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Abstract
Sparse Autoencoders (SAEs) are widely used to interpret neural networks by
identifying meaningful concepts from their representations. However, do SAEs
truly uncover all concepts a model relies on, or are they inherently biased toward
certain kinds of concepts? We introduce a unified framework that recasts SAEs
as solutions to a bilevel optimization problem, revealing a fundamental challenge:
each SAE imposes structural assumptions about how concepts are encoded in
model representations, which in turn shapes what it can and cannot detect. This
means different SAEs are not interchangeable—switching architectures can expose
entirely new concepts or obscure existing ones. To systematically probe this effect,
we evaluate SAEs across a spectrum of settings: from controlled toy models that
isolate key variables, to semi-synthetic experiments on real model activations and
finally to large-scale, naturalistic datasets. Across this progression, we examine
two fundamental properties that real-world concepts often exhibit: heterogeneity in
intrinsic dimensionality (some concepts are inherently low-dimensional, others are
not) and nonlinear separability. We show that SAEs fail to recover concepts when
these properties are ignored, and we design a new SAE that explicitly incorporates
both, enabling the discovery of previously hidden concepts and reinforcing our
theoretical insights. Our findings challenge the idea of a universal SAE and
underscores the need for architecture-specific choices in model interpretability.

1 Introduction
Interpretability has become an important research agenda for assuring, debugging, and controlling
neural networks [1–5]. To this end, sparse dictionary learning methods [6–10], especially Sparse
Autoencoders (SAEs), have seen a resurgence in literature, since they offer an unsupervised pipeline
for simultaneously enumerating all concepts a model may rely on for making its predictions [11–18].
Specifically, an SAE decomposes representations into an overcomplete set of latents that (ideally)
correspond to abstract, data-centric concepts which, upon aggregation, explain away the model
representations [19, 20]. In other words, an SAE is expected to result in monosemantic latents which
are more interpretable than the neurons of the original model [21]. For example, SAE latents derived
from models in diverse domains have been demonstrated to activate for meaningful concepts such
as specific monuments, behaviors, and scripts in language [22, 23]; specific objects, people, and
scene properties in vision [15, 24]; and correlate with binding sites and functional motifs in protein
autoregressive models [25–27].

To the extent the concepts uncovered using SAEs faithfully represent the concepts used by a model
for making its predictions, we can use this information to perform surgical interventions on a model’s
representations and hence achieve control over its behavior [23, 28, 29]. While this forms a bulk of
the motivation around research in SAEs [12, 30, 31], we argue the theoretical foundations that suggest
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Figure 1: The Duality Between SAEs Architectures and Their Implicit Data Assumptions. A)
SAEs do not passively extract concepts—they impose constraints that shape what can be detected.
Each SAE architecture inherently assumes a specific structure in how features are encoded, leading
to a corresponding dual assumption about the data. B) Different SAEs rely on different assumptions:
some expect features to be linearly separable (ReLU, JumpReLU) or separable by angle while having
uniform intrinsic dimensionality (TopK). These assumptions dictate what an SAE can successfully
extract—and what it may miss entirely.

SAEs are an optimal tool for achieving this goal are lacking. For example, is it possible that instead
of uncovering all concepts a model utilizes in its computation, SAEs are biased towards identifying
only a specific, narrower subset of concepts? Furthermore, is it possible that different SAEs, which
generally achieve similar fidelity/sparsity, have qualitatively different biases and hence uncover
different concepts from model representations? An affirmative answer to these questions may explain
recent negative results on SAEs, e.g., algorithmic instability [15, 32] and lack of causality [33, 34].
Motivated by this, we make the following contributions in this work.

• Duality between Concepts’ Organization and the Optimal SAE that Identifies Them. We
formulate SAEs as solutions to a specific bilevel optimization problem, which highlights a
fundamental duality between concept structure in model representations and an SAE encoder’s
receptive fields (formalized in Def. 3.2). Crucially, this implies any SAE is implicitly biased
towards identifying concepts that are organized in a specific manner (Fig. 1).

• Empirical Validation via Concepts that do not Follow SAEs’ Implicitly Assumed Organiza-
tion. We evaluate SAEs on concepts with heterogeneous intrinsic dimensionality (i.e., different
concepts occupy subspaces of varying dimension) and nonlinear separability through experiments
on controlled synthetic setups to real-world model activations, demonstrating that SAEs failing
to account for these properties systematically miss the corresponding concepts.

• A Methodology for Designing Task-Specific SAEs. Our results suggest no single SAE archi-
tecture may be universally optimal, and hence SAEs should be designed by accounting for how
concepts are encoded in model representations. To validate this, we introduce SpaDE, a novel
SAE that explicitly incorporates heterogeneity and nonlinear separability into its encoder. As we
show, SpaDE successfully identifies concepts that other SAEs fail to detect, reinforcing the need
for data-aware choices in interpretability.

2 Preliminaries

Notation. We denote vectors as lowercase bold (e.g., x) and matrices as uppercase bold (e.g.,X).
[n] denotes f1; : : : ; ng and B = fx j kxk2 � 1g the unit ‘2-ball in Rd. We assume access to a
dataset of k samples, X = fx1; : : : ;xkg, where x 2 Rd. For any matrix X or vector x, we use
X � 0 (resp. x � 0) to indicate element-wise non-negativity.

Sparse Coding. Also known as Sparse Dictionary Learning [10, 35], sparse coding assumes a
generative model of data as a sparse combination of latents. Specifically, sparse coding involves
solving the following optimization problem:

arg min
z�0,D2B

X
x

kx�Dzk22 + �R(z); (1)

where z 2 Rs is a sparse latent code, D 2 Rd�s are the dictionary atoms, and R(z) is a sparsity-
promoting regularizer, typically kzk1. Note that the optimization is performed over both the sparse
code z (with z � 0) and the dictionaryD. Further details are included in Appendix A.
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Figure 2: Projection As The Key Architectural Difference Between SAEs. A) SAE encoders
do more than just linearly transform data—they project it onto an architecture-specific constraint
set. This projection fundamentally determines which features an SAE can extract and which it will
suppress. B) Different SAEs rely on different projection sets S: ReLU projects onto the positive
orthant, TopK onto K�sparse subspaces, and JumpReLU combines ReLU with a projection onto a
hypercube (via a Heaviside step function).

Sparse Autoencoders. SAEs [36] approximate sparse dictionary learning by using a single hidden
layer to compute the sparse code from data:

(i) z = f(x) = g(W Tx+ be); and (ii) x̂ = Dz + bd; (2)

where W ;D 2 Rd�s and g : Rs ! Rs is the encoder non-linearity. 1 Here, sparsity is enforced
on the SAE latent code z. SAEs are trained on the sparse dictionary learning loss (Eq. 1), with
the sparsity-promoting regularizer R. Different SAEs typically differ in the choice of encoder
nonlinearity g and the regularizerR, as discussed in our unified framework next.

3 Unified Framework for SAEs

Table 1: Projection Nonlinearities in SAE Encoders.
Each model can be understood by its nonlinear orthog-
onal projection g(�) onto a constraint set S which de-
termines its activation behavior, sparsity structure, and
implicit data assumptions.

Model g(v)

ReLU �S fvg, S = fy 2 Rs : y � 0g
TopK �S fvg, S = fy 2 Rs : y � 0; jjyjj0 � kg

Heaviside (H) �S
�
v + 1

2
1

	
, S = f0; 1gs

JumpReLU ReLU(v � �) + � �H(v � �)

In this section, we develop a framework
which captures multiple SAEs used in prac-
tice. More specifically, we analyze the
following three popular SAE architectures:
ReLU SAE [11, 12], TopK SAE [13, 37]
and JumpReLU SAE [14, 38]. This frame-
work unravels a duality between how con-
cepts are encoded in model representations
and an SAE’s architecture. The nonlinear-
ity of the SAEs under study is an orthog-
onal projection onto some set, where the
choice of projection set differentiates SAEs
(see Fig. 2). We formalize such nonlinearities as projection nonlinearities, as defined below.
Definition 3.1 (Projection Nonlinearity). Let v 2 Rs be a pre-activation vector. A projection
nonlinearity �S f�g : Rs ! Rs is defined as:

�S fvg = arg min
�2S

k� � vk22; (3)

where S � Rs is the constraint set onto which v is orthogonally projected. Popular SAE nonlinearities,
e.g., ReLU, JumpReLU, and TopK, are orthogonal projections onto different sets (see Tab. 1).

Generalizing the variational form of projection nonlinearities allows us to formalize SAEs as follows.
Claim 3.1 (Bilevel optimization of SAEs). A sparse autoencoder (Eq. 2) with the dictionary learning
loss function (Eq. 1) solves the following bi-level optimization problem:

arg min
D2B,z�0

X
x

kx�Dzk22 + �R(z)

s:t: z = f(x) 2 arg min
�2S

F (�;W ;x);
(4)

where F is a variational formulation of the SAE encoder f . For SAEs, f(x) = g(W Tx + be)
(Eq. 2). Note that this inner optimization with the objective F is what differentiates different SAEs.

1Encoder bias be is not used in the TopK SAE [13].
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Proof. The outer optimization follows from the dictionary learning loss with sparsity-inducing
penalty of the SAE (Eq. 1). The constraint is imposed by the SAE encoder’s architecture (Eq. 2).
The variational formulation of the encoder as the minimization of some objective F over set S is a
generalization of projection nonlinearities (Eq. 3) for which F (�;W ;x) = kW Tx+be��k22.

This framework implies that each SAE solves a different, constrained (through encoder architecture)
optimization version of sparse dictionary learning. This constraint dictates the quality of the solution
obtained, since it restricts the search space of solutions to dictionary learning, and hence does not have
to capture the full sparse coding solution. To further formalize this claim in the next section, we now
define receptive fields, a popularly used concept in neuroscience to study the response properties of
biological neurons [35]. We use the term neuron to define receptive fields in line with the inspiration
from neuroscience, but they refer to neurons of SAEs (SAE latents) in subsequent analysis.

Definition 3.2 (Receptive Field). Consider a neuron k, which computes a function f (k) : Rd ! R.
The receptive field of this neuron is defined as Fk = fx 2 Rd j f (k)(x) > 0g.

Intuitively, Fk represents the region of input space where neuron k is active. The structure of receptive
fields in an SAE is dictated by its encoder’s architecture.

Duality: Properties of the SAE encoder will constrain receptive fields’ structure for SAE latents.
These constraints directly translate to assumptions (often implicit, see Sec. 4) about the data structure,
since “monosemanticity” [12, 21] requires receptive fields to match structure of concepts in data.
Alternatively, if one knows how concepts are organized in the data (model representations), duality
can be used to design an appropriate SAE architecture (see Sec. 4.1).

Fundamental Limitation of SAEs

An SAE’s encoder enforces implicit dual assumptions about data, fundamentally shaping
which concepts it can identify and which remain obscure. To build more effective SAEs,
these assumptions must explicitly match the true structure of the data.

4 Implicit SAE Assumptions and Data Properties

In this section, we explicitly state the data assumptions made by ReLU, TopK and JumpReLU SAEs.

Theorem 4.1 (Implicit Assumptions; Informal). An SAE makes implicit assumptions about the
structure of concepts in data, reflecting it in the receptive fields of its encoder. These assumptions are
explicitly stated in Tab. 2 for ReLU, JumpReLU and TopK SAEs (derived in App. D.2).

Figure 3: Illustration of Two
Reasonable Data Assumptions.
A) Concepts may not be sep-
arable using hyperplanes. B)
Some concepts are inherently low-
dimensional, while others span
higher-dimensional spaces.

The optimality of the above assumptions depends on the “true
structure” of concepts in model representations. By "true struc-
ture" of concepts, we refer to the ground truth structure in
accordance with which concepts are organized in a model’s
activations. While concept structure is not known in its en-
tirety, we highlight two properties of how (certain) concepts are
organized in a model based on recent interpretability literature.

1. Nonlinear separability of concepts. Concepts are not sep-
arable by linear decision boundaries. Evidence towards
such concepts include features with dependence on mag-
nitude, such as onion features [39]. Even “linear features”
[9, 40]), having different magnitudes may fail to be linearly
separable (Fig. 3).

2. Heterogeneity of concepts. Different concepts belong to
subspaces with different dimensions. Evidence for this property includes unidimensional features
representable as concept activation vectors [19], e.g., truth [41], multidimensional features such
as days of the week in a 2-D subspace [42], and higher dimensional safety-relevant features
[43]. Here, higher dimensional concepts may be compositions of atomic (one-dimensional)
concepts (such as safety features composed of "refusal behavior", "hypothetical narrative", and
"role-playing" [43]).

4



Table 2: Implicit Assumptions of SAEs. The receptive fields of SAEs implicitly assume concepts
are organized with a specific structure in the data, i.e., in model representations.

Model Receptive Field Data Assumption

ReLU half-spaces Linear separability of concepts
JumpReLU half-spaces Linear separability of concepts

TopK union of hyperpyramids Angular separability of concepts;
same dimensionality per concept

Table 3: Compatibility of SAEs with nonlinear
separability and heterogeneity.

Model Nonlinear Sep. Heterogeneity

ReLU ✗ ✓
JumpReLU ✗ ✓

TopK ✓ ✗

We characterize the compatibility of different
SAEs’ implicit assumptions and these properties
in Tab. 3. Note that ReLU and JumpReLU can
potentially capture heterogeneity since they can
show different sparsity levels for each concept,
but they require linear separability of concepts
due to half-space receptive fields. TopK may
be able to handle nonlinear separability to some
extent (provided concepts are separable by angle), but it cannot adapt to heterogeneous concepts,
since it involves a fixed choice of sparsity level for all inputs. BatchTopK [16], a modification of
TopK which selects average sparsity level per batch, does not capture concept heterogeneity either,
since it still requires choosing the average sparsity level K. To enable evaluation of our claims, we
next design an SAE that accommodates the two properties above into its architecture, presented in
the following subsection.

4.1 SpaDE, or How to Design A Geometry-Driven SAE

We now use the data properties studied above—nonlinear separability and concept heterogeneity—and
through the duality, construct one set of sufficient conditions on the SAE to capture both properties,
resulting in a novel SAE called SpaDE (Sparsemax Distance Encoder). See App. D.4 for details. We
introduce SpaDE as a geometry-driven SAE to validate our claims about the duality between concept
geometry and SAE architecture. Hence, SpaDE is expected to capture concepts better than other
SAEs when its data assumptions are met.

Nonlinear separability can be captured by SAE encoders with a competitive projection nonlinearity
(allowing flexible receptive fields, shaped by locations of all weights) and compute Euclidean
distances to a set of prototypes instead of linear transforms (to better exploit magnitude). For concept
heterogeneity, SAEs must demonstrate adaptive sparsity in their latent representations, i.e., different
concepts must be able to activate different numbers of latents (Fig. 4).

Figure 4: SpaDE shows adaptive
sparsity by projecting onto the
probability simplex. In this illus-
trative 3D figure, note kxk0 = 3
for points on the face, kxk0 = 2 for
points on edges along subspaces,
and kxk0 = 1 for corners on co-
ordinate axes.

To satisfy the desiderata above, we use a simple first-order
equality constraint on the projection set S (Eq. 4), resulting
in the probability simplex S = �s = fx 2 Rs :

P
i xi =

1;x � 0g. The non-negativity is necessary to explain away
data as a combination of features with positive contributions.
Projection onto the simplex (see Fig. 4) results in the sparsemax
nonlinearity ([44]):

Sparsemax(v) = arg min
�2�s

k� � vk22:

The probability simplex �s admits representations with any
(non-zero) level of sparsity, as illustrated in Fig. 4. Combining
Sparsemax with euclidean distances then yields SpaDE:

z = f(x) = Sparsemax(��d(x;W ));

where d(x;W ))i = kx�Wik22:
(5)

In the above, � is a scaling parameter (akin to inverse temperature), whileWi is the ith column of
the encoder matrixW which behaves as a prototype (or landmark) in input space since we compute
euclidean distance from input x toWi. App. D.4 and D.2.3 describe the receptive fields of SpaDE in
further detail and show how it captures nonlinear separability and concept heterogeneity.
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Figure 5:Effect of Nonlinear Separability on SAEs. Each column represents a different SAE.a) F1
scores of the top 5 most monosemantic latents (highest F1 scores), where shaded region is� 1SD, of
each SAE on two concepts—orange (linearly separable) and purple (non-linearly separable). SAEs
that assume linear separability struggle to capture the nonlinearly separable concept.b) Receptive
�elds of the most monosemantic latent for each SAE, illustrating how some architectures fail to
isolate the nonlinear concept cleanly. Intensity of color indicates strength of SAE latent activation.(c)
Matrix of pairwise cosine similarities between sparse codes of different datapoints, and data clusters
obtained through spectral clustering on this matrix. In the scatter plot, points colored by the same
color belong to one spectral cluster, which intuitively indicates that they activate a common set of
SAE latents. SpaDE is able to maintain clear concept boundaries and doesn't mix distinct features,
while other SAEs group subsets of different features into the same spectral cluster (same color).

We also note that the outer optimization for SpaDE is K-Deep Simplex (KDS, [45]), a modi�ed
dictionary learning technique which incorporates locality into sparse representations. The regularizer
from KDS is a distance-weighted̀1 regularizerR(z) =

P
i zi kx � W i k2

2, which encourages
prototypes to move closer to data when they are active, increasing sparsity of representation2. The
inner optimization for SpaDE is a one-sided sparsity-regularized optimal transport (see App. D.4).

Our claim about the duality between SAE architectures and data assumptions about concepts also
applies to SpaDE. Beyond nonlinear separability and concept heterogeneity, SpaDE implicitly
assumes that Euclidean distances are useful in concept space—concepts are distance-separated—and
distances can be used to disentangle concepts.

5 Results: Empirical Validation of SAE behavior

We perform a suite of experiments which involve training ReLU, JumpReLU, TopK and SpaDE SAEs
on synthetic Gaussian clusters, semi-synthetic formal-language model activations and natural vision
model activations. Our synthetic experiments aim to validate our claims about implicit assumptions
in SAEs. Experiments on more naturalistic data seek to demonstrate our claims extend to realistic
data settings. Further analysis is deferred to App. E. The code to replicate synthetic experiments is
available at:https://github.com/Sai-Sumedh/SaeConceptDuality-SpaDE , formal language
experiments is at:https://github.com/EkdeepSLubana/spadeFormalGrammars , and vision
experiments is at:https://github.com/KempnerInstitute/Overcomplete .

5.1 Separability Experiment

Dataset and Experiment: We construct a 2-dimensional dataset with Gaussian clusters (abstraction
of concepts) of different magnitudes in order to demonstrate nonlinear separability of concepts in a

2This regularizer encourages dictionary atoms to “stick” to the data, addressing the recently raised concern [15,
32] that directions learned by SAEs may be out-of-distribution (OOD), contributing to their instability.
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Figure 6: Effect of Concept Heterogeneity on SAEs. a) Per-concept sparsity as a function of
intrinsic dimension. Colors indicate per-concept MSE—higher errors (red/yellow) show when an
SAE fails to capture a concept effectively. Each solid line indicates one model with a speci�c choice
of hyperparameters.b) Normalized MSE vs. per-concept sparsity. A well-performing SAE should
maintain low error across all concepts. TopK SAE only achieves good reconstruction (below the
dashed 20% error threshold) when sparsity (�xed for a given model) exceeds intrinsic dimensionality,
highlighting its lack of �exibility. c) Cosine similarity between pairs of SAE latents across all
concepts (showing co-occurrence), visualized for two sparsity levels.

simple setting which facilitates visualization. Here, each cluster is de�ned as its own concept, and
we expect SAEs to learn latents responding to individual clusters. The concepts with smaller norm
are not linearly separable, while those with larger norm are linearly separable. We train all SAEs on
this dataset for a range of sparsity levels. Following our arguments about implicit assumptions in
SAEs, we hypothesize that ReLU and JumpReLU will be unable to capture the nonlinearly separable
concepts with monosemantic latents (measured using F1 scores; see Eq. 9).

Observations: Fig. 5 shows how different SAEs fare on this experiment. ReLU and JumpReLU
achieve an F1 score of 1 for the separable concept (orange), while their F1 scores are much lower and
bounded above (by 0.5) for the nonlinearly separable concept (purple). The receptive �elds of ReLU,
JumpReLU in Row (b) clearly overlap with other concepts in the nonlinearly separable case. TopK
performs somewhat poorly on both concepts, showing comparable F1 scores in both cases. SpaDE
shows a top F1 score of 1.0 for both concepts (perfect precision and recall), with its receptive �elds
capturing concept structure even for nonlinearly separable concepts. While ReLU and JumpReLU
show signi�cant cross-concept correlations (between conceptsC1; C2; C3, Row (c)) and TopK does
marginally better with smaller correlations, SpaDE shows clear delineation of different concepts with
clearly separated concepts (no cross correlations, spectral clustering identi�es concepts). Note SpaDE
may overspecialize and lead to further subclusters, as seen by two colors within concept 1 in row (c).

5.2 Heterogeneity Experiment

Dataset and Experiment: We generate Gaussian clusters (again an abstraction for concepts) in a
128-dimensional space. The �ve concepts are heterogeneous—they belong to subspaces with different
intrinsic dimensions (6, 14, 30, 62, 126), but are designed to have isotropic structure within each
cluster, and similar total variances across clusters. We trained ReLU, JumpReLU, TopK SAEs and
SpaDE on this data with varying sparsity levels. We hypothesize that TopK will not be able to adapt
its representations to the intrinsic dimension of each cluster.
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Figure 7: Investigating SAE properties on GPT for formal languages. (a) 3D PCA of model
activations and SAE encoder weights, where datapoints are colored by part-of-speech (PoS). Encoder
weights are indicated by points for SpaDE and arrows for the other SAEs.(b) Matrix of cosine
similarities between pairs of data and pairs of latents (in order) for each SAE. White lines separate
different PoS.(c) MSE normalized by PoS variance as a function of sparsity, for each PoS.Inset:
cumulative sum of variance (eigenvalues of data correlations) of each PoS, where the effective
dimension (variance> 99%) of each PoS is shown.(d) Top-20F1-scores for different PoS from
each SAE's latents (a measure of monosemanticity).

Observations: Fig. 6 shows the results of all SAEs on this experiment. In Row (a), TopK shows the
same level of sparsity per concept for all concepts, along with worse reconstruction error for higher
dimensional concepts. In contrast, other SAEs—ReLU, JumpReLU and SpaDE—show adaptive
sparsity to different extents by adjusting their representations to the intrinsic dimension of each
concept. SpaDE can capture the intrinsic dimension nearly perfectly (along the dashedy = x curve)
for a speci�c choice of hyperparameters.

Note that a naïve estimator which predicts the mean of each concept will achieve a normalized MSE
of 1. For TopK, normalized MSE (Row (b)) goes below20%(i.e., explains80%of the variance) for
each concept only whenk exceeds the dimension of that concept. For example,d = 6 goes below the
dashed line only afterk = 8 , similarly for other concepts. Other SAEs are able to stay below the
20%threshold for nearly all concepts across hyperparameters.

In Row (c), each latent is assigned a concept which it activates maximally for. Note that different
concepts use different numbers of latents in ReLU, JumpReLU, and SpaDE. However, there are
correlations across concepts in ReLU and JumpReLU (for the dense case), indicating co-occurrence
of latents across concepts, which is reduced in the sparse case. Correlations are absent in SpaDE under
both cases. TopK uses similar number of latents across concepts, inline with its lack of adaptivity.

5.3 Formal Languages

Dataset and Experiment: Building on recent work using formal languages for making predictive
claims about language models [46–48], we use this setting as a semi-synthetic setup for corroborating
our claims. Speci�cally, we analyze the English PCFG (Probabilistic Context-Free Grammars, formal
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