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Abstract

We study non-linear bandit optimization where the learner maximizes a black-box function with
zeroth order function oracle, which has been successfully applied in many critical applications such
as drug discovery and materials design. Existing works have showed that with the aid of quantum
computing, it is possible to break the classical Q(+/T') regret lower bound and achieve the new
O(poly log T') upper bound. However, they usually assume that the objective function sits within
the reproducing kernel Hilbert space and their algorithms suffer from the curse of dimensionality.
In this paper, we propose the new Q-NLB-UCB algorithm which enjoys an input dimension-free
O(polylog T') upper bound, making it applicable for high-dimensional tasks. Furthermore, its
time complexity is rigorously demonstrated to be lower than that of existing quantum bandit
optimization algorithms. At the heart of our algorithm design are quantum Monte Carlo mean
estimator, parametric function approximation technique, and a new quantum non-linear regression
oracle, which can be of independent interests in more quantum machine learning problems. Our
algorithm is also validated for its efficiency compared with other quantum algorithms on both
high-dimensional synthetic and real-world tasks.

1. Introduction

Non-linear bandit optimization, a.k.a., Gaussian process bandits, kernelized bandits, or Bayesian
optimization, is a sequential decision making-based machine learning task that aims at solving a
black-box optimization problem. Due to its black-box nature, it has been successfully applied in
many important real-world applications where objective functions are difficult to define explicitly,
e.g., hyperparameter tuning [37, 51], neural architecture search [26, 49], drug discovery [28, 41], and
materials science [19, 57]. Non-linear bandit optimization also enjoys solid theoretical guarantees. In
literature, researchers usually define simple regret and cumulative regret to capture the convergence
behavior of a certain algorithm, and many regret upper bounds have been established under different
assumptions and with different kernels. All these positive theoretical results further contribute to
more applications of non-linear bandit optimization. However, unfortunately an Q(+/7’) cumulative
regret lower bound [40] cannot be further improved, implying that given total 7" rounds, no algorithm
can incur cumulative regret less than Q(+/T") asymptotically. But can we do better?

On the negative side, in classical (non-quantum) setting, the answer is “no”. On the positive
side, we have entered the quantum era where the power of quantum computing offers new hope
for tackling this challenging optimization problem. [48] first studied the multi-armed bandits
and linear bandits and proved that new O(poly logT’) regret bound can be achieved with the aid
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of quantum computing. Later Q-GP-UCB [16] and QMCKernelUCB [24] studied the quantum
Bayesian optimization, generalizing [48] to non-convex and non-linear settings, still achieving
the O(poly log T') regret bound. However, [16, 24] both heavily rely on the reproducing kernel
Hilbert space assumption, which suffers from the curse of dimensionality. The problem is that, in
practice, many input data sit in high-dimensional spaces. Again in drug discovery, for example, the
dimension of protein sequences usually ranges from thousands [12] to even millions [38]. Then

either O(d% (logT) %) (linear kernel) or O(T%) (Matérn kernel with v being a kernel parameter)
regret bound [16] become vacuous when input dimension d,, goes to millions, which further prevents
their high-dimensional applications.

Therefore, can we design a new and efficient quantum non-linear bandit optimization algorithm
that works well in high-dimensions? In this paper, we answer this question affirmatively by proposing
the Quantum Non-Linear Bandit with Upper Confidence Bound (Q-NLB-UCB) algorithm. The key
design of Q-NLB-UCB relies on three techniques. First, Q-NLB-UCB runs in stages where in each
stage the quantum oracle associated with the same action will be queried multiple times to achieve
the quadratically improved sample complexity, guaranteed by quantum Monte Carlo mean estimator
lemma [34]. Second, inspired by the success of parametric function approximation [14, 25, 32],
we use a parametric function class to approximate and optimize the black-box objective function.
All information queried is handled in the parameter space so we are able to prove the first input
dimension-free regret bound for quantum non-linear bandit optimization. Finally, initialization of
Q-NLB-UCB relies on a good estimated parameter wq of the quantum non-linear regression problem.
Its convergence to the optimal parameter w* enjoys a quadratic speed-up rate compared with classical
non-linear regression, thanks to the quantum fast-forward technique [4].

Contributions. We solve quantum non-linear bandit optimization with quantum computing and
parametric function approximation, and propose the new Q-NLB-UCB algorithm. The design of
algorithmic framework is generic and the choice of parametric function can be a linear function,
quadratic function, or even multi-layer deep neural network, depending on tasks. Different from
existing work, Q-NLB-UCB does not suffer from the curse of dimensionality. We prove the first
O(d?, log% (T") log(d,, log T')) regret bound with d,, being parameter complexity, which is also faster
than the classical lower bound Q(\/T) but independent to input dimension d,,. The time complexity
of Q-NLB-UCB is demonstrated to be lower than that of other quantum non-linear bandit algorithms
in terms of 7. Experiments on high-dimensional synthetic functions and real-world tasks show that
Q-NLB-UCB outperforms compared algorithms in regrets and runtime.

Related Works. Bayesian optimization [18] is one of the most popular methods to solve global
optimization. Based on the Gaussian process [50] or reproducing kernel Hilbert space [11] as-
sumption, Bayesian optimization runs in multiple rounds where in each round the learner takes an
action suggested by an acquisition function. Without the classical Gaussian process assumption,
[43, 44] used neural networks as the backbone surrogate models. Recent bandit work also studied
global optimization with neural network approximation [15, 17, 55, 58] or generic parametric func-
tion approximation [32]. In recent years, there has been increasing interest in exploring quantum
speed-up for optimization problems. This research direction began with quantum algorithms for
linear and semi-definite programs [3, 5-7, 27, 45], later extending to general convex optimization
[8, 46]. Recent advancements include quantum algorithms for slightly convex problems [9, 30, 56],
escaping saddle points in non-convex landscapes [10, 54], and identifying global minima in specific
non-convex cases [29, 33]. Alongside these algorithmic developments, quantum lower bounds have
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been established for both convex [20, 21] and non-convex optimization [23, 53]. Also, stochastic
quantum methods have been proposed [42], demonstrating the advantages of quantum stochastic
first-order oracles for smooth objectives in low-dimensional settings. Most recently, there are efforts
[31] on investigating quantum speed-up for minimizing non-smooth, non-convex objectives, which
represent the most general function class.

2. Preliminaries

Problem Statement. We consider the non-linear bandit optimization problem: x* = arg max,c v fo(x),
where fy : X — ) is the unknown black-box objective function, which can be non-linear, non-
convex, and not necessarily differentiable in x. X C R is the function domain and )V C R is the
function range. The learner has zeroth-order access to fy and the whole process runs in rounds. At
eachround ¢ = 1, ..., T, after querying action x; the oracle will return a noisy function observation ;.
In classical setting, after taking x;, the function returns y, = fo(x;) + 1, where 7, is the zero-mean,
independent, o-sub-Gaussian noise. However, in (bounded value) quantum bandit setting, after taking
the same action x; multiple times, the function oracle returns ¥, that satisfies |y — fo(x¢)| < €,
where ¢; is an error term. Either in classical or quantum setting, throughout 7" rounds, we can always
utilize the cumulative regret to evaluate the optimization process, Ry = Zthl fo(x*) — fo(xe),
where ;. = fo(x*) — fo(x¢) is the instantaneous regret at round ¢. An algorithm A is said to be
a no-regret algorithm if lim;_,, Rp(A)/T — 0. Since we are using a parametric function class
to approximate the objective function, we use YW C R% to denote the parameter class and its
corresponding parametric function class is F = {fw : X — YV|w € W}.

Quantum Computation. Our quantum non-linear bandit optimization setting follows that of the
quantum multi-armed bandits in [48]. In the quantum realm, each input x is associated with a
quantum sampling oracle. This oracle follows quantum sampling oracle (see Definition 9) and
encodes the distribution of the corresponding noisy function value. More formally, let Yy be the
random variable of the noisy function value with input x, and let {2 be the finite sample space of
this distribution. Then the sampling oracle for the noisy function value with input x is defined as:

Ox:10) = 3 V/PrlYa = o] Iy} @ [u), (1)

yex

where [1),) is an arbitrary quantum state for each y. For estimating the mean of an unknown
distribution, we will use the following quantum Monte Carlo mean estimator as in [16, 48, 52]:

Lemma 1 (Quantum Monte Carlo mean estimator [34]) Given the access to a quantum sam-
pling oracle Oy (and its inverse (’); ) that encodes the distribution of a random variable Y, as
defined in definition 9. If the value of Y is taken from the interval [0, 1], then there exists a constant
Cy > 1 a quantum algorithm QME, (Oy, €, §) which returns an estimate y such that with probability
atleast 1 — 6, | — E[Y]|| < ¢, using at most % log(1/9) queries to Oy and its inverse.

As briefly discussed in [48], when aiming for a mean estimation error of €, the QME algorithm
achieves a quadratic reduction in query complexity compared to the classical one, which is crucial
for the quantum speed-up in [16, 48, 52].

Assumptions. Here we list all assumptions.

Assumption 2 (Realizable parametric function class) There exists w* € W such that fo = fuw~.
Also, w.l.o.g., W C [0,1]%.
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Assumption 3 (Bounded, differentiable, and smooth function) There exist constants Cy,Cy, Cp, >
0 such that Vx € X ,Yw € W, it holds that | fx(w)| < Cf, ||V fx(W)|l2 < Cy, [V fx(W)|lop < Ch.

Assumption 4 (Geometric conditions of loss function [32]) L(w) = Exy/(fx(W) — fx(w*))?
satisfies (1,7)-growth condition or p-local strong convexity at w*, i.e., Vw € W,

min { §||w — w*|13, Z||lw — w*|[3} < L(w) — L(W*), for constants p, 7 > 0, < d,, and
0 < v < 2. Also, L(w) satisfies a c-local self-concordance assumption at w*.

3. Q-NLB-UCB Algorithm

In this section, we show full details of
the Q-NLB-UCB algorithm (Algorithm 1). Algorithm 1: Q-NLB-UCB
Fle‘St, in Step 1, we take a subrOUtm.e Algo- Input: Objective function f, initial covariance ma-
rithm 2 to query the quantum regression ora- Yo = Al quantum regression oracle Oracle, regu-

cle Oracle for T times, which aims at solv- arization weight A, confidence sequence 3, constant
ing the following non-linear regression prob- Cj.

lem to get an estimated parameter Wg < 1. Wq + QNLRO(fo, Tp,8/4)
arg ming,cyy Z;‘-Fil(fo(xj) — yj)% Our goal 2: for eachstage s =1,2,--- do
is to make sure that W satisfies 3:  Update 3 by Eq. (3).
4:  Update wg by Eq. (4).
[Wo — w2 < @’ 2 3 Update Ball; by Eq. (5).
To 6:  Select x5 = arg max, c y MaXweBall, fx(W).

where Cj denotes a constant. In the classical 7 Update €, = ||V fx, (Wo)[ 51
(non-quantum) regime, the best upper bound is 8 for the next % log %5 rounds do
only ||Wo — w*[|2 < O(l/\/Tg), which canbe ¥ Take actions X and run
obtained using the sme'lll Varianc.e property of 10: 8311511](5:;8’ Z;’ ggt?r?étion of fo(xs).
squared losses near optimal solution and apply- |1.  end for

ing the Craig-Bernstein (CB) inequality [13]. To  12: end for

achieve the quadratic improvement in quantum  Qutput: % ~ 4/({x;, - ,x7}).
case, we work with the quantum fast-forward
technique [4] and refine the analysis with the CB inequality. This gives the desirable convergence
rate, but the parameter vector wy is returned in the form of a quantum state. To use it in classical
state later, necessary techniques for retrieving the classical information of all the entries in Wwq will
be employed. Specifically, we use non-destructive amplitude estimation (NDAE) [39]. From Step
2 to Step 12, the algorithm runs in m stages where multiple rounds are conducted in each stage.
This design is due to the quantum Monte Carlo mean estimation (Lemma 1) where the same action

needs to be taken multiple times. And we set €; = ||V fx,(Wo)|[y,-1 and m = dy, log (Cdiif i 1)
(Lemma 27) to ensure the total number of rounds is 7. In addition to using QME; in Algorithm 1,
our algorithm also works with QME, which is the bounded variance case in Lemma 1. The analysis
will be similar to that of QME;. Specifically in each stage s = 1, ..., m, in Step 3, we construct the
covariance matrix ¢ by

1

2
€s—1

Yo=Y 1+ 5 Vi, (Wo)Vix, (Vo) T, 3)

where the 1/€2_, is the weight assigned to query in each stage. Note here V fx, ,(Wo) is the
gradient of the parametric function f taken w.r.t. W, which can be easily obtained, and the objective
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function fy can still be a black-box function without any derivative information. Different from [32],
V fx._, (Wo) is not taken w.r.t. the fixed w,_; to save the tedious inductive argument in it while
still doing the rank-1 updates since the action x;_; changes over stages. And the rank-1 updates are
needed because the algorithm can save all historical information and add only one new matrix at
each stage, according to Eq. (3). Then we define the following regression problem to estimate w:

s—1

R A g 1 1 . T . . 2
W = argvinln 5”“’ — Woll3 + B ; g ((W —Wo) Vfx,(Wo) + fx,(Wo) — yi) )

Note in the first term ||w — Wy |3, the regression center is set to be W so that we can take advantage
of Eq. (2) to reach a much faster convergence rate than constant as in QLinUCB [48]. The design of
the second term is using the first order Taylor expansion of parametric function fx, to approximate
the noisy observation y;. Solution to optimization problem in Eq. (4), W, further serves as the center
of the parameter uncertainty region Ballg, defined as

Ball, = {w € R : ||w — W[}, < B} )

The key design of Ball is to contain the optimal parameter w* in each stage s w.h.p., so that
Q-NLB-UCB can keep track of w* at all times. The radius parameter 35 plays an important role in
this design and later in Lemma 29 our confidence analysis shows that it suffices to choose 35 as

3XCE  3CEC3sT?
T2 AT}

Bs = 3dws + (0)
In Step 6, the choice of x; is generated by solving a cross optimization problem defined in both X’
and Ball;. While the theoretical exact solution of this step is hard to find, in practice one can use
gradient ascent as a surrogate solution, and it works well in our experiments in Section 5.

4. Theoretical Analysis

First we prove the following result for the quantum regression oracle (Algorithm 2 and other details
in Appendix C).

Theorem 5 Suppose Assumptions 2, 3, and 4 hold. Then Algorithm 2 returns with probability

v CT(j“’L, where t is the

u?/ (=7 202
T2/ pe?

1 — 0/2, a classical vector of an estimate Wy that satisfies |[Wo — w*||2 <

logarithmic term depending on Ty, Cy,, 1/6 and Ty satisfies TO2 > Cdywimax {

The above theorem implies that it is sufficient to use only one copy of |Wy) to extract the classical
information of all of it’s entries, given the fact that all the entries belong to [0, 1]. More concretely,
Algorithm 2 first calls a quantum algorithm Oracle to obtain a quantum state that has the solution
parameter vector. Then it uses NDAE with projectors that project onto each computational basis, i.e.
(Woli) (i|[wo), to retrieve each entry, respectively. Note that each time NDAE returns not only an
estimate of an entry but also a copy of the original |Wg). Additionally, since NDAE doesn’t query
the sampling oracle Oy, its execution incurs no extra cumulative regret.
Then we have our regret bound:
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Theorem 6 (Cumulative regret bound of Q-NLB-UCB) Suppose Assumptions 2, 3, and 4 hold.

There is an absolute value C' such that after O(To) iterations in Step 1 of Algorithm I where
— 2

Ty satisfies Ty > Cdyt max {%, %} with 1 denoting a logarithmic term depending on

To, Cp,1/6. Then Algorithm 1 with parameters Ty = VT, \ = T satisfies that with probability at

least1 — 6, Ry = O(d2, log% (T) log(duw log(T))).

Note d,, is the parameter complexity of fy,, which is not necessarily related to the input dimension
dy of fy, therefore, our regret bound is input dimension-free. In practice, d,, can be smaller or larger
than d, since d,, solely depends on the users’ choice of parametric functions, which can be linear or
quadratic functions, or even deep neural networks. When fy, is chosen to be a linear function, our
algorithm reduces back to the linear bandits as in QLinUCB [48]. Compared with Q-GP-UCB [16]
and QMCKernelUCB [24], our algorithm takes a different technical route to successfully avoid the
curse of dimensionality limitation. Moreover, our bound is at the log% (T')loglog T rate, which is
also faster than classical lower bound (v/T'), showing the power of quantum computing.

S. Experiments

Experimental Setup. We compare the performance of Q-NLB-UCB with QLinUCB [48], Q-GP-
UCB [16] and QMCKernelUCB [24]. To run Q-NLB-UCB, we set our parametric function model
fw to be a two linear layer neural network with the sigmoid activation function. To reduce the impact
of randomness in algorithms, we repeat each experiment 5 times and report the mean and adjusted
standard errors of cumulative regrets, i.e., mean =+ std/ V5.

High-Dimensional Synthetic Functions. We test all four algorithms on Rastrigin and Styblinski-
Tang functions, defined in [—5, 5]°. Q-NLB-UCB performs well in high-dimensional problems,
as evidenced in Figure 1(a)(b), where it consistently achieves the lowest cumulative regret across
multiple runs. It is not a surprise as Q-GP-UCB and QMCKernelUCB suffer from the curse of
dimensionality and Q-GP-UCB was only tested in 1-d and 2-d settings in [16].

Real-World AutoML Tasks. We test all four quantum bandit algorithms on three different hyper-
parameter tuning tasks for Support Vector Machine (SVM), Multi-Layer Perceptron (MLP), and
Gradient Boosting (GB). We are tuning 4 hyperparameters in SVM, 8 in MLP, and 11 for GB. Each
classifier is trained by different hyperparameter configurations and the goal is to maximize the valida-
tion accuracy on a hold-out set. Due to page limit, we only show results of MLP in Figure 1(c)(d) on
both breast cancer and diabetes datasets, and readers are referred to Appendix D for similar results
of SVM and GB. Again our Q-NLB-UCB algorithm outperforms all other algorithms by achieving
significantly smaller regrets, demonstrating its strong potential for practical application.
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Figure 1: Cumulative regrets (the lower the better) of all compared quantum bandit algorithms.
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Appendix A. Auxiliary Lemmas
In this section, we show auxiliary lemmas and definitions that will be used later in proofs.

Lemma 7 (Upper bound of summation of weights (Adapted from Lemma 2 in [16])) Set e =
IV fx, (Wo)l|5;-1, then it satisfies that

Suppose that Y " | L > T2, then we have

2
€s

which is a contradiction. Similarly we can prove both statements. |

Lemma 8 ([47]) Let X be a random variable with mean 1 and variance o°. If X satisfies the
following Bernstein moment condition,

2

g _
E[|X — puf] < Skl 542

for some B > 0and all k > 2, then

NX =] < oy [T 1>
Ele “]Sep<2(1_ﬁ/\)>, V)\E{O,B )

Appendix B. Discussion on Quantum Oracle
Unlike classical access to samples of random variables, in quantum realm, the corresponding

distribution is being accessed by making query to quantum sampling oracle.

Definition 9 (Quantum sampling oracle) For a random variable Y with (finite) sample space €},
its quantum sampling oracle Oy is defined as

Oy :[0) — > VPrlY =ylly) @ [4y), )
yEQ
where |1y) is an arbitrary quantum state for every'y.

The content in second quantum register can also be viewed as possible quantum garbage appeared
during the implementation of the oracle. Observe that if we directly measure the output of Oy,
it will collapse to a classical sampling access to Y that returns a random sample y with respect
to probability Pr[Y" = y]|. In particular, the quantum noisy function Eq. (1) is an instance of the
quantum sampling oracle.
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Algorithm 2 Quantum Non-Linear Regression Oracle (QNLRO)
Input: Objective function fj, time Tp, failure parameter § € [0, 1/2], quantum regression oracle
Oracle.

1: |Wgq) < Oracle( fo, Tp,d/4)

2: fori=1,---,dy, do

3:  set projector P; = |7) (i

4:  obtain @; < NDAE(|Wo), Pi, ==, 79-)

5

@ dw T2 4dw
: end for
Olltpllt: WO = (dl, s 7Ede).

Feasibility and Practicality. This same type of quantum oracles were also used in previous work
[16, 24,42, 48]. As discussed in [16], a quantum oracle is available when the learning environment is
implemented by a quantum algorithm, which makes the setting of their quantum Bayesian optimiza-
tion fairly general. Therefore, for example, such quantum oracles will arise naturally when quantum
bandit algorithms are used to optimize hyperparameters of quantum neural networks and any other
quantum machine learning models. Furthermore, there are standard techniques [35] in theory for
implementing the quantum analogs of classical algorithms. Specifically, if there is a classical circuit
for the given classical oracle, its quantum version of the same asymptotic computational complexity
can be built using standard technique. Thus, in some scenarios, quantum oracles can be considered
as a quantum generalization of their classical counterparts, and then this framework can be applied
to optimize the parameters of models implemented on a quantum computer or in quantum systems
where the data itself is inherently quantum, as pointed out in [16]. In particular, [16] successfully
implemented their algorithm in the IBM real quantum computer, which shows that the quantum
oracle can be fully realized in the real world.

In practice, however, the current development of quantum hardware is still at a relatively early
stage. The actual implementation feasibility depends on factors such as circuit size and the complexity
of the required quantum gates. Therefore, we believe that our quantum oracle can be practically
feasible in small-size problem settings where the oracle is given as an explicit circuit.

Appendix C. Full Proofs

In this section, we show full proofs of all technical results in the main paper.

C.1. Quantum Non-Linear Regression Oracle

In this section, we first review the details and properties for step 1 of Algorithm 2, and the rest of the
algorithm. At the end we provide the necessary theoretical analysis for the complete Algorithm 2.

C.1.1. PROOF OVERVIEW ON Oracle

In this section, we describe the quantum regression oracle, denoted as Oracle in step 1 in Algorithm 2,
that we need for solving a non-linear non-linear least square problem.

Let D™0w denote a classical algorithm for solving a non-linear least square problem where w is
an initial value of the solution and D is a matrix representing one iteration of the algorithm. It is easy
to see that Markov chain-based algorithms (e.g SGD) can be represented using this notation.

12
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Before presenting the actual proof of Theorem 16, we provide a high-level overview of the
key technical aspects. The core idea in proving Lemma 5.1 is formulating the difference between
expected risk and empirical risk as bounded variables satisfying a certain condition and then applying
the Craig-Bernstein (CB) inequality [13]. In the formulation, the variable is linked to the unknown
parametric function within the optimization problem (i.e. fw(x)), and the inequality is then utilized
in a summation across a set of data samples. This approach is standard for classical algorithms.
However, to fully harness the quantum advantage, we can employ a quantum sampling oracle on
the dataset, as defined in Eq. (7). With such oracle, the random variables being used in the proof
will be associated with the expected risk function L(w), and then the summation in the application
of CB inequality will be computed over the the number of iterations. Note that this approach still
only yields a rate of O(1/T}). To obtain an improved rate of O(1/T}), we leverage the quadratic
speed-up provided by quantum computing when implementing algorithms that satisfy the framework
specified as in D"0w. While such quantum enhancements can be realized using quantum singular
value transformation [22], we instead adopt the quantum fast-forward technique introduced in [4],
following the description in [2].

Theorem 10 (Formal rephrase of Lemma 15in [2]) Lere € (0,1),s € [0,1] andt € N. Let P
be any transition matrix which defines a reversible Markov chain on state space X and D be its
discriminant matrix. Also let Q be the cost of implementing a quantum walk step. There is a quantum
algorithm with complexity O(Q+/tlog(1/€) that takes input |0)|1)) € span{|0)|x) : x € X}, and

outputs a state that is e-close to a state of the form

|0)®[0) D |p) + |T) (8)

where a = O(log(tlog(1/€))), |0) is some fixed reference state, and |I') is some garbage state that
has no support on states containing |0)®%|0) in the first two registers.

Informally, this theorem shows that a ¢-step classical random walk/Markov chain can be closely
approximated by quantum walk using only /¢ steps. This implies that the same performance
guarantees achieved by a ¢-step classical random walk can also be attained by a quantum algorithm
with time complexity oc v/%.

A more visual intuition on how the step 1 of Algorithm 1 works is pictured in Figure 2. It describes
a high-level picture of a quantum algorithm implementing D70w which denotes an execution of
a classical algorithm solving a non-linear least square problem. More concretely, the input qubits
to the quantum algorithm can be divided into three different parts: parameter register, input data
register, and auxiliary qubits. Then the complete quantum process before the measurement step gives
(UL)™0|w)|0)|0) (here 0’s in the last two registers can represent multiple qubits), and the resulting
state will have information of D70w. The composite operator U L makes one step of the quantum
walk, like one update in SGD. During each step, operator L transforms the input from the last step
into a quantum state whose expected value yields the gradient, and U performs the update process.

In quantum algorithms leveraging Markov chains for optimization problems, their inputs can
be decomposed into three parts. The parameter register consists of qubits that store the parameter
information. The input data register is dedicated to generating the distribution for data samples. The
auxiliary qubits provide the workspace for temporary information produced during the quantum
algorithms that are not part of the final output. Given an input state across those three registers,
the quantum oracle £—whose detailed description will be discussed in the subsequent paragraph—
transforms the input into a quantum state whose expectation value yields the gradient V.. While
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parameter register |w) — — — . — - —‘i‘
input data register [0) — £ |— U (—-— £ I U (——

auxiliary qubits |0) — - A— ] I

Figure 2: High-level description of a quantum algorithm computing D70w

techniques from [42] enable unbiased mean estimation for gradient extraction, we omit further details
here as they lie outside our scope. The unitary U then processes the output of £, implementing a
single iteration of a Markov-chain-based update rule, say determined by D, for solving non-linear
least square problems. Roughly speaking, U combines two components: (1) an unbiased non-
destructive multivariate mean estimation subroutine; and (2) a quantum walk step over the parameter
space. The composite operation UL constitutes one full iteration of the algorithm, as formalized
in Theorem 10. Starting from the initial state, after T} iterations, i.e. (UL)7°|w)|0)|0), the final
quantum state will encodes D70w. To gain a quadratic speed-up, we apply the quantum fast-forward
technique to (UL)70. Consequently, the step 1 of Algorithm 1 approximates Eq. (8) with O(y/Tp)
iterations.

Since the quantum oracle £ plays a pivotal role in the process, we now give a detailed discus-
sion of its implementation requirements and constraints. To formalize its purpose, without loss of
generality, consider the gradient of loss function Exp[( fw(x) — fw*(x))?], where the parametric
function f can be viewed as a function with input (w,x). By standard differentiation, its gradi-
ent is Ex.p[2(fw(X) — fw*(X))V fw(x)]. The oracle £ must therefore prepare a quantum state
whose expectation value encodes this gradient. Note that £ viewed as an operator maps |w) to a
quantum state > - 1/Pr[Y]|.A(Y")) for some operations A, and its expectation gives Ey [A(Y)].
Hence, we need to design the necessary A so that the multivariate mean value Ey [A(Y')] produces
Ex-p[2(fw(x) — fw+(x))V fw(x)]. One caveat is that fy~«(x) is not accessible directly. Instead,
we are given access to the quantum noisy function oracle Eq. (1). However, this limitation can be
addressed by leveraging the fact that E[y] = fw+(x). Overall, we can construct the quantum oracle
L as follows.

Given the quantum noisy function oracle O (as defined in Eq. (1)) for all x in X', we can obtain
the following quantum oracle L:

L+ |w)|0)|0) — ZZ \/m \/m‘(fw(x) — (fw+(x) +e))- 3fw(x)>

8w1
0 fw(x)
owyg

- (fu() = (fu- (x) + ) - ) @ |garbage).

The proof for this conversion is straightforward. By standard quantum computation principles,

any classical circuit g can be embedded into a quantum circuit G such that: |x)|0) N |x)|g(x)).
Building on this, without loss of generality, we construct a quantum circuit that prepares a quantum
state whose expectation value encodes the gradient of expected loss function L = Ex[(fx(w) —
fx(w*))?]. Three components enable this: (1) the parametric function f is classically specified; (2)
the data input distribution can be created from scratch efficiently; and (3) the value fx(w™) can be
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obtained as the mean of the operator in Eq. (1). Following the standard embedding process mentioned
above, these three components are combined into a unified quantum circuit acting on registers.

C.1.2. OVERVIEW ON ALGORITHM 2

Let |Wo) be the quantum state returned by Oracle in step 1 and write |Wq) = wa a;|t). The rest
of Algorithm 2 is about retrieving a;’s for¢ = 1, - - - | dy. One standard approach to achieve that is
using quantum state tomography. However, in our case, we can use amplitude estimation instead
because each a; € [0, 1]. At the same we want to avoid repeatedly calling Oracle for obtaining more
copies of |Wyg) since that will dramatically increase the number of queries to the quantum sampling
oracle Ox, which will in turn cause extra cumulative regret. Hence, we will a technique called
non-destructive amplitude estimation which can return both an estimate of a; and a copy of the input
state |Wq). There are multiple existing works in this field. [39] listed multiple of them and we pick
one among them. Below is a more formal statement of Theorem 17.

Theorem 11 (Non-destructive amplitude estimation in [39]) Given one copy of a quantum state
|1), a projector P, and €,6 € [0,1/2]. Let a = (|P|y). Then there is a quantum algorithm
NDAE(|¢), P, €,d) that outputs with probability at least 1 — ¢, an estimate & and a copy of |} such

that |a — a| < € and it uses the reflections and rotations on |v) and P O(—1-) times.

Vs

Remark 12 Given a projector P, its reflection can be defined as 2P — I or I — 2P, and its rotation is
defined as e20(2P=1) o 20(1-2P) for arbitrary phases 0. Note that the projector for a quantum state
|1} can be represented as |1)) (1)|. Hence, the reflections and rotations for state |1) can be defined
similarly. Since neither reflections or rotations require queries to the quantum sampling oracles Os,
the usage of them will not contribute to cumulative regret. Hence, their implementations are outside
the scope of our work. Interested readers can refer to [39] for details on how to implement them
using the given state and projector.

With NDAE, we can retrieve an estimate for each a; fori = 1,--- | dy with only one copy of
|Wo), thus avoiding the expenses caused by repeatedly solving a non-linear least square problem.
Overall, the correctness of Algorithm 2 is a result of Theorem 16 and Theorem 11, which can be
summarized as follows.

Theorem 13 (Restatement of Theorem 5) Suppose Assumptions 2, 3, and 4 hold. Then Algo-
rithm 2 returns with probability 1 — 6 /2, a classical vector of an estimate Wy that satisfies

VCdwt

oy < VOdwt
[Wo — w[]2 < T,

. . . . . /(2=7)
where v is the logarithmic term depending on Ty, C,, 1/8 and Ty satisfies T02 > Cdwt max { ’;;/(Tz),

Its proof is presented in the next section.

C.1.3. THEORETICAL ANALYSIS

Quantum Non-Linear Regression Oracle. Here we show the existence of a quantum non-linear
regression oracle which outputs the estimated parameter w that satisfies Eq. (2). This algorithm

15
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involves two primary procedures: (1) obtaining a quantum state that encodes wg; (2) retrieving the
classical information of all entries in w.

Roughly speaking, this result can be achieved by “quantizing” the proof of Theorem 5.2 in [32]
with quantum fast-forward technique [4], shown below.

Lemma 14 (Adapted from Theorem 5.2 in [32]) Suppose Assumptions 2, 3, and 4 hold. There
is an absolute value C such that after 1y iterations in step 1 of Algorithm 1 where Ty satisfies

T, > debmax{#w/@—w) 2C2

T }, with probability 1 — 0 /2, the quantum regression oracle returns

Cdwt

an estimate Wy that satisfies |[Wo — w*||2 < 7

Ty, Ch, 1/4.

, where i is the logarithmic term depending on

Note that this lemma still gives O(1/+/1p) asymptotical rate after T} iterations, the same as
in classical setting. To attain the desired faster O(1/7Tp) rate, we apply the quantum fast-forward
technique introduced in [4]. An informal description below follows that in [2].

Lemma 15 (Informal statement of quantum fast-forward [2]) Lete € (0,1),s € [0,1] and t €
N. Given a reversible Markov chain determined by a matrix D, there is a quantum algorithm with
O(\/tlog(1/€)) quantum walk steps that takes input |0)|)) € span{|0)|x) : © € X}, and outputs a
state that is e-close to a state of the form [0)®®|0) Dt|)) + |T") where a = O(log(tlog(1/€))), |0) is
some fixed reference state, and |I") is some garbage state that has no support on states containing
|0)®2|0) in the first two registers.

Consequently, we can summarize the goal of Step 1 in Algorithm 1 with the following theorem.
Full proofs are deferred to Appendix.

Theorem 16 Suppose Assumptions 2, 3, and 4 hold. There is an absolute value C' such that after
~ _ 2
O(Ty) iterations in step 1 of Algorithm 2 where Ty satisfies Ty > C'dyt max { w1/ 20, } with

72/2=7) 7 puc?
probability 1 — §/2, the quantum regression oracle returns a quantum state that encodes an estimate
W that satisfies ||Wo — w*||2 < 7Vchl“’L, where 1 is the logarithmic term depending on Ty, C, 1/4.

So far we have proved the convergence of information provided by |W). This means that
after applying the quantum regression oracle, we will be returned with a quantum state |W) which
encodes the parameter vector w that meets the convergence guarantee. Next for the classical usage
of parameter vector W, we need to retrieve them from the quantum state |Wo). A standard approach
will be employing quantum state tomography. But this will be an overkill because in general quantum
state tomography considers the cases where the log N-qubit quantum state input to be in CV. Recall
that with loss of generality, our work focuses on |W) € [0, 1]%. Hence, we can employ a more
efficient tool, named quantum amplitude estimation, which outputs an estimate of (1| P|v)) upon
input a quantum state |¢)) and a projector P. However, the execution of straight quantum amplitude
estimation algorithm will cause the input state |1)) to collapse, which means O(poly(dy, €, )) many
copies of the input quantum states are needed for gaining the classical information of all the entries
in |¢). In our problem, this preparation of multiple copies of the state |Ww) will require queries
to the quantum sampling oracles Oy, thus dramatically increasing the cumulative regret, which
is undesirable. That means that our problem lies in scenarios where |¢) is extremely expensive
to prepare. To avoid this, we turn to non-destructive amplitude estimation which can return an
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estimation of (1| P|1) and also give the copy of |¢)) back. There are multiple existing works in this
field. [39] listed multiple of them and we pick one among them. An informal description is stated
below.

Theorem 17 ((Informal) Non-destructive amplitude estimation in [39]) Given one copy of a
quantum state |)), a projector P, and €,6 € [0,1/2]. Let a = (| P|¢). Then there is an al-
gorithm NDAE(|¢), P, €,0) that with probability at least 1 — 0, outputs an estimate & and a copy of
|1) such that |a — a| < e.

Recall that a quantum sampling oracle enables the access to a superposition that entirely encodes a
distribution of finite size. The following notations will be found convenient in constructing our proofs.
Let Y(Z) = fu-(Z) and define Fyy(X) = 3 e i (fw(2) =Y (2))? = SM (fu(Z:) Y (2))?
where D(X) is some probability distribution with finite sample space 2 C R centered at X of
size || = M, L(fw) = ExFyw(X), and L(fw) = 1/Tp 221 Fw(X;). It is easy to check that

x[L(fw)] = L(fw). We also assume that the output value of f is contained in a interval of length
b > 1. Note that if M = 1, then the quantum sampling oracle becomes a classical oracle. Hence,
without loss of generality, we can have M > 1.

Remark 18 In classical setting, Y (Z) = fw+(Z) +mn, and a Y (Z) is returned when querying with
input Z, and one can estimate fw+(Z) by Chernoff bound. However, in quantum realm, one can
extract fu~(Z) while still maintaining it as a quantum superposition instead of a classical sample
by mean estimation algorithms [34, 42 ] without performing the measurement. Therefore, it is not a
strong relaxation to have Y (Z) = fw~(Z) in the analysis.

Lemma 19 Given an oracle that accesses a dataset {Z, fw+(Z)} zc p(x) where D is some distri-
bution with finite sample space Q@ C R¢ centered at X when queried with input X. Let F be a
finite function class satisfying F C {f : [0,1]¢ — [=b,b]} for some b > 1 and define empirical risk
minimizer (ERM) JETO = argming. r {ﬁ( f )} . Then with probability at least 1 — 0, the following

holds
1+«

“l1-a

10g|.7:] +log2/d
(1 — Oz)Toe

L(fr,) < L(f) +

)

4Lb2 ,a = eb?, and f € F is arbitrary.

where € <

Proof The proof follows a structure similar to that in [36], but some extra work is needed for our
application. Define variables U; = — Fy (X;). Then L(fw) — L(fw) = T% ZZTQI(Ui —Ex[U;]). In
order to apply the CB inequality [13] as in [36], we need to (1) verify that the variables U; satisfy the
Berstein’s moment condition

Ex,[|U; — Ex,[U]|F] < ——=k! hF?

Var [U;]
2
for some h > 0 and all k£ > 2; (2) find an upper bound for Var [U;]. They can be achieved by the

following two claims.

2V Mb

Claim 20 The Berstein’s moment condition holds with h = o

1< < \/Var 1/8, \/Var | # 1B, and B = 2b2

with some constant c¢1 where
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Claim 21
Var [U;] < b L(Fy).

Suppose Claim 20 and Claim 21 hold. By applying the CB inequality with certain values € and c,
which will be determined later, we obtain that, with probability at least 1 — 9,

R ]Og 1/5 €b2L(Fw)
L(fw) = L(fw) < Toe 2(1 —c¢)

for 0 < eh < ¢ < 1. Following the Kraft inequality and union bound trick on the finite set F in [36],
we have that, for any § > 0,

< log |F| +log1/d  eb?L(fw)

L w) j—/ w ’ v w
with probability at least 1 — 4.
Claim22 [et0<e< Mc/l—lbg,CZGh,anda:ebQ. Then 0 < c < %and% <a<l
By Claim 22, we rearrange to get
A log |F| +log1/é
(1= )L(fw) < Llf) + BITLELBLE e

Toe ’

with probability at least 1 — §. Define

fTO := arg min {f/(fw)} .
fweF
Then with probability at least 1 — 6,

(1~ a)L(fr,) < Lfm) + 2L 108 L0,
0€

At log | F| —Hogl/é7
Toe

where f € F is arbitrary. Similarly, we apply CB inequality to L(f) — L(f) = T%) ZlTil —(U; —
Ex[U;]) and attain

L) = L(F) < aL(]) + & IfITJgelog 1/5

with probability at least 1 — §. By union bound, we get

5 4o - log |F| +log1/6
L <—0L 2
with probability at least 1 — 24, for any § > 0. |
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Lemma 23 Suppose Assumption 2 and Assumption 3 hold. There is an absolute constant C', such
that after Ty iterations in Step 1 of Algorithm 1, with probability at least 1 — §/2, the quantum
regression oracle returns an estimate W that satisfies

C'dwt
) <« W
L(wa) =T )

where 1 is a logarithmic term depending on Ty, Cp, 1/0.

Proof Its proof follows that of Lemma 5.1 in [32] with minor changes. We provide it here for
completeness.

Let w, W denote the ERM parameter and finite parameter class after applying covering number
argument on Y. By Lemma 19, we obtain that with probability at least 1 — §/2,

1+« log |F| +log4/é
) < *
<210g\.7—"\+10g4/(5
- (1 — o)Tpe

where the first inequality follows from w* € F = W U {w*}. Our parameter class W C [0, 1]%w,
s0 by e-covering number argument, log(|W|) = log(1/€'™) = dy, log(1/¢'), and then we have with
probability at least 1 — /2,

dwlog(1/€') +log4/d

L(fs) <C" T

where C” is a universal constant determined by o and € picked in Lemma 19. By (a+b)? < 2a?+2b%,

L(fw,) < 2Ex]| Z (fao(Z) = fa(2))%] + 2L(f&),

ZeD(X)

< 26/20}% + 20//dw log(l/;) + log 4/(57
0

where the second inequality applies discretization error ¢ and Assumption 3. By choosing ¢ =

1
the bound above becomes
Ch V1o ’

2 C"dwlog(TyC?)  2C"log4/s ,dw 10g(ToC?) + log(4/9)
— + + <C )
To To To To

where we can take C’ = 2C" and assume 2 < C"dy, log(TpC?). The proof completes by defining ¢
as the logarithmic term depending on 7y, C, 1/0. |

Lemma 24 (Restatement of Lemma 14) Suppose Assumptions 2, 3, and 4 hold. There is an abso-
lute value C' such that after 1y iterations in step 1 of Algorithm I where Ty satisfies

W@ 202 }

> 2 79
To > Cdwtmax { 2T i
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with probability 1 — § /2, the quantum regression oracle returns an estimate W that satisfies

Cdwt
Ty '’

[Wo — w2 <

where 1 is the logarithmic term depending on Ty, C, 1/6.

Its proof follows that of Theorem 5.2 in [32] with no changes required. Note that the rate of
[ Wo — w*||2 is still O(1/+/Tp) after Ty iterations. To achieve the same rate of O(1/+/Tp) after /Ty
iterations, we turn to Theorem 10 which shows that the T iterations can be approximately with only
/T iterations.

Theorem 25 (Restatement of Theorem 16) Suppose Assumptions 2, 3, and 4 hold. There is an
absolute value C' such that after O(Ty) iterations in step 1 of Algorithm 2 where T} satisfies

/=) 203 }

2 g
Ty > Cdwimax { T

with probability 1 — 0 /2, the quantum regression oracle returns an estimate W that satisfies

VCdwt
Ty

[Wo — w™[]2 <

where v is the logarithmic term depending on Ty, Ch, 1/9.

Proof Suppose we select an algorithm used in this step following D”0w. Let Tj) be the number of
iterations in this algorithm. Then it can be formulated D7°w with a random initial parameter vector
w, and the estimate output wg = D’°w. By Lemma 14, we obtain that with probability at least
1-4/2,
Cdwt

To

lwo — w5 <

after Ty iterations of exact calculation.

Next by Theorem 10, we have that there is a quantum algorithm A can output a vector w’ that is
Vei-close to DTow with time complexity O(Q+/Tplog(1/4/e1) where Q is the cost of performing
one quantum walk step. That implies that with O(/Tylog(1/,/€;) iterations, A will return an
estimate /e1-close to wg. Overall, there is a quantum algorithm that takes input a random initial
parameter w and outputs an estimate W’ such that with probability at least 1 — §/2,

Cdwt

[Wo' — w*[|3 < + €1

with O(y/Tplog(1/,/€1) steps. Finally, the desired statement can be derived by setting e; = 1/Tj
and change of variable. |

Proof [Proof for Theorem 13] Denote |wg) = Z?w bi|1). It is easy to check that (wo|P;|wq) gives
|b;|2. Note that as a vector wq € [0, 1], which means |b;| = b;.
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Let ¢’ = ;9—. Then by Theorem 11, NDAE(\W0> T T2’

1—4¢, an estlmate a; of b? such that |a; — bf| < yi T2 Since both /a; and b; are nonnegative, we
W0

1
/e — b la: — b2
‘ a; bz’é ‘az bi < /7dW'T02‘
Let wg = (vai, -, /a4, ). Then

HWo—W0H2—Z\\F bil* < TQ,

d’) outputs with probability at least

have

and by triangle inequality,

1+ v/Cdwt

[Wo — w™[]2 < [[Wo — Woll2 + [|[Wo — w'||2 < T

where the last equality follows from the combination of the upper bound on || W — Wy||2 and that on
|Wo — w*||2 provided by Theorem 25.
Next, it is left to prove the success probability. First, step 1 in Algorithm 2 calls Oracle Which has

O(Tp) iterations and its success probability is at least 1—0 /4. Second, each NDAE(|wyg), P;, = T2 ,0))

succeeds with probability at 1 — ¢’. Hence, all the d, calls to NDAE outputs the correct estimates

with probability at least

)M sl —dy =10
(1-)™>1—-dw-0' =1 1

where the first equality follows from Bernoulli’s inequality and the last step comes from the definition
of .
Overall, Algorithm 2 successfully outputs wo = (a1, - - , aq, ) with probability at least (1 —
g) >1- 2 as desired.
|

Proof [Proof of Claim 20] For each independent random variable Z; ~ D(X), define random variable
Ji = —(f(Zilw) — f(Z;Jw*))? and V; = J; — E[J;]. Then we can see that U = > zimD(x3) Ji
with Var [J;] < b2, and E[V;] = 0. Since D(X) has finite sample space €2 of size |2| = M, we write
U= Zej\i1 Ji, and hence Var [U] < Mb.

Nextlet W = U — E[U] = 25{1 V; and observe that E[W] = 0. As in [36], note that each
independent J; satisfies the following Bernstein condition

Var [J;]
2

E[|J; - E[J]|*] = E[|Vi|*] < — k! g2

for all £ > 2 and with 8 = % Then by Lemma 8, we have that for each J;,

Vi _ Rl MBI A*Var [;] 1
E[e""] = Ele ]SeXp(Q(l—/\ﬁ) , Yie O,B .

Next we put all M independent V; together to get, with the same A,
M M
: A A2Var [U] 1
E Mi] = E[e'] < exp ( , YAe [0,=]|.
L1 = 1w < e (35 205 E
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Note that this also holds when replacing W with —W. Hence, form = 1,2, - -

AW e AW A2Var [U]
<o (3 ag):

where the first inequality follows from the Taylor series of exponential functions.

— C1 1
Next we let A = Tl with some constant ¢; > 1 such that \/Var [U] # ¢;f and A < 1/5.
Then we can verify that exp (;?ﬁg{%) as a function of Var [U] is decreasing for all Var [U] > 0 and

/Var [U] # c15.

With substitution and rearrangement, we can derive

)\2m m
BV < Bl

B2 < (2m)e < (2m)! (Yo,

)\Qm c1

Next we apply Cauchy-Schwarz inequality to attain, form = 1,2, -- -,

E[[W "] < VE[W?2m]/E[W2m+2),

< \/(Qm)! (W)Qm\/@m +2)! (M)2m+27

Cc1 C1

Var [U]

< @m+ D y2m+L,
1

Therefore, we have

E[|U — E[U]|"] = E[W*],
Var [U]

< Kl (
C1

)",

< k! CikVar U] (v/Var [0])*2,
- VarjU] . (2\/J\Zfb)’f—2
< VarQ[U]k! (2mb>k_27

)

c1
where the last step follows from ¢; > 1. |

Proof [Proof of Claim 21] By the definition of U;, we have

Ui2 = Fw(Xi)27
= 3 (@)~ Fo (D) (fulZ) — fur (Z)?,
Z,7'eD(X)
< b2 Z (fW(Z) - fw* (Z))27
ZeD(X)
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and then
Var [U;] < E[U] = L(Fy).

Proof [Proof of Claim 22] When € < 4]\64#’

2v Mb 1

c=ch=c¢ < <

1 2V Mb

where the second step is by the value of A from Claim 20 and the last step follows from the fact that
M,;b>1.

[N

Next,
1
=eb’ < —.
a=c¢€ Wi
It is straightforward that o > 2(1 C) since ¢ > 0. Note that by Claim 20,
<o < Var [U] < 3\/M’
I6] 2b

since \/Var [U] < v/ Mb and 3 = 2b/3. Then
C1 3\/ 1 3

= 1
CSAIM S T A sl

where the last step stems from the fact that M, b > 1. |

C.2. Regret Analysis

Theorem 26 (Restatement of Theorem 6) Suppose Assumptions 2, 3, and 4 hold. There is an
absolute value C' such that after O(Ty) iterations in Step 1 of Algorithm 1 where Ty satisfies

) /=) 203
TO > deL max m, E
with ¢ denoting a logarithmic term depending on Ty, Cy,1/5. Then Algorithm 1 with parameters
Ty = VT, \ = T satisfies that with probability at least 1 — 6,

Rr=0 (dfv log? (T) log(dy log(T))> .

Proof Sketch. The proof starts from the instantaneous regret in a single round in one stage. Since
we are dealing with non-linear bandit optimization where the objective function is not necessarily
linear, we use Taylor’s theorem to expand the objective function into first order terms and high-order
terms. The first order terms are handled like linear bandits [48], but the remaining high-order terms
are bounded creatively using the convex property of parameter uncertainty region Ball; multiple
times. After we obtain the upper bound for a single round in one stage, we multiply it by number
of rounds in one stage and obtain the bound for one stage. Later, we prove the following lemma to
show the total number of stages in Q-NLB-UCB to make sure the total number of rounds is 7.
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22

Lemma 27 (Number of stages) The Algorithm 1 runs at most m = d,, log (C T+ 1) stages.

Note again in this lemma, d,, is the dimension of parameters, rather than d,. This is because we are
using V fx, (W) as the feature vector and its dimension is d,,. After proving Lemma 27, we take the
summation of upper bounds and reach the upper bound of cumulative regret.

Proof Since Algorithm 1 runs in multiple stages where the same action is played for multiple
rounds, so we first focus on the instantaneous regret of one round in each stage and then calculate the
cumulative regret in all stages. At stage s, the instantaneous regret of one round 7 is defined as

= Jo(x*) = fo(xs) = far (W") = f, (W),

where the second equation is due to Assumption 2. Recall that the selection process of x; in
Algorithm 1 is

Xs = argmax max fx(w),
xcXx WeEBallg

and we define W to be the parameter that maximizes the function value at x,, i.e, W = arg max,cp.n, fx, (W),
then we have

rs < fr (W) = o, (W) = (W = W") "V f, (W),

where the equation is by first order Taylor’s theorem and w is a parameter lying between w and
w*. Due to the convex structure of Ball, for each stage s, it implies that w € Ball;. By adding and
removing W and V fx (W), we have
rs < (W — Wy + Wy — W) (V f, (W0) = V fi, (Wo) + V fx, (W),
=(w-— VAVS)—l—vfxs (Wo) + (Ws — W*)vaxs (Wo)
+ (W — Wy + Wy — W) 1 (V fx, (W) = V f, (W0)),
< W = Wil IV fs (W)l 4 [1Ws = W |, [V e, (Wo) [l 51
+ (W — W, + Wy — W*)T<vfxs (Ws) = Vfx,(Wo)),

where the last inequality is due to Holder’s inequality.
Since both w and w* are in Ball; and €; = ||V fx,(Wo)|[5;-1, we have

rs < 2v/Bses + (W — W + Wy — W) T (V fi, (W) — V fx, (W0)).

Again by first order Taylor’s theorem where w lies between w and wg, we have

rs < 2v/Bses + (W — Wy + Wy — W) T V2 fy (W) (W — Wo),
Bses + (W — Wy + Wy — W) T V2 fy, (W) (W — W + Ws — W + W* — W),
l 1 _1
=2 Bses+(v17—virs+vi/s )Tz2z 2fxs(’)222 2(W— W + W, — W + W — W),
Bses + (W — ws) 222 2VQfxs( )2 222(W Ws)

1

+ (W — wS)Tzzz:;Ev?fxs (W)E;522 (Ws — W)
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+ (W — WS)TES%ES_%VQfo (W)Xs iy (W* — W)
(g — W) TEENS VR (W)l 282 (W — W)
+ (W — w*)TZ§E;%V2fXS (v‘ir)zﬁzé(ws —w")
+ (W — w*)Tzézﬁv?fxs (W)zgézé(w* — Wo),

< VBt 1 =) T8 e (995 5 5 )
(W = %) TS [al| 25 T V2 e, ()2 ? o |22 (s — w2
W = W) TE2 o[22 V2 £, ()2 _§||op||21( — Wo)ll2
(W — W) TS ol 25 V2 o, ()5 ||op||22(w Wo)ll2
% = w5l 29 e ()5 opl 2 (s = w2
(9 — W) T2 2529 e, ()25 op |22 (w — o),
where the second line is by adding and removing w4 and w* and the last inequality is due to Holder’s
inequality. Since the center of Ballg is W, and w*, w, w € Ball,, then we have

_1 _1 _1 _1 1
re <2 Bses + 4ﬁs||zs 2v2fxs (W)Zs 2 Hop +2 V 55”28 QVQfxt (W)Zs 2 HopHZs2 (W* - VAVO)||27

1 1 _1 _1 1
< 24/ Boes +ABsl1S5 * V2 fo, (W) S5 2 [lop + 20/ Bs 1S5 2 V2 e, (W) S5 ? op |52 [fop [|(W* — Wo)|2,
455Ch n 2v/BsCrCo

A TovA
where the second inequality is again due to Holder’s inequality and the last inequality is by Assump-
tion 3, the choice of X, and convergence guarantee of Wwy.

Recall that in stage s, the algorithm plays actions =4 for % log % rounds, therefore, the cumula-
tive regret in stage s is bounded as

(&} 45s0h 2v/B3:CrCo m
< ﬁs €s \ + TO\/X ) log <7> .

)
In total, there are m stages, so the cumulative regret is bounded as

 C1 485;Ch | 2v/BsCrCo m
< — |2 sts 1 N R
RT_;65< Bses + X + Tov/x og( )

_ m 26,C . VBsCrCo
= 2Cilog (5)Z<\/E+ 5 NV >

Bses +

S

s=1
Recall that our choice of [ is

3M\CE  3CECEsT?
T2 4T

Bs = 3dys +
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which is increasing in s, so 85 < (3, where m is the number of stages. Therefore, we have
m 28mCh  VBmCrCo v 1
Ry <2C110g (5) [ m +< + ~,
r < 200 (" ( o (250 4 CUC0) 1

m 2BmCrT B CrhCoT
< i
_2C110g(5)<m Bm + iy + o ,

where the second inequality is due to Lemma 7.

2
Now plug in our choices Ty = v/T', A = T and maximum stage number m = d,, log(~ C" T +1)
(Lemma 27), and we have

Ry < 20 log ( ) (m\/ﬂT,L +28,,Ch + JﬁTnChCo)
3C2CEm

Bm = 3dym + 3C2 + 1

= O(dym).
Reorganize them and we have
m
Rr=0 ((m\/dwm + dywm)log (F)) ,
=0 ( (dyw log(T %\/>+ d2 log(T)) log(dy log(T))> ,
= O (2, 10g (1) log(dy, log(T) ) ,

which completes the proof. |

22
Lemma 28 (Restatement of Lemma 27) The Algorithm I runs at most m = d,, log <C 7; + 1)
stages.

Proof The proof follows the outline of that for Lemma 2 in [48]. First, we show that det(X;) =
2det(¥s-1),¥s=1,2,---,m
1 . .
det(X,) = det (zsl + —2v fr. (W0)V fr, (WO)T> ,

_1 1
= det < 1/2 <Idw + E 1fos( O)fos (WO)T2521> ES21> )

S

_1 _1
= det(Z,_1) det (I + ?ES—W Fr. (W0)V fi, (wo)Tzsfl) :

S

= det(Z) (14 5 VA (0) 58 AV () )

1 ~ 2
= det(zsfl) <]. + éHVfXS (WO)HES—ll) )
= 2det(Es,1),

where the fourth line follows from the matrix determinant lemma: det(A+uv') = (1+v ' A~1u) det(A)
where A is an invertible square matrix and u, v are column vectors. Thus, det(%,,) = 2" det(Xg) =
2m
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On the other hand, note that

Xm —)\Id +Z vfxs(w(])vfxs( )Ta
s=1 S
and hence by cyclic property of matrix trace,
m
IV fx. (Wo) 13
(D) = dwA+ Y R

s=1 $

Then by Assumption 3 and the trace-determinant inequality: d,, - det(A) m < tr(A), we have

m N m 02

dy - N2%0 < d A+ Vel oy x5~ %
€ €

s=1 s s=1 ¢

and hence

Note that during each stage s, we query the quantum oracle for L log 7§ 2 times. Then with Cy > 1
and ¢ € (0,1/2], we have

©)

22
Now we derive an upper bound on m by contradiction. Suppose m > d,, log <(il£\ + 1). This
implies that

2
which is a contradiction. Therefore, Q-NLB-UCB algorithm has at most d,, log (C v+ 1) stages.
|

C.3. Confidence Analysis

The previous regret builds upon the successful construction of the confidence ball Ball; for each
stage s, which is summarized in the following confidence analysis lemma.

Lemma 29 (Confidence bound of Q-NLB-UCB) Suppose Assumptions 2, 3, and 4 hold and [
is chosen as Eq. (6). Then with parameters Ty = VT, A = T in each stage s in Algorithm I,
the optimal parameter W* is trapped in confidence ball Ballg with probability at least 1 — 6, i.e.,

[Wrs — w*[[3,, < Bs.
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Remark 30 The design of Bally is similar to that in LinUCB [1] and QLinUCB [48], but our choice
of Bs is different. B cannot be too small to lose the track of optimal parameter w* and it cannot be
too large as it appears in final regret bound. Overall the confidence analysis ensures that 55 = O(l)
and slightly grows as the stage index s.

Proof Sketch. The proof has two steps. In the first step, we solve the regression problem defined in
Eq. (4) to get a closed form solution of w,. Then in the second step, we upper bound multiple terms
in |[|[ws; — w* ||223 and the final upper bound is chosen as the valid S3;.

Proof By setting the derivative of objective function in Eq. (4) w.r.t. w as 0, we find the optimal
criterion is

0= A(s = W) 3 (s = %0) ¥ f (0) + f (0) = 90)V e ().

s—1 s—1
A = Wo) + 3 5 (W, = 0) ¥ f, (W) V i (W) = 37 =501 — fr (W) Vi, (o),
=0 * i=0 ¢
s—1 s—1
NSy = Wo) + 3 W] Vi (30)V f (W0) = 3 5 (09 o (50) i = f (W0)) ¥, (0).
i=0 i=0 "t
s—1 s—1
<>\I > jgwxi (W0)V f, (wof) o= A =3 612 (W0 Ve (W0) + 91 = i (W0) ) ¥ fox, (Wo),

where the third line is due to definition of observation noise ¢;. By our choice of 35 (Eq. (3)) which
is inevitable, we have

= A\Wq + Z (Wo vfxl WO) +yi — fx1' (W0)> foz' (WO)’

101

And the closed form solution of W is shown as:

201

VAVs = 25_1 <)\W0 + Z ( vfxz WO) + Yi — fxi (VAVO)> vfxl (VAVO)> .

Further, w, — w™ can be written as

W — W' = (Z foz (vfx1 (WO) wo + i — fxl(VAVO)>> + )\Es_lVAVO - Es_lEsW*,
=0 1
<Z vfxZ (vfxl (WO) Wo +Yyi — fxi (WO))> + )\Z;I(WO - W*)
=0 &
(Z V fx, (W0)V fx, (Wo) ) w,
=0 Z
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(Z 3V o (W0) (Vif (W) <wO—w*>+fxi<w*>—fxi<w*>+yi—fxi<wo>))

=0 1
+)\Z (WO_ *)7

(Z SV f (500) (V f (0 ><vfro—w*>+fxl-<w*>—fxiwo)))

i=0 ”L
(Z =V i (Wo) (yi — fxi(W*))> +AS (Wo — W),
=0 7'
(Zo lvfxz *HW W0’2v2fxi(v~v)>
(Z =V (Wo)(yi — fxi(W*))> + A5 (Wo — W), (10)
=0 7'

where the second line is again by our choice of 5 and the last equation is by the second order
Taylor’s theorem of fx, (W*) at Wy where w lies between w* and wy.
1

Multiply both sides of Eq. (10) by 2 and we have

1 . 1 1 s—1 1
Ei(ws —wh) =5 2 Z 5 V. fx, (Wo)[|[w” _W0||V2fx

=0 €
7% (Z vfxl _in(W ) ) +)‘E %(WO_ *)
=0 z

Take square of both sides and by inequality (a + b + ¢)? < 3(a? + b? + ¢?) and we obtain

2

s—1
[ws — w3, <3 Z 5 Vi (W0) (i — (W) +3N% o — w5
i=0 7, Zs—l
~ )
(a)
3 2
+ Z 5V fx (Wo)[lw* =Wl 32, () (11)
i=0 z E:l

-~

(c)

Now we bound terms (a), (b), (c) separately.
Bounding (a). Let

Es = diag(l/e%, Tty 1/6§—1)7

Gs = [foo (Wo), T ,fosil(\i/'o)]—r,
fs = [fXO(W*)7 e 7fx371(W*)]7

Ys = [?JO, T 73/871]7
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then (a) can be rewritten as:

@) =3I Bt - v,

1
Define I's = EZ (ys — f5) € R®. Then
1
(a) = 3|G EZTs |3+,
1 1
=3I E2G, 2 'G/E2T,,
1 1
< 3||T)3 - B2 G2 G EE |12,

1 1
< 3s- |13 - tr(B2G, %' G EZ),
< 3s-tr(3;'G/E,G,),
= 3s-tr(Iy, — A2 1),
< 3dys,

where the first inequality is due to Cauchy-Schwarz inequality, the second inequality is by property

of /5 norm, and the third inequality is due to | fx, (W*) — y;| < €;, Vi € [s] (Lemma 1), and definition
of £y = M + G,E,G/.

Bounding (b). Then (b) can be bounded as:

_ . X . . 3NC?
(0) < 3N?[[STH lop W — w13 < BA|IW — w13 < T2
0

where the first inequality is by Holder’s inequality, the second inequality is due to property of X5 and
the last inequality follows from Eq. (2).

Bounding (c). Next, (c) can be rewritten and bounded as

)

pop

(€)= 3|32 VA (0) 172, () o w* = w0

; (12)
PO

where the first inequality is due to Holder’s inequality, the second inequality is due to Assumption 3
and Eq. (2). Further we can rewrite Eq. (12) as

T
Z fol WO = 32;—,50 (Z 612 fol A ) Z vij ,

zOl =0 jOJ

30202
ATS

302038 1s—1 « T .
=i > Hfol £V fx, (Wo),

7,()]01]
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s—1s—1

302(12 1
<Tr 22 22 IV 0l IV A (o)l
=0 5=0
30202 (&1 =1y
= T | 2 2IVA Gl | [ X 51V (R0l |-
0 =0 7 =0 ]

3CHCE
AT}

= 4 2 )
ATy i—o Ci i=0
<

where the first and second inequalities are due to Cauchy-Schwarz inequality and the last inequality
is by Lemma 7.
Combine (a), (b), and (c), and we have:

3N\CE  3C}C3sT?
T3 AT

[Ws — w*||3, < 3dys + (13)

which reflects our choice of f;. |

C.4. Time Complexity Analysis

We show the time complexity of Q-NLB-UCB in Table 1 in comparison with Q-GP-UCB [16] and
QMCKernelUCB [24]. The time complexity is analyzed in their quantum parts and classical parts,
respectively. Let Uy denote the cost for one query of quantum oracle, then all algorithms have
quantum time complexity O(7T'Uy) since they all run in 7" rounds.

However, in the classical part, we can see that our Q-NLB-UCB algorithm enjoys a better time
complexity in terms of 7'. Note d,, denotes parameter dimension and d, denotes input dimension.
In Algorithm 1, line 3,4,5,6 and 7 are all classical steps, and their time complexity is dominated by
inversion of the covariance matrix ¥ € R% X% which requires time complexity O(d>,). Therefore,

Table 1: Time complexity comparison

Algorithm Quantum part  Classical part
Q-GP-UCB [16] O(TUy) O(dX(log T)%)
QMCKernelUCB [24] O(TUy) O(dX(log T)%)
Q-NLB-UCB (ours) O(TUy) O(d 1og T)
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total classical time complexity of Q-NLB-UCB becomes O(md3,) = O(d2 log T'). While in Q-GP-
UCB and QMCKernelUCB, the classical steps are dominated by the kernel matrix inversion, which
takes O(s3), so the time complexity becomes O(>_ 7 | s3) = O(m*) = O(d2(log T')?) in total.

Appendix D. Additional Experimental Results

D.1. Runtime Comparison

Table 2: Runtime on two synthetic functions (in seconds).

Algorithms Rastrigin  Styblinski-Tang

Q-GP-UCB [16] 4629.6453 4139.2478
QMCKernelUCB [24] 3744.1179 2565.0690
Q-NLB-UCB (ours) 861.2402 919.7602

We report the runtime of three quantum bandit algorithms in seconds shown in Table 2. Among
the three algorithms, our Q-NLB-UCB algorithm achieves a significantly low runtime, which again
shows the efficiency of Q-NLB-UCB and validates our theoretical time complexity analysis. We
don’t list the runtime of QLinUCB because it is a linear bandit algorithm running faster but not
comparable to algorithms designed for non-linear optimization.

D.2. Real-World AutoML Results

In the main paper, we only show results on the MLP hyperparameter tuning tasks. Here in Figure 3,
we show results on GB and SVM tasks. It again shows that our Q-NLB-UCB algorithm outperforms
all the other algorithms by achieving significantly smaller cumulative regret on both datasets.

Our experiments reveal that Q-NLB-UCB can consistently find out the near-optimal Gradient
Boosting and SVM hyperparameters while utilizing relatively few queries. The quantum amplitude
estimation step in Q-NLB-UCB allows it to refine its hyperparameter selection in a way that balances
exploration and exploitation very effectively. The final classification accuracies at the identified
hyperparameters were very close to the true maximum of each dataset’s domain, delineating the
viability of Q-NLB-UCB as a quantum-inspired powerful tool for hyperparameter tuning on different
real-world datasets.

D.3. Ablation Experiments on Quality of Quantum Mean Estimator

For Step 1 of Q-NLB-UCB in Algorithm 1, while many algorithms have been designed to solve
quantum linear regression problems, quantum non-linear regression is still an open problem where
no specific algorithm has been developed to achieve the quantum speed-up. Our work in Step 1 in
Algorithm 1 proves the existence of a quantum regression oracle that solves this problem, shading
the light to develop such a realizable algorithm in the future. Therefore, in experiments, we used
classical gradient descent as the surrogate model for Step 1 in Algorithm 1. Even with that, our
Q-NLB-UCB algorithm outperforms all other compared quantum bandit algorithms.
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Figure 3: Cumulative regrets (the lower the better) of all compared quantum bandit algorithms.

Table 3: Quantum Implementation Results

Stage Selected action x; True reward f(z;) QME estimated y; |ys — f ()]

1 [—0.6,0.5,—0.1] -40.6200 -40.6109 0.0091
2 [—0.5,0.4, 0] -38.5002 -38.5085 0.0083
3 [—0.5,0.3, 0] -33.4302 -33.4329 0.0027
4 [—0.5,0.3,0.1] -35.3500 -35.3491 0.0009
5 [—0.5,0.3,0.1] -35.3500 -35.3486 0.0014
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Table 4: Classical Implementation Results

Stage Selected action z; True reward f(z;) Classical meany; |ys — f(xs)]

1 [—0.6,0.5,—0.1] -40.6200 -26.1172 14.5028
2 [—0.7,0.5,—0.1] -35.7500 -33.2826 2.4674
3 [—0.6,0.5,—0.1] -40.6200 -40.7809 0.1609
4 [—0.5,0.4,0] -38.5002 -36.8721 1.6281
5 [-0.5,0.4,0] -38.5002 -40.9617 24615

For Step 9 in Algorithm 1, we have conducted the ablation experiments, shown in Table 3 and
Table 4. We can see that observations from quantum oracles are much closer to the true function
value than observations from the classical query, showing great quality of QME.
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