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Abstract

To model discrete sequences such as DNA, proteins, and language using diffusion,
practitioners must choose between three major methods: diffusion in discrete space,
Gaussian diffusion in Euclidean space, or diffusion on the simplex. Despite their
shared goal, these models have disparate algorithms, theoretical structures, and
strengths. Ideally we could see each of these models as instances of the same
underlying framework, and practitioners could seamlessly transition between the
domains to fit their applications. However previous theories have only considered
connections in special cases. Here we unify all three methods of discrete diffusion
as different parameterizations of the same underlying process: the Wright-Fisher
population genetics model. We find simplicial and Gaussian diffusion as two
large-population limits. Our theory formally connects the likelihoods and hyperpa-
rameters of these models. Finally, we relieve the practitioner of balancing model
trade-offs by demonstrating it is possible to train a single model that can perform
diffusion in any of these three domains at test time. In a proof of concept result,
we show that we can train models on multiple domains at once that are competitive
with models trained on any individual domain.

1 Introduction

Practitioners build diffusion models of language, DNA, and proteins to generate high quality se-
quences conditioned on desirable properties [Sahoo et al., 2024} Sarkar et al., 2024} |/Alamdari et al.,
2023|. These models are used for conditional generation [Wang et al.,[2024], optimization [[Gruver
et al.| 2023]], and myriad other tasks [Luo et al.|[2022| |Baron et al., [2025].

A practitioner has three main choices when modeling discrete sequence data with diffusion (Fig. [Tb):
(1) Discrete diffusion: the most straightforward and natural domain [[Campbell et al., 2022]. (2)
Gaussian diffusion: a mature field with elaborate sampling and training procedures [Dieleman et al.,
2022[]. (3) Simplicial diffusion: in theory inherits the continuous algorithms of Gaussian diffusion
while working in a “natural” space, but in practice suffers from severe numerical instability issues
[Avdeyev et al.|[2023]].

Unfortunately, there is little work comparing these models, and thus practitioners have minimal
practical guidance on model selection. We give an overview of existing theories connecting these
models in Appendix[A] The gap in theory is particularly evident in light of basic comparison problems
which have yet to be solved: (1) Loss comparisons: Diffusion models are trained to optimize a lower
bound on the likelihood (ELBO). However, despite models achieving similar ELBO values, there is a
belief that the “continuous-space likelihood is not directly comparable with discrete-space likelihood"
[Avdeyev et al.,[2023]. (2) Hyperparameter comparisons: Each of these models are specified by
hyperparameters with different interpretations, and there is no mechanism to qualitatively compare
the assumptions each set of these hyperparameters are making across models.
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Figure 1: Discrete, Gaussian, and Simplicial diffusion for discrete data are unified by Wright-
Fisher diffusion. (a) Wright-Fisher diffusion with population size ( = 6, showing mutation and
reproduction processes across generations. (b) The three diffusion methods emerge as different limits
of Wright-Fisher: discrete diffusion corresponds to ¢ = 1, while Gaussian and simplicial diffusion
arise as ( — oo with zero and non-zero reproduction rates.

We address these theoretical and practical challenges by unifying diffusion methods with a process
from human population genetics — the Wright-Fisher (WF) model. We formally prove all three
methods are instances of WF (Fig. [I). We use this connection to answer the basic theoretical
questions of loss and hyperparameter comparison. Then, for the practitioner, we show that a particular
parameterization choice — the sufficient-statistic parameterization — allows one to train a single
model that can perform diffusion on all three domains at test time. We show in a proof of concept
that models trained this way can be competitive with models trained on individual domains.

2 Diffusion models for discrete data

We consider modeling a distribution p(z() over a discrete space of size B, and extend to sequences
of discrete objects in Our model begins by sampling from distribution ¢(x1), and then applies a
stochastic process parametrized by 6 from time 1 to 0. This produces a trajectory go((7;);_) and we
hope to pick 6 so that gg(x¢) ~ p(xo).

Markov processes To generate training data to fit gg((z¢);_,), we take samples zg ~ p(z¢) and
evolve it according to a Markov process to get a trajectory p((z¢);_;). We can train gs on these
trajectories by optimizing a negative ELBO

%((ﬂ%)%:o)
—log go(x0) < — E _log 26\ Tt)iz0)
g qo (7o) < P((z4)7=q |70) gp((xt)%:ﬂxo)

o (1) t—o|21)

p((w1) =1 |T0, 21)

ey

=— Ey log + KL(p(z1]xo)|q(21)).

(331,)%:1 |zo)

To make the second term of Eqn. [I|small we need p(z1|zo) = ¢(z1). To do so, we pick an increasing
“time dialation” function 7 : [0, 1] — [0, c0) and simulate x, so that it has had the Markov process
applied to it for time time 7; (see for explanation). Picking 71 very large, the second term of the
ELBO can be made arbitrarily small, so we leave it out of the presentation below.

Matching forward and backward flow ¢y is usually parameterized to take ¢, ¢ and predict the x¢
that generated x, that is, approximate p(xg | x¢,t); we represent this prediction Zg = gg(zg|x¢, )
as a vector of probabilities over the B3 tokens ), Zo, = 1. Some rearrangement then allows one to
rewrite the first term of Eqn. |I|as an expectation of a term L that can be interpreted as the divergence
between the “infinitesimal flow” forward p and backward gy at x:

By unif(0,1) Ep(a, |20) L(Tt, T, 20, Zo).
We describe the ELBO algorithms for discrete and Gaussian diffusion, along with the challenges of
comparing their losses and hyperparameters in Appendix
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3 Unifying diffusion models

We derive connections between discrete, Gaussian, and simplicial diffusion using a population
genetics framework, based on the Wright-Fisher mathematical model of genetic drift [Wright, |I931].
Using this framework we show that Gaussian diffusion can be derived directly from discrete diffusion,
enabling previously impossible comparisons between the models. Then in Appendix and
we derive a unifying connection to simplicial diffusion.

We represent each dimension of a sequence as a population with { copies of each letter to get a
sequence of sequences.

ex. for ( = 4,29 = AIC|C|T is represented as AAAA|CCCC|CCCC|TTTT.

Then each letter in each sequence is evolved ac- Algorithm 1 ELBO for ¢ discrete diffusion
cording to the mutation matrix £ (where Ly, b,

describes the rate at which b; mutates to by). 1: Sample ¢ ~ Unif(0,1)

When ¢ = 1 we get discrete diffusion. Next : Sample noisy z;:

we show that as ( — oo we get Gaussian dif- 3: Sample Z; ~ Multinomial(¢, z{'e™<) /¢
fusion. Below we discuss the one-dimensional : Predict de-noised X:

case D = 1, which can naturally be extended to : Predict 7y = %(330 | Ty, t)

a multi-dimensional diffusion model. : Com_[?%lte loss:

p=1Tze™

NN R W

L; q= jgenﬁ

Representing z; on the simplex Even though
. — 2 -2 Py b

we will ultimately arrive at a Gaussian limitin & L= 2,0, Loas6: T (T, D ﬁ ﬁ

Euclidean space, we first represent x; on the

simplex. Above z; was one of B tokens; now

[N x&C)

it’s one of B¢ sequences of B tokens z; = z; . It can be generated as in the ( = 1 case

by sampling each xiz) ~ Categorical (# e™*). In App. we note however that the loss and
p(xo | x4,t) — the target for gg(xg | x4+, t) — do not depend on the order of the letters of z;. Therefore
we can represent x; as a vector of counts of each letter, or normalize by ( to get >, x;5/¢ = 1.
In App. [G.I] we derive the loss, giving us Alg. [T] - differences to discrete diffusion in Alg. 2] are
highlighted in blue.

Gaussian limit As ( — oo, trajectories con-
verge quickly to the stationary distribution of L,
7, and behave like Gaussians near 7 because of
the central limit theorem (Fig.[2). As { — oo we
zoom further into the neighbourhood of ™ where
the diffusion occurs, moving from diffusion on
the simplex to diffusion in Euclidean space. In-
terestingly, we see that in the multi-dimensional
case, the relevant Gaussian diffusion can occur
in a subspace determined by the spectrum of L.

B

Figure 2: Discrete diffusion with a large pop- Theorem 3.1. (Formal statement and proof in
ulation converges to Gaussian diffusion. With App. Call \| the largest negative eigen-
¢ = 1000, we show example trajectories (Z:); value of L and P, the projection onto the corre-
from A, B, and C that converge to approximate sponding left eigenspace. Without loss of gener-

Gaussians near 7. ality, assume \1 = 1. For each ( pick time dila-
tion th = %log ((6_2” -+ 1) and rescale
i = \/C = (C = 1)e27 (&, — w) / /7. Define the embedding into R™*(P) Q; = j;(Q,QT)~1/2Q;

where Q; = diag(n)~/2P,diag(n)'/? and j; is any isometry from Tm(Q;) — R »k(P:),
When ¢ = 1 we get discrete diffusion: Tf =71y and ff is only linearly transformed (Zy — ) /\/T.

When ( — oo, we get Gaussian diffusion in the first eigenspace. Only the first eigenspace has
signal (in the limit, the component ofxf in KerQ is independent of x). The paths (Q@f)te(o,n
converge in distribution to paths from Gaussian diffusion with time dilation T, and embedding
emb(xo) = Q1(Zo/\/7). The ELBO in Alg. |l| converges to the ELBO for Gaussian diffusion in

Alg.
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3.1 Comparing diffusion models

Loss comparison Gaussian and discrete diffusion are thought to have incomparable likelihoods
due to a singularity in the Gaussian diffusion loss (see B.3.1). However, Thm. [3.T|suggests that there
is no difference in training a discrete diffusion model with ¢ = 10'°° and training Gaussian diffusion
with Alg.[3|on a computer, suggesting their ELBOs are comparable. Our unification result offers an
explanation for why the singularity exists (Appendix [C.T), and suggests a practical solution to enable
comparison, which we name the “hollow predictor”. We weight the output of the neural network
by the evidence for each xq, qg (2o | 2+, t) x p(at | X0, t)qo(xo) Where p(z; | xg, t) automatically
handles deciding when x is obvious from z;’s location on the simplex (explanation in[C.I)). Thus,
when this parameterization is used, Gaussian and discrete diffusion likelihoods can in fact be directly
compared. In App.[G.4|we prove that applying the hollow parametrization removes the singularity at
0 of the Gaussian ELBO.

Hyperparameter comparison Discrete and Gaussian diffusion models are specified by hyperpa-
rameters £ and emb with vastly different interpretations (see[B.3.1). Thm.[3.T|reveals that embeddings
correspond to a corrected fist eigenspace of the mutation matrix, establishing a formal connection
between £ and emb (see Fig.[5). The practical implications of this connection are that (1) one can
sanity-check their designed £ by checking its induced embeddings, and (2) discrete diffusion offers
a richer design space, as one can specify all the interacting eigenspaces of L rather than just the
dominant one, emb.

4 Practical unified diffusion models

We show through a particular parameter choice, the“sufficient-statistic parameterization” (SSP), one
can train a single neural network that can perform diffusion on any domain at test time (Fig. [3).
Further, the SSP explains the root of the noted “time-invariance” of masking diffusion and extends
this property to every diffusion model (C.3).

The goal of a diffusion model is to predic go(xd | z79,t) ~ p(xd | z;7¢,t) for all d, t. To do so,
one must integrate over the unseen x; 4 weighted by their likelihood of producing the data Ty a;

—d —d —d —d
plad | 27 1) = / p(at | 25V dp(ag® | o7 ).

This means that the only way each mf, impacts our prediction is through the evidence it gives us about
zd". We can summarize this “evidence” in the normalized vectotﬂ Bad 1)y o plad | t, zd =)
(Supp. Fig. @) A bit of algebra shows that these (E’s are sufficient statistics — they contain all
relevant information about the diffusion process and ¢, leaving a regression task that invariant to both.

Proposition 4.1. (Proof in App. There is 275 K
a function F'%, depending on p(x() and noton  —~ 27 \, —— Discrete
the diffusion process or t, such that 2~ —— Gaussian
R R :Il - SSP(Discre.te)
p(zd | xt_d,t) = FUG@EL L), ..., 0(@P, 1), 2 2.65 —— SSP (Gaussian)
Therefore =~ we can  parametrize  our 26

d —d 0 10 20 30 40 50
neural network gp(z§ | x4 1) walltime (h)

F($(EL1),...,¢(ZP 1)) for a neural
network F that learns the “universal” F<. Figure 3: The sufficient statistic parametriza-
tion enables training a single model that can
do discrete or Gaussian diffusion. We used an
ESM?2 architecture on Uniref50 for 48 hours on a
single A100.

Performance of a unified model Lastly, as an
initial experiment, we train discrete and Gaus-
sian diffusion models on proteins and compare
to a model using the SSP which alternated be-
tween discrete and Gaussian training steps. We find that even controlling for compute, the single SSP
model is competitive with the single-domain models (Fig. [3).

'For the non-hollow parameterization, swap T, 4 with z.
2Note this only works with diffusion models of discrete data where ¢ is finite dimensional.
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A Related work

To provide context for our work, we give an overview of other theories of unification and diffusion
model parameterizations below.

Theories unifying discrete and continuous diffusion There is a long history of deriving continuous
limits of discrete processes, the “forward” processes of diffusion models. Groundbreaking work by
Stone| [[1963]] derived Gaussian diffusion as a limit to biased one-dimensional random walks. In one of
the most celebrated results in mathematical genetics, Kimura! [[1955]] also derived a continuous limit of
the Wright-Fisher process with non-zero reproduction. We (1) apply these results to understand and
improve diffusion models, (2) also show convergence of the ELBO of diffusion models, and, to our
knowledge, (3) derive a new result — the multi-dimensional Gaussian-diffusion limit of Wright-Fisher
with zero reproductions — demonstrating previously un-characterized behaviour dependent on the
eigenspace of the mutation operator. Results (2) and (3) are what allow us to compare likelihoods
and hyperparameters.

Looking at generative diffusion models, [Winkler et al.[[2024] used the result from [Stone} [1963|]
(through a citation from [Sumita et al. [2000]) to connect the special case of one-dimensional,
unbiased discrete diffusion to one-dimensional Gaussian diffusion. They use this observation to
heuristically argue, or conjecture, the convergence of the backwards processes as well. [Sahoo et al.
[2025] suggested that by taking Gaussian diffusion and applying argmax, one recovers discrete
diffusion’| They used this insight to answer the loss comparison problem by proving that the ELBO
of discrete diffusion is always superior to that of continuous diffusion. Unfortunately, this is based on

3Interestingly, Stone| [[1963] also wrote discrete diffusion as the function of an underlying Gaussian diffusion.
However the function from Stone| [1963]] was a path-dependent time-dilation rather than argmax.
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a mathematical error (details in App. [E): by applying argmax to Gaussian diffusion one does not get
a Markov process, a property which was crucial to their proof of the loss comparison question. L1
et al|[2025]] looked at Gaussian diffusion with a generalized noising strategy; they noted a special
case resembled masking diffusion — each token was either fully noised or un-noised. However the
training procedure and ELBO of this special case are distinct from standard masking diffusion [[Shi
et al.,2024].

Parameterizations of discrete diffusion models In diffusion, one uses a neural network to predict
the identity of each dimension of the “un-noised” sequence x{ given the noised sequence and the
time ¢, gp(zd | x4,t). A number of works suggest superficially distinct, but ultimately equivalent
parameterizations [[Campbell et al.,[2022| [Lou et al., |[2023]].

For discrete diffusion models, |Austin et al.|[2021]] suggested multiplying the output of the neural
network by p(z¢ | zd) to “automatically” incorporate the information about the noised token about
that particular location. |Amin et al.| [2025] interpreted this as using a “hollow” predictor as gg(zd |
z,t) o p(xd | 2d)ge(zd | z;?, t), with the neural network playing the role of go(zd | z; %, 1).
While relegated to the appendix of these works, we show that this choice is crucial for the loss
comparison problem when its application is extended to Gaussian and simplicial diffusion.

Zheng et al.|[2024], |Ou et al.| [2024], and [Sahoo et al.|[2024] noted that for masking diffusion, it
is not necessary to pass t to gp(z | ¢, t) — it is “time-invariant". |Zheng et al.|[2024] suggests this
makes masking models a fundamentally different object than other diffusion models: “we reveal
that both training and sampling of [masked models] are theoretically free from the time variable,
arguably the key signature of diffusion models, and are instead equivalent to masked models.” Our
sufficient-statistic parameterization shows on the contrary that every diffusion model can be made
time-invariant by a choice of parameterization, with masking as a special case.

B Methods

B.1 The time dilation function

To make the second term of Eqn. [I|small we need p(z1|xg) ~ ¢(x1) which in particular means that
p(x1|xo) should not strongly depend on x. Conveniently, applying a Markov process to x usually
leads to p(z¢|zo) converging to a stationary distribution p(z,) as t — oo, a good choice for ¢(z1).
However our ¢ is on the interval [0, 1], not [0, c0), so we compress [0, o) into [0, 1]: we pick an
increasing “time dialation” function 7 : [0, 1] — [0, 00) and simulate ; so that it has had the Markov
process applied to it for time time 7;. In particular, if 71 is very large, p(z1|zo) =~ p(a0) = q(z1).

T 1S @ more convenient parametrization for our presentation than equivalent functions 8; = 7, oy =
exp(—¢) in other works [Shi et al.,[2024].

B.2 Moving to multiple dimensions

To consider sequences of discrete objects 2o = x} - - - 22, we simply apply the Markov process to

each position ¢ independently. Therefore “Sample noisy ;" remains the same, just repeated for
every d. As well, the “infinitesimal flow” for each position ends up being independent: the “Compute
ELBO” step also remains the same, just repeated for every d and then summed across all d. To
compute the ELBO therefore, in the “Predict de-noised x,” step we will predict i&e = qo(xd|z¢, 1)
for each d.

B.3 Discrete and Gaussian diffusion

For discrete diffusion, the Markov process is stochastic mutation defined with a rate matrix £ (where
Ly, b, describes the rate at which b; mutates to bs); the form for L was derived in (Campbell
et al. [2022]]. This gives Alg.[2| where Z is the indicator vector for the token xg, D(A1||A2) =
A1 log % — A1 + A2 is the KL divergence between two Poisson distributions, and 7; is the derivative
of 7,. For Gaussian diffusion, the Markov process is Brownian motion on embedded vectors
emb(zp) € R"; the form for L was derived in Ho et al[[2020]. This gives Alg.
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In summary, getting a stochastic estimate of the ELBO has 3 steps: (1) Sample noisy z; by simulating
the Markov process for time 7¢, (2) Predict de-noised z¢ with Zg g(x¢,t), and (3) Compute the
particular form of L. The difference between diffusion models lies in the first and third steps.

Algorithm 2 ELBO for discrete diffusion Algorithm 3 ELBO for Gaussian diffusion
1: Sample t ~ Unif(0, 1) 1: Sample t ~ Unif(0, 1)
2: Sample noisy z;: 2: Sample noisy z;:
3: Sample z; ~ Categorical (#{ e™%) 3: Setz; = e Ttemb(xg) + V1 — €27 N(0,1)
4: Predict de-noised xz: 4: Predict de-noised xz:
5: Predict Zg = gg(xo|xt, ) 5: Predict Zg = gg(xo|xt, )
6: Compute ELBO: 6: Compute ELBO:
=T T ~T T Fre 2Tt 5
7. p =2 enE q=ilemF 7: L= m\\emb(azo) — emb(Zo)]|?
8 L= Z#It Lyyz, 7D (;:’t q’ﬁ) 8:

B.3.1 Theoretical challenges in discrete and Gaussian diffusion comparison:

Likelihood comparison We would like to compare the likelihoods of discrete and Gaussian
diffusion, but these are sometimes infinity. At initialization, ||emb(z) — emb(Z¢)]||? is roughly a
constant, and for the classical choice 7, = —1log(1 — t), the square error in Alg. [3|is weighted

by 1/2t2, so the loss is ~ fol t=2dt = oo. To avoid the singularity at small ¢, one chooses a

minimum tmhﬂ Formally this is equivalent to estimating an ELBO for log p(z;, ) instead of
log p(zo). However, x_,_ is not a discrete object so p(z:,,, ) is a continuous density, fundamentally
a different object than the probability of a discrete object p(xo). Nevertheless, the values of the
ELBO for log p(z¢,,,, ) is often close to ELBOs from discrete diffusion models, suggesting they may
be comparable.

Hyperparameter comparison Discrete and Gaussian diffusion models are specified by hyperpa-
rameters £ and emb with vastly different interpretations. To specify a discrete diffusion model, one
must specify a matrix whose entry Ly, _,p, describes the rate at which b; mutates to by. For proteins
for example, this is often specified using the BLOSUM amino acid similarity matrix [Alamdari
et al., |2023]). To specify a Gaussian diffusion model, one must specify a embedding function emb
that takes the alphabet into Euclidean space R" for some r (we write emb(Z() as shorthand for
Zb Zo,pemb(b)). This can use pre-trained embeddings [Dieleman et al., 2022] or a variety of other
strategies [Shabalin et al., 2025].

B.4 Unifying simplicial diffusion

We now allow our population of ( to reproduce. At rate ( we generate ¢ “children” which each
randomly and uniformly pick a parent; we also allow individuals to continue mutating according to
mutation matrix £ so that mutations may be introduced between generations (Fig. [Ta). We now ask
what happens when ( — oo by referring to the mathematical genetics literature. One biologically
reasonable assumption these works make is a parent-independent mutation rate matrix, that is,
L =1 x (177 — I) for stationary distribution 7 and mutation rate 1) > 0 (see ex. Tavaré|[1984]).
Since this does not restrict the design space of simplicial diffusion, which is specified exactly by an
intensity parameter ¢ and stationary distribution 7, we make the same assumption.

The limit of the forward process |Kimura! [[1955] was the first to derive the { — oo limit of the
stochastic process. Unlike the mutation-only case which zooms in on 7, this limiting distribution has
paths that travel throughout the simplex (see Fig.[Ib] Indeed this limit, often itself called “Wright-
Fisher diffusion” is exactly the “Jacobi process” used in simplicial diffusion [Avdeyeyv et al.| 2023]. In
higher dimensions, |[Ethier and Kurtz] [1986, Chapter 10] also gives the same result as the construction
from |Avdeyev et al.[[2023]].

*Most discrete diffusion models also have a singularity at t — 0T, requiring one to specify a i, [Campbell
et al.| [2022] [Lou et al.| |2023]]. This is not the case for “schedule-conditioned” models, including masking,
partially explaining its popularity [Amin et al., [2025] |Sh1 et al.,2024]].
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The limit of the ELBO We add to these results by also deriving the limit of the discrete diffusion
ELBO. Remarkably, we get the “score-matching” objective of |Avdeyev et al.[[2023]] scaled by 7; /2.
This justifies its use as an ELBO while |Avdeyev et al.|[2023]] only recognized it as a stable training
objective.

Theorem B.1. (Proof in App. As ¢ — oo, the discrete diffusion objective in Alg. [ converges to
the teal quantity from Alg.

Algorithm 4 ELBO for simplicial diffusion. Our changes to|/Avdeyev et al.|[2023] are coloured.

1: Sample ¢ ~ Unif(0,1)

2: Sample noisy x;:

3: Sample m ~ A(t, ) with Alg. if 7, < 0.05, use Alg.@

4: Sample #; ~ Dirichlet (Y7 + my).

5: Predict de-noised z:

6: Predict Zg o< go(xo | ¢, 1)

7. Compute ELBO:

8: Compute §(Z; | zg,t) = Vg, log p(x|zo, t) with Eqn.[2} if 7, < 0.05, use Eqn. [3]
9: L = %H:(?t ‘ o, f) — :(it ‘ o, t)||;2iiag(:17,,)—;ﬂ;FT

t

Sampling noisy z; |Avdeyev et al.|[2023]] and Richemond et al.[[2022] suggested sampling z; by
costly and approximate simulation from a stochastic differential equation. Instead, the suggestively
titled paper “Exact simulation of the Wright-Fisher diffusion” [Jenkins and Spano, 2017] gives a
simple formula for the marginals x; (blue in Alg.[4). The algorithm samples Z; from a Dirichlet that
is centred at the stationary mutation distribution 7@ when m = 0 and becomes more concentrated
around the signal xo when m is larger. m itself is an integer sampled from a distribution A(4), 7¢) that
represents, going back in time 7, how many ancestors the population descend from — it is small when
T¢ is large, when everyone descended from a handful of individuals from far back in time. Indeed
Stark et al.|[2024] suggested a Dirichlet distribution as a natural noising distribution for x; for flow
matching — we see this intuition applies without having to do away with diffusion altogether.

Low t behaviour Both the simulation of A (v, 7¢) and the calculation of the gradients V;, log p(«x; |
Zo) involves an infinite series [Tavaré, [1984]. Luckily the terms converge extremely fast — at square
exponential rate. This is not true however at low ¢, leading to the well known instability of simplicial
diffusion [[Avdeyev et al., [2023| [Richemond et al.,2022]. This instability is also well known in the
mathematical genetics literature, with |Griffiths| [1984]] emphatically stating that using the infinite
series at low ¢ “produces nonsense from a computer.”

The solution at low ¢ is to replace the series approximation, which gets worse with lower ¢, with a
central limit approximation for A(v, ) [Griffiths||1984, [Jenkins and Spano, 2017]] that improves
with lower ¢ (purple in Alg. [); this is analogous to how reflected diffusion models were made stable
despite their own infinite series expansion with the same problem Luo et al.|[2022]. We picked the
7+ < 0.05 threshold as recommended by Jenkins and Spano|[2017]. In App. E]we describe how to
use this approximation to also stabilize the loss computation.

C Discussion of Theoretical Results

C.1 Enabling loss comparison

Fig.[2|suggests why the limiting Gaussian ELBO is infinite: paths from Z; d
have two phases, a nearly deterministic phase where no information about

xo has been lost (Fig 2] left), and a random phase (Fig [2]right). Diffusion

models reversing these paths should therefore go through a random phase, {
until p(zg | x4, t) becomes obvious, and then trace a deterministic path %
back to xy. However, at initialization, x is “never obvious” to the neural

network gg(zo | x4, t), leading to mismatches to the deterministic paths ~ , B
(Fig. 4] "Random"). As ( gets larger, the paths get more deterministic

Random
Hollow

Figure 4: The hollow
parameterization leads
to realistic reverse path
samples. ¢ = 300.
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and our choice of 7, “smooshes” the deterministic phase towards ¢ = 0,
causing the singularity in the limit.

The practical solution is therefore simple — weight the output of the
neural network by the evidence for each g, gg(zo | x¢,t) o p(ay |
Zo,t)qe (o) where p(xy | xo,t) “automatically handles” deciding when
x is obvious (Fig. ] "Hollow").In App.[G.4] we prove that applying the
hollow parametrization removes the singularity at 0 of the Gaussian ELBO.

This was suggested by |Austin et al.|[2021]] to improve discrete diffusion models, but here we show
that important for building Gaussian diffusion models with formally comparable likelihoods as Welﬂ
Amin et al.| [2025] showed that in higher dimensions this becomes equivalent to using the “hollow”
predictor

C.2 Embedding hyperparameter comparison

Hyperparameter comparison Thm. gives us a for- o _
mula for an embedding function emb determined by the o B Hydrophobic
slowest-decaying directions in £. Remarkably, this con- J mmm Charged
nection accommodates Gaussian diffusion in different di- d Polar
mensions R”: 7 is simply determined by the dimension of == Aromatic
the dominant eigenspace of £. In Fig.[5| we show the top 3 Row = Small
eigenspace of the BLOSUM matrix, often used to build d o‘#M £ A ) w= Other

stochastic processes for amino acids, seeing that it clusters
similar amino acids together. Figure 5: Euclidean embeddings of
amino acids from BLOSUM L. With
the BLOSUM discrete diffusion process
inspired by [Alamdari et al.l 2023]], we

extract emb(xq) from Thm. [3.1|for all
C.3 Time-invariant diffusion models amino acids.( )

Masking diffusion is celebrated for its “time-

invariance” [Zheng et al.| 2024, Sahoo et al.| [2024]: its

optimal gg(zd | z; %, t) does not depend on time. This

theoretically connects it with masked language models and practically means that one does not need
to engineer neural networks of two variables, both x; and £. Our SSP allows us to make any diffusion
model time-invariant.

Time-invariance is a function of parameterization: Masking is time-invariant due to a choice of
parametrization. To see this, imagine applying a time-dependent rotation to each z¢; we are essentially
performing the same diffusion but now must also pass ¢ to gg so it can “undo” the transformation. The
qg can be thought of as automatically transforming z; so F'¢ is independent of time in any diffusion
model.

Masking uses SSP: Indeed the SSP of masking diffusion, ¢(z%,t) = 6,, if #; # mask and

¢(xd,t) = [L,..., 5] otherwise, is exactly the canonical parametrization. Thus the time-invariance
of masking isn’t special — rather masking’s most convenient parametrization happens to be the SSP.

SNote this hollow parametrization is specific to our setting of Gaussian diffusion for discrete data where
there are only finitely many possible .

®Note this does not require a change of architecture — gp (mf‘ﬂm; 1) can be a function of all of z; but must
learn to disregard z¢.
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D Supplementary Figures

Domain param. Unified param.
Discrete —-
x=B ~ e
Gaussian
X%,=10.5, 0.6, -04] —> B
Simplicial
% =103, 0.6, 0.1] e

Figure 6: The sufficient statistic parameterization represents 7’; from all diffusion models in the
same space.

E Mathematical error in Sahoo et al. (2025)

In Theorem 3.1, [Sahoo et al.|[[2025]] shows that the ELBO of a discrete diffusion model is always
tighter than that of a Gaussian diffusion model. In its proof, with w, from Gaussian diffusion,
2y = argmax(wy), and x = 2z = wy, they state “Since the transition z; — z, is Markov, we get:
q(zs | we, z¢, ) = q(zs | 2¢, 2)”. Putting aside the correctness of this statement, it is clear that the
proof as stated requires the Markov property of (z¢);.

The way the Markov property is shown is as follows. They first define a discrete diffusion model, let’s
call this (Z;), such that Z; comes from the data distribution and Z evolves with respect to a uniform
forward process with rate parameter () chosen such that the marginals match p(z:|z0) = p(Z:|20).
In Eqgn. 29 they compute %p(zt|z0) and in Eqn. 32 they compute %p(ét |Z0) for all starting points
and show they are identical. After noting the equivalence of equations 29 and 32, they state "This
pmf and the ODE are the unique signatures of a Uniform-state discrete diffusion process (Lou et al.,
2023; Schiff et al., 2025)." and from this conclude that the path distributions of (Z;); and (z;); are
equivalent, and in particular, that (z;); is Markovﬂ

However, despite a similar result for Markov chains (two Markov processes with identical semi-
groups are equivalent), p(z|zo) = p(%|Z) and 2 aip(zt]20) = 5p(Z|0) for all starting points is not
enough to conclude the identity of the path distributions p(( ztt) |z0) = p((2¢)¢|Z0). First note that

4 p(z|20) = Lp(%|Z0) is not an independent condition: it follows from p(z;|z9) = p(Z|Z). Next
consider this counter example:

* Zp = 1 and (%), evolves by switching sign with rate 1. Therefore p(Z, = 0) =1 — 1~ 2.

* zp =1 and (2¢)¢ has a 50% chance to stay at 0 forever and a 50% chance to swap sign

at time — logU for a U ~ Uniform and never again. Therefore p(Z, = 1) = 1(1 +

p(—3 log Unlform >t)=1-1e 2
* When zp = —1 or zyp = —1, then swap signs.

We have p(2¢|20) = p(Z¢|20) for all z and therefore £p(2¢|20) = %p(Z¢|20) but clearly p((z;)¢) #
p((Zt)e)-

Simple computer simulations indeed show that p((argmax(wy));) and p((Z:);) are different. We
show this in Fig.[7} Indeed a statistical test applied to these simulations shows p((argmax(w;));) #
p((2¢)t): a Mann-Whitney test shows that the paths of the argmax of Gaussian diffusion have more
transitions that those of discrete diffusion with p < 107300

"This interpretation of the text was confirmed in personal communication with the first author of Sahoo et al.
[2025]

11
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Figure 7: The argmax of Gaussian diffusion appears different from discrete diffusion in sim-
ulation, despite having the same marginals. We compare example paths of p((argmax(wy)):)
(left, red; we show Gaussian diffusion w; in grey), p((2;):) for uniform discrete diffusion (centre,
blue), and their empirical marginals over 10’000 simulations (right); we simulate using a grid size of
0.0001. Note the two processes have the same marginals but their paths appear different; in particular,
whenever wy is near 0, (argmax(w;)); undergoes a very large number of transitions in a small timeﬂ

F Wright-Fisher sampling and score calculations

Note, just like App. we can deal with Z; rather than the actual sequences x;. We now discuss
how to sample and calculate the functions 5(7 | zo).

Sample noisy z; We’ve discussed the algorithm from Jenkins and Spano|[2017] in the main text.
We now present their algorithm for sampling from A (v, 7¢).

Algorithm 5 Exact sampling from ancestral process A (v, 7¢)
v Qk+Y-1)() k-1

1: Define coefficients: ¢, , = o) fork >m

2: Define PMF: ¢% (1;) = Zzim(—1)k—mc}fme—k(’€+w—1)n/2

3: Sample U ~ Uniform|0, 1]

4: Initialize M < 0

5: Compute initial bounds: S~ « 0, St « ¢/ ()

6: whilenot (S~ > U or ST < U) do

7: Find K s such that cszM+1)Nle*(KM+1)(KM+1ZJ)Tt/2 < CﬁMMefKM(KM+w71)n/2

8: Update lower bound: S~ + S~ + Z}fa”/ﬂ (—1)icsz+21)Me—(M+2i)(M+2i+w—l)n/2

9 Update upper bound: ST S—+EZL(:ISM—1)/2J(_1)iCEbM+2i+l)Me—(M+2z'+1)(M+2z‘+w)n/2

10: if S~ > U then

11: return m = M
12: else if ST < U then
13: M+ M+1
14: end if

15: end while

Compute loss We present a formula for 5(¥ | zg,t) = Vlogp(Z; | 0, t)| to enable computation
of the loss. |Avdeyeyv et al.|[2023]] computed these scores using a previously determined result with

8Indeed, noting the self-similarity of Brownian motion, one can show that, conditioned on w; = 0, with
probability 1 (z¢); makes infinitely many transitions in the interval [¢, ¢ + €) for any € > 0. The probability of
infinitely many transitions in a bounded interval for discrete diffusion however is 0.

12
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B = 2 then generalizing to higher dimensions with their stick-breaking procedure and a change of
variables. We are instead able to derive it directly from first principles.

There are two infinite series which will be important

G (t 1’07$t —1+Z ak t Wzoaxta:n)

F, (t $07£L't _1+Z t’frxmxtxg)
where
. _ketp—1e (2k + 9 — 1) () (k- .
G0 (g o) = €572 k,)( W) By (b4 k= Ty sy )
o s (D) (2k+ 6+ D+ ) | .
bk(tvwzmirt,azo)—e 2 k" (¢+1)w Fl(_k,w'i‘k‘f'l,qlnrzo+17xt,zo)

where o I is the hypergeometric function. Although these look complicated, in practice, most terms
in the numerators and denominator of a and b nearly cancel to 1, and, when ¢ is not too small,
e~ k(k+v+1t/2 decays extremely quickly.
Using the results in|Tavaré| [1984]] we compute S(¥ | ) in terms of these series. Since we’re only
interested in differences for calculating the ELBO, 5(¥ | g, t) — 5(U | Zo, ) we ignore constants not
depending on xg.
Proposition F.1. (Proof in App.
p(Z¢ | o, t) = Dirichlet(m))(Zy) Gy (T4, z0, V).

For (V) = V log Dirichlet(mv))(&;) which does not depend on x,

§(’U | Jio,t) = 8(’17) + fow(.ro,ﬁ) 2)
where
e_wﬂ/2(1/1 + ].) Fw(Tt,xo, 17)

7(xg) Gy(1t,0,0)

Note with the hollow parameterization, calling @, = w(b), we get

e VT2 (Y +1) 30, FopFy (1, b, 7)
(o) > TopGy (12,0, 7)

w(zg, V) =

5(T | Zo,t) = &(@) +

F.1 Low time regimen

When ¢ is small, sampling from A(¢, 1) or calculating G, Fy;, become unstable. (Griffiths| [[1984]]
suggested a Gaussian approximation for A(t), 7;) which we will also use for deriving stable approxi-
mations of (7 | o, t).

Sample noisy x; We copy the following from Jenkins and Spano|[2017].

Algorithm 6 Sampling from ancestral process A(v), 7¢) - Low ¢ approximation

Setﬁ — %(’(/) — l)Tt

if 5 # 0 then
Setn « Bel=h
Set p + = 2’7

Set 02 < i—? (117:,@3) (1 + n+ﬁ 277> B2
else
Setp ¢ 2
Set o2 « =
end if
Sample Z ~ N (u,0?)
return m = max(0, | Z + 0.5]) > Round to nearest non-negative integer

bl

TPY X R

—_—
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Compute loss The loss in this regimen, even with the Griffiths approximation, becomes intractable;
instead we use the Griffiths approximation to simply bound the loss.

When ¢ is small, z is almost always b* = argmax,Z; ;. We therefore set Top = dp». To 7# b* is s0
rare we only aim to find a loose bound. Calling ¥ = Z; we bound the loss by

Tt (o L o e
L SE(HS(U | 2o, t) — C(U)||Diag(ﬁ)—m“f + [I8(7 | b%,t) — C(U)HDiag(ﬁ)—ﬁaT)Q

7 s = * =
:é(w(‘r07v) Tyy +w(b L)V T )2

In the next proposition we give an alternate formula for w(zq, ¥) which will allow us to Griffith’s
approximation and a saddle point approximation to estimate w(b*, ¢). It will also allow us to bound
w(z, ¥). To our knowledge, this strategy is original.

Proposition F.2. y
w(xg, V) = 17;011@ my

Ty

(D) my) _pm

where I is over the weighted, normalized distribution p(A(y), ) = my) @rag) oy Vo'
xg ) (my

Proof. Simple inspection of first expression of the proof of Prop. O

For w(b*, ¥), when ¢ is small and ¥+ is not small, we derive a saddle point approximation to ]ngo my
in Eqn. 3| below. ¥, is small, the saddle point approximation fails. However, if we’re only interested
in getting a bound, we can bound E% my < ]E{;b* my which can then be estimated using the saddle
point approximation; this is our strategy for w(xg, ¥). Therefore, we get

L S 27'}’17;01 (Eﬁb* mt)2.

Saddle point approximation Let’s take the Griffiths approx as ¢ becomes small, so w; ~ N(u, o)
where p, o are form Alg.[6] Let’s use Stirling to approximate

(¢+mt—1)! ~ 271‘(’(/J+mt—1) ((¢+mt_1)>(¢+mt—1)
L(y—1) (¢ —1) o

SO
Wm0z, - D) ==y
(V7)) Ty —1)
(1 — 7-(-2_0)¢ (Y7ag+mi—1)+1/2 A
14+ —— "To/7 . .
X( +¢7Tx0+mt—1 (1/)+mt ) 0
zweﬂwwb
I(¢—1)

(1 - ﬂ-i’o)¢
S (2(% Fme— 1)

) (% +my — 1)1 7T=0)¥,

We take a saddle point approximation of E

S i.e. take its value as the maximizer of the
approximate log likelihood

(1 — Wmo)w
¢7TOL‘0 +my — 1)
(1 gy ) dog( + my — 1) + my log(dy) + O(1/my).

1 2
C—@(mt—ﬂ) +2(

Forgetting the reciprocal terms, the most naive approximation therefore is
- 1 2 -
W~ Ty, (,u +0 longo) .

Taking into account only the larger reciprocal term, you get a slightly more accurate approximation,

dim i) (= @ = 1)+ VE+ (@ = D2 A0 = m)90?) /2 3)
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where ji = y1 + 02 log ¥, is the naive approximation.

Note the second approximation becomes the first when the “perturbation” 4(1 — 7(z))o? is small.
Noting m; ~ t~!, the first approximation has relative error roughly O(¢) while the second has
relative error roughly O(t?);

When ¢ is extremely small and ¥, is large, then
Wy ~ 2t~ 1_’7 (1 + = logf)}m) ~ 2t

This is a good approximation when log U, is large (say ¥, > 0.5) but can fail otherwise — it can
even give negative numbers!

G Theoretical results

G.1 Mutation population discrete diffusion loss

In this appendix we derive Alg.[T|by showing it is equivalent to Alg.[2] Namely, we assume D = 1
and z; is a sequence of length ¢ and show

* Predict de-noised x: the target of gg(xo | x¢,t), p(xo | zt,t), only depends on the
vectorized Z;.

p(2’|F0,t)
p(t]Zo,t)

* Computeloss: L =3, Loy, 7D (ﬁilz‘(’]g
in Alg[1]

Given pred1ct10n and loss computatlon only depend on Z;, we can also replace sampling x; with just
sampling 7 ~ Mult(¢, #7'e™%) /¢, giving Alg. [1]

) is equivalent to the form

Predict de-noised xy Simply note

p(xo | 21,t) ocp(ao)p(zs | 2o, t)

Compute loss For sequences x # x of length ¢ which differ in exactly one position, say z(*) = b #
b = 2'®), then L,_,4» = Ly and for every z

p(z’ | zo,t) ToeT LY

p((E | ant) foeT‘Ll_)“

If x, 2’ differ in more than one position, then £, ., = 0. Call JC,[EZJ)] a sequence which has all the
T 7L

same letters as x; except has b in position z. Then calling 5 = & e™* and ¢ = &8 e™*,

/
L — Z L:[;’—},’[;t%tD ( ‘ xOy H | zO? )
xt | 3707 ‘Tt ‘ l.Ov

l7£mf

Do || G

DDA EL Ry
b —

e Fm® % Py 114,
”
=S #e 0l =0 3 LoD (fi
b/#b Db

Do || G
= Z Ly p74C T pID < ) :

b'2b Do || @

o )
@
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G.2 Proof of Gaussian convergence

Our formal statement of the theorem adds some mild positivity assumptions for 7, 7 and P; which
are satisfied by any reasonable choice of 7 and almost every choice of L. It is also more specific
about the limiting behaviour of ff in non-dominant eigenspaces: we also limit to Gaussian diffusion,
but with meaningless embeddings sampled from random Gaussian vectors independent of x.

Let us interpret the embedding (1. In the case that £ is doubly stochastic, or reversible,
1 1

T = [5,..., 5] and L is symmetric; in this case Q1 = j1 Py is just the orthogonal projec-
tion onto the dominant eigenspace. In the more general case that £ satisfies detailed balance,
(diag(m)'/2Ldiag(m)1/2);; = \/%EH is symmetric so Q; is the orthogonal projection onto the
dominant eigenspace of the “symmetrized” generator. In more general cases, we don’t get a sym-
metrized operator or an orthogonal projection @;, so we must “correct” for this with the adjustment
(Q:iQT)*Q;.

Theorem G.1. (Formal statement and proof of Thm. Call —\y > —Xy > ... the negative

eigenvalues of L and Py, Py, . .. the projections onto the corresponding left eigen-space. Without
loss of generality, assume Ay = 1. Assume T, is bounded on every compact interval of (0,1),

T > 0 and Pib =% 0 for all b and Pib #+ P forany b £ V. For each ( pick time dilation Tf =
1log (¢e*™ —(+1) arzd fescale 3?? =+/C - (¢ —1)e 27 (zy — w)/+/7. Define the embedding
into Rrankfpi), Qi =i:(Q:QT)1/2Q; where Q; = diag(m)~ /2 P,diag()'/? andj; is any isometry
from Tm(Q;) — Rrank(F:),

Fix an x.

s (Path convergence) Call (Z;)i_, the paths with Zy = Q1(Zo//7) evolving under the
Ornstein-Uhlenbeck process

dz. = —Zdr + V2dW,
for a Brownian motion (W;)22 and call Z; = Z.,. Then (Q@f)te(o,n converges in

distribution to (Zy)1c(0,1) in the sense of Lem.

* (Convergence of non-dominant directions) The component of :Ef inKerQis) Qlff .

Each component (Qla_cf )¢ also converges to a Gaussian diffusion independent of &y with
modified time-dilation and scaling: call (Z;){_, the paths with Zo ~ N (0, I) independent of
xo evolving, forward and backward on (—oo, 00), under the stationary Ornstein-Uhlenbeck
process

dz. = —z.dr + V2dW,

for a Brownian motion (W;)?2, and call z; = Z_u:) where Tt(i) = Al log(e?™ — 1). Then
(1= e ™) 72Qi )ie(0,1) ~ (21)te(o,)-

* Call the ELBO in Alg.[I]

= o N Dy
L(fgvta xvaO) = Z ’Cb2‘>bl7_t<<xt,bl (fg)D (2
bi7bs P

db,
where %y, (V) is the inverse of the transform from %y, to i‘f b, Then, for all i, t, %o, To

,f_t672'rt ~ 9
m [emb(zq) — emb(Zo)||

the ELBO in Alg. B} which, in particular, is independent of the value of v.

L(ﬁv ta an‘%O) -

)

Proof. We prove the convergence of paths using Lem. which makes use of standard techniques.
We break the proof up into four sections: the first three verify the conditions of Lem. and the last
shows the convergence of the ELBO.
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515

516

517
518
519

520

521

Part 1. Convergence of Marginals: Note

Zy~e T2+ V1 —e 2 N(0, ).

We want to prove convergence to this quantity. Note, writing Mult for a multinomial distribution,
_ — 1)e—27¢
ftg - ¢—(¢ Je
¢
—(1+ o()V/1 = 27 (¢TH2(Mult(¢, 7 e E) = T e £) + (M e E ~ 7)) JVF.
The second term is

VI— e 2 (Gl 7) = /T— e 27 Zgl/Qe*“fPifo
6727}) 1/2

_ Pz

=S (Ge—orx) B

—e Ttpllfo.

(Mult(g, FTemit) - gﬁ) N7

For the first term, we need a “uniform” central limit theorem as the underlying distribution changes

with ¢ because of :ETeTf £, Lem. shows that ¢ ~'/2(Mult(¢, #F e E) — e ic £) approaches

N (0, diag(p;) — pipt) for py = :cge £ which itself approaches 7 as 7¢ — 0o. Therefore the first

term, divided by /7 approaches
T
V1= e2nN (0, JEERVENE: ) .
Note Q;V7 = VA Py = 0 for each i and, for i > 1, Q;(P1o/V7) = V7 PPy = 0.

Therefore, as deired,
Qs ~ /1 — e 2N (0,1) + e~ Ttemb(o),

(1— e 2)"12Quab ~ N (0,1).

and fori > 1,

Part 2. Local uniform convergence of conditionals: Note

2|2~ em (T2 4 V1 — e 2T N0, ).

We want to prove convergence to this quantity. Note

- . ¢
Ty|Ts ~ ZMult(st’b, pTe(me DEY ¢

where 7y = \/7 o T} / V¢ Je~27t 4 7 are the “unscaled” versions of the vector and s is
similar. It will be convenient below to extend this definition to xﬁ for which (s ;, are not integers,

but which still satisfy », /waf’b = 0. To do so, we just round (&, down to [(Z 4 |.

Fix . We now show & |JE’C T ~» Z|Z, = ¥; a very similar argument also shows 7 ~~ Z;. Call Z¢
a variable distributed as Z; \xc = 7, so, calling

¢ ¢—(C—1)e2m

wy = R ,
Nsc,b = /Tt /WS + (mp,
C,Eb ~ Mult ({Nng ,?6(75_75)6) independent across b,

then

7§ ~wf (Z Cry— cw) JNT
b

" 26 _pC
o (32 i, - ng ey g e )

b

17



523 noting » ., pf » = C. This is exactly the “noise, signal” breakdown we had in the proof sketch.

For the signal (second term), first note

T (76 —1$ - - ¢ _ ¢ -
g mp (0T el TTIE 7y = Tl =TIl _ 7 — ),
524  $0, ignoring the 7 term in NS< , the second term is

Wy 7 (BT e(re =L _ = _We T (s —T$)L
o (Zb:\/ﬁvb(b e m) Vr= ((ﬁov) e )/\/7?

1—e2m

1— 6—27'5 ()‘ifl)/z 5
=(1+0(1) ) () e M) Q1.

525 For the first term, we again apply Lem. noting Nib = (14 o(1))¢m to get
¢, S
S wi(Cf, — NE BTl T )V
b
mz VTN (0 diag(b” (7¢ TC)L) — e(TE_T-f)LTEZTe(Tf_TSC)L> L
=v1—e" 2”/\/ 0, diag(7 Te(re _TS)L) — elre—THLT diag(7 )e(Tf )ﬁ) INT
=v1—e 2N | 0,diag(7 Ze’/\ P;)diag(7 Ze’A TC)PT)> VT

—/1=e2nN (0,1 (Y eNE I e Mt @?)) :

s26 Therefore, as desired,

1—e 27

—e Tt
=7~ eI QT 4 VT — e 2m=mIN(0, 1)

6—2(”—“)>N(0, I)

s27  and similarly

1—e2m

1—e2m\ ™
+4/1- (1_6_2> em 2 =TIN(0, 1)

()@ o
e (1 - )1 2Qu0)

Ai/2
(1 o 6727})71/2@2_55 | fg — T~ ( > 67)\1-(7177'5)((1 _ 6727'2)71/2Q“—]>)

s28  Finally, convergence is clearly uniform for nearby ¢’ using the uniformity of Lem.
529 Part 3. Tightness: Pick s < ¢ € (0,1).

E|z; — & = E|E[#|] - 25| + Ell& - Bl |2

18



s30 The first term has, for each x,

D ,
E||B[#5]5] — 25||° =E|lw, (&7 775 — &) /V7E — &)

1 N S . R .
= i Bl (78— ) — (w0, — ) (F = 7))
1 = (=rHL _ = =)
<———E (Juy| [, TOE = & || + fw, —wi] |7, - 7))
ming 7y
1 o T (ré—r$)c 2
=i (fedll @ = #)7( = e D) | 4y — 17, — 7))
2
<———E (Juwrl (1 — =TT |7, — 7| + |, —wi] |7, — 7]
ming 7y
1 < YA 2 = 2
=——— (lwel(1 = e F7%%) 1 ju, — wy] ) E|7, - 7
ming 7y
¢ ¢ we \ 2
<— <(1—6(Tt7‘§))\3)+|1—5|>
ming 7 W

(]ETrCov(Mult((, ZTemHEIC) + HfTeTﬁﬁ - 7?||2>

1

~ ming T

< <(1— SETAE ) 41— ) < )
ming s —1

—27, _ AB/2
1— e_(Tf—TSC))\B -1 — €—2>\B(7'1,—7'5) 1—e (1 - C 1) v
1—e2n(l— 1)

531 Now,

<1-— €—2>\B(7't,—7's)

1—e 2 (1— )\ /2
- (aen)

When |75 — 74| < 1/4)Ap

1— e P=7) < U\p(r, — 75) < 4Ap|t — s| sup 7.
uE[S’t]

532 Nextnote thatif « > 1, z — 1 —x® has decreasing derivative, from 0 to —« on the interval = € [0, 1],
53 SO, it is dominated on this interval by a/(1 — z). If { > 1,

1— (1—6:273(1_<:1)))\B/2 o1 <1 _6:27—5(1_C:1)>1\/(>\B/2)
1—e 2Tt(1—< 1) 1—e 27t(1_< 1)

v (1- (ZEm0=C))
1-¢

1—e2m
< 1v ()‘3/2)6_2TS (1 _ 6—2(7'1,—7'5))
- 1l—e 2
V (2)\3)6727&

|t —s| sup 7
1—e2m welst]

s34 Finally

Lowe (1= ¢\
wo (e

535 which is similar to above.
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536 The second term has

B — B2 2 <20 j{jET¥00vcwhﬂu<msm eTETEY | )

mlnb Uy
ZExst 'r —r$ Eb/)( B’Te(ﬂ't 7TS)£b/)

mlnb b

2 A S_ S\, T [
< pT (e =)Ly 1= plelre—m)Ly
el LR D MR

b#b’
Z 1— (Tt —Ts ) l_;)
mlnb Uy
< 4B 1— e*(Tt —Ts ))‘B)
ming 7y

537 which is bounded similar to the first term.

Part 4. Convergence of the ELBO: Define p = a‘:’OTeTf Lig= jgeTf £_We’ve shown above that

1
_ = Pz —1/2
p=7+ e —1) 1Zo + o(¢™ %)
$0
Db, _ T 1 1 Th g
L AL T R — 2b> P74+ o(¢Y/?
e | N ) ( 2= b 1Zo + o(¢7 %)

and similar for q. Using a second-order Taylor expansion on D, we get

T 2

Db || Gb, 17 bl 1 by T 1
727 7(] 2 21 1) b - b P; — -1y
( by bl) 2 ﬂbz ﬂ-b C(@Z + ]) << 2 b 1) 1(.’170 J’}O)> + 0(< )

Next note 7 = 7; + o(1). Finally note

Ty (V) = VmoT/\/¢— (C —1e 2™ + 7 =7+ o(1).
s3s  Putting this together, we get
L(ﬁ,t, fO; 5%0)

oo . Do
= Z ‘Cb2—>b17-t<Cxt7b1 (U)D (2

qb,

by #ba Db,
2
62‘I't 1 1 . . T
4 S g\ p o ,
Tt b%:bZ ba—by 2Tt — 17Tb1 2Ty, Mo, (62” _ 1) ( 2 o, 1> 1(%0 :CO) + 0( )
T 2
Tte N b, = B . } _
eQn —1)2 Z Ly by <<b2 - \/Ebl) (@ ((aro - xo)/\/ﬂ) +o(1)
bl#bg 1
7.}6_27—”

s @ (@2 V) L +o)

(1 —e2m
1 - Thy - Thy 7 T
= = E £b2—>b1 b2 - 7b1 b2 - bl .
2 bibs 7Tb1 7Tb1

20
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539 To solve X, we note

> Lyypybabl = Zb2b2 > Ly, ==Y bobd Loy,
ba

by #bo b1#b2
Ty by 77T
Z p Ly, bobt = Zbﬂh Z p Lyy—p, = — Zb1b1 Ly, b,
bi#by ! ba#by ! by

o= cbﬁblbzbl = diag(V7) (£ — diagl) diag(1/V7)
b175172

‘ /””2 Ly, 5, b1bL = (diag(VR) (£ — diagL) diag(1/V7))T.
b175b2

So,
5= —%diag(\/%)ﬁdiagu INF) - %(diag(\/%)cdiagu INF)T.

In particular, since Q7 diag(v/7) Ldiag(1/V7) = —QT,
QIZQ1 = Q1 Q1 = QT Q7.

s40 This gives us
—2T

Tie -
m llemb () — emb(io)|* .

541 O

s¢2 G.3 Proof of sufficient statistics

Proposition G.2. (Proof of Prop. There is a function F¢, depending on p(x() and not on the
diffusion process or t, such that

-

(g | 274 t) = FUS(E L), 6(F, 1))

Proof.
(et L) = [ ol | 25 ) dplai | )
1 _ _ _ _
—— [ pta |yt | il
p(xt )
1
—— [ wtad 15 ] plat | o apla)
p(xt ) d'#d
Masa Spp(ad |2 =b) &) d
= —d 950 | 2o H T dp(zy©)
p(xt ) d'#d pr |x0 _b)
:Ep(wo_d JC0|JZ H wg/ /Ep(zgd) H (25(117? )Ig’ 3
d'#d d'#d
543 O

s44  G.4 Hollow parameterization solves Gaussian ELBO singularity
Here we show that the hollow parametrization introduced above resolves the singularity of the

Gaussian ELBO in Alg. at t — 0T. Before going into the proof, let us give some intuition. Assume,
d

2§ were distributed uniformly and independently. Then

21
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546
547
548

549

550

551

552

553
554
555

where z; ¢ includes all positions but d. However
p(zd | 27 1) = /p(xg | 25 dp(zy® | x;79,t) = Uniform.

Therefore, we get p(xd | x4,t) o< p(xf | xd,t). At initialization, we can say our neural network
qo(xd | 7%, t) ~ Uniform, so,
qo(xd | 24, 1) = p(ad | 24, 1).

Therefore, the hollow parametrization initializes the diffusion model near a uniform, site-wise
independent model. The proof below involves a lot of algebra, but the basic intuition for why we
should not see singularities is that by initializing at a valid diffusion model, we get comparable
ELBOs.

Again we assume D = 1 for simplicity as results are straightforward to generalize to higher D.
Proposition G.3. Assume emb is injective and T; is increasing and differentiable. Define

—27

Tie R
! 5 [lemb(zq) — emb(o)

— 2
L=t—cwy I

and the normalized vectors ¢(xy,t) x p(zy | xo,t). For &y build using the hollow predictor

Fo = (E(xt, t)o (j’/&(xt, t)T o @ for a vector t bounded away from 0 and oo,

O<c:mgn§b§mgx§b<0<m,

we have
Et,{L’o,ZL’tL < 00.

Proof. Note first
lemb(az0) — emb(&0)||* < [lemb]|||Zo — Zo

and, simplifying ¢ = gg(:vt, t),
Eole, [ Fo — &ol| = |0 5/¢" 5 — ¢ 0 /6" dl|
for pi, = p(wo).

Call b = argmax,, q?,,/, SO

- - 2 . . 9
L vDb Do - Db/ Qv
|op/¢T5—oq/érql < 5 = ) +(1=)? D (q - )

b’ £b oTp  dTq

—_

2
_ 1
B 5/4/ N 5/#/
L4+ s (fbgz L4 L

v
2
+ (f) B(1 - ¢)?

2
1
= (1 - 1+ CB(1¢b)>
2 2
<(ZF) a-on+ (9) Bu-ar

3 . —2r -
We’ve therefore bounded E; ,, », L above by some constant times E; ;, % (1 — max; ¢p)2

Note without the hollow parameterization, we wouldn’t have the (1 — max;, (5;,)2 term; we now show
this becomes small very fast as t — 0 (because zy becomes “obvious” from x;), cancelling out the
singularity.
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557
558

559

560

561

562

Next note, calling b = argmin,, |lemb(d’) — Z||,

2
1
1+ 3y xP(— g —zmyz (lemb(v) — 7| — [lemb(b) — ft||2))>

< 3 b (g gy lemb(®) = 1P — emb(t) — &%) )

b/ #£b

(- mglxng)z = <1 -

which is only large if Z; is roughly equidistant to two potential xy. Call € = minyy ||emb(b) —
emb(b')||/4, so, if miny |lemb(b') — #¢|| < € then, by the triangle inequality

llemb(b') — &||* — [lemb(b) — &||* >([lemb(b) — emb(b')|| — [lemb(b) — Z)*
— Jlemb(b) — ||
=|lemb(b) — emb(')||
— 2[lemb(b) — emb (V') | emb(b) —
>16€” — 8€® = 8¢>.

Fe—2Tt

Therefore, E; ,, (12’67”2 (1 — max;y 51,)2 is bounded by

Ti€

He 2T 4€? . -
B8, s (o (- ey ) + loilemb) = 2 9).

To deal with the first term, perform a change of variables u = (1 — e~27)~!, giving

- —2T 2 0o
Tt€ 4e 1 )
Etmexp (M) = 5/0 d’UJeXp(*4€ u) < 0.
For the second term, note

p(miny lemb(b') — Z[| > €) <> p(xo = b)p(IN(0, (1 — €™ ) [er )| > €)
b

=p(x;/e* >1/(1 —e7*™))
where x? is a chi-squared distribution with r degrees of freedom. Finally, by the same change of
variables u as above, we get

—27¢

. | o
E; e 5p(ming lemb(b') — Z;|| > €) = 7/ dup(x?/eé® > u) = Ex?/e* < .
0

(1—e2m) 2

G.5 Proof of Wright-Fisher convergence

Formal definitions Define A” C R be the simplex, i.e. the set of non-negative vectors with

components summing to 1. Let (Z$)!_, be a stochastic process on (¢ZP) N AP with 5 = i

evolving with respect to L™ 4+ LV where

! z! =/
Fime = Hbzfzf‘ TT@) = Mult(c, #)(ca),

and, if Z¢, #'¢ differ by one count b — ',
LR e = (0(AFT — 1))y = Oy

otherwise it’s 0. Let (Z;); be a continuous Wright-Fisher process, that is, z; = &y and
™ -
dz, = L™ 2,4t + diag (\/Z) (I —VEZ ) AW,

where (W), is a Brownian motion.
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565
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567

568
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570
571
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573
574

Convergence of the forward process We have convergence of the forward processes from previous

literature.

Theorem G.4. (Thm 1.1 Ethier and Kurtz [1986, Chapter 10]) Assume L = 1 x (177 — I). In the

topology of convergence of compact sets, (i‘f Jeeo,1) ~ (Zt)tefo,1)-

Note when B = 2, (2}); is distributed as the Jacobi process described in /Avdeyev et al.[[2023]]. One
can easily check in B > 2, the stick-breaking procedure of |Avdeyev et al.|[2023]] also leads to a

continuous Wright-Fisher process.

Convergence of the ELBO Call 5(7 | x9) = Vlogp(zt|xo,t)|s,=5, and 5T | Zo,t) =

22 Z0,p5(T | D).
Theorem G.5. Call the ELBO in Alg.[2]

e ¢ |~
- - mu . p(Zy | o, ) || P(Zy | To,t
L(x§7t7xo,a:0) = Z (CAC% # + f;CLfS)Tt]D) (p( v | )H (7 | )) .

(7 | 2o, t) || p(& | Fo.t)

TS AT

Then .
. ~ Tt || = — |~

L(v,t,z0,Z0) — 5”3(” | 2o, t) — 5(7 | xO?ﬂ”iiagﬁfﬁﬁT

~ T,

Proof. (We provide an informal argument) For 33’ we can approximate

p(f:fc ‘ Lo, t)

~ 1430 | mo, )T (ZF — 2).
p(E; | wo,t) ’

Therefore,

e ¢ | A
t t 1 2
D p(gitc | Zo, )Hp(x_,tg |f307 ) ~o (g(wt |3307 )_ g(i‘f | i‘o,t))T(ff _fg))
p(xt | ant) p(xt |x07t) 2
1
_ = (| 4 2
_§H (xt | x()?t) - S(.’Et | xo’t)”(fffff)(fi(,ff)T'
Therefore, )
=C ~ Tt | = — N 2
L(Z°, 20, To,t) — §H5(U | To,t) — 5(V'| 2o, 1)[|5;
where

2= Z (Cﬁwc # T »CIE‘CIt t)(f:sc - @)@ - a)T
AR
Note, by the Stirling approximation, for #¢ # /¢

L3z = (14 O((Cmina5) ) ([ ] a5) 7/ (2m¢) =B 1/2e RIS,
b

Therefore, calling Z(Z5) = {7 € ZB /¢ | Y2, T = 0, 5 + @, > 0 b}, we can analyze the first term

as

Q

vy - —(B- - F)|ZS +T) ot
Z Cﬁﬂ(_ﬂ,_w(UUT Z Ha‘fg) 1/2(27.‘.(:) (B=3)/2 o —CKL(Z*||Z° +7) 5T

veZ(ES) veZ (@) b
S (L) 2 ene)E 072 A st gt

vez (@) b

[ doltding(a) - a5/ 200

p U=

Q

Q

_ 2
< H W aias(a$) 26267y -1 5T

=diag(:vt) - 5T
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575 On the other hand,

Z L*c_;.v_)zcm) = (X (B—=1)x0(1/¢%) = o(1).

UGZ(ft)
576 O

577 G.6  Wright-Fisher loss calculations
578 See the discussion above Prop. [FI] for definitions.
Proposition G.6. (Proof of Prop.
p(Z4¢ | o, t) = Dirichlet(m))(Zs) Gy (1%, zo, V).
579 For ¢(v) = V log Dirichlet(my)) (Z;) which does not depend on x,
§=5(V| xg,t) = (V) + Fow(xo)

where

e‘w“/z(d) + 1) Fw(Tt,{Eo, 17)

w(zo) = 7(xg) Gy(1¢,20,0)

50 Proof. Say my ~ A(¢, 1), so
p(&y | o, t) =E,,, Dirichlet(vm + myxo)(Z)

_ H ﬂl/)ﬂ'b 1 F(w +mt) f"/}ﬂ-zo"l‘mt_l
e Dy +mo) [To 0, T(0ms) "

_ F(Qﬂ) —'1117717 1 F(Q/)W(xo))l—‘(’(ﬁ + mt)‘,ﬁvmt
e T (W) blgg B ()L (g, +my) 070

=Dirichlet () (Z}) Ep, miﬁ ~

b#wo

581 From Eqn. 5.2 of |Tavaré|[1984], we have

_ )r 2k +Y =1 +¥) k-1
p(my = e k(k+yp—1)7 /2 .
J) Z (—1)F(-1)/ =)

ss2  He wrote, in Eqn. AS,
o
> alp(m, =
j=1

koo
—k(ktp—1)7e/2(_1\k _ o (J+ ) g1
ekt (—1)*(2k + v 1);j! T

@) () g (R
e kU= /2(_yh(op 4 gy - 1) S L G- DITG)
(=1)"( ); , T

Ckterp—1ym 2 D2k + Y = D)) -1y i ) (Y + k=1 (=k)g)
k! ! Vi) ’

583 The last sum is then written as o F7 (—k, ¥ + k — 1;¢; x) — 1 for the hyper-geometric function o F}.
584 A very simple extension gives us

= Wy L kg2 (CDPCE 4 - D) k-1
< (VTa) () 9 kz::le k!

X (oF1(=k, Y+ k — ;¢ x) — 1)

NERTNgERNgE

e

b
Il
_
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590
591

592
593

594

595

596
597

598
599

Including the j = 0 term, by Eqn 5.3 of [Tavaré|[[1984], cancels out the —1 in the brackets above, so
our expectation

(V) (my) Fmeo—1 4 ie—k(k+¢—1)7—t/2 (—=1)F(2k + 2 — D) (k-1
(’L/Jﬂ'gcg)(mt) o P k!
X oF1(=k, )+ k — 1,97 T a)
=Gy (t, x0, ).

B,

Finally, using identities of the hypergeometric function,
(D 2k + ¢ = D)) e—1) —k(¥ + k — 1)
k! YTy,
X oFy (=k+ 1,9+ k;mgy + 1, T gp)
L N kw2 GO RO - D@ R - D)
’(/}ﬂ-a:o k=1 (k - 1)'
X oF1(=k+ 1,9 + ki ¢me, + 157 4)
_ 1 = 6_(k+1)(k+¢)~rt/2 (_1)k(2k + 1/’ + 1)(¢ + k)(w)(k)
¢7Tﬂco Pt k!
X 2F1(_ka'l/} + k + 17 w’nibo + 1; ftyl’o)
e VP +) i o k(ktvt1)7, /2 (=D W)@ 2k + ¢ + 1) (¥ + k)
X o Fu (k) + k + L pmy, + 1 %)

oo
Vft,xo G¢(t7 20, &) = Z e k(ktp—1)7¢/2
k=1

e~V (h 1 .
O ) b, 7).

Tz

G.7 Lemmas

Our first lemma establishes conditions for convergence of paths using standard techniques inspired
by arguments used throughout |Ethier and Kurtz| [1986] or Bass|[201 1] for example.

Lemma G.7. Say (:Ef)te(o,l) are Markov processes on R for ¢ = 1,2, ... and (Z;)¢e(0,1) is another
Markov process on R". Say the following conditions are satisfied

1. (Convergence of marginals) 9?% ~ Zy for each t.

2. (Local uniform convergence of conditionals) Conditional distributions exist such that for
each v € R", s < t, and bounded compactly supported measurable function f, there is an
€ > 0, such that

sup \Eff\f<—wf —Ezz.=af] = 0.

|| 0—7| <e

3. (Tightness) For every [a,b] C (0,1), there are 3,0, M > 0 such that for all s,t € [a,b],
supes EIIZS — # 17 < C(s — )"

Then, with the topology of convergence on compact setsﬂ the paths converge in distribution
(fg)te((),l) ~ («Z&)te(o@)-

Proof. Pick a compact set [a,b] C (0,1). We show (i’f)te[a,b] ~ (Zt)telab)- SAY (I:f’”)te[a’b} isa

subsequence which doesn’t enter a neighbourhood of (Z;)¢¢[a,p); We’ll now show a contradiction.

“This is a standard topology for these results. See for example Thm 1.1 of|Ethier and Kurtz|[1986, Chapter 10].

26



600
601

603

604
605

606

607

608
609

610
611
612

613

614

By Prokhorov’s theorem, since it’s tight by Assumption [3]and Thm. 8.8 of [Ethier and Kurtz [1986]
Chapter 3], it has a subsequence which converges to a process (gt)te[a’b]. As we’ll show below, for

everyseta <ty <ty <+ <ty < b, (Ui)ie(t,y, = (2t)ees,)m - This must mean (7;); = ()
by the Kolmogorov extension theorem, a contradiction.

What remains is to show, fora < t; <ty < --- <t < b, (xt)te{t yr, > (B, - Itis
sufficient to prove that for any ¢; < - - - < ¢,,, and compactly supported continuous function on R", h,

BN, ..., 15,) — Eh(Z1,...,Zn). 4)
By the Stone-Weierstrass theorem, each such A can be arbitrarily well approximated by product of
m univariate functions, so it is sufficient to consider h(Zz1, ..., Zy) = [~ hi(Z;). Finally, by the
Markov property,

ER(F, ..., 75,) = E

\fghl(f%)]Efg\fth(fg) .. Efgllffn_lhm(ffn)

7

We can call h¢

m—1 Ton T

(7)) = hm(2,_)E 7 1hm( ¢.). By Assumpnonlhm (&) con-

verges uniformly to h,, (Z$, ,)E.. i h (Zm), a bounded function with compact support.
-1

an‘an 1=
Therefore, to prove Eqn. it is sufficient to show the result replacing h with hy X hg X - -+ X hyp,_9 X
[ By induction, we reach h = h for which we get Eqn. E|by Assumptlon O

Our next Lemma is a non-asymptotic bound on the convergence of multinomials to Normal distri-
butions. It states that as long as ( — co and the probabilities don’t get too low, we can bound the
expectation of a function by O(¢~1/2).

Lemma G.8. Let Y ~ Mult((, p) for probability vector i € RP with min; p; > ¢ > 0. Call
Ze=¢ —1/2 (Y — (p). For any bounded measurable function f,

[Ef(Z¢) —Ef(Z)| = 0c,B.£(1)
where Z ~ N (0,diag(p) — pp” ) and the rate of decay o.. g, (1) only depends on ¢, B, and f.
Proof. For every e, pick a compactly supported C*° function g, such that ||g. — f|loo < €/2, s0

|Ef(Ze) —Ef(Z2)| = e+ |Ege(Zc) — Ege(Z)]| = € + 0c,,4.(1)
by Thm 1.3 of |Gotze|[[1991]]. O
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