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ABSTRACT

It is important to collect credible training samples (x,y) for building data-
intensive learning systems (e.g., a deep learning system). In the literature, there is
a line of studies on eliciting distributional information from self-interested agents
who hold a relevant information. Asking people to report complex distribution
p(zx), though theoretically viable, is challenging in practice. This is primarily
due to the heavy cognitive loads required for human agents to reason and report
this high dimensional information. Consider the example where we are inter-
ested in building an image classifier via first collecting a certain category of high-
dimensional image data. While classical elicitation results apply to eliciting a
complex and generative (and continuous) distribution p(x) for this image data, we
are interested in eliciting samples x; ~ p(x) from agents. This paper introduces a
deep learning aided method to incentivize credible sample contributions from self-
ish and rational agents. The challenge to do so is to design an incentive-compatible
score function to score each reported sample to induce truthful reports, instead of
an arbitrary or even adversarial one. We show that with accurate estimation of a
certain f-divergence function we are able to achieve approximate incentive com-
patibility in eliciting truthful samples. We then present an efficient estimator with
theoretical guarantee via studying the variational forms of f-divergence function.
Our work complements the literature of information elicitation via introducing
the problem of sample elicitation. We also show a connection between this sam-
ple elicitation problem and f-GAN, and how this connection can help reconstruct
an estimator of the distribution based on collected samples.

1 INTRODUCTION

The availability of a large quantity of credible samples is crucial for building high-fidelity machine
learning models. This is particularly true for deep learning systems that are data-hungry. Arguably,
the most scalable way to collect a large amount of training samples is to crowdsource from a decen-
tralized population of agents who hold relevant sample information. The most popular example is
the build of ImageNet (Deng et all, Z00Y).

The main challenge in eliciting private information is to properly score reported information such
that the self-interested agent who holds a private information will be incentivized to report truthfully.
At a first look, this problem of eliciting quality data is readily solvable with the seminal solution
for eliciting distributional information, called the strictly proper scoring rule (Brier, T950; Winkled,
[96Y; Savage, TY71; Mafheson & Winkled, T976; lose ef all, P006; Gneiting & Ratteryl, Z007): sup-
pose we are interested in eliciting information about a random vector X = (X1,...,X4-1,Y) €
Q) C R?, whose probability density function is denoted by p with distribution P. As the mechanism
designer, if we have a sample x drawn from the true distribution P, we can apply strictly proper scor-
ing rules to elicit p: the agent who holds p will be scored using S(p, ). S is called strictly proper
if it holds for any p and q that E,p[S(p, )] > E,~p[S(q, z)]. The above elicitation approach has
two main caveats that limited its application:

e When the outcome space || is large and is even possibly infinite, it is practically impossible for
any human agents to report such a distribution with reasonable efforts. This partially inspired a
line of follow-up works on eliciting property of the distributions, which we will discuss later.

e The mechanism designer may not possess any ground truth samples.
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In this work we aim to collect credible samples from self-interested agents via studying the problem
of sample elicitation. Instead of asking each agent to report the entire distribution p, we hope
to elicit samples drawn from the distribution P truthfully. We consider the samples =, ~ P and
z, ~ Q. In analogy to strictly proper scoring rules?, we aim to design a score function S s.t.
Eyp[S(zp,2")] > Epup[S(x4,2)] for any ¢ # p, where 2’ is a reference answer that can be
defined using elicited reports. Often, this scoring procedure requires reports from multiple peer
agents, and =’ is chosen as a function of the reported samples from all other agents (e.g., the average
across all the reported xs, or a randomly selected x). This setting will relax the requirements of high
reporting complexity, and has wide applications in collecting training samples for machine learning
tasks. Indeed our goal resembles similarity to property elicitation (Lamberf ef-all, PO0R; Sfeinwari
ef_all, P0T4; Frongillo & Kash, Z0T5K), but we emphasize that our aims are different - property
elicitation aims to elicit statistical properties of a distribution, while ours focus on eliciting samples
drawn from the distributions. In certain scenarios, when agents do not have the complete knowledge
or power to compute these properties, our setting enables elicitation of individual sample points.

Our challenge lies in accurately evaluating reported samples. We first observe that the f-divergence
function between two properly defined distributions of the samples can serve the purpose of incen-
tivizing truthful report of samples. We proceed with using deep learning techniques to solve the
score function design problem via a data-driven approach. We then propose a variational approach
that enables us to estimate the divergence function efficiently using reported samples, via a varia-
tional form of the f-divergence function, through a deep neutral network. These estimation results
help us establish an approximate incentive compatibility in eliciting truthful samples. It is worth
to note that our framework also generalizes to the setting where there is no access to ground truth
samples, where we can only rely on reported samples. There we show that our estimation results
admit an approximate Bayesian Nash Equilibrium for agents to report truthfully. Furthermore, in
our estimation framework, we use a generative adversarial approach to reconstruct the distribution
from the elicited samples.

We want to emphasize that the deep learning based estimators considered above are able to handle
complex data. And with our deep learning solution, we are further able to provide estimates for the
divergence functions used for our scoring mechanisms with provable finite sample complexity. In
this paper, we focus on developing theoretical guarantees - other parametric families either can not
handle complex data, e.g., it is hard to handle images using kernel methods, or do not have provable
guarantees on the sample complexity.

Our contributions are three-folds. (1) We tackle the problem of eliciting complex distribution via
proposing a sample elicitation framework. Our deep learning aided solution concept makes it prac-
tical to solicit complex sample information from human agents. (2) Our framework covers the
case when the mechanism designer has no access to ground truth information, which adds contri-
bution to the peer prediction literature. (3) On the technical side, we develop estimators via deep
learning techniques with strong theoretical guarantees. This not only helps us establish approxi-
mate incentive-compatibility, but also enables the designer to recover the targeted distribution from
elicited samples. Our contribution can therefore be summarized as

“eliciting credible training samples by deep learning, for deep learning".

1.1 RELATED WORKS

The most relevant literature to our paper is strictly proper scoring rules and property elicitation.
Scoring rules were developed for eliciting truthful prediction (probability) (Bried, T950; Winklex,
[96Y; Savage, 1971; Matheson & Winkler, 1976; lose_ef all, 2006; Gneiting & Raftery], 2007). Char-
acterization results for strictly proper scoring rules are given in McCarthy| (T956); Savage (I97T);
Gneiting & Kaftery] (Z007). Property elicitation notices the challenge of eliciting complex distri-
butions (Lamberf_ef all, PO0OR; Sfeinwart_ef all, P014; Frongillo & Kash, Z0T5K). For instance,
Abernethy & Frongillg (P017) characterize the score functions for eliciting linear properties, and
Frongillo & KasH (Z0154) study the complexity of eliciting properties. Another line of relevant
research is peer prediction, where solutions can help elicit private information when the ground
truth verification might be missing (De ATfaro"ef all, POTA; Gao ef all, POTA; Kong et all, POTH,;

' Our specific formulation and goal will be different in details.
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Kong & Schoenebeck, POIR; 20TY9). Our work complements the information elicitation literature
via proposing and studying the question of sample elicitation via a variational approach to estimate
f-divergence functions.

Our work also extends the line of work on divergence estimation. The simplest way to estimate
divergence starts with the estimation of density function (Wang_et all, P003; Cee & Parki, 20O0A;
Wang et all, P009; Zhang & Grabchak, P0T4; Han"ef"all, POITA). Another method based on the
variational form (Donsker & Varadhan, [975) of the divergence function comes into play (Bronia
towski & Keziou, 2004; 200Y; Neuyen et all, ZO10; Kanamori et all, PO11; Ruderman et all, 201/
Sugivama et all, Z017), where the estimation of divergence is modeled as the estimation of density
ratio between two distributions. The variational form of the divergence function also motivates the
well-know Generative Adversarial Network (GAN) (Goodfellow ef all, P0T14)), which learns the dis-
tribution by minimizing the Kullback-Leibler divergence. Follow-up works include Nowozin ef all
(2018); Arjovsky et al] (2017); Gulrajani et al] (2017); Bellemare ef all (201°7), with theoretical anal-
ysis in Cancef-all (PZ0T7); Arora_ef all (2Z017); Ciang (P0TX); Gaoef-all (20T9). See also Gao efall
(20177); Buef all (ZOIR) for this line of work.

1.2 NOTATIONS

For the distribution P, we denote by P,, the empirical distribution given a set of samples {x;} ,
following P, ie., P, = 1/n- > 1, d,,, where d,, is the Dirac measure at z;. We denote by
[olls = (L, 0@ ]*)!/* the £, norm of the vector v € RY where 1 < s < oo and v(®) s the i-th
entry of v. We also denote by [|[v|l = max;<i<q|v'?| the £s, norm of v. For any real-valued
continuous function f: X — R, we denote by || f||._ ) := [ [ |f(2)[® dP]'/* the L4(P) norm of f
and || f||s == [[5 [ f(2)]° dp]'/® the L, (1) norm of f(-), where y is the Lebesgue measure. Also, we
denote by || f|loc = sup,cx |f(2)| the Lo, norm of f(-). For any real-valued functions g(-) and h(-)
defined on some unbounded subset of the real positive numbers, such that h(«) is strictly positive
for all large enough values of «, we write g(a) < h(a) and g(a) = O(h(w)) if |g(a)| < ¢ h(a)
for some positive absolute constant ¢ and any @ > «a, where « is a real number. We denote by [n]
the set {1,2,...,n}.

2 PRELIMINARY

We formulate the question of sample elicitation.

2.1 SAMPLE ELICITATION

We consider two scenarios. We start with an easier case where we, as the mechanism designer, have
access to a certain number of group truth samples. This is a setting that resembles similarity to the
proper scoring rule setting. Then we move to the harder case where the inputs to our mechanism can
only be elicited samples from agents.

Multi-sample elicitation with ground truth samples. Suppose that the agent holds n samples,
with each of them independently drawn from PP, i.e., x; ~ P ? for i € [n]. The agent can report each
sample arbitrarily, which is denoted as 7;(z;) : Q@ — €. There are n data {7} };c[,) independently
drawn from the ground truth distribution Q®. We are interested in designing a score function S(-)
that takes inputs of each r;(-) and {r;(z;), 2} }jcn: S(ri(z:), {7j(x;), ¥} }je(n)) such that if the
agent believes that 2* is drawn from the same distribution * ~ I, then for any {r;(-)} [}, it holds
with probability at least 1 — § that

> Eppenp [S(Iu{fjax;}je[n])] > Eopnp [S(m(mi), {rj(xj),rj}je[n])] —n-e
=1 =1

>Though we use z to denote the samples we are interested in, 2 potentially includes both the feature and
labels (z, y) as in the context of supervised learning.

3The number of ground truth samples can be different from n, but we keep them the same for simplicity of
presentation. It will mainly affect the terms ¢ and € in our estimations.
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We name the above as (J, €)-properness (per sample) for sample elicitation. When § = € = 0, it is
reduced to the one that is similar to the properness definition in scoring rule literature (Gneiting &
Raftery,, P007). We also shorthand r; = r;(x;) when there is no confusion. Agent believes that her
samples are generated from the same distribution as of the ground truth samples, i.e., P and Q are
same distributions.

Sample elicitation with peer samples. Suppose there are n agents each holding a sample z; ~ P;,
where the distributions {P; },¢[,) are not necessarily the same - this models the fact that agents can
have subjective biases or local observation biases. This is a more standard peer prediction setting.
We denote by their joint distribution as P =Py x Py x ... X P,,.

Similar to the previous setting, each agent can report her sample arbitrarily, which is denoted as
ri(z;) : & — Qfor any i € [n]. We are interested in designing and characterizing a score func-
tion S(-) that takes inputs of each r;(-) and {r;(x;)};j2:: S(ri(z:),{r;(z;)};x:) such that for any
{r;(*)}jem- it holds with probability at least 1 — 0 that

Eznp {S(xu {rj(z;) = a:j}#i)] > Epnp [S(T(%‘)’ {rj(z;) = xf}i#)} —¢

We name the above as (6, ¢)-Bayesian Nash Equilibrium (BNE) in truthful elicitation. We only
require that agents are all aware of above information structure as common knowledge, but they do
not need to form beliefs about details of other agents’ sample distributions. Each agent’s sample is
private to herself.

2.2 f-DIVERGENCE

It is well known that maximizing the expected proper scores is equivalent to minimizing a corre-
sponding Bregman divergence (Gneiting & Rafteryl, 2007). More generically, we take the perspec-
tive that divergence functions have great potentials to serve as score functions for eliciting samples.
We define the f-divergence between two distributions P and Q with probability density function p
and g, respectively, as

Dy(qllp) = /p(rf)f@gg) dp. 2.1

Here f(-) is a function satisfying certain regularity conditions, which will be specified later. Solving
our elicitation problem involves evaluating the D (¢||p) successively based on the distributions P
and Q, without knowing the probability density functions p and g. Therefore, we have to resolve to
a form of D (q||p) which does not involve the analytic forms of p and ¢, but instead sample forms.
Following from Fenchel’s convex duality, it holds that

Dy(gllp) = maxEq~qt(x)] - E.~p[f1(t(2))], (22)

where f7(-) is the Fenchel duality of the function f(-), which is defined as fT(u) = sup,cg{uv —
f(v)}, and the max is taken over all functions ¢(-): Q@ C RY — R.

3 SAMPLE ELICITATION: A GENERATIVE ADVERSARIAL APPROACH

Recall from (Z72) that D (g||p) admits the following variational form:
Dy (allp) = maxEsnglt(e)] — Eonrlf(#())]. 3.1

We highlight that via functional derivative, (B)) is solved by t*(z;p,q) = f'(6*(z;p,q)), where
0*(x;p,q) = q(z)/p(x) is the density ratio between p and ¢. Our elicitation builds upon such a
variational form (BI) and the following estimators,

t(5p,q) = ar§({r)lin Eonp, [f1(#(2))] = Eong, [t(2)],

Dy(qllp) = Eong, [f()] — Eqnz, [T ().
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3.1 ERROR BOUND AND ASSUMPTIONS

Suppose we have the following error bound for estimating D (g¢||p): for any probability density
functions p and ¢, it holds with probability at least 1 — §(n) that

[Dy(dllp) = Ds(alp)] < e(n), (3.2)
where d(n) and ¢(n) will be specified later in Section B. To obtain such an error bound, we need the
following assumptions.

Assumption 3.1 (Bounded Density Ratio). The density ratio 8*(z;p, q) = g(x)/p(z) is bounded
such that 0 < 6y < 6* < 6; holds for positive absolute constants 6 and 6;.

The above assumption is standard in related literature (Nguyen et all, 2OT0; Suznki_ef-all, 2O0S),
which requires that the probability density functions p and g lie on a same support. For simplicity of
presentation, we assume that this support is 2 C R%. We define the 3-Holder function class on €2 as
follows.

Definition 3.2 (5-Holder Function Class). The 8-Holder function class with radius M is defined as

0°t(z) — Ot
@M=Ly acrRi SR Y [0t Y sup 1ZHE MW
o yEQ Tt ||95— Hﬂ 18]
lelli<p lali=18] WY HT7Y Ylleo

where 0% = 9%t ... 9% with a = (g, ..., aq) € N7,

We assume that the function ¢*(+; p, q) is S-Holder, which guarantees the smoothness of t*(+; p, q).

Assumption 3.3 (3-Holder Condition). The function t*(+;p, q) € Cg (Q, M) for some positive ab-
solute constants M and (3, where Cg (Q, M) is the 8-Holder function class in Definition B2.

In addition, we assume that the following regularity conditions hold for the function f(-) in the
definition of f-divergence in (Z).

Assumption 3.4 (Regularity of Divergence Function). The function f(-) is smooth on [fy, 6] and
f(1) = 0. Also, it holds that

(i) fis po-strongly convex on [0y, 0], where pq is a positive absolute constant;
(ii) f has Lo-Lipschitz continuous gradient on [y, 01], where L is a positve absolute constant.

We highlight that we only require that the conditions in Assumption B2 hold on the interval [y, 61],
where the absolute constants 6y and 6; are specified in Assumption B-ll. Thus, Assumption B4 is
mild and it holds for many commonly used functions in the definition of f-divergence. For example,
in Kullback-Leibler (KL) divergence, we take f(u) = — logu, which satisfies Assumption B4; in
Jenson-Shannon divergence, we take f(u) = ulogu — (u + 1)log(u + 1), which also satisfies
Assumption B-4.

We will show that under Assumptions B, B3, and B4, the bound (B82) holds. See Theorem B2 in
Section @ for details.

3.2 MULTI-SAMPLE ELICITATION WITH GROUND TRUTH SAMPLES

In this section, we focus on multi-sample elicitation with ground truth samples. Under this setting,
as a reminder, the agent will report multiple samples. After the agent reported her samples, the
mechanism designer obtains a set of ground truth samples {2 };c[,) ~ Q to serve the purpose of
evaluation. This falls into the standard strictly proper scoring rule setting.

Our mechanism is presented in Algorithm [I.

Algorithm [ consists of two steps: step 1 is to compute the function f(-; P, q), which enables us, in
step 2, to pay agent using a linear-transformed estimated divergence between the reported samples
and the true samples. We have the following result.

Theorem 3.5. The f-scoring mechanism in Algorithm [ achieves (2d(n), 2be(n))-properness.

"
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Algorithm 1 f-scoring mechanism for multiple-sample elicitation with ground truth

1. Compute

t(sp,9) = ar§({r)11n Eop, [f1(#(2))] — Eo-no, [t(a"))-

2. For i € [n], pay reported sample r; using

S(ris {rj, 25}j=1) == a = b(Bung, [H(;p, 9)] — f1(E(ris p,)))
for some constants a, b > 0.

The proof is mainly based on the error bound in estimating f-divergence and its non-negativity.
Not surprisingly, if the agent believes her samples are generated from the same distribution as the
ground truth sample, and that our estimator can well characterize the difference between the two set
of samples, she will be incentivized to report truthfully to minimize the difference. We defer the
proof to Section Bl

3.3 SINGLE-TASK ELICITATION WITHOUT GROUND TRUTH SAMPLES

The above mechanism in Algorithm [, while intuitive, has the following two caveats:

e The agent needs to report multiple samples (multi-task/sample elicitation);
e Multiple samples from the ground truth distribution are needed.

To deal with such caveats, we consider the single point elicitation in an elicitation without verifica-
tion setting. Suppose there are 2n agents each holding a sample z; ~ IP; . We randomly partition
the agents into two groups, and denote the joint distributions for each group’s samples as P and Q
with probability density functions p and ¢ for each of the two groups. Correspondingly, there are a
set of n agents for each group, respectively, who are required to report their single data point accord-
ing to two distributions P and Q, i.e., each of them holds {z} };c(,) ~ P and {z };c(,) ~ Q. As an
interesting note, this is also similar to the setup of a Generative Adversarial Network (GAN), where
one distribution corresponds to a generative distribution « | y = 1, and another = |y = 0. This is a
connection that we will further explore in Section B to recover distributions from elicited samples.

We denote by the joint distribution of p and g as p & ¢ (distribution as P & Q), and the product of
the marginal distribution as p X ¢ (distribution as P x Q). We consider the divergence between the
two distributions:

Ds(p®qllp x q) = rgl(a)xExw@@[t(X)] — Ex~pxolfT(#(x))].

Motivated by the connection between mutual information and KL divergence, we define general-
ized f-mutual information in the follows, which characterizes the generic connection between a
generalized f-mutual information and f-divergence.

Definition 3.6 (Kong & Schoenebeck (Z019)). The generalized f-mutual information between p
and q is defined as

It(piq) = Dy(p® qllp x q)

Further it is shown in Kong & Schoenebeck (PZ0T8; P0TY) that the data processing inequality for
mutual information holds for I (p; ¢) when f is strictly convex. We define the following estimators,

tsp@apxq) = arg(rr)lin Ex~?,x0, [/ (1(x))] = Ex~p, 00, [t(X)],
t(-

Di(p @ qllp * q) = Exnrr 00, [[(x:0 © 0,1 % @)] — Exwr, x0, [fTExp @ a0 x 0))], (3.3)

where P,, and Q,, are empirical distributions of the reported samples. We denote x ~ P,, & Q,, | r;
as the conditional distribution when the first variable is fixed with realization r;. Our mechanism is
presented in Algorithm D.

*This choice of 2n is for the simplicity of presentation.
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Algorithm 2 f-scoring mechanism for sample elicitation

1. Compute (-;p ® ¢,p X q) = argmin, ) Exp, xq, [T (t(x))] = Bx~p, 30, [t(X)].
2. Pay each reported sample r; using:

S(ris {ri}izi) = a+b(Exnp, w0, m EXD D¢ 0 X Q)] — Exup, xo, m Lf T EX 0@ q,p % q))])

for some constants a, b > 0.

Similar to Algorithm [, the main step in Algorithm D is to estimate the f-divergence between P,, x
Q,, and P,, ® Q,, using reported samples. Then we pay agents using a linear-transformed form of it.
We have the following result.

Theorem 3.7. The f-scoring mechanism in Algorithm @ achieves (26(n), 2be(n))-BNE.

The theorem is proved by error bound in estimating f-divergence, a max argument, and the data
processing inequality for f-mutual information. We defer the proof in Section B2.

The job left for us is to establish the error bound in estimating the f-divergence to obtain €(n) and
d(n). Roughly speaking, if we solve the optimization problem (B3) via deep neural networks with
proper structure, it holds that

8(n) = exp{—n(d=20)/2B+d) 1ogld 1 e(n) = c-n =2/ 1607y,

where c is a positive absolute constant. We state and prove this result formally in Section H.

Remark 3.8. (1) When the number of samples grows, it holds that §(n) and €(n) decrease to 0
at least polynomially fast, and our guaranteed approximate incentive-compatibility approaches a
strict one. (2) Our method or framework handles arbitrary complex information, where the data
can be sampled from high dimensional continuous space. (3) The score function requires no prior
knowledge. Instead, we design estimation methods purely based on reported sample data. (4) Our
framework also covers the case where the mechanism designer has no access to the ground truth,
which adds contribution to the peer prediction literature. So far peer prediction results focused
on eliciting simple categorical information. Besides handling complex information structure, our
approach can also be viewed as a data-driven mechanism for peer prediction problems.

4 ESTIMATION OF f-DIVERGENCE

In this section, we introduce an estimator of f-divergence and establish the statistical rate of con-
vergence, which characterizes e(n) and d(n). For the simplicity of presentation, in the sequel, we
estimate the f-divergence D (q||p) between distributions IP and Q with probability density functions
p and ¢, respectively. The rate of convergence of estimating f-divergence can be easily extended to
that of mutual information.

By Section B, estimating f-divergence between P and Q is equivalent to solving the following opti-
mization problem,

t(5p,q) = ar§(§glinEx~P[fT(t(x))] — Eenglt()],

Dy(allp) = Eonglt* (39, @)] — Eone[f (t* (230, 9))). @1
In what follows, we propose an estimator of D¢(g||p). By Assumption B3, it suffices to solve (&)

on the function class Cg (Q2, M). To this end, we approximate solution to (B-1) by the family of deep
neural networks.

We now define the family of deep neural networks as follows.

Definition 4.1. Given a vector k = (ko,...,kr+1) € NIH2 where kg = d and kz 1 = 1, the
family of deep neural networks is defined as

(L, k) = {p(x; W,v) = Wi 10y, - Wao, Wiz: W; € R >Fi-1 g e RF 1

Here we write o, (x) as o(xz — v) for notational convenience, where o(-) is the ReLU activation
function.
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To avoid overfitting, the sparsity of the deep neural networks is a typical assumption in deep learn-
ing literature. In practice, such a sparsity property is achieved through certain techniques, e.g.,
dropout (Srivasfava ef-all, D0T4), or certain network architecture, e.g., convolutional neural network
(Krizhevsky et all, Z017). We now define the family of sparse networks as follows,

Prr(Lyk,5) ={p(a; Wyv) € B(L,d): [|@lloc < M, [[Wjlloo < 1forj € [L+1],

L+1 L
[vjlloe < 1forj € [L], Y [IWjllo+ > lvllo < s}, “2)
j=1 j=1

where s is the sparsity. In contrast, another approach to avoid overfitting is to control the norm of
parameters. See Section B for details.

We now propose the following estimators

Ha;p,q) = argmin Buep, [f1(H(2))] — Eong, [H(2)],
te‘bzu(L,k),S)

Dy(gllp) = Eang, [0z p, @) = Eunp, [T (H(:p, ). 4.3)
The following theorem characterizes the statistical rate of convergence of the estimators defined in
EB3).
Theorem 4.2. Let L = O(logn), s = O(Nlogn),and k = (d,d, O(dN),O(dN),...,O(dN),1)

in (E2), where N = nd/(26+d) Under Assumptions B, B3, and B4, it holds with probability at
least 1 — exp{ —n(4=25)/(26+d) 15g1% 1} that

=~ __28
|Dy(qllp) — Dy(qllp)| < n~ 77+ log” n.

We defer the proof of the theorem in Section BT3. By Theorem B, the estimators in (E3) achieve
the optimal nonparametric rate of convergence (Sfond, T987) up to a logarithmic term. By (B2) and
Theorem B2, we have

o(n) = exp{—n(d*w)/(w”) . log14 n}, e(n)=c- n 28/ (28+d) . log7 n,

where c is a positive absolute constant.

5 CONNECTION TO GAN AND RECONSTRUCTION OF DISTRIBUTION

After sample elicitation, a natural question to ask is how to learn a representative probability density
function from the samples. Denote the probability density function from elicited samples as p. Then,
learning the probability density function p is to solve for

¢* = argmin D (q||p), (5.1
qeQ

where Q is the probability density function space.

To see the connection between (Bl) and the formulation of f-GAN (Nowozmn ef all, POT6), by
combining (Z2) and (), we have

q¢* = argmin max Ervolt(2)] — Euonplff(t(2))],
qeQ

which is the formulation of f-GAN. Here the probability density function ¢(-) is the generator, while
the function #(+) is the discriminator.

By the non-negativity of f-divergence, ¢* = p solves (B1l). We now propose the following estimator

qg= argminﬁf(qu), (5.2)
qeQ

where D #(qllp) is given in (E3).

We define covering number as follows.
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Definition 5.1 (Covering Number). Let (V.|| - ||1,) be a normed space, and Q C V. We say that
{v1,...,vn}is ad-covering over Q of size N if @ C U | B(v;, 6), where B(v;, §) is the §-ball cen-
tered at v;. The covering number is defined as N2 (9, Q) = min{N : Je-covering over Q of size N }.

We impose the following assumption on the covering number of the probability density function
space Q.
Assumption 5.2. It holds that Ny (3, Q) = O(exp{1/6%/(A)~11),

Recall that ¢* = p is the unique minimizer of the problem (Bl). Therefore, the f-divergence
Dy (ql|p) characterizes the deviation of g from p*. The following theorem characterizes the error
bound of estimating ¢* by q.

Theorem 5.3. Under the same assumptions in Theorem B2 and Assumption B3, for sufficiently
large sample size n, it holds with probability at least 1 — 1/n that

D;(Gllp) < n7ra .1og7n+gniSDf(a1\p). (5.3)
qe

We defer the proof of the theorem in Section B4.

In Theorem B3, the first term on the RHS of (B3) characterizes the generalization error of the
estimator in (52), while the second term characterizes the approximation error. If the approximation
error in (B3) vanishes, then the estimator ¢ converges to the true density function ¢* = p at the
optimal nonparametric rate of convergence (Sfone, T987) up to a logarithmic term.

6 CONCLUDING REMARKS

In this work, we introduce the problem of sample elicitation as an alternative to eliciting complicated
distribution. Our elicitation mechanism leverages the variational form of f-divergence functions to
achieve accurate estimation of the divergences using samples. We provide theoretical guarantee for
both our estimators and the achieved incentive compatibility.

It reminds an interesting problem to find out more “organic" mechanisms for sample elicitation that
requires (i) less elicited samples; and (ii) induced strict truthfulness instead of approximated ones.
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A AUXILIARY ANALYSIS

A.1 AUXILIARY RESULTS ON SPARSITY CONTROL

In this section, we provide some auxiliary results on (B3). We first state an oracle inequality showing
the rate of convergence of ¢(z;p, q).

Theorem A.1. Given 0 < ¢ < 1, for any sample size n satisfies that n > [y + v~ !log(1/¢)]?,
under Assumptions B, B3, and B4, it holds that

(R PSS o in I1E = ¢ Loy +yn " * logn +n~"2[\log(1/e) + 7~ log(1/e)]
]\l

with probability at least 1 — ¢ - exp(—~2). Here v = s'/2log(V?L) and V = HLH(k +1).

We defer the proof of to Section BX3.
As a by-product, note that t*(z; p, q) = f/(0*(z;p,q)) = f'(g(x)/p(x)), based on the error bound
established in Theorem AT, we obtain the following result.

Corollary A.2. Given 0 < ¢ < 1, for the sample size n 2> [y +~ ! log(1/¢)]?, under Assumptions
B, B3, and B4, it holds with probability at least 1 — ¢ - exp(—+?) that

||0 0| o) S m(i?k Hf_ t* || . ) +’7n—1/2 10gn+n—1/2[,/10g(1/5) +7—1log(1/5)].
M S

Here y = s'/2 log(VzL) and V = HLH(k +1).

Proof. Note that (f')~t = (f7)’ and fT has Lipschitz continuous gradient with parameter 1/
from Assumption B4 and Lemma ID°f, we obtain the result from Theorem BTl O

A.2 ERROR BOUND USING NORM CONTROL

In this section, we consider using norm of the parameters (specifically speaking, the norm of W; and
v; in (&) to control the error bound, which is an alternative of the network model shown in (E2).
We consider the family of L-layer neural networks with bounded spectral norm for Weight matrices
W = {W; € Rki*ki—1 Lfll, where ko = d and k141 = 1, and vector v = {v; € R¥ }L_, which
is denoted as
Prorm = Prorm (L, k, A, B) = {p(x; W,v) € ®(L, k) : ||v;|l2 < A, forall j € [L],
|Wjll2 < Bj forall j € [L+1]}, (A1)

where o, (z) is short for o(x — v;) for any j € [L]. We write the following optimization problem,

t(x;p,q) = argminE;.p, [F1(t(2))] = Eong, [t(2)],
e norm
Dy(qllp) = Eong, [t p, @)] — Eonr, [f1 (E(z: 0, 9))]. (A2)
Based on this formulation, we derive the error bound on the estimated f-divergence in the following
theorem. We only consider the generalization error bound in this setting. Therefore, we assume that
the ground truth t*(x; p, ¢) = f'(q(x)/p(x)) locates within ®,o.,,,. Before we state the theorem, we
first define two parameters for the family of neural networks ®om (L, k, A, B) as follows

L4 L- (i MBI+, A)) &
2k : = ZAJ (A3)

T2 = L+1
2 2
> =0 k - min; B

Jj=1

L+1

:BHBj-
j=1

We proceed to state the theorem.

Theorem A.3. We assume that t*(z;p, q) € Pporm. Then for any 0 < e < 1, with probability at
least 1 — &, it holds that

L+1

D4 (qllp) — Dy (allp)] S 71 -~ ?log(yan) + [] By -n~Y/2\/log(1/e).
j=1

Here 1 and - are defined in (B33).

13
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We defer the proof to Section B-A.

The next theorem uses the results in Theorem B3. Recall that in Section §A2, we assume that
the minimizer ¢* to the population version problem (B) lies within the norm-controlled family of
neural networks ®pom (L, k, A, B).

Theorem A.4. Recall that we defined the parameter ; and 7, of the family of neural networks
Dporm (L, k, A, B) in (B3), the estimated distribution ¢ in (B2), and the ground truth ¢* = p. We
denote the the covering number of the probability distribution function class Q as Ny (d, Q), then
for any 0 < € < 1, with probability at least 1 — &, we have

L+1
Dy(qlp) S ba(n,v,72) + [ By -0 '/? - Viog(Na[ba(n, 11, 72), Ql/e) + min Dy(qllp),
j=1

where ba(n,71,72) = 71”71/2 log(van).

We defer the proof to Section B

B PROOFS OF THEOREMS

B.1 PROOF OF THEOREM B3

If the player truthfully reports, she will receive the following expected payment per sample ¢: with
probability at least 1 — d(n),

E[S(ri, )] = a = b(Bonq, [[(2)] — Eq,nr, [fT (Ex:))])
—a—b-Dy(qlp)
>a—b-(Dys(qllp) + €(n)) (sample complexity guarantee)
>a—0b-(Dys(pllp) + e(n)) (agent believes p = q)
=a — be(n)

Similarly, any misreporting according to a distribution p with distribution P will lead to the following
derivation with probability at least 1 — §

E[S(ri,")] := a = b(Eong, [{(2)] — E, g, [f1 ()

=a~b-Dy(allp)
<a—b-(D(pllp) — e(n))
< a+ be(n) (non-negativity of Dy)

Combining above, and using union bound, leads to (24(n), 2be(n))-properness.

B.2 PROOF OF THEOREM 31

Consider an arbitrary agent ¢. Suppose every other agent truthfully reports.

E[S(ri, {r;}i2i)] = @ + b(Exp, @0, r: ()] = Exp, xq, 1 {1 ({(x))})
= a4 bE[Exnp, a0, |r: [H@)] = Exnp, x@nr LT (EHx))}]

14
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Consider the divergence term E[Ey. p, oq,|r [t(z)] — Exop, ¥ Qu|rs Uf t(#(x))}]. Reporting a r; ~
P # P (denoting its distribution as p) leads to the following score

E, 5. Eys, w0, im )] =By 5 o UTE)Y]
=B, 5 o0, 1)) —E, 5 o {fT(t(x))} (tower property)
<maxBE, 5 oo FX)] —E, 5 o, {f (t(x))} (max)
=D;(p®qllpx g
< Dy(p@qllp % q) +€(n)

)

)+
= I¢(p; q) + €(n) (definition)
< I¢(p;q) + e(n) (data processing inequality (Kong & SchoenebecK, 201Y))

with probability at least 1 — §(n) (the other §(n) probability with maximum score S).
Now we prove that truthful reporting leads at least
I5(p;q) — €(n)

of the divergence term:

EIiNPn []EXNPn OQn |x; B\(X)] - EXN]P’n XQplx; {fT (?(X))}]
= Exnr, 00, [((X)] = Exve,xq, {fT({(x))} (tower property)

=Ds(p@®qllp x q)
> Dy(p@qllp x q) — €(n)
= I;(p; q) — €(n) (definition)
with probability at least 1 — d(n) (the other d(n) probability with score at least 0). Therefore the

expected divergence terms differ at most by 2¢(n) with probability at least 1 — 2§(n) (via union
bound). The above combines to establish a (26(n), 2be(n))-BNE.

B.3 PROOF OF THEOREM E2

Step 1. We proceed to bound ||t* —1| L»(p)- We first proceed to find some ¢ € @, (L, k, s). Note that

the ground truth ¢* lies on a finite support  C [a, b]¢. To invoke Theorem X3, we denote t'(y) =
t*((b — a)y + aly), where 14 = (1 L...,0)T € Rd Then the support of ¢’ lies in the unit cube
[0, 1]%. We choose L' = O(logn), s’ O(N logn), k" = (d, O(dN),O(dN),...,0(dN),1), and
m' = logn, we then utilize Theorem D3 to construct some ted M (L' K, s") such that

[# = #']| oo (o, 170y S NF/4.
We further define £(-) = ¢/ o £(-), where £(-) is a linear mapping taking the following form

r
b—a b—a

K(I) = ]-d-

To this end, we know that ted M (L, k, s), with parameters L, k, and s given in the statement of

Theorem B2, We fix this ¢ and invoke Theorem &1, then with probability at least 1 — e - exp(—~2),
we have

F= #lae) S 7~ #age) + 02 log n + ™ /2[/log(1/2) + 7~ log(1/2)]
SN L yn=Y21ogn + n~ 2]\ /log(1/e) + v log(1/e)]. (B.1)

Note that 7 takes the form v = s'/2log(V2L), where V. = O(d" - N¥) and L, s given in the
statement of Theorem B2, it holds that v = O(N 1/2 log5/ 2 n). Moreover, by the choice N =
nd/(28+d) _combining (B and taking € = 1 /n, we know that

[ — ]| Loy S n PP+ D 10g™/2 gy (B.2)
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with probability at least 1 — exp{—n®/(26+4) 1og® n}.

Step 2. We denote by L(t) = Epg[t(z)] — Epup[fT(t(x))] and L(t) = Egng, [t(z)] —

~

E,~p, [fT(t(z))]. Then from Assumption B4 and Lemma I8, we know that £(-) is strongly convex
with a constant coefficient. Note that by triangular inequality, we have

1Dy (allp) = Dy (gllp)l = |£(E) — L&) < [L(E) = LE + L(t*) = L(E)] =2 AL+ Aa.
We proceed to bound A; and As.
Bound on A;: Recall that [Z() is strongly convex. Consequently, we have
% B
A St _ﬂ|2L2(IP’) <no 7 log™ P,

with probability at least 1 — exp{—n%/ (264 1og® n}, where the last inequality comes from (EZ2).

Bound on A,: Note that both the functions ¢*(-) and fT(¢*(-)) are bounded, then by Hoeffding’s
inequality, we obtain that

P(As < n~ T log/?n) >1— exp{—n(d728)/2B+d) 5014 )
Therefore, by combining the above two bounds, we obtain that
= __B8
D¢ (qllp) — Dy(qllp)] < n” 7% log™* n

with probability at least 1 fexp{fn(d*w )/ (2+d) log14 n}. This concludes the proof of the theorem.

B.4 PROOF OF THEOREM B3

We first need to bound the max deviation of the estimated f-divergence ﬁf(q|| p) among all ¢ € Q.
The following lemma provides such a bound.

Lemma B.1. Under the assumptions stated in Theorem B3, for any fixed density p, if the sample
size n is sufficiently large, it holds that

o~ _ 23
sup |Ds(qllp) — Dy (qllp)| S =7 -log’ n
q

with probability at least 1 — 1/n.

We defer the proof to Section L.

Now we turn to the proof of the theorem. We denote by ¢ = argmingco Dy(q||p), then with
probability at least 1 — 1/n, we have

Dy(@llp) < |Dy(@llp) — Dy(@llp)| + Dy (qllp)
~ ~ __28
= sup 1Dy (qllp) = Dy(qlip)| + Dy (q'lp) S n” 7% -log"n+ Dy(7|lp).  (B.3)
q

Here in the second line we use the optimality of ¢ among all ¢ € Q to the problem (EJ),
while the last inequality uses Lemma BTl and Theorem EZ2. Moreover, note that D¢(¢'||lp) =
mingeo Dy (q]|p), combining (B3), it holds that with probability at least 1 — 1/n,
28 .
D;(lp) S n” 75 -log” n+min Dy (d]p).
q

This concludes the proof of the theorem.

B.5 PROOF OF THEOREM A1l

For any real-valued function g, we write Ep(9) = Eyp[o()], Eg(0) = Esvolo(2)], Ep, (0) =
E,p,[o(x)], and Eqg, (¢) = Ex~q, [0(2)] for notational convenience.

For any ¢ € ® (L, k, s), we establish the following lemma.
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Lemma B.2. Under the assumptions stated in Theorem BT, it holds that
1/(4Lo) - It =013,y < 1/po - 11t = tll Loqpy - 1E = ] Laey + {Ba, [(F = 1)/2] — Eg[(t —)/2]}
— {Ee, [f1((E+1)/2) — fT1(®)] - Ee[fT(E+8)/2) — F1(D)]}

Here o and L are specified in Assumption B-4.

We defer the proof to Section C2.

Note that by Lemma B2 and the fact that f1 is Lipschitz continuous, we have
1t = 17, @) S It tlrae - 1E =l Loe) + {Eq, [t~ 8)/2] — Eql(t - £)/21}
—{Bz, [F1((E+D/2) = 1@ - Be[/N(E+D/2) - [1@O). B4

Furthermore, to bound the RHS of the above inequality, we establish the following lemma.
Lemma B.3. We assume that the function ) : R — R is Lipschitz continuous and bounded such
that |1(z)| < My for any |z| < M. Then under the assumptions stated in Theorem B, for any
fixed t(x) € ®pr, > [y + v Hlog(1/€)]?> and 0 < € < 1, we have the follows

P{ sup [Er, (1) = v(@] - Eele(t) = vl _ 16M0} 51— e exp(—?),
t(-)EPnm (L,k,s) n(na s 5) ’ ||¢(f) - w(t)HLQ(IP’) \ )\(’I’L, s 5)

where 1(n,v,¢) = n=/2[ylogn+v~log(1/¢)], A(n, v, &) = n~*[y?+log(1/¢)], and for any real
numbers ¢; and ¢y, we denote by ¢; V c; = max{c;, co}. Here +y takes the form v = s/2log(V?L),
where V = Hf:ol(kj +1).

We defer the proof to Section C3.

Note that the results in Lemma B3 also apply to the distribution QQ, and by using the fact that the
true density ratio 0*(z;p,q) = q(z)/p(z) is bounded below and above, we know that Lo(Q) is
indeed equivalent to Lo (IP). We thus focus on Lo(P) here. By (B=d), Lemma B73, and the Lipschitz
property of fT according to Lemma X8, with probability at least 1 — ¢ - exp(—~2), we have the
following bound

[t — ﬂ\%g(nﬁ) St- ﬂ|Lz(IP) = || Lo (p)
- Oy logn + 4 Mog(1/2)] - [F— Tl Vi ? +log(1/2)]),  (BS)

where we recall that the notation v = s'/2log(V2L) is a parameter related with the family of neural
networks ® ;. We proceed to analyze the dominant part on the RHS of (B33).

Case 1. If the term ||t —{| o) [E=t*|| 1., () dominates, then with probability at least 1—z-exp(—v?)
1t =ty S 1Tt o)

Case 2. If the term O(n~Y/2[ylog n+~log(1/¢)]- [t 1, (r)) dominates, then with probability
at least 1 — € - exp(—v?)

[t =t o) S 2[ylogn + 4 log(1/e)].

Case 3. If the term O(n~![y? +1log(1/¢)]) dominates, then with probability at least 1 — & -exp(—~?)
[ =t Loy S ™2y + Vog(1/e)).
Therefore, by combining the above three cases, we have

1=l Lo@) S IE =t o) + 702 logn+n~/2[\/log(1/e) + 7" log(1/e)].
Further the triangular inequality gives us
1=t Loy S IE— Loy +yn 2 logn +n~ 12 [\/log(1/e) +~ log(1/e)]

with probability at least 1 — ¢ - exp(—~+?). Note that the above error bound holds for any t e
®pr(L, k, s), especially for the choice ¢ such that it minimizes || — ¢*||,, ). Therefore, we have

(R PRERS g [ = (| Loy +yn =/ ? logn + n~"/?[y/log(1/€) + v~ ' log(1/e)]
M sK,S

with probability at least 1 — ¢ - exp(—~>?). This concludes the proof of the theorem.
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B.6 PROOF OF THEOREM B3

We follow the proof in Li_ef-all (Z018). We denote by the loss function in (B2) as L[t(z)] =
fT(t(z") — t(2™), where ' follows the distribution P and 2" follows Q. To prove the theorem,
we first link the generalization error in our theorem to the empirical Rademacher complexity (ERC).
Given the data {x;},, the ERC related with the class £(®yom ) is defined as

R [L(Prom)] = [ sup ‘*ZEZ o(zs; W) |[{z:i 3, (B.6)
PEDwom T T
where ¢;’s are i.i.d. Rademacher random variables, i.e., P(e; = 1) = P(¢; = —1) = 1/2. Here the

expectation . (-) is taken over the Rademacher random variables {¢; };c/y,].

We introduce the following Lemma B4 (Mohrief all, 20T8), which links the ERC to the generaliza-
tion error bound.

Lemma B.4. Assume that sup,cq,  |£(p)] < My, then for any ¢ > 0, with probability at least
1 — €, we have

sup {E {Llp(z; W,v)]} — = Zﬁ (245 W, v)]} < R [L(Prom)] + My - n~1/2/log(1/e),
Lp€®n0fn] 1 1
where the expectation E,{-} is taken over ! ~ P and 2" ~ Q.

Equipped with the above lemma, we only need to bound the ERC defined in (B).

Lemma B.5. Let £ be a Lipschitz continuous loss function and @y, be the family of networks
defined in (ATT). We assume that the input z € R? is bounded such that ||z|| < B. Then it holds
that

R [L(Poorm)] S 71 n~l/2 log(v2n),

where 1 and vy are given in (B33).

We defer the proof to Section 4.

Now we proceed to prove the theorem. Recall that we assume that t* € ®,q,. For notational
convenience, we denote by

H(t) = Borp, [f1(1(2))] = Eong, [t()],  H() = Eouplf1(t(2))] = Eunglt(@)).

Then E[H (t)] = H(t). We proceed to bound | D (q|p) — Dy (qllp)| = |H (%) — H(t*)|. Note that if
H(t) > H(t*), then we have

0< H() - H(t") < H(t") — H(t"), (B.7)
where the second inequality follows from the fact that ¢ is the minimizer of H (+). On the other hand,
if H(t) < H(t*), we have

0> H(t) - H(t") > H(t) — H(?), (B.8)

where the second inequality follows that fact that t* is the minimizer of H(-). Therefore, by (BZ2),
(BXR), and the fact that L(p) < H B for any ¢ € ®,om, we deduce that

L+1
[H(@) ~ H(t)| < sup [H(t) = H()| < Ral£(Prorm +HB 2 log(1/e) - (BY)

tE€Pnorm

with probability at least 1 — €. Here the second inequality follows from Lemma B4. By plugging
the result from Lemma B3 into (B9), we deduce that with probability at least 1 — ¢, it holds that

L+1
1Dy (qllp) — Dslallp)| = [HE) — H{t*)| S v -0~ 2 log(ren) + ] B; - n~'/?\/log(1/e).
j=1

This concludes the proof of the theorem.
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B.7 PROOF OF THEOREM B~4
We first need to bound the max deviation of the estimated f-divergence D #(¢llp) among all ¢ € Q.
We utilize the following lemma to provide such a bound.

Lemma B.6. Assume that the distribution g is in the set Q, and we denote its Lo covering number
as N3 (4, Q). Then for any target distribution p, we have

L+1
max | Dy (allp) = Dy (allp)] S ba(n,71,72) + II B -n "2 Vog(Na[ba(n,71,72), Ql/€)
j=1

with probability at least 1 — e. Here by(n,71,72) = 71~ /2 log(y2n) and c is a positive absolute
constant.
We defer the proof to Section C3.

Now we turn to the proof of the theorem. We denote by ¢ = argming. g Dy (q||p). Then with
probability at least 1 — €, we have

Dy (@llp) < D4 (Gllp) — Dy (Gllp)| + Dy (Gllp)
< max|Dy(gllp) = Dy(allp)] + Ds(lp)

L+1

S ba(n,y1,72) + H Bj-n~'? - \/log(Na[ba(n,71,72), Ql/¢) + D¢ (d |Ip),
j=1

where we use the optimality of ¢ among all § € Q to the problem (B2) in the second inequal-
ity, and we uses Lemma B and Theorem E7 in the last line. Moreover, note that D¢(¢'||p) =
mingeo D (q]|p), we obtain that

L+1
Dy(@lp) < ba(n,m,72) + [ By - 072V log(Na[ba(n, 11, 72), Ql/e) + min Dy (qllp).
j=1

This concludes the proof of the theorem.

C LEMMAS AND PROOFS

C.1 PROOF OF LEMMA B

Recall that the covering number of Q is Ny(d,Q), we thus assume that there exists
q1,- -+, qny(s,0) € Q such that for any ¢ € Q, there exists some g, where 1 < k < Ny(0, Q),
so that ||g — gx||2 < 6. Moreover, by taking § = 6,, = n~2/(26+4) and union bound, we have

~ 28
E”[SUS D¢ (qllp) — Dy(qllp)] > c1 - n~ 75+ - log” n]
qe

N2(6n,Q)
=~ __28 7
< Y PDs(alp) — Dy(akllp)| > c1 - n~ =+ - log" n]
k=1

< Ny(6n, Q) - exp(—n 25t - log'*n),

where the last line comes from Theorem BE2. Combining Assumption B2, when n is sufficiently
large, it holds that

=~ _ .28
Blsup |Ds(qllp) = D(allp)] = 2 - n™ 77 -log" n] < 1/n,
qe
which concludes the proof of the lemma.
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C.2 PROOF OF LEMMA B2

For any real-valued function g, we write Ep(0) = E,p[o(2)], Eg(e) = Ez~glo(x)], Ep, (0) =
Eyp, [0(x)], and Eg, (¢0) = Ez~q, [0(z)] for notational convenience.

By the definition of tin (E3), we have
Ep, [f1(8)] — Eq, () < Es, [f(t)] - Eq, (D).
Note that the functional G(t) = Ep, [fT(t)] — Eq, (t) is convex in ¢ since f is convex, we then have
t+t ~ _G@t) -G
G(%) — G < % <0,

By re-arranging terms, we have
{Ee, [F1((E+1)/2) = f1(O)] = BelfT((F+1)/2) — fT(D)]} — {Eo, [(F —1)/2] — Eql(t - 1)/2]}
< Eql(t —1)/2] — Eef1((E +)/2) - f1(?)]- (€D
We denote by
By (t,t) = Es[f1(t) — f1(1)] — Eq(t — 7). (€2)
then the RHS of (CT) is exactly —By(t, (t 4 t)/2). We proceed to establish the lower bound of
By(t,t) using Ly(PP) norm. From t*(x;p,q) = f'(¢(x)/p(x)) and (f1) o (f')(z) = =, we know

that ¢/p = Ot (t*)/0t. Then by substituting the second term on the RHS of (C2) using the above
relationship, we have

~ ~ t ~
Byt) = B 1(0) - 1)~ () (¢ D)
~ T — T T ~
— |70 - £10) - S @ - 8] + B { | 20 - T -
= Ay + As. (C3)
We lower bound A; and As in the sequel.

Bound on A;. Note that by Assumption B4 and Lemma D, we know that the Fenchel duality f*
is strongly convex with parameter 1/Lg. This gives that

. to ~ -
i) = f1(#)) - %(t(x)) [tx) = H@)] = 1/Lo - (t(x) — t(x))?

for any x. Consequently, it holds that
Ay > 1/Lo - It = 1|7, @)- (C4)

Bound on A;. By Cauchy-Schwarz inequality, it holds that

I —ﬁ«:{ EXCE aaf;@*)r} Rl - D7)

Again, by Assumption B4 and Lemma X8, we know that the Fenchel duality T has 1/uo-Lipschitz
gradient, which gives that

T T ~
G ) = e @)| < Vo fie) ~ )

for any x. By this, the term A, is lower bounded:
Az > =1/ po - IE =t Loy - It = Ell o e)- (C5)
Plugging (C4) and (C3) into (C3), we have
By(t,t) > 1/Lo - |t = 17,8y — /10 - £ = t* | oy - It =t Loe)-
By this, together with (CI), we conclude that
1/(4Lo) - [t = El17, ) < 1/pto - It = Ell Loy - 1E = 1| ey + {Ba, [(E— £)/2] — Eq[(t — £)/2]}
—{Ee, [F1((T+1)/2) = f1(0)] = EelfT((E +1)/2) — fT(D)]}-

This concludes the proof of the lemma.
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C.3 PROOF OoF LEMMA B3
For any real-valued function g, we write Ep(0) = E,p[o(2)], Eg(e) = Ez~glo(x)], Ep, (0) =
Eyp, [0(x)], and Eg, (¢0) = Ez~q, [0(z)] for notational convenience.

We first introduce the following concepts. For any K > 0, the Bernstein difference p p(t) of #(-)
with respect to the distribution [P is defined to be

Picp(t) = 2K - Eplexp(|t|/K) — 1 — [t|/K].

Correspondingly, we denote by H k', p the generalized entropy with bracketing induced by the Bern-
stein difference px p. We denote by H g the entropy with bracketing induced by L norm, H the
entropy induced by Ls norm, Hy, (p) g the entropy with bracketing induced by L(IP) norm, and
H7p,, (p) the regular entropy induced by L (P) norm.

Since we focus on fixed L, k, and s, we denote by &, = @/ (L, k, s) for notational convenience.
We consider the space

War =9(Par) = {(t) : t(x) € Pur}-

For any § > 0, we denote the following space

War(8) = {1h(t) € Ung « [|ob(t) — (B |, @) < 6},
W (6) = {Ap(t) = (t) — ¥(t) : (t) € Uar(0)}.

Note that supAw(t)E\I,/M((;) ||A¢(t)||oo < 2M0 and SupAw(t)e\pM((g) HAw(t)”oo < 6, by Lemma
D4 we have

sup  psr, p[AY(1)] < V26,
AY(H)ET}, (5)

To invoke Theorem for G = W,(4), we pick K = 8My and R = +/25. Note that from the
fact that supaypew, (5) [|AY(E)]loo < 2Mo, by Lemma T, Lemma D2, and the fact that 1) is
Lipschitz continuous, we have

Hsnto,i(u, Wy (8), ) < Hoo(u/(2V2), W)y (8)) < 2(s + 1) log(4v2u™ (L + 1)V?)

for any v > 0. Then, by algebra, we have the follows
R
/ Hihr 5w, Uiy (8),P) du < 35725 - 1og(8V2L/9).
0

For any 0 < € < 1, we take C' = 1, and a, C and Cj in Theorem D3 to be

a = 8Mylog(exp(y®)/e)y ™" -4,
Co = 6Moy~"\/log(exp(+?) /e),
Cy = 33MZ~ 2 log(exp(y?)/e).
Here v = gl/2 10g(V2L). Then it is straightforward to check that our choice above satisfies the

conditions in Theorem I3 for any & such that § > yn~!/2, when n is sufficiently large such that
n > [y + v 'log(1/¢)]?. Consequently, by Theorem I3, for § > yn~'/2, we have

P{t( P 5 [Ee, [(t) — ¥ (B)] = Ee[(t) — v (1)]| > 8Mo log(exp(y?)/e)y ™" -6 - n~ 1/}

=P{ sup [Ep,[A¢(1)] - Ep[A9(1)]| = 8Mplog(exp(y®)/e)y " - 8- n~ 12}
A(t)ew), (9)

<e-exp(—?).

By taking 6 = 6, = yn~'/2, we have

IP’{ [Ee, [ (t) — (0] — Ee[v(t) — (@]
t(z)

sup

<8Myy >1—c-exp(—?). (C.6)
P o nT0? + Tog(1/2)] o} =)

21



Under review as a conference paper at ICLR 2020

On the other hand, we denote that S = min{s > 1: 275(2M) < d,,} = O(log(y~*n'/?)). For
notational convenience, we denote the set

A= {p(t) € Upp 2 h(t) € Wpr (2752 M), b(t) & War (27T My)}. (C.7)
Then by the peeling device, we have the following
. { . B [0(6) — (0] ~ Bef(t) — v (@]l 16M0}
WOV (0T (6,)  [U(E) = (@)llzy@) - T(n, v, )
S ~ ~
e, [(t) — ¢(#)] — Ep[$(t) — o ()]

s

<Y P{ sup [Ep, [¥(t) — $(5)] — Belvo(t) — (B)]] > 8My - (27T Mo) - T(n, 7,¢)}

1 Y(EAS

S

P{ sup [Ee, [(t) — (8)] = Ep[(t) — (D)) 2 8Mo - (272 My) - T(n, v,€)}
1 P(B)eVm (272 M)

-

<82 - exp(—?)/ log(y~'n!/2) = ¢ - exp(—1),

where c is a positive absolute constant, and for notational convenience we denote by T'(n,vy,¢) =
7=t n=21og(log(y'n'/?) exp(v?)/e). Here in the second line, we use the fact that for any
Y(t) € Ay, we have [[9(t) — 9(t)||1,(q) > 27°+1 M, by the definition of A, in (CD); in the forth
line, we use the argument that since A, C W, (27572 M), the probability of supremum taken over
W7 (27572 M) is larger than the one over A,; in the last line we invoke Theorem ID3. Consequently,
this gives us

p { sup [z, [1(t) - w(ﬂ]l —Eelb () — 40l <16 MO} 51— e exp(—?).
pem [(t) = ()| () - 0~ /2[y1logn + v~ log(1/e)]

(C.8)
Combining (CA) and (CH), we finish the proof of the lemma.

C.4 PROOF OF LEMMA B3

The proof of the theorem utilizes following two lemmas. The first lemma characterizes the Lipschitz
property of ¢(x; W,v) in the input x.

Lemma C.1. Given W and v, then for any ¢(-; W, v) € ®yom and z1, 7o € R%, we have
L+1
lp(s; W,v) = p(wo; Wov)ll2 < [l — 22 - [] By
j=1

We defer the proof to Section 8.

The following lemma characterizes the Lipschitz property of ¢(x; W, v) in the network parameter
pair (W, v).
Lemma C.2. Given any bounded z € R such that ||1:H2 < B, then for any weights

wt = {V[/l}JL“Lll,W2 = (WA = (v}, v® = {v}}l,, and functions

@(',Wl,’Ul), ( W2 )E‘I)norm,wehave
||@($7W17’U1) — p(z, W277}2)||
B\/2L+ HL+1 L L+1 3
—— ZAJ Do IWF = W2+ llof — 23
.7

=1 =1

We defer the proof to Section L.
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We now turn to the proof of Lemma B3. Note that by Lemma 2, we know that o(x; W, v) is
L,,-Lipschitz in the parameter (W, v) € R®, where the dimension b takes the form

L+1 L+1

b_Zk:kleer <Zk +1)? (C9)

and the Lipschitz constant L,, satlsﬁes

B /72‘[/ F1 L+1 L
Ly = H Z Aj. (C.10)

mlnj

In addition, we know that the covering number of W = {(W,v) € RY - ZL+1 W, e +
Zf:;l llvjlle < K}, where

L+1

Zk2B2+ZA], (C.11)

satisfies
NOW,d) < (3K§1)°.
By the above facts, we deduce that the covering number of £(®yorm,) satisfies
N[L(®rom), 0] < (1K L8 1),

for some positive absolute constant ¢;. Then by Dudley entropy integral bound on the ERC, we
know that

R [L(Prom)] < inf 4+ —— / V1og N[L(®yom), 6] d6, (C.12)

where ¥ = SUp, (..1.) e £ (o) were [9(2; W, v)|. Moreover, from Lemma 0 and the fact that the
loss function is L1psch1tz continuous, we have

L+1
¥<c-B- ] B (C.13)
j=1
for some positive absolute constant co. Therefore, by calculations, we derive from (CI2) that

P 0(m)] = O - b log TV ),

then we conclude the proof of the lemma by plugging in (C9), (CId), (CI1), and (C13), and using
the definition of v; and 7, in (B3).

C.5 PROOF OF LEMMA B4

Remember that the covering number of Q is Ny(d,Q), we assume that there exists
q1s-- 54N (5,0) € Q such that for any ¢ € Q, there exists some gx, where 1 < k < Ny(4, Q),
so that [|¢ — qxlla < 6. Moreover, by taking & = yin~'/?log(yan) = ba(n,v1,72) and
Ng = N2[b2(ﬂ,’)/1,’}/2), Q], we have

L+1
P{max |D;(qllp) = Dy (alp)] = - a1, 72) + [ B; - nY/2 - Viog(Na/o)]}
2 R ” L+1
< > P{ID;(all) ~ Dylallp)| = e+ oalmmn, ) + [ By -2 - iog(Na/E)]}

SNQ-&‘/NQZE,

where the second line comes from union bound, and the last line comes from Theorem B73. By this,
we conclude the proof of the lemma.
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C.6 PROOF OF LEMMA 1

The proof follows by applying the Lipschitz property and bounded spectral norm of W; recursively:
[o(z; W,v) — o(z2; W, 0)ll2 = [[Wegi(ow, - Waow, Wiy — 0y - - Wao,, Wizs)]|2
< |Wrqallz - llow, (Wr - - - Wao,, Wiy — W - W20U1W1332)H2
< Bry1 - |[Wr - Waoy, Wizy — W - Wao,, Wiza|l

L+1

< H Bj - ||[z1 — z2|l2.

Here in the third line we uses the fact that |||, < B; and the 1-Lipschitz property of o, (-), and
in the last line we recursively apply the same argument as in the above lines. This concludes the
proof of the lemma.

C.7 PROOF OF LEMMA 2

Recall that ¢(x; W, v) takes the form
o(x; Wyv) = Wri10,, Wr - 0, Wiz

For notational convenience, we denote by ¢’ () = Oy (Wix) for i = 1,2. By this, p(z; W, v) has
the form o (z; W', v') = W} ¢} o--- 0 ¢i(z). First, note that for any W', W2 v! and v?, by
triangular inequality, we have
lp(z, Who') = o, W2,0%)||l2 = [[Wiiaep 0o pi(e) = Wi 97 0 0 pi(x)
<|Wigawr o opi(x) = Wiipp oo pi(z)l2
HIWE 1pL o opi(e) = Wiet oo pi(z)ll2
< Wi = Wiialle - oz oo pi(@)]2
+ By lep o opi(a) — ¢ o0 pi(a)l (C.14)

Moreover, note that for any ¢ € [L], we have the following bound on ||} o -+ o ¢} (z)||2:

gt o o@i(@)lla < [Wipp_y o0 @i(@)llz + [lvill2
~H<p% 10~~os0§( )H2+Ae
< |zl HB +ZA H B, (C.15)
1=j+1

where the first inequality comes from the triangle inequality, and the second inequality comes from
the bounded spectral norm of W}, while the last inequality simply applies the previous arguments
recursively. Therefore, combining (CI4), we have

L L
o, W, 1) = (e, W2, 02)ls < ( HB +ZAJ 11 B) Wiy — W2llr
=741
+BL+1-H¢L<>-~-Os0%(x)—w%o--~0<p1(x)llz- (C.16)

Similarly, by triangular inequality, we have

lpr 0o pi(x) — pF o0 @i(x)]2
<lppopr_10---0pi(x) —piopr_i0--0pi(x)l:
+llpF opp_10-opi(x) —pfow] _jo--0pi(x)2
<lppopr10--0pi(r) —piopr_qo--opi(x)l: (C.17)
+Br - |lpr_1 00 @i() — iy o0 @i(a)lla,
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where the second inequality uses the bounded spectral norm of Wy, and 1-Lipschitz property of
oy, (+). For notational convenience, we further denote y = ¢} | o--- 0 pi(x), then

ler (W) — LWz = lo(Wiy —vi) — o(Wiy — vi)}l2
< vp —villz + WL = WElE - lyll2,

where the inequality comes from the 1-Lipschitz property of o(-). Moreover, combining (CI3), it
holds that

L—1
soi(y)w%(y)llzs||viv%|z+W£W%llF-( HB +ZA H B). (C.18)

1=7+1

By (CT1) and (CIR), we have

lor 0 0@i(x) —F o 0pi(x)l2

<ok =il s kWil (5 T2+ 3, T 5

i=j+1

+Br|ler 10 0pi(x) —¢f_ 10~-~Os01( )2

L L B- HL+1 L
1 2 1 2
<X I Bl = vlle s = 5= ZAJ 2 I = Wle
: _]J,»l
B HL+1 L
min, B ZA Do = vl 4 I = W),

Jj=1

Here in the second inequality we recursively apply the previous arguments. Further combining
(C18), we obtain that

lp(a, Whot) = oz, W2,07) 2
B. HL+1 L L+1
<A (- W2||F+Z||v—v2llz)
]

BV2L+1- HL“ L L1 L
i, B ZAJ D IWE=WRIR+ 3 o} — o313,

Jj=1 j=1

where we use Cauchy-Schwarz inequality in the last line. This concludes the proof of the lemma.

D AUXILIARY RESULTS

Lemma D.1. The following statements for entropy hold.
1. Suppose that sup g ||gl|c < M, then
Hanr,5(V26,G,Q) < Ha 5(6,G,Q)
for any 6 > 0.
2. For 1 < ¢ < oo, and Q a distribution, we have
3(67 g7 Q) S HOO(§/27 g)7
for any 6 > 0. Here H, is the entropy induced by infinity norm.
3. Based on the above two statements, suppose that sup g ||gllcc < M, we have
Hart,5(V2:6,6,Q) < Hu(0/2,0),
by taking p = 2.
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Proof. See vande Geer & van de_Geer (2000) for a detailed proof. O
Lemma D.2. The entropy of the neural network set defined in (BT) satisfies

Hoo[6, @ (L, p, 8)] < (s + 1)log(26~ (L 4+ 1)V?),
where V' = HlL:JBI (p +1).

Proof. See Schmidf-Hieher (201T7) for a detailed proof. O

Theorem D.3. Assume that sup,cg pr(9) < R. Take a, C, Cy, and C; satisfying that a <

C1nR?/K, a < 8/AR, a > Co - [, Hil%(u,G,P)du v R], and C3 > C*(Cy + 1). It holds
that

2
Plsup [Ee, (g) — Ep(g)| > a-n~1/3] < S —
[ilellg)| p,(9) r(9)| Za-n ] < CeXp( C2(CL +1)R?

Proof. See vande Geer & van de_Geer (P2000) for a detailed proof. OJ
Lemma D.4. Suppose that [|g[|c < K, and ||g|| < R, then p3, 5(g) < 2R*. Moreover, for any
K' > K, we have p3 ., p(g) < 2R?.

Proof. See van_de Geer & van de Geet (Z000) for a detailed proof. O

Theorem D.5. For any function f in the Holder ball Cg ([0,1]%, K) and any integers m > 1 and
N > (B+1)4V (K + 1), there exists a network f € ®(L, (d,12dN,...,12dN, 1), s) with number

of layers L = 8 + (m + 5)(1 + [log, d]) and number of parameters s < 94d?(3 + 1)2¢N(m +
6)(1 + [log, d]), such that

If - Fllze o < 2K + )38+ N2™™ 4 k2P N—A/d,
Proof. See Schmidf-Hiehed (20177) for a detailed proof. 0

Lemma D.6. If the function f is strongly convex with parameter o > 0 and has Lipschitz continu-
ous gradient with parameter Ly > 0, then the Fenchel duality fT of f is 1/Lo-strongly convex and
has 1/ p-Lipschitz continuous gradient (therefore, f itself is Lipschitz continuous).

Proof. See Zhoti (POIR) for a detailed proof. O
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