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Abstract

Mean-field Langevin dynamics (MFLD) is an optimiza-
tion method derived by taking the mean-field limit of
noisy gradient descent for two-layer neural networks
in the mean-field regime. Recently, the propagation
of chaos (PoC) for MFLD has gained attention as it
provides a quantitative characterization of the optimiza-
tion complexity in terms of the number of particles and
iterations. A remarkable progress by Chen et al. (2022)
showed that the approximation error due to finite par-
ticles remains uniform in time and diminishes as the
number of particles increases. In this paper, by refining
the defective log-Sobolev inequality—a key result from
that earlier work—under the neural network training
setting, we establish an improved PoC result for MFLD,
which removes the exponential dependence on the reg-
ularization coefficient from the particle approximation
term of the optimization complexity. As an application,
we propose a PoC-based model ensemble strategy with
theoretical guarantees.

1 Introduction

A two layer mean-field neural network (MFNN) with N
neurons is defined as an empirical average of N func-
tions: Ex.,, [h(X,")] = % Zil h(z?, ), where each
h(x,-) represents a single neuron with parameter 2* and
Px = % Zi\il 0, is an empirical distribution. As the num-
ber of neurons get infinitely large (N — o), the mean-field
limit is attained: px — u, leading to MFNN having an
infinite number of particles: Ex ., [A(X,-)]. Since a distri-
bution p parameterizes the model in this mean-field limit,
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training can now be formulated as the optimization over the
space of probability distributions (Nitanda & Suzuki, 2017).
Gradient descent for MFNNs exhibits global convergence
(Chizat & Bach, 2018; Mei et al., 2018) and adaptivity (Yang
& Hu, 2020; Ba et al., 2022). To improve stability during
training, one may consider noisy gradient training by adding
Gaussian noise, giving rise to mean-field Langevin dynamics
(MFLD) (Mei et al., 2018; Hu et al., 2019). MFLD, with
N = oo, also achieves global convergence to the optimal
solution (Hu et al., 2019; Jabir et al., 2019), with an ex-
ponential convergence rate under the uniform log-Sobolev
inequality (LSI) (Nitanda et al., 2022; Chizat, 2022) in the
continuous-time setting.

However, the mean-field limit attained at N = oo can-
not be accurately replicated in real-life scenarios. When
employing a finite-particle system px, the approximation
error that arises has been studied in the literature on prop-
agation of chaos (PoC) (Sznitman, 1991). In the con-
text of MFLD, Chen et al. (2022); Suzuki et al. (2023a)
proved the uniform-in-time PoC for the trajectory of MFLD.
In particular, in the long-time limit, they established the
bounds LM (1M — £(p,) = O (). where o 2
exp (—© (%)) is the LSI constant on proximal Gibbs distri-
butions, \ is the regularization coefficient, and £ ) (piN))
and L(ju.) are the optimal values in finite- and infinite-
particle systems. Subsequently, Nitanda (2024) improved
upon this result by removing « from the above bound, result-
ing in O (3;). This refinement of the bound is significant
as previously, the LSI constant could become exponentially
small as A — 0. While Nitanda (2024) also established PoC
for the MFLD trajectory by incorporating the uniform-in-N
LSI (Chewi et al., 2024): £V (™) = £M) (4N this
approach is indirect for showing convergence to the mean-
field limit £(u.) and results in a slower convergence rate
over time.

In this work, we further aim to improve PoC for MFLD
by demonstrating a faster convergence rate in time, while
maintaining the final approximation error O (37) attained at
t = co. We then utilize our result to propose a PoC-based
ensemble technique by demonstrating how finite particle
systems can converge towards the mean-field limit when

merging MFNNSs trained in parallel.
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1.1 Contributions

The PoC for MFLD (Chen et al., 2022; Suzuki et al., 2023a)
consists of particle approximation error O (ﬁ) due to
finite- N -particles and optimization error exp(—0(Aat)).
This result basically builds upon the defective LSI: 3§ > 0,

0 A L)

Llks) < 5 + 5o FUE M)
implicitly established by Chen et al. (2022) under the uni-
form LSI condition (Nitanda et al., 2022; Chizat, 2022),
where FI is Fisher information. The dependence on LSI-
constant a in O (%) of PoC is basically inherited from 4.
In our work, we ﬁrst remove the dependence on « from §
by introducing uniform directional LSI (Assumption 3.2) in
training MFNNSs setting. Based on this defective LSI, we
then derive an improved PoC for MFLD where the particle
approximation error is O (7). Similar to Nitanda (2024),
this improvement exponentially reduces the required num-
ber of particles since the constant o 2 exp (—O(5)) can
exponentially decrease as A — co. Moreover, our result
demonstrates a faster optimization speed compared to Ni-
tanda (2024); Chewi et al. (2024) due to a different exponent
« in the optimization error terms: exp(—©(Aat)). In our
analysis, « is a constant of the uniform directional LSI,
which is larger than the LSI constant on uiN) appearing in
the optimization error in Nitanda (2024); Chewi et al. (2024)
(see the discussion following Theorem 3.7).

1
1,y
~£ ()

Next, we translate the PoC result regarding objective
gap into the point-wise and uniform model approxima-
tion errors: |Ex~,, [h(X,2)] — Ex~p.[R(X,2)]| and
IEx~p, [R(X, )] — Ex~p., [R(X,-)]|loc useful for obtain-
ing generalization error bound on classification task (Suzuki
et al., 2023b; Nitanda et al., 2024). Again, the bound con-
sists of the sum of particle approximation and optimiza-
tion error terms. Compared to the previous results (Suzuki
et al., 2023a;b), our bound is tighter since the particle ap-
proximation term is independent of the LSI-constant. This
improvement directly eliminates the requirement for an ex-
ponential number of neurons with respect to dimension d in
their learning setup (e.g., k-parity problems (Suzuki et al.,
2023b)). We also propose a PoC-based model ensemble
method to further reduce the model approximation error and
empirically verify its performance on synthetic datasets. To
our knowledge, our study is the first to provide a theoretical
guarantee for model ensembling of MFNNs using PoC re-
sults. Going beyond the scope of the theory, we examine the
applicability of our method to merging LoRA parameters
for language models.

* We demonstrate an improved PoC for MFLD (Theorem
3.7) under uniform directional LSI condition (Assump-
tion 3.2). This improvement removes the dependence
on LSI constant o 2 exp (—© (1)) from the parti-

cle approximation error in Chen et al. (2022); Suzuki
et al. (2023a) and accelerates the optimization speed in
Nitanda (2024); Chewi et al. (2024).

* We translate the PoC result regarding objective gap
into point-wise and uniform model approximation er-
rors (Theorems 4.3, 4.4, and 4.7). These results also
remove the dependence on the LSI constant from the
particle approximation terms in the previous model
approximation errors (Suzuki et al., 2023a;b).

* We propose an ensembling method for MFNNS trained
in parallel to reduce approximation error, providing the-
oretical guarantees (Theorem 4.4, 4.7) and empirical
verification on synthetic datasets. Moreover, going be-
yond the theoretical framework, we apply our method
to merge multiple LoORA parameters of language mod-
els and observe improved prediction performance.

1.2 Notations

We use lowercase letters such as = for vectors and up-
percase letters such as X for random variables R, re-
spectively. The boldface is used for tuples of them like
x=(2',...,2V) e R and X = (X1,..., X"). Given
x = (29N, x7¢ denotes (z!,...,x"7 2t . 2N).
|| - |2 denotes the Euclidean norm. P, (R?) denotes the
set of probability distributions with finite second moment
on R<. For probability distributions p,v € Py(R%), we
define Kullback-Leibler (KL) divergence (a.k.a. relative en-
tropy) by KL(u||v) = f dp(z) log d“( ) and define Fisher
information by FI(u||v) = [du(x HVIog (2)|13. Ent
denotes the negatlve entropy Ent = [ u( dm ) log dw( x).
We denote (f,m f f(z dx for a (signed) mea-
sure m and 1ntegrable functlon f on R% Given x =
(z1,...,2N) € RN, we write an empirical distribution

supported on X as px = % Zf\;l Opi

2 Preliminaries

In this section, we explain the problem setting and give a
brief literature review of MFLD and PoC. See Appendix C
for additional background information.

2.1 Problem setting

For a functional G : Py(R?) — R, we say G is differen-
tiable when there exists a functional (referred to as a first
variation): ‘;—ﬁ : Poa(RY) x R 3 (p, ) %L“)(x) eR
such that for any p, i/ € Pa(R?),

6w,
- / S @) o ) (o),

dG(p +e(p’ — )
de
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and say G is linearly convex when for any yu, ji’ € Po(R%),

Gl) = G + [ ‘sifj‘”)mw' e, ()

Given a differentiable and linearly convex functional Fj :
P2(RY) — R and A > 0, we consider the minimization
problem of an entropy-regularized convex functional:

min {£08) = Fo(p) + Exedr ()] + Bnt(1)}
2

where r : R? — R is a \'-strongly convex function (e.g.,
r(z) = XN|zl3 (¥ > 0)). We set F(u) = Fy(u) +
E,[r(X)]. A typical example of Fj is an empirical risk
of the two-layer mean-field neural network (see Example
3.5). Throughout the paper, we assume that the solution
e € Po(R?) of the problem (2) exists and make the fol-
lowing regularity assumption (Chizat, 2022; Nitanda et al.,
2022; Chen et al., 2023) under which p, is unique and satis-

fies the optimality condition: p, x exp (—%%}‘j*)) (see
Hu et al. (2019); Chizat (2022) for the details).
Assumption 2.1. There exists C7,Cy > 0 such that for
any 11 € P2(RY), z € R4, ‘V‘”i;’ip(fb)(m)‘ < (4 and for any
! € Po(RY), z,2" € RY,
!/
S () - 920D )
2
< Cy (Walp, i) + |lz — 2'|2)

¥

where W5 is the 2-Wasserstein distance.

2.2 Mean-field Langevin dynamics and
uniform-in-time propagation of chaos

First, consider the finite-particle setting px = % Zf\;l O

forx = ()X, € R4 and the following noisy gradient de-

1=

scent for F'(py). Given k-th iteration X;, = (X},..., X}),
foreachi € {1,2,..., N}, we perform
, , SF , ,
Xi = X - v R o+ I, )

where & ~ N(0,1,) (i € {1,2,...,N}) are i.i.d. stan-
dard normal random variables and the gradient in the RHS

is taken for the function: %/th)(.) : R — R. The
continuous-time representation of Eq. (3) is given by the

N-tuple of SDEs {X;}i>0 = {(X}, ..., X}¥) }i>o:
. SF . ,
dXi = —V((Szxt)(Xf)dt VW, @)

where {W}}i>0, (i € {1,...,N}) are independent stan-
dard Brownian motions. Note that Eq. (4) is equivalent
to the Langevin dynamics dX; = —NVxF(px,)dt +

V2MdW, on RN  where {W};>0 is the standard Brow-
nian motion on R since NV, F(py) = V%ﬁx)(ﬂ)
(Chizat, 2022). Therefore, ,ugN) = Law(X;) converges to
the Gibbs distribution

duiN) N
I (x) x exp (—)\F(px)) .

which minimizes the following entropy-regularized linear
functional defined on Py(R*Y): for u(V) € Py (RIN),

LN (M) = NEx 0 [F(px)] + AEnt (u™). (5)

Next, we take the mean-field limit: N — oo under which
Eq. (4) converges to the MFLD that solves the problem
Eq. (2);

oF
dXt = *V*(/Lt)(Xt)dt + Vv 2Ath7 Mt = LaVV()(t)7

op

(6)
where {W;};>¢ is the d-dimensional standard Brownian
motion with Wy = 0. Under the log-Sobolev inequality
on the proximal Gibbs distribution ji o< exp <—§‘;—5), Ni-
tanda et al. (2022); Chizat (2022) showed the exponential
convergence of the objective gap L£(u;) — L(ps), where
[ = argming, e p, ray £(1).

Therefore, L) (™), where (™) = Law(Xy), is ex-

pected to approximate £(j.) through the time and mean-
field limit K — oo, N — oo, leading to the natual question:

What is the convergence rate of %ﬁ(N) (,u,(CN)) to L(pt+)?

This approximation error has been studied in the literature
of PoC. Recently, Suzuki et al. (2023a) proved the following
uniform-in-time PoC for Eq. (3) by using the techniques in
Chen et al. (2022):

1
— LMY = L) < exp (—=Aank/2) AN 46, v,

N
(N

where A{Y) = +Li (1Y = £(p,.) is the initial gap

and 6, y = Q1ED1 | AD2 (3D, Dy > 0) s the dis-
cretization error in time and space. The continuous-time
counterpart (n — 0) was proved by Chen et al. (2022).
The typical estimation of LSI-constant « 2 exp(—O(1/X))
(e.g., Theorem 1 in Suzuki et al. (2023a)) using Holley and
Stroock argument (Holley & Stroock, 1987) or Miclo’s trick
(Bardet et al., 2018)) suggests the exponential blow-up of
the particle approximation error % in Eq. (7) as A — 0.

Afterward, this exponential dependence was removed by
Nitanda (2024); Chewi et al. (2024) that evaluate the particle

approximation error at the solution: & £) () = £(ps)
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and optimization error: 3 (L(N) (utM) - /J(N)(/LSFN)))
respectively. In the risk minimization problem setting,
Nitanda (2024) proved &M (™)) — £(p,) < €
(3C > 0) and Chewi et al. (2024) proved uniform-in-
N LSI on uiN) € R with the constant estimation
a > Nexp(—0 (& + 5k + s )), leading to the N-
independent convergence rate of + LV )(u,iN)) — L)
up to the particle approximation error C'//N plus time-
discretization error.

3 Main Result I: Improved Propagation of
Chaos for Mean-field Neural Network

In this section, we present an improved propagation-of-
chaos for the mean-field Langevin dynamics under the uni-
form directional LSI introduced below.

Definition 3.1. For x = (a!,... 21 2ttt . o)
(i €{1,2,...,N}), we define a conditional Gibbs distribu-
tion v;|_;(-|x~") on R by

d’/z’|—i (1’|X_i) _ €Xp (*¥F(mex*’i))
dx [ exp (—%F(piuxfi)) dz’
where ppux—i = 3 2252 0pi + 70z

Assumption 3.2 (Uniform directional LSI). There exists
a constant o > 0 such that for any x € R4 and i €
{1,2,..., N}, vy (-|x7") satisfies the LSI with the con-
stant o; for all 1 € Py(R?) absolutely continuous w.r.t.
Vij—i(+ | x77), it follows that

KL(pllig—i (- 71) < iFImH%(-\x—i».

Remark. Wang (2024) also introduced the conditional
Gibbs distribution and imposed a Poincaré inequality on it.

We also make the following assumptions.

Assumption 3.3. A functional Fy(u) is differentiable and
linearly convex.

The nonlinearity of Fj is the key to the PoC analysis for
mean-field models, thereby motivating the use of the Breg-
man divergence associated with F{; (Nitanda, 2024); for
distributions j, i’ € Po(R?),

OFy (1
0(#)7#_M/>.

B ) = Faly) = Fao') = (210

Assumption 3.4. There exists a constant B > 0 such that
forany x € R¥, z € R%, and i € {1,2,..., N},

BFO (pwUx_f' P px) < ﬁ

We give an example of training MFNNs, which satisfies
Assumptions 3.2, 3.3, and 3.4.

Example 3.5 (Training MFNN). Let ) C R be a label
space, Z C R% be an input data space, h(z,-) : £ —
R be a function parameterized by € R?, and £(-,-) :
R x R — R is a loss function. Given training examples
{(2j,95)}j—1 C Z x Y, we consider the empirical risk:

Fo() = = 3 0Bl (X, 2)],05),

j=1

and Lo-regularizaton r(z) = M\|z||2. We assume that
SUP,egd ez [P(7,2)] < R and that for any y € R,
(-, y) is convex and L-smooth; there exists L > 0 such
that for any a,b € R, £(b,y) < l(a,y) + W(b -
a) + %|b — al®. Applying this L-smoothness with a =
E, (X, z)],b = E, ... [h(X, z;)],y = y; and taking
average over j € {1,2,...,n}, we get Br, (poux—is Px) <

n z*,z; 2
2%23’:1 = N J < 511\?2-
SUP|q|<R,ycY,z€Re,2€ Z [01€(a, y)0uh(z,2)|| < R'. Then,
by the contraction principle (Proposition 5.4.3 in Bakry et al.
(2014)) with Theorem 1.4 in Brigati & Pedrotti (2024), As-

. ’ 12 ’
sumption 3.2 holds with o = % exp (f 21§ v J‘%)

(see also Lemma 6 in Chewi et al. (2024)).

Moreover, W€ assume

The defective LSI developed by Chen et al. (2022) is the
key condition to study MFLD in finite-particle setting. We
here derive an improved variant by exploiting the problem
structure and uniform directional LSI. The proof can be
found in Appendix A.1.

Lemma 3.6 (Defective LSI). Suppose Assumptions 3.2, 3.3,
and 3.4 hold. Then, it follows that for any i(N) € P, (RINY,

A

NKL(M(N) [1EN) + Ex oo [Br, (px, 1))
1 B A

_ Lm0y <B BT [ o).
N W) = Llps) < 5+ G FLU )

Lemma 3.6 gives an approximation error bound between
p ) and @V, which shrinks up to B/N error as V) —

,uSFN) and shrinks to zero by additionally taking N — oo,
meaning that each particle of the system (X!,..., XV) ~

) becomes independent to each other. Compared to
the original result (Chen et al., 2022), the particle approxi-
mation term B/N is independent of «, similar to Nitanda
(2024). Note that whereas Nitanda (2024) only consider the
case of u(N) = ﬂka), our result allows for any distribution
1Y) at the cost of the Fisher information FI( (™) ||MS<N)).
Lemma 3.6 can be indeed regarded as an extended LSI on
the finite-particle system and nonlinear mean-field objective,
where Fisher information is lower bounded by the optimal-
ity gap up to B/N error. In particular, when Fj is the linear
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functional: Fy(p) = E,[f] (3f : RY — R), the lemma
reproduces the standard LSI on ,uiN):

1
KL(uM|pi™) < o= FI ™)

(V)

because s ' = p@N, Bp, = 0,and B = 0 in this case.

Therefore, Lemma 3.6 is instrumental in the computational

complexity analysis of MFLD in the finite-particle set-

ting as shown in the following theorem. We set A(()N) =
N

LM (g™ = L(e).

Theorem 3.7 (Propagation chaos for MFLD). Suppose As-

sumptions 2.1, 3.2, 3.3, and 3.4 hold and consider the Lo-
regularization: v(z) = X||z||3 (\' > 0). Then,

1. MFLD in the continuous-time (4) satisfies

1 B
SLM M) = L) < T+ exp(=200)AF.

2. MFLD in the discrete-time (3) with n\' < 1/2 satisfies

1 B 6
2 (N, (N)y < Z 4 5 _ A(N)
NE (g ) —L(ps) < N—i-a)\—&—exp( ank)Ay 7,

where 5, = 8n(C3 + N?)(nCF + M) + 32n°N?(C3 +

Proof. We here demonstrate the convergence in the

continuous-time setting. The distribution ugN) = Law(Xy)
of Eq. (4) satisfies the following Fokker-Planck equation:

op™ )y dutY
5% =AV - | logd(N) .

*

By the standard argument of Langevin dynamics (e.g., Vem-
pala & Wibisono (2019)) and Lemma 3.6, we get
d

TEX @) = NL() = B) = —NFL™ ™)

< 20\ (LM (1)) = NL(.) — B).

Then, the statement follows from a direct application of
the Gronwall’s inequality. The convergence in the discrete-
time is also proved by incorporating one-step iterpolation
argument. See Appendix A.1. O

From this result, we see that MFLD indeed induces the
PoC regarding KL-divergence. In fact, the following in-
equality, which is a direct consequence of Lemma 3.6 with
Theorem 3.7 in the continuous-time, shows that the parti-
cles (X)X, ~ p"
N — oo:

) become independent as t — oo and

(V)

0
A

1 (N[, ®N B

We note that the particle approximation term B/N in The-
orem 3.7 is independent of LSI-constants, whereas the er-
ror O(7y) obtained in Suzuki et al. (2023a) scales in-
versely with an LSI constant o’ on the proximal Gibbs
distribution which can be exponentially small as A — 0.
Whereas the term B/N is comparable to Nitanda (2024);
Chewi et al. (2024), our convergence rate exp(—2aAt)
in optimization is faster since their results rely on the

LSI constant & on uiN) which is smaller than o =
A exp (— f\{;, - j%) (Example 3.5) in general'. For

instance, Chewi et al. (2024) estimated the LSI constant
az 5 exp (-0 (% + 5w+ 5m3m))-

4 Main Result II: Model Approximation
Error and PoC-based Model Ensemble

In this section, we study how MFNNs trained with MFLD
approximate the mean-field limit: Ex ., [h(X, z)]. More-
over, we present a PoC-based model ensemble method
that further reduces the error. Throughout this section,
we focus on training MFNNs (Example 3.5) and suppose
SUPgeRrd,ze 2 ‘h(.’E, Z)‘ <R

4.1 Point-wise model approximation error

We consider point-wise model approximation error
between Ex.,x[h(X,2)] = £33N h(X%2) and
Ex~u.[h(X,2)] on each point z € Z, where X =
(X1, ..., XN) ~ uN). The error usually consists of the
bias and variance terms where the bias means the difference
between ;M) and @Y and the variance is due to finite- N
particles. In general, it is not straightforward to show the
variance reduction as N — oo since X; (i = 1,2,...,N)
are not independent, and hence can exhibit positive corre-
lation. However, in our setting, PoC helps to reduce the
correlation among particles, resulting in better approxima-
tion error via the variance reduction.

Since we are concerned with the correlation between each
pair of particles, we reinterpret KL (™) ||u®N) as the gap
between their marginal distributions. For each index subset

S c {1,...,N}, we denote by ;L(SN) the marginal distri-

bution of 1) on S and write u{") = Mg?__7s}, pN) =
,uf{%), ug) = MEJZY]),} for simplicity. We say the distribution

1) is exchangeable if the laws of (X, (1), - .., Xo(n))
and (Xi,...,Xy) are identical for all permutation o :
{1,2,...,N} = {1,2,...,N}.

Lemma 4.1. For any integers s, N € N such that s < N,

"However, we note PoC result obtained by Chewi et al. (2024)
is applicable to non-bounded activation functions such as ReLU.
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it follows that

ZKL

\S\—é

M) < KL |u®N).

In particular, if u'™N) is exchangeable, we get

N
;KL(MU 1) < KL(p™ || u&M).

Proof. The assertion holds by the direct application of Han’s
inequality. See Appendix A.2. O

We here give the model approximation bound using
KL(u™)||u@N) with the proof to show how the above
lemma helps to control the correlation across particles.

Proposition 4.2. Suppose ') is exchangeable. Then, it
follows that for any z € Z,

Extep) | B g [1(X, )]~ Exes. [0(X., 2)))]

AR? o [ KL(uM[uE™)
<2 — W )
SR <

Proof. We here decompose the error as follows.

Extpu) | (Exmpnc (X, 2)] = Exm. [1(X, 2))’]

N
]\:;2 EXNMN) [Z (h(Xia Z) - EXN;L* [h(Xv Z)])Q]
=1
+ 27 Exep) [Z (h(X;, 2) = Exo [0(X, 2))
i#]

(WX, 2) = Exop, [P(X, Z)])] -

Using the boundedness of h, the first term can be upper
bounded by 4R?/N. The second term can be evaluated as
follows. Set H(X;) = h(X;, 2) — Ex~p, [h(X, 2)]. Then,
Ext o0 [H(X)H(X;)]
= E(Xi,xj)wﬂgfj) [H(X:)H(X;)]
o2 [H(X3)H(X;)]
(X,;,X')N,LL(N> - E(Xi)Xj)NM§2) [H(XZ)H(XJ)]

< 8RPTV(uiy, us?)

< 4R?\J2KL(uS'y||1E?),

= E(X‘L’X7)N
+(E

where TV is the TV-norm and we used Pinsker’s inequality.

Applying Lemma 4.1 with s = 2, we finish the proof. [

In the proof, we see that KL-divergence controls the cross
term by absorbing the difference between marginal distribu-
tions ugf\-’) and p®2. By combining this result with the PoC
for MFLD (Theorem 3.7), we arrive at the model approxi-

mation error achieved by MFLD.

Theorem 4.3. Under the same conditions as in Theorem
3.7, we run MFLD in the discrete-time, withn\ < 1/2 and
X ~ M(S@N. Then we get

Ey oy [Exepm (X, 2)] ~ Exey [0(X, 2)?]

4R2 (N)
< 7+8R2 —+7+exp( ank) —2—

Note that exchangeability of u,(CN) is satisfied at all itera-

tions because of the symmetric structure of problem and
initialization with respect to particles.

Model Ensemble We introduce the PoC-based model en-
semble to further reduce the approximation error. We first
train M MFNNs of N-neurons in parallel with the same
settings and obtain sets of optimized particles X; (j =
1,2,..., M) where each X; = (X} ..., X]") represents
each network and they are independent to each other. We
then integrate them into a single network of M N-neurons
as follows:

1 M
M Z EXNij [
j=1

M N

D SERT

j=11:=1

(X, 2)]

Because of the independence of networks {X;}47,, vari-
ance reduction occurs, resulting in the improved approx-
imation error. Indeed, by extending Proposition 4.2 into
an ensemble setting (see Proposition A.1) and using PoC
(Theorem 3.7), we get the following bound. The proof is
deferred to Appendix A.2.

Theorem 4.4. Under the same conditions as in Theorem 3.7,
we run M -parallel MFLD in the discrete time independently,
withnX < 1/2and X ~ p$™ (5 =1,2,..., M). Then

2

M
1
B, (| a7 Zprj,k [M(X,2)] = Ep. [R(X, 2)]
j=1
AR?  8R? M)
< Sy 2 L O
<unt )\NJF )\2+exp( aink)
B 6, ALY
2R? [ — + —L k) =2
+2R <)\N+ )\2+Cxp( alk) 5y ,

where X 1 is the particles at k-iteration for j-th network.
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For simplicity, we consider the bound 4E. + 8&% / B 4
plicity, MN T M\ N
2R’B

v~ obtained in the limit £ — oo, n — 0. This bound
indicates that increasing M offers better scalability than
increasing IV, as long as the second term dominates. In fact,
under the constraint M N = O(K), where K denotes the
total number of neurons, the bound suggests a non-trivial
choice for the number of networks M. Rewriting the bound

using M and K, we obtain O (% + \/ﬁ + %) This
shows that M induces a trade-off, and the bound achieves
7(/\;)2/3) when M = \/3K1/3,
This phenomenon arises because training multiple networks
enhances the independence among particles.

its minimum value of O (

Remark. Our result can extend to randomly pruned net-
works. That is, we consider randomly pruning (N — s)-
neurons after training the MFNN of NV-neurons. Then, we
get the counterpart of Proposition 4.2 as follows.

Extop) | (Exeopx [0(X, 2)] = Exo, [0(X, 2)))°]

4R? KL (M) || 2™
<A e /KRN
s N
where Mﬁ? is the distribution of remaining neurons. More-

over, Theorem 4.4 can also extend to the ensemble model
of randomly pruned networks in the same way.

4.2 Uniform model approximation error

We here consider uniform model approximation error over
z € Z, which is more useful than point-wise evaluation
in the machine learning scenario such as generalization
analysis. The uniform bound essentially requires complexity
evaluation of the model, and hence we make the additional
assumption to control the complexity.

Assumption 4.5.

* The data domain is bounded: Z C [-1,1]? C R?
* There exists 3 > 0 such that for any = € R?, 2, 2/ € Z,

(=, 2) = h(z, 2)| < Bllzll2llz = 2'[|2-

For example, h(z,z) = (tanh(z'Tz + 2?) +
2tanh(2?)), (2! € RY, (22,2%) € R?), used in Suzuki
et al. (2023b) satisfies the above assumption with § = ?

due to 1-Lipschitz continuity of tanh.

Given random variables {X; };Vil, (X; = (X},... ,X]N)),
we consider the empirical Rademacher complexity of the
function class F = {x +— h(z,2) | z € Z}:

vl

. 1 M N ‘
Ry (F) =Eq [sup |—= Y Y ol f(XD)]|],

where the expectation is taken over the Rademacher random
variables o = (0’;») which are i.i.d. with the probability
Pl = 1] = P[o} = —1] = 1. Here, we utilize the uniform
laws of large numbers to evaluate the approximation error
of an ensemble model defined by ®%; note that the result
for a single model is obtained as a special case M = 1.
Lemma 4.6. Let X; ~ u®N(j =1,2,..., M) be indepen-
dent random variables. For 6 € (0, 1), it follows that with
high probability 1 — 6,

1
RMESENTES
< QE{XJ‘}?L {sz’M(}—)} TR 21%(]1\7/5).

Proof. The lemma follows directly by applying the uniform
law of large numbers to the function class F (see, for in-
stance, Mohri et al. (2012). O]

The complexity E (X1, [7@]\/ Mm(F )] can be then eval-
uated by Dudley’s entfopy integral (Lemma A.2) under
Assumption 4.5 and the boundedness |h(z, z)| < R. By
using the variational formulation of KL-divergence (e.g.,
Corollary 4.15 in Boucheron et al. (2013)), we translate
the result of Lemma 4.6 into the approximation error of
an ensemble model obtained by M independent parallel
iterates X, ~ p\") (j =1,2,..., M) of MFLDs. Com-
bining these techniques with Theorem 3.7, we conclude the
following theorem.

Theorem 4.7. Suppose Assumption 4.5 and the same con-
ditions as in Theorem 3.7 hold. Run M -parallel MFLD
in the discrete time independently, with n\ < 1/2 and
X0~ p$N(j=1,2,...,M). Then we get

M
1
E{Xj,k'} M Z EXprj‘k [h(Xv )] - ]EXN;L* [h(Xv )]
Jj=1 0o
~ d dB dA
=0 (R My Toaw T MN(/\+MB)>
dAMN [ 9, 1 (N)

Here, the O-notation hides logarithmic factors. As for
the concrete bound and proofs, see Appendix A.3. The
term \/ ﬁ + % + W represents the particle
approximation error due to finite IV particles, and even
when M = 1, they improve upon the bound in Suzuki
et al. (2023a;b) by removing the LSI constant o from the
corresponding term. And the upper bound shows the im-
provement as M increases.
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Table 1. Accuracy comparison of LoORA and PoC-based merging for finetuning Llama models.

Model Method SIQA PIQA WinoGrande OBQA ARC-c ARC-e BoolQ HellaSwag Ave.
Llama2 LoRA (32, best) 79.48 82.43 81.77 80.60 67.75 80.47 70.37 86.67 78.69
7B LoRA (256) 69.95  69.69 69.61 61.40 47.44 61.15 63.73 47.27 61.28

PoC merge 81.17  84.60 85.16 86.60 72.53 86.62 72.45 92.79 82.74

Llama3 LoRA (32, best) 81.22  89.50 86.74 86.00 79.86 90.53 72.91 95.34 85.26
B LoRA (256) 81.06 87.60 87.61 84.60 78.92 90.06 75.11 94.98 84.99

PoC merge 82.04 89.39 89.27 89.20 83.28 92.30 76.33 96.58 87.30

S Experiments
Double circle Multl index

We verify the validity of our theoretical results, by conduct-
ing numerical experiments on synthetic data in both clas-
sification and regression settings using mean-field neural
networks. Finally, we further substantiate the applicability
of our method on LoRA training of language models.

5.1 Mean-field neural networks

To demonstrate Theorem 4.7, we compute the log sup norm
between the ouptuts of an (approximately) infinite width
network and a merged network, both trained using noisy
gradient descent. A finite-width approximation of the mean-
field neural network is employed with N = N, while
the merged network is obtained by merging M different
networks of N neurons each. This is repeated across various
values of N and M. See Appendix B.1 for more details
about our methodology.

Classification setting We consider the binary classifica-
tion of n data points generated along the perimeters of two
concentric circles with radius 7jpner and rouer, Where labels
are assigned according to the circle a data point belongs to.

Regression setting We consider regression on the k£ multi-
index problem. Each input sample z; = (2}, ...,z{) € R¢
is generated uniformly within a d-dimensional hypersphere
of radius r. Let g R? — R be a link function, then
vi = g(zi) = kzj | tanh(z)) € R, where k < d, k € R.

From Figure 1, we see that the merged networks converge
towards the mean-field limit as A and NN increase. This
aligns with our theoretical findings which suggests that the
sup norm of the approximation error decreases when more
particles are added (ensembling in our experimental set-
up) or increasing the ensemble size. See Appendix B.2 for
supplementary experiments.

5.2 LoRA for finetuning language models

Beyond the scope of the theory, we empirically verify the
applicability of our ensemble technique to finetuning lan-
guage models using LoRA. Given a pre-trained parameter
Wy € R¥*4 of a linear layer, LoRA introduces low-rank

UJ
U|
Ln(sup norm)

Ln(sup Norm)

N
]

5
-3.0
= 10 —2.0
15
20

100 200 300 400 500 100 200 300 400 500

Figure 1. Heat maps of sup norm (in log-scale) between N, and
merged networks when varying M and N.

matrices A € RY*? and B € R**¥ | and represents the
fine-tuned parameter as Wy +yAW = Wy+vBA (v > 0).
Then, only A and B are optimized, leaving W frozen. Us-
ing the expression AT = (a',...,a") (¢ € R?) and
B = (b',...,0") (b € R¥), we can reformalize LoORA
parameter YBA with v = 1/N as the MFNN: R? > » —
LS h((a%,b), 2) € RF where h((a’,b), 2) = b'a’ 2
Therefore, we can apply PoC-based model ensemble for
LoRA parameters. Note that the ensemble model is reduced
to a single (k x d)-matrix AW due to the linearity of the ac-
tivation function, and therefore it does not require additional
memory and time for inference.

We use commonsense reasoning datasets (Hu et al.,
2023): SIQA, PIQA, WinoGrande, OBQA, ARC-c, ARC-
e, BoolQ, and HellaSwag, and use language models:
Llama2-7B (Touvron et al., 2023) and Llama3-8B (Dubey
et al, 2024). We first optimize the multiple LoRA
parameters {(A;,B;)}}L, using noisy AdamW where
V2 i€y, (step-size 7, standard Gaussian noise &) is
added to each parameter update of AdamW (Loshchilov
& Hutter, 2019). Then, we merge them into AW =
N iy bha at" € R4 Hyperparameters are set to

= 32,M = 8, )\ = 107° and the number of epochs
is 3. In Table 1, we compare the accuracy of the merged
parameter with the base parmeters of LoRA. For LoRA, the
row “LoRA (32, best)” presents the best result achieved
among eight different LoORA parameters based on the av-
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erage accuracy across all datasets. For both models, we
observed that PoC-based model merging significantly im-
proves the finetuning performance. For comparison under
the same computational budget M N = 256, we report the
results obtained by LoRA with M = 1 and N = 256 in the
row “LoRA (256)”. We also verify the performance using
one-epoch training to examine the effect of Gaussian noise
in parameter updates. See Appendix B.3 for more details.

Conclusion and Discussion

We established an improved PoC for MFLD that accelerates
optimization speed in Nitanda (2024); Chewi et al. (2024)
while achieving the same particle complexity O(1/N). We
then translated this result into model approximation error
bounds, and derived a PoC-based model ensemble method
with an empirical verification. Moreover, we substantiated
its applicability to fine-tuning language models using LoRA.

One limitation of our theory is that it cannot explain the
asymptotic behavior as A — 0. This is also the case in pre-
vious work since the optimization speed essentially slows
down exponentially, which is inevitable in general as dis-
cussed in the literature. However, there might be room to
tighten the particle approximation term )\% with respect
to A in the model approximation bounds. This term arises
from the KL-divergence, which essentially controls the cor-
relation among particles, as seen in the proof of Proposition
4.2. However, KL-divergence may be excessive for this
purpose. Therefore, one interesting future direction is to
utilize a PoC with respect to a smaller metric that alleviates
the dependence on .
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A Proofs

A.1 Propagation of chaos for MFLD (Section 3)

Proof of Lemma 3.6. The first equality of the assertion was proved by Nitanda (2024). We here prove the inequality by
utilizing the argument of conditional and marginal distribution of () (Chen et al., 2022).

For X ~ ™), we denote by 1) (|x~) and 1Y the conditional distribution of X conditioned by X~ = x ' and the

i|—1i

marginal distribution of X ™", respectively. It holds that

2

du™)
B |||V 108 s (X)
dps 5
N 2
dpN) N
:Z xropu(N) H zi log I (X)"‘sziF(/jx)
2

N 2
dpv) N
= zzj iy | By ~ ), (X ) Hvz log Ix (X) + vaiF(Mx) s (10)
) » a i ™ C1x7) . () i i
We write p_;(x*) = dii‘i (x7') and p;_;(z[x~") = MT(I) Since d‘(‘ix (x) = p_i(x7")pij—i(x*[x7"), we get
the following equation:
dpt) Vi (p—i(x " )pij—i(@'[x7"))  Vaipy_i(a'[x™")

Vai log =—(x) = = Vlog p;j—i(2'|x ).

p—i(x_i)pi|—i($i|x_i) B pi\—i(l‘”x_i)
Hence, Eq. (10) can be further bounded by the LSI on the conditional Gibbs distribution (Assumption 3.2) as follows:

|

N
i —1 N
Z;EX*’NM_A? [E)p ) (1X) lHVIOgPiM(X X7 + vaiF(Ux)

2
3 \val dﬂg‘]i)" XX
Z LN# XL N<|Ai)7(|X7i) 0og dVi|—i( ‘ )
- 2
>2aZ]EX e [KL( ) X o (X)) (11)

i=1

Let v be the probability distribution on R¢ with the density g—; (x) o exp(—r(z)/A). Here, notice that the conditional Gibbs
distribution v;_;(:|x ") is the minimizer of the following objective: for x

i) = angin { [ NFu{punpd) + Exer O] + Xt}

HEP2(R?)

argmin {/NFO(mexi)/J/(d]}) + )\KL(/,L”V)} .
HEP2(RY)

Because of the optimality of the conditional Gibbs distribution, we have

KLY, (X9l (X))

= AEnt(u (N)( X)) /NF PruX—1 )M‘ z(dgr|X )—I—)\log/exp (—J/\\]F(pzux )) dz
= KL (%, (1X ) v) + / NFy(paoc-) () (a21X 1) = v (dalX~7)(d) ) = AKL (v (1X7)]1v)

> AKL (%, (1X ) v) + / NFy(pau-+) (4 (d2X ) = p(dz) ) = AKL (1) (12)

12
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The expectation of the second term of the right-hand side can be futher evaluated as
N
N »
Ny Exepn [ [ Fatoao) (w1 elx ) - u*(dw)>]
i=1

= NiEXNM(m [FO(PX) — /FO(szX’i)U*(dx)}

=1

= —NEN:IEXNW) U {BFO (Prux-—i, px) + <(W(ZS(5X)7P1LJX—77 - px>} u*(dw)]

i=1

N
= —NZEXN#(N) |:/ BFO(PmUXiaPX)N*(dm)}

i=1

’ XE Extpum) U {W(Xi) - (m}(le)(x)} u*(dx)}

N
=-N> Ex..m [/ BFO(qux—upx)u*(dx)}

i=1

T NExo0 [ / ”ﬁﬁ(@ (px(dz) — m(dx»}
> —B+ N (Ex.,m [Fo(px)] — Fo(ps)) » (13)

where the last inequality is due to the convexity of Fjy and Assumption 3.4.

By the information inequality (Lemma 5.1 of Chen et al. (2022)), the first term of Eq. (12) of the right-hand side can be
evaluated as

N
> Expn [KL (VX v) | = KL ™). (14)
=1
Combining all of them, we get
2
dpv)
Eyopov) |||V log ™ (X)
* 2
20 (N, ®N
> {8+ NEx. 00 [Fo(px)] + AKL(uN [5™) = N(Fy(u.) + AKL (112 [0) }
2
= S { =B+ NEx o0 [F(px)] + AEnt(u™) = N(F(s.) + AEnt(p.) }
2a
= 5 (-B+ LM @N) = NL()
This concludes the proof. O

Proof of Theorem 3.7. We here prove the convergence of MFLD in the discrete-time by using the one-step interpolation
argument (Nitanda, 2024; Suzuki et al., 2023a).

We construct the one-step interpolation for k-th iteration: X}, = X} —nV 6F(5’;x’€) (X)) + V2, (e {1,2,...,d}).
as follows: fori € {1,2,...,d},
5F(pY0)

op
where Yo = (Yg,...,Y{) = (X}, ..., X2) and W, is the standard Brownian motion in R¢ with W, = 0. We denote by v;
the distributions of Y. Then, vy = u](CN)(: Law(X})), vp = ;L,(ﬁ)l(: Law (Xj11)) (ie., Y, 4 X+1)- In this proof, we

dy} = -V (Yo)dt + V2AdW, (15)
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identify the probability distribution with its density function with respect to the Lebesgure measure for notational simplicity.
For instance, we denote by u( )( ) the density of ,uiN).

By the proof of Theorem 2 in Nitanda (2024), we see for ¢ € [0, 7],
et 2 ’
)= -5 [u)

dy + Né,, (16)
2

1%
Vlog —x7 (¥)

*

where 6, = 81(C2 + N2)(C2 + Ad) + 322 \2(C2 + \2) ( [||x0|| ] L (4% + /\d)).

Combining Lemma 3.6 with the above inequality, we get

dc)
—— (1) < —aA (L™ @) = NE(.) = B) + N3,
d N6 N6
(v, g N\ (V) () — _p_ N
= 5 (C (ve) — NL(us) — B ) ) < —al (/j (vt) — NL(ps) — B ) ) .

Noting v, = /ié]i)l and vy = ,u,(CN), the Gronwall’s inequality leads to

(N)

LN () = NL() — B —

NJ(N)
< exp(—an) <£<N> (") = NL(u) = B — = ) :

This inequality holds at every iteration of (15). Hence, we arrive at the desired result,

B 5(N) B 5(N)
L™y )y < Byl —adnk) [ LMY Z p(uy - 2 -0
I () - (1) < 7+ - Fexp(—adnk) | (u§™) = £(p.) N an
B &M 1 N
<=+ 21— — LMY Z e )
Sy T Tep(madnk) ( L (kg ) — Lk
O
A.2 Point-wise model approximation error (Section 4.1)
Proof of Lemma 4.1. 1t follows that by Han’s inequality (Dembo et al., 1991),
du ( ) 1 du®)
j n§" (dxs) log Ty (X8) < N/M(N)(dm)log L (x).
Moreover, we see
(N) Mg dp i
> [ xs)tog " (xs) =D 3D PITEINE LI
|S|=s |S|=s i€S
—1 dps ,
1 3
( )Z / )log (")
N -1 du@N
= 1 = .
(V20) [ e o =
Noticing (V=) = £ (%), we conclude the first statement which immediately implies the second statement. O

Proposition A.1. Suppose i(N) is exchangeable and X~ u®N (i =1,2,...,M). Then, it follows that for any z € Z,

2
M
1 AR?  8R* [KL(pM||p@Y)  2RKL(u™|udN)
j=1

14
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Proof of Proposition A. 1.

2

M
Boxone, % Z Expx, [M(X, 2)] = Exop. [M(X, 2)]
1 M )
= A, Z (Empxj [h(X,2)] = Ex~p, [A(X, z)])
1
" WE{XJ'};L Z (EXNPXJ' [M(X,2)] = Exp, [P(X, Z)]) (EXNka [h(X, 2)] = Ex~p, [M(X, z)]>
Jj#k

. The second term can be evaluated

. o 2 2 (N) ||, N
Using Proposition 4.2, we can upper bound the first term by ;tﬁ,, + % %

as follows. Set H(X,) = Exoux, (X, 2)] — Ex~p.[h(X, 2)]. Then for j # k,

Eqx e, [H (X)) H(Xy)] = (Ex, [H(X;)])*

1SN
Exj ; Z h(Xj, Z) - IEXN,U,* [h(Xa Z)}
=1

2
= (B [0, 2)] = Ex. [0(X, 2)])
<ARTV? (™), 1)
< 2R?KL(pi" | )

2R?
< TKL(M(N)HMS?N)-

This concludes the proof. O

A.3 Uniform model approximation error (Section 4.2)

We evaluate the empirical Rademacher complexity R ~,M (F) by using Dudley’s entropy integral. We define the metric

1f N2 = \/ﬁ Z]M=1 Zf\; | £(X})[2. We denote by NV(F, ¢, || - || n,n,2) the e-covering number of F with respect to
the || - || v, az,2-nOrm.

Lemma A.2 (Dudley’s entropy integral). Given a function class F on R%, we suppose R = sup feF | fllv.az,2 < co. Then,

. , 12 [
RN,M(]:) S égfo' {45 + \/W/(; \/log2./\/(]-',6, || . N’]\/j)g)de} .

Proposition A.3. Suppose Assumption 4.5 holds and X; ~ u) (j =1,2,..., M) are independent. Then, we get

. d 1
Eqx,ye, [Ravar(F)] < 4Ry =+ 123\/ = (log 2+ dlog (1 + 28M R VMNI Ex. .0 [IX )] )-

Proof. Since || fllnar2 < || flln,ar00 = max; j | f(X7F)], it is sufficient evaluate the e-covering number of F with respect
to || - [|v,37,00- We write 7 = max; ; || X7 ||2. By Assumption 4.5, for any z, 2’ € Z,

H;@th(XﬁaZ) — h(X}, )| < H}%XﬁllXﬁ\bllz =22 = Brilz — 2|2,

wesee N (F, 6| anoe) < N (Z6/(B0). ] [l) = (14 2)"
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Therefore, by Lemma A.2 with 6 = R\/d(MN)~1, we get
R d 1
< — v/ -1 .
Ry (F) < 4Ry N T 12R\/MN log 2N (F, R\/d(MN) =", || - [ v,p1,00)
Y 12R\/1 (1og 2+ dlog (1 + QﬁrR—lx/MNd—1>)
MN MN

M
d 1
< -1 -1 .
< 4Ry/ +12R, | 3 | log2 +dlog | 1+ 28R~V MNd > IXl2 ]

=1

where we used r < Zj\il |X||2. Finally, Jensen’s inequality yields

. d I
Egx, e, [Rvu(F)] < 43\/7 o 123\/ = (o2 + dlog (14 28M R VMNI Ex. 0 [IX )] )-
O

Here, we give the complete version of the uniform model approximation bound.

Theorem A.4 (Complete version of Theorem 4.7). Suppose Assumption 4.5 and the same conditions as in Theorem 3.7
hold. Run M-parallel MFLD in the discrete time independently, with n\' < 1/2 and X ~ u?N(j =1,2,...,M). Then,

Eix,u ||| 3 Exapn, , (X, )] = Exep [A(X, )

(oo}

5CR [ d  dB X , 7r
T Vaw Tan TOR MN(A+MB)10g<C (AJFMB)A)

dA\M N ) 1 (N)
—_— (04)\772 + " exp(—aAnk)Aq ,

where C" =1+ 25MR’1\/MNd*1EXNM;@N[HXHQ].

Proof. For x1,...,xy € R, we set g(x1,...,Xp) = Sup,cz ’ﬁ Zjle Exrps, (X, 2)] — Ex~p.[h(X, 2)]|. By
the variational formulation of KL-divergence (e.g., Corollary 4.15 in Boucheron et al. (2013)), we get
KL (pMEM]| VA
v
MEKL(p™M]|pEN)
Y

1
E, menlg] < S logE o~ [exp(vg)] +

1
< S log B e~ [exp(vg)] + (17)

For independent random variables X; ~ pu®N(j = 1,2,..., M), by Lemma 4.6 and A.3, it follows that with high
probability 1 — 4,

g(Xl, I ,XM)
2log(1/9)

< 2B x, |:7A3N,M(.F):| + Ry =

1
F V 3 (1082 -+ dlog (14 28MR=1VMNG B ov[IX]2])) + R

d
< -
<8R N + 24R
[d1og(C"/5)
< ZoNZ 77
<CR UN

2log(1/0)
MN
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where C'is a uniform constant and ¢’ =1+ 26M R 'V MNd'Ey_ o L@~ [[|X[|2]. This means

dlog(C"/d
PM?NM 9(Xy,...,Xp) > CR % <5
— X MNt?
P evar [g( 17~~~7XM)>t]<CIeXp(_dC2 R2>
. - 1 MN(logt)2
T —g(Xl,”"XM) g Vlogt] < Clexp (_dC2 R2~2

Using this tail bound,

E onm [exp(vg)] = P evu [exp(vg(X1,..., X)) > t]dt

oo

I
o—

1
PHGZ)NM |:g()(17 s X)) > - logt] de
* Y

o M N (log t)?
, e <dcm dt

y wd dC? R?~?
CRy UN &P <4MN .

Q

Therefore, we get

2 P2 1
dC Ry | _ los (0’037

E, men(g] <

~ 4MN

md \ | MKLE|ue)
MN ol '

Moreover, by applying Lemma 3.6 Theorem 3.7 to Eq. (17), we get

E(x, 4} H i ZEMX LA = Ex, [P(X, )]
o
dC?R%>y 1 wd M (B N, N N
~log | C'"CRy\| ——~ — = —a\nk)A
S TN +Vog< Y MN>+7(A+O¢)\2+)\GXP(Q”)
Finally, by seting v = ﬁ % (1 + @), we get
E{vak} ZEXN/)x ® X, )] = Exp. [M(X, )]

5CR / dB /
< — -
< ?"N )\NJrCR Py B log (A + MB) )\>
1 (N)
+C’R\/ /\+ (a)\Q + 3 exp(—aAnk)A; )
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B Experiments

The code used in this work will be made publicly available later.

B.1 Pseudocode and training settings for mean-field experiments

For experiments concerning MFNNs, the output of a neuron in a two-layer MFNN is modelled by: h(z;,z;) =
Rtanh(z3) tanh(z} " z; + 2?), where z; = (2},22,23) € R is its parameter, z; is the given input and R is a
scaling constant. The tanh activation function is placed on the second layer as boundedness of the model is crucial for
our analysis. Noisy gradient descent is then used to train neural networks for 7" epochs each. We omit the pseudocode for

training MFNNs with MFLD since it is identical to the backpropagation with noisy gradient descent algorithm.

Algorithm 1  Generate the double circle data: D = (z;, yi)?zl, z; € R?,y; € R before splitting it into Dypyin and Dieg. We
set n = 200, Tinper = 1, Touter = 2 and use an 80-20 train-test split for the data.

Algorithm 2 Generate the k multi-index data: D = (2, y;);—1, 2 € R?,5; € R. A key step is normalizing and projecting
z; to the inside of a d-dimensional hypersphere. We set n = 500, d = 100, » = 5, k = 100 and R = 100.

Algorithm 3 Describes how we obtain and test the performance of merged MFNNs against (an approximation to) the
mean-field limit by computing the sup-norm between both outputs. The relevant results are stored into a dictionary for
plotting the heatmaps. The training procedure is identical for both the classification and regression problem. Let M,.x = 20
and Ny = {50, 100, ...,500} denote the maximum number of networks to merge and list of neuron settings to train in
parallel respectively. We set the hyperparameters for training as follows:

* Classification: R = 10, No, = 10000, = 0.1, X’ = 0.1, A = 0.01, T" = 200 and loss function: logistic loss
* Regression: R = 10, N, = 10000, n = 0.01, X’ = 0.1, A = 0.01, T' = 100 and loss function: mean squared error

Algorithm 1 Generate data points along cocentric 2D circles

Reqllil‘e= T, Tinner> Touter
Ensure: Dataset D = {(z;,v:) 7",
1: Initialize D + 0
2: fort=1tondo
Sample 6 ~ Uniform(0, 27)
4:  Sample &1, &5 ~ Normal(0,0.1)
5:  ifi < n/2then
6: T < Tinner
7
8
9

Y < —1
else

: T <= Touter
10: Yy — +1
11:  endif
12:  Compute Cartesian coordinates: z; = (r cos(f) + &1, rsin(d) + &2)
13: Add (z;,y;) to D
14: end for
15: Randomly shuffle D
16: Split D into Dyain (80%) and Dyest (20%)
17: return Dyin, Diest
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Algorithm 2 Generate k£ multi-index data

Require: n,d,r, k, R
Ensure: Dataset D = {(z;, y;)}7;
1: Initialize D <+ 0
2: fori=1tondo
3:  Sample ¢ ~ Normal(0, 1)
4: (W xp
5:  Sample z ~ Normal (0,1,)
6:  z < z/|z]|
7.
8
9

Zi < 23 X C
y; < 0
: forj=1tokdo
10: Y; < y; + tanh (zf)
11:  end for

12: y; i x (R/K)

13: Add (Zi, yz) toD

14: end for

15: Split D into Dypin (80%) and Dieyy (20%)
16: return Dyin, Diest

{Get scaling constant }

{Normalize}
{Project}

Algorithm 3 Training and merging MFNN’s

Require: Dyin, Diest = (ztesu ylest)’ Noo, Niists, Minax
Ensure: Dictionary sup_norm_dic maps N to the average sup_norm
hoo < Train a MFNN with N, neurons on Dy,
Joo <—Use ho to predict on Diey
Initialize sup_norm_dic < {}
for N € Njg do
{h§, 1%, .. h%"““} +Train My, MENNs with NV neurons on Diin
Initialize sup_norm_Ist < ]
for M € {1,2,... My} do
sup_norm_total < 0
for 50 iterations do
Randomly sample M networks from {h}v, h3,..., h%"““}

hyrn <Merge the M networks to form a new neural network
gy <Use hpsn to predict on Dieg
sup_norm <— max (| — Joo|)
sup_norm_total < sup_norm_total + sup_norm
end for
Append sup_norm_total/ 50 to sup_norm_Ist
end for
sup_norm_dic[N] < sup_norm_Ist
end for
return sup_norm_dic
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B.2 Additional MFNN experiments

Beyond examining the effect of both M and N on sup norm, we also compare the convergence rate of MFNNs using different
A€ {107%,1072,1073,10*} on the multi-index regression problem. Since the training dataset is small and we intend to
investigate high A, we have to consider the low epoch setting to prevent deterioration of generalization capabilitics. We
train 20 networks in parallel and average the MSE (in log-scale) at each epoch, repeating this for N € {300, 400, . . ., 800}.
Figure 2 shows that higher A improves the convergence speed of particles and makes training more stable. Finally, we
merge networks with the same hyperparameters for comparison across different A. A similar trend is observed in Table 2,
highlighting the efficacy of PoC-based ensembling when training for fewer epochs with a high A.

3.0 3.0 4 3.0
251 251 251
2.0 2.01 2.0 1
w w i
v (2] (2]
= 15+ = 151 = 15
£ £ £
1.0 1.0 1.0 1
0.5 0.5 0.5
1 2 3 4 5 1 2 3 4 5 1 2 3 4 5
T T T
3.0 3.0 3.0
251 251 2.5
2.0 2.0 2.0
o w w
%2) %] (2]
= 15 = 15- = 151
£ IS IS
1.0 1.0 1 1.0
0.5 0.5 0.5
1 2 3 4 5 1 2 3 4 5 1 2 3 4 5
T T T

Figure 2. Averaged test In(MSE) of singular MFNNSs, across different N and A for 5 epochs

Table 2. MSE comparison between merging M = 20 networks across different NV and \ after 5 epochs.

N
A 300 400 500 600 700 800

1071 0.9132253  0.9040508 0.9075238  0.9044338  0.9030165 0.9022377
1072 1.2325489  1.2229528  1.2166352  1.1978958  1.1921849  1.1654898
107*  1.5718020 1.5668763 1.5607907 1.5581368 1.5282313  1.5234329
107*  1.6987042 1.6887244 1.6631799 1.6135653 1.5860944  1.5821924
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B.3 LoRA for finetuning language models

To examine the effect of \, we perform LoRA and PoC-based merging by varying A € {0,107%,10~*} with one-epoch
training. We optimize eight LoRA parameters of rank N = 32 in parallel using noisy AdamW with the speficied A. Table 3
summarizes the results. For LoRA, the table lists the best result among the eight LoRA parameters based on the average
accuracy across all datasets and also provides the average accuracies of the eight parameters for each dataset. We observed
that for Llama2-7B with A = 0 and A = 10~°, the chances of the optimization converging are very low. Consequently, both
the average accuracy of eight LoRAs and the accuracy of PoC-based merging are also low. This is because the regularization
strength \ controls the optimization speed as seen in Theorem 3.7. On the other hand, by using a high constant A = 10~4
the average performance was improved, and PoC-based merging achieved quite high accuracy even with only one-epoch of
training. This result suggests using high A to reduce the training costs, provided it does not negatively affect generalization
error. For Llama3-8B, one-epoch training is sufficient to converge, and while LoRA performed well and PoC-based merging
further improved the accuracies.

Table 3. Accuracy comparison of LoRA and PoC-based merging for finetuning Llama models (1 epoch).

Model Method A SIQA PIQA WinoGrande OBQA ARC-c ARC-e BoolQ HellaSwag Ave.
LoRA (best) 0 80.55 82.86 83.19 81.60  71.08 84.51  71.90 90.21 80.74

LoRA (ave.) 0 64.73  76.31 77.76 68.70 57.02  69.02  69.04 70.63 69.15

PoC merge 0 32.290 6257 83.58 2220 2841 2942  61.53 28.50 43.56

LoRA (best) 107° 80.14 82.37 83.43 80.40  68.86  83.42  T71.68 89.94 80.03

Llama2  LoRA (ave.) 107° 74.37 74.12 80.55 67.50 5834  71.98  69.43 66.25 70.32
B PoCmerge 107° 74.56 83.84 85.16 60.00 63.14  78.37  68.72 92.77 75.82
LoRA (best) 107% 7820 80.90 81.22 7840  65.19  79.00  69.97 86.50 77.42

LoRA (ave.) 107* 7442 77.70 76.08 75.93  60.93  76.25  65.68 66.71 71.71

PoCmerge 107% 80.76 82.15 84.85 84.80  71.25  85.35  72.26 91.65 81.63

LoRA (best) 0 80.45  88.47 86.82 87.60  82.25  90.87  73.85 95.78 85.76

LoRA (ave.) 0 80.51 88.87 86.85 87.00  80.78  90.98  73.71 95.84 85.57

PoC merge 0 81.73  88.96 87.77 88.00 81.40  91.71  74.46 96.45 86.31

LoRA (best) 107° 80.50 88.68 86.98 86.80  81.48  91.12  75.14 95.97 85.83

Llama3  LoRA (ave) 107° 80.83 88.64 86.85 87.05 80.39  90.76  71.54 95.87 85.24
8B PoC merge 107° 81.53 89.45 87.92 87.80 8225  91.79 7554 96.44 86.59
LoRA (best) 107% 80.30 88.57 86.42 87.20  78.07 89.81  73.61 95.14 84.89

LoRA (ave.) 107%* 80.00 88.20 85.69 86.23  78.86  89.48  73.08 95.05 84.57

PoCmerge 107% 80.71 89.72 88.08 89.00  82.17  91.79  T4.56 96.36 86.55
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C Additional Background Information

This section provides supplementary information about past works that are relevant to the paper. While not essential to
the primary narrative, it will provide readers with a deeper understanding of previously established MFNN concepts and
motivations behind our PoC-based model ensemble strategy.

C.1 Mean field optimization

Two layer mean-field neural networks provide a tractable analytical framework for studying infinitely wide neural networks.
As N — oo, the optimization dynamics is captured by a partial differential equation (PDE) of the parameter distribution,
where convexity can be exploited to show convergence to the global optimal solution (Chizat & Bach, 2018; Mei et al.,
2018; Rotskoff et al., 2019). If Gaussian noise is added to the gradient, we get MFLD which achieves global convergence to
the optimal solution (Mei et al., 2018; Hu et al., 2019). Under the uniform LSI, Nitanda et al. (2022); Chizat (2022) show
that MFLD converges at an exponential rate by using the proximal Gibbs distribution associated with the dynamics. MFLD
has attracted significant attention because of its feature learning capabilities (Suzuki et al., 2023b; Mousavi-Hosseini et al.,
2024).

As the assumption that N = oo is not applicable to real-world scenarios, a discrete-time finite particle system would align
closer to an implementable MFLD i.e. noisy gradient descent. Nitanda et al. (2022) provides a global convergence rate
analysis for the discrete-time update by extending the one-step interpolation argument for Langevin dynamics (Vempala
& Wibisono, 2019). Meanwhile, the approximation error of the finite particle setting is studied in propagation of chaos
literature (Sznitman, 1991). For finite MFLD setting, Mei et al. (2018) first suggested that approximation error grows
exponentially with time before Chen et al. (2022); Suzuki et al. (2023a) proved the uniform-in-time propagation of chaos
with error bound: O ()\iN), suggesting that the difference between the finite N-particle system and mean-field limit shrinks
as N — oo. However, this also means that particle approximation error blows-up exponentially as A — 0 due to the
exponential relationship between « and A (Nitanda et al., 2022; Chizat, 2022; Suzuki et al., 2023a). Suzuki et al. (2023b)
proposes an annealing procedure for classification tasks to remove this exponential dependence in LSI, wihch requires that
A be gradually reduced over time and will not work for fixed regularization parameters. Nitanda (2024); Chewi et al. (2024)
then proved a refined propagation of chaos independent of « at the solution as described in Section 1.1.

C.2 Ensembling and model merging

In recent years, efforts to improve predictive capabilities and computational efficiency in machine learning have revived
interest in techniques such as ensembling (Ganaie et al., 2022; Mohammed & Mohammed, 2023) and model merging
(Yang et al., 2024; Goddard et al., 2024). Ensemble methods improve predictive performance by combining the outputs of
multiple models during inference (Hansen & Salamon, 1990; Dietterich, 2000). Although several fusion variants exist (Kim
et al., 2003; Soares et al., 2004), Cheng et al. (2018) shows that simple average voting (Breiman, 1996) does not perform
significantly worse while still being highly efficient, with uses in several deep learning applications (Cheng et al., 2018;
Vazquez-Romero & Gallardo-Antolin, 2020).

In contrast, model merging consolidates multiple models into a single one by combining individual parameters, showing
success particularly in the optimization of LLMs (Ilharco et al., 2022; Jin et al., 2023; Davari & Belilovsky, 2024). An
approach to merging models is to simply average the weights across multiple models (Utans, 1996). Taking the average
of weights along a single optimization trajectory has been demonstrated to achieve better generalization (Izmailov et al.,
2018; Frankle et al., 2020). Moreover, interpolating any two random weights from models that lie in the same loss basins
could produce even more optimal solutions that are closer to the centre of the basin (Neyshabur et al., 2020). These works
then form the foundation of model soups in Wortsman et al. (2022) which refers to averaging the weights of independently
fine-tuned models. Similarly, Gauthier-Caron et al. (2024) showed that basic weight averaging methods can perform
competitively if constituent models are similar, despite the emergence of novel LLM merging strategies (Ramé et al., 2023;
Chronopoulou et al., 2023; Yu et al., 2024).

Despite the widespread use of model merging in the current research landscape, theoretical results concerning the merging of
fully trained neural networks are limited. For models trained with stochastic gradient descent, averaging the model weights
during different iterations of a single run improves stability bounds (Hardt et al., 2016) and variance (Jain et al., 2018) under
convex assumptions. Stability bounds in the non-convex settings are then addressed by Wang et al. (2024). Ortiz-Jimenez
et al. (2023) studied weight interpolation techniques for task arithmetic in vision-language models, demonstrating that
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linearized models under the neural tangent kernel regime can outperform non-linear counterparts.
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