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ABSTRACT

In this paper, we propose a distributed damped Newton method in which sam-
ple size is gradually increasing to quickly obtain a solution whose empirical loss
is under satisfactory statistical accuracy. Our proposed method is multistage in
which the solution of one stage serves as a warm start for the next stage which
contains more samples (including the samples in the previous stage). This overall
multistage algorithm reduce the number of passes over data. Moreover, our al-
gorithm in nature is easy to be distributed and shares the strong scaling property
indicating that acceleration is always expected by using more computing nodes.
Various iteration complexity results regarding descent direction computation and
stopping criteria are analyzed under convex setting. Our results of experiments
illustrate that the proposed algorithm can outperform other comparable methods
for training machine learning tasks including neural networks.

1 INTRODUCTION

In the field of machine learning, solving the expected risk minimization problem has received lots
of attentions over decades, which is in the form

min L(w) = min E w, z 1

min, L(w) = min E.[f(w,2)) 1)
where z is a d + 1 dimensional random variable containing both feature variables and a response
variable. f(w, z) is a loss function with respect to w and any fixed value of z. In most practical
problems, the distribution of z is either unknown or leading great difficulties to evaluate the expected
loss. One general idea is to estimate the expectation with a statistical average over a large number
of independent and identically distributed data samples of z, which is denoted by {21, 22, ..., 2N}

where N is the total number of samples. Thus, the problem in () can be rewritten as the Empirical
Risk Minimization (ERM) problem

N
. o1
min Ly (w) = min < ; fi(w), )

where f;(w) = f(w, z;).

A lot of studies have been done on developing optimization algorithms to find an optimal solution
of above problem under different setting. For example, Beck & Teboulle (2009); |Nesterov| (2013));
Drusvyatskiy et al.|(2016); Ma et al.| (2017) are some of the gradient-based methods which require
at least one pass over all data samples to evaluate the gradient V Ly (w). As the sample size N
becomes larger, these methods would be less efficient compared to stochastic gradient methods
where the gradient is approximated based on a small number of samples Johnson & Zhang| (2013));
Roux et al.| (2012); [Defazio et al.| (2014); |[Shalev-Shwartz & Zhang| (2013)); Konecny & Richtarik:
(2017); INguyen et al.|(2017).

Second order methods are well known to share faster convergence rate by utilizing the Hessian
information. Recently, several papers Byrd et al.| (2015)); Schraudolph et al.| (2007); Mokhtari &
Ribeiro| (2015) have studied how to apply second orders methods to solve ERM problem. However,
getting the inverse of Hessian matrix of a good approximation of it is always quite expensive, leading
to a significant difficulty on applying these methods on large scale problems.

Following the idea of adaptive sample size discussed in Mokhtari & Ribeiro| (2017); Eisen et al.
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(2017); Mokhtari & Ribeiro| (2016), the complexity of Newton’s method can be reduced (Mokhtari
& Ribeirol [2016) if the dimension d is small, but it is impractical to compute the Hessian inverse
for large dimensional problems. In order to decrease the cost of computing the Hessian inverse,
Eisen et al.|(2017) proposed the k-Truncated Adaptive Newton (k-TAN) approach. In this method,
the inverse of such approximated Hessian is calculated by increasing the sample size adaptively and
using a rank-k approximation of the Hessian. The cost per iteration is O((log k+n)d?). Again, note
that either when d is large, or in the case when £ is close to d, this method can be quite inefficient.

In this paper, we propose an increasing sample size second-order method which solves the Newton
step in ERM problems more efficiently. Our proposed method, called Restarting NewtonCG (RNC)
method, starts with a tiny number of samples and only considering the corresponding empirical risk
based on these samples. This problem is solved up to some accuracy, and the solution of this stage
is a warm start for the next stage in which we solve the next empirical risk with a larger number
of samples, which contains all the previous samples. Such procedure is run iteratively until either
all the samples have been included, or we find that it is unnecessary to further increase the sample
size. Our RNC method combines the idea of increasing sample size and the inexact damped Newton
method discussed in|Zhang & Xiao|(2015) and Ma & Takac|(2016). Instead of solving the Newton
system directly, we apply preconditioned conjugate gradient (PCG) method as the solver for each
Newton step. We show the required number of PCG steps in order to reach the statistical accuracy
of the full dataset.

Also, it is always a challenging problem of running first order algorithms such as SGD and Adam
Kingma & Ba(2014) in a distributed way. However, our algorithm is designed naturally to be easily
parallelized and shares the strong scaling property. While splitting the gradient and Hessian-vector
product computation based on local data stored across different machines, it is always expected
to get extra acceleration via increasing the number of computational nodes. We show that, under
distributed setting, our RNC algorithm is communication efficient in both theory and experiments.

We organize this paper as following. In Section 2} we introduce the necessary assumptions and the
definition of statistical accuracy. Section 3 describes the proposed algorithm and its distributed ver-
sion. Section 4 explores the theoretical guarantees on complexity. In Section 5, we demonstrate the
outstanding performance of our algorithm in practice. Section 6 is the concludes our contribution.

2 PROBLEM FORMULATION

In this paper, we focus on finding the optimal solution w* of (I). As described earlier, we are
trying to find a solution for the empirical loss function Ly (w), which is the statistical mean over N
samples. Now, consider the empirical loss L,,(w) associated with n < N samples. InBousquet &
Bottou| (2007) and Bottou| (2010s), the error between the expected loss and the empirical loss L,, is
calculated. In|Mokhtari & Ribeiro| (2016), it is mentioned that L,, approximates the expected loss
with statistical accuracy V,, for all w € R? with high probability(w.h.p),

sup [L(w) — Ly (w)| < V. (3)

weRY

In other words, there exists a constant ¢ such that the inequality (3)) holds with probability of at least
1 — 4. Generally speaking, statistical accuracy V,, depends on n (although it depends on ¢ too, but
for simplicity in notation we just consider the size of the samples), and is of the order V,, = (’)(n%)
where v € [0.5, 1] (Vapnik! (2013); Bousquet| (2002)); Bartlett et al.| (2006)).

For problem (2), if we’ve found an approximate solution w,, which satisfies the inequality L, (w;,) —
L, (w,) < V,, where w,, is the true minimizer of L,, it is not necessary to go further and find a
better solution (a solution with less optimization error). The reason comes from the fact that for
a more accurate solution the summation of estimation and optimization errors does not become
smaller than V,,. Therefore, when we say that w,, is an V,,-suboptimal solution for the risk L,, it
means that L,, (w,,) — Ly, (1,,) < V,,. In other words, w,, solves problem (@) to reach its statistical
accuracy.

It is crucial to note that if we add an additional term in the magnitude of V/, to the empirical loss L,,,
the new solution is also in the similar magnitude as V;, to the expected loss L. Therefore, we can

regularize the non-strongly convex loss function L,, by <= ||w||? and consider it as the following
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problem:
min Ry (w) = 1300, fi(w) + 55

weRd n

w2, @)

The noticeable feature of the new empirical risk R,, is that R,, is cV,,-strongly convex, where c is
a positive constant. Thus, we can utilize any practitioner-favorite algorithm. Specifically, we are
willing to apply the inexact damped Newton method, which will be discussed in the next section.
Due to the fact that a larger strong-convexity parameter leads to a faster convergence, we could
expect that the first few steps would converge fast since the values of ¢V}, in these steps are large
(larger statistical accuracy), as discussed in Theoremm From now on, when we say w,, is an V,,-
suboptimal solution of the risk R,,, it means that R, (w,) — R, (w};) < V,,, where w, is the true
optimal solution of the risk R,,. Our final aim is to find wx which is V-optimal solution for the
risk R which is the risk over the whole dataset.

3 RESTARTING NEWTONCG METHOD WITH INCREASING SAMPLE SIZE

The inexact damped Newton method, which is discussed in the study of Zhang & Xiao|(2013), is to
find the next iterate based on an approximated Newton-type update. It has two important differences
comparing to exact Newton method. First, as it clear from the word “damped”, the learning rate of
the inexact damped Newton type update is not 1, since it depends on the approximation of Newton
decrement. The second distinction is that there is no need to compute exact Newton direction (which
is very expensive to calculate in one step). Alternatively, an approximated inexact Newton type
direction is calculated by applying an iterative process to obtain a direction with desirable accuracy
under some measurement.

In order to utilize the important features of ERM, we combine the idea of increasing sample size
and the inexact damped Newton method. In our proposed method, we start with handling a small
number of samples, assume mg samples. We then solve its corresponding ERM to its statistical
accuracy, i.e. Vy,,, by inexact damped Newton algorithm. At the next iteration, we increase the
number of samples geometrically with rate of «, i.e., amg samples. The approximated solution of
the previous ERM can be used as a warm start point to find the solution of the new ERM. The sample
size increases until it equals the number of full samples.

Consider the iterate w,,, within the statistical accuracy of the set with m samples, i.e. S,, for the risk
R,,. The inexact damped Newton method with increasing sample size finds the iterate w,, which is
V..-suboptimal solution for the sample set S,,, i.e. R, (w,) — R, (w}) < V,, after T), iterations. We
initialize wy = w,, and consider the following update:

~ _ 1
Wr+1 = Wk = 175, (@y) Uk %

where vy, is €,-Newton direction defined as
Definition 1 (¢;-Newton direction).

V2R, (g )vr, — VR, ()| < €. (6)

Note that €, has a crucial effect in the speed of the algorithm. We use preconditioned CG (PCG)
(by considering the preconditioned matrix P = H,, + pl, where H, = ﬁ >iea V2R (w)
and A C &) in order to find the vector vy, which is an approximate solution of the system
P7IV2R,, (wg)vi, = P7'VR, (). Moreover, &, () = y/vl V2R, (W )vy is the approxi-
mation of (exact) Newton decrement. Also, we have

VR, (w) =LY Vfi(w) + cVow,  V2Rp(w) =13 V2fi(w) + Vil (7)
=1 =1

Thus, after T,,-PCG iterations, w,, = wr, (see Theoremm). Also, because of €, = 0, vy is the exact
Newton direction, and the update in () is the exact damped Newton step. Furthermore, in Theorem
we show that the number of total PCG iterations to reach V-optimal solution for the risk Ry
is Tiv. It means that when we start with the iterate w,,, with corresponding mq samples, after T'n
PCQG iterations, we reach the point wy with statistical accuracy of Vi for the whole dataset. Our
proposed method is summarized in Algorithm [I} In the inner for loop of Algorithm (1} in order
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to calculate the approximate Newton direction and approximate Newton decrement, we use PCG
algorithm which is shown in Algorithm 2]

Thus, after T},-PCG iterations, w,, = wr, (see Theorem E]) Also, we can note that when ¢, = 0,
then vy, is the exact Newton direction, and the update in (3) is the exact damped Newton step.
Furthermore, in Theorem (1| we show that the number of total PCG iterations to reach Vj-optimal
solution for the risk R is T)v. It means that when we start with the iterate w,,,, with corresponding
myg samples, after Ty PCG iterations, we reach the point wy with statistical accuracy of Vy for the
whole dataset.

Our proposed method is summarized in Algorithm[I] In the inner for loop of Algorithm[I] in order
to calculate the approximate Newton direction and approximate Newton decrement, we use PCG
algorithm which is shown in Algorithm 2]

Stopping Criterion Here we discuss two stopping criterions to fulfill the 10" line from Algo-
rithm [T} At first, considering w;, is unknown in practice, we can use strong convexity inequality as

Ry (W) — Rp(w)) < QCan |V Ry, (0)]|? to find a stopping criterion for the inner loop, which satis-

fies | VR, ()| < (v/2¢)V,,. However, this stopping criterion can be too conservative in practice.
Another stopping criterion is discussed by [Zhang & Xiao| (2015)), using the fact that the risk R,, is
self-concordant. This criterion can be written as &, () < (1 — 3)v/V,, (see section , where
8 < %. The later stopping criterion implies that R, (w5,) — R, (w}) < V;, whenever V,, < 0.682.
To compare these two criterions, the later criterion is more practical due to the fact that we have
0 (W) in every iteration. While we need to calculate the gradient of the risk R, in each iteration of
the inner loop to use the first criterion.

Algorithm 1 Restarting NewtonCG algorithm
1: Initialization: Sample size increase constant c, initial sample size n = mg and w,, = w,, with

IV Ry (wn)|| < (V2)Va
2: while n < N do
Update w,, = wy, and m =n
Increase sample size: n = max{am, N}
Set wg = w,, and set k = 0
repeat
Calculate vy, and 6, (wy,) by Algorithm2]PCG
Set 1I}k+1 = ’lI}k; — mvk
9: k=k+1
10:  until a stopping criterion is satisfied
11:  Setw, = W
12: end while

AN A S

Algorithm 2 PCG - Algorithm 2 in|Zhang & Xiao| (2015

Input: @), € R?, €, and > 0 _
Let H denote the Hessian V2R, (1) and P = ﬁ > iea VERL (W) + pl
Set 74(0) = an(wk)’ S(O) — P_lr(o), ,U(O) = 0, u(o) — S(O)’ t = 0
repeat
Calculate Hu® and Ho®

= _(rW.s)
Compute v; = W Ha®)

Set vt = o0 (O O+ = (), Fry®
(1) (14 1)
Compute 3; = W
Set 5(0+1) = Po1p(HD) y(t+D) — g(641) 1 gy (©
Sett=t+1
until |7 < e

return v;, = v+ and 6, () = \/vaHv(t) + vl Hu(®

Ju—

TReY ® X3 QUuhw

—_ =

»
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Distributed Implementation Similar to the algorithm in Zhang & Xiao| (2015)), Algorithm and
can also be implemented in a distributed environment. Suppose the entire dataset is stored across

K machines, i.e., each machine stores IV; data samples such that Zf{:l N; = N. Under this setting,

each iteration in Algorithm |1| can be executed on different machines in parallel with Zfil n; =
n, where n; is the batch-size on i*” machine. To implement Algorithm [2|in a distributed way, a
broadcast operation is needed at each iteration to guarantee that each machine will share the same
wy, value. Moreover, the gradient and Hessian-vector product can be computed locally and later
reduce to the master machine. With the increasing of batch size, computation work on each machine
will increase while we still have the same amount of communication need. As a consequence,
the computation expense will gradually dominate the communication expense before the algorithm
terminates. Therefore the proposed algorithm could take advantage of utilizing more machines to
shorten the running time of Algorithm[2]

4 CONVERGENCE ANALYSIS

In this section, first we define the self-concordant function. This kind of function has the property
that its third derivative can be controlled by its second derivative. By assuming that function f :
R? — R has continuous third derivative, we define self-concordant function as follows.

Definition 2. A convex function f : R* — R is M r-self-concordant if for any w € dom(f) and
u € R? we have

1"

W (f " (w)[u))u| < My(u" V2 f(w)u)2, ®

Nl

where " (w)[u] := lim, ¢ (V2 f(w+tu) — V2 f(w)). Asitis discussed in Nesterov|(2013), any
self-concordant function f with parameter M can be rescaled to become standard self-concordant
(with parameter 2). There are many well-known empirical loss functions which are self-concordant
such as linear regression, Logistic regression and squared hinge loss. In order to prove our results
the following conditions are considered in our analysis.

Assumption 1. The loss functions f(w, z) are convex w.r.t w for all values of z. In addition, their
gradients V f(w, z) are L-smooth

IVf(w,2) = V', 2)]| < Lljw — |, V. ©)
Assumption 2. The loss functions f(w, z) are self-concordant w.r.t w for all values of z.

The immediate conclusion of Assumption[I]is that both L(w) and L,,(w) are convex and L-smooth.
Also, we can note that R,,(w) is ¢V,,-strongly convex and (cV;, + L)-smooth. As it is discussed in
Zhang & Xiao (2015) we use the following auxiliary functions, which will be used in the analysis
of the self-concordant functions:

w(t) =t —log(l +1t), t>0. and wi(t)=—t—log(l1—1t), 0<t<1. (10)

The above functions can be very helpful in analyzing the self-concordant functions. Also, for the
risk R, the same as|[Zhang & Xiao|(2015) we can define the following auxiliary vectors:

T (W) = [V2Ry (@) V2V R, () and 0 (k) = [V2Rn (@) %0, (11)

We can note that ||i, (@r)|| = +/V Ry (@) V2R, (W) -1V R, (), which is the exact Newton
decrement, and, the norm |0, (wg)|| = 9, (Wx) which is the approximation of Newton decrement
(and 4, (W) = U, (W) in the case when e, = 0).

In the rest of this section, we analyze the upper bound for the number of iterations needed to solve
every subproblem up to its statistical accuracy.

We prove a linear convergence rate for our algorithm. We analyze the case when we have w,,, which
is a V;,-suboptimal solution of the risk R,,, and we are interested in deriving a bound for the number
of required iterations, 7T;,, to ensure that w,, is a V,,-suboptimal solution for the risk R,,. We use the
analysis of DiSCO algorithm discussed in|Zhang & Xiao| (2015)) to find the bound for 7,.
Theorem 1. Suppose that Assumptions |I| and [2] hold. Consider w,, which satisfies Ry, (W) —
R, (w})) < Vi, and also the risk R,, corresponding to sample set S,, O S, wheren = am, o > 1.
Set the parameter €y, (the error in (6)) as following

ex = B(£54-) "2V R ()|, (12)
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where B < % Then the variable w,, is an V,,-suboptimal solution for the risk R,, i.e R, (w;,) —
R, (wk) <V, if the number of iterations T,, satisfies in the following:

2 ([ Fab=to)] 4 iog, 2ea0))) U T+ ) log, (W)D whp. (13)

Here [t] shows the smallest nonnegative integer larger than or equal to t.

By utilizing Theorem [I] the following number of iterations, T, is needed to reach the statistical
accuracy of Vi of the full training set with high probability:

|P|
Rvm(ww—u)*Rvm(w%[i])w [ 2w(1/6) D [ 20 (Q(CVP[,i]JrL)ﬂ
TN Z z_; (’V %w(l/ﬁ) 1Og ( Vil ) I+ cVp )10g2 ﬁCVP[i] ’

(14
where P = {mq, amg, a®my, ..., N}. Also, based on the result in (T3), by considering the risk
R,,, we can note that when the strong-convexity parameter for the mentioned risk (cV},) is large, less
number of iterations are needed (or equally faster convergence is achieved) to reach the iterate with
V,,-suboptimal solution; and this happens in the first steps.

Corollary 1. Suppose that Assumptions |I| and 2| hold. By assuming that wy, is V,,-suboptimal
solution and also consider the risk R, corresponding to sample set S,, O S,, where n = 2m. If we
set parameter €y, (the error in (6)) as (12), then after T,, iterations, where with high probability:

g ([CFEIN g o) [y B (2522)])

. (15)
we reach the point w,, with statistical accuracy of V,, for the risk R,,. Moreover, after T iterations
we reach a point with the statistical accuracy of Vi of the full training set:

. . (3+( 77) (251w )) 1—(2%)1%2%‘/
N = 08y — + ( §w(1/6) 172% mo)

+log, & 10&(“”‘”)) ([ (L+ ) log, (2+%LV£V)D whp,  (16)

where mg is the number of initial sample.

By Corollary |1} we can notice that Ty = O(v(log, N)?v/ N7 log, N7), and when y = 1, we have
Tn = O((logy, N)3V/N), and for y = 0.5, the result is Ty = O((logy N)*N1).

5 NUMERICAL EXPERIMENTS

In this section, we present numerical experiments on several large real-world datasets to show that
our restarting NewtonCG algorithm can outperform other existed methods on solving both convex
and non-convex problems. Also, we compare the results from utilizing different number of machines
to demonstrate the nice scaling property for our algorithm. All the experiments are performed on a
cluster with 24 Xeon E5-2620 CPUs (2.40GHz), and all the algorithms are implemented in Python
with PyTorch library. In the plots, we use the pink vertical dashed lines to represent when restarting
happens in our NewtonCG algorithm.

Convex case First, we compare our restarting NewtonCG algorithm with two other distributed
optimization algorithms CoCoA |[Smith et al.| (2016)) and Disco [Zhang & Xiao| (2015), on solving
convex problems. We choose these two algorithms in consideration of attaining a fair comparison
between distributed first-order (CoCoA) method and distributed second-order (DiSCO) approach.
Binary classification tasks based on two datasets rcv1l and news20 chosen from|Chang & Lin|(2011)
are solved using logistic regression model. We choose this two datasets following the principle
from [Zhang & Xiao| (2015)), where those two datasets show different relations between number
of features and number of data samples (larger and smaller). The empirical loss function we are
trying to minimize is stated as in {@). We use logistic loss function defined as f;(w) := log(1 +
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Figure 1: Restarting Newton-CG v.s. DiSCO v.s CoCoA for Logistic Regression

exp(—y;wlx;)), where z; € R? is data sample and y; € {—1,1} are binary label. Note that there
is a fixed regularization parameter 10~% in DiSCO and CoCoA, while our restarting NewtonCG has
Regularization of 1/+/m which depends on the size of samples m.

We run all these three algorithms using 8 nodes. The starting batch-size on each node for restarting
NewtonCG is set to 16 for a faster beginning, while other two will go over the whole dataset at
each iteration. For restarting NewtonCG implementation, number of samples used to form the new
ERM loss are doubled from previous iteration after each restarting. Furthermore, restarting happens
whenever norm of loss gradient is lower than 1/+/m.

From Figure [I] we observe consistently that the restarting NewtonCG algorithm has a better per-
formance over the other two in the begin stages. Both loss value and training accuracy under our
restarting NewtonCG algorithm converges to optimality by passing a very small number of samples,
which suggests that the restarting NewtonCG can find a good solution in a warm starting manner.
Compared with DiSCO, our restarting approach helps to get rid of spending too much computation
at the beginning iterations, where second order methods are usually less efficient than first order
methods. Also, our algorithm can still converge fast when we are close to optimal solution, while
first order methods become weak since the gradient becomes more and more close to zero.

Non-convex case Even though the iteration complexity analysis only covers the convex case, we
want to point out that our algorithm is also able to handle nonconvex problems efficiently. In this
section, we compare the performance of increasing sample size method with the well known Adam
Kingma & Bal (2014) method on solving convolution neural network. We do experiments on the
standard image classification dataset Mnist with a 5-layer convolutional neural network. In Fig-
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Figure 2: Restarting Newton-CG v.s. Adam using NaiveCNet on Mnist dataset

ure 2] we compare Adam with our restarting NewtonCG approach. The Adam is implemented
using bulid-in optimizer in pytorch library, and we choose the best batch-size as 64 from the range
{16,32, 64,128} and initial learning rate as 0.005 from the range {0.001, 0.005,0.01,0.05}. Re-
garding our restarting NewtonCG, we experiment on 32 nodes. The initial batch size are set to 8 for
each node, i.e, set 256 as our initial total batch size across all nodes. As it is clear shown in Figureg
our restarting NewtonCG with 32 nodes could outperform serial Adam. Note that Adam, i.e., the
stochastic first-order method variant, can not be distributed easily, since a small batch size is require
to have start-of-art performance [He et al.| (2016). While we could further improve our restarting
approach by utilizing more nodes.

NaiveCNet, Mnist NaiveCNet, Mnist NaiveCNet, Mnist

20 40 60 80 100 20 40 60 80 100 0 50 100 150 200 250 300
running_time running_time running_time

Figure 3: Performance of restarting NewtonCG algorithm with different computing threads.

Strong scaling As the last experiment, we demonstrate that our restarting NewtonCG algorithm
shares a strong scaling property. As shown in Figure[3] whenever we increase the number of nodes,
we can always obtain acceleration towards optimality. The leftmost plot in Figure [3]shows that the
speed of passing over data increases along the increase of number of nodes used, since distributed
computation among nodes will obtain the gradient and Hessian-vector product faster. As it is shown
in rightmost plot in Figure[3] to reach 0.96 testing accuracy, it is about 12 times slower by only using
1 node than using 32 nodes.

6 CONCLUSION

We propose a restarting NewtonCG method with increasing sample size strategy to solve the ex-
pected risk minimization problem. Our algorithm can converge to a low statistical accuracy in very
few epochs and also be implemented in a distributed environment naturally. We show linear conver-
gence rate for convex empirical risk minimization under mild assumptions. Numerical experiments
are presented to demonstrate the advantages of our proposed algorithm on both convex and non-
convex problems.
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7 APPENDIX

Before talking about the main results, two following lemmas are used in our analysis.

Lemma 1. (Lemma 4 in Zhang & Xiao, (2015)) Suppose Assumption |I| holds and ||H, —
V2R, ()| < p. Then, Algorithm after T,, iterations calculates v, such that ||V? Ry, (i )v,, —
VR, ()| < ek, where

cVu+L

2/ Yt 9 R, (1))
T, = L/l—f—f—&i)log( Yo ﬂ (17)

Lemma 2. (Proposition 5 in | Mokhtari & Ribeiro| (2016)) Consider the sample sets S, with size
m and S,, with size n such that S,, C S,,. Let wy, is V,,-suboptimal solution of the risk R,,. If
assumptions[I|and 2| hold, then the following is true:

R (W) = R (W) < Vi + 20 (V- Vi) +2(Viy = Vi) + LV Y2d |12, w.hep. (18)

If we consider V,, = O(-%) where v € [0.5, 1], and assume that n = 2m (or o = 2), then (T8) can
be written as:

Ry (wp) — R (w?) < [3 + (1 - QL) (2 + %Hw*HQﬂVm. (19)

7.1 PRACTICAL STOPPING CRITERION

As a result of Theorem 1 in the study |[Zhang & Xiao|(2015), we have:

(1= B) |t () [| < [[on (@)l < (14 B)[[tn (@i, (20)

where 3 < 4. Also, by the equation in (TT), we know that ||, (@ )|| = 6, (w@y). As it is discussed
in the section 9.6.3. of the study Boyd & Vandenberghe| (2004), we have w, (t) < t? for 0 < t <
0.68.

According to Theorem 4.1.13 in the study Nesterov| (2013, if || &, (@ )|| < 1 we have:
w(llin (x)]) < B (wr) — Rn(wy,) < ws([|n (@r)])- 2n
Therefore, if || @, (@)|| < 0.68, we have:

Ro (1) = R (wy) < wi(llin (@r)]]) < [l (1) ||

20) o 5
= ﬁllvn(wk)lﬁ = ﬁ(ﬁ(wk) 22)

A

Therefore, we can note that 6, (1) < (1 — 8)v/V;, concludes that R, () — Ry, (wX) < V,, when
V, <0.682.

10
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7.2 PROOF OF THEOREM/[I]

According to the Theorem 1 in |Zhang & Xiao| (2015)), we can derive the iteration complexity by
starting from w,,, as a good warm start, to reach w,, which is V,,-suboptimal solution for the risk
R,,. By considering assumption [2} we can assume that R,, is a standard self-concordant function.
According to the Corollary 1 in|Zhang & Xiao|(2015), we can note that if we set ¢j, the same as ,
after K iterations we reach the solution w,, such that R,, (w,) — Ry, (w};) < V,, where

K = [%} + [logQ(%ln/G)ﬂ' =

Also, according to Lemma([I] we can note that the number of PCG steps needed to reach the approx-
imation of Newton direction with precision ¢y, is as following:

Ty

2,/ St G R, (@)
[ 1+2“)log2( cVn * ﬂ

Vi €k

(]

[ 2 oms (25512 | (24

Therefore, we can note that when we start from w,,,, which is V,,,-suboptimal solution for the risk
R,,, after T}, PCG steps, where T;, > KT, we reach the point w,, which is V,,-suboptimal solution
of the risk R,,, which follows (T3).

Suppose the initial sample set contains mg samples, and consider the set P =
{mg, amy, o®mg, ..., N }, then after Ty PCG steps, we reach Viy-optimal solution for the whole
data set:

|P|
Ry (wppi—1)) —Rpp (wp;) 2w(1/6) 2 2(cVp+L)
Tn = Z ([ 3w(1/6) o —‘ + ’VlogQ( Vrri ) 1+ CVS[I'] ) log, 50?/[79][1‘] )
1=2

(25)

7.3 PROOF OF COROLLARY[]]

The proof of the first part is trivial. According to Lemma [2} we can find the upper bound for
R, (wp) — Ry (w?), and when o = 2, by utilizing the bound we have:

Ry (wm)—Rn “1; 2w(1/6
=[] [

2 [(3+(121~)(2+§|w*'2))vq + [logz(Mﬂ ' -

Tw(1/6) Vi

Therefore, we can note that when we start from w,,,, which is V,,,-suboptimal solution for the risk
R,,, after T, PCG steps, where T;, > KT,,, T}, is defined in (24), we reach the point w,, which is
V,,-suboptimal solution of the risk R,,, which follows (I3).

Suppose the initial sample set contains mg samples, and consider the set P =

{mo, 2mq,4my, ..., N}, then the total number of PCG steps, TN, to reach Vj-optimal solution

11
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for the whole data set is as following:

7| 3+ (1-55) (24 S 1w )1?) ) Vipa—y
5 (]! )

=2

2(cVppy+L
log, (#5525 )

N
(3+ 1—55 ) (245 v ) 1 \losg oo
< (1%2 2 ( | ;>( ) i “Ving )

w(1/6) 1—2%

3 o]} ([ o (3 + 341

1 mo
1/6) 1—55

) (+E007 1) ) 1 yom2 g
< <2log2,ﬁg‘+ (( +0- 22)5 ))]'(27) ey )

o o) (5 v 5+ )

12

To0/0) |+ om0 ) ) (]

1+

2p
cVpL)

)

27
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