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ABSTRACT

A fundamental challenge in artificially intelligence is to build an agent that gen-
eralizes and adapts to unseen environments. A common strategy is to build a de-
coder that takes a context of the unseen new environment and generates a policy.
The current paper studies how to build a decoder for the fundamental continuous
control environment, linear quadratic regulator (LQR), which can model a wide
range of real world physical environments. We present a simple algorithm for this
problem, which uses upper confidence bound (UCB) to refine the estimate of the
decoder and balance the exploration-exploitation trade-off. Theoretically, our al-

gorithm enjoys a 9] (\/T ) regret bound in the online setting where 7" is the num-

ber of environments the agent played. This also implies after playing O (1/€?)
environments, the agent is able to transfer the learned knowledge to obtain an
e-suboptimal policy for an unseen environment. To our knowledge, this is first
provably efficient algorithm to build a decoder in the continuous control setting.
While our main focus is theoretical, we also present experiments that demonstrate
the effectiveness of our algorithm.

1 INTRODUCTION

Humans are able to solve a new task without any training based on previous experience in similar
tasks. Our intelligent agent should be able do the same, learning from previous experience, adapting
to the new ones and improving the performance as the agent gains more experience. This is a
challenging problem as we need to design an adaptation mechanism which is fundamentally different
from classical supervised learning methods.

A common approach is to build a decoder so that once the agent sees a description of new task,
i.e., the context of the new task, the decoder turns the context into a succinct representation of
the new task, based on which the agent is able to design a policy to solve the task. Note this
procedure resembles how a human solves a new task. For example, if a human wants to push an
object on a table, the human first sees the object and the table (context). Then, in his/her mind, the
context becomes a representation of this task, e.g., a sense of weight of the object. Based on this
representation, the human can easily reason about how much force to exert on the object.

This general approach has been applied in practice. For example, Wu et al.[(2018) studied the visual
navigation task and built a Bayesian model that takes the context of new environments and outputs
the policy that enables the agent to navigate. Killian et al.| (2016) used this approach to develop
personalized medicine policies for HIV treatment.

While this is a promising approach, currently we only have limited theoretical understanding. The
approach can be formulated in Contextual Markov Decision Process (CMDP) framework (Hallak
et al.,20135). Recently, there is a line of work gave provable guarantees for CMDP (Abbasi- Yadkori
& Neu, 20145 Hallak et al.,2015; Dann et al., [2018; Modi et al.| 2018 [Modi & Tewari, [2019). These
work all studied tabular MDPs, and use function approximation, e.g., linear functions, generalized
linear models, etc, to model the mapping from the context to the probability transition matrix. A
major drawback of these work is that they are restricted to the tabular setting and thus can only deal
with discrete environments. Therefore, they can hardly model real-world continuous control tasks,
like the task of pushsing an object as we described above. A natural question arises:
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Can we design a provably efficient decoder for continuous control problems?

In this paper, we make an important step towards answering this question. We study the fundamental
setting in continuous control, linear quadratic regulator (LQR). LQR is arguably the most widely
used framework in continuous control, as LQR easily models real world physical phenomena, e.g.,
the pushing object task we described earlier. We propose a new algorithm that builds a decoder,
so that for a new LQR task, the decoder takes LQR’s context and outputs a representation based
on which the agent can easily infer a near-optimal policy for new continuous control tasks. In the
training phase, we build the decoder via a sequence of LQRs (in an online fashion) with unknown
parameters. For each new task, we first use the current decoder to build the representation of this
task, infer a policy based on this representation and use this policy to do control for this episode.
There are two crucial components in our algorithm. First, after each episode, we will refine the
estimate of the decoder based on the observations from this episode. Second, it is crucial to use a
upper confidence bound (UCB) estimator of the decoder to build the representation so that the agent
can perform a near-optimal trade-off between exploration and exploitation. In this way, we provably
show the decoder improves the performance as it experiences more training tasks. Formally, we

show our algorithm enjoys 0] (\/T) regret (the difference between the cumulative rewards of our

algorithm and the unknown optimal policy on every seen environment) bound in the online setting.
Moreover, the algorithm is able to obtain an e-suboptimal policy for an unseen LQR environment
after playing O (6_2) environments. To our knowledge, this is the first provably efficient algorithm
that builds a decoder for continuous control environments. Empirically, we simulate several physical
environments to illustrate the effectiveness of our algorithm.

Organization This paper is organized as follows. In Section [2 we discuss related work. In
Section (3] we formally describe the problem setup. In Section 4 we present our algorithm and
its theoretical guarantees. In Section[5] we use simulation on physical environments to demonstrate
the effectiveness of our approach. We conclude in Section [6] and defer most technical proofs to the
appendix.

2 RELATED WORK

Recently there is a large body of literature focusing on learning for control in LQR systems. The
first work we are aware of is [Fiechter| (1997) which studies the sample complexity of LQR in the
offline setting. For the online setting, where the agent can only obtain the next state starting from the
present state, the first near-optimal regret bound (O(v/T)) is due to |Abbasi-Yadkori & Szepesvari
(2011}, which studies the learning problem in the infinite-horizon average-case cost setting. Later
on, a sequence of papers (Tu & Recht, |2017; |Dean et al., 2017; 2018} Tu & Recht, [2018; |Abbasi-
Yadkori et al.,|2018;|Cohen et al.,2019)) studied this problem in similar settings, improved efficiency
of the algorithms and characterized the gap between model-free and model-based approaches.

Building an agent that quickly adapts to new environment has received increasing interest in the
machine learning community. Taylor & Stone|(2009) gave a summary for the literature status before
2009. More recently, a sequence of theory papers [Lehnert & Littman| (2018); Spector & Belongie
(2018); |Abel et al.| (2018)); Lehnert et al.| (2019) studied the transferability of reward knowledge,
state-abstraction, and model features for Markov decision processes. Please also refer to references
in paper cited above for more details. There are also some experimental works, e.g., [Santara et al.
(2019); [Yu et al| (2018); [Wu et al.| (2018)); |Gamrian & Goldberg| (2018)), studying how to transfer
knowledge from seen tasks to unseen tasks. Nevertheless, we are not aware of any study on how to
provably perform continuous control with contexts.

3 PRELIMINARIES

Notations. We begin by introducing necessary notations. We write [h] to denote the set {1, ..., h}.
We use I; € R4*4 to denote the d-dimensional identity matrix. We use Ogy ¢ to represent the all-

zero matrix in R9*?', If it is clear from the context, we omit the subscript d x d’. Let |||, denote
the Euclidean norm of a vector in R%. For a symmetric matrix A, let [ All,, denote its operator
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norm and A; (A) denote its i-th eigenvalue. Throughout the paper, all sets are multisets, i.e., a single
element can appear multiple times.

Finite Horizon Linear Quadratic Regulator. We now formally define the finite horizon Linear
Quadratic Regulator (LQR) problem. In the LQR problem, there is a state space X C R and a
closed action space U C R Suppose we always start from the initial state x1 = Zjy € X and
play for H steps. Then at a state x;, € X, if an action up, € U is played, the next state is given by

Th1 = Axp, + Bup, + why, )]

where A, B are matrices of proper dimension and w1 is a zero-mean random vector. Here A, B
can be viewed as the succinct representation of this LQR because as will be explained below, given
A, B, we can easily infer the optimal policy for this LQR. For simplicity, we additionally denote

M= [AaB]a and Yn = [x}—zrvu;br]—r € Rd—i_d/'

Now the state transition can be rewritten as x5,+1 = My + wp41. For the ease of presentation, we
assume that the covariance matrix of noise vector wy, 11 is E(wh+1w}—l—+1> = I4. Our analysis follows
similarly if the covariance matrix is not I (see e.g. Remark 3 of |Abbasi-Yadkori: & Szepesvari
(2011)). After each step, the player receives an immediate cost x;thh +u }‘L Rpup, where Q,, Ry,
are positive definite (PD) matrices of proper dimensions. Throughout the paper, we assume the
agent knows @)}, and Ry, for all h. At a terminal state xy, there is no action to be played, and the
player receives a terminal cost x };Q iz, where Qg is a PD matrix of proper dimension. The goal
of the player is to find a policy 7 : (X x U)* x X — U, which is a function that maps the trajectory

{(s,u;)}'= U {xy} to the next action wuy, such that the following objectives are minimized:

Pl
he[H]

where the action uy, is given by up, = 7[(z1, u1), (2, u2), ..., (¥p—1,un—_1), 2], and the expecta-
tion is over the randomness of wy, and 7.

H-1
{J,;r(M7 z):=E {( Z z) Qnay + quhuh> + Qe
h'=h

It is well-known that the optimal policy 7* is Markovian |Puterman| (2014}, i.e., it only depends on
the present state. For an unconstrained action space U, we have

Vee X,he[H—-1]: np(M,z):=Kp(M)x
where M = [A, B] and K (M) is a matrix that will be defined shortly. It is also known (see e.g.
Bertsekas (1996)) that the optimal cost function J;*(x) := JJ () is given by

Ji(M,z) := " P,(M)x + Cp(M) = inf JT (M, x) 2)
where
Py (M) = Qn+ AT Py (M)A~ ATP, 1 B(Ry, + BT Py (M)B)'BT P, (M)A h< H
" Qn h=H
3)
and [ .
_ [ Cha (M) + B,y [0y Prsr (M)wpya] h < H
On(M) = {0 h=H"
We now define Kj (M) as
Kn(M):= —(Rp + B Poy1(M)B) ' BT P,y 1 (M)A. (4)

Note that the optimal value Equation (2)) satisfies Bellman equations,
Vhe H—1]: Ji(Mz)=2a Quz+r*(z) Rur*(z)+ E[J; 1 (Az + Br*(z) + w)]
and
Vhe [H-1]: Ji(M,z)=z"Quz+ muinIE[uTRhu + Jp 1 (Az + Bu + w)].

Now we have shown that if we are given A and B, then we can obtain the optimal policy directly. In
this paper, we deal with setting where A and B are unknown and we need to use decoder to decode
A and B from the contexts of the current LQR, as specified below.
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Learning to Control LQR with Contexts In the continuous control with contexts setting, in each
episode we observe a context

(Cv D ) ~ My
where . is a distribution on RP*¢ x RP' %" The context [C, D] encodes the information of the
environment. Formally, the representation ([A, B]) of this environment can be decoded from the
context via a decoding matrix ©, € R (P+p").

C  Opxa
A, Bl =0, PX . 5
(A, B [ Opea D } 5)
From now on, to emphasize that the representation of LQR can be decoded from ©.., we write
C  Opxar
M =0, - pX = [4, B]. 6
9.,C,D { Op’xd D ] [ ] (6)

If it is clear from the context, we ignore [C, D] for notational simplicity. Note the optimal decoder
O, is unknown to the agent and the goal is to learn O, from contexts and interactions with the
environment. Below we formally define the problem that we study.

Definition 3.1 (Contextual Transfer Learning Problem). Build an agent that plays on K LOR games
(one trajectory per game) with context pairs {(CV), D)) (C?) D@ ... (CHE) DEN} ~ g,
Sor some integer K > 0 such that for another new context pair (C, D) ~ p, the agent outputs a
policy w based on (C, D) which satisfies

E[J; (Me, c,p, 1) — J5(Me, c,p, 71)] < €

for some given target accuracy € > 0.

Here K is the sample complexity which ideally scales polynomially with € and problem-dependent
parameters. The performance of the agent can also be measured by regret, as defined below.

= 7 (k) *
Regret(KH) := > J] (M@*7C<k),D<k>, xl) —J; (M@*,C<k>70<k) : xl), %
k=1

where 7(¥) is the policy played at episode k by the agent. This quantity measurse the sub-optimality
of policies the agent played in the first K episodes.

Remark 3.1. We consider matrix-type linear maps from context to the representation only for sake
of presentation. Our algorithm and analysis can be readily extended to other linear maps, e.g.,
[A.(C), B.(D)] := f(C, D) for some unknown linear function f.

4 MAIN ALGORITHM

In this section, we first describe the algorithm and then present its sample complexity guarantees.

Since the decoder is linear, a straightforward algorithm is first to estimate (A, B) using the trajectory
from the single episode with system identification techniques [1974), and then to use linear
regression to estimate the mapping from (C, D) to (A, B). However, this naive algorithm has two
drawbacks. First, estimating (A, B) accurately requires a long horizon. However, in our setup,
we do not have any restrictions on the horizon. To fix this, we stack contexts and observations to
construct a more direct estimate on the decoder (cf. Equation equation[8). Second, in order to achieve
/T-type regret guarantee, one needs to balance exploration and exploitation carefully, but the naive
algorithm does not have such an component. Our algorithm uses UCB to construct a confidence set
which helps balance exploration and exploitation.

Algorithm We describe the high-level idea of the algorithm below. The agent maintains a de-
coder that maps the context (C, D) to the representation (A, B). We denote ©*) the decoder at
the k-th episode. Initially, we know nothing about ., so we initialize our decoder by setting
0 =0 € RY*P. At the k-th episode, the agent plays policy 7(*) and in each time step h € [H —1],

it collects data (k)
(k)
® k) k(R My
Tp Uy 5 Tpi1y 2 <_[ k ]’
D(k)ui)



Under review as a conference paper at ICLR 2020

Algorithm 1 Linear Continuous Control with Contexts

1: Input Total number of episodes K;

2: Initialize OV « 0 € R V) « [0, WL 0 € R?PXY,
3: for episode k = 1,2,..., K do

40 Letal® « @i, VEHD  y®) k) ),

5 Obtain context [C®), D] ~

6: Solve for the present policy:

é(k) = arg min Jik (M@ (k) p(k), Jigk)> (10)
occk) ' '

7 where J7 is given by Equation and C®) is defined in Equation
8: for stage h=1,2,...,H — 1do
9.

: Let the current state be :rgk);
10: Play action u*) « K, (Mg cv) piy) - zF), where K, is defined in Equation@
11: Obtain the next state xiﬂl;
o) 5k
12: Let 2" [ " } ;
D(k)uh
13: Update: V*+D)  y(k+1) szk)z,(Lk)T; .
14: Update: WD oy Zém (Cﬂgﬂl) ;

15:  Compute ©F+DT (V(k+1))71W(k+l);

16: output 0™ where k is chosen from [K] uniformly at random.

where z,(lk) can be viewed as the context regularized observation. We now describe how to obtain

policy 7(¥). We first solve the following optimization problem,

~ . * k
G(k) = arg @Iélé?’w Jl (M@,C(k)}D(k),xg ))

where J; is given by Equation , and the confidence set C(*) will be defined shortly. C(*) represents
our confidence region on ©,. Since we choose the one that minimizes the cost, this represents
the principle “optimism in the face of uncertainty” and it is the key to balance exploration and
exploitation which will be more clear in the proof. Notice that the above optimization problem is a
polynomial optimization problem. Then the policy is given by

(k)
™ (@) = K (M(k)> - where M™) = Mg oo pao 1= %) - [ . y }’

0 DWW

and K, is given by Equation . After episode k € [K]|, we use the following ridge regression
formulation to update decoder

®<k>_<(v<k+1>) W<k+1>) , (®)
where
£ ) L ) ()
% kT Kk’ kT
CSIES 3 3 CECUITSIND 3) S CH
k'=1 h=1 k’'=1 h=1

After playing K episodes, the algorithm outputs a 5) by picking one from {é(k) }re[x) uniformly at
random. Now for a new task with its context, our learned policy map is given by:

VC,D ~ p,x € X, he[H—-1]: %C,D,h(x):Kh(é~ [ g lO) }) - x. 9)

The formal algorithm is presented in Algorithm [T}
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4.1 ALGORITHM ANALYSIS

To present the analysis of the algorithm, we first introduce some assumptions.
Assumption 4.1. The contexts and LOR satisfy the following properties.

Vh € [H], |Pn(M)]||2 < ¢q for some parameter ¢ > 0.
[©:lF < co:
Vhe(2,H]icd: |wnllz <ooand ¥y >0, Elywy,] < exp(y*c}, /2);

Vo € X,uel,(C,D) €supp(p) :  ||Cl2 + [|Dull3 < 3,
Y(C, D) € supp(p),z € X, h € [H|: Kp(Meo, cp) - x €U.

| + Jull3 < 2

where co, Cy,, C; Are some positive parameters.

The first assumption is standard to ensure controllability. The second is a regularity condition on the
optimal decoder ©,. The third assumption imposes almost sure boundedness of the noise w. The
fourth assumption is a regularity condition on the observation. The last assumption guarantees the
optimal controller for the unconstrained LQR problem is realizable in our control set /. Given these
assumptions, We are now ready to define confidence set C(¥) as follows.

¢ ={o: u[(©-0®)Vi(e-6")"] < b,
and Vh € [H], (C, D) € supp(p), |[Pa(Moc.p)ll, <o} (1)

where P, is given by Equation (3) and 3(*) is defined as follows,

Bk = (09 + cw\/2d(logd+plog(1 +EkHCE/p)/2 + logé—l))2. (12)

We remark that C(*) is changing at every episode because we update ©(%) and V' (¥) at every episode.
The size of C(*) is decreasing because V'(¥) is strictly increasing at every episode.

With the above assumptions, the guarantee of Algorithm[I]is formally presented in the next theorem.
Theorem 4.1. Suppose we run Algorithm/[I|for

cg'{,c 1CarCO,C dp2 '1og3(dK5*1)
K > a g

€
episodes, for some parameter C/H’Cq 0 .co ., depending polynomially on H, cq, ¢y, o, cy, Then with
probability at least 1 — 0, we have for Tc p be defined in Equation@

7c,D 7%
GELE (FPr(e.c.e.0,m)) - Ji(0.C.0.D)m)] < (13)

Theorem |13|states after playing polynomial number of episodes, our agent can learn a decoder ©
such that given a new LQR with contexts (C, D), this decoder can turns the contexts into a near-
optimal policy 7¢, p without any training on the new LQR. Note this is the desired agent we want
to build as described in the introduction. We emphasize again that this is the first provably efficient
algorithm that builds a decoder for continuous control environments.

Remark 4.1. Via similar analysis, it is easy to show that if the output O is picked uniformly at
random from {@(k)} e[k the policy achieves similar accuracy.

In fact, Theorem [4.1]is implies by the following regret bound of our algorithm.
Proposition 4.1. With probability at least 1 — 0,
Regret(KH) < ¢y - dY/?p - log®/*(dKHe,d ™) - VKH.

where 'y is a constant depending only polynomially on H, cq, ¢z, Car, Cup-

By the definition of regret, this proposition justifies that the performance of the agent actually im-
proves as it sees more environment.
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5 EXPERIMENTS

In this section, we validate the effectiveness of our algorithm via numerical simulations.

We perform experiments on a path-following task. In this task, we are given a trajectory
25,25, ..., 25 € R% Our goal is to exert forces u,us,...,u, € R? on objects with different

(measurable) masses to minimize the total squared distance Zthl llzn — 23 ||? + ||lu;||3. Each state
xp = [zn;un] € R* is a vector whose first two dimensions represent the current position and the last
two dimension represent the current velocity. In each stage h, we may exert a force uj, € R? on the
object, which produces an accelerations & € R2. The dynamics of the system can be described as
{Zh+1 = Zh + Un (14)

Vpht1 = k- vp +up/m

where 0 < k < 1 is the decay rate of velocity induced by resistance. In our setting, the decay rate
of velocity k is fixed (encoded in ©,), where the mass of the object m is drawn from the uniform
distribution over [0.1, 10]. In our experiments, we set the noise vector wy, in the dynamics of the LQR
system (cf. Equation to be a Gaussian random vector with zero mean and covariance 10=* - I. In
each episode, we receive an object with mass m where m is draw from the uniform distribution over
[0.1, 10], train one trajectory using that object, and the goal is to recover the physical law described
in Equation[T4]so that our model can deal with objects with unseen mass m. Please see Appendix [B]
for the concrete value of ©,, @ and R and the distribution of C' and D.

In our experiments, we use 100 different masses as training masses (fixed among all experiments),
and use 100 different masses as test masses (again fixed among all experiments). All the training
masses and test masses are drawn from the uniform distribution over [0.1,10]. We implement a
practical version of Algorithm[I] In particular, instead of solving the optimization problem in Equa-
tion [10[exactly, we sample 100 different © from C*) uniformly at random, and choose the © which
minimizes the objective function. Moreover, instead of using the theoretical bound for 3*) in Equa-
tion we treat 3(%) as a tunable parameter and set 5(*) = 10* in our experiments to encourage
exploration at early stage of the algorithm. We use two different metrics to measure the accuracy
of the learned model. First, we use ||©; — O, || r where Oy, is calculated in Line [15]to measure the
accuracy of the learned ©. Moreover, using the learned ©, we test on 100 objects whose masses are
the 100 test masses to calculate the control cost 31, ||z — 21 ||2 + || u:]|3. We compare the control
cost of the learned © and the optimal control cost, and use the mean value of the differences (named
mean control error) to measure the accuracy.

In all experiments we fix H = 20. We use three different types of trajectories: unit circle, parabola
y = x? with z € [0, 1] and Lemniscate of Bernoulli with a = lﬂ For all three types of trajectories
we use their parametric equation x = z(t) and y = y(t), divide the interval [0, 1] evenly into H
parts, and set ¢ to be the endpoints of these parts. We use these ¢ values to define the trajectory
27,25, ..., 2} € R%. We set the decay ratio k to be k = 1 or k = 0.7 in our experiments.

We plot the accuracy of the learned model in Figure[I] Here we vary the number of training episodes
(the number of training masses) and observe its effect on the accuracy. It can be observed that our
algorithm achieves an satisfactory accuracy using only 5 episodes. We also illustrate trajectories
obtained by our resulting controllers in Figure [2] From Figure [2] it is clear that as the agent plays
more environments, it can enjoy better performance.

6 CONCLUSION

In this paper, we give a provably efficient algorithm for learning LQR with contexts. Our re-
sult bridges two major fields, learning with contexts and continuous control from a theoretically-
principled view. For future work, it is interesting to study more complex settings, include non-linear
control. Another interesting direction is to design provable algorithm in our setting with safety
guarantees (Dann et al.| 2018)).

'"https://en.wikipedia.org/wiki/Lemniscate_of_Bernoulli,


https://en.wikipedia.org/wiki/Lemniscate_of_Bernoulli

Under review as a conference paper at ICLR 2020

0.201
\ Parabola, k= 1.0 3.0 —— Parabola, k = 1.0
\ ---- Parabola, k = 0.7 ---- Parabola, k = 0.7
\
0.15 \ — Lemniscate, k= 1.0 L 25 —— Lemniscate, k = 1.0
« -=== Lemniscate, k = 0.7 I_%— ---- Lemniscate, k = 0.7
= — Circle, k=10 kS 20 —— Circle, k=1.0
T 010 ---= Circle, k =0.7 €15 ---- Circle, k = 0.7
° g
810
0.05 =
0.5
000 T T T T T 00 T T T T T
2 4 6 8 10 2 4 6 8 10
Number of Episodes K Number of Episodes K
Figure 1: ||© — ©.||r and Mean Control Error.
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Figure 2: Example trajectories produced by the LQR controllers. We test the LQR policy to follow
three types of paths: parabola, circle, and lemniscate. We first train a decoder, then test it on systems
with m = 0.1,k = 0.7 (left column), and m = 1.0,k = 0.7 (right column). Dashed line with
circles:target trajectories. x: optimal policy. o: decoder trained by 1 iteration on randomly drawn
contexts. /\: decoder trained by 3 iterations on randomly drawn contexts. x: decoder trained by 10
iterations on randomly drawn contexts.
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A PROOF OF MAIN RESULTS

This sections devotes to proving the main results. Before we prove Proposition {i.1] let us use it to
prove Theorem 4.1}

Proof of Theorem We rewrite the Equation equation[T3]as follows.

Ec,pEx [Jl%(MG)*,C,Da 331)] —Ec¢.p [Jl* (Me. c,p, 331)}

K
1
=% ZEC,D [J{Tk (Me, c,p: Cﬂl)} —Ecp [Jf (Me, c,p: Zl)}
1 ;( k
= EZ (EC,D [Jf (MG*,C,D7 .%'1)} Jl (MO ,C(k) D), Il) +J1 (MO ,C(&) D(k) «Tl)
k=1

— Jf (M®*7c(k)7D(k), :Cl) + Jl* (M@*7c(k)7D(k), xl) - I['--‘:C?,D [Jf (MQ*,C,D, xl)])

=Ry + Ry + R3
where
a k
Z (IECD J1 (Mo, c.p; x1)} —J7 (Mo, cto ps 331)),
1K
Ry = I ; (Jf (M®*7C(k),D(k>, x1) —Ecp [Jf (M@*7C7D, xl)D’
and
1 & .
R3 = ? ; (J{l' (Me*,C(k),D(kM .’L'l) - Jik (Me*,c(k),D(kh 1’1))

Let F, be the filtration of fixing all randomness before episode k. We have R; and R, are Martingale
difference sum. Note that the magnitude of each summand in R; or R, is upper bounded by (proved

in Lemma[A3]and [A24),

Hcye,

almost surely. Therefore, by Azuma’s inequality (Theorem [A.T), we have, with probability greater
than 1 — /2,

210g(8/0)
— 7
Moreover, by Proposition we have with probability greater than 1 — /2,

‘R1| + ‘R2| < QHCQCQ; .

H

|Rs| < c-d"/?p-log®/*(dKH6) - e

where c is constant depending only polynomially on H, ¢y, ¢., cps, and ¢,,. Combining the above
two inequalities, and setting K appropriately, we complete the proof of Theorem [d.1] O

A.1 USEFUL CONCENTRATION BOUNDS

Before we prove the main proposition, we first recall some useful concentration bounds.

Theorem A.1 (Azuma’s inequality). Assume that {Xs}s>0 is a martingale and | Xs — X,_1| < ¢
almost surely. Then for allt > 0 and all € > 0,

—e2
Pr |:|Xt7XO| ZG:I SQGXP (222103 .

11
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Theorem A.2 (Martingale Concentration, Theorem 16 of|Abbasi- Yadkori & Szepesvari|(2011)). Let
Fi;t > 0be afiltration, (z;t > 0) be an R%-valued stochastic process adapted to (Fy). Let (n;;t >
1) be a real-valued martingale difference process adapted to Fy. Assume that n; is conditionally

sub-Gaussian with constant L, i.e.,
vy >0 :ElymlFi] < exp(v?L?/2).

Consider the following martingale

t
Sy = Z Nrzt—1
T=1

and the matrix-valued processes

t
Vi=I+) zazl,.
T=0

Then for any 6 € (0, 1), with probability at least 1 — 6,

det(V;)1/2
VE>0, |8}, < 2L%log (e(t)>

§
where HStH%/t,l =8 V1S,

A.2 PROOF OF PROPOSITION[4.]]

In this section, we prove the main proposition. We first bound det(V (*)) for any k.
Lemma A.1. Forall k € [K],

det(V™) < (1+kHc2 /p)".

Proof. Since V(¥) is PD, we have,

k H-1 , p
det(V?) < (6x(V¥)/p)" < (1 + 503 §/p> .
k'=

1 h=1

By Assumption we have ||z;(Lk/) |2 < 2. This completes the proof.

Let us then define an event F, as follows.
Definition A.1 (Good Event). We define event Ej, as {Vk' < k : 0, € C*)}.

We then show that the event Ej, happens with high probability.
Lemma A.2. Forall k € [K], we have Pr[E}y] > 1 — 0.

Proof. Now we consider O, — ©*), We immediately have

k H-1
k
0] —eWT =g — (v*)- ( Z (0.2 + w;gy)

k'=1 h=1
k H-1 E H-1
K'Y (k)T
:< V(k) 12222 )z,(l)) V(k) 12 z
k=1 h=1 k=1 h=1
Next, we have
(0, —0My® @, — k)T
k H-1 T E H-1
_@*< V(k Z Z Z(k) (k) ) v (k) <I— (V(k))ﬂ Z
k=1 h=1 k=1 h=1

12

(KT
h+1 '
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k H-1 / T k H-1
ICACEATRD D E L B D) DE ot
k'=1 h=1 k'=1 h=1
k H-— k H-1
KT k T
D EL (RIUTED b SE S
'=1 h=1 k'=1 h=1
k H-1 ) k H-1 )
ENT k k)T
DI ITHERUTLED b R
k'=1 h=1 '=1 h=1

Note that Zk, SR UDT — oy ) T and thus (V0)=1 Y0k, 10T
— (V(®))~1 Hence we have

tr[(@* —ek)y®(e, —e™)T]

k H-1 k H-1
N )T )T

= 110" yiory + 20 (@, (VE) ST ST AT 4 [ 303 2w H(W-l
k'=1 h=1 k'=1 h=1
k H-1 ST 9

2

< 1Ollfymy- +2H@* W1 Z Z h+1 H(v<k)) . H Z Z “h Whi H(v(m—l

k’'=1 h=1 k'=1 h=1

where || X[ := tr(X "V X) and the last inequality uses Cauchy-Schwartz inequality. Notice that
10l vay-1 < [|Oxllr-

Moreover, we have

kE H-1 ) ( kE H-1
(k kDT (k)\—1/2
DI M (VAR 9) DE e
k'=1 h=1 k'=1 h=1
kE H-1
=3 [y ST w0
J€[d] k’=1 h=1

k H-
=ZHZZ wily o
jeld) k=1 h=1

By Theorem[A.2] we have, for every j € [d], with probability at least 1 — & /d, we have,

k H-1

H Z Z whHJ

k'=1 h=1

(V=1

< 2¢2 log(d det(V*)1/2 /),

(V)=

By an union bound, we have, with probability at least 1 — 6,

|55 o

k’=1 h=1

< 2dc? log(d det(VF)1/2 /).

(V()-1

Plugging to tr [(6)* - G)(k))V(k) (O, — G(k))T] , we have, with probability at least 1 — 6,

2
tr[(0, —0®)yv® (e, —e™)T] < (c@ + Cu \/2dlog(d det(V(k))1/2/5))

2
< (ce + cu,\/Qd(logd+plog(1 +EkHCE/p)/2 + log6—1)) .

This completes the proof.

We define I, as the indicator for Ex happens. We denote

MY = Mg, corpor, MP = Moo cw poo, and g = [2377, a7,

13
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On E}, we have .
Vke[K]: Jr(M® by < gr ok,

We denote A%) .= J;[k (Mik) x1) — J*(Mik) x1). We can rewrite equationlﬂas

K
Regret (K H) Z]IEk '+ (1 —-1g)A%),
k=1

where the second term is non-zero with probablhty less than 4. For the first term, we have
k — ~
I, AW < Ig [J7 (MY 20) — S5 (MW, 21))] = Ig, - AP,

where (&) A N
Ah = '];LT (M* ,Hl‘h) _J;(M(k)amh)

Let us consider ﬁgk) We denote filtration Fy, 5, as fixing the trajectory up to time (k, k) and all
{C*) DENY g,
We have
-~ k
AY =2 Q) + i Ruuy? + B0 I Y 1)) | Fil
k)T Qn x(k) _ (k)TR u(k)
_F MF) ( B NTp (MFYV MR 5 (k) k) y | F
W), ( +wy 1) Phya( ) +w, 1) | Fen
— Chyr (MR
k
:Ew}(lk)l[J}TJrl(M’E Vot ) | Finl

B [0 10l Py ()T 49 ) | i

Whit h+1
— Cpr (MR
=E,,00 [ (M, 2l | Fen = I P 2f0) + 97 (P aff))
— (]Tj(k) (k))TPh+1(M(k))(M(k) ) Ch1 (M)
7]Ew§f+>1 ( 2]21) Phpa (M®) h+1|}—kh}
=03 + I (M i)y — (M ) PhH(M(k))(M(k)z;f))_chﬂ(]\“j(k))
_]E%kﬁl (xgzzl M® (k)) Py (Igﬁ M’Sk)zék)) |]__k7h]
=5+ T (M2l - (1 > TP () (1051 = i (W)
_]Ewm1 (:cggl) Py (M (k))<xh+1) | F. ] (Mggk)z(k))TPthl(]’\}[“(k))(Mik)zlgk))
=0+ 03" 0, 4 T (M) = Ty (O i)
where
00 = By [T (M ) | Fion) = I (MO i) (15)

o ) = (5”2]21) Ph+1(M(k))(x§ﬁ21) Ew;’“ﬁl [(xh-f—l) Ph+1(M(k))(x§521) | ]:k’h] (16)
6“(]“) (M(k) (k)) (M(k))( M )Z;(lk)) _ (M(k)zék))TPh+1(M(k))(M(k)z}(Lk)), (17)

By induction, we have
k H-1

k
SAP <SS (67 465 1 6,™).
k=

k'=1 1 h=1

Notice that 5}(11@) and 6,(116) are Martingale difference adapted to F} . We can well bound the sum of
them via Azuma’s inequality.

14
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Lemma A3, Forall h € [H], |Jr (MY, 2) < (H-h+1)-¢; s

Proof. Prove by induction on h. The base case J}}k(Mik),x%C)) = xg;)TQngf) < ¢4c? holds
straightforwardly. Consider an arbitrary i < H, we have

J;’:k(Mik),zzk)) = :cék)TQ (k)+u TR, u;bk)JrE ® [T} _H(M(k) xh+1) | Fien) < cqcat(H—h)-cqcy

as desired. ]

Lemma A4. Forall x € X, we have I, |J;(M(k), z)| < ¢qcq.
Proof. Follows from Assumption [4.1] O
We are now ready to prove Proposition 1]

Proof of Proposition4.1] Thus by Azuma’s inequality, we have, with probability at least 1 — ¢,

k H—1 5
‘ Z Z (5}(116)’ < \/QkH- [(H — h+1)gc, + cch,;]2 -logg.
k'=1 h=1

And, with probability at least 1 — 6,

’ 2
5h(k)‘ < \/Sk:H . cgc?] -log 5

k H-1 k H-1 k H-—
(ke "k % k
PIDILIES SIS > [1Pas (F®)12 (RO y) |3 — || P (R0 () 3
k'=1 h=1 k’=1 h=1 k’=1 h=1
H-1

(1P L) (M Ny [~ | Pagea (M) 2 (M52 )

M=

k — — — 271/2
<[ 3 (I1Pua )2 (AT y D) 15— (| Paa (M) 2 () 1) ]
k'=1 h=1
L= (kN2 (7 k), (k) Ar(RNL/2 (%, (k) 12
22D (1B (AIO) 2 (Mg s + | P (AT0) 2 (5 2) |
k'=1 h=1

Notice that || P, 1 (M &) Y2(ME) ™ |1y < cyepce and [|Pyyr (ME)Y2(M*yP) |y < cqes.
Hence
L, A7 (k)\1/2 k) A7 (k)\1/2 /2
[0 3 | (1Pasa BTN 2 (TR ) ]y + | Pasa (BT 2 (0148 2]
k’=1 h=1

< \JRH - (cqes(1+ co))?.
Moreover, by triangle inequality, we have
[1Pat (B0) /2 (BT Ry s — || Pae (A1) /2 (a1 |

< [P (M2 (1R — ar*) i

- U
ch||(M(k)_M )i‘/}(l)Hz

. ) o
< e[ (M®) — M) (VN2 () =172, ()

15
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N . , -
< gl | (M®) — M) (VL2 ]| (V) =172
< cq - V/BE - [[(VI)T1/2y ),
y Assumption 2, we also have Ay 2 < |[(y 2 < \/c,. Hence,
By A ion 2, we also have ||(V (%)) ~1/2y/(*) (k) H
k Tr(k « (k
101 (M) (AT Oy g — || P (1072 (31793 .o

< cqv/Cr - v/ B - min (||(VE) 71245 1)

Combining the above equations, we have,

H-1

k H-1 k
|30 360 ®) < B (et + o)) cq/er - VEP (| 03 min (V) =12y 3,1)
k=1

k'=1 h=1 h=1

H-1

k
< 2/22cq /B - Z Z (1 + (V)= 1/2y}(Lk)||g) EH.

Lastly, by Lemma 8 of [Yang & Wang (2019), we have

k H-1
>3 tog (14 (V) 2P 3) < 2H log det(vVH).
k’=1 h=1

Together with Lemma(A.T] we have

2H log det(V®)) < 2Hp - log (1 + kHc2 /p).

Overall, we have,
k H-1

‘ Z Z (5 ‘ < 203/20209 \/2Hp log (1+kHc2/p) - (B*) - kH.
k=1 h=1
Putting everything together, with probability at least 1 — 29, we have
K H-1 , B
reg(KH) Z Z 5h(k) + 5h(k))
k'=1 h=1

2 2
< \/2KH~ [(H — h+1)cyey +cqcm]2 ~10g5 + \/8KH~c%c§olog5

267 cce - \[2Hp log (1 + KHe2 Jp) - (50) - KH
<cpg-dY?p-log**(dKHAY) - VKH,

where cy is a constant depending on H, ¢4, ¢, co and ¢,,. O]

B CONCRETE CHOICE OF THE PARAMETERS

We further augment the state so that the first coordinate is a constant with value 1. More specifically,
we set the state z, = [1; z; v5] € R5. We set

I3 —2
Qh = —Z;; I 0
0 0 0
so that for any state xp,, z1 Qnry = ||2n, — 2} ||3. We set Rj, = I with size 2 x 2. We set
1 0 0 0 0 0 O
01 01 0 0 O
0, = 00 1 0 1 0 0 ,
00 0 k£ 0 10
00 0 0 k£ 01

C' to be the 5 x 5 identity matrix and D to be I/m with size 2 X 2 where m is sampled from the
uniform distribution over [0.1, 10], to represent the physical law in Equation
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