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Abstract

Functional bilevel optimization (FBO) pro-
vides a powerful framework for hierarchi-
cal learning in function spaces, yet cur-
rent methods are limited to static offline
settings and perform suboptimally in on-
line, non-stationary scenarios. We propose
SmoothFBO, the first algorithm for non-
stationary FBO with both theoretical guaran-
tees and practical scalability. SmoothFBO
introduces a time-smoothed stochastic hy-
pergradient estimator that reduces variance
through a window parameter, enabling sta-
ble outer-loop updates with sublinear regret.
Importantly, the classical parametric bilevel
case is a special reduction of our framework,
making SmoothFBO a natural extension to
online, non-stationary settings. Empirically,
SmoothFBO consistently outperforms exist-
ing FBO methods in non-stationary hyperpa-
rameter optimization and model-based rein-
forcement learning, demonstrating its prac-
tical effectiveness. Together, these results
establish SmoothFBO as a general, theoret-
ically grounded, and practically viable foun-
dation for bilevel optimization in online, non-
stationary scenarios.

1 INTRODUCTION

Bilevel optimization has emerged as a powerful
paradigm for solving complex nested optimization prob-
lems in various domains. Initially employed in model
selection (Bennett et al., 2006) and sparse feature learn-
ing (Mairal et al., 2012), this approach subsequently
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emerged as an efficient alternative to grid search for
hyperparameter optimization tuning (Feurer and Hut-
ter, 2019; Lorraine et al., 2019; Franceschi et al., 2017).
More recently, the application domain of bilevel op-
timization has expanded considerably to encompass
meta-learning (Bertinetto et al., 2019), auxiliary task
learning (Navon et al., 2021), inverse problems (Holler
et al., 2018), invariant risk minimization (Arjovsky
et al., 2019; Ahuja et al., 2020) and reinforcement learn-
ing (Hong et al., 2023; Liu et al., 2021; Nikishin et al.,
2022). Traditional bilevel optimization approaches
typically operate in parameter spaces, where the in-
ner and outer optimization problems are formulated
over finite-dimensional vectors. Recently, Petrulionyte
et al. (2024) introduced Functional Bilevel Optimiza-
tion (FBO), which extends this framework to function
spaces, allowing for an expressive theoretical framework
and a novel algorithmic approach.

Despite the success of bilevel optimization methods,
current algorithms predominantly address static envi-
ronments where loss functions are expectations over
stationary data distributions. However, numerous real-
world applications involve dynamic environments where
data distributions change over time (Besbes et al.,
2015). In reinforcement learning, for instance, environ-
ment dynamics may evolve over time, requiring agents
to continuously adapt their policies (Besbes et al., 2015;
Padakandla et al., 2020). Similarly, in online learning,
the patterns in data often change systematically over
time (Tarzanagh et al., 2024). These challenges mo-
tivate the development of bilevel optimization meth-
ods that can efficiently handle such non-stationary
settings. While limited research has explored paramet-
ric bilevel approaches in non-stationary environments
(Bohne et al., 2024; Tarzanagh et al., 2024), a compre-
hensive functional perspective remains undeveloped for
such applications, representing a significant gap in the
literature.

In this paper, we address this gap by introducing Non-
Stationary Functional Bilevel Optimization (NS-FBO),
a framework that extends functional bilevel optimiza-
tion to time-varying settings. Formally, we aim to solve
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Where we have a sequence of time-varying loss functions
(Leut L) for t = 1,...,T due to time-varying data
distributions Py, Q;. With this definition, a special
case of an NS-FBO problem is the following stochastic
non-stationary bilevel optimization problem defined
Vi e [1,T],

Iglelil Lyvt ()\7 h:)\) =Kz y~p, [éout (’\7 hia(z), z, y)}

st. hyy=argmin E, g, [lin(X, h(z),2,9)]
heH

(1)

where F; represents the outer objective function at time
t, which depends on the solution to the inner problem

¥ x» and £, £oy,: are point-wise losses. Differently from
classical parametric approaches, the inner variable h;
is a function living in some function space H. The
inner and outer objectives involve expectations over
potentially different data distributions P; and Q; that
evolve over time. We denote Q = P, x Q; as the
joint distribution from data samples (x¢,y:) ~ P; from
the outer objective and (z,y;) ~ Q; from the inner
objective.

Our work bridges the gap between functional bilevel
optimization and online learning, enabling efficient op-
timization in non-stationary environments. The contri-
butions of this paper are summarized as follows:

1. We formulate the Non-Stationary Functional
Bilevel Optimization (NS-FBO) problem for
stochastic settings with time-varying data distri-
butions.

2. We develop SmoothFBO, an efficient algorithm
that incorporates time-smoothing techniques to
handle temporal dependencies and reduce variance
in gradient estimates.

3. We provide theoretical convergence guarantees for
our proposed algorithm.

4. We demonstrate the practical efficacy of our ap-
proach on a controlled synthetic non-stationary
regression task and on model-based reinforcement
learning in non-stationary environments.

The remainder of this paper is organized as follows:
Section 2 presents the preliminaries from functional
and online bilevel optimization literature; Sections 3

and 4 provide our proposed methods and the theo-
retical analysis of its convergence properties; Section
5 presents experiments on a synthetic non-stationary
regression and on model-based reinforcement learning.

2 RELATED WORK

Bilevel optimization and hypergradients.
Bilevel optimization is a standard tool for hyperparam-
eter tuning and meta-learning. Most practical methods
rely on either differentiating through an inner solver
(“unrolling”) or using implicit differentiation to avoid
storing the full trajectory (Franceschi et al., 2017;
Lorraine et al., 2019; Shaban et al.,; 2019; Arbel and
Mairal, 2022). Our work follows this line, but targets a
setting where the objectives drift over time and where
the inner problem is posed in a function space rather
than in a finite-dimensional parameterization.

Functional bilevel optimization. Functional
Bilevel Optimization represents a paradigm shift from
traditional parameter-centric approaches to a function-
space perspective for bilevel optimization problems.
This framework, introduced by Petrulionyte et al.
(2024), effectively addresses the ambiguity challenges
that emerge when employing deep neural networks in
bilevel optimization settings. The functional perspec-
tive provides a theoretical framework that accurately
describes the actual techniques used by machine learn-
ing practitioners and derives a novel functional implicit
differentiation rule. In this work we keep the same
functional viewpoint, but move from an offline regime
to a non-stationary one. Algorithmically, we introduce
a time-smoothed stochastic estimator of the functional
hypergradient and show how the window controls the
stability—adaptation tradeoff.

Online / non-stationary bilevel optimization.
Recent work has started to analyze bilevel learning
with time-varying objectives in the parametric setting,
typically under smoothness/strong-convexity assump-
tions and with regret guarantees. In particular, Lin
et al. (2023) study nonconvex bilevel problems with
time-varying objectives, and more recent online bilevel
optimization methods use window-averaged hypergra-
dients to reduce variance and improve tracking (Bohne
et al., 2024; Tarzanagh et al., 2024). For instance,
Bohne et al. (2024) showed that averaging past gradi-
ents mitigates the impact of stochastic noise, enabling
better tracking of slowly changing optima in parametric
bilevel problems. However, these approaches are lim-
ited to finite-dimensional parameter spaces, which may
not capture the expressive power of function spaces
required for complex tasks like those in reinforcement
learning. SmoothFBO can be seen as a functional gen-
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eralization of this idea: we apply time-smoothing at
the level of functional hypergradients (estimated from
data), which lets us treat parametric bilevel optimiza-
tion as a special case while retaining the expressivity
of function spaces needed for applications such as rein-
forcement learning.

Online / non-stationary multi-level optimization.
Our regret analysis also connects to the broader on-
line optimization literature, where sublinear dynamic
regret typically requires controlling the temporal varia-
tion of the losses (“gradual variation”) (Besbes et al.,
2015; Chiang et al., 2012; Yang et al., 2016). A related
viewpoint appears in time-varying multi-objective op-
timization, where one seeks guarantees for multiple
competing objectives as they drift in time (Shafiei and
Marecek, 2025). While our setting is bilevel (rather
than multi-level), we share the same goal of making the
stability-performance tradeoff transparent, here via an
explicit window parameter. Finally, multi-level convex
problems have been studied through monotone operator
theory and fixed-point arguments. Shafiei et al. (2024)
propose first-order fixed-point algorithms for nested
convex programs and analyze convergence rates under
monotonicity assumptions. This is complementary to
our work: we focus on stochastic, non-stationary bilevel
learning, and we emphasize function-space modeling,
whereas monotone-operator analyses typically target
deterministic, finite-dimensional convex formulations.

3 PRELIMINARIES

3.1 Functional Bilevel Optimization

Here we describe how Functional Bilevel Optimiza-
tion (FBO) can be effectively used to compute the
hypergradient for the non-stationary bilevel problem
introduced in the previous section. The non-stationary
functional bilevel problem (NS-FBO) involves an op-
timal prediction function hy 5 for each value of the
outer-level parameter A. Solving NS-FBO by using
a first-order method then requires characterizing the
implicit dependence of i} , on the outer-level parame-
ter A to evaluate the hypergradient V.F; in R%. Using
functional implicit differentiation and the adjoint sen-
sitivity method from Petrulionyte et al. (2024), under
differentiability and standard optimization assumptions
detailed in Appendix A.4, the functional hypergradient
V F; is given by:

V]:t()\) = 8>\L2Ut ()\, h;\) + By af)\,

‘ 2
with By := a)\,hLG(Avh:,)\)' .

with aj 5 == —Cy Ldy an element of H that minimizes

the quadratic objective:
ay = arg gg?r{l Logi(X, a)

=1 (a,Cxa)y + (@, da)n, (3)
with  Cx = 0pL{" (A, b} )

FBO is a class of practical algorithms designed to
estimate the functional hypergradient VF;(A) in the
stationary context. Our goal is to generalize this class
of algorithms to non-stationary environments when
both the outer and inner losses are expectations on
time-varying probability distributions.

3.2 Online Bilevel Optimization

Online Bilevel Optimization (OBO) extends the bilevel
optimization framework to dynamic, non-stationary
environments where objectives evolve over time due to
shifting data distributions or environmental changes.
Unlike traditional bilevel optimization, which relies on
static datasets, OBO involves sequential learning in
response to streaming data, making it critical for appli-
cations like online reinforcement learning (Padakandla
et al., 2020). In such settings, the inner and outer
objectives, defined over time-varying distributions P,
and Qy, require algorithms to adaptively track drifting
optima while maintaining optimization stability.

To ensure meaningful regret bounds in non-stationary
environments, such as the stochastic bilevel optimiza-
tion problem in (1), regularity constraints on the se-
quence of objectives are essential (Besbes et al., 2015).
These constraints, often expressed as sublinear com-
parator sequences, quantify the temporal variation in
objectives. One key metric in OBO is the p-th order
outer-level function variation, defined as:

T
Vo= sup‘E(z,y)Npt [Frr O by o2, 9)]
— xeA (4)

p
- E(xvy)’vpt [‘Ft ()‘7 h;A, z, y)] ’ )

where Fr(A, by, 2,y) = Lout(A hix(2),7,y) is the
outer objective from (1), with 7 = 0 for ¢ < 0. The
metric V, 7 (Lin et al., 2023) measures changes in the
outer objective’s expected value. In this work, we focus
on first-order outer-level function variation Vi r = o(T)
to derive sublinear regret bounds for our proposed
Algorithm 3.

4 SmoothFBO: A GENERALIZED
FBO ALGORITHM

This section introduces the generalized Functional
Bilevel Optimization (FBO) algorithm, SmoothFBO
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in Algorithm 1. Our proposed method extends cur-
rent algorithms for functional bilevel optimization
Petrulionyte et al. (2024) to non-stationary environ-
ments by introducing a stochastic hypergradient es-
timator constructed via time smoothing, a technique
commonly employed in online algorithms (Hazan et al.,
2017; Lin et al., 2023). For simplicity, we first intro-
duce a stochastic functional hypergradient oracle that
allows us to conveniently analyze the bias and variance
properties of our time-smoothed hypergradient estima-
tor in Algorithm 1, independent of confounding factors
arising from hypergradient estimation.

Definition 4.1 (Stochastic Hypergradient Oracle). We
define a stochastic functional hypergradient oracle O(A)
that returns an i.i.d. vector VF(A) such that

Eo,|[VF/(N)] = VA,
Varg, [VFi(A)] = Ea, [| V7 (V)]
— [Eq. [VFN)]|I* < 0%,

where VF;(A) denotes the true hypergradient given in
(2), and Qt = ]P)t X Qt~

At each round ¢, Algorithm 1 queries the stochastic
hypergradient oracle to obtain an estimate VF(A) of
the true hypergradient VF;(A). While single-round
stochastic estimates are effective in stationary set-
tings, such estimates are less suitable for non-stationary
environments where gradients between rounds may
change rapidly. Lemma 5.1 introduces a time-smoothed
stochastic estimate, constructed over a window of
length w, which preserves unbiasedness and substan-
tially reduces variance by a factor of w.

Lemma 4.2 (Time-Smoothed Hypergradient Estima-
tor). Let VFi_i(Ai—;) denote the estimate from the
oracle O(Ai—;) fori=0,...,w—1. Define

w—1
VFiwAe) =5 Y VF (),

=0

with Fy =0 fort <0 and 24, = H;‘:OI Qi_;. Then

w—1
Ez, . [ﬁt,w()‘t)} = % Z VFi—i(Ae—i),
i=0

gl

Vargt’w [ﬁt,w(At)} S
Proof. Expectation follows by linearity such that
we have Eq, {Vft_i(xt_i)} = VF_i(Ai) and
further Ez, [ﬁt,w(xt)} = Ly IR (M),
For variance, we have Varg, , [ﬁt,w(At)} =

— 2
# Z;U;ol Va’er—i {Vftfi(ktfi)} < L. O

w

Algorithm 1 SmoothFBO (Smooth Functional
Bilevel Optimization)

Require: Initial outer parameter A;, step size a > 0,
window size w > 1, stochastic oracle O(X)
L fort=1,...,T do
2: V]:t(At) — O(At)
3: ﬁt,w(At) — 3 Z;U;Ol ﬁtfi()\tfi)
4: At+1 «— At — Oéﬁjtlt’w(At)
5: end for

Lemma 4.2 establishes that averaging w stochastic
estimates reduces variance by a factor of w while re-
maining unbiased with respect to the windowed average
hypergradients. This variance reduction stabilizes Al-
gorithm 1 in non-stationary environments.

Definition 4.3 (Bilevel Local Regret). Given window
length w > 1 and outer variables {\;}_;, define

2

)

T
BLRy(T) := Y _||VFrw(X)]

where Fy y(At) == % Z;TU;OI Fi—i(A¢—i) with F; = 0 for
t <O0.

Theorem 4.4. Under the assumptions of Section A.1,
Algorithm 1 with step size o = 1/L satisfies

T
BLR,(T) =) Ez,, [IVFu)|] <
t=1

To?
2L($ +Vir+ ﬁ) :

Corollary 4.5. For window size w = o(T), the regret
BLR,,(T) is sublinear. In particular,

3 2
> Bz [IVFwO0?] < O(Z2 +Var + 5E).

t=1

5 SmoothFBO WITH
HYPERGRADIENT ESTIMATION

This section presents Algorithm 2, an extension of
SmoothFBO (Algorithm 1), which replaces the hy-
pergradient oracle with a time-smoothed stochastic
functional hypergradient estimator for the outer objec-
tive F1(A) = E(ay)er, {éout(x,hh(x),x,y)] Build-
ing on the original time-smoothed estimator of Lemma
(5.1), this approach averages stochastic functional hy-
pergradient estimates from the following algorithm (Al-
gorithm 2) over a window of size w, achieving variance
reduction for approximate stochastic gradients similar
to the oracle setting, as established in Theorem 5.3.
Algorithm 2 is for functional hypergradient estimation
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from Equation (2), the subroutines for finding the ad-
joint function (AdjointOpt) and the inner prediction
function (InnerOpt) can be found in Appendix A.3.

Algorithm 2 FuncGrad(\, h,a, D)
Require: current outer, inner, and adjoint models A,
h, a, dataset D = (Diy, Dout)
# Inner-level optimization
ha InnerOpt(A, h, D;y)
# Adjoint optimization
ax < AdjointOpt(X,a, hx, D)
# Hypergradient estimation
Sample a mini-batch B = (Byyt, Bin) from D =
(Douty Dzn) R .
9Exp — a)\Lout(A7 h)n Bout) )
— ﬁ Z(z,y)eBm M wlin( N, ha(z), z,y) ax(x)

return 9Exp + 9Imp, h)\, d)\

9Imp

Lemma 5.1 (Time-Smoothed Hypergradient Estima-
tor). Define F; =0Vt < 0. Let ﬁt_i()\t_i) denote
the stochastic hypergradient estimate from Algorithm 2
for each round i = 0,...,w — 1, using a mini-batch
Bi_; ~ Pi_;, evaluated at \i_;. The time-smoothed
stochastic estimator is constructed:

1
V}'tw(kt = Zv}—t z At z) (5)

=0

and the bias and variance of this estimator satisfies for
w—1
Zw = Hi:O Qe

[z, [VFw) | A = VFLL)|

=0
V(l’f’zt w |:/v77:t7w()\t) | )‘t:|
1 w—1 0_3:
P> Varg, L[V]—‘t (i) | Aee } <2 (6)
where bi_i(A—;) = Eq, [ﬁft,i(xt,i) | AH] -

VFi—i(Ai—i) is the bias and 03-} is the variance of
individual stochastic hypergradient estimates at time
t — i, detailed in the Appendix.

Proof. Expanding via linearity and noting that bias is
Ly (EQH [V]:t—i()\t—z‘) | )\t—z} - V]:t—z‘(At—i))

i Z;l:ol bt—io\t—i)v where bt—i()\t—i) =
Eq,_, {ﬁt—i(At—i) | At—z} - VFi_i(Ar),
bounded by L3 b (Al The
variance is Varg, ,, [ﬁw,()\t) | )\t} =

— 0_2
LS Warg, [V]-‘t,i(kt,i) | AH] <%= O

w

Lemma 5.1 establishes that our time-smoothed hyper-
gradient estimator, by averaging w stochastic estimates,
achieves a bias bounded by the average of individual
biases relative to the true hypergradients over a window
of length w, while reducing variance by a factor of w.
The variance decomposition shows the total variance is
the scaled sum of individual estimate variances, each
bounded by ‘733' Consistent with the oracle setting,
the window size improves the stability of SmoothFBO
with hypergradient estimation (Algorithm 3) in non-
stationary environments.

Algorithm 3 SmoothFBO (Smooth Functional
Bilevel Optimization)

Require: Step o > 0, window size w > 1, data
distribution P;, hypergradient estimator Func-
Grad (A, h, a,P;), initial A; and models hy,, ax,
fort=1,...,7T do

# Query stochastic hypergradient estimate
VFi(At), hxairs@x,y, < FuncGrad(A,...)
# Compute tlme smoothed stochastic estimator
1oT
VFiwA) ¢ L5 V()
# Update outer’\p/arameter
At+1 — A — aV}'t,w(At)
end for

Lemma 5.2 (Expected Squared Error of Time-S-
moothed Hypergradient Estimator). Let ﬁ-"tw()\t)
denote the time-smoothed hypergradient estimator de-
fined in 5.1, where V]-'t i(At—;) is the stochastic hy-
pergradient estimate from Algorithm 2 at time t — i.
The expected error is bounded by

)

T T

2 2
E €in,t +C3 E €adj ts
t=1 t=1

where C1, Ca, and Cs are constants defined in the Ap-
pendix, €;ny and €445 Tepresent the inner and adjoint
approzimation errors, respectively, and w is the window
size. A proof is in the Appendix.

T
]EZt,m lz Hﬁt,w()\t) - Vft,w()\t)
t=1

This bound on the expected squared error of ﬁt,w (Ae)
ensures that the time-smoothed hypergradient estima-
tor remains accurate under sublinear approximation
eITOTS €y ¢+ and €,qj,¢, enabling us to leverage these prop-
erties in the subsequent analysis to establish sublinear
BLR,,(T) in the convergence of Algorithm 3. Next, we
introduce an additional assumption required for our
regret analysis.

1. Approximate Optimality with Sublinear Er-
rors: The inner optimization and adjoint problems
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have sublinear approximation errors €;, ; and €ag;,¢
across time, satisfying:

T
Z e?n’t =o(T) and Zeidj’t = o(T).
t=1 t=1
Theorem 5.3. Under the assumptions of Section A./,
the bilevel local regret of Algorithm 3, using the time-
smoothed hypergradient estimator VFy ,(At), achieves

an upper bound with step size o = %L:

BLR(T) = 3" Ez,., [IVFiw )]

t=1

2T
< Cy <wQ + V1,T> +Cs5Ez, Tt w
2T ~
S 04 <’LUQ + Vl,T) + CSFt,wa (7)

denote
2
,  with an upper

where  for  shorthand we

S [ VF ) = VEw()|
~ 2

bound T'y o := Cy T(;Ft +Cs 23:1 €§n,t +C3 23:1 6?1dj,t7
L is the Lipschitz constant of VFy, U‘?_—t is the variance
bound of the hypergradient estimates, @@ bounds the
outer objective, Vi v = o(T) quantifies the variation in
the comparator sequence, and C1, Co, Cs are constants
from Lemma 5.2 associated with the approximation
errors €y and €qqj. For window size w = o(T),
the regret BLR,,(T) of Algorithm 3 is sublinear when
Zthl e?mt = o(T) and Zle e?zdj,t = o(T). The proof
with constants Cy, C5 is provided in the Appendiz.

Ft,w =

Having established an upper bound on the bilevel local
regret BLR,,(T") for Algorithm 3, which generalizes
the oracle setting by incorporating the hypergradient
estimation errors of VF, .,(A¢), the following corollary
examines how increasing the window parameter w mit-
igates the variance and error contributions to achieve
improved convergence.

Corollary 5.4. Increasing the window parameter w
in Algorithm 3 reduces the variance and error contri-
butions to the bilevel local regret, as given by:

S5, (197,01

t=1

2
To 7,

T
).
t=1 t=1
(8)

where a larger w diminishes the impact of the variance
2

To . . .
term wft , and a sublinear rate can be achieved provid-

T
<O<1?+V1,T+

, T T . .
Mgy g €y and eidj’t remain sufficiently small,
that is sublinear.

Lemma 5.5 (Reduction of Rates with Linear Inner
Predictor). Consider the case where the inner predic-
tor is linear, hi,(x) = ®(z)0;,, where 0F, is the
optimal pammet’er obtained fmrﬁ the inner é)ptimiza—
tion problem and ®(x) is a linear mapping of . In
this setting, the online functional bilevel optimization
problem (NS-FBO) reduces to the parametric special
case, analyzed within Bohne et al. (2024). Under the
assumptions of Section A.J, the bilevel local regret of
Algorithm 3 then satisfies

T
> Bz, [IVFL(0)IP]
t=1

T To2
<0 (Q +Vir+ —=
w w

; HQ,T) (9)

where the comparator sequence of Ho 1 is the second-
order path variation from the parametric OBO setting
2
defined as Hy p = 23:1 SUPxcx H@;‘fl)\ - G;AH . For
window size w = o(T), the regret BLR,,(T) of Al-
gorithm 3 is sublinear under the standard conditions
that comparator sequences satisfy regularity constraints
Vir = o(T), Har = o(T), see Tarzanagh et al. (2024);
Lin et al. (2023). A proof for this lemma is found in
the Appendiz.

6 EXPERIMENTS

6.1 Importance—weight tuning for
non-stationary regression

We begin with a controlled regression benchmark that
instantiates the non-stationary functional setup in (1).
The ground-truth data-generating process is a single-
neuron sigmoid network:

ftrue(xt) = O'(Wth + bt)a (10)

where the underlying parameters (W, b;) evolve non-
stationarily over time. Figure 2 (Fig. 2) summa-
rizes the temporal drift of these parameters in the
data-generating process (DGP) via a sinusoidal drift
Bsin(wt). Inputs are drawn i.i.d. as X; ~ N (0,1), and
observed targets are

Yt - ftrue(Xt) + Cta (11)

with Gaussian noise ¢, ~ N(0,02I). The inner pre-
dictor is a three-layer MLP h € H with GeLU acti-
vations. The outer variable is a nonnegative scalar
importance weight A € R>( that controls the emphasis
on recent versus older minibatches. Given a window
Wy ={t—w,...,t —1} of length w > 1, we solve the
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bilevel problem

B
) 2
{\nel}\l Lout( E HY;S i )| 27 (12>
s.t. ht)\wargrmn Z s - BZHYS‘Z_ 1)”;7
seWy
(13)

where nonnegative weights X, ; are projected as A <
max(\, 0) after each update. The outer loss (12) uses
a holdout minibatch at time ¢, while the inner loss (13)
aggregates minibatches from the sliding window.

Baselines.
estimators:

We compare the following hypergradient

1. Parametric (unrolling truncated backprop through
optimization),

2. FBO (functional bilevel optimization) without
window-smoothing of Petrulionyte et al. (2024)

3. SmoothFBO (ours), which averages stochastic
functional hypergradients over a window of length
w before the outer update.

Further comparisons to offline and online parametric
baselines such as Approximate Implicit Differentiation
(AID) are deferred to the appendix.

Results. Figure 1 (Fig. 1) reports bilevel local re-
gret (BLR,,) versus rounds. Consistent with our main
theorem, SmoothFBO achieves sublinear regret, as
highlighted in the zoomed-in panel. Moreover, increas-
ing the window size w (from 5 to 500) further reduces
regret, reflecting as highlighted by our Theorem (5.3).
In contrast, FBO and parametric methods incur sub-
stantially larger regret.

Figure 2 (Fig. 2) highlights the temporal evolution of
(Wy,be) in the data-generating process, which induces
the nonstationary regression challenge. Further anal-
ysis in the Appendix analyzes the loss and gradient
norms across considered algorithms as well additional
ablation studies on the experiment design.

6.2 Non-Stationary Model-based
Reinforcement Learning

Non-stationary reinforcement learning environments
present significant challenges as the underlying sys-
tem dynamics evolve over time, rendering traditional
RL approaches ineffective due to their stationarity as-
sumptions. Our experiments demonstrate that the
non-stationary functional bilevel optimization frame-
work effectively captures these time-varying dynamics.

Bilevel Local Regret for Algorithms

—— FuncBO / ‘
800 Parametric —

—— SmoothFuncBO(w=5)
—— SmoothFuncBO(w=10)
~——— SmoothFuncBO(w=100)
—— SmoothFuncBO(w=500)

i

400 ’/—

o
| |

o 200 400 600 800 1000
Round

Figure 1: Bilevel local regret (BLR,) vs. rounds
(Fig. 1). SmoothFBO achieves sublinear regret, con-
sistent with our theorem. The zoomed-in component
highlights the sublinear trend, while increasing the win-
dow w (5—500) further reduces regret.

Problem formulation. In model-based RL with
non-stationary environments, the time-varying Markov
Decision Process (MDP) is approximated by a proba-
bilistic model gx,; with parameters A. The model pre-
dicts the next state sy ;(z) and reward rx (), given
a pair « := (s,a) where s is the current environment
state and a is the agent’s action.

A second model approximates the action-value function
hi(x) that computes the expected cumulative reward
given the current state-action pair at time ¢. Tradi-
tionally, the action-value function is learned using the
current MDP model, while the MDP model is learned
independently using Maximum Likelihood Estimation
(MLE) (Sutton, 1991). However, in recent work, Nik-
ishin et al. (2022) showed that casting model-based RL
as a bilevel problem can result in better performance
and tolerance to model-misspecification (see B).

In our online bilevel formulation, the inner-level prob-
lem at time ¢ involves learning the optimal action-value
function hy 5 with the current MDP model g + by min-
imizing the Bellman error. The inner-level objective
can be expressed as an expectation of a point-wise
loss f with samples (z,7’,s") ~ Q, derived from the
agent-environment interaction at time ¢:

hix = argmin Bq, [f(h(z), rae(@), sxe(2))]. (14)

Here, the future state and reward (r/, s’) are replaced by
the time-varying MDP model predictions 7y ,(z) and
sx,¢(x). In practice, samples from Q; are obtained using
a replay buffer that adapts to the changing environment
dynamics. The buffer accumulates data by interacting
with the environment at time ¢. The non-stationarity
in our environment is modeled by shifting the pole
angle reward zones with time, which fundamentally
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Parameter drift (summary)
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Figure 2: Parameter drift in the underlying DGP
(Fig. 2). The weights (W4, b:) evolve nonstationarily,
driving the outer-loop adaptation challenge.

alters the system’s dynamics at each time step ¢t. This
creates a sequence of time-varying MDPs that the agent
must continuously adapt to, the exact setup is further
detailed in B.

The point-wise loss function f represents the error
between the action-value function prediction and the
expected cumulative reward given the current state-
action pair:

2

1
/ / R
flo,r' s = 5

v—r — 'ylogz eht (')
a/

with h; a lagged version of h; and 7 a discount factor.

The time-varying MDP model is learned implicitly
using the optimal function h x, by minimizing the
Bellman error w.r.t. A at each time step t:

win E [f(h7(2),7", )] (15)
Equations 15 and 14 define a non-stationary bilevel
problem as in the general framework of equation 1,
where at each time step ¢, we have data distribution
Q¢ =P, y = (1, ¢'), and the point-wise losses £;, and
Loyt are given by: £;p (Av v, T, y) =f ('Ua rk,t(m)v SAt (‘T))
and Loyt (A, v,2,y) = f(v,7,8"). Therefore, we can
directly apply our SmoothFBO Algorithm 3 to learn
both the time-varying MDP model gy ; and the optimal
action-value function hy .

Experimental details. We evaluate the proposed

SmoothFBO algorithm against three baselines and their
time-smoothed variants:

1. Maximum Likelihood Estimation (MLE): The

standard approach that updates the world model by
direct likelihood maximization (Sutton, 1991).

2. Optimal Model Design (OMD): A parametric
bilevel method for RL following implicit differentia-
tion (Nikishin et al., 2022).

3. Iterative Differentiation (ITD): Differentiating
through the inner optimizer (Lorraine et al., 2019).

4. Functional Bilevel Optimization (FBO): The
functional approach of Petrulionyte et al. (2024)
without temporal smoothing.

5. SmoothFBO (ours): An extension of FBO with
time-smoothed hypergradient estimation.

To create a challenging non-stationary testbed, we
implemented a modified CartPole environment (Brock-
man et al., 2016) where the reward structure drifts
gradually over time. In the stationary environment,
the agent is rewarded for maintaining the pole angle
within a fixed optimal interval. In our non-stationary
variant, this interval interpolates smoothly between
two different regions, requiring the agent to adapt both
its world model and policy continually. Figure 3 shows
the evolving pole angle target region during training.
This design makes adaptation essential: the change is
large enough to invalidate static models, but gradual
enough that tracking is feasible.

Our evaluation protocol consists of two phases: (1)
hyperparameter tuning via grid search in the stationary
environment, and (2) comprehensive evaluation of the
best configurations across multiple random seeds in
both stationary and non-stationary settings. All results
are averaged across 5—10 seeds, with shaded regions in
the plots indicating variability. Implementation and
hardware details are deferred to §B.

6.3 Results and Analysis

Evaluation. After tuning in the stationary setting,
we evaluate each algorithm’s best configuration in both
stationary and non-stationary environments. Perfor-
mance is measured by cumulative episode reward. Fig-
ure 4 summarizes the results.

On the left, we observe that in the stationary case both
FBO and SmoothFBO perform competitively; how-
ever, when the reward structure drifts, SmoothFBO is
significantly more robust and maintains higher cumu-
lative rewards. The right panel compares all baselines:
SmoothFBO matches or exceeds their performance,
highlighting its advantage in adapting to non-stationary
dynamics.

We additionally compare against parametric un-
rolling/ITD (Baydin et al., 2017) with and without
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Figure 3: The changing pole angle throughout training.
In the non-stationary CartPole experiment, the target
pole angle shifts gradually over training steps, forcing
the agent to adapt its learned dynamics and policy.

Cumulative Reward for Smooth FBO and FBO Cumulative Reward for Different Methods
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Figure 4: Cumulative reward for the non-stationary
CartPole evaluation environment over 1 million environ-
ment steps. Each curve represents the mean cumulative
episode reward across 10 random seeds, with shaded
regions indicating 95% confidence intervals. Left: The
FBO method in stationary and non-stationary envi-
ronments compared to SmoothFBO. Right: Compari-
son with baseline methods where SmoothFBO matches
their performance in adapting to the non-stationary
dynamics with an averaging window of 100.

time-smoothing, and report the final episode reward
on the evaluation environment in Table 6.3. In our
non-stationary CartPole setup, while ITD can occa-
sionally achieve partial convergence (mean final reward
56.87, max 336.05), it remains much less stable across
seeds compared to SmoothFBO. While performing a
grid search on I'TD, we obtained notoriously unstable
hypergradients with Adam, the optimizer used for all
other methods, and had to switch to SGD. Even then,
ITD remains less stable than the other approaches.

These findings emphasize two key points: (i) temporal
smoothing in SmoothFBO improves stability under
drift, and (ii) robustness to non-stationarity does not
compromise efficiency in the stationary setting.

Method Max Mean Min
Smoothed ITD 23.40 9.56 4.20
ITD 336.05 56.87 4.20
Smoothed OMD  147.75 31.55 5.00
SmoothFBO 500.00 232.19 5.05

Table 1: Final episode reward on the evaluation envi-
ronment in the non-stationary CartPole experiment,
over 10 seeds, for additional parametric bilevel baselines
and representative implicit baselines. ITD /unrolling
exhibits high variability and lower reliability than
SmoothFBO.

7 CONCLUSION

This work presents a non-stationary functional bilevel
optimization framework SmoothFBO. This method ex-
tends functional bilevel optimization to non-stationary
environments through time-smoothing techniques that
reduce variance in the outer loop. This enables more
stable convergence with proven sublinear regret bounds.
Despite these advances, achieving optimal performance
in dynamic reinforcement learning environments re-
mains challenging, as reinforcement learning models
remain sensitive to initialization and prone to catas-
trophic forgetting. Nevertheless, experimental results
demonstrate SmoothFBQO’s practical effectiveness in
adapting to changing dynamics where standard FBO
methods struggle. Our work opens the door to future
research in new variance reduction strategies for bilevel
algorithms in non-stationary environments.
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Checklist

1. For all models and algorithms presented, check if
you include:

(a) A clear description of the mathematical set-
ting, assumptions, algorithm, and/or model.
[Yes| (NS-FBO is formalized in the Intro-
duction; SmoothFBO is defined with Algo-
rithms 1-3 and supporting definitions/lemmas
in Secs.2-4.)

(b) An analysis of the properties and complexity
(time, space, sample size) of any algorithm.
[Yes| (Property and complexity details are
provided with Algorithms 1-3

(c) (Optional) Anonymized source code, with
specification of all dependencies, including
external libraries. [Yes, the full source code
will be released upon acceptance]

2. For any theoretical claim, check if you include:

(a) Statements of the full set of assumptions of
all theoretical results. [Yes| (Assumptions
for the oracle setting in Appendiz A.1 and for
estimated hypergradients in Appendiz A.4 are
explicitly listed.)

(b) Complete proofs of all theoretical results.
[Yes| (Proofs and supporting lemmas are pro-
vided for regret/convergence results, including
Theorem 3.4/Corollary 3.5 and Appendiz A.1-
A7)

(c) Clear explanations of any assumptions. [Yes|
(Assumptions are explained before the main
results, with detailed context in Appendiz A.)

3. For all figures and tables that present empirical
results, check if you include:

(a) The code, data, and instructions needed to re-
produce the main experimental results (either
in the supplemental material or as a URL).
[Yes| (Data is open-source and sufficient de-
tails are provided to reproduce.)

(b) All the training details (e.g., data splits, hy-
perparameters, how they were chosen). [Yes]
(Appendix B provides grid-search ranges,
buffer sizes, training steps, and method con-
figuration.)

(¢) A clear definition of the specific measure or
statistics and error bars (e.g., with respect to
the random seed after running experiments
multiple times). [Yes| (Figures report mean
across seeds with confidence intervals or stan-
dard errors for regression and RL.)

(d) A description of the computing infrastructure
used. (e.g., type of GPUs, internal cluster, or
cloud provider). [Yes| (Ezperiments report
using 24GB NVIDIA RTX A5000 GPUs and
~6 hours per configuration.)

4. If you are using existing assets (e.g., code, data,
models) or curating/releasing new assets, check if
you include:

(a) Citations of the creator if your work uses ex-
isting assets. [Yes| (References include Ope-
nAl Gym, PyTorch, and JAX used in experi-
ments.)

(b) The license information of the assets, if appli-
cable. [Yes]

(c) New assets either in the supplemental material
or as a URL, if applicable. [No]

(d) Information about consent from data
providers/curators. [N/A]

(e) Discussion of sensible content if applicable,
e.g., personally identifiable information or of-
fensive content. [N/A]

5. If you used crowdsourcing or conducted research
with human subjects, check if you include:

(a) The full text of instructions given to partici-
pants and screenshots. [N/A]

(b) Descriptions of potential participant risks,
with links to Institutional Review Board (IRB)
approvals if applicable. [N/A]

(¢) The estimated hourly wage paid to partici-
pants and the total amount spent on partici-
pant compensation. [N/A]
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A CONVERGENCE ANALYSIS

A.1 Assumptions for Algorithm 1

For the theoretical convergence analysis of Algorithm 1 in the stochastic bilevel optimization problem (1), we
impose the following assumptions:

1. Differentiability: For ¢t = 1,...,T, the objective F:(X) = Ep, |Lout(A, ht*yk(x),x,y)} is continuously
differentiable in A € A, with hypergradient VF;(\) being L-Lipschitz.

2. Bounded Variance: The hypergradient estimates ﬁ-‘t()\t) from oracle O(\;) satisfy Eq, [ﬁt()\t)} =
VF(A) and Varg, [ﬁrt(xt)} <02, with @, = P, x Q.

3. Bounded Objective: The outer objective satisfies |F;(A)] < Q for all A € A and ¢ > 1.
4. Gradual Non-stationarity: The outer objective variation is bounded by:

Vir = Z sup | Fir1(A) — Fe(A)| = o(T).

t=1 AEA
A.2 Convergence Analysis for Algorithm 1

First we introduce a necessary lemma characterizing the expected differences in the time-smoothed cumulative
function evaluations

Lemma A.1. Suppose the outer objective Fr(A) = E(y yyop, [lout(N)] is bounded such that |Fy(N)| < Q for all
X €A and t > 1. If Algorithm 1 (SmoothFBO) with window size w > 1 generates the sequence {\;}1_,, then:

T 9TQ
Z Fiw(Ae) = Frow(Aeg1)) | < o + Vi, (16)
=1

where 2y, = 1120 Qi , and FpwX) = 2 S0V Fi(N), Fi(A) =0 for t < 0.

Proof. To simplify notation, we define the outer objective as F;(A) = E(; y)p, [lout(A)], Where Loy () is the
pointwise outer objective at time ¢, abstracting the inner predictor and data dependencies compared to the full

form E; ,)~p, Vout()\, ht*v)\(x),x, y)} Then:

g
L

(Feei(Ae) = Fei(Aeg1))

M=
g+

T
Z ]:t w /\t fuw()‘t-i-l)) =
t=1

“
Il
—
.
I
<

g
|
—

I
M=
S\H

]E(w y)~Py [gouf(kf) Lout ()\t+1)] . (17)
0

o
Il

1 %

Taking expectation over Z ,,:

T T w—1
1
Ez, ., Z Fraw(At) = Frw(Ait1))| = Ez, , Z " Z E(z,y)~p, [Cout(At) = Lout(A41)] (18)
t=1 t=1 =0
Rewrite this as:
T 1 w—1
Ezt,w LZ; E Z: E (z y)N]P’t out (At) - Eout()\t—ﬁ—l)] (19)

w—

T 1
1
+Ez,, lZ =3 Bt [out(Mr1) = em(xm)]] : (20)
t=1

—0
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For (19), apply linearity of expectation:

w—1
1
Ezt,w E ZO E(z,y)w]P’t [Kout(At) - gout(At+1)]
1 2
= E]Ezt’w []:t+17w(At+17w) - ft+1(At+1)] S §7 (21)

since |Ft(A)| < Q. For (20):

w—1

E(w,y)wﬂ”t wout()\t—}-l) - gout(At+l)]‘|

~
ey
~

o

< Z sup [Fi1(A) = Fe(A)] = Vir. (22)

Combining (21) and (22):

2T
< Q+V1T
w

T
Z ft w )\t ‘Ft,w(At+1))
t=1

O

Our next theorem provides an upper bound on the bilevel local regret of Algorithm 1 and outlines the conditions
required to achieve a sublinear rate.

Theorem A.2. Under the assumptions of section A.1, the bilevel local regret of Algorithm 1, leveraging a
hypergradient oracle O(X), can achieve an upper bound, with step size o = % of:

T 2
2T To
BL&AT)=§:EaMWVf@AAQP]§2L<‘Q+v’ 2L£>,
t=1

where L is the Lipschitz constant of VF;, expectation is computed with respect to Z; ., = H;‘:()l Qi UJ% 1s the

variance bound of the hypergradient estimates, Q bounds the outer function, and Vi - = o(T) is the variation in
the outer objectives.

A.2.1 Proof of A.2

Proof. Under standard smoothness assumptions one can show F; ,, is L-smooth:
L
FrawAer1) = Frw(Ae) < (VFw(Ae), A1 — Ae) + 5\\)\t+1 - Al (23)
Substitute At.}rl = At - Oéﬁtﬂu(kt)l

— L —
‘Ft,w(At—i-l) — ft,w()‘t) S *Oé<v.7:t,w()\t), vj:t,w()\t» + §a2||V]-"t7w()\t)||2. (24)

Taking expectation conditioned on A; and using the unbiasedness and variance bound from Lemma 5.1, we obtain:

Ez, , [FtawXit1) = Fraw(Xe) [ A < —aEz, , [(Vft,w(kt)aVth,w()\t»} (25)
a? —

+ s, [I9F O] (26)

= —al|[VF (A (27)

2
+M*<WEwumP w>. (29)
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Simplify:
La Lo? 0%
Bz, i) = Fia ) | A < =0 (1= 5 IVA, 0P + 5= (20)
Telescope over t =1 to T":
T 2
La?To
Bz, |3 (FrulM) ft,w(ml))] (=53 ZEzt T\ ZCICW T Ikt SR
t=1
Choose the fixed step size a = %, so1— 7 = %:
T a T T(T]2c
2
Ez, ., z:: Fra(Ae) = Fraw(Ae1)) | = §;Ezt.w IV Frw MO = 572 (31)
Given the upper bound Zle (FrowA) = Fraw(Aeg1)) < 2:;@ + Vi 7, in expectation:
2T To?
O S B VAl < 2 4 Vi 1L,
t=1
With a = %, multiply by % =2L:
27TQ TO'?
Ez, [IIVFtw(A <2L 1% — ], 32
tzlztwn TG (w Vit (32)
O

A.3 Functional Hypergradient

In functional implicit differentiation, the function InnerOpt (defined in Algorithm 4) optimizes inner model
parameters for a given A, initialization 0y, and data D;,, using M gradient updates. It returns the inner model
iL)\, usually a neural network, parameterized by parameters 6,;, approximating the inner-level solution. Similarly,
AdjointOpt (defined in Algorithm 5) optimizes adjoint model parameters with K gradient updates, producing the
approximate adjoint function ay. Other optimization procedures may also be used, especially when closed-form
solutions are available, as exploited in the experiments in Section 6. Operations requiring differentiation can be
implemented using standard optimization procedures with automatic differentiation packages like PyTorch (Paszke
et al., 2019) or Jax (Bradbury et al., 2018).

Algorithm 4 TInnerOpt Algorithm 5 AdjointOpt
Require: outer variable X, inner model h parameter- Require: outer variable A, adjoint model a parameter-
ized by 6y, dataset D, ized by &p, inner model h>\, dataset D
form=0,...,M —1do for k=0,..., K—1do
Sample batch B;,, from D;,, Sample batch B from D
Ry < inner model parameterized by 6, ay < inner model parameterized by
Gin < VQ[EWL (>\7 hma an)‘i’Rln(@m)} Gadj < vf [Ladj (Aa ag, h)\, B) +Radj (gkr)}
Om+1 < Update 6, using g;, §k+1 < Update & using gag;
end for end for
ha < inner model parameterized by 01 ax < adjoint model parameterized by &,,11
Return ib\ Return ay

Since we cannot perform first-order optimization techniques directly in function spaces, we assume that, in
practice, h and a are models parameterized by some finite dimensional parameter vectors 6 and £, rather than
functions in Lo. As discussed in the theoretical analysis of the algorithm, we assume that these models map finite
dimensional parameter vectors to a functions that are e-close to the true predictions functions. Together with
empirical objectives, commonly used regularization techniques R;y,(6) and R,4;(§) may be introduced in inner
and adjoint optimization subroutines, such as ridge penalty.
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We approximate the hypergradient V.F; after computing the approximate solutions hx and ax. We decompose
the gradient into two terms: gg,p, an empirical approximation of gx := OxL¢"“*(X, h}) representing the explicit
dependence of L§"! on the outer variable A, and g7y, an approximation to the implicit gradient term Bxaj.
Both terms are obtained by replacing the expectations by empirical averages over batches B;,, and B,,:, and
using the approximations ha and @ instead of the exact solutions.

A.4 Assumptions for Algorithm 3 Convergence

Compared to the assumptions of A.1, we include two additional assumptions of Biased Gradient Estimators with
Bounded Moments and Approximate Optimality under Sublinear Errors.

1. Differentiability and Smoothness: For ¢t = 1,...,T, the point-wise inner and outer objectives
Lin(A h(x),2,y) and Loui (A, hy 5 (7), ,y) are continuously differentiable in A € A and h(z) € H for all

(7,y). Consequently, the outer objective F3(A) = E(g y)p, Eout()\,h;)\(x),x,y)] and its time-smoothed

version Fy,(A) = L Z;?":_Ol Fi—i(A) for any w > 0 are continuously differentiable in A € A, with true
hypergradient V.F; ,,(A) being L-Lipschitz. These and other technical assumptions, necessary to derive the
functional hypergradient, are discussed in detail in Appendix D and E of Petrulionyte et al. (2024).

2. Biased Gradient Estimators with Bounded Moments: The hypergradient estimates 6.\7:,5()\,5), com-

puted as:
— 1 PN
V.Ft()\t) = — Z aAfout (At7h)\t (5‘7)»3372/)
|Bout| J
(%,9)€Bout
1 - N
+ W Z 8A,v€in ()\ta h)\t (.’ﬂ), T, y) ax, (Cﬂ),
m (-'L'vy)eBin

where BinA and B,y are independent samples from P; and Q;, respectively, are biased due to suboptimal
solutions hyx, and ay,. The distributions P; and @Q; have bounded second moments, and the point-wise losses
lin, and £y are differentiable and smooth, as per Petrulionyte et al. (2024), Appendix D.

3. Bounded Objective: The outer objective satisfies |F;(A)] < @ for all A € A and ¢ > 1.

4. Gradual Non-stationarity: The outer objective variation is bounded by:
T
Vir = _sup |F(X) = F(N)| = o(T).

t—1 NEA

5. Approximate Optimality with Sublinear Errors: The inner optimization and adjoint problems have
sublinear approximation errors €, ; and €,q;,¢ across time, satisfying:

T T

Z €int = 0(T) and Z €adj,t = o(T).
t=1 t=1

A.5 Convergence Analysis of Algorithm 5.3

A.5.1 Preliminary Lemmas

We use the two following lemmas proven in Petrulionyte et al. (2024) for bias-variance decomposition.

Lemma A.3 (Lemma E.4 in Petrulionyte et al. (2024)). Let the assumptions from Appendiz A.4 hold ¥t € [1,T].
Then we have the following bias from the stochastic hypergradient estimation of FuncGrad in Algorithm 2:

Eq, [Hﬁt(xt) “VEMA)

H < C1€int + C2€adjit,

where ¢1 and co are constants defined in Equation 50 of Petrulionyte et al. (2024), and Q, =P, x Q. Here, €in
and €445+ denote the inner and adjoint approrimation errors.
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Lemma A.4 (Lemma E.5 in Petrulionyte et al. (2024)). Let the assumptions from Appendiz A.4 hold ¥t € [1,T].
Then the variance stochastic functional hypergradient estimation in Algorithm 2:

o [0 5o [0 <3,

2 1 ; .
where 0%, 1S a positive constant given by:

2
O—-%:t, = ‘B t| (26%[14*162-”715 +O—3ut) —+ |82| (u71€adj,t + 2/14730421M2€in,t +/1‘7ng) 5 (33)

and c3, c4, Ba, B3, M, u, 02, are additional constants defined in Petrulionyte et al. (2024).

Lemma A.5 (Expected Squared Error of Time-Smoothed Hypergradient Estimator). Let VF tw(Ae) denote the
time-smoothed hypergradient estimator defined as:

— 1=t
VFw(h) = — Z VFi—i(Ae—i),
=0
where ﬁt_i()\t_i) is the stochastic hypergradient estimate at time t — i. The expected error from the true
hypergradient is then bounded by:

Ez, ., < 01

+C Zeznt+0326ad]t7

where C1, Ca, and C3 are constants, €, and €qq5¢ are time-dependent inner and adjoint approximation errors,
respectively, U%_—t is the variance bound of the hypergradient estimates, w is the window size, and we denote

w—1
Zt,w = Hi:O Qtfi'

ZHV]—'W A) = VFw(A) H

Proof. The time-smoothed hypergradient estimator is defined as:
V‘Ftw)\t = ZVJ:t z)\tz

Note the expansion:

w—1 2

ZEzt . H; > (VF-ihi-i) = VA (Ai-s))
=0

7=

Ez,, lZHV}'tw A) = VFw(A)

Using the provided inequality:
1 w—1 2
Ez, ., Hw ; (V]:t—i()\t—i) - V‘Ft—i(At—i))

w 2
<2Eg,, Hi} Z (ﬁt—i()\t—i) —Eq,_, [ﬁt—i()\t—i)})
w— 2
+ 2Kz, Hi} Zl (Bo,, [FFih)] = VR i)
i=0

For the variance, we apply Lemma A.4 to get:

w— 2 w—
Ez, . |; g (ﬁt—i()\t—i) —Eq,_, [ﬁt—i()\t—i)D < % ;:EQH, |:H§-\7:t—i()\t—i) —Eq,_, [ﬁt—i()\t—i)} H2]

2
th
w

IN
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Thus,
XT: 2031} _ 20%_-1T
~ w w
For the bias, we apply Lemma A.3 to get

2

% Z (Esz,,_i [ﬁ:tﬂ'(}\tﬂ')} - V]'—tfi()‘tfi))

=0

Eg, .,

2

IN

;Z B, [FFes )] - PFirems)

I A

72 20 1nt 1,+262€adjt z)'

Thus,

ZT Act MZA 2 Ac3 Zﬁ 2ZT 2 22 2
w 6m, adj,t—1 S 1 ein,i& + 402 6ad‘,t'
] =0

~
—_

Combining terms:

T ) 202 T T T
Ez,, Y HV}—t,w()\t) = VFw(Ae) ‘ <=— 1 43> e 4B ey,
t=1 t=1 t=1
TO_Q T T
= Fi +C2Z€12n,t+0326?21dj s
t=1 t=1
where C1 = 2, Cy = 4¢2, C3 = 4c3. O

A.5.2 Convergence Theorem

Our next theorem utilizes the aforementioned lemma to derive an upper bound on the bilevel local regret and the
conditions required to achieve a sublinear rate.

Theorem A.6. Under the assumptions of A./, the bilevel local regret of Algorithm 3, using the time-smoothed

hypergradient estimator V}'t w(At), achieves an upper bound with step size o = 5%.

T
BLRW(T) = 3" Ez,., [|VF0u0))]

t=1

2T 2
<y <Q +W T> + CsEz, , ’

27Q
< Cy <w+V1T>+05< Zeznt+c3zeadjt>’ (34)

where L is the Lipschitz constant of V Fy, Ufrt is the variance bound of the hypergradient estimates, Q@ bounds the
outer objective, Vi v = o(T') quantifies the variation in the comparator sequence, and Ci, C2, Cs are constants
from Lemma A.5 associated with the approzimation errors €y and €qgj¢-

iummw

Proof. By L-smoothness of Fy ., (A¢):
Fraw(Aeg1) = Fraw(Ae) S (VFrw(Ae), Mg — Ay)

L
t3 Aer1 — Aell?
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With the update rule A\j11 = Ay — aﬁt,w()\t), where ﬁt,w()\t) =1 2?:01 ﬁt,i()\t,i):
FrasPe1) = FrawAe) < —a(VFwXe), VFErw(Ar)

L P 2
+ §Ol2 ‘ V}'t,w()\t)

Taking conditional expectations over Z,,, = H;U;Ol Qy_4, given A, and applying Lemmas A.8 and A.9 with
4 .
Bz, ., [Fraw(Aeg1) = Frw(Ae) [ Ad]
43

< 25L]EZ““ |:Hv-7:tw At) = VF w()‘t)H |)‘t:|

2
Bz [IVFW I ]
Summing over t = 1 to T" and taking total expectations:

T
Z Fiow(Aer1) = Frw(Ae))

Ezt,w

43

< B |3 [T - v

T

+5TL Ez, . {||Vftw(>\t)l\ ]

By Lemma A1, Ez, [ZL (Frw(e) — ]-'tyw(AtH))} <22 Ly, 4 so:

T
2T
> Bz [IVFLA)IF] < 50L <wQ + VLT>
t=1
T 2
+86Bz, , | > ||V F (M) = VFw(N) ] .
t=1
By Lemma A.5:
T — 2
Bz [ | VFrw ) = VE L)
t=1
To2 T T
C w]:t + 02 Z €i2n,t —+ 03 Z Eidj,t'
t=1 t=1

Thus:

T

BLR,(T) = > Ez,, [IVFiu ()]
t=1
2T o% d d
<C4<wQ+V1T>+C5<C1 +C2th+CSZ ath)'
t=1 t=1

where C4 = 50L, 05 = 86. O

A.6 Reduction of Rates in Linear Predictor Setting

Lemma A.7 (Reduction of Rates with Linear Inner Predictor). Consider the case where the inner predictor
is linear, hy (z) = ®(x) 0; 5, where 0;  is the optimal parameter obtained from the inner optimization problem
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and ®(z) is a linear mapping of x. In this setting, the online functional bilevel optimization problem (NS-FBO)
reduces to the parametric special case, analyzed within Bohne et al. (2024). Under the assumptions of Section A.4,
the bilevel local regret of Algorithm 3 then satisfies

T 2
T To
> Bz [IVALO0F] <0 (wQ Vi + =2+ HQ,T> (35)

t=1

where the comparator sequence of Hy 1 is the second-order path variation from the parametric OBO setting defined
2

as Hy p = Zthl SUPaex HG;’;L)‘ - 9;;\” where we denote 0f 5 := 07 (X). For window size w = o(T), the regret

BLR,(T) of Algorithm 3 is sublinear under the standard conditions that comparator sequences satisfy reqularity

Vip =0o(T), Hor = o(T), see Tarzanagh et al. (2024); Lin et al. (2023).

Proof. For a linear inner predictor hy 5 (2) with linear mapping ®(z), we can write

ia(@) = ®(2) 07 5,
so that (NS-FBO) reduces to a parametric bilevel problem over 6. The outer objective becomes

Fe(X) = L™ (A hix) = L™ (A, ()07 )-

In the parametric setting, the error between the stochastic hypergradient estimate ﬁt,i()\t,i) and the true
hypergradient at each time step ¢ — i satisfies the bound from Theorem 5.6 of Lin et al. (2023), restated in our
notation:

ST 2 o%, . S
HV]:t,w(At) —VFwA)|| <O (w + )5\1611; ||9t—1,)\ - at,AH > .

or cumulatively across t = 1,...,T rounds

To%—
Ez, ., <O|—+t+Hyr|.
’ w

T 2
> [[VF ) - VFL)|
t=1

Substituting this hypergradient error bound into the proof of Theorem A.6 gives

T 2
T T
S Bz 1AL < 022 v 4 =2

t=1

+ HQ,T), (36)

which for w = o(T') yields sublinear regret under the regularity conditions V4 p = o(T) and Ha 1 = o(T).

A.7 Additional Lemmas

Lemma A.8 (Approximate Gradient Norm Bound). Let ﬁt,w (A¢) be an approzimate gradient and VFy ()
the true gradient of the loss Fi () at iterate A,. We have

2

_ 2 1 N
~[VFw)| < =5 19RO +||[TF (A0 = TFw(A)

Proof. Consider the norm of the true gradient:

— 2 — 2
IVFwA)))? < 2 Hvrt,w(xt)H 42 Hvrt,w(,\t) - vrt,w(xt)H .

Rearrange:

2

1 __ 2 __
5 IVFLQI? = = [VFw)|| = ||[FF ) = VFw(h)
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Add Hﬁt,w(xt) - V]-"W(At)HQ to both sides:

[Fwir

’2 - 1 9 __ 2
< =5 IVFuw AP + || Ve () = TF1u ()|

O

Lemma A.9 (Generalized Projection Inequality). Let ﬁt’w()\t) be an approzimate gradient and VFy ., (A¢) the
true gradient of the loss Fi,(A) at iterate Ay. We have

__ __ __ 21— 2
<V-7:t,w(>\t) - V‘Ft,w(At)7v‘Ft,w(At)> < Hv-Ft,w(At) - Vft,w()\t)H + 1 Hv-Ft,w(At)H .
Proof. Consider the inner product:
<67ft,w(>\t) — VFw(Ae), ﬁt,w(/\t)> .
By Young’s inequality, for any n > 0:
Ny 2, 1 2
<2 — |Ib|>.
(@) < 2l + 5 [
Set a = ﬁt,w()\t) —VFwA), b= ﬁt,w()\t), and n = 2:
__ __ __ 2
<V-7:t,w(>\t) — VFw(Ar), vj:t,w(>‘t)> < ij:t,w()\t) — Vft,w()\t)H

1) — 2
+4 Hva,w(xt)

B ADDITIONAL EXPERIMENT DETAILS

B.1 Non-stationary Regression

To further validate the mechanism underlying time-smoothing, we analyze how the smoothing window w affects
hypergradient variance and bilevel local regret (BLR,,). Figure 5 summarizes these effects: the left panel reports
the (cumulative) BLR,, and the right panel shows that larger w reduces the variance of the outer hypergradient.
This confirms that temporal smoothing stabilizes the outer optimization, yielding smoother updates and lower
BLR,,. In agreement with Corollary 5.4, variance accumulation slows from near-linear to sublinear as w increases.

Bilevel Local Regret for Algorithms Window Parameter Reduces Variance
—— FuncBO —— SmoothFuncBO(w=50)

Parametric (Unrolling) SmoothFuncBO(w=100)
—— SmoothFuncBO(w=250)
—— SmoothFuncBO(w=500)

14000

8

—— Parametric (AID)

—— SmoothFuncBO(w=5)
—— SmoothFuncBO(w=10)
100001 —— SmoothFuncBO(w=50)

12000

8

8000

BLRy,

6000

5

4000

2000

Cumulative Hypergradient Variance

°

0 200 400 600 800 1000 [ 200 400 600 800 1000
Round Round

Figure 5: Effect of smoothing on regret and hypergradient variance. (Left) Cumulative bilevel local
regret (BLR,,) on the sinusoidal-drift task, showing sublinear regret for SmoothFBO; curves are averaged over
seeds. (Right) Variance of the hypergradient as a function of the smoothing window w; increasing w reduces

variance. These results demonstrate that temporal smoothing stabilizes bilevel optimization and improves bilevel
local regret. Shaded regions indicate 95% confidence intervals across seeds.
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To complement the sinusoidal drift analyzed in the main text (Fig. 2), we also examine a discrete jump—based non-
stationarity where (W, b;) undergo abrupt changes at fixed intervals. Figure 6 reports BLR,, under jump-based
drift and visualizes the parameter trajectory. SmoothFBO attains substantially lower cumulative regret than
FBO and parametric baselines (AID, Unrolling), exhibiting sublinear regret.

Parameter drift (summary)

— Iw_t|_F
0.7 Ib_t_2

Bilevel Local Regret for Algorithms

— FuncBO 0.6
Parametric (AID)

—— Parametric (Unrolling) —‘—,7

—— SmoothFuncBO(w=50)

6000{ —— SmoothFuncBO(w=100) 0.5

—— SmoothFuncBO(w=500)

8000

norm

0.4
4000

BLRy,

0.34
2000

0.24

0 200 400 600 800 1000

[ 200 400 600 800 1000

Figure 6: Behavior under discrete jump—based non-stationarity. (Left) Cumulative BLR,, under abrupt
parameter jumps. (Right) Evolution of (W4, b;) with discrete jumps that induce the drift. SmoothFBO recovers
quickly after each jump and maintains lower cumulative regret.

Hyperparameter selection. All results are averaged over three random seeds, with shaded regions indicating
standard error. Our method demonstrates robust performance across a broad range of hyperparameter configu-
rations. Unless otherwise stated, reported results use an inner learning rate of 107%, an outer learning rate of
1073, a batch size of 32, and 5 inner steps. We observe consistent SmoothFBO performance across the following
ranges:

e Inner learning rate: {1072,1073,1074}.
e Outer learning rate: {1073,1072}.
e Batch size: {16, 32,64, 128}.

e Number of inner steps: {5,10}.

Training is performed for 1000 outer steps while varying the window parameter, which controls the time smoothing
of hypergradients, over {1, 5,10, 50,100, 250,500}. In the SmoothFBO implementation, a gradient buffer
maintains recent hypergradients to enable this smoothing mechanism. Stable performance across these settings
highlights the method’s robustness to hyperparameter choice.

B.2 Reinforcement Learning

Non-stationary CartPole environment. As described in the main text, our non-stationary variant of
CartPole modifies the reward interval associated with the pole angle. In the stationary environment, the reward is
1 when the pole angle lies in a fixed optimal interval and 0 otherwise. In the non-stationary setting, this interval
shifts gradually throughout training. Formally, we interpolate linearly between two distinct pole-angle intervals:

(—0.2095, 0.06) —» (—0.06, 0.2095).

This interpolation induces a continuous drift in the reward boundaries, requiring the agent to track the changing
environment. The main text (Fig. 3) visualizes the pole angle drift for different agents.
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—— Lower pole angle bound (rad)
Upper pole angle bound (rad)

0.2

0.1

0.0

-0.1
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0 20000 40000 60000 80000 100000
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Figure 7: Non-stationary CartPole reward interval. This illustrates how the reward dynamics shift over training
steps. The agent is then forced to update its policy accordingly as illustrated in Fig. 3.

Implementation details. Experiments were implemented in PyTorch using the OpenAl Gym CartPole
environment (Brockman et al., 2016). Runs were executed on 2/GB NVIDIA RTX A5000 GPUs. A single
configuration requires approximately 8 hours to complete one million environment steps. We used Adam optimizers
throughout.

B.2.1 Additional Results

Figure 8 complements the main RL results by isolating the effect of hypergradient time-smoothing on (left) bilevel
local regret and (right) cumulative reward over 100k environment steps. Increasing the smoothing window w
consistently lowers BLR,, and reduces variability in the outer updates. Overall, temporal smoothing improves
outer-level stability.

Cumulative Bilevel Local Regret: FBO vs SmoothFBO Cumulative reward: FBO, SmoothFBO, OMD, MLE

300001 —— FBO (no smoothing)

Cl
MLE
- 250001 —— OMD

10! —— SmoothFBO (window=10)

20000

10°

reward

15000

cum. BLR

cum

10000
107!
—— FBO (no smoothing)

. 5000
SmoothFBO (window=10)
10-2 —— SmoothFBO (window=100)
—— SmoothFBO (window=1000) 0
0 20000 40000 60000 80000 100000 0 20000 40000 60000 80000 100000
steps steps

Figure 8: Effect of hypergradient smoothing. (Left) Bilevel local regret (BLR,,) in the training environment
for SmoothFBO with varying window w versus FBO (no smoothing); larger w lowers regret and reduces
outer-update variability. (Right) Cumulative reward in the evaluation environment for SmoothFBO (w=10)
compared to FBO, OMD, and MLE. The results are averaged over 20 seeds. Shaded regions show 95% confidence
intervals.

B.2.2 Algorithm Configuration

For all three methods described in 6, we used neural networks with hidden dimensions of 3 for the world model,
resulting in the under-specified setting as in Nikishin et al. (2022). We use soft Q-learning with temperature
parameter a to encourage exploration. Each method was tuned in the stationary environment to ensure fair
comparison, with the same hyperparameters used for the non-stationary evaluation.
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Hyperparameter selection. We conduct a grid search in the stationary scenario using seed 1 for all three
methods with the following values:

e Inner learning rate: {3-1072,3 1074}
e Parameter 7: {1071,1072,1073}

e Temperature parameter o {1071,1072, 1073}

We use a replay buffer with capacity 100000 and perform 1000000 training steps during tuning. In the SmoothFBO
implementation, we introduce a gradient buffer that maintains a history of recent hypergradients. The gradient
buffer size and the smoothing parameter 6 control the level of temporal averaging. These parameters were tuned
to balance adaptation speed and stability over § = 0.4,0.6,0.8 and hypergradient buffer size of 1000, 10000.
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