x̃0)∥2 ,

the ELBO in Alg. 3, which, in particular, is independent of the value of v⃗.511

Proof. We prove the convergence of paths using Lem. G.7 which makes use of standard techniques.512

We break the proof up into four sections: the first three verify the conditions of Lem. G.7 and the last513

shows the convergence of the ELBO.514
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Part 1. Convergence of Marginals: Note

z⃗t ∼ e−τt z⃗0 +
√
1− e−2τtN (0, I).

We want to prove convergence to this quantity. Note, writing Mult for a multinomial distribution,515

x⃗ζt ∼
√
ζ − (ζ − 1)e−2τt

ζ

(
Mult(ζ, x⃗T0 e

τζt L)− ζπ⃗
)
/
√
π⃗

=(1 + o(1))
√
1− e−2τt

(
ζ−1/2(Mult(ζ, x⃗T0 e

τζt L)− x⃗T0 eτ
ζ
t L) + ζ1/2(x⃗T0 e

τζt L − π⃗)
)
/
√
π⃗.

The second term is516 √
1− e−2τtζ1/2(x⃗T0 e

τζt L − π⃗) =
√
1− e−2τt

∑
i

ζ1/2e−λiτ
ζ
t Pix⃗0

=
∑
i

(
ζ(1− e−2τt)

(ζ(e2τt − 1) + 1)λi

)1/2

Pix⃗0

→e−τtP1x⃗0.

For the first term, we need a “uniform” central limit theorem as the underlying distribution changes
with ζ because of x⃗T0 e

τζt L. Lem. G.8 shows that ζ−1/2(Mult(ζ, x⃗T0 e
τζt L) − x⃗T0 eτ

ζ
t L) approaches

N (0,diag(p⃗t)− p⃗tp⃗Tt ) for p⃗t = x⃗T0 e
τζt L, which itself approaches π⃗ as τ ζt →∞. Therefore the first

term, divided by
√
π⃗ approaches√

1− e−2τtN
(
0, I −

√
π⃗
√
π⃗
T
)
.

Note Q̃i
√
π⃗ =

√
π⃗
−1
Piπ⃗ = 0 for each i and, for i > 1, Q̃i(P1x⃗0/

√
π⃗) =

√
π⃗
−1
PiP1x⃗0 = 0.

Therefore, as deired,
Q1x

ζ
t ⇝

√
1− e−2τtN (0, I) + e−τtemb(x0),

and for i > 1,
(1− e−2τt)−1/2Qix

ζ
t ⇝ N (0, I) .

Part 2. Local uniform convergence of conditionals: Note

z⃗t|z⃗s ∼ e−(τt−τs)z⃗s +
√

1− e−2(τt−τs)N (0, I).

We want to prove convergence to this quantity. Note

x⃗t|x⃗s ∼
∑
b

Mult(ζx⃗s,b, b⃗
T e(τ

ζ
t −τ

ζ
s )L)/ζ

where x⃗t =
√
π ◦ x⃗ζt /

√
ζ − (ζ − 1)e−2τt + π are the “unscaled” versions of the vector and x⃗s is517

similar. It will be convenient below to extend this definition to x⃗ζs for which ζx⃗s,b are not integers,518

but which still satisfy
∑
b

√
πbx⃗

ζ
t,b = 0. To do so, we just round ζx⃗s,b down to ⌊ζx⃗s,b⌋.519

Fix v⃗. We now show x⃗ζt |x⃗ζs = v⃗ ⇝ z⃗t|z⃗s = v⃗; a very similar argument also shows x⃗ζt ⇝ z⃗t. Call x⃗ζ520

a variable distributed as x⃗ζt |x⃗ζs = v⃗, so, calling521

wζt =

√
ζ − (ζ − 1)e−2τt

ζ
,

Nζ
s,b =

√
πbv⃗b/w

ζ
s + ζπb,

Cζt,b ∼ Mult
(⌊
Nζ
s,b

⌋
, b⃗T e(τ

ζ
t −τ

ζ
s )L
)

independent across b,

then522

x⃗ζt ∼w
ζ
t

(∑
b

Cζt,b − ζπ

)
/
√
π

=wζt

(∑
b

[
(Cζt,b −N

ζ
s,bb⃗

T e(τ
ζ
t −τ

ζ
s )L) +Nζ

s,b(⃗b
T e(τ

ζ
t −τ

ζ
s )L − π)

])
/
√
π
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noting
∑
b p

ζ
t,b = ζ. This is exactly the “noise, signal” breakdown we had in the proof sketch.523

For the signal (second term), first note∑
b

πb(⃗b
T e(τ

ζ
t −τ

ζ
s )L − π⃗) = π⃗T e(τ

ζ
t −τ

ζ
s )L − π⃗ = 0,

so, ignoring the π term in Nζ
s,b the second term is524

wt
ws

(∑
b

√
πbv⃗b(⃗b

T e(τ
ζ
t −τ

ζ
s )L − π⃗)

)
/
√
π =

wt
ws

(
(
√
π ◦ v⃗)T e(τ

ζ
t −τ

ζ
s )L
)
/
√
π

=(1 + o(1))
∑
i

(
1− e−2τs

1− e−2τt

)(λi−1)/2

e−λi(τt−τs)Q̃iv⃗.

For the first term, we again apply Lem. G.8, noting Nζ
s,b = (1 + o(1))ζπb to get525

∑
b

wt(C
ζ
t,b −N

ζ
s,bb⃗

T e(τ
ζ
t −τ

ζ
s )L)/

√
π⃗

⇝
√
1− e−2τt

∑
b

√
πbN

(
0,diag(⃗bT e(τ

ζ
t −τ

ζ
s )L)− e(τ

ζ
t −τ

ζ
s )L

T

b⃗⃗bT e(τ
ζ
t −τ

ζ
s )L
)
/
√
π⃗

=
√
1− e−2τtN

(
0,diag(π⃗T e(τ

ζ
t −τ

ζ
s )L)− e(τ

ζ
t −τ

ζ
s )L

T

diag(π⃗)e(τ
ζ
t −τ

ζ
s )L
)
/
√
π⃗

=
√
1− e−2τtN

(
0,diag(π⃗)− (

∑
i

e−λi(τ
ζ
t −τ

ζ
s )Pi)diag(π⃗)(

∑
i

e−λi(τ
ζ
t −τ

ζ
s )PTi )

)
/
√
π⃗

=
√
1− e−2τtN

(
0, I − (

∑
i

e−λi(τ
ζ
t −τ

ζ
s )Q̃i)(

∑
i

e−λi(τ
ζ
t −τ

ζ
s )Q̃Ti )

)
.

Therefore, as desired,526

Q1x⃗
ζ
t | x⃗ζs =v⃗ ∼ e−(τt−τs)Q1v⃗ +

√
(1− e−2τt)

(
1− 1− e−2τs

1− e−2τt
e−2(τt−τs)

)
N (0, I)

=v⃗ ∼ e−(τt−τs)Q1v⃗ +
√
1− e−2(τt−τs)N (0, I)

and similarly527

(1− e−2τt)−1/2Qix⃗
ζ
t | x⃗ζs = v⃗ ∼

(
1− e−2τs

1− e−2τt

)λi/2
e−λi(τt−τs)((1− e−2τ2)−1/2Qiv⃗)

+

√
1−

(
1− e−2τs

1− e−2τt

)λi
e−2λi(τt−τs)N (0, I)

=e−(τ
(i)
t −τ(i)

s )((1− e−2τ2)−1/2Qiv⃗)

+

√
1− e−2(τ

(i)
t −τ(i)

s )N (0, I)

Finally, convergence is clearly uniform for nearby v⃗ using the uniformity of Lem. G.8.528

Part 3. Tightness: Pick s < t ∈ (0, 1).529

E∥x⃗ζt − x⃗ζs∥2 = E∥E[x⃗ζt |x⃗ζs]− x⃗ζs∥2 + E∥x⃗ζt − E[x⃗ζt |x⃗ζs]∥2
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The first term has, for each x0,530

E∥E[x⃗ζt |x⃗ζs]− x⃗ζs∥2 =E∥wt(x⃗se(τ
ζ
t −τ

ζ
s )L − π⃗)/

√
π⃗ − x⃗ζs∥2

=
1

minb πb
E∥wt(x⃗se(τ

ζ
t −τ

ζ
s )L − x⃗s)− (ws − wt)(x⃗s − π⃗)∥2

≤ 1

minb πb
E
(
|wt|∥x⃗se(τ

ζ
t −τ

ζ
s )L − x⃗s∥+ |ws − wt|∥x⃗s − π⃗∥

)2
=

1

minb πb
E
(
|wt|∥(x⃗s − π⃗)T (I − e(τ

ζ
t −τ

ζ
s )L)∥+ |ws − wt|∥x⃗s − π⃗∥

)2
≤ 1

minb πb
E
(
|wt|(1− e−(τζt −τ

ζ
s )λB )∥x⃗s − π⃗∥+ |ws − wt|∥x⃗s − π⃗∥

)2
=

1

minb πb

(
|wt|(1− e−(τζt −τ

ζ
s )λB ) + |ws − wt|

)2
E∥x⃗s − π⃗∥2

≤ ζ

minb πb

(
(1− e−(τζt −τ

ζ
s )λB ) + |1− ws

wt
|
)2

×
(
ETrCov(Mult(ζ, x⃗T0 e

τζs )L/ζ) + ∥x⃗T0 eτ
ζ
sL − π⃗∥2

)
≤ 1

minb πb

(
(1− e−(τζt −τ

ζ
s )λB ) + |1− ws

wt
|
)2

(1 + ζe−2τζs )

≤ 1

minb πb

(
(1− e−(τζt −τ

ζ
s )λB ) + |1− ws

wt
|
)2(

1 +
1

e2τs − 1

)
Now,531

1− e−(τζt −τ
ζ
s )λB =1− e−2λB(τt−τs)

(
1− e−2τs(1− ζ−1)

1− e−2τt(1− ζ−1)

)λB/2
≤1− e−2λB(τt−τs)

+ 1−
(
1− e−2τs(1− ζ−1)

1− e−2τt(1− ζ−1)

)λB/2
.

When |τs − τt| < 1/4λB

1− e−2λB(τt−τs) ≤ 4λB(τt − τs) ≤ 4λB |t− s| sup
u∈[s,t]

τ̇u.

Next note that if α ≥ 1, x 7→ 1−xα has decreasing derivative, from 0 to−α on the interval x ∈ [0, 1],532

so, it is dominated on this interval by α(1− x). If ζ > 1,533

1−
(
1− e−2τs(1− ζ−1)

1− e−2τt(1− ζ−1)

)λB/2
≤1−

(
1− e−2τs(1− ζ−1)

1− e−2τt(1− ζ−1)

)1∨(λB/2)

≤(1 ∨ (λB/2))

(
1−

(
1− e−2τs(1− ζ−1)

1− e−2τt(1− ζ−1)

))
≤(1 ∨ (λB/2))

(
(e−2τs − e−2τt)(1− ζ−1)

1− e−2τt

)
≤1 ∨ (λB/2)e

−2τs

1− e−2τt

(
1− e−2(τt−τs)

)
≤4 ∨ (2λB)e

−2τs

1− e−2τt
|t− s| sup

u∈[s,t]

τ̇u

Finally534

1− ws
wt

= 1−
(
1− e−2τs(1− ζ−1)

1− e−2τt(1− ζ−1)

)1/2

.

which is similar to above.535

19



The second term has536

E∥x⃗ζt − E[x⃗ζt |x⃗ζs]∥2 ≤
2ζ

minb πb

∑
b

ETrCov(Mult(ζx⃗s,b, b⃗
T e(τ

ζ
t −τ

ζ
s )L)/ζ | x⃗ζt )

=
2

minb πb

∑
b

Ex⃗ζs,b
∑
b′

(⃗bT e(τ
ζ
t −τ

ζ
s )Lb⃗′)(1− b⃗T e(τ

ζ
t −τ

ζ
s )Lb⃗′)

≤ 2

minb πb

∑
b ̸=b′

b⃗T e(τ
ζ
t −τ

ζ
s )Lb⃗′ +

∑
b

(1− b⃗T e(τ
ζ
t −τ

ζ
s )Lb⃗)


=

4

minb πb

∑
b

(1− b⃗T e(τ
ζ
t −τ

ζ
s )Lb⃗)

≤ 4B

minb πb
(1− e−(τζt −τ

ζ
s )λB )

which is bounded similar to the first term.537

Part 4. Convergence of the ELBO: Define p = x⃗T0 e
τζt L; q = x̃T0 e

τζt L. We’ve shown above that

p = π⃗ +

√
1

ζ(e2τt − 1)
P1x⃗0 + o(ζ−1/2)

so

pb2
pb1

=
πb2
πb1

+
1

πb1

√
1

ζ(e2τt − 1)

(⃗
b2 −

πb2
πb1

b⃗1

)T
P1x⃗0 + o(ζ−1/2)

and similar for q. Using a second-order Taylor expansion on D, we get

D
(
pb2
pb1

∣∣∣∣∣∣∣∣qb2qb1
)

=
1

2

πb1
πb2

1

π2
b1
ζ(e2τt − 1)

((⃗
b2 −

πb2
πb1

b⃗1

)T
P1(x⃗0 − x̃0)

)2

+ o(ζ−1).

Next note τ̇ ζt = τ̇t
e2τt

e2τt−1 + o(1). Finally note

x⃗t(v⃗) =
√
π ◦ v⃗/

√
ζ − (ζ − 1)e−2τt + π = π + o(1).

Putting this together, we get538

L(v⃗,t, x⃗0, x̃0)

=
∑
b1 ̸=b2

Lb2→b1 τ̇
ζ
t ζx⃗t,b1(v⃗)D

(
pb2
pb1

∣∣∣∣∣∣∣∣qb2qb1
)

=τ̇t
∑
b1 ̸=b2

Lb2→b1

e2τt

e2τt − 1
πb1

1

2πb2πb1

1

(e2τt − 1)

((⃗
b2 −

πb2
πb1

b⃗1

)T
P1(x⃗0 − x̃0)

)2

+ o(1)

=
τ̇te

2τt

2(e2τt − 1)2

∑
b1 ̸=b2

Lb2→b1

((⃗
b2 −

√
πb2
πb1

b⃗1

)T
Q̃1

(
(x⃗0 − x̃0)/

√
π⃗
))2

+ o(1)

=
τ̇te

−2τt

(1− e−2τt)2

∥∥∥Q̃1

(
(x⃗0 − x̃0)/

√
π⃗
)∥∥∥2

Σ
+ o(1)

where

Σ =
1

2

∑
b1 ̸=b2

Lb2→b1

(⃗
b2 −

√
πb2
πb1

b⃗1

) (⃗
b2 −

√
πb2
πb1

b⃗1

)T
.
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To solve Σ, we note539 ∑
b1 ̸=b2

Lb2→b1 b⃗2⃗b
T
2 =

∑
b2

b⃗2⃗b
T
2

∑
b1 ̸=b2

Lb2→b1 = −
∑
b2

b⃗2⃗b
T
2 Lb2,b2∑

b1 ̸=b2

πb2
πb1
Lb2→b1 b⃗2⃗b

T
2 =

∑
b1

b⃗1⃗b
T
1

∑
b2 ̸=b1

πb2
πb1
Lb2→b1 = −

∑
b1

b⃗1⃗b
T
1 Lb1,b1

∑
b1 ̸=b2

√
πb2
πb1
Lb2→b1 b⃗2⃗b

T
1 = diag(

√
π⃗) (L − diagL) diag(1/

√
π⃗)

∑
b1 ̸=b2

√
πb2
πb1
Lb2→b1 b⃗1⃗b

T
2 = (diag(

√
π⃗) (L − diagL) diag(1/

√
π⃗))T .

So,

Σ = −1

2
diag(

√
π⃗)Ldiag(1/

√
π⃗)− 1

2
(diag(

√
π⃗)Ldiag(1/

√
π⃗))T .

In particular, since Q̃T1 diag(
√
π⃗)Ldiag(1/

√
π⃗) = −Q̃T1 ,

Q̃T1 ΣQ̃1 = Q̃T1 Q̃1 = QT1Q
T
1 .

This gives us540

L(v⃗,t, x⃗0, x̃0)→
τ̇te

−2τt

(1− e−2τt)2
∥emb(x0)− emb(x̃0)∥2 .

541

G.3 Proof of sufficient statistics542

Proposition G.2. (Proof of Prop. 4.1) There is a function F d, depending on p(x0) and not on the
diffusion process or t, such that

p(xd0 | x−dt , t) = F d(ϕ⃗(x⃗1t , t), . . . , ϕ⃗(x⃗
D
t , t)).

Proof.

p(xd0 | x−dt ) =

∫
p(xd0 | x−d0 )dp(x−d0 | x−dt )

=
1

p(x−dt )

∫
p(xd0 | x−d0 )p(x−dt | x−d0 )dp(x−d0 )

=
1

p(x−dt )

∫
p(xd0 | x−d0 )

∏
d′ ̸=d

p(xd
′

t | xd
′

0 )dp(x−d0 )

=

∏
d′ ̸=d

∑
b p(x

d′

t | xd
′

0 = b)

p(x−dt )

∫
p(xd0 | x−d0 )

∏
d′ ̸=d

p(xd
′

t | xd
′

0 )∑
b p(x

d′
t | xd

′
0 = b)

dp(x−d0 )

=Ep(x−d
0 )

p(xd0|x−d0 )
∏
d′ ̸=d

ϕ⃗(xd
′

t )xd′0

 /Ep(x−d
0 )

∏
d′ ̸=d

ϕ⃗(xd
′

t )xd′0

 ,

543

G.4 Hollow parameterization solves Gaussian ELBO singularity544

Here we show that the hollow parametrization introduced above resolves the singularity of the
Gaussian ELBO in Alg. 3 at t→ 0+. Before going into the proof, let us give some intuition. Assume,
xd0 were distributed uniformly and independently. Then

p(xd0 | xt, t) ∝ p(xdt | xd0, t)p(xd0 | x−dt , t),
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where x−dt includes all positions but d. However

p(xd0 | x−dt , t) =

∫
p(xd0 | x−d0 )dp(x−d0 | x−dt , t) = Uniform.

Therefore, we get p(xd0 | xt, t) ∝ p(xdt | xd0, t). At initialization, we can say our neural network
qθ(x

d
0 | x−dt , t) ≈ Uniform, so,

qθ(x
d
0 | xt, t) ≈ p(xd0 | xt, t).

Therefore, the hollow parametrization initializes the diffusion model near a uniform, site-wise545

independent model. The proof below involves a lot of algebra, but the basic intuition for why we546

should not see singularities is that by initializing at a valid diffusion model, we get comparable547

ELBOs.548

Again we assume D = 1 for simplicity as results are straightforward to generalize to higher D.549

Proposition G.3. Assume emb is injective and τt is increasing and differentiable. Define

L =
τ̇te

−2τt

(1− e−2τt)2
∥emb(x0)− emb(x̃0)∥2,

and the normalized vectors ϕ⃗(xt, t) ∝ p(xt | x0, t). For x̃0 build using the hollow predictor
x̃0 = ϕ⃗(xt, t) ◦ q⃗/ϕ⃗(xt, t)T ◦ q⃗ for a vector t bounded away from 0 and∞,

0 < c = min
b
q⃗b ≤ max

b
q⃗b < C <∞,

we have
Et,x0,xtL <∞.

Proof. Note first
∥emb(x0)− emb(x̃0)∥2 ≤ ∥emb∥2∥x⃗0 − x̃0∥

and, simplifying ϕ⃗ = ϕ⃗(xt, t),

Ex0|xt∥x⃗0 − x̃0∥ = ∥ϕ⃗ ◦ p⃗/ϕ⃗
T p⃗− ϕ⃗ ◦ q⃗/ϕ⃗T q⃗∥

for p⃗b = p(x0).550

Call b = argmaxb′ ϕ⃗b′ , so551

∥ϕ⃗ ◦ p⃗/ϕ⃗T p⃗− ϕ⃗ ◦ q⃗/ϕ⃗T q⃗∥ ≤

(
ϕ⃗bp⃗b

ϕ⃗T p⃗
− ϕ⃗bq⃗b

ϕ⃗T q⃗

)2

+ (1− ϕ⃗b)2
∑
b′ ̸=b

(
p⃗b′

ϕ⃗T p⃗
− q⃗b′

ϕ⃗T q⃗

)2

=

 1

1 +
∑
b′ ̸=b

ϕ⃗b′ p⃗b′

ϕ⃗bp⃗b

− 1

1 +
∑
b′ ̸=b

ϕ⃗b′ q⃗b′

ϕ⃗bq⃗b

2

+

(
C

c

)2

B(1− ϕb)2

≤

(
1− 1

1 + CB(1−ϕb)
c

)2

≤
(
CB

c

)2

(1− ϕb)2 +
(
C

c

)2

B(1− ϕb)2.

We’ve therefore bounded Et,x0,xtL above by some constant times Et,xt τ̇te
−2τt

(1−e−2τt )2
(1−maxb ϕ⃗b)

2.552

Note without the hollow parameterization, we wouldn’t have the (1−maxb ϕ⃗b)
2 term; we now show553

this becomes small very fast as t→ 0 (because x0 becomes “obvious” from xt), cancelling out the554

singularity.555
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Next note, calling b = argminb′∥emb(b′)− x⃗t∥,556

(1−max
b
ϕ⃗b)

2 =

(
1− 1

1 +
∑
b′ ̸=b exp(−

1
2(1−e−2τt )2

(∥emb(b′)− x⃗t∥2 − ∥emb(b)− x⃗t∥2))

)2

≤
∑
b′ ̸=b

exp

(
− 1

2(1− e−2τt)
(∥emb(b′)− x⃗t∥2 − ∥emb(b)− x⃗t∥2)

)
,

which is only large if x⃗t is roughly equidistant to two potential x0. Call ϵ = minb̸=b′ ∥emb(b) −557

emb(b′)∥/4, so, if minb′∥emb(b′)− x⃗t∥ < ϵ then, by the triangle inequality558

∥emb(b′)− x⃗t∥2 − ∥emb(b)− x⃗t∥2 ≥(∥emb(b)− emb(b′)∥ − ∥emb(b)− x⃗t∥)2

− ∥emb(b)− x⃗t∥2

=∥emb(b)− emb(b′)∥
− 2∥emb(b)− emb(b′)∥∥emb(b)− x⃗t∥

≥16ϵ2 − 8ϵ2 = 8ϵ2.

Therefore, Et,xt τ̇te
−2τt

(1−e−2τt )2
(1−maxb ϕ⃗b)

2 is bounded by

BEt
τ̇te

−2τt

(1− e−2τt)2

(
exp

(
− 4ϵ2

(1− e−2τt)

)
+ p(minb′∥emb(b′)− x⃗t∥ ≥ ϵ)

)
.

To deal with the first term, perform a change of variables u = (1− e−2τt)−1, giving

Et
τ̇te

−2τt

(1− e−2τt)2
exp

(
− 4ϵ2

(1− e−2τt)

)
=

1

2

∫ ∞

0

du exp(−4ϵ2u) <∞.

For the second term, note559

p(minb′∥emb(b′)− x⃗t∥ ≥ ϵ) ≤
∑
b

p(x0 = b)p(∥N (0, (1− e−2τt)Ir×r)∥ > ϵ)

=p(χ2
r/ϵ

2 > 1/(1− e−2τt))

where χ2
r is a chi-squared distribution with r degrees of freedom. Finally, by the same change of

variables u as above, we get

Et
τ̇te

−2τt

(1− e−2τt)2
p(minb′∥emb(b′)− x⃗t∥ ≥ ϵ) =

1

2

∫ ∞

0

dup(χ2
r/ϵ

2 > u) = Eχ2
r/ϵ

2 <∞.

560

G.5 Proof of Wright-Fisher convergence561

Formal definitions Define ∆B ⊂ RB be the simplex, i.e. the set of non-negative vectors with
components summing to 1. Let (x⃗ζt )

1
t=0 be a stochastic process on ( 1ζZ

B) ∩ ∆B with x⃗ζ0 = x⃗0

evolving with respect to Lmut + ζLwf where

Lwf
x⃗ζ→x⃗′ζ =

ζ!∏
b ζx⃗

′ζ
b !

∏
b

(x⃗ζb)
ζx⃗′ζ
b = Mult(ζ, x⃗ζ)(ζx⃗′ζ),

and, if x⃗ζ , x⃗′ζ differ by one count b→ b′,

Lmut
x⃗ζ→x⃗′ζ = (θ(1π⃗T − I))b,b′ = θπ⃗b′

otherwise it’s 0. Let (z⃗t)t be a continuous Wright-Fisher process, that is, z⃗t = x⃗0 and

dz⃗t = LmutT z⃗tdt+ diag
(√

z⃗t

)(
I −

√
z⃗t
√
z⃗t
T)

dW⃗t

where (Wt)t is a Brownian motion.562
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Convergence of the forward process We have convergence of the forward processes from previous563

literature.564

Theorem G.4. (Thm 1.1 Ethier and Kurtz [1986, Chapter 10]) Assume L = ψ × (1π⃗T − I). In the565

topology of convergence of compact sets, (x⃗ζt )t∈[0,1) ⇝ (z⃗t)t∈[0,1).566

Note when B = 2, (z⃗t)t is distributed as the Jacobi process described in Avdeyev et al. [2023]. One567

can easily check in B > 2, the stick-breaking procedure of Avdeyev et al. [2023] also leads to a568

continuous Wright-Fisher process.569

Convergence of the ELBO Call s⃗(v⃗ | x0) = ∇ log p(zt|x0, t)|zt=v⃗, and s⃗(v⃗ | x̃0, t) =570 ∑
b x̃0,bs⃗(v⃗ | b).571

Theorem G.5. Call the ELBO in Alg. 2

L(x⃗ζ , t, x0, x̃0) =
∑

x⃗′ζ
t ̸=x⃗ζt

(ζLwf
x⃗′ζ
t →x⃗ζt

+ Lmut
x⃗′ζ
t →x⃗ζt

)τ̇tD

(
p(x⃗′ζt | x0, t)
p(x⃗ζt | x0, t)

∣∣∣∣∣∣∣∣p(x⃗′ζt | x̃0, t)
p(x⃗ζt | x̃0, t)

)
.

Then
L(v⃗, t, x0, x̃0)→

τ̇t
2
∥s⃗(v⃗ | x0, t)− s⃗(v⃗ | x̃0, t)∥2diagv⃗−v⃗v⃗T

Proof. (We provide an informal argument) For x⃗′ζt ≈ x⃗
ζ
t , we can approximate

p(x⃗′ζt | x0, t)
p(x⃗ζt | x0, t)

≈ 1 + s⃗(v⃗ | x0, t)T (x⃗′ζt − x⃗
ζ
t ).

Therefore,572

D

(
p(x⃗′ζt | x0, t)
p(x⃗ζt | x0, t)

∣∣∣∣∣∣∣∣p(x⃗′ζt | x̃0, t)
p(x⃗ζt | x̃0, t)

)
≈1

2

(
s⃗(x⃗ζt | x0, t)− s⃗(x⃗

ζ
t | x̃0, t))T (x⃗

′ζ
t − x⃗

ζ
t )
)2

=
1

2
∥s⃗(x⃗ζt | x0, t)− s⃗(x⃗

ζ
t | x̃0, t)∥2(x⃗′ζ

t −x⃗ζt )(x⃗
′ζ
t −x⃗ζt )T

.

Therefore,

L(x⃗ζ , x0, x̃0, t)→
τ̇t
2
∥s⃗(v⃗ | x0, t)− s⃗(v⃗ | x̃0, t)∥2Σ

where
Σ =

∑
x⃗′ζ
t ̸=x⃗ζt

(ζLwf
x⃗′ζ
t →x⃗ζt

+ Lmut
x⃗′ζ
t →x⃗ζt

)(x⃗′ζt − x⃗
ζ
t )(x⃗

′ζ
t − x⃗

ζ
t )
T .

Note, by the Stirling approximation, for x⃗ζ ̸= x⃗′ζ

Lwf
x⃗′ζ→x⃗ζ = (1 +O((ζmin

b
x⃗ζb)

−1))(
∏
b

x⃗ζb)
−1/2(2πζ)−(B−1)/2e−ζKL(x⃗ζ ||x⃗′ζ).

Therefore, calling Z(x⃗ζt ) = {v⃗ ∈ ZB/ζ |
∑
b v⃗b = 0, x⃗ζt + v⃗b ≥ 0 ∀b}, we can analyze the first term573

as574 ∑
v∈Z(x⃗ζt )

ζLwf
x⃗ζ+v⃗→x⃗ζ v⃗v⃗

T ≈
∑

v∈Z(x⃗ζt )

(
∏
b

x⃗ζb)
−1/2(2πζ)−(B−3)/2e−ζKL(x⃗ζ ||x⃗ζ+v⃗)v⃗v⃗T

≈
∑

v∈Z(x⃗ζt )

(
∏
b

x⃗ζb)
−1/2(2πζ)−(B−1)/2ζe

−ζ 1
2∥v⃗∥

2

diag(x⃗
ζ
t )

−1 v⃗v⃗T

≈
∫
∑
b v⃗=0

dv⃗|(diag(x⃗ζt )− x⃗
ζ
t x⃗
ζT
t )/ζ|−1/2

+ (2π)−(B−1)/2ζ

× e
−ζ 1

2∥v⃗∥
2

(diag(x⃗
ζ
t )−x⃗

ζ
t x⃗
ζT
t )−1 v⃗v⃗T

=diag(x⃗ζt )− x⃗
ζ
t x⃗
ζT
t .
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On the other hand,575 ∑
v∈Z(x⃗ζt )

Lmut
x⃗ζ+v⃗→x⃗ζ v⃗v⃗

T = ζ × (B − 1)×O(1/ζ2) = o(1).

576

G.6 Wright-Fisher loss calculations577

See the discussion above Prop. F.1 for definitions.578

Proposition G.6. (Proof of Prop. F.1)

p(x⃗t | x0, t) = Dirichlet(πψ)(x⃗t)Gψ(τt, x0, v⃗).

For c⃗(v⃗) = ∇ logDirichlet(πψ)(x⃗t) which does not depend on x0,579

s⃗ = s⃗(v⃗ | x0, t) = c⃗(v⃗) + x⃗0w(x0)

where

w(x0) =
e−ψτt/2(ψ + 1)

π(x0)

Fψ(τt, x0, v⃗)

Gψ(τt, x0, v⃗)
.

Proof. Say mt ∼ A(ψ, τt), so580

p(x⃗t | x0, t) =EmtDirichlet(ψπ +mtx0)(x⃗t)

=
∏
b ̸=x0

x⃗ψπb−1
t,b Emt

Γ(ψ +mt)

Γ(ψπx0
+mt)

∏
b̸=x0

Γ(ψπb)
x⃗
ψπx0+mt−1
t,x0

=
Γ(ψ)∏

b∈B Γ(ψπb)

∏
b∈B

x⃗ψπb−1
t,b Emt

Γ(ψπ(x0))Γ(ψ +mt)

Γ(ψ)Γ(ψπx0
+mt)

x⃗mtt,x0

=Dirichlet(ψπ)(x⃗t)Emt
(ψ)(mt)

(ψπ(x0))(mt)
x⃗mtt,x0

.

From Eqn. 5.2 of Tavaré [1984], we have581

p(mt = j) =

∞∑
k=j

e−k(k+ψ−1)τt/2(−1)k(−1)j
(2k + ψ − 1)(j + ψ)(k−1)

j!(k − j)!
.

He wrote, in Eqn. A5,582

∞∑
j=1

xjp(mt = j)

=

∞∑
k=1

e−k(k+ψ−1)τt/2(−1)k(2k + ψ − 1)

k∑
j=1

xj

j!

(j + ψ)(k−1)

(k − j)!(−1)j

∞∑
k=1

e−k(k+ψ−1)τt/2(−1)k(2k + ψ − 1)

k∑
j=1

xj

j!

(ψ)(j+k−1)(−k)(j)
k!ψ(j)

∞∑
k=1

e−k(k+ψ−1)τt/2
(−1)k(2k + ψ − 1)(ψ)(k−1)

k!

k∑
j=1

xj

j!

(ψ + k − 1)(j)(−k)(j)
ψ(j)

.

The last sum is then written as 2F1(−k, ψ + k − 1;ψ;x)− 1 for the hyper-geometric function 2F1.583

A very simple extension gives us584

∞∑
j=1

(ψ)(j)

(ψπx0
)(j)

xjp(mt = j) =

∞∑
k=1

e−k(k+ψ−1)t/2 (−1)
k(2k + ψ − 1)(ψ)(k−1)

k!

× (2F1(−k, ψ + k − 1;ψπx0 ;x)− 1) .
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Including the j = 0 term, by Eqn 5.3 of Tavaré [1984], cancels out the −1 in the brackets above, so585

our expectation586

Emt
(ψ)(mt)

(ψπx0)(mt)
x⃗mtt,x0

=1 +

∞∑
k=1

e−k(k+ψ−1)τt/2
(−1)k(2k + ψ − 1)(ψ)(k−1)

k!

× 2F1(−k, ψ + k − 1;ψπx0
; x⃗t,x0

)

=Gψ(t, x0, x⃗t).

Finally, using identities of the hypergeometric function,587

∇x⃗t,x0Gψ(t, x0, x⃗t) =
∞∑
k=1

e−k(k+ψ−1)τt/2
(−1)k(2k + ψ − 1)(ψ)(k−1)

k!

−k(ψ + k − 1)

ψπx0

× 2F1(−k + 1, ψ + k;ψπx0
+ 1; x⃗t,x0

)

=
1

ψπx0

∞∑
k=1

e−k(k+ψ−1)τt/2
(−1)k−1(2k + ψ − 1)(ψ + k − 1)(ψ)(k−1)

(k − 1)!

× 2F1(−k + 1, ψ + k;ψπx0 + 1; x⃗t,x0)

=
1

ψπx0

∞∑
k=0

e−(k+1)(k+ψ)τt/2
(−1)k(2k + ψ + 1)(ψ + k)(ψ)(k)

k!

× 2F1(−k, ψ + k + 1;ψπx0
+ 1; x⃗t,x0

)

=
e−ψt/2(ψ + 1)

πx0

∞∑
k=0

e−k(k+ψ+1)τt/2
(−1)k(ψ)(k)

k!

(2k + ψ + 1)(ψ + k)

(ψ + 1)ψ

× 2F1(−k, ψ + k + 1;ψπx0
+ 1; x⃗t,x0

)

=:
e−ψt/2(ψ + 1)

πx0

Fψ(t, x0, x⃗t).

588

G.7 Lemmas589

Our first lemma establishes conditions for convergence of paths using standard techniques inspired590

by arguments used throughout Ethier and Kurtz [1986] or Bass [2011] for example.591

Lemma G.7. Say (x⃗ζt )t∈(0,1) are Markov processes on Rr for ζ = 1, 2, . . . and (z⃗t)t∈(0,1) is another592

Markov process on Rr. Say the following conditions are satisfied593

1. (Convergence of marginals) x⃗ζt ⇝ z⃗t for each t.594

2. (Local uniform convergence of conditionals) Conditional distributions exist such that for
each v⃗ ∈ Rr, s < t, and bounded compactly supported measurable function f , there is an
ϵ > 0, such that

sup
∥w⃗−v⃗∥<ϵ

|Ex⃗ζt |x⃗ζs=w⃗f − Ez⃗t|z⃗s=w⃗f | → 0.

595

3. (Tightness) For every [a, b] ⊂ (0, 1), there are β, θ,M > 0 such that for all s, t ∈ [a, b],596

supζ>M E∥x⃗ζs − x⃗
ζ
t ∥β < C(s− t)θ.597

Then, with the topology of convergence on compact sets9, the paths converge in distribution

(x⃗ζt )t∈(0,1) ⇝ (z⃗t)t∈(0,1).

Proof. Pick a compact set [a, b] ⊂ (0, 1). We show (x⃗ζt )t∈[a,b] ⇝ (z⃗t)t∈[a,b]. Say (x⃗ζmt )t∈[a,b] is a598

subsequence which doesn’t enter a neighbourhood of (z⃗t)t∈[a,b]; we’ll now show a contradiction.599

9This is a standard topology for these results. See for example Thm 1.1 of Ethier and Kurtz [1986, Chapter 10].
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By Prokhorov’s theorem, since it’s tight by Assumption 3 and Thm. 8.8 of Ethier and Kurtz [1986,600

Chapter 3], it has a subsequence which converges to a process (y⃗t)t∈[a,b]. As we’ll show below, for601

every set a ≤ t1 < t2 < · · · < tm ≤ b, (y⃗t)t∈{ti}mi=1
= (z⃗t)t∈{ti}mi=1

. This must mean (y⃗t)t = (z⃗t)t602

by the Kolmogorov extension theorem, a contradiction.603

What remains is to show, for a ≤ t1 < t2 < · · · < tm ≤ b, (x⃗ζt )t∈{ti}mi=1
⇝ (z⃗t)t∈{ti}mi=1

. It is604

sufficient to prove that for any t1 < · · · < tm and compactly supported continuous function on Rr, h,605

Eh(x⃗ζ1, . . . , x⃗
ζ
m)→ Eh(z⃗1, . . . , z⃗m). (4)

By the Stone-Weierstrass theorem, each such h can be arbitrarily well approximated by product of
m univariate functions, so it is sufficient to consider h(z⃗1, . . . , z⃗m) =

∏m
i=1 hi(z⃗i). Finally, by the

Markov property,

Eh(x⃗ζ1, . . . , x⃗
ζ
m) = Ex⃗ζ1|x⃗ζ0h1(x⃗

ζ
1)Ex⃗ζ2|x⃗ζ1h2(x⃗

ζ
2) · · ·Ex⃗ζm|x⃗ζm−1

hm(x⃗ζm).

We can call h̃ζm−1(x⃗
ζ
m−1) = hm(x⃗ζm−1)Ex⃗ζm|x⃗ζm−1

hm(x⃗ζm). By Assumption 2 h̃ζm−1(x⃗
ζ
m−1) con-606

verges uniformly to hm(x⃗ζm−1)Ez⃗m|z⃗m−1=x⃗
ζ
m−1

hm(z⃗m), a bounded function with compact support.607

Therefore, to prove Eqn. 4 it is sufficient to show the result replacing h with h1×h2× · · · ×hm−2×608

h̃m−1. By induction, we reach h = h̃1for which we get Eqn. 4 by Assumption 1.609

Our next Lemma is a non-asymptotic bound on the convergence of multinomials to Normal distri-610

butions. It states that as long as ζ → ∞ and the probabilities don’t get too low, we can bound the611

expectation of a function by O(ζ−1/2).612

Lemma G.8. Let Yζ ∼ Mult(ζ, p⃗) for probability vector p⃗ ∈ RB with mini pi ≥ c > 0. Call
Zζ = ζ−1/2(Yζ − ζp). For any bounded measurable function f ,

|Ef(Zζ)− Ef(Z)| = oc,B,f (1)

where Z ∼ N (0,diag(p⃗)− p⃗p⃗T ) and the rate of decay oc,B,f (1) only depends on c, B, and f .613

Proof. For every ϵ, pick a compactly supported C∞ function gϵ such that ∥gϵ − f∥∞ < ϵ/2, so

|Ef(Zζ)− Ef(Z)| = ϵ+ |Egϵ(Zζ)− Egϵ(Z)| = ϵ+ oc,B,gϵ(1)

by Thm 1.3 of Gotze [1991].614
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