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ABSTRACT

We propose a dense associative memory for empirical measures (weighted point
clouds). Stored patterns and queries are finitely supported probability measures,
and retrieval is defined by minimizing a Hopfield-style log-sum-exp energy built
from the debiased Sinkhorn divergence. We derive retrieval dynamics as a spher-
ical Hellinger Kantorovich (SHK) gradient flow, which updates both support lo-
cations and weights. Discretizing the flow yields a deterministic algorithm that
uses Sinkhorn potentials to compute barycentric transport steps and a multiplica-
tive simplex reweighting. Under local separation and PL-type conditions we prove
basin invariance, geometric convergence to a local minimizer, and a bound show-
ing the minimizer remains close to the corresponding stored pattern. Under a ran-
dom pattern model, we further show that these Sinkhorn basins are disjoint with
high probability, implying exponential capacity in the ambient dimension. Exper-
iments on synthetic Gaussian point-cloud memories demonstrate robust recovery
from perturbed queries versus a Euclidean Hopfield-type baseline.

1 INTRODUCTION

Associative memories are a class of models designed to store and retrieve information through pat-
terns of association instead of recalling data by specifying its location. These models frame retrieval
as a dynamical process : given a partial or corrupted query, the system evolves toward an attractor
that represents a stored pattern. The query evolves through a dynamical process that decreases an
energy whose local minima encode the memories. This viewpoint goes back to Hopfield’s classi-
cal construction, where one designs recurrent interactions that induce a Lyapunov (energy) function
whose local minima correspond to memories, yielding content-addressable recall from partial or
corrupted cues (Hopfield| (1982)). More recently, some modern Hopfield style models (Krotov &
Hopfield|(2016).Ramsauer et al.|(2020)) use the soft-min/ log-sum-exp (LSE) energy to create high-
capacity retrieval dynamics and improve efficiency. In the continuous state setting, these retrieval
updates can be related to the attention mechanism used in transformer architectures, suggesting a
broad role for energy-based retrieval as a reusable computational primitive inside learned systems.

A key limitation of much of the associative-memory literature is that patterns are typically vectors.
A natural next step is to move beyond vector-valued patterns and treat probability measures as the
objects being stored and retrieved. This shift is motivated by the growing role of distributional
representations in modern learning, where uncertainty, multimodality, and population-level struc-
ture are often more naturally encoded by measures than by single points. In this direction, [Tankala
& Balasubramanian| (2026) develop a distributional dense associative memory for Gaussian dis-
tributions in the 2-Wasserstein (Bures-Wasserstein) geometry, defining a log-sum-exp energy over
stored distributions and deriving a retrieval dynamics that aggregates optimal transport maps in a
Gibbs-weighted manner; their stationary points correspond to self-consistent Wasserstein barycen-
ters. Many practical settings, however, are not well captured by a single Gaussian, instead distri-
butions are often represented nonparametrically through weighted samples - for example, weighted
point clouds, histograms, particle approximations of posteriors, or sets of learned feature vectors,
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suggesting the need for an associative-memory retrieval principle that operates directly on discrete
measures.

In this paper we pursue this analogous extension of dense-associative-memory retrieval when both
stored patterns and queries are empirical measures (weighted point clouds), using a log-sum-exp en-
ergy built from the debiased Sinkhorn divergence. Sinkhorn divergences provide a computationally
tractable way to compare discrete measures and yield deterministic barycentric projections from en-
tropic optimal-transport couplings. A key issue is that transport only (Wasserstein) dynamics moves
support locations while keeping the query weights fixed - an intrinsic limitation when the weights
carry information such as saliency, mixture proportions, or coarse discretization effects. To evolve
both support points and weights in a principled way while staying within probability measures,
we therefore use a spherical Hellinger Kantorovich (SHK) dynamics [see Appendix [D] [Liero et al.
(2018)], which couples Wasserstein (aka Kantorovich) transport with a spherical Hellinger-type re-
action component. In the empirical setting, this leads to a fully deterministic retrieval operator
that updates support points via Sinkhorn barycentric maps and updates weights via a multiplicative
reweighting on the simplex. This combination is attractive because it aligns the retrieval dynamics
with the underlying geometry of measures while allowing both where mass is located and how much
mass is assigned to each particle, to adapt during recall. With this objective in mind, our goal is to
construct a dense associative memory (DAM) capable of storing discrete measures and accurately
recovering the corresponding distribution when provided with perturbed/noisy queries.

Given a collection of finitely supported discrete distributions (stored patterns) { X;} ; and a query
finitely supported discrete distribution £, we define the LSE functional using the Sinkhorn divergence
S. (defined in[2),

N
1
B = —5los (Z exp(—3 ss@,Xz-))) : (1
i=1
with inverse temperature 5 > 0. This is the functional we aim to minimize along the SHK gradient
flow. To this end, we develop a practically implementable algorithm (SinkhornAlgo) to carry out
the optimization. In parallel, we establish theoretical guarantees ensuring convergence and near-
accurate retrieval, and we present empirical evidence to validate these findings.

* Local convergence and stability guarantees in SHK geometry - Under standard local
assumptions (margin separation, SHK smoothness, bounded gradients, and a local PL in-
equality), we prove descent and contraction properties for the softmin energy, quantify
basin interference through separation margins, and establish geometric convergence of
SHK gradient descent iterates to the unique local minimizer within a basin. We also bound
the deviation between the basin minimizer and the corresponding stored pattern and provide
a local stability bound showing stored patterns are approximate fixed points of one-step re-
trieval.

* Separation results under a random pattern model. We introduce a sampling mecha-
nism for generating general M -atom measures (random supports and weights) and prove
that, with high probability, the induced Sinkhorn neighborhoods around stored patterns
are pairwise disjoint. This yields an exponential-in-dimension scaling of the number of
storable patterns under the stated conditions.

* Empirical evidence against a Euclidean Hopfield-type baseline- On synthetic point-
cloud patterns sampled from Gaussians, we compare our SinkhornSHK retrieval against
a vectorized Euclidean Hopfield-style baseline and observe robust recovery from noisy
queries, particularly in regimes where Euclidean similarity is ambiguous but distributional
(OT/Sinkhorn) geometry remains discriminative.

2 SETTING AND NOTATIONS

Let Q C R? be open, bounded and convex with diameter D := sup,, ,cq, |z—y|| < co and boundary
09, and we equip it with the usual Euclidean geometry induced by the ¢, norm. For any w € Q
and any set S C R%, define dist(w, S) = mingeg [|w — s||. Forany x = (x1,...,237) € QM let
da(z) = ming << dist (x,,, 9Q) denote the distance of = from the boundary of 2 and sep(z) =
min,;»; ||z; — x| denote the minimum pairwise separation between any two components of x. Let
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B(z,r) == {y € Q: ||y — z|| < r} and its closure B(z,r) :== {y € Q: ||y — x| < r} be the open
and closed ball of radius r around z € . We denote by || - ||; and || - || the £ and ¢°° norms,
respectively and || - || will be interpreted in the natural context.

Fix any M € N, % > Qmin > 0 and Ay, > 0. Stored patterns are finitely supported discrete
measures X; = Zﬁf:l bim Oy s bism > Gmin > 0, Z%:l bim = 1, with all the locations y; ,,’s
being separated from each other with minimum pairwise distance min,,«x [|Yi,m — ¥i k|l > Amins
and the query is also a finitely supported discrete measures £ = Eﬁ:l Gm Oz, > Qm, > Gmin >
0, Z%ﬂ a., = 1. with all the locations x,,’s being pairwise separated with margin A ;.

Forany M € N & > aynn > 0 and Ay, > 0, define the space of bounded weights
A?M:Uanin = {CL € RM D > Qmin, EM

me1 am = 1} and the space of M pairwise separated lo-
cations/atoms Locpr ., (©) = {x = (21,...,207) € QM : Milyyp |Tm — Zn|| > Amin} €
ASy e, X Locar A, (§2). We will often consider the unordered particle parameterization

. . . M M
of a finitely supported discrete measure with M atoms (a,z) = ((“m)m:1v($m)m:1)~
Let P(2) be the collection of probability measures on Q and Prrg....A.n(2) =
{f € P(Q) (€= Zi\il aléwl for (al, e 7(1]»{) S A?wya[nin and (:101, R ,LUM) € LOCM’Amm(Q)}.

Throughout the paper, we use the quadratic cost c(z, y) = 3|z — y||? for defining the Wasserstein,
spherical Hellinger Kantorovich distances and the sinkhorn divergence.

For ¢ > 0, define the entropic OT cost OT.(,v) = minreru) [oyq (T y) dr(z,y) +
e KL(7 || 4 ® v), where II(u, v) denotes couplings with marginals p, v.

The debiased Sinkhorn divergence is defined as -

1 1
Se(p,v) == OT(p,v) — 3 OT. (i, ) — 3 OT.(v,v). (2)

A standard dual formulation of OT, uses Schrodinger (entropic OT) potentials (f, ., g,,. ), defined
up to an additive constant. We do not require a specific normalization; only gradients V f and
differences of potentials will matter. One can define the entropic soft c-transform operator A. via
an expression of the form

Ac(g,v)(x) = —clog /Q exp(M) dv(y) (defined up to an additive constant).

Then the optimal potentials (f, ., g, ) (Schrodinger potentials) satisfy the Schrodinger system

fu,u = Aa(gu,w V) p-a.e., uyw = Aa(fu,m M) v-a.e..

These potentials are unique up to adding a constant to f, ,, and subtracting the same constant from
gy, (gauge invariance). This does not affect any gradient V f,, ,, () or Vg,, ., (), which is what we
ultimately use. The optimal entropic coupling has Gibbs form

dﬂ-i,y _ fu,z/(-r) + gu,u(y) B C(.Q?, y)
e =eo( : )

For more details on the Sinkhorn divergence, we refer our readers to[Feydy et al.|(2019)); | Hardion &
Lavenant| (2025)

3 THEORETICAL GUARANTEES

In this section, we state all our theoretical results. The detailed proofs are available in Section [g
Retrieval guarantees largely rely on ensuring sufficient separation in terms of Sinkhorn divergence
among the stored patterns. We propose a sampling mechanism that allows the number of patterns N
to be exponentially large in the dimension d and Theorem [I]establishes a high-probability separation
guarantee for these N randomly generated stored patterns, ensuring that the associated Sinkhorn
neighborhoods (basins) are pairwise disjoint.
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Theorem 1 (Exponential storage capacity and high probability separation of patterns). Fix d >
1,M > 2 amin > 0, Apin > 0 and let Q@ C R? be open, bounded and convex. Assume there
exists ¢ € Q and R > 0 such that the closed ball B(c,R) C Q. Fix any ¢ € (0,R/4), such
that Zy a = {(21,. .., 20) € B(0,0)M i ming, 4y, |20 — 2m || > Awin} is non-empty, and set
Ry := R — 20. Let v, p € (0,1) and choose

= v ()

Let X1,..., XN be generated by the sampling mechanism described as SampAlgo (see Sec [F).
Assume € > (0 is chosen small enough so that

L—7
log M < ——R,
€ log < 16 03

and define
2 2

dmin — dmin
dmin = v 2(1 —¥)Ry, T'7372 clogM, A:= 1

Then, with probability atleast 1 — p, the following pairwise separation of Sinkhorn neighbour-
hoods/basins holds true (i.e. Assumption|(Al)):

For each i, for every § € B;(1) = {V € P apin, Amin () 1 Se (v, X)) <1}, and every j # i,
In particular, B;(r) N B;(j) = 0, Vi # j i.e. the Sinkhorn neighborhoods of X;’s are pairwise
disjoint.

The Sinkhorn margin separation property provides the foundation required for reliable retrieval,
which ensures that if a query is close to a stored pattern, it is separated enough from other patterns
to ensure accurate retrieval. In fact, we can prove retrieval guarantees in much greater generality
than afforded by the particular sampling algorithm we propose. We can establish these results under
some regularity assumptions regarding the energy functional F and the local Sinkhorn energies
F;(+) == S.(-, X;), which are presented in Section [E}

Given the energy functional E along with a query £ € Pharap. A (§2) and a step-size 7, we
can define a gradient based evolution of E by equipping the space Pas g, A, (§2) Of finitely
supported M -atom discrete probability measures with a choice of geometry. We choose the spherical
Hellinger-Kantorovich (SHK) geometry and the gradient descent based one-step retrieval operator

can be defined as

®,(§) = Rete(—ngradguxk E(£)) 3)
where Ret¢ is a retraction map that evolves the query ¢ along the negative SHK gradient of E,
given by gradgyy F(€), for a small step controlled by 7 and ensures that the resulting object is still
a probability distribution (in fact, an element of P q, .. A, (€2)). We relegate all details to the
Appendix.
Theorem 2 (Geometric convergence in Sinkhorn divergence to the local minimizer and local basin
invariance of gradient descent iterates). Let Assumptions [(A2)] [(A3)] and [(A4)| hold. Define the
stored pattern margins w; = Minj <;m<p (bi’m — amin) > 0,d? == minj << pr dist (yi m, 0Q) >
0 and s; = sep(y;) = minm?gn 19, m > Apnin. Let d;,7 > 0 such that

0 < & < 6 = mm{da S m‘“} > OandO < 1 < w;. Letr > 0 be
such that 0 < r < 7rl°°(8;,7) = mln{ﬂ elog M, M glogM}. Let
E*(r) be the minimum value of E(§) in the local basin B;(r) and X} (r) be a minimizer
of E in Bi(r) ie. E(X/(r)) = Ef(r) = infecp,) E(). Finally, define met; =

min{%logw,ﬂ) mln{d 5i,si—25i—Amin}}.

Qmin

Then for any step size 0 < n < min{, i, Tret,i }» the following hold true:

1. If %) € By(r) for all k € N U {0}, then the sequence of SHK gradient iterates (f(k))k
satisfy the explicit geometric bound

GSy\ /20 (B (€0) - Br(r))
&(5@, ) ¢1—ﬂ—um5

>0

(1= mm)?,



New Frontiers in Associative Memory workshop at ICLR 2026

D2
where S, < min {enﬂ, \/ali} and G = Dy/1+ %2 with D = sup, ,cq ||l — yl| and

A being the relative strength scale of the spherical Hellinger component.

2. If €% € By(r) for all k € N U {0}, the sequence of SHK gradient iterates (f(k))kzo

converges weakly to X (r) in P(Q).

3. IfEM € By(r) forall k € NU{0}, then for any § > 0, the error bound S. (£, X7 (r)) <
0 is guaranteed to be achieved once the number of iterations k is greater than or equal

mln{2’;€ ,*loga,xxir‘}+2logGJrlog(Qn(E(ﬁ(O))fEi (r))+2log(sr—r=7) A simpler suf-
~Tog(=pn) simpler su

ficient condition on the no. of iterations to achieve the same error bound is k >
i 2D?  log amin 1 0 * 2 2G
min { AT Og:n } + o log(2n (E (f( )) - E; (r))) + 1Og<5un>‘

to

277(E(§(0))—E;‘(r))

In addition, for p(n,r,£©) == G o=y and a(r,€%) =12 x 2G2(E(Z?"I;‘SU—E,*(7~))’
do(r.£(9)

if the step-size 1) and the initial iterate £©) satisfies the conditions ar, 5(0)) > 1, e e e <

n < min{1/L, 1/, Neeti } and S=(€©, X;) < v — pi(n,7,6@) ie. €O € By(r — p;), then the se-
quence of SHK gradient descent iterates (€¥));.> all belong to the local basin B;(r). Consequently,
the above 3 properties hold true without the apriori basin invariance assumption €% € B;(r) for

all k € NU{0}.

Theorem [2] provides the core algorithmic guarantee, showing that the SHK gradient descent dy-
namics of E converges geometrically (in terms of no. of iterations) to the unique local minimizer
within that basin and remain invariant inside it. Together, these results connect statistical separation
with dynamical stability, yielding rigorous theoretical guarantees for accurate associative-memory
retrieval.

Theorem 3 (Sinkhorn distance between minimizer in local basin and stored pattern and stability of
stored pattern). Let Assumptions|[(AT) and[[A3)|hold true. Then, we have that

L SA(X(r), Xi) < log (1+ (N —1)eF8) < Mzle=fa,

2. for n < Mret,i as defined in  Theorem Se (X5, @,(X5)) <
min{e”D2/>‘2,71_ }17G2(N—1)G’BA

While Theorem [2] establishes geometric convergence of the SHK gradient descent iterates to the
unique local minimizer within a Sinkhorn basin, it does not yet quantify how well this minimizer
approximates the original stored pattern. Theorem [3| closes this gap by showing that the basin
minimizer remains exponentially close (in terms of the inverse temperature 8 and margin separation
A) to the corresponding stored pattern in Sinkhorn divergence, and that each stored pattern is an
approximate fixed point of the retrieval operator. Thus, beyond dynamical convergence, Theorem
provides a fidelity guarantee: the attractor reached by the algorithm is not merely stable, but provably
close to the intended memory, ensuring accurate and stable associative recall.

4 CONCLUSION

We developed a dense associative memory for empirical measures based on a Sinkhorn log-sum-exp
energy and spherical Hellinger Kantorovich gradient dynamics, yielding deterministic transport-
reaction retrieval with provable local convergence and separation guarantees. The full retrieval algo-
rithm (pseudo-code and implementation details) along with the numerical experiments is provided
in the Appendix (see Sections [H|and [[). Future directions include faster retrieval implementations,
adaptive regularization and applying our algorithm on real point clouds.
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A FIRST VARIATION OF THE SINKHORN DIVERGENCE

Let F, (u) == S:(p, v) with v fixed. A first variation 0F,, /éy is defined (up to an additive constant)
d
—F,(p+tx)

b
y 7 [ Grwe) aw. oo

It is standard to see that (derivation available in Hardion & Lavenant (2025)))
05 (p,v)
op

= fuw = 5 (fun + Gun) in C(Q)/R. 4)

dOT. (p,v)
op
term OT.(p, 11), the first variation of & OT.(u, p) W.r.t. 11 is the average potential

1
= 5 (e + G

which is invariant under the Sinkhorn gauge transformation (f,g) — (f + ¢,g — ¢). When one
chooses a symmetric gauge for the self problem (i.e. f, , = g, ), Which is possible for symmetric
costs), equation 4] reduces to the commonly stated formula f,, , — f,., in C(92)/R.

Intuitively, = fu,, and ‘ngiu(“’y) = g,,»- Since p appears in both marginals of the self

B FIRST VARIATION OF THE LOG-SUM-EXP ENERGY

Let Z(¢) = 2N | exp(—B5.(€, X;)) and define Gibbs weights

wi(é-) — exp(*ﬁss(&Xi)) )
’ S exp(—B8.(€, X;))

Differentiating equation [T]and using equation 4] gives

N N
= wi(€) (fe,xi—% (f§,§+9£,§)) = (Z wi(f)fe,xi> —3(feetgee),  nCQ)/R
i=1 i=1

(&)

(6)
We will denote the centered first variation of the energy functional E(-) as
0E 0E oFE oE
ug = 5 (O~ (3¢ 0.6) = 57 (O — [ e (©)ae

where (-, -) is the duality pairing.

C FROM ENTROPIC POTENTIALS TO DETERMINISTIC BARYCENTRIC MAPS

For quadratic cost ¢(z,y) = 1|/ — y||?, the gradient of a Schrédinger potential has the barycentric
form

Viisla) =0 =T, @) Tio(e) = [um o) )

where 77, ,(dy | ) is the conditional distribution under the optimal entropic coupling. The full
derlvatlon is provided in Section[J.3] Thus, using equation|[6] the transport velocity becomes

Zwv )T x, () = T e(x). @®)

Even though equation@involves the symmetric self potential %( fe.e + ge.e), the transport velocity

depends only on gradients. For symmetric costs (such as % ||z —v]||?) and a self-coupling, the optimal
entropic plan is symmetric and one has V f¢ ¢ = Ve ¢, s0

1
Vi (fee +9ee) = Viee,

and the self-correction in equationremains the usual barycentric map T¢_, .. This is a deterministic

vector field on the query support computed from barycentric projections of Sinkhorn plans.
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D SPHERICAL HELLINGER-KANTOROVICH GRADIENT FLOW
(CONTINUOUS-TIME)

D.1 TRANSPORT+HREACTION BASED CONTINUITY EQUATION

We consider a transport-reaction dynamics of the form

0t + V- (&) = &1y &)

where v, is a velocity field (transport) and r, is a scalar reaction rate (mass reweighting). A SHK
gradient flow of E sets

1

1
ue) =~V (S 6)@)) = ~Vue,0). o) = 35 (@) - (@6 )) = ~jguea)
(10)
with a scale parameter A > 0 controlling the relative strength of the spherical Hellinger component.

The subtraction of the mean ensures % J d& = 0, so probability mass is preserved.

D.2 RIEMMANIAN STRUCTURE INDUCED BY SPHERICAL HELLINGER-KANTOROVICH
GEOMETRY ON THE SPACE OF PROBABILITY MEASURES

Let £ € P(Q2) where P(Q) is the set of all probability measures defined on € equipped with the
Spherical Hellinger-Kantorovich geometry. A (sufficiently regular) tangent vector at £ can be repre-
sented by a pair (r,v) consisting of a vector field v : Q — Rd (transport Velocity) and a scalar field
7 :  — R (reaction rate), subject to the mass constraint [, r(x)dé(x) =

Given such (v, r), the induced infinitesimal change of measure is the distribution f defined by the
weak form

G | wtei = [ Voo v + [ ez )

which corresponds to the PDE
% + V- (&) = & (12)

Fix A > 0. Define the inner product on the tangent space at £ by

(o (0 s = [ (00 Xor) de
for pairs satisfying [ rd¢ = [7'd¢ = 0 and this induces the metric tensor at £ to be

QEHK ((T7 U)) (Tlv ’U/)) = <(’I“, ’U), (T/’ U/)>SHK,§ :

The induced norm on the tangent space at ¢ is
10 e = | (1ol +32r%) e

D.3 THE MANIFOLD OF FINITELY SUPPORTED DISCRETE MEASURES EQUIPPED WITH SHK
GEOMETRY

For any M € N, ﬁ > Qmn > 0 and An;, > 0, define Locysa,, () =

{o=(21,...,2m) € OV s mingsn |20 — 2l > Amin} € ASy,... X Locaa,,, (Q) as
the space of M pairwise separated locations/atoms correspondlng to the space of ﬁnltely
supported discrete probability distributions with exactly A atoms and let A3, , = =

M
m=1

a€RM :a,, > amin, Y.
with the M atoms. Further, define the associated parameter space (ordered particles) to be

.- [e]
MM = AJ\47amin X LOCM,Amm (Q)

oy, = 1} be the space of bounded probability weights associated
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For any (a,z) € My, we associate to it the discrete measure Zi‘f:lamémm through the
parametrization mapping = : My, — P(2) C (C 1(9))* defined as

M
E(a, ) =Y  amds,, € P(Q).
m=1

Here C*(Q) is the class of k-times continuously differentiable functions on the domain €2, and
(C*()) " represents the space of all continuous linear functionals on C*(€2) i.e. the dual space of

C*(Q). Similarly, C2° (£2) represents the the class of compactly supported infinitely differentiable
functions on the domain €2, with C2° (Q2), with its corresponding continuous dual being (C'° (22))*.
Since all of our theory is focused on the discrete measures Z(a, x) and functionals defined using
such measures, and all such objects are invariant under permutations of the labels associated with

the weight-location pairs, we will consider the quotient space My, = My /Spr where &y is the
symmetric group that acts freely on M s by relabeling:

g - (al,...,aM,wl,...,xM) = (a(,—l(l),...,ag—1(M),xU—1(1),...,xg-l(M)) .

Since the action is free and G is finite, the quotient M M is a smooth finite-dimensional manifold,
and it identifies canonically with the set of probability measures on €2 having exactly M pairwise
separated support points and positive weights.

For computations and developing the theory without introducing extra notational overhead, it is
simplest to work on the ordered cover M ;. The mathematical objects of interest are permutation
invariant, so the theory developed on M, descends to the quotient space M ;. Hence, from here
on we identify M, with M, itself, which is equivalent to treating (a,x) € M, as unordered
tuples. We also identify (a, x) with £ = Z(a, z) when convenient.

. . , M
A tangent vector at (a,z) is a pair (da,dz) € RM x (R?)
M §a,, = 0. Thus

m=1

with the simplex constraint

Tia,eyMm = {(5@, ox) : Zéam = ()}

For a given (a,x) € My and (da,dx) € T(4,4) M, we now proceed to compute the differential
of Z at (a, z) in the direction (da, dx). Let (a(t), z(t)) be any C* curve in M such that

(@(0)2(0)) = (a.2) and G (at),x(0)]_, = (@(0).(0)) = (0,50).

Let us define the induced curve of measures

M
& =E(a(t),z(1) = Y am(t)ds, -

m=1

For every test function ¢ € C1(Q), we have that

M
/Q e = 3 am(t)p (@mt))

Differentiating at t = 0, we obtain

d M M
Gl [ ede =3 anOp(em) + 3 anVe (o) (0)
t=0/0 m=1 m=1
M M
= Z 6a7n30 (me) + Z CLmV(p (xm) : 5$’m-
m=1 m=1

Hence
dE(a7w) (5&, 51‘)
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is the distribution characterized by

M
<du(a 2y (0a,dx), Z Omp (Tm) Z am Vo (Tm) - 0y, (13)

m=1

Equivalently,

M
(a,z)(0a,0T) Z 005, — V - (Z amdasmcs(ﬁm)
m=1

in the sense of distributions.

Comparing Equation [T3] with the weak form of the SHK evolution PDE in Equation [IT] we can
uniquely represent the tangent vector (distribution) d=(, 4 (da, dx) using any pair (r,v) such that

r(zy,) = 6am and U(.’L‘m) = 0xp,. The mass constraint is automatically satisfied since [, rdé =

Z% L a m = Z 19a, = 0. The uniqueness on the support points z1,...,2y can be

estabhshed using Lemma
Now, we define the pullback metric tensor on M, at (a, z) induced by gSI({K ) as

g(avf) = ‘_‘*gs?aKﬂc) ’

which means that, for { = (da, d0x) and nn = (da’, 0z") belonging to T, ) M,

Y(a,x) (Ca ) - g,?HK (dE(a,m)C7 dE(a,T)n) y 5 = E(a,x).

Using the identification above, we have that
da, da,,

r(z,) = P V(Tm) = 0Tm, 17 (Tm) = — v (z,) = 0x),,.

Therefore,

Y(ae) ((0a,0x), (6a’, 02")

|M§

/
(Mm oxl 4 )\2&"”%)

am  Qm

M A2
Z (améxm Szl —i——éaméa )

Consequently, the SHK-induced Riemannian structure on M ,; can be described as follows. Define
for (6a,dx), (da’,02") € Tq z)Mus -

M 2
((da,0x), (6a’,02")) (4 1) = 9(a,x) (90, dz), (da’,d2")) = Z (Aéaméa;n + am 0Ty, - 536%1) .

m=1 m

The corresponding norm is

M
)\2
160,600,y = 3 (25 G +am 5013

m=1 m

D.4 DEFINING AN APPROPRIATE RETRACTION MAP FOR M s

A local retraction is the standard way to define a “first-order accurate exponential
map” used in Riemannian gradient descent. Let T'Mjs denote the tangent bundle
corresponding to the manifold My, given by TMpy = Ugoemy oMy =
{((a, ), (8a,6x)) : (a,2) € M, (8a, ) € T(4 )M}, where T{, 1) My is the tangent space
at the parameter (a,2) € M. Following the general definition (and consistent with retractions
are used in particle evolutions for gradient descent, for e.g. see|Chizat| (2022)) we use the following
definition of a retraction map:

A smooth map Ret : T M, — My is a retraction if for each base point z = (a,z) € My, its
restriction Ret, : T, M — My satisfies (i) Ret,(0) = z, (ii) DRet,(0) = Id on T, M. It

10
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need not be well-defined everywhere but there exists an open set U, ;) C T{q,2)M s containing
the origin on which it is well-defined.

For our purpose, we will build Ret as a product of a retraction on Aj,  ~ and one on
Locas, A, (). For the retraction map on Locag, A, (£2), define:

Ret2*(6x) .=z + dz, ie. Retl™

o1y nr) (0x1,...,0xp) = (21 + 021, ..., &0 + Oxps) -

and Ret?®(-) is well-defined on U, = {62 € T}, Locas (2) : |02 < & min (do(z),sep(z) — Amin) } C
T, Locys. Clearly Ret?®(0) = x and DRet?®*(0) = Id. Therefore, this is a retraction on
LOCM,Am;,, (Q)

Leta € A}, , . Its tangent space is

S D WS

Define, for da € TaA?W,amm’ the retraction map

a ® exp(da/a)

Ret} (da) =
(6a) Z;\il a; exp (0a;/a;)

(14)

where (0a/a), = 0y, /am, exp acts coordinatewise and ® is coordinatewise product. This is well-
defined for all §a € U, where U, = {5@ €TulAG . H%‘ZHOO < % min,, log 2= } .. Further, it

Gmin

can be shown that Rety (da) is indeed a retraction map for A§, . .

Finally, the product retraction on M, is defined as
Ret(q,0)(0a, 02) = Retz(q,0)(0a, dz) = (Rety (da), Ret)™ (0x)) .

which is a retraction on U(g ;) = {(Ja, 0x) € Tia0)yMus : 0a € Uy and 6 € Uz} C Ta,e)yMur.

D.5 RIEMANNIAN GRADIENT OF THE ENERGY FUNCTIONAL FE ON M,
Let £ = Z(a, x). For discrete &, write tp, = ug ().

Differential of £ in particle coordinates : Consider a tangent perturbation (da, ). Assume that

the functional E defined on P(£2) admits a C'*() first variation % (&) for distributions of interest

& € P(§2), whose centered version is u¢ = %—?(f) - <%—?(§)7§> = %(5) — fo %—?(g)dﬁ. Now, for

a given (a,z) € My and (da, 6z) € T(4 )M, (a(t), z(t)) be any C* curve in My, such that

(a(0). 2(0) = (a,2) and % (a(t),2(t))| _ = (a(0). 4(0)) = (3a, bx).

dt t=0

and let the induced curve of measures be
M
& =E(a(t),2(t) = Y am(t)da,, -
m=1

11
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Along the curve of measures &;, by the chain rule, we have that the differential of F o = is given by

d(E o), [0a,62] = j (BoE) (a(t),(1) |

E(&) ],

—dt -0

d
()
< ,z)(8a, 5x)> (15)

M M
5E {0 Z 0G0y, — V- (Z am&rmézm>>

m=1 m=1

M, 5
Z 7? 50 Im 5am + Z am 6 fo) (Im) . 5l‘m

1

We note that, since Z%: m = 0, one can replace (50) by (50) + cin Equatlonfor any
constant ¢ without changing the result, which is often termed as gauge invariance. In particular,

M M
d(E 0 E) (. [0a,dz] = Z Ug (Tm) 0, + Z A Vg (T) - 0Ty, (16)

m=1 m=1

We will often abuse notation by using the shorthand ¢ = E[a, z] and treating F as a functional
directly over My, in which case we will represent the differential of E as

M M
E(¢)[da,dx] = Ug (Tm) 0, + Z U Vg (Tm) - 0%,
m=1 m=1

Riemannian gradient of E : The Riemannian gradient gradgyy £(a,z) € (4,2 Mas is the
unique tangent vector (3, ¢) such that for all (da, i),

g(a,w) ((67 C) 5 ((SCL, 6'1:)) = <(67 C) 5 ((SCL, 5‘r)>(a,a:) = dE(f)[(Sa, 5']:]
With £ = E(a, z), define t¢ ,, = ‘;—?(g)(xm) + ¢ for any constant ¢ € R. Then, we have that

2
> <:ﬂm5am + amm - (5xm> = (temOaum + am Ve - 62,)

m
m m

Matching the ., terms gives

Cm = Viem = Vue (Tm) -

For weights, note da is constrained by ), da,, = 0. The identity

Z ()\2 ﬁm tg m> 5am =0 Vda: Z(Sam =0

holds if and only if the coefficients

)\2
km = 76771 - tg m

are all equal to the same constant k, which can be verified by taking da = e; — e; for all i # j.
Hence

/\2
76m = t&,nb + k.
m

12
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Since, we must have Zﬁle Bm = 0, we must have that

M 1 & 1
0=3" fm =13 D am(tem +k) = 35(f+h),
m=1

m=1
where
M
t = E Amle m.
m=1

Therefore k = —%, so

am, am am
fn = 3z lem =) = Sgtim = Sy uelom)
So the Riemannian gradient of E is
a M
gradgyk E(a, ) = ((;gum)m_l ) (Vum)%—l) :

D.6 SHK GRADIENT DESCENT UPDATES IN TERMS OF RETRACTION MAPS

Fix a step size n > 0. The retraction-based SHK gradient descent update is as follows. Given
¢ == (a®, z(*)), define

(a(kﬂ),ﬂ?(kﬂ)) = Ret(awu(k)) (—77 gradgygk F (a(k)vﬂf(k))) = Ret(awxz(k)) (—77 gradgyg F (f(k))) ,
and set
gD = (a(k+1)7x(k+1))

We can express the SHK gradient descent update using the operator ®,, (£*)) = ¢(*k+1),
For a measurable map 1" : {2 — (2, the pushforward T4 is defined by

(Tp&) (A) =& (T7(A)), equivalently / od (Ty&) = / o Tde.

For a measurable function p : 2 — (0, c0), the reweighted measure p¢ is defined by

m@mw:Amw&@»

For a given &, define the pushforward map

and the reweighting map

ph() :

Then the SHK gradient descent update is
(&) = (T5) . (756)
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D.7 PARTICLE (EMPIRICAL-MEASURE) DYNAMICS

Let & = Zi\f:l ()0, (1) Plugging this ansatz into equation@yields the Lagrangian system

Em(t) =v(@m(t),  am(t) = an@) r(zn(t), m=1,...,M. (17)
Define the particle-wise first-variation values

SE Y
- ( o€ (£)> (ﬁm):;wi(ﬁ)(fé,xi(xm)_%(ffﬁf(xm)""g&’f(xm)))’ (18)

and their £-average Z == Zn]\le amZm- Then equation [10| gives the weight dynamics
. 1 _
i () = =35 am(t) (2m—2), D am(t)=1. (19)
m

Equation equation [T9]is the (mass-preserving) replicator equation and can be viewed as a spherical
Hellinger / natural-gradient flow on the simplex.

E ASSUMPTIONS FOR ANALYSIS OF THE SINKHORN AND SHK GRADIENT
FLOW BASED RETRIEVAL

In this section, we list down some useful assumptions are useful to prove certain properties of the
Spherical Hellinger-Kantorovich gradient descent. Define F; (&) = S.(§, X;) for=1,..., N.

Assumption (A1) (Margin separation). The stored patterns Xi,...,Xn and € are such that
there exists a radius v > 0 and a corresponding A > 0 such that for any £ € By(r) =
{1 € P agin . Amin () + Se(p, Xi) < 1}, we have that, for all j # 1,

F;(§) — Fi(§) = A. (20)
Assumption (A2) (Local Retraction L-smoothness of energy functional E in SHK geometry). For
the same choice of r as in Assumption |(Al)| there exists L > 0 such that for every § € B;(r),

every tangent vector (w,v) € T¢(w,v) and every n > 0 small enough so that Rete(n(w,v)) is
well-defined, we have

2
B (Rete(n(r, v))) < B(€) +nlgwadsu BE), (r0))smcs + o |0 0) e @D

where (-, -)suk ¢ and || - ||sux ¢ is the SHK inner product and norm respectively .

Let E (r) = infec p, () E(£). We will often denote Ef () using E; for convenience.
Assumption (A3) (Existence and uniqueness of minimizer of E in local basin). For the same choice
of r as in Assumption|(Al)| there exists a minimizer X (r) € B;(r) of Ei.e. E(X[(r)) = Ef(r) ==
infee g, () (). Further the minimizer X (r) is unique.

Assumption (A4) (PL inequality in local basin). For the same choice of r as in Assumption |(Al)
and conditional on Assumption|(A3)|being true, there exists p > 0 such that for every £ € B;(r),

1
5” gradgpk E(6)3nx e > w(E(E) — Ef (r)) (22)

F SAMPLING ALGORITHM TO ENSURE HIGH PROBABILITY SEPARATION OF
MEASURES IN ,PMuamiInAmin (Q)

We construct a sampling model that (i) produces fully general M -atom measures (random weights,
random supports) that belong to Pas g, A (2), and (ii) ensures pattern separation with high
probability for number of patterns N exponentially large in d. For simplicity and concreteness, we
assume that the domain §2 is such that there exists some point ¢ € {2 and some R > 0 such that the
Euclidean ball -

B(e,R) ={x€Q:|lz—c¢| <R} CQ.

14
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Sampling algorithm (SampAlgo) : Consider the domain  such that B(c, R) := {z : ||z — ¢|| <
R} C Q C R% Consider the shape radius o € (0, %), margin parameter v € (0,1) and inradius

parameter Ry = R—20. Fix any € > O such thatelog M < %R%. For each pattern¢t =1,..., N,

1. Generate random mean using Rademacher random variables : Sample s; € {£1}¢
with i.i.d. coordinates, P (s; , = +1) =P (s;x, = —1) = 1/2. Define p1; := c + R—Zsi.

v

2. Generate random weights : Sample b; = (b; 1, . .., b; as) in 1.i.d manner using any prob-
ability distribution supported on A, , - for some fixed amin > 0.

3. Sample random point cloud around means : Sample z; = (2;1,...,%,Mm) €
(RYM  from any probability distribution supported in = Z, A, =
{(21, coovzm) € B0, )M s ming |20 — 2m || > Amin}.

4. Set means using mean correction and define support points: Compute the weighted

_ M .
shape mean Zz; = Zmzl bi,mzi,m and define support points ¥, = pu; +

(zi,m—z), m:].,...,
Mob

5. Define the discrete measure : Set the pattern as the discrete X; == > "~ b;

m§yi,'r71. €
PMyamin »Amin (Q)

G PROOF OF MAIN THEORETICAL RESULTS

G.1 PROOF OF THEOREMIII

Proof. We first verify that the probability distributions X7, ..., Xy generated by the sampling al-
gorithm SampAlgo (see Sec E]) belong to Pas, g, Amin (£2). First, by construction of Step 2 in Sam-
pAlgo (see Sec E]) we have that, fori = 1,..., N, b; € A3, , . Next, we prove strict pairwise
separation of the support points y; ,,,. For m # n,

Yin — Yim = (Wi + Zin — Zi) — (Wi + Zim — Zi) = Zin — Ziym-

and hence ||y;n, — Yim| = [|zin — 2zim|| fori = 1,...,N. Since z; € Z, A
MiNy,£n [|2in — Zim|| > Amin. Therefore, we have that

we have that

min?
min ”yl,n - yi,mH > Amin'
m#n

Finally, we prove that every support point ; ,, lies in (2. Since each z; ,, € B(0, o), we have that
|z;,m || < o. Further, since z; = Z%zl bi mzi,m is a convex combination of the z; ,,, we have that

M M
1Z:01 <> i zimll <D bimo =0
m=1 m=1

Further,

= 0l = T2 Vi = Ry
d

s el = | B
/’I”L \/g k3 \/g

Hence, for each m, we have that
[Yim —cll < i —cll + zimll + |2l < Ro+ 0 +0 =R

Therefore, we have that

Yiom € B(C7 R) C Q.
Therefore, for i = 1,..., N, the generated pattern X; indeed belongs to Pas,q,....A
we compute its mean:

(©). Now,

min

M M
m(X;) = Z bim¥Yim = Z bi;m (i + Ziym — Zi)
m=1 m=1

M M
=p; + E bimZim — E bimZi
m=1 m=1

=i+ 2 = 2 = i

15
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Now, define the event
A= {\ﬂ <i<j <Nl — pll > duin = /201 —W)Ro} .

choosing N = L\/2pexp (%d)J , we have that (];[) exp (—%) = N(]\;_l) exp (—%) < p.
Therefore, by Lemma|[I6] we have that

P(A)>1—p.

Now , under the event A, the means 4i; are pairwise diin-separated, Lemma|[TT] applies. Thus, for
every i, every £ € Pis,apin, Amin () With S¢ (§, X3) < 7, and every j # i,

d?.

S (6,X)) = 8:(6, X)) 2 A= =02,

This proves the margin-separation statement. It remains to prove pairwise disjointness of the basins.
Suppose for contradiction that for some ¢ # j there exists

& € Bi(r) N B;(r).
Since £ € B;(r), the margin-separation statement with indices (4, j) gives
Se (6,X;) — 8- (& X)) = A
Since ¢ € B;(r), the same statement with indices (7, ¢) gives
Se (& Xi) = S: (6, X5) = A

Adding these two inequalities yields
0> 2A,

d2 .
i > 0. Hence

Bi(r)NBj(r) =0 foralli # j.

which is impossible since A =

This completes the proof.

G.2 PROOF OF THEOREM 2]

Proof. Assume first that £(%) € B; (r) forall k > 0. By Lemma after relabeling the atoms of each
iterate, there is a unique ordered representative

(k) — (a(k),m(k)) € K (0i,7)

such that
W = (zac)) ,
Since 1 < Nyet, i Lemma[Z] implies that the local retraction is well-defined at each iterate.

Let §k+D = &, (%)), For each k, define the one-step retraction curve
V() = Retew (—tn gradgyg E (f(k)>> , telo,1].

Then 75 (0) = €% and ~, (1) = £*+1). Applying Lemmawith (6a,dx) = —ngradguk E (E(k))
in particle coordinates yields

Length (y;) < el/ally) ‘

)
gradgyg £ (€ —

Now we proceed to bound ||da/al|~. For the SHK gradient descent direction, the weight update

follows

dam n
- = _72'“5(’@) (xm)

Q.
5am = —Wyygug(k) (xm) - am )

16
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where 0F oF 0F oF
w =50 - (520.6) = 2O - [ o
Thus 5
;a < % 21618 ’u§<k)(m)| .

Now, $£(¢) = Y00, w;(€) 225X and hence ue(x) = 320, w;(€) (hi(x) — [ ¢:(v)dE(y))
where
05: (&, X;
o) = (22 )
From LemmaPart (ii), we have that sup,c(, |ug¢(x)| < D?. Consequently, we have that

sa
a

Therefore, we have that

Length (1) < e"?*/A"p ‘

)
gradgyk £ (€ —

Now, using Lemmas [7]and [ we have that

. 1
dsnk (5(]”1), ﬁ(k)) < Length (7%) < min {enDz/’\z» } 7 HgfadSHK E (f(k)> H

v/ Gmin SHK, ¢ (k)
1 2(E(£0) - Ef (r) & &
< min { "/ }n\/ : 1—nu)z =Cq>
{ vV Amin 7’ ( )
where C' := min {e”D2/)‘2, ﬁ} . \/277 (E(£®) —Ez(r))andq:=1—pun € (0,1).
Now, for integers m > k,
) () < (1) () < S (t/2 < (N2 12 g
d &€ < d § ;87 ) < Cq’"<C)» ¢/ =C :
SHK ( ) ; SHK ( ) 2 ; 1 va

As k — oo, the RHS converges to zero. Therefore, (((*)) is Cauchy in dspk.

The set K; (J;, 7;) is compact by Lemma Therefore the sequence z(*) has a Euclidean-convergent
subsequence:

L(kg) _y o0 (@, 2%) € K; (8;,7i) -
Define
£ =2 (2®) € Py(9Q)

Because K (6;,7i) C Af,. . X Locaa,,, (), the limit belongs to the parameter space
A?\/I,amin X LOCMaAmin (Q)

Using Lemmal[T] we have that
dsuk (f(k'j),ﬁoo) <L Hz(k'j) - ZOOHE — 0.

Hence, the subsequence converges to £*° in dspxk-

Let 6 > 0. Since (¢™)) is dsuk-Cauchy, there exists N such that dgpxk (£, &™) <

§/2 Vm,n > N. Choose j so large that k; > N and dsuk (§<kj>,§°°) < §/2. Then, for ev-
eryk > N,

dsux (ﬁ(k)fOO) < dsuk (f(k)vf(kj)> + dsux (ﬁ(kj)vfoo) < 4.

Therefore, £(%) converges to £ in dgpk.

17
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Using Lemma each F; = S.(-, X;) is G-Lipschitz in dspk, and hence,

|Fi (69) = Fi(6%)] < Gsuxc (¢9,6) >0
Since F; (€®)) < rforall k, F; (€°) < r. Hence, we have that £ € B;(r).
Again, using Lemma[I0] we have that

o )~ #16] < cme 60.6) o

On the other hand, Lemmal gives E (¢M)) — Ej(r). Therefore, we have that E (£>°) = E; (r).
Therefore, > is a minimizer of E on B;(r). Under Assumption[(A3)] by uniqueness, we have that

£ =X7(r)

This proves the convergence of the SHK gradient descent iterates in dspxk to X; * (7).

Now, since dsuk (5 (m) f ) < Ci- ¢ and dsuk is continuous, we have that

¢/2

dSHK( F(r), f(k)) = dsHK (5(00) f(k)) = hm dsuk (f(m) f(k)) < C \f

Finally, using Lemma|8|and the fact that S. (X (r), X (r)) = 0, we have that
g2

=i

Consequently, limy_,, S-(€*), X#(r)) = 0 and since the Sinkhorn divergence metrizes weak con-
vergence (Theorem 1 of [Feydy et al.(2019)), we have that £(*) converges weakly to X (r).

8- (€9, X7() < Gdsuxc (X7 (1), €W) < GoL—

Now, S (€™, X7 (r)) < GO ¢ g S Oif

min{ e”P /*2’7 Gm
210g< { \/7} n(E(e) z())>

S(1=+/1—pn)
k>

—log(1 — pn)
. 2 *
min { 2’;\’23 ,—log amin} + 2log G + log(2n (E (5(0)) — Ef(r)))+2 log(m)
B —log(1 — un) '
1 1

Using 1 +logz < zfor0 < = < 1, we have that ————— < —. Further, we have that

2103;(1 un) = pn’
_ o — pn [/ N
1 L=pm = 1+V1-p Z 3 lfvl un — pn’

condition £ > min { 3522 , 7%} + W log(2n (E (f( )) - Ej‘(r))) + ﬁ 10g(6un)

Consequently, we have the sufficient

We will now establish that if

Fi (€9) <7 pilnr,€®),
then £(®) € B;(r) for every k € N. We will prove by strong induction that F; (f(’“)) < rfor all k.
Note that, by assumption F; (@) < r — p;(n,r,¢©) < r.

Now, assume that F; ((®) < rforallt = 0,1,...,k. Then ) € B;(r) for those ¢, so Assump-
tions [(A2)] and [(A4)| apply on each of these iterates, and consequently Lemma [ applies up to time
k, yielding

E(¢9) - B < (- )’ (B(€9) = B/(n), t=0,....k

We now bound the increment of F; from £() to £€*+1). To do so, we construct an explicit smooth
curve in M, connecting them and bound its SHK length.

18
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Along any absolutely continuous curve ¢(s) connecting ¢(0) = £ to ¢(1) = £+ restricted to
PM7a!Ilitl)Atlli!l (Q)’

P00 = (mrad FlG(s).

S

d

£C(5)

<<s>> < leradssne Fi(C(5)lsn oy
SHK,((s)

Integrating between 0 and 1 and using the global bound |[gradgyy #i(§)||lspk ¢ < G from Lemma
we obtain

F; (¢049) = Fi (¢9) < G - Length(Q).
Using Lemmas @] and [7] we have that

F; (€0+9) - F, (60)

IN
@Q

.nv
i

n
=G| 2B (€9) = B () (1 - ).

Now summing fromt =0tot =k :
k
2 ¢
(k1) (¢(0) 2 0)) _ g* —un)s
F (6050) < B (€9) + G\ = (B (60) - Er(r) Y (1 - )

. k t t
Since Y, (1 —pun)z < 3220(1 — )z = ﬁ,

p(e) <7 () +VEED BOD g (o) o,

By the assumed initialization condition F; (5(0)) <r—pin,r, 5(0)), we get F; (f(}““)) < r. This
completes the induction. Thus all iterates remain in B;(r).

The lower bound on 7 can be derived based on the natural constraint that p; (7, r, & (0)) < r must be
satisfied. The, we must have that

AEE) B W) 26 (B (€9) ~ Br () _
M(l \/17/”7) =T Amin (1 — /1 — pn)? =7

Define v = /1 —pun. Since 0 < n < i, we have that 0 < v < 1. Further, n = 1’ _

w. Therefore, the condition reduces to

1+u 9 Hlmin 0)
— < X = s .
0 =" @ EE) ) )
Because 0 < u < 1, we have that H" > 1. Therefore, a necessary condition is a(r,£(?) > 1.
Moreover, if a(r, (0)) > 1, then the condltlon is equivalent to
@y —1 afr,€©) —1 ?
1+u< Oy 1) e w8 g (o)=L
—|—’U,_a(7",£ )( U) U= a(T,’f(O))_’_l 'L”?_ a(rvf(o))ﬂ—l
.. 0 1 a(r 5(0))71 2
Consequently, the condition reduces to a(r,£(®) > 1 and n > u X |- (W) =
da(r,)
pn(e(r,g(0)+1)2
This completes the proof.
O
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G.2.1 AUXILIARY RESULTS FOR PROVING THEOREM [2]

Forany ¢ = 1,..., N consider the stored pattern X, = ng:l bi;mOy; 1 € PM,amin, Amin (£2) Whose

weight and locations parameters are denoted as b; = (b;.1,...,b; ar) and y; == (Yi1,.-.,Yi, M),
respectively. Let us define the stored pattern margins

w; = min (b m — amin) > 0,
1<m<M
9 .— mi i , Q0
ds 1§HT;1£1M dist (y4.m, 02) > 0,

Si = sep (yz) = ;@n;&% ”yi,m - yi,nHQ > Anin.

Further, define §; := min {d?, %} > 0. Then, forany 0 < § < §; and 0 < 7 < wj, let us
define

min(s2 ; — 0 ’
T%OC<5,T) ::min{a2—€10gM7T(sz4)_€10gM}' (23)

Lemma 1 (local basin compactness inside parameter space). Fixi € {1,..., N}, and choose num-
bers 6;,1; such that 0 < §; < §;, 0 < 7; < w;. Assume 0 < r < r%oc (0;,7i). Then every

& = Z%zl am0z,, € Bi(r) admits, after relabeling of its atoms, a unique ordered representative
(a, ) satisfying
la—bill, <7, Tm €B(Yim,d) foreverym=1,..., M.
Consequently,
Bi(r) C E(K; (6:,7)),

where

M
K; (0;,7;) = {(a,m) : Z am =1,lla—=b;|l; <7, 2m € B(yi,m,éi)Vm} ,

m=1

and K; (8;,7;) is a compact subset of the parameter space My = A%, X Locas, A, ().

Proof. From Lemma|[l1] we have that OT.(¢,€) < elog M and OT- (X;, X;) < elog M.

Therefore,
Se (£, X;) > OT. (&, X;) —elog M. (24)
Now suppose £ € B;(r). Assume for the sake of contradiction that some query atom ., does not

belong to U%:l B (yi,m, ;). Then, for every target atom y;
meo - yi,m”g > 51

and hence every unit of mass transported out of row m, must pay least 67 /2 in transport cost. Since
the row mass equals a,, > Gmin, We must have that

2
amin(si

Using equation [24]
min(S‘2
Se (€, X;) > QTZ —elog M.

52
Butr < rl°¢ (§;,7;) < % — elog M, contradicting S. (¢, X;) < r. Hence, each query atom
lies in |U,,, B (4i,m, 0i).

Now, assume for the sake of contradiction that for some ng, no query atom belongs to B (y,;mo, ;).
Then every unit of mass transported into column ng pays at least §2/2. Since the column mass
equals b; ny > Qmin

bi,ng 612 > amin(sl‘z
2 - 2

OT. (&, Xi) =

20
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Again equation [24] gives
min(s‘2
S (6, X;) = 2% —clog M >,

which is a contradiction. So every closed ball B (y; ,,, J;) contains at least one query atom.

Since §; < §; < Si=Smin 5 Qmin < %, the balls B (yin, 0;) are pairwise disjoint. Based on our arguments
above, all M query atoms he in the union of these M disjoint balls, and each ball contains at least
one query atom. Since there are exactly M query atoms, each ball contains exactly one. Therefore,
after a unique relabeling, we may assume

T € B (Yim,0i), m=1,...,M. (25)

Let P = (Pmn)MLM _, be any coupling matrix between £ and X, i.e.

m=1n=1

P>0, Pl=a, P'1=b,.

Then, we have that Zn]\le P < Z%:l min (@, bi,;m) = 1 — 5 ||a — bs||; and the off-diagonal
mass satisfies
1
ZPmn_l—ZPmm_§|\a—biH1. (26)
m#n

Now, fix some m # n. Then, using equatlong we have that, ||z, — Yinlly > Yim — vinll, —
|Tm — Yimll, > si — ;. Therefore

1 1
C(xmvyi,n) =35 me - yi,nng > ) (Si - 52’)2 .

So every unit of off-diagonal mass contributes a transport cost of at least = 5 (si 51)2. Using equa-
tion[23} we have that

1 8)°
(53 )25 men_inafbl‘”l'
m#n
Combining with equation[24] we have that
i~ )’
Ss (S,Xz) > % Ha - bi”l - €logM.

If ||a — bi]|; > 7, then

2
se(e.x) > B0 o b > e (5 > v

which leads to a contradiction. Thus, we must have that
la = bill, <.

The defining constraints of K; (d;,7;) are closed and bounded in the finite-dimensional Euclidean
space RM x (Rd) M, so K; (0;,7;) is compact. We only need to verify that K; (J;,7;) is indeed
a subset of the parameter space A3, , X Locy A, (). If (a,2) € K; (d;,7;), then, for all
m=1,..., M,

Am > bi,m — Ti > Gmin,

since 7; < w; = minyy, (bim — Amin)- Also, since §; < d?, we have that, foreverym =1,..., M
B (yim,d;) CQ  for every m.
Finally, for m # n, we have that

||mm - anH Z ||yi,m - yz,nH - 261 Z Si — 26@ > Amin

since §; < % Therefore, we finally have that
Ki (577 Ti) C A?\/I,am;n X LOCMaAn—Ain(Q)'
This completes the proof. O
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Lemma 2 (uniform retraction domain and local metric upper bound). Assume 0 < r < 7"1°C (0:,73),
and let K; (8;,7;) be as in Lemmall| Define

a; = min bjm — T > Gmin
1<m<M
and )
A a;
ret,i = M 71 — d Si 251 - Amin .
TNret, rmn{2D2 amm 3D mln{ }}

Then, the following hold true
1. Forevery § = Z(a,z) € 2 (K; (8;,71)),

sup |ug(2)| < D?, sup [|[Vug(z)|| < D.
z€Q ZEQ

22If 0 < 1 < Thgeti then for every & = E(a,x) € Z(K,;(6;,7)), the retraction
Rete (—n gradgyk E(£)) is well-defined.

3. If
M M
[(0a,02) |3 =" (Bam)* + > [lzm]”,
m=1 m=1

then on K; (;,7;),

2
(5 6| B oy < L2 B, 60)[3, L o= m%AA}
e a

Consequently, for all (a,x), (a',2") € K; (6;,73),
dsuk (E(a,z),E(d',2") < L ||(a —d',z — 2')| 5 -
Proof. Forj=1,...,N,let

Se (6, X5)

Dje(2) = 5¢

(2)
and let

31(2) = 03(2) — [ dnede.
Then

Z% 7Zw & =1, w(€)>0.
7j=1

Following the derivations in the proof of Lemma [8] specifically equation [31] and equation [32] for
each j = 1,..., N, we have that

sup [Vo;e(2)|| < D, supgje(z) — inf ¢;(z) < D?
2€Q 2eQ zeQ)

Hence, we obtain -
S‘ég ’¢j’5(2 ‘ < D? and sup HV@g H < D.
z

Taking the convex combination with weights w; (§ ), we have that,
sup |ug(2)| < D* and sup || Vue(2)|| < D.
z€Q z€Q

Let
wwadsunc B(ova) = ( (s (o) (Ve (o), ).

m=1

The actual retraction step is therefore

mu5 (Tm), O0xpm = —nVue ().
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Using the above bound,

sa
a

0, D?
= max m <n=, |I0z]s0.2 = max||dxy| < nD. 27
m A A2 ’ m

oo

By Lemma every (a,z) € K; (0;,7;) satisfies a,, > a; forallm =1,..., M, dy(x) > d? —
and Sep(x) - Amin Z S; — 262 - Amin‘

Hence, under the local region of validity of the retraction map, as introduced in Section [D.4]

sa

‘ a

1
[0z 0c,2 < 5 min {d — 6;, s; — 20; — Apin }

a;

<4
9 %

) Gmin

and

are sufficient to make the weight and position retractions well-defined. This is guaranteed by 0 <
n < 77ret,i~

On K (0;,7;), we have a,, > a; and a,, < 1. Therefore,

M M
A2 A2
160, 62) 13515, (a0) = = (6am)*+ Y am [0z < aiz (6am)*+Y _ l[8zm||* < LF|[(da, 62) |-
m=1 """ m=1 T m m

Now K; (d;, TZ) is convex, since the weight constraints define a convex set, and each position con-
straint z,,, € B (y;,m, d;) defines a convex set, and intersection of convex sets is a convex set again.
Hence the straight segment joining two points of K; (d;,7;) stays in K; (0;,7;). Integrating the
above pointwise metric upper bound along that straight segment yields

dsuk (E(a,z),Z2(d',2")) < Li|(a —d',z — 2')| 5 -

This completes the proof. O

G.3 PROOF OF THEOREM[3]

Proof. Since F; (X;) = S (X;,X;) = 0 < r, we have X; € B;(r). Assumption [(A3)| guarantees
the existence and uniqueness of the minimizer X7 (r) € B;(r). Now, we apply Lemma[J|to £ =
X7 (r), giving

0< F (X[ (r)—E(X}(r) < %log (1+ (N —1)e"2)

Thus

Fy (X5(r) < B (X5(r) + %bg (14 (N - 1)e2).

But X (r) minimizes F over B;(r), and X; € B;(r), hence

Also E(&) < F;(§) forevery & € B;(r), so

E(X;) < F; (X;) =0.

Combining, we have that
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Se(X7(r), Xi) =Fi (X7(r))

K2

<E (X7 () + 5 log (1+ (N — 1)e5)

B
<E(X;)+ %log (14 (N -1)e"2)
<0+ %log (1+ (N -1)e"2)
:l log (1 + (N - 1)676A) .

B

Now, consider the one-step retraction curve

vi(t) = Retx, (—tngradgyx £ (X)), te0,1].

Then v;(0) = X; and v;(1) = ®,(X;). Note that, as derived in Theorem when 1 < Nye s
the retraction ®,,(X;) is well defined. Applying Lemma with (da, dz) = —ngradgyk E (X;) in
particle coordinates yields

min

. sa
Length (7;) < min {e” alloo } n|lgradgyk £ (Xi)”SHK,Xi .

Now we proceed to bound [|2%||«. For the SHK gradient descent direction, the weight update
follows

0a,, = —n%uxi (xm) = (le = _FUXi (Tm) -
where _6E SE _6E SE p
ue= G (O~ (F0.6) = 7O~ [ F©Ok
Thus
1)
;a . < %igglwi(x)l-

Now, S£(¢) = Y w;(€) 225X and hence ue(x) = 321, w;(€) (6i(x) — [ ¢i(y)de(y))

- o) = () @)

Following the argument presented in the proof of Lemma 8] specifically equation [32] we have that,
for any z,y € Q, |¢i(x) — ¢;(y)| < D? and hence for any £ € Para,.. A (), We have that
sup,cq |ue(z)| < D?. Consequently, we have that

da
a

2
<
=72

o0

Using Lemma the fact that S.(X;, X;) = 0 and following the same argument as in the proof of
Theorem 2] we have that

Se(Xi, @ (Xi)) <Gdsuk (X;, 5 (X))
<G Length (7;)

1
< min {e”Dz/’\z,

e | 16 e B (X s x,

Now, since F;(§) = S:(&, X;) has a global minimum at ¢ = X; and F; is differentiable in the SHK
sense, we must have that gradgyk Fi(X;) = 0. Now, using Lemma@ we have that

N N
gradgug E(X;) = Z w; (X;) gradgpy Fj(X;) = Z w; (X;) gradgpg Fj(Xi).
Jj=1 j#i
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Consequently, using the gradient bound from Lemmal[g] we have that

lgradspx £(Xi)llsmx, x, <Z“’J ) llgradsp £5(Xi)llsuk x,
J#i
G(N —1)e P4
<G)_wi(Xi) <5 T (N —1)e Ba
J#i
Therefore, we have that
. 2 2 1
Se(Xi, @4 (X5)) Smln{enD e 7 }UG ”gradSHKE(Xi)”SHK,Xi
: D?/\? 1 —BA
<m1n {e" / m} nG2(N —1)e?
- 14+ (N —=1)erA
<min {e"D2/’\2, 1} nG2(N —1)e P4
Gmin

where we used 1 < u for v > 0 in the last inequality.

This completes the proof. O

H DISCRETE RETRIEVAL ALGORITHM FOR EMPIRICAL MEASURES

We now give a fully explicit deterministic retrieval scheme obtained by an explicit Euler discretiza-
tion of equation The resulting update alternates a Kantorovich (support) step and a spherical
Hellinger (weight) step, both driven by the same Sinkhorn computations.

H.1 DISCRETE SINKHORN OBJECTS

Let & = Z% 1 @m0q,, and X; 271;4:1 bindy; .. An entropic coupling is a matrix P; € R}

with row/column sums a and b;. The barycentric projection map (as derived in Section [C) on the
query support is

M

Py[m
yi,na Tfﬁ)f xm Z
l=1

TgaX xm

HME

m

Moreover, the dual potentials returned by Sinkhorn (in the first argument) provide the discrete values
fe.x,(xm) and fe ¢(x,,) needed for equation For the self-coupling OT. (&, £), £ appears in both
marginals, so the weight update requires the symmetric combination

fSym( ) = %(f&&(xm) + 9575(177’1))’

where g¢ ¢ is the Sinkhorn potential in the second argument. For the self- coupling, the correct
(gauge-invariant) contribution to the weight gradient is the symmetric average 5 1( Jee+gee).

H.2 EXPLICIT EULER (KANTOROVICH TRANSPORT) UPDATE
Using equation[§] a step of size 77 > 0 updates the support points by
N
it v () - o)
i=1

where T denotes the barycentric map computed from the Sinkhorn coupling between £ and X,
and T}¥ is the barycentric map from the self-coupling between £* and itself.
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H.3 MULTIPLICATIVE (SPHERICAL HELLINGER) WEIGHT UPDATE

A first-order discretization of equation[I9|can be implemented as the multiplicative update
. M
af’nH o aﬁl exp(—ﬁ zf;) , Z aﬁjl =1, 29)
m=1

where z* is defined by equation [18|at (z*, a*). The normalization removes any additive-constant
ambiguity in the potentials and guarantees a®! > 0 whenever a¥, > 0.

H.4 FULL DETERMINISTIC RETRIEVAL ALGORITHM

Algorithm 1: Entropic DDAM with spherical Hellinger-Kantorovich retrieval (empirical mea-
sures)

Inputs: stored empirical measures {X;}Y;; query ¥ = Y a?néwom ; parameters 5 > 0, e > 0,
step size 7 > 0, spherical Hellinger scale A > 0; number of iterations K (or a stopping criterion).

For k=0,1,..., K — 1do:

1. Sinkhorn couplings and costs. For each 4, run Sinkhorn between £* and X to obtain: (a)
coupling matrix P;", (b) source potential values f[m] = fex x, (#F,), and (c) the entropic
OT cost OT.(£*, X;). Compute also the self-coupling between &* and itself to obtain Py,
both potential vectors f§[m] = fer ¢x(aF,) and g§[m] = ger ¢x(2F,) and the entropic

self-OT cost OT, (¢¥, ¢%). Finally, for each i, compute the OT cost OT. (X, X;).
2. Sinkhorn divergences and Gibbs weights. For each i, compute S.(£*, X;) using equa-

tion[2] and set
o ep(-BS.(E5, X))

i .

S exp(—BS. (¢, X;))

3. Barycentric maps. For each particle m and each pattern ¢, compute

Pik [ma n] Pk[ma é]
Tik(m']rcn) = Z - % Yin T0k($]n€1) = Z = JC?

a ak
n m ¢ m
4. Support update (transport). Update z*+! using equation

5. Weight update (reaction). Compute
N
ho = 2wk (FEm] = (78 m] + abTm) ).
i=1

then update (a*:!) by equation

m

Output: retrieved empirical measure {5 = 37 afd,x.

All steps above are deterministic given the Sinkhorn solver (which itself is deterministic for fixed
initialization and tolerance). The support update is a pushforward by a deterministic barycentric
map, and the weight update is a deterministic multiplicative reweighting on the simplex. Thus the
overall retrieval operator is deterministic.

I NUMERICAL EXPERIMENTS

In this section, we demonstrate the empirical performance of our proposed retrieval algo-
rithm, referred to as SinkhornSHK Algo, for finitely supported discrete measures and com-
pare it to a baseline Euclidean geometry based classical Hopfield-type algorithm, which we
refer to as Euclidean Algo. The Euclidean algo vectorizes (a,z) € My into Epee =
(115 s T1dy - TMLs - - - Thrdy 0 AL, - . ., log ay,] € REFDM and applied the classical Hop-
field fixed point algorithm for vector inputs based on Euclidean {2 inner product similarity using
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Equation 3 of [Ramsauer et al.[(2020) with the same choice of S as for our proposed SinkhornSHK
Algo.

We consider a toy experiment where the stored patterns X7, ..., X are uniformly weighted and
the support points are sampled from Gaussian distributions. We choose N = 5 and data dimension
d=2.

In Experiment 1, we choose the means of the Gaussian distributions to be
(—4.0,-1.0),(-2.0,2.2), (1.0, -6.0), (4.0,—4.2) and (4.2,—0.8), while the covariance ma-
0.60 0.20] {0.80 —0.15} [0.65 0.00] [0.55 0.10} and

trices were. chosen o be [0.20 0.90] " [<0.15  0.55 | *[0.00 0.65] |0.10 1.00

[838 8(5)8 . M = 30 support points were sampled in i.i.d manner from the 5 Gaussian distri-
butions determined by each pair of mean and covariance parameters and the resulting uniformly
weighted discrete distributions were set as the patterns to be stored.

In Experiment 2, we choose the means of the 5 Gaussian distributions to be all equal to (0,0) and
the covariance matrices were randomly sampled using random orthogonal matrices coupled with
uniformly sampled eigenvalues between 0.15 and 1.75. We sample M = 25 support points in i.i.d
manner from each of these Gaussian distributions and the resulting uniformly weighted discrete
distributions were set as the patterns to be stored.

In both the experiments, we first fix a pattern that we want to retrieve, then perturb the support
points individually using i.i.d Gaussian noise (sd 0.5 in Experiment 1 and sd 0.2 in Experiment 2)
to generate a query distribution that serves as the initial iterate £(9) for both algorithms. We chose
B = 50, e = 0.05 and step-size = 1.3 for the SinkhornSHK Algo, and the same [ for Euclidean
Algo. We do not use the spherical Hellinger update step in these simple experiments since the all
discrete measures involved are uniformly weighted. We use a maximum iteration threshold ¥ < 200
for both algorithms, and the Sinkhorn algorithm for computing entropic OT transport plans were
capped at 120 iterations.

In Experiment 1, we see that both algorithms are able to retrieve the correct discrete distributions
when considering the support points that are returned by either algorithm. However, Experiment
2 clearly shows the superiority of SinkhornSHK Algo over Euclidean Algo, since the Sinkhorn
Algo is able to converge to the correct pattern even when a noisy query is given. We believe that
the ability of Sinkhorn ALgo to leverage the distributional perspective gives it the advantage over
Euclidean Algo, since the latter relies on Euclidean inner products and is expected to fail in cases
where Euclidean separation between support points is small, but separation in distributional metrics
is still feasible.

J AUXILIARY RESULTS

J.1 DUAL AND OPTIMAL POTENTIALS

A standard dual form of O'T. can be written (up to equivalent normalizations) in terms of potentials
f,g € C(£2).0ne defines the entropic soft c-transform operator A, via an expression of the form

Ac(g,v)(x) == —¢ log/ exp(w) dv(y) (defined up to an additive constant).
O 9

Then the optimal potentials (f, ., g, ) (Schrodinger potentials) satisfy the Schrodinger system

fu,u = Aa(gu,w V) p-a.e., u,w = Aa(fu,m U) v-a.e..

These potentials are unique up to adding a constant to f, ,, and subtracting the same constant from
gp,v (gauge invariance). This does not affect any gradient V f,, () or Vg, ,,(x), which is what we
ultimately use.
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Empirical-measure retrieval: Sinkhorn SHK Algo vs Euclidean Algo (baseline)
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Figure 1: Experiment 1: Sinkhorn Algo and Euclidean Algo are both able to retrieve correct patterns
from noisy queries
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Empirical measure retrieval: Sinkhorn SHK Algo vs. Euclidean Algo (baseline)
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Figure 2: Experiment 2: Sinkhorn Algo succeeds in retrieving correct patterns from noisy queries
in all instances, but Euclidean Algo fails in 3 cases.

29




New Frontiers in Associative Memory workshop at ICLR 2026

J.2  BARYCENTRIC PROJECTION MAP

Let 7}, , be the optimal entropic coupling between p and v, which can be disintegrated into a
marginal and conditional distribution as follows :

T (d, dy) = p(d) my ,(dy | ).

Define the barycentric projection (conditional mean) map:
Tiula) = [y ldy] 2).
This is defined p-a.e. and takes values in conv(Q2) C R

J.3 COMPUTING GRADIENT OF SCHRODINGER POTENTIALS EXPLICITLY FOR QUADRATIC
COSTS

Recall (from the Schrodinger system) that

Jup(x) =—¢€ log/

Q

gu,u(y) - C(xa y)

5 ) dv(y) (up to constant).

exp (

Differentiate with respect to z. Denote

Then f,,.,(x) = —¢ log Z(x). s0
V@) = —e =V Z(a).
Compute V Z(z):
VZ(x) = /Qexp (M) : g( — Ve(z,y)) dv(y).

Therefore

/exp (M) : é( - VC(%CU)) dv(y)

1
Vuw(®) == SZ(x) €

:% /exp (M) Ve(z,y) dv(y).

e

But the conditional distribution 7°(dy | ) has density proportional to exp((gu.(y) —
c(z,y))/e),dv(y). Hence

Vfuu(z) = /Vc(x,y) T (dy | ).

Now plug c(z,y) = %||z — y[|3, so Ve(z,y) = = — y. Then

Vile) = [ =y dy o) =~ [ymg,dy | 2) =2~ T7, )
Thus we have the fundamental identity:

Viuw(@) =2 = T;,(x) fore(z,y) = 5]z —yll3.

This is precisely why barycentric projections give a transport-map-like representation of entropic
OT gradients.

Similarly, we have that Vg, ., (y) =y — T

»—(y)- In particular, we have that

% (Viee() + Vgee(r) = 2 — Te_e(x). (30)
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J.4 ADDITIONAL LEMMAS

Lemma 3 (One step descent of softmin energy). Let Assumptions|(Al) and|(A2) hold. Let €T =
@, () = Rete(—n gradgyk E(€))- Then

Ln
B (€)= 5O -1 (1- 5 ) leradsun Bl
In particular, if 0 <n < %, then
n
E(£7) < B() — 5l eradsi E($)3nk.e.
so E strictly decreases unless gradgyyk F(§) = (0,0).

Proof. Using Equation21] with (r,v) = — gradgyk E(€), we have that
E (€+) =FE (Rete(— gradgug E(€))

L772
<E(§) — nigradgyk F(§), gradgyk E(€)>SHK,E + 7” gradgpk E(g)”%HK,g

L
=5(6) 1 (1 5l vadsunc B(E) e

Ifn < % then 1 — % > %, giving the stated bound. O

Lemma 4 (Energy gap contraction). Let Assumptions[(AT)| [[(A2)and[(A4)|hold and choose 0 < n <

min{%,i}. Then fori = 1,...,N, if €0 € Bi(r), ¢+ = @, (¢0) and €®) € Bi(r) for

k € N, we have

E(¢50) — B () < (1= ) (B (¢W) - B (1)) .
Hence, for any k € N,
B(e9) = Bi() < 0 — )" (B () - E2()

and consequently, limy,_, o, B(€®)) = E*(r).
Further, for each k € N,

Consequently, for each k € N,

Jeradsinc B (€)oo < \/ 2 (B (W) - B:) < \/ 2(E (D) =) (g s

gradgpyk £ (ﬁ(k)) H2 < % (E (ﬁ(k)) -FE (f(kﬂ))) .

SHK,£(k)

Proof. Using Lemma we have that, provided £*) € B;(r),

2

B ) < B (e0) -5

Subtract Ef(r) from both sides:

2 (€ g
gradggk 3 SHK £

B (e) - B () < B (6~ Eir) - 1| i

b2 (€) g
gradgsyk 3 SHK £
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Using Equation 22} we have that

1 2
3 [mdsmnc 2 ()

gradgpyk £ (f(k)> H

> (B (¢W) - B (n)
> 2 (B (¢W) - B (7).

SHK, ()
2
= |

SHK,£(k)

Thus, provided ¢*) € B;(r),

E (90)=B7(r) < B (60)=B; (r)—np (B (€9) = B (1) = (1 = ) (B (6€9) = B7 (7).
Iterating the inequality, we obtain
0< B (W) =B () < (1—w)* (B (¢9) - B (1)

and consequently limy, o, E(¢F) = B3 (r).

Using Lemma since 0 <7 < % we have that

B(00) < 2 (69) =g eradnnc £ ()|

which upon rearrangement gives

|radsic £ () H2 < % (B (%) ~ B (1)),

SHK, & (k)

2

SHK, &%)

Again, since we assume that {**1) € B;(r), we have that £ (r) < E (¢*+1)). Consequently,
E (W) - B (600) < B (W) - B (r).

This completes the proof.
O

Lemma 5 (Control on basin interference and softmin perturbation bounds of energy E inside local
basin using separation margin). Let Assumption|(Al)|hold. Define the Gibbs weights w; (&) corre-
sponding to any fixed £ € B;(r) as in EquationE Then, we have that

1. The weights satisfy

1 (N —1)e=F4
wi(§) =2 TF (V= 1)ea" ;wj(f)ﬁ T+ (N TD)ePa"

2. The gap between F;(€) and E(§) satisfies
N-1 s

0< Fi(&) - E@) < 1 log (14 (N —1)e 72) < Fe

B
Proof. Using Equation[20] we have that, for £ € B;(r),

Ze—ﬁFJ(E) — e_/BFi(g)Xze_ﬁ(Fj(f)_Fi(f)) < e—ﬂqu(E)xZe—ﬁAr < e—BFq,(E)X(N_l)e—ﬁA_
J#i J#i J#i

Therefore, we have that
—BF;(§) 1
wil8) = R ; PR = —FA
e i +Zj;£1',e i 1+(N—1)€
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Therefore, we have that

(N —1)e= P4
E (&) =1—w;(§) < .
2 w;(¢) Wil S TN e sa
J#i
Now, we have that
1 1
E() =—=log e P |1 1 e BE;(§)=Fi(8) =F,(¢)—=1log | 1+ e BE(E)—Fi(§))
() 3 ) () 3 >

J#i J#i

Since each F;(§) — Fi(§) > A,

1 1
0< —log {1+ e PU=F) | < Zog (14 (N —1)e 74).
B — B
J#i
Finally, we use log(1 4+ u) < u to get the last bound. O

Lemma 6 (Expression of SHK gradient oof energy functional E in terms of SHK gradients of
Sinkhorn divergence).

N
gradgpk E(£) = Z w; (§) gradgyy £5(§)
j=1

Proof. Proof is obvious. O

Lemma 7 (Bounding SHK distance in terms of SHK gradient norm along retraction curve). Fix any
(a, ) and any tangent increment (0a, 6x) € T(4 )M ;. Define the retraction curve

v(t) = Ret(q ) (tda, téx), te[0,1].

Let dsyk denote the Riemannian distance induced by the SHK metric on My, = A?\Lamm X
Locum,Ai,- Then
a 1
dsak ((a, r),Ret (4 2)(da, (5:5)) < Length(y) < min {elil“’, } |(0a, 6)||sHK, (a,2)-
Amin

1 a a
where Length(v) := fo H%'Y(t)HSHK;y(t)dt and (5 Ym = dam

a Am

Proof. By definition of the Riemannian distance as the infimum of lengths over all curves connecting
the points,

dsuk (7(0),7(1)) < Length(y).

So it suffices to bound the length of . We have that v(t) = (a(t), z(¢)) with
x(t) = Retb®(tdx) = x + tdz, a(t) = Retl (tda).

Then, 2/(t) := L 2(t) = dz. For the weights, introduce

oa
= — RM dEjmm:O' Sam =0
Sm . (sose an 2 mS smcezm: Am )
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By the definition of Ret}, we have that

ts M
a e m
mt) = ————, Z(t) = tse,
nlt) = S5 2= Yae

Differentiating, we have that

’ ’ M
%logam(t) = Sm — 2(%), ZZ((;)) = ;ag(t)w =: 3(¢).
Thus 4
m(t) = —am(t) = an(t) (s;m —5(t))

The SHK gradient norm at y(t) = (a(t), z(t)) is given by

M )\2
2
)i ooy = 3 (m(t)um T () m] ) .

m=1

Applying it to (u,v) = L~y (t) := L~(t) = (a(t),2'(t)), we have that

Hdw) 2 S X 0P+ S an®) IO
At lsHK (o) 2(0)) oz @m(®) =
M M
=\ Z am(t) (sm — 3(1)° + Z am (t) (|02,
m M Mm—
=\ lz  (£)52, = 25(t) Y am(t)sm + (5(1))?
771}\; m= M
=\? [Z am(t)s?, — (3(t)*] + Z am (t) [0z
;71 M "
NN ()2 + Y am(®) [0z
m=1 m=1

Let S := ||s]|co = ||0a/al|co- Then for all ¢ € [0, 1],

Hence

ie.
ame 2% < am(t) < ame’.

Using a, (t) < a,,e??,

2

d
£7(t)
SHK, (a(t),z(t))

Taking square roots gives, for all ¢ € [0, 1],

34
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d
Hdt’}/(t) < BSH(&I’ 6I)HSHK,(@,I)'

(a(t),z(t))

Therefore,

1 1
Length(y) = / dt < / eS||(5a, 0x)||SHK, (a,2)dt = eS||(5a, 0x) ||SHK, (a,2)-
0 0

SHK,(a(t),z(t))

Now, note that.

M 1 M
E am(t) H‘SmeZ < maXH&UmHQ < E am ”(Sme2
— m Amin <
m=1 m=1

and

P AL (S )
< 2 (s 5(0)° = = mz:% ( am)
Combining, we have that,
d
‘ " SHIC (o) 00) |0 07) 51K (0.2
and hence,
Length(v) < — (6@, 62)||sHK, (a,z)-

O

Lemma 8 (Open bounded convex domain implies boundedness of SHK gradient of Sinkhorn diver-
gence). Assume that the domain ) is open, bounded and convex with diameter D := sup,, ,cq ||z —

Y|l < oo. Then, for £,V € P apin, A (2), we have that
| gradgpk S= (€, v)llsux.e < G.

where G :== Dy/1+ %2. In particular, fori =1, ..., N, we consequently obtain
| gradgpk Fi(§)llsuk.e < G.

Further, for any fixed §,£',v € Pt apin. Amin (2), the following holds

1S:(&,v) = S:(¢,v)| < Gdsux (€, €)

where dguk is the SHK metric restricted 10 Ppp g, Amin (). Therefore, Sc(-,v) is G-Lipschitz
continuous in the SHK metric.

Proof. Note that, for any fixed v € Pas.a, i A (§2) a0d € € Pis g, Amin (€2), we have that

o) = () () = feolie) — H(feelo) + ge(0)
where w; (€) are defined as in Equation [3]
Note that gradgyyk S:(&,v)(z) = (r(z),v(xz)) where v(z) = V¢(x) and r(z) =

= (8(2) = [ d(y)d(y)).
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Then,
leradsue Se(60) e = [ Io@)Pdeta) + 3 [ (o) dea)

Note that,

00) = (fen o) = 5 (feelo) + gt c(o)) ) = = [TE-(0) - Teelo)]

Each barycentric map T _,,(x) lies in Q, since it is a conditional expectation defined over the
domain €2, and similarly T _)5(90) € Q as well. Hence

lo(@)| = Vo) = | T, (2) — Tee(@)]| < D. 3D

Since €2 is convex and open, every line segment joining two points of {2 stays in {). By the mean
value theorem and the bound | V¢(z)|| < D, forany z,y € Q,

lp(x) — o(y)| < s1[1p | IVo(2)|2llz = yll2 < Dz — yll» < D (32)
zex,y
Therefore, we have that,

(@)l = 33

Therefore, we have that
D* D*
lgradgpk Se (¢ V)“éHK,s <D+ N x 7 <D*+ .
In particular, we can choose v = X;.

For the proof of the Lipschitz continuity of F,,(-) := S.(-,v), consider v : [0, 1] = Pas,apin, Amin (1)
to be an absolutely continuous path in Pas ..., A, (§2) between € and £'. Then, by the chain rule,

%Fy(v(t)) = <grad F,(v(t)), c;ltIY(t)>sHK,fy(t)

Apply Cauchy-Schwarz and the gradient bound:

d d d

R0 £ lradsu G O) PR < 40

‘ dt SHIEA (™[] @t SHK (t) dt SHK (1)
Integrating from O to 1, we have that,

Y| d
) - B G [ |50 dt = G Length (7)
0 SHK ,~(t)
Taking the infimum over all curves  from £ to £ gives
|FI/ (5/) - FI/(&)‘ < GdSHK (575/)
O

Lemma 9 (Softmin function sensitivity). Define  softming (z1,...,2nN) =

_% log (ZZ]\LI exp (—,Bzi)). Then, we have that

|softming(z) — softming (2')| < ||z — 2|, V2,2 € RV,
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Proof. Let us define My = maxi<i;<n (2; — z}). Then, we have that z; < 2z + Mag for i =

9 i _ _ exp(=Bz) : . TR
1,...,N. Note that that ;- softming(z) SN exp(-5%) > 0. Since every partial derivative is

positive, the softmin function is increasing in each variable z;. Therefore, if two vectors z, w € RN
satisfy z; < w; fori =1,..., then

softming(z) < softming(w).

Further, for any vector w € RV, by direct computation, we have that softming(w + C1) =
softming(wy + C,...,wny + C) = softming(w) + C, which show the translation-equivariant
nature of softmin.

Therefore, we have that
softming(z) < softming(Z’ + Maggl) = softming(z) + Maig.
Consequently, we have that,
|| softming(z) — softming(2')||cc < Maigr < ||z — 2’| 0o-
O

Lemma 10 (Lipschitz continuity of LSE functional with respect to SHK metric). Assume that the
domain ) is open, bounded and convex with diameter D = sup, ,cq ||z — y|| < oco. Then, for
stored patterns X1, ..., XN € P apmin.Amin () and F; == S (-, X;), we have that

|Fi(€§) — F; (¢')| < Gdsnux (€, &)
and

|E(&) — E(¢)] < Gdsux (§,€') V& & € Py(Q).

where G .= D4/1 + E\’—;. Therefore, F; and E are both Lipschitz continuous with respect to the SHK
metric with Lipschitz constant G, and therefore are continuous as well.

Proof. With F; = S.(-, X;), applying Lemma[Jwith z; = F;(£) and 2} = F;(¢’), we have that

B = B < max, Fi(©) - F (€)].

Again, by Lemma ] we have, fori =1,..., N,
|Fi(§) — F; ()] < Gdsnx (§,€) -
Taking maximum over ¢ and combining with the previous inequality, we have that

|E(€) — E(¢)] < Gdsnk (€,€).

O
Lemma 11 (Mean separation of patterns implies margin separation of Sinkhorn divergences). Let
X1yoo s XN € Panin.Amin () and define j1; = m (X;) € R%. Assume the means are pairwise
separated.:

||/J/, - :u’J” > dmin fOl" all ¢ 7é ]

Fix any € > 0 such that
d%. > 32logM

and define
d?, d?,
= min _ 1 M A = min
Ti= elog M, e

Then Assumption|(Al) holds with the given choice of r and A; i.e. for every i, for every £ € B;(r),
and every j # i,

F;(§) — Fi(§) = A.

37



New Frontiers in Associative Memory workshop at ICLR 2026

Proof. Fix anindex i and let & € B;(r), s0 S (£, X;) < r. Using Lemma[T4|with (p,v) = (£, X;),
we have that:

1
Se (6, Xi) > 3 m(€) — pil|” — e log M.
Combining with S; (£, X;) < r, we have that

1 1
rzg Im(€) = pill* — elog M = 3 Im(€) = pill® < r+elog M.

By the definition of r, we have that r 4+ elog M = dgg . Hence
dz. dz. Ami
2 min
— < 9. min _ “min — <
() — ull? < 2 i — Sl — i (g) — g < =
Fix j # i. Then, triangle inequality gives
dmin 3dmin

1m(€) = pill = llps = pgll = [lm(€) = psll 2 dunin — == =

Using this along wih Lemmal[14] for (¢, X;), we have that

2
9d2 .
) —clogM = ﬁ —elog M.

1 1 3dmin
52 (6.X5) > 3 Im(€) — s> —log M > ( "

Since £ € B;(r),S: (£, X;) <r = % — elog M. Hence , we have that

9d2 . dz . 8d2 . dz .
X;) — X;) > [ min _ clog M | — (R _ clog M ) = Zmin min .
Sa (57 ]) S@ (57 ) = ( 39 g log ) ( 39 ¢ log ) 39 4 A
Thus, Assumption[(AT)|holds under the given conditions. 0

Lemma 12 (Entropic OT lower bound in terms of mean differences). For any u,v € P(Q2) and any
>0,

1
OTe(p,v) 2 5llm(p) — m()|?
where m(p) = [, xdp(x) € conv(Q) C R is the mean of pu.
Proof. Given any coupling 7 € TI(u, v) and random pair (X,Y") ~ 7, define Z := X — Y. Then,
we have that
Er[Z] = Ex[X] — Ex[Y] = m(n) — m(v).
By Jensen’s inequality, we have that

2
Ex [IZ17] = B [Z]I° = [Im () — m(v)|*.
Consequently, using the fact KL(r || 4 ® v) > 0, we have that

/ e(,y)dn(z,y) + e KL(m || p® ) > / e(, y)dn(z,y)
QxN Qx0
=SB [I1X - Y]

> 2lm(n) — m(w)*

Since this is true for any 7 € II(u, v), taking the infimum over = € II(u, ), we have that

OT. (1) > ¢ [m(u) — m(v).
O

Lemma 13 (Self Entropic OT distance upper bound). If p = Z%zl m0z,, € PM,aminAmin (£2)
with a,, > 0, then
OT(p, ) < elog M.
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Proof. Let Tgiag = nyvf:l AmO(z,, ) € I(p, 1) denote the identity/diagonal coupling and its
corresponding transport cost is given by

/ (‘T y)d’ﬂ_dlag x y Z Ay X me, xm,H2 =0.

On the discrete support { (2, x¢)} we have that

m, L’

Um, M=,
(k@ p) (Tm,xe) = amay  and  Tgiag (T, Te) = { "

0, m#L.
Consequently, we have that,
M a
KL (Tagiag || 1@ 1) = Y an log =5 Z am 10%* H(a)
m=1
where H(a) = — Z%Zl @ log a,, is the Shannon entropy of the coupling 7gjag correspond-
ing to the probability vector a = (a1,...,a,,) or equivalently, that of the discrete distribution
Zn]\le @m0z, . Using the strict concavity of x — log x and Jensen’s inequality (Polyanskiy & Wu,
2025, Theorem 1.4(b)), we have that
H()El{l]<l]E{l]lM
a)=Ex.,log | —| <logE | —| = log M.
P LX) p(X)

Therefore, we have that,
OT.(s1,1) < / () dgiag () + € KL(aiag || 11® 1) = 0+ eH(a) < clog M.

O

Lemma 14 (Sinkhorn divergence lower bound in terms of mean differences). For any p,v €
PMyamiruAmin (Q)’

1
Selpv) 2 5 llm(p) = m(v)|* — log M,

Proof. Using Lemma for the first term and Lemmafor the last two terms, we have, from the
definition of S (p, V) :
S€ (,U, V)

1 1
:OTE(:U’vy) - §OTE(Hau) - §OTE(V’V)

> () — m(w) |~ L(elo M) — L(clog A1)
Z%Hm(u) —m()|* — elog M.

O

Lemma 15 (pairwise separation of random sign vectors). Let s;,5; € {£1}4 be componentwise
independent Rademacher random variables and define

R
+ 7081'.

L
\/g (2] :uj \/E

My =c+

Fix~y € (0,1). Then
2
y
P (Hﬂi - ujH2 < 2(1 — V)R(Q)) < exp (—2d> )
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Proof. Define the random variable H := ZZ:l 1{s;x # sjr}. Forany k = 1,...,d, since s;;, and
s are independent Rademacher random variables, 1 {s;; # s} is a Bernoulli random variable
with probability parameter p = % Using the independence across k, we have that H is the sum
of d i.i.d Bernoulli random variables with common probability parameter p = % Consequently,
H ~ Binomial(d, 3) and E(H) = 4.

Note that |s;5, — sji| = 0 if they are equal and 2 is different. Further, p1; — p1; = % (s — s5).

Therefore

2d 2
i = 157 = 22 S (534 — 550)° = 0y
d ~ d

Thus, the event ||u; — Nj||2 < 2(1 — v) R3 is equivalent to
4R? 1—
—UH <21-7R — H< i -
Applying Hoeffding’s inequality to H, we have that, for any £ > 0,

2t
P(H-EH < —t)<exp|——

Choosing t = Wd , we have that
d 2
P(H —EH < ﬂ?) < exp <72d>
d 2
— PH< - - %) < exp (éd
- 7
< P(H < ——d) <exp <—2d>
2 ol
=P (- l? <201 - R <o p(—QQ.
O
Lemma 16 (uniform separation for all pairs of means of stored patterns). Lef pt1,. .., un be defined
asin Lemmausing the i.i.d. componentwise Rademacher random variables s1, . ..,sn € {:tl}d.

Fixp € (0,1) and v € (0,1). If
N = {\/ﬂexp <Zfd>J .
then with probability at least 1 — p,
1t = 131l = dumin == V/2(L=7)Ro  foralli # j.

Proof. Let A;; be the bad event {||ui —u]* <201 - V)Rg}. By Lemma ,

2
P(Ai;) <exp <—V2d> for each i # j.

By the union bound over () < N pairs,

N2 2
P(3i<j:Ay) < exp <—72d> .

Under the stated condition on N, the RHS is < p. Therefore, with probability at least 1 — p, no bad
event occurs, i.e. all pairs satisfy

i = 15]1” > 2(1 = 7R <= ||pi — p5ll = v/2(1 = 7)Ro = dunin-
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Lemma 17 (Linear independence of Dirac distribution and its distributional derivative). Let
(x1,...,20) € Q C RY be pairwise distinct location parameters. Suppose

M M )
Zciém + Zvi -Viby, =0 in (COO(Rd)) ,
i=1 i=1

with ¢; € R and v; € R%. Then ¢; = 0 and v; =0foralli=1,..., M.

Proof. Fix k € {1,...,M}. Given any x € 2 and r > 0, define the Euclidean ball B(z,r) =
{y € Q:|ly—=z| <r}. Since the x;’s are distinct, there exists 7 > 0 such that B (zx,7%) N
{zj:j#k} = 0. Let us choose ¢ € C° (R?) C C*°(R?) supported in B (z, 1) and equal to
blag) =0, ik V00V
—V¢ (z;) = 0fori = 1,..., M, since 1 is constant near xj, and vanishes near x; for i # k.
Consequently, we have that

1 in a neighborhood of z. Then, we have that, (d,,,v) = {

M M
> (eiba, ) + > (vi - Vg, ) = (0,0)
=1 i=1

A Z CZ"(/J(jS) — Z’Ui . Vw(xz) =0

i=1
<= ¢, =0.

Now, let us fix any vector u € z C R%. Then, let us choose ¢, € C2° (R?) € C>(R?) supported
in B(z, 7)) with ¢, (zx) = 0 and V1), (zx) = u. Then, we have that (§,,,1,) = 0 fori =

g (95,0 = o) = {00 7

’. Consequently, we have

that
M

M
Z<Ci§wwwu> + Z@L Vs, Yu) = (0, %)

=1 i=1

<:>Zcz'l/}u x;) sz Vipyu(x;) =

<= —vk-uzo.

Since this is true for any u € €2 € R<, we must have that v, = 0. Finally, since k was arbitrary, we
must have that c; = 0and v; = 0forall: =1,..., M. O]
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