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Abstract

Calibration is the primary criterion for evaluating
LLM confidence, but it is insufficient: it admits
trivially incoherent estimators, depends on the
evaluation distribution, and does not test the ex-
tent to which the estimation can be interpreted
as a consistent, underlying probability function.
To use in real scenarios, we care more how well
LLM confidence estimates satisfy the conditions
required of coherent probabilistic beliefs. We
formalize these conditions along three axes (struc-
tural coherence, faithfulness, and usefulness) and
operationalize them in CoherenceBench. Widely
used estimators systematically violate these con-
ditions despite appearing well-calibrated: models
assign lower confidence to logically easier ques-
tions 31% of the time, and common interventions
reducing RMSCE leave structural violations un-
changed, suggesting calibration is orthogonal to
probabilistic validity. RLHF and chain-of-thought
improve usefulness metrics without restoring co-
herence. To close this gap, we introduce Rein-
forcement Learning from Exploitation (RLE),
which post-trains a model by directly penaliz-
ing Dutch-book exploitability across four coher-
ence templates. RLE outperforms Brier-score
fine-tuning on structural coherence in- and out-of-
distribution, demonstrating that training against
axiom violations is more effective than fitting la-
beled correctness data alone.

1. Introduction

Reliable confidence estimates in LLMs would support
principled abstention, cascading to stronger models, and
uncertainty-aware aggregation in agentic pipelines. The
field has centered on calibration as the primary criterion
(Geng et al., 2024; Phan et al., 2026; OpenAl et al., 2024),
but calibration alone is inadequate. A constant predictor
outputting marginal accuracy is perfectly calibrated yet car-
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ries no instance-level information. A function calibrated
on a benchmark can be arbitrarily miscalibrated on sub-
populations. Most fundamentally, calibration ignores in-
ternal coherence: a model assigning high confidence to
mutually exclusive answers, or deeming a hard question eas-
ier than one it logically implies, violates probability axioms
while passing calibration tests.

We propose a richer framework grounded in rational belief
theory (Ramsey, 1926; Cox, 1946) and the utility engineer-
ing approach of (Mazeika et al., 2025), defining three cate-
gories: structural properties (normalization, conjunction
consistency, entailment monotonicity); faithfulness prop-
erties (prompt and generation semantic invariance); and
usefulness properties (calibration, discrimination). We in-
stantiate this as CoherenceBench and evaluate verbal (Tian
et al., 2023), logit-based (Kadavath et al., 2022), and SIiCK
(Gekhman et al., 2024) confidence estimators. Output-based
estimators saturate near certainty, masking structural fail-
ures; SIiCK is the only estimator with meaningful calibra-
tion (RMSCE 0.251 vs. 0.778, 0.700) and discrimination
(AUROC 0.825 vs. 0.559, 0.596), while exposing that the
underlying model violates entailment monotonicity 31% of
the time.

Contributions.

1. We show calibration is insufficient: it admits incoher-
ent and irrational confidence estimators in practice.

2. We introduce structural coherence, faithfulness, and
usefulness, and show that standard estimators achieve
apparent calibration while masking severe probability
violations.

3. We diagnose how training and inference interventions
impact performance across our metrics.

4. We propose RLE, which post-trains against Dutch-
book exploitability and outperforms Brier-score
fine-tuning on structural coherence in- and out-of-
distribution.

2. Related Work

Calibration as a Standard. Calibration is the de facto stan-
dard for evaluating LLM confidence. Recent surveys (Geng
et al., 2024; Zhou et al., 2024), benchmarks like Humanity’s
Last Exam (Phan et al., 2026), and technical reports (Ope-



nAl et al., 2024) center on metrics like RMSCE. However,
we argue that calibration alone is fundamentally insufficient;
three critical failures motivate our richer evaluation frame-
work.

Output-Based Confidence. Output-based estimators di-
rectly utilize token log-probabilities (Kadavath et al., 2022;
Ye et al., 2024) or explicitly prompted verbalized scores
(Lin et al., 2022; Tian et al., 2023). Though verbalized con-
fidence often achieves lower calibration error (Tian et al.,
2023), it suffers from prompt sensitivity (Xiong et al., 2024)
and domain-specific overconfidence (Phan et al., 2026; Zhou
et al., 2024). We evaluate both as baselines, revealing that
their seemingly low calibration error often stems from score
saturation artifacts rather than genuine uncertainty aware-
ness.

Consistency and Sampling. Alternatively, sampling-based
methods measure output consistency, positing that cor-
rect answers are generated more stably than hallucinations
(Wang et al., 2023; Manakul et al., 2023). This is formalized
by SIiCK (Gekhman et al., 2024), which calculates sample
agreement rates, and Semantic Entropy (Kuhn et al., 2023),
which clusters by meaning instead of exact tokens. While
computationally expensive, these methods span the full con-
fidence range—a property we show is necessary to expose
structural failures hidden by output-based methods.

Coherence and Consistency. While prior work explores
consistency (e.g., against prompt paraphrasing (Elazar et al.,
2021)), it generally treats it as a performance metric rather
than a probabilistic requirement. Closest to our framework
is the utility engineering approach of (Mazeika et al., 2025),
which audits whether LLM preferences satisfy rational util-
ity axioms. We apply this identical logic to confidence:
structural coherence is not merely a desideratum, but a nec-
essary condition for model outputs to be interpretable as
valid probabilities. Recent work on RL fine-tuning (Shao
et al., 2024) has shown that structured reward signals can
instill formal properties beyond what supervised data alone
provides; RLE applies this insight specifically to probabilis-
tic axioms, using Dutch-book exploitability as the reward
rather than task correctness.

3. Motivation & Formalization

3.1. Confidence Functions and Estimators

Let M be a language model, = a prompt, and y a generated
response. Let ~ denote a semantic equivalence relation
over strings, and write [z] and [y] for the corresponding
equivalence classes.

‘We model each prompt x as inducing a latent random vari-
able over semantic answer classes:

Zy € Vi :={]y] : y is a valid response to x}.

We assume that correctness is defined at the level of equiv-
alence classes, and that all semantically correct answers
belong to a single class [y*] € V,.! Confidence must be
defined over semantic outcomes rather than surface forms;
otherwise paraphrased answers can receive different proba-
bilities. A confidence function is then a probability distribu-
tion over these classes:

¢ ([, [y]) =~ [0,1],

with 35 oy c([z], [y]) = 1.

Under this definition, the probability that the model answers
correctly is:

Peorreet | ) = cf(a]. [y"]) = maxe((e]. ().

We therefore define the prompt-level confidence as

olle]) = maxe((z], [o]),
which admits a direct decision-theoretic interpretation: un-
der O-1 loss, a rational agent outputs arg maxiy c([x], [y]),
and ¢([z]) is its self-assessed probability of correctness. In
practice, ¢ is approximated via finite samples.

This probabilistic interpretation is justified by standard ar-
guments from rational belief theory. Under the Dutch book
argument (Ramsey, 1926), ¢([z], [y]) corresponds to the fair
price of a contract paying $1 if [y] is correct. Cox’s theorem
(Cox, 1946) further implies that any consistent system of
beliefs over such events must be isomorphic to a probability
measure.

Estimators. The true confidence function c is not directly
observable. Instead, we evaluate confidence estimators ¢,
computable functions:

¢: (a,y) = [0,1],
which approximate ¢([x], [y]) from text.

Different estimators provide different approximations:

* Output-based methods (verbal, logit-based) estimate
confidence conditioned on a single generation.

e Sampling-based methods (e.g., SliCK) approximate
the full distribution over equivalence classes via Monte
Carlo sampling:

R Jryi€ly
sy~ o € D
which is a consistent estimator of ¢([z], [y]) under i.i.d.

sampling.

'When multiple surface forms are valid, they are grouped into
a single equivalence class via ~.



This distinction is central: structural properties (e.g., nor-
malization, entailment) are defined over the full distribution
¢([z], ), and therefore require estimators that meaningfully
approximate it. We further clarify and prove all claims re-
garding the confidence function and benchmark validity in
Appendix A.

3.2. Why Calibration Is Insufficient

Calibration is the primary evaluation criterion for confi-
dence estimation in the LLM literature. A confidence func-
tion c is calibrated on a distribution of prompt-generation
pairs D if for all p € [0, 1], P, ,y~p([y] is correct for [z] |
¢([z], [y]) = p) = p. Calibration is typically evaluated us-
ing the root-mean-square calibration error (RMSCE) (Phan
et al., 2026), which bins confidence scores into B = 20
equal-width bins over [0, 1] and computes:

np

B
RMSCE = | 3~ - (acey — )’

b=1

where ny, is the number of pairs in bin b, acc, is the fraction
correct, and yi, is the mean confidence. Surveys of LLM
uncertainty quantification (Geng et al., 2024) organize the
field around calibration as the primary desideratum, and
recent benchmarks such as Humanity’s Last Exam (Phan
et al., 2026) report calibration error as a central evaluation
metric. The GPT-4 technical report’s finding that RLHF de-
grades calibration relative to the base model (OpenAl et al.,
2024) has further entrenched it as the canonical evaluation
metric for confidence.

Unfortunately, calibration as a sole criterion admits confi-
dence functions that are internally incoherent. We illustrate
this with two examples.

Constant predictor. Let o denote the model’s marginal
accuracy on D. The confidence function ¢([z], [y]) = « for
all (z,y) is perfectly calibrated on D, achieving RMSCE of
exactly zero. Since c is constant, every prediction falls into
the single bin b* containing «, so p* = o = accy+ and the
sum vanishes:

N
RMSCE = {/ — (o — a)?2 = 0.
N
Yet c carries no instance-level information and cannot dis-
tinguish a question the model answers reliably from one it
answers by chance.

Calibration is distribution-relative. More fundamentally,
calibration is not a property of ¢ alone, but of ¢ paired
with D. A function well-calibrated on D can be arbitrarily
miscalibrated on sub-distributions of D itself.

Let D' C D be the sub-distribution of examples the model
answers incorrectly. On D', every bin has accuracy zero, so

each bin contributes a strictly positive term to the squared
RMSCE:

(ny/N') - (&)
Hence:
RMSCE(D’) > 0 = RMSCE(D)

Any partition of D—by topic, difficulty, or domain—yields
sub-distributions on which ¢ may be substantially miscal-
ibrated. RMSCE on a benchmark thus characterizes ag-
gregate behavior and provides no guarantee about the sub-
populations that matter in deployment.

4. Methodology

In this section we describe our multidimensional evaluation
of Confidence and Operationalize it to construct Coher-
enceBench

4.1. Axioms for Confidence Evaluation

We define a set of properties for evaluating confidence in
language models, organized into three categories. Draw-
ing on the decision-theoretic foundations of rational belief
(the Dutch book argument (Ramsey, 1926); Cox’s theorem
(Cox, 1946)) and on the utility engineering framework of
(Mazeika et al., 2025), we define three orthogonal categories
of desiderata. Structural properties are hard constraints
derived from the probability axioms: whether the model’s
beliefs normalize, respect the product rule, and respect log-
ical entailment. Faithfulness properties ask whether a
confidence estimator faithfully represents the underlying
confidence function, requiring invariance to surface-level
rephrasing. Usefulness properties ask whether confidence
tracks ground truth, encompassing calibration and discrimi-
nation. Then, we operationalize these

4.1.1. STRUCTURAL PROPERTIES
Structural properties are hard constraints on ¢ derived from
the probability axioms. Violations indicate that the model’s
beliefs are internally contradictory.

Normalization requires that for any prompt class [z]:

ZC([‘TL ly]) = 1.

where we average confidence within each equivalence class
to avoid double-counting multiple surface forms of the same
answer. Since the answer classes partition the response
space, their probabilities must sum to one. We measure
this via the normalization deviation |S(z) — 1| on 1,500
SimpleQA (Wei et al., 2024) questions with k£ = 16 rollouts
per question at temperature 7' = 0.5, where

S(x) = Z Z é(x,y).

y€ly;)

1
|[y;]]



Conjunction Consistency requires that if correctly answer-
ing [z] decomposes into a first-hop sub-question [z1] with
gold answer [y7] followed by a second-hop sub-question
[x2], then

&([z]) = c(zr,97) - &[2] | [24], [97]),

by the product rule P(AN B) = P(A) - P(B | A). We
measure the deviation

Az) =

&(x) = e(wr,7) - o | 21, 97))|

on 2-hop MuSiQue (Trivedi et al., 2021) questions (k =
16, T' = 0.5), with ¢ estimated as max confidence across
rollouts.

Entailment Monotonicity requires that if answering [z]
correctly entails answering [z’] correctly, then

c([x]) < e([]).

The event of answering [z] correctly is a subset of the event
for [2'], and coherent credences must respect set inclusion
(where x’ corresponds to the simplified sub-question ob-
tained by conditioning on the first-hop answer.) We measure
violation magnitude

Az) = max((), é(z) — é(a | xl,y}‘))

on MuSiQue (k = 16, T = 0.5), with ¢ as max confidence
across rollouts.

4.1.2. FAITHFULNESS PROPERTIES

Faithfulness properties constrain ¢ to be consistent with a
well-formed underlying c. Since c is defined over equiv-
alence classes, a faithful estimator must be invariant to
surface-level reformulation. Violations indicate that ¢ is
sensitive to features of the text that are invisible at the equiv-
alence class level, and therefore cannot faithfully represent
c.

Prompt Semantic Invariance requires that for semantically
equivalent prompts z ~ z':

é(.]?, y) = é(l‘/, y)

We measure the deviation A(f) = |é(z)—¢é(a”)| across para-
phrase pairs from ParaRel (Elazar et al., 2021), sampling
1,500 facts with two paraphrase templates each (k = 16,
T = 0.5).

Generation Semantic Invariance requires that for semanti-
cally equivalent generations y ~ y’:

&(x,y) = &z, y).

We measure the within-class spread A([y]) =
maxyepy) ¢(,y) minye, ¢(7,y) across  equiva-
lence classes on 1,500 SimpleQA questions (kK = 16,
T = 0.5).

4.1.3. USEFULNESS PROPERTIES

Usefulness properties ask whether confidence tracks ground
truth. Unlike structural and faithfulness properties, they are
distribution-relative by design.

Calibration requires that for all p € [0, 1]:

P([y] correct | ¢([z], [y]) = p) = p.

Among all pairs assigned confidence p, exactly a fraction p
should be correct. We measure RMSCE on 1,500 SimpleQA
questions (k = 16, T' = 0.5, B = 20 bins); lower is better.

Discrimination requires that correct generations always
receive higher confidence than incorrect ones. This is dis-
tinct from calibration: a constant predictor achieves perfect
calibration but chance-level discrimination. We measure
AUROC over all (confidence, correctness) pairs on the same
SimpleQA sample; higher is better.

4.2. Confidence Estimation Methods
We compare three representative estimators.

Verbal Confidence (Tian et al., 2023). The model generates
a response y to x, then is asked in a follow-up to state
the probability its answer is correct. The parsed numerical
response is ¢(x, y).

Logit-based Confidence (Kadavath et al., 2022). The
model is prompted to verify whether y is true or false for z;
confidence is the normalized true-token probability:

P(True)
P(True) + P(False)

é(x’ y) =

SliCK (Gekhman et al., 2024). We sample k£ = 16 rollouts
Y1,-- ., Yk to x, group them into equivalence classes under
< via LLM-as-a-judge, and exclude refusals and truncated
outputs (letting k&’ denote remaining rollouts). Confidence
is the fraction of equivalent rollouts:

The main experiments use Qwen-30B-A3B-Thinking
(Yang et al., 2025), a 30B-parameter mixture-of-experts
reasoning model with 3B active parameters, serving as both
generation and evaluation model. Generations in which the
model declines to answer or exhausts its token limit are
excluded. Section 4.4 evaluates 11 additional models on
a 200-question subset of each task with the same judge;
full per-model results are in Appendix C, this ensures that
results are not judge bias related.

4.3. Estimator Comparison
We organize findings around what they reveal about each es-
timator, not what each property scores in isolation. We note
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Figure 1. Confidence score distributions across estimators
(columns) and datasets (rows). Verbal and logit-based saturate at
extremes; SliCK spans the full range.

upfront two design choices that shape interpretation. First,
we evaluate raw logit-based and verbal confidence without
post-hoc calibration (e.g., temperature scaling). This is in-
tentional: post-hoc rescaling can reduce RMSCE but does
not alter the structural outputs—a recalibrated estimator
still assigns the same relative ordering and normalization
behavior. We verify this in Appendix C. Second, S1iCK
satisfies normalization and generation semantic invariance
by construction; we include these not as empirical victo-
ries for SIiCK but as diagnostic anchors that reveal how far
output-based estimators deviate from provably achievable
baselines. Three patterns dominate the remaining empirical
results.

Saturation makes output-based scores structurally vacu-
ous. Verbal and logit-based confidence concentrate nearly
all mass at extreme values (Figure 1), and this directly cor-
rupts their structural scores. Normalization deviation av-
erages 5.055 (verbal) and 4.132 (logit-based)—the model
simultaneously treats many mutually exclusive answers as
near-certain (Figure 2). Their low scores on conjunction
consistency (0.060), entailment monotonicity (4.9% viola-
tions), and prompt invariance (0.025) are ceiling artifacts:
1.0 = 1.0 x 1.0 trivially. Calibration error alone system-
atically rewards this failure mode and hides exactly the
incoherence that matters for downstream decisions.

SliCK surfaces genuine model incoherence. With a real
output distribution, SliCK exposes violations the model it-
self commits. Conjunction consistency deviation averages
0.257 on MuSiQue—comparable to logit-based (0.268)—
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Figure 2. Normalization deviation |S(z) — 1|. Output-based esti-
mators violate severely (5.055, 4.132); SIiCK satisfies exactly by
construction.
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Figure 3. Conjunction consistency on MuSiQue. Verbal’s low devi-
ation is a saturation artifact; SIiCK and logit-based reveal genuine
violations.

Verbal Logit-based Slick

Violation Rate = 4.9% Violation Rate = 15.4%
\mong violators \mong violators

0.8 1=0.006 0.8 1=0.071
0=0.012 0=0251

Violation Rate = 31.0%
mong violators:

Tail Fraction
Tail Fraction
Tail Fraction

ot 0.0+ 0.0+
00 02 04 06 08 10 00 02 04 06 08 10 00 02 04 06 08 10
Violation Magnitude Violation Magnitude Violation Magnitude

Figure 4. Entailment monotonicity violations. SIiCK: 31.0% viola-
tion rate; apparent compliance of saturated estimators is a ceiling
effect.

and entailment monotonicity is violated on 31.0% of ques-
tions (Figure 3, 4). Providing the first-hop gold answer
makes the second hop strictly easier by construction, yet
confidence decreases frequently and substantially. These
are model-level failures that saturated estimators cannot
surface.

Faithfulness failures differ by estimator type. S1iCK
satisfies normalization over the empirical support induced
by sampling. (u = 0.000), while verbal and logit-based
estimators assign maximally different scores to generations
they consider semantically equivalent (Figure 6). S1iCK’s
own failure is prompt invariance: paraphrases yield p =
0.163 deviation (Figure 5), a consequence of independent
rollout sampling per prompt.

Usefulness tracks structural integrity. SliCK achieves
RMSCE 0.251 versus 0.778 and 0.700, and AUROC 0.825
versus 0.559 and 0.596 (Figure 7)—the only estimator with
meaningful calibration and discrimination. The estimator
that produces a real distribution is also the one that is useful.
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Figure 5. Prompt semantic invariance on ParaRel. Output-based
estimators vacuously consistent; SIiCK genuinely sensitive (i =
0.163).
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Figure 6. Within-class generation spread. SliCK exactly invariant;
verbal and logit-based string-dependent.
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Figure 7. Calibration diagrams and confidence distributions. SIiCK
alone tracks correctness; output-based estimators report near-
certain confidence regardless of correctness.

k: itivity: Calibration Improves but Structural Violations Persist
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Figure 8. As rollout count k increases, calibration error (RMSCE)
converges downward while semantic invariance violations increase,
demonstrating that structural violations are a property of the model
distribution rather than sampling noise.

4.4. Model Interventions

Running the benchmark on a random set of 200 samples
per task (for computational limitations) across models in
Appendix C we detail important findings.

Model Size. Model size does not correlate cleanly with
most coherence metrics, but Semantic Invariance shows a
clear scaling trend across 9 models: smaller models are

more sensitive to subtle prompt changes, with LLaMA-3-
3B exhibiting 40% more average n-gram diversity over 16
rollouts than LLaMA-3-70B.

Impact of RLHF Comparing Llama-3.1-70b with
Nemotron-Llama-3.1-70b(graph in Appendix C, a model
trained only via RLHF rewards (Wang et al., 2024), RLHF
modestly improves SIiCK calibration (RMSCE: 0.365 —
0.325), it catastrophically collapses discriminability to
chance (AUROC: 0.591 — 0.498). By uniformly inflating
output confidence regardless of correctness, RLHF erases
variance, leaving verbal calibration static and actively wors-
ening conjunction consistency (+15%). This reveals a criti-
cal vulnerability: modern alignment optimizes for confident
outputs at the direct expense of accurate uncertainty quan-
tification and structural coherence.

RLHF Fine-Tuning: Calibration vs. Structural Coherence
A Calibration Metrics B Structural Metrics

07 LLaMA3.3.708 (base) 08
Nemotron 708 (RLHF)

RMSCE RMSCE AUROC
(SIicK) (Verbal)

Figure 9. Comparison against RLHF. Impact of RLHF alignment
across all metrics.

Chain-of-Thought. We compare LLaMA-3-8B-Instruct
with and without the Kojima et al. zero-shot chain-of-
thought suffix (“Let’s think step by step.”) across all three
datasets. Results on other models are in Appendix C. Cal-
ibration improved substantially (RMSCE: 0.271 — 0.212,
—22%) and conjunction consistency improved dramatically
(mean deviation: 0.244 — 0.144, —41%), indicating that
structured reasoning reduces overconfidence in multi-hop
decompositions. Semantic invariance spread was unchanged
(0.498 — 0.488, —2%), however, confirming that sensi-
tivity to prompt rephrasing is a structural property of the
confidence estimator that explicit reasoning cannot resolve.

Sample Size To verify that structural violations are not
mere artifacts of estimating SIiCK confidence from a finite
number of rollouts, we subsample our existing k=16 gener-
ations to k € {4, 8,16} and recompute all metrics without
generating new data. Averaging across six models, RMSCE
decreases by 22% as k grows (0.436 — 0.339), confirming
that calibration estimates converge with additional samples
as expected. Crucially, semantic invariance spread moves
in the opposite direction, increasing by 16% over the same
range (0.438 — 0.508; Figure 8). Rather than mitigating
the issue, more rollouts sharpen confidence estimates and



thereby expose structural inconsistencies that coarse, low-k
estimates had obscured.

5. Learning from Incoherence

The CoherenceBench results show incoherence is perva-
sive across estimator types and model scales. We now ask
whether it can be trained away. Reinforcement Learning
from Exploitation (RLE) turns the Dutch-book fair-price
interpretation of Section 3.1 into a reward: the model is
penalised for any price vector an adversary could exploit.

5.1. Method

Training episodes. Episodes use the four templates
from Section 4.1 on the same datasets (SimpleQA,
MuSiQue (Trivedi et al., 2021), ParaRel (Elazar et al.,
2021)). The model quotes a price ¢; € [0, 1] for a con-
tract paying $1 if a given answer is correct, grounding the
fair-price interpretation of Section 3.1 without any verbal
calibration prompt.

Reward. Exploitability is the ¢;-distance from prices c to
the nearest coherent point in S (via the minimax theorem),
solved as an LP (Huangfu & Hall, 2018):

Exploit(c,S) = meig||c—w||1. (1

The training reward is

R(c,e) = — Exploit(c,S) — %Z(CZ —e)?
i=1

where e € {0, 1}" is ground-truth correctness and A=0.5.

GRPO fine-tuning. We fine-tune Qwen2.5-7B-
Instruct (Yang et al., 2025) via GRPO (Shao et al., 2024)
with LoRA (r=16, «=32) (Hu et al., 2021). Per episode,
N=8 rollouts are drawn and rewards normalised to
advantages AY) = (RU) — ug) /(o + €). The loss is

L=~ AN logms(ay’) + BKL(mg|mrer), (3)

J t

with 5=0.05; ~10M of 7.6B parameters are trainable.

5.2. Experimental Setup

We train on 800 SimpleQA, 400 MuSiQue, and 400 ParaRel
records (base model answers, frozen). Three conditions are
compared on a held-out pool: (i) Base; (ii) Brier-Only (ex-
ploit term removed); and (iii) RLE (Eq. 2). OOD evaluation
uses HLE, an expert-level benchmark with 6% base-model
accuracy, unseen during training.

In-Distribution Coherence: Base vs. Brier-Only vs. RLE

0342

0290

0.107 0113
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Mean Dutch Book Exploit (lower is better)

0015 0020 0020 0030

0000 0010
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Figure 10. In-distribution exploit per template. Brier-only re-
gresses on paraphrase (+171% vs. base); RLE improves uniformly.
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Figure 11. OOD results on HLE. Panel A: AUROC, RLE leads by
10 points. Panel B: exploit, Brier-only regresses vs. base (+19%),
RLE improves (—27%).

5.3. Results

RLE beats Brier-only where structural constraints mat-
ter. Figure 10 shows in-distribution exploit per template.
Both fine-tuned models reduce exploit comparably on nor-
malization, conjunction, and entailment. On paraphrase,
Brier-only increases exploit from 0.107 to 0.290 (+171%
vs. base) while RLE reduces it to 0.070. Brier-only sharp-
ens each price toward its label independently; when two
rephrasing of the same fact yield different model answers,
this drives prices apart and worsens coherence. The exploit
penalty in Eq. (1) detects this gap directly; pointwise Brier
loss cannot.

The advantage grows out-of-distribution. On HLE (Fig-
ure 11), RLE achieves AUROC 0.903 vs. 0.820 for Brier-
only, a 10-point gap. On coherence exploit, Brier-only
regresses from 0.662 to 0.791 (+19%) while RLE reduces
it to 0.483 (—27%). The same failure mode observed in-
distribution is amplified under shift: pointwise calibration
without the structural signal degrades coherence on hard,
unfamiliar questions.

Axioms beat labeled data. Both conditions share the
same training data and base model; only the exploit term
differs. Brier-only regresses on paraphrase in-distribution
and on coherence OOD; RLE improves on both. Fitting
labelled correctness is insufficient to learn a probability



function. Once enforced via the exploit signal, structural
coherence transfers zero-shot to unseen datasets, suggesting
RLE teaches the model a property of probability rather than
a distributional pattern.

6. Discussion and Conclusion

We argued that calibration alone is insufficient for evaluating
LLM confidence: it is satisfied by trivial constant predictors,
depends on the evaluation distribution, and is silent about
internal consistency. CoherenceBench operationalizes a
richer evaluation along three axes—structural coherence,
faithfulness, and usefulness—and applying it changes the
empirical picture in two ways worth highlighting.

Apparent calibration can reflect saturation, not coher-
ence. Verbal and logit-based estimators concentrate scores
near 1.0, which inflates apparent consistency on multiple
structural and faithfulness properties. Single-number RM-
SCE cannot distinguish this regime from genuine coherence;
SliCK’s broader output range exposes structural violations
the model itself harbors, including a 31% entailment mono-
tonicity violation rate and substantial conjunction inconsis-
tency.

Coherence and correctness do not scale together. Within
the LLaMA-3 family, prompt semantic invariance worsens
with parameter count while RMSCE does not. Faithfulness
and calibration are distinguishable axes, and a single metric
cannot adjudicate between them.

Axiom-driven post-training as a general principle. RLE
suggests a broader pattern: any model output that must sat-
isfy a formal axiomatic structure may be better post-trained
against axiom violations than against labelled examples
alone. Confidence is one instance; others include utility
functions (which must satisfy transitivity and independence
to support coherent decision-making (Mazeika et al., 2025)),
reward models (which should respect dominance and com-
positionality), and power-seeking measures (which must be
monotone under resource inclusion to be meaningful (Turner
et al., 2021)). In each case, a dataset of labelled outcomes
trains the function’s values but not its structure; the exploit
signal trains the structure directly. Whether this advantage
holds across these settings, and how axiomatic constraints
interact with scale and RLHF alignment (OpenAl et al.,
2024), are open questions.
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A. Further Confidence Function Theory
Clarification

This section clarifies the semantics of the confidence func-

tion ¢([z], [y]), its relationship to correctness, and why the

experimental protocol provides a valid approximation for

evaluating its properties.

A.1. Well-Defined Probability Space
We model each prompt x as inducing a latent random vari-
able over semantic answer classes:

Zy € Yy :={]y] : y is a valid generation for x},

where [y] denotes a semantic equivalence class under ~.

We assume that correctness is defined at the level of equiv-
alence classes: there exists a (possibly set-valued) subset
Yx C Y, such that any [y] € YV constitutes a correct an-
swer. In practice, we assume that all correct answers belong
to a single equivalence class, induced by semantic cluster-
ing.

The confidence function is then defined as:

which is a valid probability distribution over )/, satisfying:

S cffal. o) = 1.

[y]eyz

Under this definition, the probability of answering correctly

. P(correct | z) = Z c([z], [y])-

Wey;

When V7 contains a single class (as enforced by our seman-
tic clustering), this reduces to:

P(correct | z) = H[IZ?TX c([z], [y])

c([])-

Thus, &([x]) admits a direct probabilistic interpretation as
the model’s marginal probability of correctness.
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A.2. Relation to Estimators

The true confidence function c is not directly observable. In-
stead, each estimator ¢(z, y) provides a proxy for ¢([z], [y])
based on different signals:

* Logit-based and verbal estimators approximate
P(correct | x,y) directly from the model’s internal
State.

* SIliCK approximates c([z], [y]) via Monte Carlo sam-
pling:
. Hiy € Wl

ol y) = W WL

which is a consistent estimator of the underlying class
probability under i.i.d. sampling from the model.

Thus, SIiCK provides an empirical approximation to the full
distribution ¢([x], -), while output-based estimators provide
pointwise estimates conditioned on a single generation.

A.3. Why Structural Properties Are Meaningful
All structural properties evaluated in CoherenceBench fol-
low directly from the probability interpretation of c:

 Normalization enforces that ¢([z], -) is a valid proba-
bility distribution over answer classes.

¢ Conjunction Consistency follows from the product
rule:
P(ANnB)=P(A)P(B|A),

where A and B correspond to correctness events for
sub-questions.

* Entailment Monotonicity follows from set inclusion:
if correctness on x implies correctness on z’, then

P(correct on x) < P(correct on z').

Violations of these properties therefore indicate that the
estimator cannot be interpreted as a coherent probability
distribution over semantic outcomes.

A.4. Why the Experimental Protocol Is Valid
Our experimental design approximates these properties us-
ing sampled rollouts and semantic clustering:

e Sampling (k = 16) provides an empirical approxima-
tion to the latent distribution over equivalence classes.

» LLM-based clustering induces a partition of the output
space that operationalizes ~.

* Aggregation over rollouts approximates expectations
under c.

Importantly, the same protocol is applied uniformly across
all estimators. Thus, while the approximation may be imper-
fect, differences in measured properties reflect differences

Table 1. Models evaluated in this work.
MQ = MuSiQue, PR = ParaRel.

SQ = SimpleQA,

Model OpenRouter ID Params  Type Datasets
LLaMA-3.2-1B  meta-llama/llama-3.2-1lb-instruct 1B Instruct SQ, PR
LLaMA-32-3B  meta-llama/llama-3.2-3b-instruct 3B Instruct 5Q. MQ, PR
LLaMA-3-8B  meta-llama/llama-3-8b-instruct 8B Instruct 5Q. MQ, PR
LLaMA-33-70B meta-1llama/llama-3.3-70b-instruct 70B  Instruct 5Q, MQ, PR
Gemma-3n-E4B  google/gemma-3n-edb-it ~4B  Instruct SQ, PR
Gemma-3-27B google/gemma-3-27b-it 27B Instruct SQ, MQ, PR
Gemini-25-FL  google/gemini-2.5-flash-lite —  Instruct 5Q. MQ, PR
Qwen3-14B qwen/qwen3-14b 14B Instruct 5Q, MQ, PR
DeepSeck-R1 deepseek/d k-rl-distill-qwen-32b  32B  Chain-of-thought SQ, MQ, PR

in estimator behavior rather than artifacts of the evaluation
pipeline.

A.S. Interpretation of Results
Under this framework:

* Output-based estimators that assign high confidence to
many mutually exclusive classes violate normalization
and cannot correspond to any underlying probability
distribution.

» SIiCK, by approximating the full distribution over
classes, enables direct evaluation of structural prop-
erties and exposes violations arising from the model
itself rather than the estimator.

* Faithfulness metrics test whether ¢ respects the equiv-
alence relation defining the domain of ¢; violations
imply that ¢ is not a well-defined function over seman-
tic classes.

Overall, the experiments should be interpreted as testing
whether a given estimator induces a function that can be
consistently interpreted as a probability distribution over
semantic outcomes. Structural violations therefore reflect a
breakdown of this interpretation.

A. Experimental Setup Details

A.1. Models

We evaluate nine publicly available instruction-tuned and
reasoning models accessed via the OpenRouter API. Ta-
ble 1 lists each model together with its parameter count,
architecture family, and the datasets on which results are
reported.

A.2. Datasets
‘We use three benchmarks from the S1iCK evaluation suite:

* SimpleQA: Factual single-hop questions with unam-
biguous answers. We sample 200 questions (seed 42).

e MuSiQue: Multi-hop reasoning questions over
Wikipedia. Each of the 200 sampled questions is de-
composed into a full version (all hops) and a hop-1
version (first hop only), yielding 120 conversations
total. The pair structure is used for the Entailment
Monotonicity benchmark.



Table 2. Hyperparameters used across all experiments.

Table 3. RLE training hyperparameters.

Stage Parameter Value

4*Generation Rollouts per question (k) 16
Sampling temperature 1.0
Max. output tokens 8,192
Random seed 42

3*Summarization Judge model gwen/gwen3-30b-a3b
Sampling temperature 0.0
Max. output tokens 4,096

3*Verbal confidence  Judge model qwen/gqwen3-30b-a3b
Sampling temperature 0.0
Max. output tokens 4,096

API Concurrent requests 15

* ParaRel: Factual probes expressed as semantically
equivalent rephrasings of the same underlying relation.
We sample 42 conversations covering 5 unique facts,
used exclusively for the Prompt Semantic Invariance
benchmark.

A.3. Hyperparameters
B. RLE Training Details

B.1. Data Preparation

The QA pool is built once from the frozen base model
before training. For each question the base model gener-
ates an answer (greedy, max 256 tokens), which is then
judged for correctness by an OpenRouter LLM judge
(gwen/gwen3-14b, temperature 0) using a structured
prompt returning {grade: A/B/C}. ParaRel uses
exact-normalised string match instead. The pool is cached
to disk; subsequent runs load from cache.

B.2. Hyperparameters

B.3. Contract Prompt

Each confidence query is framed as a derivatives contract to
ground the Dutch-book fair-price interpretation:

A derivatives counterparty will buy or
sell at your stated price a contract
paying $1 if the following answer is
correct for the given question.

{question}
{answer}

Question:
Answer:

State your probability price as a single
decimal between 0.000 and 1.000.
Price:

B.4. Exploitability LP Formulation

Each coherence set S defines a convex polytope; the LP
variables are [u, w| € R?" where u; > |¢; —w;| is linearised
via two inequality constraints per coordinate.

[noitemsep,topsep=2pt]
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Parameter Value

Base model Qwen2.5-7B-Instruct
LoRA rank r 16

LoRA « 32

LoRA dropout 0.05

Target modules
Trainable parameters

g, k, v, o, gate, up, down projections
~10M /7.6B (0.13%)

GRPO group size N

8 rollouts per episode

Episodes per step 4

Total steps 1,000

Brier weight A 0.5

KL coefficient 5 0.05
Learning rate 2x107°
Gradient clip 1.0
Optimiser AdamW (wg = 0.01)
Price max tokens 16

Answer max tokens 256

Price temperature 1.0

Answer temperature 0.0 (greedy)

Training pool

Eval pool (held-out)
Training seed

Eval seed

Wall time

800 SimpleQA + 400 MuSiQue + 400 ParaRel
200 SimpleQA + 100 MuSiQue + 100 ParaRel
42

99

~11 hours (single GPU)

* Normalization: ). w; = 1, w; > 0. Closed form for
n=2: |co +c1 — 1]

¢ Conjunction: Fréchet polytope with wap < wa,
wap Swp,ws +wp —wap < 1.

* Paraphrase: Isotonic equality w; = w;; closed form
S lei —él.
K3

¢ Entailment: Isotonic cone wy < w; < ---. Closed
form for n=2: max(0, ¢y — ¢1).

All LPs are solved via HIGHS (Huangfu & Hall, 2018)
through scipy.optimize.linprog.

C. Full Benchmark Results

Tables ??-5 report per-model scores for all benchmarks.
Both the SIiCK (frequency-based, F) and Verbal (V) esti-
mators are shown where applicable. Where data permit,
values are accompanied by a & standard deviation: per-item
s.d. for deviation-based metrics (Norm, Gen-SI, CC), mean
within-fact s.d. for Prompt SI, and binomial s.e. for Ent-
Mono violation rate. “—" denotes that the benchmark is not
applicable to that dataset or that the model did not produce
any correct answers (precluding AUROC computation).

D. Prompts

D.1. Summarization Prompt

The following prompt is sent to the judge model
(gwen/gwen3-30b-a3b) once per rollout to cluster
model responses into semantic equivalence classes. Ex-



Table 4. ParaRel results. SI=Prompt Semantic Invariance (mean
confidence spread across semantically equivalent rephrasings 4

mean within-fact standard deviation). Lower is better.

Model ) P SIy|

LLaMA-32-1B  0.2524+0.074 0.207+0.076
LLaMA-32-3B  0.28040.137 0.545+ 0.257
LLaMA-3-8B 0.498+0.182 0.31440.115
LLaMA-3.3-70B  0.625+0.207 0.642+0.216
Gemma-3n-E4B  0.6774+0.272  0.123+0.049
Gemma-3-27B 0.541+£0.195 0.170 +0.056
Gemini-2.5-FL 0.584+£0.197  0.287 4 0.099
Qwen3-14B 0.5224+0.185  0.363+0.130
DeepSeck-R1-32B  0.323+0.116 0.311+0.121

Table 5. MuSiQue results.

CC=Conjunction Consistency

SIiCK (mean absolute deviation + per-question s.d.); Ent-
Mono = Entailment Monotonicity violation rate 4+ binomial s.e.

Lower is better for both. “—" indicates no MuSiQue data for that

model.
Model CCyl Ent-Mono|
LLaMA-3.2-1B — —
LLaMA-3.2-3B 0.3204+0.344 0.143£0.094
LLaMA-3-8B 0.24440.214 0.400£0.083
LLaMA-3.3-70B 0.286 £0.235 0.28240.072
Gemma-3n-E4B — —
Gemma-3-27B 0.273+£0.225 0.22540.066
Gemini-2.5-FL 0.247+0.240 0.23740.069
Qwen3-14B — —

DeepSeek-R1-32B

isting cluster labels from prior rollouts are accumulated
and passed in the {summaries} field so that later rollouts

reuse established clusters.
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You are an expert data annotation
assistant. You will be given:

1. A question.

2. A response to the question.

3. Several summaries the final answer
could fall under.

Categorize the final answer as one of
the provided summaries, or create a
new one if none fits. New summaries
must be as short and specific as
possible-—-never a full sentence.
numeric answers, always include the
number.

For

Do not recompute or verify the answer
yourself.

Question: {question}
Response: {response}
Summaries: {summaries}

Output JSON only:
{"reasoning": <reasoning>,
<summary>}

"summary":

If the model says it does not know,
return "Unknown".

D.2. Verbal Confidence Prompt

After each rollout is generated, the message below is ap-
pended to the conversation and sent back to the same model
under evaluation (not the judge) at temperature 0 to elicit a
scalar confidence score.

Provide the probability that your guess
is correct. Give ONLY the probability,
no other words or explanation.

For example:
Probability: <a number between 0.0 and
1.0, nothing else>

The response is parsed by attempting (in or-
der): a direct float () cast; regex matching for
Probability:\s* ([0-9.]1+); and extraction of the
first numeric token. Values outside [0, 1] or unparseable
responses are recorded as None and excluded from all
downstream aggregation.



