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Abstract

Bayesian persuasion studies the problem faced by an informed sender who strate-
gically discloses information to influence the behavior of an uninformed receiver.
Recently, a growing attention has been devoted to settings where the sender and
the receiver interact sequentially, in which the receiver’s decision-making problem
is usually modeled as a Markov decision process (MDP). However, previous works
focused on computing optimal information-revelation policies (a.k.a. signaling
schemes) under the restrictive assumption that the receiver acts myopically, select-
ing actions to maximize the one-step reward and disregarding future rewards. This
is justified by the fact that, when the receiver is farsighted and thus considers future
rewards, finding an optimal Markovian signaling scheme is NP-hard. In this paper,
we show that Markovian signaling schemes do not constitute the “right” class of
policies. Indeed, differently from most of the MDPs settings, we prove that Marko-
vian signaling schemes are not optimal, and general history-dependent signaling
schemes should be considered. Moreover, we also show that history-dependent
signaling schemes circumvent the negative complexity results affecting Markovian
signaling schemes. Formally, we design an algorithm that computes an optimal
and e-persuasive history-dependent signaling scheme in time polynomial in 1/¢
and in the instance size. The crucial challenge is that general history-dependent
signaling schemes cannot be represented in polynomial space. Nevertheless, we
introduce a convenient subclass of history-dependent signaling schemes, called
promise-form, which are as powerful as general history-dependent ones and ef-
ficiently representable. Intuitively, promise-form signaling schemes compactly
encode histories in the form of honest promises on future receiver’s rewards.

1 Introduction

Bayesian persuasion [Kamenica and Gentzkowl, 2011] is the problem faced by an informed sender
who wants to influence the behavior of an uninformed, self-interested receiver through the provision
of payoff relevant information. Bayesian persuasion captures many fundamental problems arising in
real-world applications, e.g., online advertising [Bro Miltersen and Sheffet, 2012], voting [Alonso and
Camaral [2016/| (Castiglioni et al.,2020a) |Castiglioni and Gatti, [2021], traffic routing [Bhaskar et al.|
2016, Castiglioni et al.}[2021a]], recommendation systems [Mansour et al., 2016]], security [Rabinovich
et al.| 2015/ Xu et al.,|2016], marketing [Babichenko and Barman, [2017, |Candogan/, 2019, medical
research [Kolotilin} 2015]], and financial regulation [Goldstein and Leitner, 2018|).

*Work done while the author was at Politecnico di Milano.
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Most of the previous works study the classical, one-shot version of the Bayesian persuasion problem.
However, in many application scenarios it is natural to assume that the sender and the receiver interact
multiple times in a sequential manner. In spite of this, only a few very recent works addressed
sequential versions of the Bayesian persuasion problem [Wu et al.| 2022} |Bernasconti et al., 2022,
Gan et al.}2022alb]. In particular, Wu et al.|[2022]] and|Gan et al.| [2022alb]] study settings where the
sender and the receiver interact sequentially in a Markov decision process (MDP).

In Bayesian persuasion problems in MDPs, at each step of the interaction both the sender and the
receiver know the current state of the MDP, and the former has also access to some private observation
drawn according to a commonly-known, state-dependent distribution. The sender commits beforehand
to an information-revelation policy, which is implemented by means of a signaling scheme that sends
randomized action recommendations to the receiver, conditioned on the current (public) state and
the sender’s private observation. Specifically, the sender commits to a persuasive signaling scheme,
meaning that the receiver is always incentivized to follow recommendations. At the end of each step,
the next state of the MDP and the agents’ rewards are determined as a function of the current state,
the action actually played by the receiver, and the sender’s private observation in the current step.

Wu et al.|[2022]] and |(Gan et al.| [2022alb]] provide algorithms that compute an optimal (i.e., reward-
maximizing) persuasive signaling scheme under the restrictive assumption that the receiver acts
myopically, selecting actions to maximize the one-step reward and disregarding future ones. This is
justified by the fact that, when the receiver is farsighted and thus considers future rewards, finding an
optimal Markovian signaling scheme is NP-hard to approximate, as shown by |Gan et al.|[2022a] for
infinite-horizon MDPs. An analogous result also holds in finite-horizon MDPs for non-stationary
Markovian signaling schemes, as we prove in this work as a preliminary result.

In this paper, we show thatWu et al.| [2022]] and (Gan et al.| [2022alb] failed to provide positive results
with farsighted receivers since Markovian signaling schemes do not constitute the “right” class of
policies to consider. This is in stark contrast with most of the MDPs settings in which Markovian
policies are optimal. Indeed, we prove that Markovian signaling schemes are not optimal, and general
history-dependent signaling schemes should be considered. As a result, we focus on the problem of
computing an optimal persuasive history-dependent signaling scheme. Surprisingly, we show that
taking history into account allows to circumvent the negative result affecting Markovian signaling
schemes. We do that by providing an approximation scheme that finds an optimal e-persuasive (i.e.,
one approximately incentivizing the receiver to follow action recommendations) history-dependent
signaling scheme in time polynomial in 1/¢ and the size of the problem instance.

The crucial challenge in designing our approximation scheme is that general, history-dependent
signaling schemes cannot be represented in polynomial space. Our algorithm overcomes such an issue
by using a convenient subclass of history-dependent signaling schemes, which we call promise-form
signaling schemes. The core idea of such signaling schemes is to compactly encode all the relevant
information contained in an history into a promise on future receiver’s rewards. At each step of the
process, a promise-form signaling scheme does not only determines an action recommendation for the
receiver, but it also makes a promise to them. First, we prove that promise-form signaling schemes are
as powerful as general history-dependent ones. Then, we show how an optimal e-persuasive promise-
form signaling scheme can be computed in polynomial time by means of a recursive procedure. To
do that, we rely on a crucial result showing that, for signaling schemes that honestly keep promises
made to the receiver, persuasiveness constraints can be expressed as conditions defined locally at
each step of the MDP, since the receiver only cares about sender’s promises on their future rewardsE]

2 Preliminaries

In this work, we study Bayesian persuasion problems where a farsighted receiver takes actions in a
time-inhomogeneous finite-horizon MDP [Puterman, [2014]]. Formally, a problem instance is a tuple

(Sa A7 H, 97 {Tg}he’*'h {ﬁ?}he?—ta {ph}h€H7 {Nh}he?—t, 6) ’ where:

S is a finite set of states, A is a finite set of receiver’s actions available in each state, H := [1, ..., H|

is a set of time steps with H being the time horizon, © is a finite set of sender’s private observations,

7"2, r,Ff : S X A x O — [0,1] are reward functions for the sender and the receiver, respectively,

The complete proofs of all the results in the paper can be found in Appendices @ and



ph: S X Ax O — A(S) is a transition function, py, : S — A(O) is a function defining probabilities
of sender’s private observations at each state, while 5 € A(S) is the initial state distributionE]

We consider the most general setting in which the sender commits to a non-stationary and non-
Markovian signaling scheme (henceforth called history-dependent signaling scheme for short). For
every step h € H and state s, € S reached at that step, a history-dependent signaling scheme defines
a randomized mapping from sender’s private observations to action recommendations for the receiver,
based on the whole history of states and receiver’s actions observed up to step hE] Formally, in the
following we let T}, be the set of all the possible histories up to step h, which is defined as

Tn={r|7=(s1,a1,.--,8h-1,an-1,5) : $; € S,a; € A},

while we let 7 := 77 U ... U Ty be the set of all the possible histories (of any length)E] Then, a
history-dependent signaling scheme is defined as a set ¢ := {¢, } -7 of functions ¢, : © — A(A),
which define a mapping from sender’s private observations to probability distributions over action
recommendations for every possible history.

Algorithm 1 Sender-receiver interaction

The interaction between the sender and the re-
ceiver goes as follows (Algorithm[I). (i) The 1: Sender publicly commits to ¢ := {¢; }re7
sender publicly commits to a history-dependent ~ 2: s1 ~ 5, 71 < (s1), deviated < False
signaling scheme ¢ := {¢, }¢7. (ii) Aninitial ~ 3: foreachsteph =1,..., H do

state s; ~ 3 is drawn. (iii) Ateachstep h € H, 4 Sender observes 0, ~ 15 (sn)

both agents observe the current state s, € S 5 if deviated is False then

and the sender also gets a private observation 6 Sender recommends a, ~ ¢, (01,)
0y, € © drawn according to up(sp), with the 7 Receiver plays aj, € A

function p;, being known to both the sender and ~ 8: else

the receiver. (iv) The sender communicates to 9 Receiver plays ay, € A

the receiver an action recommendation a, € A 10: Sender collects reward r%(sh, ap, 0p)
sampled according to ¢, (0), where 7, € Ty, 11: Receiver collects reward rﬁ(sh, an, 0n)
is the histo;y up to step h.. ) The receiver 17: Next state: 541 ~ pp(sh,an, 0n)
plays an action a;, € A, possibly different from 3. Update history: 7441 < 71, © (@n, Sh41)
ay,. (vi) The sender and the receiver get rewards 14: if aj, # @y, then

T;F: (8, an,0y) and T%(Sm an, ), respectively. s, deviated < True

(vii) If h = H, the interaction ends, otherwise
the next state sp+1 ~ pr(Sh,an, 6p) is drawn and the interaction continues to step h + 1 starting
from the third point. As customary in the literature (see, e.g., [Bernasconi et al2022]), we assume
that, if the receiver does not follow recommendations at some step h € H by playing an action
ap # ap, then the sender stops issuing future recommendations to the receiver.

For ease of presentation, we introduce the sender’s value function Vhs’¢ : Tn — R to encode
sender’s expected rewards by using a history-dependent signaling scheme ¢ := {¢,},c7 from
step h € H onwards, assuming the receiver always follows recommendations. Given a history
T=(81,a1,--,8h—1,0n—1,5h) € Tp up to step h, such a value function is recursively defined as:

Vol () =33 n(Olsn)é-(ald) (2( s 0) + > (s |sny a, )V (7 & (a, s'>>> :

0e® ac A s'eS

Similarly, we introduce the receiver’s action-value function VhR"/) : A x T, — R to encode the
receiver’s expected rewards by following sender’s action recommendations from step h € H onwards.
Formally, given a history 7 = (s1,a1, ..., 8h—1,an—1, ) € Tp up to step h, the receiver’s expected
reward by following the recommendation to play a € A is recursively defined as follows:

VR0, 7) = 3 sn(6lsn)é- (al6) <r;5‘<a7 5.0) + 3 puls|sn. . OV (7 & (a, s'») 7

0€O s'eS

3In this paper, we let A(X) be the set of all the probability distributions over a finite set X, with d(z) denoting
the probability assigned to x € X by a distribution d € A(X). Moreover, given a function f : X — A(Y)
with X, Y any two finite sets, for every x € X we denote by f(y|z) the probability that f(x) assignstoy € Y.

*“In this work, we use direct signaling schemes which send signals in the form of action recommendations for
the receiver. This is w.l.o.g. by well-known revelation principle arguments [Kamenica and Gentzkowl [2011]].

5By a simple revelation-principle-style argument, we can focus w.1.0.g. on signaling schemes which depend
on histories that do not include the sequence of private observations observed by the sender.



where VhFW : Tn, — R is such that VhR’¢(T) =D VhR"i’(a7 7) forevery h € H and 7 € Tj,.

Finally, we introduce an additional receiver’s value function, denoted by XA/hR : S — R, to encode
receiver’s expected rewards from step h € H onwards after having deviated from recommendations.
Formally, for every state s € S, such a value function is recursively defined as follows:

‘A/hR(s) = max Z wn(0]s) (rg(a,s,ﬁ) + Z ph(s'|s,a,9)‘7hﬁ+1(s’)> ,

0co s'eS

where the maximum operator encodes the fact that the receiver plays so as to maximize future rewards
without knowledge of realized sender’s private observations after having deviatedE]

By the revelation principle [Kamenica and Gentzkow), 2011]], it is well known that in order to find
an optimal signaling scheme it is possible to focus w.l.0.g. on (direct) history-dependent signaling
schemes under which the receiver is always incentivized to follow sender’s action recommendations.
These are called persuasive signaling scheme, and they are formally defined as follows:

Definition 1 (e-persuasiveness). Let € > 0. A history-dependent signaling scheme ¢ := {¢ }rc7 is
said to be e-persuasive if, for every step h € H, history T = (s1,a1,...,8h—1,anh-1,Sr) € Tp up to
step h, and pair of actions a,a’ € A, the following holds:

Vit a,7) = > un(0lsn) ¢ (al6) (T,Ff(sma',@) + > p(s|sn.a OV (5) — e) .

0cO s'eS

Moreover, we say that the signaling scheme is persuasive if the conditions above hold for e = 0. We
denote the set of all the persuasive signaling schemes by ®.

Whenever the sender commits to an e-persuasive history-dependent signaling scheme, we assume that
the receiver always follows the recommendation issued by the sender. Notably, the recommended
action is guaranteed to provide the receiver expected rewards that are at worst € less than those
attained by the best possible action.

In conclusion, the goal is to find an optimal signaling scheme for the sender, which is one achieving a
sender’s expected reward (from step one) V'S¢ greater than or equal to OPT, defined as follows:

OPT := VS wh let VS .— VS?((s)).
réleag , Where we le ;5(5) 0 ((s))

3 History-dependent signaling schemes are necessary

Previous works studying Bayesian persuasion in MDPs [Wu et al.l 2022| |Gan et al.| [2022a] focus on
Markovian signaling schemes, in which the action recommendation at step h only depends on the
current state s, and private observation 6. Indeed, considering this class of signaling schemes is
sufficient to optimize the utility of a sender facing a myopic receiver. Here, we show that this is not the
case when the receiver is farsighted. In particular, we show that non-stationary Markovian signaling
scheme are suboptimal. To do so, we show that there exists an MDP (see Appendix [A) in which
the optimal persuasive signaling scheme is history-dependent[] Intuitively, an history-dependent
signaling scheme can adjust action recommendations depending on the choices available to the
receiver in previous steps. Thus, if the receiver had profitable opportunities in the past, the sender
must provide a larger expected reward to the receiver in order to be persuasive. Otherwise, the sender
can aggressively maximize their expected rewards irrespective of receiver’s ones. Formally:

Theorem 1. There exist instances in which a persuasive history-dependent signaling scheme guar-
antees sender’s expected rewards strictly greater than that obtained by an optimal persuasive
non-stationary Markovian signaling scheme.

SNotice that, in all the steps reached after having deviated from recommendations, the receiver does not get any
clue about the sender’s private information, and, thus, their expected reward only depends on the current state (not
on the history). In other words, after deviating the receiver is playing a new MDP in which, by taking expectations
with respect to pp,, rewards and transition probabilities are defined as 71, (s, a) 1= > gcq pn(0)s)ri (s, a,0)
and P (s'[s,a) ;== > .o 1 (0]5)pn(s']s, a, 0), respectively, forall h € H,s € S,a € A,and s’ € S.

"We defer to Appendix [A|the complete description of the instance, together with calculations of the optimal
signaling schemes (for each class) and their corresponding value functions.



Moreover, we show that optimal non-stationary Markovian signaling schemes are NP-hard to ap-
proximate in polynomial time, even when the persuasiveness requirement is relaxed. This further
motivates the use of history-dependent signaling schemes when addressing Bayesian persuasion
problems in finite-horizon MDPs with a farsighted receiver. Formally, we prove the following:

Theorem 2. There exist two constants o« < 1 and € > 0 such that computing an e-persuasive
non-stationary Markovian signaling that provides the sender with at least a fraction o of the optimal
sender’s expected reward OPT is NP-hard.

4 A sufficient subclass of efficiently-representable signaling schemes

Working with history-dependent signaling schemes begets unavoidable computational issues. These
are due to the fact that explicitly representing such signaling schemes requires a number of bits
growing exponentially in the size of the problem instance, since the number of possible histories
is exponential in the time horizon H. In this section, we show how to circumvent such an issue by
introducing a convenient subclass of signaling schemes—called promise-form signaling schemes—
which are efficiently representable while being as good as history-dependent ones. In particular,
our main result in this section (Theorem [3)) shows that there always exists a promise-form signaling
scheme which results in sender’s expected rewards equal to its optimal value OPT.

4.1 Promise-form signaling schemes
A promise-form signaling scheme is defined by a set o := {(Ix, ¢, gn) }hen of triplets, where:

o I; : S — 2[9H] ig a function defining, for every state s € S, a finite set I,(s) C [0, H] of
promises for step h € H. We add the additional requirement that 0 € I (s) for all s € S, and,
for ease of notation, we set Irr11(s) := {0} forevery s € Sand Z := (U, coy U,cs In(5)-

o ¢ : S XTI xO — A(A) is an action-recommendation strategy to be employed at step h € H,
where @y, (als, ¢, 0) is the probability of recommending action a € A in state s € S when the
promise is ¢ € Ij,(s) and the sender’s private observation is 6 € ©.

e g : SXAXTIxS — Tisapromise function for step h € H such that, whenever h < H
and ¢ € Ij,(s), gn(s,a,¢,s") € I41(s") represents the promise for step i + 1 if the next state
is s’ € S and, at the current step h, action a € A is recommended in state s € S E]

Intuitively, the rationale behind promise-form signaling schemes is that, when reaching a state s, € S
at step h € H, the sender “promises” a value ¢ € I (sy,) to the receiver, representing a lower bound on
future rewards obtained by following recommendations. Moreover, sender’s action recommendations
only depend on the current state s;, € S, the sender’s private observation 6, € ©, and the current
promise ¢ € Ij(sp), through the distribution @, (sp, tp, 0y). Notice that it is always possible to
infer the current promise by looking at the history of past states and action recommendations, by
“composing” the functions g,/ for the steps A’ < h. This crucially avoids having to specify an explicit
dependency on the full history of past states and action recommendations.

Notice that a promise-form signaling scheme as defined above does not automatically guarantee that
the sender honestly keeps their promises. Indeed, in order to ensure that this is the case, we need to
enforce additional constraints on the components of the signaling scheme, as we show in Section4.3]

Let us remark that representing promise-form signaling schemes requires a number of bits polynomial
in the size of the problem instance and in |Z|, which is the cardinality of the set of promises. While
|Z| could be arbitrarily large in general, the algorithm that we will present in the following Section
guarantees that |Z| has “small” size, by means of a clever choice of the functions Ij,.

4.2 From promise-form to history-dependent signaling schemes

In the following, we show how the sender can implement promise-form signaling schemes, proving
that they represent a subclass of history-dependent ones.

8Notice that, in order to completely specify a promise-form signaling scheme o := {(I1, vn, gn) tren, it is
sufficient to specify the functions ¢, and gy, since the functions [}, can always be inferred by looking at the
images of the functions gn. However, we included I}, in the definition of promise-form signaling schemes since
this will considerably ease notation when dealing with them in Sections E] and@



The sender can implement a promise-form signaling scheme ¢ := {(Ij,, ©n, gn) tren as follows.
After committing to o (Line[I]of Algorithm[I), at each step i € 7, in Line[6]of Algorithm|[I]they
select which action-recommendation strategy to use by reconstructing the current promise on the
basis of the history 75,. Such a reconstruction is done by recursively “composing” functions g for the
preceding steps i/ < h, by means of the procedure in Algorithmwith o and 73, as inputs. By letting
¢ € Ip,(sp,) be the continuation value obtained by running Algorithm the action recommendation
ap, in Line E] is then sampled from y, (sp, ¢, 0y,). Algorithm [2|clearly runs in time polynomial in the
instance size, and, thus, the sender can implement a promise-form signaling scheme efficiently.

In the rest of this section, given a promise-form sig-
naling scheme o := {(Ix, ¢, gn) }hen, we denote
by ¢° := {¢7} <7 the history-dependent signaling Require: o := {(In, vn, gn) then,
scheme induced by o thorough the implementation T=(81,a1,---,5h—1,an—1,51) € Th
procedure described above. Formally, for every his-  1: Initialize ¢ <— 0 € I1(s1)

tory 7 = (81,a1,...,8h_1,an_1,5,) € Tpupto 2: foreachsteph’ =1,....h—1do
step h € H, the function ¢7 : © — A(A) is defined  3: L gn(Shr, Gy by Shigt)

so that ¢Z(0) = p(sp, 2, 0) forevery § € ©, where  4: return ¢

17 € Ip(sp) denotes the promise value correspond-
ing to history 7, as computed by Algorithm[2with o and 7 as inputs. As it is easy to see, implementing
the promise-form signaling scheme o as described above is equivalent to using ¢ in Algorithm T}

Algorithm 2 From histories to promises

Next, we show that the value functions of the sender and the receiver associated with the induced
history-dependent signaling scheme ¢ can be efficiently computed by only accessing the components
of the promise-form signaling scheme o. In the following, given any o := {(Ix, ©n, gn) }hep, for
every step h € H we introduce the functions V}?’o tAXSXZ— Rand V{f’” : S xZ — R, which
are jointly recursively defined so that, for every a € A, s € S, and ¢ € Ij(s), it holds:

V}F:’U(a, s,1) = Z un(0]s)pn(als, e, 0) (r,F:(& a,d) + Z pn(s'|s, a, Q)V}?fl(s', gn(s,a, i, s’)))
0€0 s'€S

and V,F:’U(s, DED I V,'?"’(a7 s, ). Similarly, V,?’U : SxZ — Rissuchthat, fors € St € I(s):

V}?’J(S’ L) = Z Z /u‘h(9|5)90h(a|57 Ly 9) <’I"%(S, a, 6) + Z ph(sl‘sv a, Q)V}?fl(sla gh(sa a,t, S/))> :
acA PO s’eS

Then, we can prove the following lemma:

Lemma 1. Given a promise-form signaling scheme o := {(I,, ©n, gn) } e, for every h € H and

history T = ($1,Q1,...,S8h—1,ah—1,8K) € Tp, up to step h, the following holds:

VhR’¢U(a, T) = VE’U(a, Shyt2), VhR’d’o ()= V,'j’g(sh, t7), and Vhs"ba (1) = V,?’a(sh, 7).

Intuitively, Lemma |1| establishes that the functions V,'j 7, V;F; "7 and VS’” “correctly” encode the
value functions of the sender and the receiver for a promise-form signaling scheme o, when it is
implemented according to the procedure described at the beginning of the section.

Finally, given how a promise-form signaling scheme ¢ is implemented, in the following we say that o
is e-persuasive (for some ¢ > 0) if the induced history-dependent signaling scheme ¢ is e-persuasive
according to Definition [T} However, using such a definition to check whether o is e-persuasive is
clearly computationally inefficient, since it would require working with exponentially-many histories.
In Section[4.3] we introduce an easy way to ensure that a promise-form signaling scheme “keeps its
promises”, and we show that this allows to encode e-persuasiveness constraints in an efficient way.

4.3 The power of honesty

Next, we introduce a particular class of promise-form signaling schemes which always guarantee that
the sender honestly (approximately) assures promised rewards to the receiver. We call n-honest the
promise-form signaling schemes with such a property, which are formally defined as follows:
Definition 2 (n-honesty). Letn > 0. A promise-form signaling scheme o := {(In, ©n, gn) }hewn is
n-honest if, for every step h € H, state s € S, and promise v € I},(s), the following holds:

Z Z 1n(0]s)en(als, ¢, 0) <r§(s,a,€) + Z pi(s]s, a, 9)gh(8,a,b,s')> >v—mn. (1)

acA0cO s'eS



Then, we can prove the following result on n-honest promise-form signaling schemes:

Lemma 2. Let 0 := {(I1,, pn, gn) thew be a promise-form signaling scheme. If o is n-honest, then,
for every step h € ‘H and state s € S, it holds that V}F:’”(S, ) >v—n(H —h+1)forall. € I(s).

Since by Lemmathe function V,'? '“ encodes the receiver’s value function when ¢ is implemented
by the sender, Lemma 2] intuitively establishes that, at each step h € H and state s € S, the signaling
scheme actually “keeps the promise” of giving at least ¢ € I, (s) future rewards to the receiver, up to an
error depending on 7). Checking whether a promise-form signaling scheme o := {(I1, ©n, gn) tren
is n-honest or not can be done in time polynomial in the instance size and |Z|.

Now, we are ready to prove the following crucial lemma:

Lemma 3. Let 0 := {(In, 1, gn) }hen be an n-honest promise-form signaling scheme such that,
foreveryh € H,s € S, 1 € I,(s), and a,a’ € A, the following constraint is satisfied:

Z Ln(0)8)pr(als, ¢, 6) (r?(s,a,@) + Z pr(s'|s,a,0)gn (s, a,t, 3/)> >

€O s’eS

> 1n(0]s)en(als, 1, 0) <r,F§(s,a',9) + ) puls]s,a, 9)17hﬁ+1(s’)) . )

e s'eS

Then, we can conclude that o is (nH )-persuasive.

Intuitively, Lemma [3] states that for an 7-honest promise-form signaling scheme, the constraint in
Equation (2) is equivalent to the one in Definition|l| The crucial advantage of Equation (2)) is that it
allows to express persuasiveness conditions as “local” constraints which do not require recursion.

4.4 Promise-form signaling schemes are sufficient

Finally, by exploiting Lemma 3] we can prove the main result of this section: promise-form signaling
schemes represent a sufficient subclass of history-dependent ones. Formally:

Theorem 3. There is always a persuasive promise-form signaling scheme o := {(I1,, n, gn) then
with sender’s expected reward equal to OPT. More formally, it holds that V5" = OPT for the
history-dependent signaling scheme ¢° induced by o.

5 Approximation scheme

Theorem 3] shows that, in order to find an optimal signaling scheme, one can focus on promise-form
signaling schemes that have the nice property of being polynomially representable in the instance size
and the cardinality |Z| of the set of promises. In this section, we show how to compute an e-persuasive
promise-form signaling scheme with sender’s expected rewards at least OPT in polynomial time.

We design an algorithm working with sets I, (s) defined on a suitable grid, whose size can be properly
controlled by a discretization step 4. The algorithm solves a recursively-defined optimization problem
foreachh € H,s € S, and ¢ € Ij,(s), by starting from step H and proceeding in bottom up fashion.

For every step h € H and state s € S, the set I;,(s) of promises is defined as a suitable subset of a
grid Ds :={kd | k € NAk < [H/s|}, where 6 > 0 is a discretization step to be set depending on the
desired relaxation € of the persuasiveness constraints. This also allows us to control the representation
size of promise-form signaling schemes, as well as the running time of the algorithm. In particular,
it holds |Ds| = O(1/0) and, thus, |Z| = O(1/4) since Z C Ds by definition. In the following, for
ease of notation, we let [2]s := mingen.ks>2 k0 be the smallest multiple of § greater than x, while
|x]s = maxgen:po<q kO is the greatest multiple of § smaller than .

The algorithm keeps track of recursively-computed values in a set of tables, one for each step. The
table at step i € H is encoded by means of a function M, ,‘3 : 8 X Ds = RU {—00}. Intuitively, for
every s € S and ¢ € Ds, the entry M ,‘z (s, t) is related to the expected rewards achieved by the sender
when “promising” the receiver expected rewards “approximately equal” to ¢ in state s at step h. We
also admit the functions M, ,‘f to take value —oo, which semantically corresponds to the case in which
it is impossible to guarantee the promise ¢ to the receiver in state s at step h. The entry M, ,f (s,t) of



the table M, ,‘Z at step h is computed recursively by solving a problem Pp, 5 ,(M ;f 41) that we define in
the following, where M ,f 1 s the (previously-computed) table at step h + 1.

By letting M : S x Ds — RU {—o0} be a function encoding a generic table over S x Ds, for every
step h € H, state s € S, and promise ¢ € I;,(s), we define the value IT}, (M) of the optimization
problem Py, 5, (M) as follows:

Hh,s,L(M) = H:GH—I?JAX(.A) Fh,s,JVI(Ha q) s.t. (Ha Q) € \Ilil’sv
G AXS—Ds
where problem variables are encoded by the functions x : © — A(A) and ¢ : A x S — Dj, which
represent an action-recommendation strategy and a promise function, respectivelyﬂ The objective
function Fj, s p (k, q) of the optimization problem is defined as:

Fysm(k,q) = Z Z wn(0|s)k(ald) (r%(s,a,&) + Z ph(s'|s,a,0)M(s’,q(a,s’))> ,

0EO® ac A s'eS

which encodes the sender’s expected reward when their values for the next step i + 1 are those
specified by the table M. We assume that 0 - (—oc) = —o0. Moreover, the set U"+* is comprised of
the functions x : © — A(A) and g : A x § — D; that satisfy the following constraints:

Z Z un(0]s)k(al6) (rﬁ(s,a,@) + Z p“s’s,a,&)q(a,s’)) >0 (4a)

a€EA0EO s'€ES
> 1n(Bls)(al6) (rﬁ(s,a, 6)+ > pu(s'ls,a,0)a(a, s’)) 2
00 s'€S

Z un(0]s)k(al6) (rﬁ(s,a’,@) + Z pn(s'|s,a’, 9)I7hR+1(s’)) Va,a' € A,  (4b)

[2SC] s'eS

where Equation (@a)) and Equation (@B} play the role of the honesty and the persuasiveness constraints,
respectively. Notice that relaxing the honesty constraint yields larger feasible sets. Formally, for any
¢ > 1/ > 0 we have that the following holds: W/ C w/>*.

If Fy 5.0 (K, q) = —oc for all (k, q) € ¥, we have that ITj, 5 , (M) = —oc. This intuitively comes
from the fact that, if ITj, 5 ,(M) = —o0, then the value ¢ promised to the receiver is not realizable.

The optimization problem Py, (M) could be easily cast as a mixed-integer quadratic program,
which are too general to be solved efficiently. Thus, we need specifically-tailored procedures to find
an approximate solution to it. This discussion is deferred to Section [f] In the following, we assume
to have access to an oracle Oy, (M) that provides a suitable approximate solution to Py, 5 ,(M). In
particular, O, 5 , (M) must satisfy the requirements introduced by the following definition:

Definition 3 (Approximate Oracle). An algorithm Oy, 5 (M) is an approximate oracle for Py, 5 (M)
if it returns a tuple (k, q,v) such that 11}, 5 ,(M) < v < Fy s m(k, q) and (k,q) € \I/flf&.

Intuitively, we ask that an approximate oracle finds a solution (k, ¢) in a slightly larger set \Ililfé. The

oracle also returns a value v to be inserted into M, ,‘f(s, L), where v is possibly different from the value
F 5,0 (K, q) of the objective function. This is needed for technical reasons in order to recover some
concavity properties of the functions defining the tables used by the algorithm, which may be lost
due to approximations. A complete discussion on this last aspect can be found in Section [6]

Equipped with an approximate oracle as in Definition[3] we are ready to design our approximation
scheme that computes an e-persuasive promise-form signaling scheme attaining sender’s expected
reward at least OPT (Algorithm . The algorithm iteratively builds each table M, ,‘f by filling it with
the values v returned by the approximate oracle. Moreover, it sets action-recommendation strategies
p, and promise functions gy, of the signaling scheme o := {(I}, ©n, gn)}nen to be equal to the
functions «, q returned by the approximate oracle.

The optimization problem over functions  and ¢ can be rewritten as an equivalent program with tabular
variables, since the functions x and g map discrete sets to discrete sets (or a randomization over them).



In order to clarify the semantic of the tables M}
built by Algorithm[3] we prove the following pre-
liminary result, which states that the sender’s ex- Require: ¢ € (0,1)

pected rewards for the signaling scheme returned  1: M, 4+1(5,0) <~ Oforalls € S

by AlgorithmE]constitute an upper bound on the  2: Mgﬂ(s, 1) < —oofors € S, € Ds\{0}

Algorithm 3 Approximation scheme

entries of the tables M. Formally: 3: forh=H,...,1do

Lemma 4. Let 0 := {(In, 0n, gn) then be re- for s € S do

turned by AlgorithmB|instantiated with any oracle In(s) = {2}
for . € Ds do

Oh,s,, asin Deﬁnition Foreveryh € H, s € S,

5
L € Ip(s), it holds that V}?’U(s, L) > M,f(s, L). (K, ¢,v) ¢ Ons,i—5(Mj41)

M (s,1) + v
Moreover, the entries of the tables Mg built by 9: enlals, ¢, 0) « r(alf)

AN

Algorithm 3] are upper bounds on the sender’s ex- 10: gh(s, a,1,5") < q(a,s')
pected rewards provided by an optimal promise- L1 if v > —oo then
form signaling scheme. Formally: 12: In(s) < In(s) U {c}

Lemma 5. Let M}, Iy, (for h € H) be computed 13: return o := {(Ih, o, 9n) }nen
by Algorithminstantiated with any oracle Oy, g,
as in Deﬁnition and let o* = {(I}, ¥}, 95) then be an optimal promise-form signaling scheme.

Foreveryh € H, s €S, and v € I}(s), it holds that [ € Iy(s) and M (s, [t]s) > VS’U*(S, L).

By combining Lemma[5]and Lemma[d] we can promptly state and prove the main result of this section.

Theorem 4. For any € > 0, given an approximate oracle as in Definition 3} Algorithm 3| instantiated
with § = €/2H runs in time polynomial in 1/¢ and the instance size, while it finds an e-persuasive
promise-form signaling scheme that guarantees expected reward at least OPT to the sender.

6 Building a polynomial-time approximate oracle

In the previous section, we described an approxima-
tion scheme (Algorithm [3) that works provided it -
has access to an oracle that approximately solves the Require: & € (0,1), h e H,s € 5,1 € Ds,
problem P, , , (M) while satisfying the requirements M : S % Ds — R

of Definition3] In this section, we exploit the spe- |+ if R, (M) is feasible then
cific structure of the problem to design an algorithm 2 (K,q) += Solution to Ry, s, (M)
implementing such an oracle. 3 v Fp s m (K, Q)
4 q < |Grls
5: else
6

7

8:

Algorithm 4 Approximate oracle

First, we relax the problem 7Py, (M) into
Rh,s,. (M), which optimizes the expected value of
the sender’s rewards over randomizations of promises
1 € Ds. Moreover, we define for all s’ € S the set ¢
Ds(s',M) = {v € Ds : M(s',1) > —oo} as the return (x, ¢,v)

set of realizable promises, which semantically means

that those promises can be realized, conditioned on what is stored in the table M ET] Specifically,
the variables of Ry, 5, (M) are encoded by a function x : © — A(A) and a randomized function
G:8 x A— A(Ds). The objective function is

Fhapa(hd) =Y > pn(8]s)r(ald) <r2(s, a,0)+ Y pu(s'ls,a,0) Y q(t'|a, s ) M(s, u)>,

€O ac A s'eS V' €Ds(s",M)

(k, q) arbitrary
v 4 —00

which modifies the objective function F, s as (%, ¢) of Pp s, (M) by introducing the expectation over
the possible promises ¢’ € Dy, which are randomized through §(¢'|a, s').

To simplify notation, for any set X, table M, and randomized function A : X x § — A(Ds), we
denote by A\g : X x S — co(D;s) a quantity related to its average, where co denotes the convex
hull of a set. Formally, Ag(x,s") = }_,cp, (s ar) ¢ - A(V[@) forall z € X. Moreover, we denote

by [Ae|s : X — Dy its discrete average such that [Ag]s(x,s") = |Ag(x,s")]; forall z € X and

1%Note that set is always not empty when instantiating M = M} for some h € H, as it always contains 0 for
all ' € S. This can be easily seen from Lemmawith t=0.



s’ € 8. Notice that, for ease of notation, we drop the dependence of the operator E from M, as such
a dependence is always clear from the context.

By exploiting the notation introduced above, the relaxed optimization problem Ry, s , (M) reads as:

Qs (M) := max Fysn(5,§) st (k gg) € s
h,a,z,( ) O A(A) h,s,M( 7Q) ( ; QIE) PR
GAXS—A(Ds)
where we relax the functions ¢ to be distributions over Dy, rather than deterministic. Then, we can
prove the following:

Lemma 6. The problem Ry, s, (M) can be solved in time polynomial in 1/§ and the instance size.

By relying on a solution (x, §) to Rp,s, (M), Algorithm ] is an approximate oracle for Py, ,(M). In
particular, when the relaxed problem is feasible, the algorithm returns k and the function ¢ obtained
by de-randomizing the randomized function ¢ with its discrete average. Formally:

Theorem 5. Foreveryh € H, s € S, and v € Ds, if Algorithm[dis used for all b’ > h as approximate
oracle Oy 5, in AlgorithmE] then it implements an approximate oracle as in Deﬁnition@

Notice that the value v returned by Algorithmis the optimal value of the relaxed problem Ry, 5, (M).
It is easy to prove (see the proof of Theorem[5) that the tables built by Algorithm 3|through Algorithm[4]
are encoded by concave functions. This is the key feature that allows us to go from a randomized
solution to its discrete average without loss in sender’s expected rewards, and it is the reason why we
need to assume that Algorithmd]is employed at every step h in Theorem 3]

7 Conclusion

In this paper, we provided a crucial advancement in Bayesian persuasion for sequential decision
making, mastering the setting in which a farsighted receiver interacts with an MDP, a problem that
was previously thought to be intractable [Wu et al.| 2022} |Gan et al.||[2022alb]].

First, we have shown that the class of Markovian signaling schemes, the standard choice in previous
works and most MDP settings, do not constitute the “right” class of policies, since finding an optimal
Markovian signaling scheme is NP-hard. Instead, we demonstrated that history-dependent signaling
schemes allow to both circumvent the negative complexity result affecting Markovian signaling
schemes and guarantee higher expected rewards to the sender in general. Specifically, we designed
an algorithm to find an optimal e-persuasive history-dependent signaling scheme in time polynomial
in 1 /e and in the instance size. The crucial component of the algorithm is to restrict the optimization
to a convenient subclass of history-dependent signaling schemes, which we call promise-form as they
encode the history into a promise of future rewards to the receiver. We showed that promise-form
signaling schemes are both efficient to represent and as powerful as the general class of history-
dependent signaling schemes. An interesting insight of our analysis reveals that being honest, i.e.,
keeping promises of future rewards, is the key to persuade farsighted receivers in MDPs.

As a future work, we will investigate the online learning variant of the problem studied in this paper,
as done in [Zu et al.| 2021, Wu et al., 2022} [Bernasconi et al., [2022]], in which the transition function
is not known. Moreover, it would be interesting to study the problem faced by a sender that needs to
persuade a stream of receivers having adversarially-selected types, as done in [Balcan et al.| 2015
Castiglioni et al.,2020b, [2021b| Bernasconi et al., 2023]].
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A History-dependent signaling schemes are necessary

In this section, we provide an illustrative MDP instance in which an history-dependent signaling
scheme is required in order to optimally solve a Bayesian persuasion problem with farsighted receiver.
This instance also proves Theorem|[I] The instance is depicted in Figure[I] It is easy to check that the
receiver can achieve expected rewards

Wiso) =5, Vs1) =10, W(s2) =0, Vfl(sa) =0, V§(sa) =0,
without sender’s recommendations. If the sender commits to a non-stationary Markovian signaling
scheme ¢* = {Pp }nhen, where ¢, : S x © — A(A), they can achieve an expected reward of

VSt = Vls’¢* (sg) = 25 while being persuasive. The latter is obtained by recommending actions
deterministically as followsE]

¢5(s2) = a1, @5(s3,00) = ao, ¢5(s3,01) = ao.
Instead, an history-dependent signaling scheme ¢ := {¢,},c7 can provide the sender with an

T T . . . . .
expected reward of VS:¢' = Vls’¢ (s0) = 30 while being persuasive. This can only be obtained by
adapting the action recommendation strategy in state ss according to whether the receiver passed
through state s; or state so, as follows:

Bl oy (00) =0, bl (1) =a0, @, . (00)=ao, o, . (01)=a,

which makes the recommendation QSI = ag persuasive as well.

50,52)
ap, al
7 /L N
1.7 Sl
.2 2 <
7 ~N
7 N
aop, ai ao ai
TS—O 'r‘S—O
~R=10 rR=—10 @
ap, ai ap, al
7 /L N
1.7 Sl
.2 2 <
7 ~N
(00) (o)
ao aj ao al
/ \ / \
rS=0 r°=20 =100 rS—20
rR=20 rR=o0 rR=_20 ~R—o

Figure 1: Visual representation of a Bayesian persuasion problem defined over an MDP with
S = {80, S1, S92, 83}, A= {ao, al}, 0= {90, 91}, H = [1, 2, 3], and B(So) = 1. The probabilities
of the state transitions p;, and the private observations p, are reported on the dashed edges. The
reward functions r,SL‘, 7‘,':5 for the sender and the receiver, respectively, are reported on the solid edges,
when different from 0. For the sake of clarity, the visualization omits some irrelevant information,
such as private observations in sg, S1, S2, S4 and deterministic transitions.

'States where action selection is irrelevant are omitted for brevity.
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The latter example proves the existence of an MDP instance where history-dependent signaling
schemes are necessary. The reported instance does not require bizarre constructions, and we believe
that exploiting history to optimize action recommendations is crucial in practical scenarios as well.

Intuition of Figure[I} In such a scenario, the MDP in Figure [I]can model a ride-sharing platform,
where the drivers act as receivers and the platform is the sender. The platform can recommend routes
and matching orders with the drivers, which then share with the platform a portion of the profit
originating from the trips. In this example, s3 can be thought as a location with high demand that is
costly to reach, such as an airport terminal far from the city center. We can further think of the path
$1 — sg as a driver’s trip to the airport while serving an order, and s — S3 as an empty trip instead.
The platform can then adapt its order matching strategy according to whether the driver suffered
empty costs or got a profit to come to the airport, such as guaranteeing a quick yet cheap match to the
former, while waiting a more lucrative trip for the latter. This adaptive strategy can only be executed
through an history-dependent signaling scheme. Instead, a Markovian signaling scheme cannot lure a
driver into coming to the airport without serving an order, with diminishing profits for the platform.

B Proofs omitted from Section 3|

Theorem 2. There exist two constants o < 1 and € > 0 such that computing an e-persuasive
non-stationary Markovian signaling that provides the sender with at least a fraction « of the optimal
sender’s expected reward OPT is NP-hard.

Proof. We reduce from a promise version of vertex cover in cubic graphs. In particular, given a cubic
graph (V, E), there exists a y € (0, 2] such that it is NP-hard to decide whether there exists a vertex
cover of size k or all the vertex covers have size at least (1 + )k [Alimonti and Kann, |2000].

We design an instance such that the set of states S includes sg, $1, S2 and s3. Moreover, it includes a
state s, for each e € F, and a state s,, for each v € V. The time horizon is set as H = 3. All the
transition function and reward are independent from the time step h € [H|. Hence, we will remove
the subscript h from the notation.

The rewards and transition in the different states are as follows:

o In state s there is a single state of nature ) and two actions ag ; and ag 2. The transition
function is such that p(ss|so, @o,1,00) = 1 while p(sc|so, ao,2,00) = ﬁ for each e € F.
The rewards of the receiver in state sq are rR(aoyl, s50,00) = 1 and 7R (ag 2, 50,00) = 0. The
rewards of the sender in state sq are TS(QOJ, $0,0p) = 0 and ’I"S(ao,g, 80,00) = 1.

e In state sq, there is a single state of nature ; and a single actions a;. The transition function is
p(s2|s1,a1,601) = 1, while the rewards of the sender and the receiver in s; are always 0.

e In state so, there is a single state of nature 65 and a single actions as. The transition function is
p(sy|82,az,0z) = ﬁ for each v € V. The sender’s and receiver’s rewards in s, are 0.

e In state s3, there is a single state of nature f3 and a single actions a3. The transition function is
such that p(s3|ss, as, 03) = 1. The rewards of the sender and the receiver in s3 are always 0.

e Foreache = (v,u) € E, in the state s, there is a single state of nature 6., and two actions ac ,,
and a. ,,. The transition function is such that p(s,|se, Ge v, 0c) = 1 and p(sy|Se, Ge,u,be) = 1.
The rewards of the sender and the receiver in state s, are 0.

e For each v € V in the state s,, there are two states of nature 6, ; and 6,, 5. There are three
actions a1, Gy,2, and a, 3. The transition function is such that (83|84, a,0) = 1 for each

a and 0. The rewards of the receiver in s, are rR(s,, ap,1,0,1) =1, rR(s,, (y,2,0,2) =1,
TR(SU, ay3,0p1) = rR(sv, ay,3,0,2) = % and 0 otherwise. The rewards of the sender in s, is
1 if the receiver plays a, 3, i.e., 7°(8y, av3,00,1) = 75(Sy, a3, 00,2) = 1, and 0 otherwise.

o All nature’s states are drawn uniformly on the nature’s outcome at each node.

e Finally, the initial distribution over the states is 3 such that B(sg) = 3(s1) = 3.
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Figure 2: Tllustrative instance of a cubic graph (V, E).

In Figure [2| we have a simple instance of a cubic graph (undirected graph with degree bounded by 3),
and in Figure [3| we have the instance the persuasion MDP built from the cubic graph in Figure [2]

We recall that a non-stationary Markovian signaling scheme is defined by a set of functions {¢p, } e,
where ¢, : S x © — A(A). However, we use both states s; and so so that it takes two steps to arrive
in states s,, both when starting from sy and when starting from s;. Hence, each state s (excluding
the sink state s3) can be reached only with a specific time step h. This allows us to work only with
stationary signaling scheme, i.e., such that the signals do not depend on the time step. Hence, we can
remove the subscript h from the signaling scheme notation.

(a) Instance of Bayesian Persuasion in MDP (b) Gadget G,

Figure 3: Instance of Bayesian persuasion in MDP constructed from the cubic graph (V, E') of Fig-
ure 2| Sender’s and receiver’s rewards are reported only when different from 0. Solid lines represents
actions (that are reported on the corresponding edges) while dashed lines represents stochastic
outcomes (either of the transition model or of the prior). For each v € V the gadget G, is re-

ported Figure 3b}

We will show that if there exists a vertex cover of size k then there exists a persuasive signaling
scheme such that the sender’s expected rewards is at least % — ﬁ, while if all the vertex covers have

size at least (1 + 7)k then all the e-persuasive signaling schemes have sender’s expected rewards

strictly less than « (% - ﬁ) where € = % -107*y?and o = 1 — 165~ This will conclude the
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proof as we could use an algorithm for our problem with approximation factor less or equal to « to
distinguish between the two cases of the original problem.

Completeness. Suppose there exists a vertex cover V* of size k.

Consider the signaling scheme ¢* such that ¢*(ag 2|s0,60) = 1, ¢*(a1|s1,601) = 1, ¢*(az|s2,02) =
1, and ¢*(as|ss3,03) = 1. Moreover, by the definition of vertex cover , for each e € F there exists a
vertex v, € V* such that v € e = (ve,u). We set ¢*(ae,v, |Se, 0e) = 1. Finally, for each v € V¥,
we set ¢*(av,1|sva 91),1) =1, ¢*(av,2|sv70v,2) =1, and ¢*(av,3|sv79v,1) = ¢*(av,3|sv70v,2) =1
forallv ¢ V*.

First, we show that the signaling scheme is persuasive. Consider the state sg. The receiver following
the recommendations will always reach a state v € V'* and in this state will get utility 1. It is easy to
see that playing action ag ; the utility is 1. Hence, in state s the receiver will not deviate. In states
S1, S2, and s3, there is only one action available, hence the signaling scheme is trivially persuasive
in these states. In a state s., e € F, the receiver has no incentive to deviate. Indeed, following the
recommendation they will transition to a state s,, v € V*, and will get 1, while not following the
recommendation they can get at most 1. In all the states s,,, for v € V*, the receiver gets 1, while
deviating can get at most 1. Finally, in a state s,,, v ¢ V*, the receiver gets %, while deviating can get

at most % Hence, the signaling scheme is persuasive.

Moreover, the sender’s expected rewards for playing according to ¢* is 1 if the initial state is sq, as in
this state the signaling scheme recommends ag 2. On the other hand, if the initial state is s;, then a
state s, with v € V* is reached with probability k/|V| and a state s, with v ¢ V* is reached with
probability 1 — k/|V|. Then, it is easy to see that the sender’s expected rewards in reaching a state s,,
withv € V*is 0 and % otherwise. Thus the total sender’s expected rewards of the signaling scheme

o* is:
Lo1( k\_3 k.
2 4 V) 4 4V|
Soundness. Consider a signaling scheme ¢, and suppose that all the vertex covers have size at

least (1 + +)k. We show that the sender’s expected rewards is strictly less than « (% — &) First,

3 _ _k_
4~ AV

probability at least £ := 3/10, i.e., ¢(ao 2|s0,60) > 1—30. Indeed, if this is not the case the sender’s
expected rewards is at most

13 14 1 11 19 <% 3 k

-2 - oot <ol 2o

210 2 22 50 27 4 4Vv])’
as it gives at most 1 + % from sy when a2 is played (which happens with probability less then 3/10)
and % from s7. Thus we can only consider the cases in which ¢(ag,2|s0, o) > 13—0.

notice that if the sender’s expected rewards is at least « ( ) it has to recommend ag > with

Then, suppose that for n states s., e € E, the receiver’s expected rewards following the recommen-
dations from there on is at most 1 — ¢, where 6 = +/100. Denote with E C E be this set, where

|E| = n, and with E := E \ E. The e-persuasiveness constraint in state so when the recommended
action is ag 2 implies:

n

$(ao,2|s0, 00) [E (1-06)+ (1

n

- |E|)] > ¢(ao.250,00)75 (ao.1, s0,00) — €,

as the left hand side is an upper bound on the receiver’s expected rewards starting from so. The
equation above implies that,

n

n €
—(1-94 +<1—)21—,
7 0 2] 7

and by rearranging it:
1Bl 3IBR*10t 4B
) 37v/1000 90
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Let V be the set of states sy, v € V, such that the receiver’s expected rewards from there on is at
least 1 — 8. Notice that for each state Se, With € € E there exists a state s,, with v € V such that
v € e, i.e., v covers e. This implies that V' covers E.

By contradiction, we show that V| > (1 + 7)k — n. Suppose otherwise. Then, the set V is such

that |V| < (1 + )k — n and covers at least | E| edges. Hence, there exists a super-set of V of size
strictly smaller than (1 4 ~y)k that covers all the edges, reaching a contradiction. This holds as adding

a vertex v for each e = (v, u) € E to V, we obtain a vertex cover of E.

Then, we show that in all the states s,, v € V the sender’s expected rewards from there on is at
most 4. It is easy to see that action a3 is recommended with probability at most 2/0 in each state

Sy, U E V and the sender collects % If this is not the case, the receiver’s expected rewards is strictly
smaller than 25% + (1 —26)1 =1 — ¢. This implies that the sender’s expected rewards from a state
Sy, UV E V is at most . A similar argument shows that the sender’s expected rewards from a state s,
eE E, is at most 9.

We conclude the proof by showing an upper bound on the sender’s expected rewards. In the following,
we will exploit that the graph is cubic and |V| > k > @ Moreover, we assume w.l.0.g. that there

are no unconnected vertices, which implies that |E/| > % and thus that k > %. Hence, the sender’s
expected rewards when the initial state is sq is at most:

1B _|B| 1 n

1+-——+6 ) 1 0.
Y3E e T +2wVF< |m)< +ot

Moreover, the sender’s expected rewards when the initial state is s; is at most:

Vi 1 (|v|-|V| 1+7)k—n 1( (1+7)k—n>
O + 5 <4é +- (1
Vi 2 V] \4 2 \4

1 1 I+vk 1n on
= (=) — X 4+ -— — —
2 \2 \4 2V |V
1 1 14+vk 1n
Y (e Y [ S A T
=2 (2 ) vl T2
1 /1
<L (L_5\ Otk 19]E
2 \2 vl T 200V
1 1 14+vk v
< (Zog) T
=3 (2 ) vl 60

where we used that |V| > (1 + )k — n, n < v|E|/90 and that |E|/|V] < 3.

Thus, since we start from sq or s; with probability 1/2, the sender’s expected rewards is at most:

1 1 1+7E v
14+ S (= S Sl A
2( toot ‘” (2 5) |V| T %0

3k 5 1+7)k\ vk
< - = 1 —
TR 2('*v 2V
3 k v 4 3k vk
<2 N T 02y
=1 4V+30+2( +V> 2V]
3 k v 4 vk
<2 P T L 043y Y
Si gttt gy
3 k y ¥ vk
<z r 4 oy T
=174V T30 TR0 2w
S_k L8k
=374 T 0 2V
3 k 8 vy
S1Tay] 0 12
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3k 3 (3 k
<5 000 WG a
44y 100 \4 4V

<(1-2) 3_ kY
- 100/ \4 4|V]
where we used that & > |V'|/6 and § := ~/100.
This concludes the proof. O

C Proofs omitted from Section 4

Lemma 1. Given a promise-form signaling scheme o := {(I, ©n, gn) } e, for every h € H and
history T = ($1,Q1,...,Sh—1,ah—1,8K) € Tp, up to step h, the following holds:

VhR’¢U (a,7) = V,'j"’(a, Shyt2), VhR’d)a (1) = V,'j’a(sh, t7), and V,LS’¢G (1) = V,?’a(sh, 7).
Proof. The statement can be easily proved by induction on the steps H.

The base case of the induction is h = H. By definition of VE’W (a,T), for every action a € A and

history 7 = (s1,a1,...,8g—-1,0H-1,51) € Tn, the following holds:
Vi (a,m) =D nn (0lsi)7 (al0)rf (su, a,6).
)

Since by construction ¢2(0) = pr(sm, 17, 0) for every § € ©, we have that:

VR (a,7) =Y pa(01s)67 (al0)rfy (s, 0, 0)
0cO

= uuOlsu)en(alsm, 2,0 (sm,a,0)
beo

= VB9 (a,50,09).

Now, take h < H and assume that the statement holds for i + 1. By definition of VhR"f (a, ), for
everya € Aand 7 = (s1,a1,--.,8h—1,an_1,5n) € T, it holds:

VhR ®7 (a,7) = Z wn(0|sp) 07 (ald) (rZ(sh, a,d) + Z pn(s'|sn, a, H)V,Sﬁg (1 @ (a, 5’))> .
0€6 s'eS

Moreover, for every s’ € S, the relation VhFiﬁa (t®(a,s)) = V;jfl (¢, L;’@(M,)) holds by induction
since 7 @ (a, s') belongs to Tj,+1. Given how Algorithm [2]is designed, it holds:

LZEB(a,s’) = gn(sn,a,:2,s),
which, together with ¢Z(0) = p(sp, 12, 0) for every 6 € O, gives VhH1¢U (a,7) = V;j’” (@, 5.19).

Similar inductive arguments show that VhS-,df’ (1) = VE’U(S n,t2) for every step h € ‘H and history
T=(81,01,+-,8h—1,0h—1,5n) € Tp up to h, concluding the proof. O

Lemma 2. Let 0 := {(Ip, ©n, gn) tnhen be a promise-form signaling scheme. If o is n-honest, then,
for every step h € H and state s € S, it holds that VE’U(S, ) >1—n(H —h+1)forall. € I(s).

Proof. We prove the statement by induction.

The base case of the induction is h = H. Since ¢ is 7-honest, for every s € S and ¢« € Iy (s):

VEI’U(S,L) = Z Z e (0]s)pm (als, v, )i (s, a,0) > —n.
acAHeO®
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Now, take h < H and assume that the statement holds for & + 1. For every s € S and ¢ € I},(s):

Vi (s,0)

= Z Z un(0|s)en(als,t,0) (r?(s,a,@) + Z ph(s’8,a,@)V}?fl(s’,gh(s,a,L,s’))>

acAfdcoO s'eS
2 Z Z pn(8ls)en(als, ¢, 6) (TFRL(S7 a,t) + Z pr(s'ls, a,0)(gn(s,a,¢,8") —n(H — h)))
acAhco s'eS
>1—n—n(H—=h)> > un0ls)enlals,t,0) > pu(s']s,a,0)
acAfcoO s'eS

=1—n(H—-h+1),

where the first inequality holds by induction, the second one by n-honesty, while the last equality
holds since ) . 1 (0|5)¢n(als, ¢, 0) > csPr(s’ls,a,0) = 1. This concludes the proof. O

Lemma 3. Let 0 := {(In, ¢n, gn) }hen be an n-honest promise-form signaling scheme such that,
foreveryh € H, s € S, € Iy (s), and a,a’ € A, the following constraint is satisfied:

Z wn(01s)on(als,, ) (r,‘?(s,a, 0) + Z pn(s'|s,a,0)gn(s, a,t, 3/)> >

9o s'€S
Z /l‘h(o‘s)@h(a|57 L, 0) (T}F:(& alv 0) + Z ph(sl|57 alv 9)‘/}}5{—1(5/)) . (2)
C) s'€S

Then, we can conclude that o is (nH )-persuasive.

Proof. We recall that, for ¢ > 0, the promise-form signaling scheme ¢ is e-persuasive if the history-
dependent signaling scheme ¢7 := {¢7 } <7 induced by o is e-persuasive according to Definition

As a consequence, in order to prove the statement, we have to show that, for every step h € H, history
T=(81,01,.-,8h—1,an—1,5k) € Tp up to step h, and pair of actions a,a’ € A, it holds:

Vi (a,7) = ) pn(6]sn) 6 (al0) <r5<sh,ace> + 3 (s lsn, a,O) VR (s7) — ) .
0cO s'eS

By Lemma we have that VhR’d)d (a,7) = V,F: "?(a, sp, 7). Moreover, the following holds:

Vi (alsn, 1)

= Z ,uh(g‘sh)wh(abhv Lga 0) (7"2(8}“ a, 9) + Z ph(s/‘shv a, g)vl'?_f-l (8/7 gh(sha a, Lgﬂ Sl)))

0co S'€S
> un(0lsn)enlalsn, 7, 0) (ﬁ?(sh,a, 0) + > pu(s'|sn, a,0) (gn(sn,a,02,8") — U(H—h))>
) s'ES

> un(Ols)en(alsn, 7, 0) (TE(Sh, d',0)+ > pa('lsn. @', O)VEL(s)) — n(H — h))

USC] s'eS

where the first inequality holds by Lemma 2} while the second one holds thanks to Equation[2] Finally,
the statement is readily proved by noticing that n(H — h) < nH. O

Theorem 3. There is always a persuasive promise-form signaling scheme o := {(Ip,, on, 9n) }hen

with sender’s expected reward equal to OPT. More formally, it holds that V%" = OPT for the
history-dependent signaling scheme ¢° induced by o.

Proof. The proof works by showing that, given any persuasive history-dependent signaling scheme,
one can always build an n-honest and persuasive promise-form signaling scheme whose sender’s
expected reward is at least as good. This, together with Lemmal|I|clearly proves the statement.
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Given any persuasive history-dependent signaling scheme ¢ = {¢. } <7, we build a promise-form
signaling scheme o = {(Is, ©n, gn) }hen as follows:
o I1(s) = {VR¢ )| 7=(81,01,-ySh—1,an—1,5n) € Th A Sp = s} forallh > 1,s € S.

® on(s,1,0)=¢. (0)forallh € H,s €S, 1€ In(s), and 6 € O, where:

S,
7';:757L € argmax {Vh ¢(7’)},
T=(81,a1,.-,5h—1,0h—1,5h) ETh:

sh:s/\Vf‘¢(T):L

which is guaranteed to exist given how I}, (s) is defined.

® gn(s,a,i,8) = Vh+1(ThSL ® (a,8)) forallh € H,s € S,a € A, 1 € I(s),and s’ € S.

As a first step, we prove that, if ¢ is persuasive, then the promise-form signaling scheme o that we
have just built is persuasive as well. This can be easily proved by exploiting Lemma 3]

First, we prove that o is an n)-honest for n = 0. Formally, for every h € H, s € S, and ¢ € I;,(s):

L= Vh&(b(ﬂ:,s,b) (6)

:Z:z)mwﬁﬁhxﬂﬂ<r@a9-+§:m SGG)MAnsﬂMmQO 9
acAfHcO s'eS

= Z Z 1n(0s)¢r; . (alf) (rfj(s,a,@) + Z ph(s’s,a,H)gh(s,a,L,s')> (8)
a€A0e0 s'ES

=3 un(0]s)en(als, ., 0) (7’5(8,@79) +> ph(S'S,a,G)gh(S,a,L,S’)> : 9)
acAHcO s'eS

where Equation (6)) holds by definition of Th s..» EQuation () holds by definition of VhR’¢ (T27S7L), Equa-

tion (§) holds by definition of gy, (s, a, ¢, s"), while Equation (9) holds by definition of ¢y, (als, ¢, 8).
This proves that ¢ is an 7-honest promise-form signaling scheme, for n = 0.

In order to apply Lemma 3] we also need to to prove that o satisfies the conditions in Equation (2)).
By applying definitions, it is easy to check that, forevery h € H,s € S, ¢ € I(s), and a € A:

Vi (a, i) = D mn(0ls)e;  (alf) (7‘ (5,a,0) + > pu(s']s, a,6) h+1(ThSL€9(avs’))>

0coe s'eS

= Z 1n(0s)¢r; . (alf) (r,'j(s, a,d) + Z pn(s'|s,a,0)gn(s, a,t, s'))

6co s'eS
= Z ,uh(9|s)g0h(a|s, Ly 9) (rl?(sﬂ a, 9) + Z ph(sl‘sv a, e)gh(s, a,t, Sl)) . (10)
[ASC) s'eS

Moreover, since ¢ is persuasive we have that, for every h € H, s € S, ¢ € I;(s), and a,a’ € A:

Vh a’ ThSL Z:uh 9' ¢Th (a’|0) (’I" (S a, 0 + th ‘S a 9) h+1(ThSL D (G,S/))>

6cO s'eS

zZMmme%@wm+memWMM>

0co s'eS

— Z,uh 0|s)pn(als, ¢, 0) (rh(s a,0) + th "Is,a’,0) h+1( /)> ’ (1D

6cO s'eS
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where the last equality holds by definition of ¢, (als, ¢, 8). Then, by combining Equation (T0) and
Equation (T1)), we get that, forevery h € H, s € S, € I;(s), and a,a’ € A:

Z Ln(0)8)pr(als, ¢, 6) (r?(s,a,@) + Z pn(s'|s,a,0)gn (s, a,t, 3/)> >

€O s’eS

S~ un(0ls)en(als, v, 0) <rf:<s,a',e> +> ph<s'|s,a',of£‘+’?<s’>) :

C) s'€S
which means that o satisfies Equation (2)). Thus, by Lemma 3] we can conclude that o is persuasive.

In order to conclude the proof, it remains to show that o achieves a sender’s expected reward at least

as good as that obtained by ¢. Formally, we prove that Vhs,¢>° (1) > VhS (1) for every step h € H
and history 7 € T up to h. We will prove such a result by induction.

The base case of the induction is h = H. For every 7 = (s1,a1,...,SH-1,0H-1,SH) € Tw:

S, S,
VH ¢(T) S VH ¢(T;:I,SH,LZ>

= 3> unOlsim)ér,  , (alO)rf(sm,a,6)

acA OO

=YY unblsu)enlalsn, g, 0)r(sm,a,0)
acAhcO
= Vi’ (sm,47)
=V (7),
where the last equality holds by Lemmal[T}

Now, let us take h < H and assume that the statement that we want to prove holds for A + 1. Then,
forevery 7 = (s1,a1,...,8h-1,an_1, k) € Th, it holds:

Vo (r) S V(T g2 (12)

=33 Ols)on; L (alf) (vﬁ(s,a,o) + 3 on( s, OV (i @ (a,s'»)

acA O s’'eS

= Z Z“h 9|Sh ©h a|5h7 7-)

S (sn,a,0) + th "8, a,0) hH(Th sz @ (ass )))
acA0cO

s'eS
(13)

acA OO s'eS

(14)

< Z Z,Uh O|sn)en(alsp,tl,0

acAhcO s'eS

5)

<N pn(Olsn)enalsn, g, 0

Shya 0 + th |sh7a Q)V}H-l( 7gh(8h7 a, 'rv )))
ac€AbcO

s'eS
(16)
= V}?J(Sm 17)
VY (1), a7
where Equation (I2)) holds by definition of 75 _ . for the promise 7 € Ij,(s5), Equation (T3) holds

by definition of ¢y, (sp, 7, ), Equation (I4) holds by definition of 7, _ oz, together with

"9 (sh,a.g
the fact that gp, (sp, a,t2,s’) = VhRfi( i swue © (@, 8)), Equation (I5) holds by induction, while
Lemma|[T] proves Equation (T6) and Equation (T7).
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The proof is completed by applying the definition of OPT. O

D Proofs omitted from Section 3

Lemma 4. Let o := {(I}, pn, gn) }hen be returned by Algorithm instantiated with any oracle
Oy, s, as in Deﬁnition Foreveryh € H, s € S, v € Iy (s), it holds that V}?’U(& L) > M (s,0).

Proof. Let o = {(Iy, pn, gn) } new be the promise-form signaling scheme returned by Algorithm
instantiated with an approximate oracle O}, , , as in Definition , and let (k,q,v) (’)h7s,b_§(M,‘f+1).
We prove the statement by induction. The base case for h = H of the induction holds trivially. Then,
forevery h < H, s € S, and ¢ € I;,(s), assuming the statement holds for h + 1 we have that:

VS’U(S,L) = Z Z wn(0]s)eon(als, e, 0) (rf(s,a, 0) + Z ph(s’|s,a,H)V,?fl(s’,gh(&a,b, S')))

acA OO s'eS

> Z Z Nh(9|5)50h(a|57L70) (rg(s,a,é)) + Z ph(s/|s,a,0)M£+1(s/,gh(s,a,L,sl))>

acA OO s’'eS

= Z Z :uh<9|5)’i(a|9) (7"2(5’ a, 9) + Z ph(5l|57 a, 9)M2+1<Sla q(a7 5/)>)>

acAfHcO s'eS
= Fh,s,M;jH(’i,Q)
>0 = M(s,1)

where the first inequality holds by the the inductive assumption, while the second inequality holds
thanks to Definition 3] O

Lemma 5. Let M, 2, Iy, (for h € H) be computed by Algorithm instantiated with any oracle Oy, 5,
as in Definition (3| and let o* = {(I}, ¥}, g}.) }hewn be an optimal promise-form signaling scheme.

Foreveryh € H, s €S, and 1 € I}(s), it holds that [1]s € I,(s) and M (s, [t]5) > V,?’U*(s, L).

Proof. We prove by induction that M (s, [1]5) > V¢ (s,¢) forall h € H, s € S,and ¢ € I} (s).

As a base for the induction, we consider h = H. Notice that My (s, [¢]5) is an upper bound on the
solution of Py s (.1, (M) (this holds by Definition . Moreover, &(ald) = ¢%(als, ¢, 6) and
q(a, s") = 0 is a feasible solution to Py, |,|, (M, ) and so (&, §) € \I/}[L’JS& C W%, This readily
implies that M, (s, [t]5) = V57 (s, 1), since:
My (s, [t]s) = v
> Hh,S,LfS(Ml(EIH)

max Fh,s,M;E,+1 (K, q)

(k,q) €Y, _5
> Fh,s,M?{+1 (’%7 Q) = Vgl (8, L)'

As for the inductive step, consider any h < H. First, we show that &(a|f) = ¢} (a|s,t,0) and
q(a,s") = [g;(s,a,1,5)]s is a feasible solution to Py, 5 |, |, (Mp ;). Then, we show that it gets
expected rewards larger than V,?’”* (s,).

First we prove feasibility of (&, ¢). Consider first the constraint of Equation (4a).

Z Z wn(0)s)k(alf) (r;‘j(s,a, 0) + Z pr(s'|s, a,0)q(a, 5'))

acA PO s'eS
= Z Z 1n(0]s)ey (als, ¢, 0) (TfFL{(S’ a,0) + Z ph(8/|57 a,0)[g; (s, a,¢, 8/)15>
a€A €O s'eS
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> Z Zﬂh(0|s)‘p;(a|sa L,@) (r,?(s,a,@) + Z ph(s’|s7a,9)g,§(s,a,L7s/)>

a€AHEO s'eS
Z L Z LLJ&

which proves that (&, §) satisfies the constraint of Equation (4a).

Now, let us turn our attention to the constraint of Equation (4b):

Z wn(0]s)k(al6) < n(s,a,0)+ Z ph(8’|s,a,9)d(a,s’)>

0€O s'eS

= Z 1n(8]s)eh (als, ¢, 6) <7’}F;(S, a,0) + Z ph(8/|8, a,0)[gh(s,a,¢, S/)W(;)

0€® s’eS
>3 un(0ls)er(als, 1, 0) (r%,a, 0) + > pu(s']s, a,0)g5 (s, a,1, s’))
0cO s’'eS

> " pn(0]s)¢} (als, 1, 0) (r;‘(s,a, 0)+ > puls']s, aﬂ)%(s')) :

0ce s'eS

Wthh proves (%, §) satisfies the constraint of Equation @) and thus Py, |, (M}, ;) is feasible,
(Ii q) S \IILLLS C \I/L S-

Now, we prove that it gets expected rewards larger than o*.
My (s, [t]s) =
> ps-s(Mp, )

= omax Iy s ()

(k@)€Y s

Z Fysg,, (75 Q)

= Z Z un(0]s)i(alf) < w(s,a,0)+ Z ph(s/|s,a,@)MizH(s',(j(a,s')))
/€O acA s'eS

= > unlBls)pi(ald..,0) (T}SL<5’G’9) + > pu(sls . 0) My (57, 7 (s, 0y 8’)16))
0€EO® ac A s'eS

> Z Z wn(0]s)r (ald, e, 0) <7’§(s,a,9) + Z ph(s/|s,a,@)VZfl*(s/,g}:(s,a,L,S’)))
€O acA s'eS

= VS (5' 1)

where we used the induction assumption in the second inequality.

In conclusion, for every ¢ € I;(s), it holds V,‘L’* (s,t) > 0, and, thus, M,f(s, [t]s) > 0, implying that
Ph.s,.—s is feasible and thus ¢ € Ij(s) O

Theorem 4. For any € > 0, given an approximate oracle as in Definition[3| Algorithm[3|instantiated
with § = €/2H runs in time polynomial in 1/e and the instance size, while it finds an e-persuasive
promise-form signaling scheme that guarantees expected reward at least OPT to the sender.

Proof. First of all we need to prove that the o returned by Algorithm [3is indeed a promise-form
signaling scheme. All the properties are trivially satisfied except for i) g (s, a, t,s") € Ip41(s") for
eachs € S,ac A s’ € S,and ¢ € Ij,(s), and ii) 0 € I;(s) for each s.

We start proving the first property. Let s € S,a € A, s’ € S,and ¢ € Ij,(s). Since ¢ € Ij,(s), by the
definition of Algorithmit holds that v > —oo, where (k, q,v) < Oh,s,/l—é(MifH) is the solution

returned by the call to the oracle. It is easy to see that this implies that M, (s, q(a, s')) > —oc.
We consider two cases.
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e If h = H, then we have by construction that My (s’,q(a,s’)) > —oc if and only if
q(a,s") = 0. Thus, gn(s,a,t,s") = q(a,s') =0 € Ig1(s).

e Ifh < H,then we M}, (s',q(a,s')) > —oc implying that v' > —oo, where (x/, ¢/, V") +
Ohﬂysgq(ays/),g(M}fH) is the solution returned by the call to the oracle at step h + 1. By
the definition of Algorithm 3] this implies that g(a, ) € I11(s’). Thus, g (s, a,t,s') =
q(a,s") € Tgy1(8).

Now, we prove the second property. We only need to prove that for all s € S we have 0 € I1(s)
but this is easily proved by Lemma [3] instantiated for h = 1 and ¢« = 0. Indeed we have that

M?(s,0) > V27 (s,0), where we recall that M (s,0) = v and (k, ¢, v) < O 5 _s(MZ). By the
definition of Algorlthmlthls implies that 0 € I (s).

Then, we prove the persuasiveness. By Lemma 3| we only need to prove that o := {(I1, ¢n, gn) then
satisfies the constraint of Equation [2|and that are n-honest for some 7). This holds trivially for n = 26
as forall h € H,s € S and ¢ € I(s) we have by construction that for all h € H,s € S and
v € In(s), and (k, q,v) < Ops,—s(Mp . ) we have

on(als,t,0) = k(ald), gn(s,a,t,s)=qla,s)

and by construction (x, q) € \I/ffz s- This implies that the constraints of Equation (#a)) and Equa-
tion (4D} are verified and we can apply Lemmaa 3| which let us conclude that o is (20 H )-persuasive.

We now prove the optimality of the signaling scheme o returned by Algorithm[3] By combining
Lemma 4| and Lemma|[5| we have that for all s € S,h € H and ¢ € I} (s)

V7 (s, [1]s) = Vi (s.0).
Then:
OPT < V'S¢

= S BEHVEY ((5))

seS

=3BV (5,0)

seS

<> B(s)Vy(s,0)

seS

=" B(s)V¥?" (5,0)

seS
S,
=VSe,

which proves our statement. O

E Proofs omitted from Section

In this section we prove that the optimization problem R, s , (M) admits a polynomial time algorithm
that finds an exact solution. We rewrite here for clarity the problem R, 5 ,(M):

LSS i 0ls)elalo) (135,000 + X (s ) X o, r(s ) ) )

FAXS—A(Ds )066 acA s'eS V' €Ds(s", M)
(18a)
s.t. Z Zuh 0)s)k(al) <7“h(s a, ) + th "Is,a 9)( Z L’-(j(L’(:L,S’))) > (18b)
acAfdcO s'eS V€Ds(s",M)
th 0|s)k(ald) <7"h(sa9 +th |sa0)( Z L’.q(/|a,s/)>) >
0cOe s'eS V' €Ds(s",M)
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Zﬂh (0]s)k(al) <rh(s a,0) + th (s|s,a’ 9)Vh+1( )) Va,a' € A.  (18¢)

0coe s'eS

Even if the optimization problem is defined over functions, clearly we can represent the functions x
and ¢ with finite number of variables with linear constraints (to assure that the the function’s outputs
are distributions). In order to handle the quadratic terms of R, 5 (M) we define a “product” variable
Zas, foreverya € A s’ € S, and v € Dy(s’, M), which is used in place of

Zﬂh 9 S a|9)ph( /|S,a,9)(j(L/|a,S/)
0co
in Program[18aland has to satisfy the constraint forall a € Aand s’ € S:
Z Zas' = Zuh (0, s)k(ald)pn(s'|s, a,6).
VE€Ds(s",M) 0cO

For the linear variable we can introduce the non-negative variables £, o = x(a|6) for each § € © and
a € A, that need to satisfy the simplex constraint for all § € ©, i.e., Y, 4 &a,0 = 1. By using these
variables we can write the problem as an LPy, 5 ,(M):

&I?gu@ Z Zfa otn(0)s) Th s,a,0)+ Z Z Z Za,sr o M(s', 1) (19a)

z, o o ER, AEAOEO s'€S a€A /€Dy (5", M)
s.t. Z Z Eaoiin(0]8)rR (s, a,0) + Z Z Z U Zasa >0 (19b)
acA 0O s'€eSacAeDs(s',M)
Z fa,eﬂh(ms)?"g(& a, 9) + Z Z Je Za,s’ i/ >
[4SC] s'€S €Ds(s',M)

Z Eaomn(0]s) (rg(s,a',ﬁ) + Z p“s’s,a’,ﬁ)fﬁﬁds’)) Va,a' € A (19¢c)
0c0 s'€S

Z Zasiu = Z wn(0,8)€a.0pn (5|5, a,0) Vs' € S,Yae A (19d)
V'€Ds(s',M) 0coe
Y Gn=1 Vo€ O. (19%)
acA

Since LP}, s, (M) has polynomial number of variable and constraints one can find a solution in
polynomial time.

The next two lemmas show that one can use LP), ; ,(M). The first shows that any solution to
Rh,s,. (M) can be used to find a solution to LPy, 5 ,(M).

Lemma 7. Let (r,q) € U1 be a feasible solution to Ry, s,,(M), then there exists a feasible solution
to LPy, 5 (M) with the same value.

Proof. Let (k, §) be a feasible solution to R}, s ,(M). Then define:
Za,si o = Z pn(0, s)k(al0)pn(s’|s,a,0)q( |a,s"),Va € A, s" € S, € Ds(s', M),
9€0

and
a0 = k(ald),Va € A,0 € O.

Then one can show by direct calculation that all the constraints of LPy,  , (M) are satisfied and that
the objective value of LPy, 5 , (M) is Qy, 5, (M) (which is the value of program Ry, 5 ,(M)). O

The next lemma show a result which is “complementary” to the one above.

Lemma 8. Given a feasible solution of LPy, s (M) one can find a solution to Ry, s ,(M) with at
least the same value.
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Proof. Given a feasible solution z and £ to LPy, ; , (M ). Construct a solution (s, §) to Ry, s, (M) as
follow for each v’ € Ds(s’, M),a € Aand s € S:

ety AT 2 Hn(0,5)€a0pn(s']s,a,60) > 0
(V' ]a, 8) = 4 omp(OCaorn(lsaf) iy
I(s' =0) otherwise

and foralla € Aand § € ©:

k(alf) = Eq 0.

Notice that if for a specific h € H,s € S, s’ € S and a € A, the constraint of Equation (I9d) impose
that if ) "y o (0, 8)€a.00n (5[, a,0) = 0 then 2z, o ,» = 0 for all /. This means that in any case
the following condition holds:

Za,s' W = Z Hh (9, 3)£a,9ph (3/|57 a, 9)6(L1|aa 3/)' (20)
[ASC)

We now fix any h € H,s € S and v € D; show that the constraints of Ry, s (M) are satisfied, by
using Equation (20). Let us start with the constraint of Equation (T8b):

Z Z un(0)s)k(al) | rR(s,a,0) + Z pr(s']s, a,0) Z /- q(dla, s")

aEA0EO s'ES v €Ds(s", M)
= Z Z fa,elih(9|3)7"2 (87 a, 0) + Z Z Z Z ngaﬁ//'h (Q‘S)ph(‘sl"sv a, G)Q(Ll‘av sl)
acAHcO a€A €O 1€Ds(s", M) s’ES
= Z Z Eaoin(0]8)rR(s, a,0) + Z Z Z U zas
acA 0O a€AsES 1e€Ds (s’ , M)
>t

where the last inequality hold as (z, &) is a feasible solution to LPy, 5 ,(M). This proves that the
constraint of Equation (T8b) is satisfied.

For Equation similarly:

Z pn(0]s)k(alf) | 7R(s,a,0) + Z pr(s'|s,a,0) Z gl a, s")

0€O s'eS V€Ds(s",M)
fz&guhﬂ rh5a9 +Z Z beaguh 0|3)pn(s|s, a,0)q(¢ |a, s")
) 0€0 .eDs(s', M) s'€ES
B SRR TSRS SH SIS SPO
) 0€0 1eDy (s, M) s'€S
> Z ga,Gﬂh(els) (TS(S,G/, 9) + Z ph(s/\s, a/’ 9)‘715'-1 (5/)> ’
6co s'eS

where in the last inequality we used that (z, £) is a feasible solution to LPy, 5, (M). Thus the constraint
of Equation (I8¢} is verified. This proves that (x, §) is feasible for Ry, s ,(M). Then, by plugging
Equation (20) into the objective of Ry, s, (M) one directly prove that the values of the two problems
is the same. O

Now we are ready to prove the main result of this section:
Lemma 6. The problem Ry, s,,(M) can be solved in time polynomial in 1/§ and the instance size.

Proof. Take a solution (z, ) to LP, 5 ,(M). This can be done in polynomial time as LP}, 5 , (M)
is a linear program with polynomial many variables and constraints. Then apply to the solution
(2, &) the trasformation used in Lemmato obtain a feasible solution to Ry, s, (M). This gives an
optimal solution to Ry, s, (M). To prove the last result, assume that there would exists a feasible
solution (k’, ") to Ry 5., (M) such that F}, (K, q ) > Fy, s.m(K, §), and apply the trasformation
defined in Lemmal Th1s would find a solution (2, &) strictly better then (z, ) which contradicts
the optimality of (z, ) for LPy, 5 ,(M). O
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Theorem 5. Foreveryh € H, s € S, and 1 € Dy, ifAlgorithmis used for all h' > h as approximate
oracle Oy 5, in AlgorithmEI then it implements an approximate oracle as in Deﬁnition@

Proof. Fixany h € H,5 € Sand 7 € Ds. We show that for h = h+1, s € S and for any distribution
v € A(Ds), it holds that:

M (s, LZLGD(;(S,M;E) L’Y(L)Jé) 2 ZLGDJ(S,M,f) ()M} (s,0), 2

where the table M} is the one built by Algorithm 3| with oracle of Algorithm 4]
Define tg := >, cp, (s MY ~(¢). Then for every ¢,¢" € Ds and ¢" < + we have that

Qh,s,b’ (M}f) 2 Qh,S,L(M}(E)7

as ¢ it only appears in the RHS of the constraint of the problem R, 5 , (M| ;,5)
By construction of Algorithm [3]we have that:

MS(S, L) = Qh,S,L(M£+1)7

and that by Lemmaand Lemma Qh,S’L(M;fH) is equal to the value of LPy, 5 , (M) described by

Equations (I9), for each ¢. This means that the function ¢ +— Qy, ¢, (M} +1) is concave [Bertsekas,
1998, Theorem 5.1].

Thus for every distribution v € A(Ds) we have:
Qh,S,(ZLEps L"y(L))(M}f+1) 2 Z g(OF Qh,S,L(M}iLl)'
LEDg

Observe that we cannot apply directly the above concavity property as, for every s € S, in Equa-
tion (ZI) we are only selecting the components of y such that M/ ,‘f > —00.

To solve this problem we can, for any distribution v € A(Dy), table M and s € S. define the new
distribution 4 on D (s, M) that puts all the mass on the —oo components of M on 0. Formally 4(¢) =
7v(¢) for all ¢ € Ds(s ar), and 7(0) = ¥(0) + 3=, cp,\ py(s,ar) V(¢)- Note that with this definition

we have g = ZLeDJ(s,M) t-%(¢) and ZLGDJ(S,M) ()5, (M) < ZLeDé(s,M) ()25, (M).
Combining these inequalities we can conclude that:
M3 (5, [ uepy (5,015 Y (0]6) = Qs Lz 15 (M 1)
> Qh,s,L]E (M}f-i-l)

> Z A(e) - Qh,s,L(Mf(z-&-l)
L€Ds (S,M;E)

> Y ) s (Miy)

LEDg (S,M}f)

= Y A0 Mi(s0),

L€Ds (s,M}‘z)

where the last inequality follows since it is easy to see that {2, 5 o (M, ,‘f +1) > 0 and the last equality
follows from Lemma(7] This proves Equation 21).

Now assume that (&, §) is a the optimal solution to Ry ; ;(M?_ ). Clearly if (s, G&) € \I/?’g then

_ h+1
(k,q) € W%, where g = [ ]s.
Using the inequality of Equation (ZI) we can readily perform the following inequalities:

Frsp, (K 4)

= Z Z Mh(9|§)’%(a|9) (risz(sv a, 9) + Z ph(8/|§, a, Q)Mg+1(sl7 q(a7 S/))>

€O ac A s’eS
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> wn(0]8)k(alf) (7‘2(8, a,0)+ Z pi(s']5,a,0) Z q(V|a, )M (s, L/)>

’ 5. Mo
s'eS L/EDE(‘S’NIEJA)

and thus Algorithm [ returns a tuple that satisfies the conditions required by Definition 3] O
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