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Abstract

Inverse problems for parameter identifica-
tion in systems governed by partial differ-
ential equations (PDEs) arise in many ar-
eas of science and engineering. Tradition-
ally, such problems have been addressed using
classical numerical methods. More recently,
physics-informed neural networks (PINNs)
have emerged as a promising alternative for
learning PDE-constrained models directly
from data. However, providing principled
uncertainty quantification (UQ) for the pre-
dictions obtained using PINNs remains a sig-
nificant challenge. To address this limitation,
we introduce flowPINNs, a probabilistic frame-
work for estimation and UQ in PDE parame-
ter inverse problems. The central idea is to
define a variational posterior that combines
a normalising flow approximation for the dis-
tribution over the PDE parameters with a
parameterised PINN representing the corre-
sponding PDE solution. This joint formula-
tion enables efficient posterior inference via
maximisation of the evidence lower bound
(ELBO), thereby casting the inverse problem
as a tractable optimisation task. Through a se-
ries of numerical experiments, we demonstrate
that lowPINNs can achieve improved perfor-
mance with strong computational efficiency
when compared to existing UQ approaches
for PINNS.

1 INTRODUCTION

Parameter inverse problems involving partial differen-
tial equations (PDEs) aim to identify latent physical
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parameters from indirect, noisy, or incomplete observa-
tions (Kaipio and Somersalol 2005)), and they arise in
many scientific and engineering applications (Arridge
et all |2019; |Stuart, [2010; |Gao et al., 2015). Such prob-
lems have traditionally been addressed by embedding a
forward PDE solver, such as the finite-element method
(FEM) (Sabat and Kundu, [2020), within a parame-
ter calibration procedure that aligns model predictions
with observational data. However, this approach can
be computationally expensive, as accurate parameter
estimation typically requires hundreds or thousands of
repeated evaluations of the numerical solver (Karni
adakis et al., [2021al).

Physics-informed machine learning (PIML) has
emerged in recent years as an alternative paradigm
for PDE modelling (Cuomo et al., |2022)). PIML inte-
grates knowledge of the underlying PDE directly into a
machine learning model, which can yield improved in-
terpretability, accuracy, and generalisability over purely
data-driven approaches (Rackauckas et al., 2020; [Ryan
et al., |2026]). Among PIML methods, physics-informed
neural networks (PINNs) (Raissi et al., [2019) have be-
come the most widely adopted framework. A PINN
represents the physical field of interest with a neural
network surrogate whose objective function incorpo-
rates the governing PDE residual, thereby enforcing
physical consistency while avoiding the need for an
explicit numerical solver.

Uncertainty quantification (UQ) in PDE inverse prob-
lems is critical for assessing the credibility of predic-
tions, guiding data acquisition, and supporting robust
decision-making under uncertainty (Peherstorfer et al.|
2018}, |Psaros et al.l [2023)). Several probabilistic PIML
approaches have been proposed to address this chal-
lenge, most notably Bayesian PINNs (B-PINNs) (Yang
et al.l [2021). By embedding PDE knowledge into a
probabilistic learning process, B-PINNs can provide
more informative and reliable solutions than determinis-
tic alternatives. Nevertheless, inference in B-PINNs re-
mains challenging. Markov chain Monte Carlo (MCMC)
methods are asymptotically exact but computationally
expensive, and typically sensitive to measurement noise
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Figure 1: Samples from a trained flowPINN (see Eq. for a one-dimensional reaction diffusion PDE, Fg. A
normalising flow g4 defines an approximate posterior distribution over the PDE parameters 6 = (61, 6), from
which 1000 samples have been drawn (left panel). Each sample 8; ~ g is mapped to an associated PINN solution
U (-, 0;) (centre panel), and forcing term Fg, [ue](-, 0;) (right panel). The uncertainty in 6 and w arises from
noise in the sparse observation data. The comparative lack of uncertainty in f reflects the (soft) enforcement of
the governing PDE by the flowPINN, whereby it is trained such that Fg, [u,](-, 0;) ~ f(-) for all 8; ~ g4. Further

discussion is provided in Appendix E

hyperparameters. Variational inference (VI) offers a
more efficient alternative, yet traditional factorised VI
methods generally fail to achieve competitive perfor-
mance in this setting.

To address these challenges, we introduce flowPINNs,
a novel VI framework for inference and UQ in inverse
problems involving PDE control parameters. A flow-
PINN combines a normalising flow with a PINN to
define a joint variational posterior over the PDE param-
eters and solution function which mirrors the posterior
structure obtained when using a traditional numeri-
cal solver. The model is trained against the evidence
lower bound (ELBO) with respect to both observation
data and PDE residual points. Through numerical
experiments, we demonstrate that lowPINNs consis-
tently outperform existing VI approaches and achieve
performance comparable to, or exceeding, MCMC sam-
pling, while offering improved computational efficiency.
Moreover, lowPINNs infer noise hyperparameters adap-
tively, eliminating the manual tuning commonly re-
quired by B-PINNSs.

2 BACKGROUND

2.1 Partial differential equations

Partial differential equations (PDEs) are mathemati-
cal models widely used in science and engineering to
describe how physical quantities evolve over space and
time. A scalar PDE can be represented in the general
form

Folul(x,t) = f(x,t), (x,t) e Qx(0,T], (1)

where Q ¢ RP is the spatial domain, ¢ denotes time,
f is the forcing term (equal to zero for unforced sys-
tems), Fg is a PDE operator with control parameters
0 ¢ ® C R, and u is the solution function. Im-
posing additional constraints on u at the initial time
t = 0 and along the domain boundary 02 defines an
initial-boundary value problem (IBVP). For well-posed
PDEs, these constraints guarantee the existence and
uniqueness of the solution to Eq. (Strauss, |2007, Ch.
1.5).

The most fundamental task associated with an IBVP
is the forward problem of computing the solution wu,
while inverse problems involve the inference of system
properties from observational data. In this work, we
focus on parameter inverse problems, where the goal
is to infer both the PDE parameters 8 and solution u
from a dataset of noisy measurements of u.

2.2 Physics-informed neural networks

A physics-informed neural network (PINN) (Raissi
et al,[2019)) is a deep learning model designed to model
systems governed by PDEs. To solve a parameter in-
verse problem with a PINN, the solution function is
represented by a neural network u,,(x,t) with parame-
ters w. The PDE parameters 0 are jointly estimated
with the network parameters w by minimising a multi-
task loss function which typically comprises a data
mismatch term, a PDE residual term, and a bound-
ary/initial condition mismatch term:

L(w,0) = Lata(w) + Lppe(0,w) + Ly, i(w), (2)

The PDE residual Lppg measures the discrepancy be-
tween the true forcing f and the network-induced forc-



ing Foluw] at a discrete set of collocation points in the
spatio-temporal domain, with derivatives computed via
automatic differentiation.

PINNs have been successfully applied across a wide
range of scientific domains, including fluid dynamics
(Jin et al., [2021)), solid mechanics (Haghighat et al.,
2021)), and electromagnetics (Karniadakis et al., 2021b)).
In their standard form, however, PINNs do not provide
UQ for either the inferred PDE parameters or the
predicted solution. This limitation has spurred the
development of several different UQ approaches for
PINNs, which we review in Section

2.3 Normalising Flows

Normalising flows construct flexible probability distri-
butions by applying a sequence of invertible transfor-
mations to a simple base distribution (Prince, 2023,
Ch. 16). Formally, let zo be a random vector with
a known density ¢o (typically Gaussian), and let
g1, - - -, g besmooth, invertible functions. A normalis-
ing flow defines a distribution over the final transformed
variable zx through the recursion

zr =g,(zk-1), k=1,...,K. (3)

The invertibility of each g,, allows the log-density of zx
to be computed using the change-of-variables formula
(Devore et al.l [2012, Sec. 4.7):

det

log go(20) Z log

log q(zk) = (4)

azk 1

Inverse Autoregressive Flows. Different flow ar-
chitectures correspond to different parameterisations
of the transformations g, in Eq. . In this work, we
use inverse autoregressive flows (IAFs) (Kingma et al.l
2016)), which are particularly effective for variational
inference due to their efficient sampling properties (Pa;
pamakarios et all 2017). In an IAF, each transfor-
mation g;, is defined using a masked autoencoder for
distribution estimation (MADE) (Germain et al., 2015]).
MADE enforces the following autoregressive structure
on the components of zj:

Z,(f) = Z,(Ql exp(o) + f4, (5)

where the parameters are computed as

p=an (#577) e=a (557Y). 0

with g,, and g., being neural networks that de-

pend only on the preceding components zg 11 -

(z,(cl)l, . (l 1)) This autoregression ensures that the

Jacobian of each transformation g, is lower triangular,
which allows the log determinant terms in Eq. to
be computed efficiently.

3 PROBLEM STATEMENT

We consider parameter inverse problems in which,
given a PDE operator Fp and specified initial and
boundary conditions, the objective is to infer and
provide Bayesian UQ for the control parameters 6
and solutlon functlon u. We assume that a dataset

{([ ], yq(f))}f\r:“i is available, where the ob-
servatlons yu are corrupted by iid zero-mean Gaussian
measurement noise:

y) = (@) 40) + <0, DN ©07). (1)
We now review two existing approaches for solving this
class of problem, which will serve as baselines for the
method introduced in Section [

3.1 Conventional Numerical Solvers

The gold standard approach to solving PDE parameter
inverse problems relies on a conventional numerical
solver (CNS), such as the finite-element (Zienkiewicz
et al., [2005)), finite-difference (Smithl [1985)), or finite-
volume (Eymard et al.| [2000) methods. A CNS can
be used to define a likelihood function £, for the un-
known parameters 6 (see Figure a)7 which is evaluated
in two stages. Firstly, for a given parameter value 6, the
CNS computes the solution ug that satisfies the IBVP.
Secondly, predictions from ug are passed through the
Gaussian observation model to evaluate the likelihood.
Combining this likelihood with a prior distribution
p(0) yields the posterior p(6 | D,,) x L, (0; D,,) p(0).
This posterior can be explored using a Markov chain
Monte Carlo (MCMC) sampling algorithm (Gamerman),
2006)), which provides full UQ over the parameters 6,
and consequently over the solution function w.

A key drawback of this approach is that each evalua-
tion of the likelihood L., requires solving the IBVP
explicitly, which can be computationally expensive for
systems governed by complex PDEs. This computa-
tional burden has motivated the development in recent
years of PIML methods for inverse problems (Karni{
adakis et al., [2021a). PIML approaches avoid the need
to repeatedly solve the governing PDE, potentially of-
fering substantial computational gains (e.g. Buoso et al.
(2021))).

3.2 Bayesian PINNs

The Bayesian PINN (B-PINN) (Yang et al. [2021)
is a PIML method that can be used for PDE pa-
rameter inference and UQ. In this framework, the
unknown solution of the PDE is represented by a
neural network wu,: Q x [0,7] — R, which serves
as a flexible function approximator. The governing

PDE is incorporated through a collocation dataset



a CNS: £, (0; D,,04)

b B-PINN: £,(6,w; D,,, Dy)

c flowPINN: L, »(0; D.,, Dy¢)

Require: parameters 0; data D,;
hyperparameter .

ug < SOLVE-IBVP(H)

Y, + up(Xy)

ACdata — N(qu UIQLI)[yu]
Return L4,

@u  Uw (XU)

Yy Foluw|(Xy)
Edata, < N(’[Ju, U?J)[?Ju]
ﬁpde — N(@fa U?I)[yf]
return Lggtq - Lpde

Require: parameters 0, w; data Require: parameters 0; data D,,
D, Dy; hyperparams o, 0.

Dy; hyperparams w, oy, 0y.
Yo — Uw(Xy, 0)

Yy + Foluw|(Xy,0)

Edata «— N(@u? 031)[yu]
Lpde <_/\/(@JC»CT?I)[?JJC]
return Lggiq - Lpde

Figure 2: Pseudo-code for evaluating the likelihood functions for a CNS, B-PINN and flowPINN. Inputs from
D, are labelled X,,, and inputs from Dy are labelled X¢. FEach evaluation of the CNS likelihood £, requires a
numerical solution to the IBVP. The B-PINN likelihood L, avoids this, but greatly increases the dimensionality of
the likelihood space by introducing the PINN parameters w. A flowPINN combines aspects of both: its likelihood
Ly o is only defined over the PDE parameters 8, and the IBVP is never explicitly solved. This is achieved by
treating w as a hyperparameter of L, o, rather than a direct input.

Dy = {([:1:5‘?)7 tgf)], yy))}fvzfl, w}%ere the modeller is free
to select the locations of the input points to ensure
good coverage of the spatio-temporal domain.

While observations of the solution typically contain
noise, the collocation points are inherently noise-free be-
cause the PDE is assumed to be known exactly. Never-
theless, to define a well-behaved likelihood for Bayesian
inference it is common to assume a small Gaussian
observation noise,

7 % % % ) iid
g = f@P ) 10, PR N(0,03),  (8)

where oy is a nugget hyperparameter introduced for
numerical stability.

This formulation enables the construction of a joint
likelihood L, over the PDE parameters 8 and neu-
ral network parameters w (see Figure [2|b), given the
noise parameters o = [0y, Uf]E' Unlike the CNS ap-
proach, the B-PINN likelihood can be evaluated with-
out explicitly solving the IBVP; instead, the £,4. term
provides a soft enforcement of the PDE constraint.
Given independent priors p(€) and p(w), the resulting
B-PINN posterior takes the form p(6,w | Dy, Dy)
Ls(0,w; Dy, D) p(0) p(w). This posterior is analyti-
cally intractable, necessitating the use of approximate
inference methods, two of which we detail below.

MCMC sampling can be used to perform inference in
a B-PINN model, as with a CNS. However, the B-PINN
posterior is defined over both the PDE parameters
and the neural network parameters w, whereas the CNS
posterior depends only on 8. In many practical ap-
plications the number of unknown PDE parameters is

'For notational clarity, we omit explicit treatment of
initial and boundary conditions here. In practice, these
constraints can be incorporated through an additional like-
lihood term or enforced exactly via transformations of the
PINN output (Sukumar and Srivastava, [2022)).

relatively small. For example, in systems biology (Duk
et al., [2021)), cardiac mechanics (Buoso et al.l 2021)),
and haemodynamics (Paun et al.,[2020)), only a handful
of parameters are typically inferred. By contrast, even
modest PINN architectures involve thousands of train-
able parameters w. Consequently, MCMC sampling
for a B-PINN must explore a much higher-dimensional
space than for a CNS, which can degrade sampler effi-
ciency and mixing (see for instance Figure .

Variational inference offers a more computation-
ally efficient alternative to MCMC by approximat-
ing the true posterior within a prescribed family of
distributions. A widely used simplification is mean-
field variational inference (MFVI), which assumes pos-
terior independence between groups of latent vari-
ables (Jordan et all [1999). In the PDE inverse
problem setting this leads to the variational family
OMF = {q(@,w) = qg(0) qw(w)}, where gg and q,, are
probability densities.

When the PDE solution depends non-trivially on the pa-
rameter vector 8, the mean-field independence assump-
tion becomes restrictive, as it prevents the variational
distribution from capturing the posterior dependency
between w and 6. This limitation of MFVI motivates
the variational framework proposed in the following sec-
tion, which is designed to capture the correct posterior
structure.

4 FLOWPINNS

Given the discussion in Section 3] our goal is to develop
a PIML framework that avoids explicitly solving the
governing equations (as in a B-PINN), while performing
probabilistic inference only over the PDE parameters
6 (as in a CNS). To understand how this might be
achieved, consider the following question: why does the



CNS-based likelihood in Figure(a) depend only on 8,
even though the solution function u is also unknown?
The answer lies in the well-posedness of the IBVP: given
a specified value of @, the solution function wu is unique
and therefore deterministic. As a result, all uncertainty
in the system can be attributed solely to the parameters
6. This implies that the CNS-based joint posterior over
0 and u admits the following factorisation

p(0,u| Du) = p(6 | D) - p(u| Dy, 0)
=p(0 | Du) - 6(u — up) 9)

where §(u — ug) denotes a Dirac delta distribution
centred at the unique solution ug corresponding to the
parameter value @, as computed by the CNS.

Motivated by this factorised structure, we propose the
following approximate posterior

4p.w(0,u) = 4g(0) - 6(u —uu (-, 0)).  (10)

Here ¢4(0) is a flexible variational distribution mod-
elled by an IAF with 8 = zk, and §(u — uy(-,0)) is
a Dirac distribution centred at a parameterised PINN
Uy Qx[0,T] x ©® — R, defined over the joint space of
spatio-temporal and PDE parameter inputs (Cho et al.|
2024)). We refer to this architecture as a lowPINN.

Note that evaluating the Dirac delta in Eq.
amounts simply to fixing the input value of 8 € ©
in the parameterised PINN w,,. This contrasts sharply
with CNS-based posteriors, where evaluating the analo-
gous Dirac delta in Eq. @ requires an expensive call to
the numerical solver. Furthermore, although the Dirac
mapping 6(u — uy(+,0)) is deterministic, the stochas-
ticity in 8 ~ g4 induces a distribution over possible
PINN solutions (see Figure [1] for an illustration).

The flowPINN likelihood function L, is shown in
Figure[2|(c). Its structure is similar to that of a B-
PINN, but with an important distinction: in a B-PINN,
the PINN parameter vector w is treated as an input to
the likelihood, which is sampled during inference. By
contrast, a flowPINN treats w as a hyperparameter of
the likelihood, which is optimised during inference.

The quality of the posterior approximation provided
by ¢4, depends on the values of the flow parameters
¢ and the PINN parameters w. Furthermore, in most
applications the noise parameters o are also unknown
a priori. To learn all three sets of parameters, we
adopt the standard variational inference approach of
maximising the evidence lower bound (ELBO) (Jordan
et al., |1999):

ELBO(w, ¢,0) = Ey, [log Lo+ (0; Dy, Dy)]
— Dxrlge(0) [ p(0)] -

The ELBO embodies the typical likelihood—prior trade-
off in Bayesian inference (Blei et al., [2017)). The first

(11)

term is the expected log-likelihood under the variational
distribution and acts as a data-fit term encouraging
accurate predictions. The second term is the Kull-
back—Leibler (KL) divergence (Murphy, 2023, Ch. 5.1)
between the variational posterior and the prior, which
acts as a regularisation term.

Since gg has been specified as a normalising flow, the
ELBO can be re-written as an expectation with respect
to the simple base distribution ¢y (see Appendix .
Although this expectation is analytically intractable, it
can be approximated efficiently using samples from gq.

4.1 Training

Unlike a standard variational inference problem, the
ELBO objective in Eq. contains trainable param-
eters not only in the variational distribution g¢, but
also in the likelihood approximation through the pa-
rameterised PINN u,,. Previous work has shown that
approximate posteriors with this structure can overfit
the observation data and underestimate the true level
of uncertainty (Yin and Zhou, 2018 Proposition 1),
(Dabrowski and Pagendam), {2022, Appendix C). To
mitigate this issue, we propose a three-stage training
procedure for the flowPINN model.

In Stage One, a coarse approximation to the posterior
over @ is learned using randomly subsampled data. In
Stage Two, the PINN is trained within the parameter
support defined by the Stage One posterior while other
parameters are held fixed. Finally, in Stage Three, the
flow and likelihood parameters are learned using the
full dataset with the PINN held fixed.

Stage One. In the first stage we jointly optimise the
PINN parameters w, the flow parameters ¢, and the
likelihood parameters o by maximising a subsampled
ELBO:

Wi, ¢}, 0F = argmax ELBO(w, ¢,0; M).  (12)

w,p,0

Here ELBO(+; M) denotes the ELBO evaluated on data
subsamples of size M < N,. Specifically, at each op-
timisation step we randomly sample M observation
points (Eq.[7) and M collocation points (Eq.[8) and
compute the ELBO using only these samples. Subsam-
pling in this way injects stochasticity into the training
routine and produces an implicit regularising (temper-
ing) effect (Mandt et al., 2016], 2017} [Smith and Lel
2017)). For a flowPINN;, this effect encourages the flow
posterior gg: to remain diffuse and cover a broader
region of the PDE parameter space ©.

Stage Two. In the second stage we refine the PINN
parameters by maximum likelihood, with the flow pa-



rameters held fixed:

w* = arg max Eg,y [log Lo+ (0 | Dy, Dy)] . (13)

This step trains the PINN to provide accurate pre-
dictions in the region of © to which g assigns high
probability.

Stage Three. In the final stage we use the full-data
ELBO to update the flow and likelihood parameters,
with the PINN held fixed:

¢*, 0" = argmax ELBO(w*, ¢, o).
.0

(14)

A single application of Stage Two is sufficient because
additional iterations after Stage Three has been com-
pleted would only retrain the PINN on a subset of the
region where it is already accurate (see, for instance,
Figure, resulting in unnecessary computation with-
out any expected improvement.

Choice of subsample size. The degree of regular-
isation in Stage Ome is controlled by the subsample
size M. A smaller value of M reduces the influence of
the dataset and therefore yields a more diffuse Stage
One posterior gg: which is closer to the prior (see Fig-
ure. Appendix presents a sensitivity study
on M, which shows that the final learned posterior
is largely insensitive to its value, provided it is small
enough for ge: to cover the gold standard posterior. In
our numerical experiments we set M to the smallest
value (typically M = 5) that yields a stable estimate of
the nugget noise hyperparameter oy (see Figure.

4.2 Related work

PINN-based UQ methods. Bayesian approaches
have become widely used for UQ in PINNs, most no-
tably through B-PINNs, as discussed in Section [3.2]
Various extensions have since been proposed, including
adaptively re-weighted (Perez et al., 2023), domain-
decomposed (Figueres et al., |2025), error-aware (Graf
et al, [2022), and warm-started variants
2024). These models have been applied across diverse
domains such as materials science (Olivier et al., 2021
Fernandez et al., |2023), power systems (Stock et al.
2023)), wildfire modelling (Dabrowski et al., |2023)), and

fluid dynamics (Liu et al., [2024).

Beyond B-PINNSs, other UQ-enabled PINN variants in-
clude Langevin dynamics-based approaches (Bai et al.|
2021)), physics-informed GANs (Yang et al.l [2020; Meng|
et al.L . Ensemble methods can also offer strong
UQ performance in physics-informed settings (Psaros
et all 2023)). These include deep ensembles (Lakshmi-
narayanan et al) 2017), which train multiple PINNs

from different random initialisations, and snapshot en-
sembles (Huang et all 2017), which extract multiple
parameter samples from a single training run.

Alternative UQ methods. A range of machine
learning approaches have been explored for parameter
inference and UQ in PDEs. Statistical emulators (Gra;

2020)), for example, have been used to address

PDE inverse problems (Davies et al., 2019; [Maso Talou
, but typically require a large number of for-
ward model evaluations to train the surrogate. Physics-
informed Gaussian processes (GPs) have also been
investigated (Raissi and Karniadakis, 2017 [Long et al.l
2022; [Pfortner et al., [2024), although these methods
are generally more effective for linear PDEs. A more
recent direction is the statistical finite-element method
(statFEM) (Girolami et al., 2021} Duffin et al.l 2021}
[Akyildiz et al., 2022), which differs fundamentally from
the PIML approaches discussed here because it requires
the governing equations to be solved at each iteration
of training.

Alternative parametrisations of Eq. (10). We pa-
rameterised the approximate variational posterior in
Eq. using a normalising flow and a PINN, which
offers modelling flexibility and efficient ELBO-based
training. However, the underlying principle of the vari-
ational approximation - whereby all uncertainty enters
through the PDE parameters - is not limited to this
choice.

For example, the flow could be replaced by a neural
transport map (Ambrogioni et al., 2018), an implicit
generative model (Liu and Wang|, [2016), or a hier-
archical variational model (Ranganath et al., 2016).
Similarly, the PINN could be replaced with a neu-
ral operator (Li et al. 2024, 2021; Lu et al. [2021),
physics-informed convolutional or graph neural net-
works (Fang| 2021; |Gao et all [2022)), or a hybrid
data/physics-informed architecture (Kelshaw and May
. These alternatives may increase modelling
flexibility and enable extensions to problems with, for
example, spatially varying parameters, varying do-
mains, or shock-like PDE behaviour, although often
at the cost of increased complexity or loss of explicit
density evaluation.

5 NUMERICAL EXPERIMENTS

We evaluate the performance of the lowPINN frame-
work on several synthetic inverse problems in Sections
and The experimental setup is summarised
below, with full implementation details provided in

Appendix



Table 1: Summary statistics for experimental results. Arrows indicate whether higher (1) or lower (J) values correspond to
better performance. Values shown as mean 4 one standard deviation. RMSE levels are rescaled for readability.

PDE Poisson2D Poisson3D

Target U 0 U 0

Evaluation RMSE | NIP-G 1 RMSE | JSD | RMSE | NIP-G 1 RMSE | JSD |
Gold Std. 124425 100 12.24+4.4 3.0+0.3 100 11.2+1.7 0.0
flowPINN 12.7+2.0 98.0+1.4 7.7+2.1 0.62 +0.08 29403 97.4+1.6 9.3+1.0 0.10+0.04
hmcPINN 15.6 +£3.6 96.3 £2.7 12.7+4.9 0.63+0.13 3.44+0.3 95.1+1.3 7T.7+14 0.34+0.08
mfviPINN 152.4+94 64.0 £4.2 81.6 £5.2 2.83+0.26 23.0+2.8 82.5+54 29.4+17.3 10.10+0.6
mcdPINN 27.0+3.0 79.1+5.7 17.943.8 0.93+0.15 12.24+0.9 81.0 5.7 38.2+2.2 1.52 +0.11
densPINN 15.5+4.2 87.3+7.5 16.0+5.7 1.85 £0.40 3.0+0.4 86.0+4.3 4.0+1.4 1.81 +0.31
malaPIGP 14.84+4.4 96.6 +2.5 11.94+4.8 0.69 +0.13 - - - -
PDE FisherLike Burgers

Target U 0 U 0

Evaluation RMSE | MPL 1t RMSE | RMSE | MPL 1t RMSE | H
flowPINN 5.5 +2.1 374 +167 3.9+2.2 -4.7+0.3 3.6+0.5 69 +24 2.0+1.0 -6.5+0.3
hmcPINN 71+14 108 £ 16 5.1+06 -3.9+0.3 6.3+1.7 23 +2 4.4+2.4 -5.8+0.1
miviPINN 72.7+2.3 540.1 73.6 £4.1 -6.7+0.3 25.4 £3.2 1+1 59.0 £5.4 74 +0.1
mcdPINN 226473 43 4+9.5 8.7+25 -4.0+0.3 72+1.6 17 +2 6.8+2.6 -7.2401
densPINN 10.8+3.6 84 +42.6 7.4+41 -5.240.9 6.5+1.1 55 +26 2.940.9 -7.240.4

Benchmark methods. The primary benchmark
used to evaluate flowPINN is the Bayesian (B-)PINN.
We consider three inference strategies for fitting B-
PINNs: Hamiltonian Monte Carlo (HMC), mean-field
variational inference (MFVI), and Monte Carlo dropout
(MCD), which we denote as hmcPINN, mfviPINN,
and mcdPINN, respectively. As a non-probabilistic
baseline, we also consider deep ensembles, referred to
as densPINN. For the two-dimensional Poisson equa-
tion experiment in Section[5.1] we also compare against
physics-informed Gaussian processes (PIGPs) fit using
the Metropolis-adjusted Langevin algorithm (MALA),
denoted malaPIGP. Further details on all benchmark
methods are provided in Appendix [B-3]

Manual tuning for hmcPINN. The performance
of hmcPINN is sensitive to the collocation noise hy-
perparameter oy. To mitigate this issue, we manually
tune oy against the ground truth data to obtain best
performance, the details of which are provided in Ap-
pendix[B.7.7] Therefore the hmcPINN results we report
can be expected to be better than would be available
in practical applications, where such tuning is not pos-
sible. Recall that a flowPINN, by contrast, adaptively
learns the noise hyperparameters during training.

Gold standard reference. For the experiments de-
scribed in Section [5.1] we focused on the Poisson equa-
tion due to its tractability via the finite element method

(FEM). This enables us to solve the associated inverse
problems by embedding an FEM solver within the No-
U-Turn Sampler (NUTS) MCMC algorithm (Hoffman
et al}|2014), in which case the likelihood takes the form
given in Figure (a). We refer to this reference method
as nutsFEM. Since nutsFEM explicitly enforces the
governing PDE and operates with full Bayesian infer-
ence, we treat its results as the gold standard for
benchmarking the performance of the machine learning
methods.

Evaluation metrics. We assess the predictive per-
formance and UQ of the PIML models using several
complementary metrics, which are described in detail
in Appendix [B:7] Briefly, predictive accuracy for both
the solution function v and the PDE parameters 0 is
measured using the root mean squared error (RMSE).
The quality of the predictive distributions for u is evalu-
ated using the mean predictive likelihood (MPL). The
normalised inner product of variances (NIP-G) is used
to assess the calibration of uncertainty estimates for u
against the gold standard nutsFEM results. To quan-
tify the discrepancy between the estimated and gold
standard posteriors in 0 space, the Jensen-Shannon
Divergence (JSD) is employed. Additionally, we use
the differential entropy H (Murphy, 2023, Ch. 5.2) to
measure the overall uncertainty in the samples of 6.
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Figure 3: Poisson2D and Poisson3D results for flowPINN, hmcPINN, and densPINN, each evaluated on a single
regenerated dataset. Gold standard nutsFEM results are provided for reference. The top two rows show density
plots of the true solution and the corresponding prediction errors, while the bottom rows present scatter plots
of posterior samples of the PDE parameters from each model. The ground truth @ values are indicated as
black squares. Overall, flowPINN provides both quantitatively and qualitatively closer agreement with the gold

standard posterior for both datasets.

Implementation details. The flowPINN framework
was implemented in Python using JAX
and Flax (Heek et all [2020). The hmcPINN
and densPINN baselines were implemented using the
neuralUQ library (v0.1.0-beta). Code
and data required to reproduce the experiments are
available at www.github.com/dodaltuin/flowpinns|

5.1 Poisson Equation

Our first set of experiments involve the Poisson equa-
tion (Eq.[B.16) in D = 2 (Poisson2D) and D = 3
(Poisson3D) dimensions. As described in Appendix
[B:2] each experiment is repeated under multiple ran-
dom regenerations of the data to estimate frequentist
confidence intervals for the error metrics. The results
are summarised in the top half of Table[I]and posterior
plots are displayed in Figure[3]

For Poisson2D, flowPINN and hmcPINN achieve com-
parable performance relative to the gold standard
nutsFEM results, both in terms of solution accuracy
and posterior calibration. For Poisson3D, flowPINN
more closely matches the gold standard, achieving a
particularly low JSD value. We remark that hmcPINN
exhibits poor posterior mixing for this problem (see
Figure, even after manual tuning of the colloca-
tion noise level oy and other MCMC hyperparameters.
When compared to other PINN-based approaches, flow-
PINN consistently attains lower solution errors and
better-calibrated uncertainty.

5.2 Nonlinear PDEs

We next consider two nonlinear PDEs: a FisherLike

equation (Eq.[B.17) and a Burgers equation (Eq.B.18§]).

As in Section [5.1] we formulate parameter inverse prob-


www.github.com/dodaltuin/flowpinns

Table 2: Training times (in minutes) for each experiment.
The hmcPINN models are run on CPU (Intel® Xeon®
Platinum 8276L @ 2.20,GHz) using the neuralUQ package
(Zou et al., 2024]). All other models are implemented in
JAX (Bradbury et al.| 2018) and run on GPU (NVIDIA
RTX A6000).

Model Poisson2D Poisson3D FisherLike Burgers
flowPINN 7 9 5 11
hmcPINN 64 15 14 42
mfviPINN 2 5 1 9
mcdPINN 2 8 1 10

lems across multiple random regenerations of the data
to enable frequentist uncertainty assessment. Summary
results are reported in the bottom half of Table[I] with
posterior samples shown in Figure[C.5

For both PDEs, flowPINN achieves slightly lower
RMSE and higher MPL than hmcPINN, indicating
improved predictive accuracy and better-calibrated un-
certainty. Notably, hmcPINN exhibits good posterior
mixing for these problems (see Figure , suggesting
that its results are close to a gold standard reference.

Among the other variational approaches, mcdPINN and
mfviPINN show substantially lower accuracy than flow-
PINN in both experiments. DensPINN performs more
comparably, particularly for the Burgers equation.

5.3 Experiment timings

The computational times required to train each of the
probabilistic PINN-based models are provided in Ta-
ble 2] The traditional VI approaches, mfviPINN and
mcdPINN, are consistently the fastest to train, while
hmcPINN is the slowest. FlowPINN exhibits interme-
diate computational cost. The hmcPINN models were
implemented on CPU, as the neuralUQ package does
not currently support GPU execution. Notably, the
developers of the package report that HMC sampling
can be faster on CPU due to more efficient random
number generation (Psaros et al., 2023, Table 13).

5.4 Discussion

Across all experiments, lowPINN consistently demon-
strates a favourable balance between predictive accu-
racy, uncertainty quantification, and computational
efficiency. Compared with the variational baselines
mfviPINN and mcdPINN, flowPINN achieves substan-
tially lower errors as well as better-calibrated uncer-
tainty estimates. FlowPINN also matches or exceeds
the performance of hmcPINN, an asymptotically exact
method, but with greater computational efficiency.

These results indicate that flowPINN preserves the
accuracy of MCMC inference while retaining the effi-
ciency of variational inference, making it an attractive
method for solving PDE parameter inverse problems in
settings where expensive forward solvers render stan-
dard MCMC approaches computationally prohibitive.

6 CONCLUSION

We have introduced flowPINNs, a variational frame-
work that integrates a normalising flow with a PINN to
provide uncertainty quantification in PDE parameter
inference problems. Empirical results demonstrate that
flowPINNs can match or exceed the performance of
existing PINN-based UQ methods, with strong compu-
tational efficiency. Potential extensions and directions
for future work are discussed in Appendix
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Supplementary Materials

A Solution space uncertainty quantification

For a fixed PDE parameter value 8, a flowPINN yields a deterministic solution function 6 — u,(-,8). However,
the parameters themselves are random, with 8 ~ g4. As a result, the flowPINN solution is stochastic when 6
is not conditioned on, and follows a distribution that is induced by coupling the normalising flow g4 with the
PINN u,,. Sampling a function from this induced distribution is straightforward. Firstly, draw a parameter
sample 8 ~ g4. Then, evaluate the corresponding prediction function u,, (-, 8) by fixing € as input to the PINN.
Repeating this process S times produces an ensemble u,(+,01), uw(+,02), ..., uu(:,0s), which provides an
empirical approximation of the solution distribution and enables uncertainty quantification in function space.

Figure [1] illustrates this sampling procedure for the following one-dimensional reaction-diffusion equation:
—01Uy () + O2u(z) = f(z), € Q=(0,1), (A.15)

where 6 = (01,62) = (0.1,2.), u(0) = u(1) = 0 and f(x) = 0.1(6z — 2) + 22%(1 — x). Taken together, these
conditions imply that u(x) = 2%(1 — x). We set up a simple lowPINN inference problem for this PDE using a
dataset D,, of N,, = 4 noise corrupted observations of u, and performed training as described in Section The
left hand panel of Figure [1| displays S = 1000 samples from the normalising flow g after training. Each sample
6, is then mapped to a flowPINN solution function 6; — u (-, 0;) (centre panel). This can in turn be mapped to
forcing space by applying the PDE operator in Eq. to Uy (-, 0;) (right panel).

Note from Figure [I| that there is significant uncertainty in the lowPINN samples for the PDE parameter 8 and
solution function u. This is because 8 and u are not known a-priori, and there is insufficient information in the
sparse, noise-corrupted observation data to learn their values exactly.

By contrast, there is virtually no uncertainty in the flowPINN samples of the right-hand side forcing term f. This
highlights a key aspect of the flowPINN framework. Recall that f is known a-priori. Therefore, to be consistent
with the known physics of the problem, each parameter-function sample pair (6;,u(-,8;)) should satisfy the
PDE (Eq.[A.15|in this example, Eq.[1]in general). In other words, Fg, [uw](-, 8;) should equal f(-) for all 8; ~ gg.
This consistency requirement is (softly) enforced by a flowPINN through the fine-tuning of the PINN parameters
w in Stage Two training (see Eq.[13).

B Experimental setup and implementation details

B.1 Re-expression of ELBO in terms of base distribution g,

The ELBO in Eq. can be re-expressed in terms of an expectation with respect the base distribution as follows:

ELBO(w, ¢,0) = E,,[log Lo, & (0; Du, Dy)] — Dxw[g4(0) || p(0)]
= Eq¢ [1ng(9) — log Q(b(g) + log ‘Cw,cr (93 D,, Df)]
= Ey, log [p(2Kx)Lw,0 (25 Du, Dy)] — Eqq [log gy (2 k)]

K
Zlog det (88‘% >H )
k=1 Zk—1

where we have set z; = 6. The final line holds by Eq. , ignoring the log density of the prior on zy, which is a
constant.

= ]qu lOg [p(zK)Ewp'(zK; Du7 Df)] + ]EfIO




B.2 PDE Setup

Poisson Equation. Our initial series of numerical experiments focused on the Poisson equation, the fundamental
example of an elliptic PDE:

-V - (00 Vu(x)) = f(x), x € Q. (B.16)

It serves as a canonical test case due to its well-understood mathematical properties, availability of efficient
numerical solutions and its relevance in modelling steady-state phenomena such as heat distribution, electrostatics,
and gravitational potentials. As discussed in Section [5.I} we considered experiments involving a 2D Poisson
equation (Poisson2D), and a 3D Poisson equation (Poisson3D), with @ = 1 and Q = (0,1)” in each case.

For Poisson2D, we used 10 random regenerations of the observation dataset D, (see Eq. for the inference
problem, from which the error bars in Table[I] are derived. For each dataset, the right hand side function f in
Eq. was defined as a sum of three localised Gaussian source terms, each with randomly assigned location
and magnitude. Dirichlet boundary conditions were specified as u(x) = sin(wxz) for 1 = 1, and u(x) = 0 on the
remaining boundaries. The dataset D,, was created with 25 noisy observations (10% observation noise) of the
solution u at randomly selected input locations, and Dy (see Eq. was created with 1024 observations of f at
input locations chosen using a space-filling design. In each case, the ground truth solution function was evaluated
using the finite-element method (FEM), implemented in FEniCS (Logg et al., 2012).

The Poisson3D model followed a similar setup. We considered 5 random regenerations of the observation datset
D, with f defined as the sum of two randomly positioned and weighted source terms in each case. Homogeneous
Dirichlet boundary conditions (u(x) = 0) were imposed across the entire boundary. Observation datasets D,
were created with 50 noisy observations of u (10% observation noise) at randomly selected input locations, while
Dy was specified with 2500 observations of f at space-filling input locations. Again, FEniCS was used to evaluate
the ground truth solution function for each dataset.

Fisher-like Equation. We considered the nonlinear Fisher-like PDE from [Verma et al.| (2014):

2

g—? - 91% —0u*(1—u)=f=0, (x,t)€(=5,5)x(0,10], (B.17)
with ground truth parameters @ = (61,62) = (1,1) and corresponding closed-form solution from Eq. (35) of
Verma et al. (2014). Dirichlet conditions were applied in both space and time. We considered 10 random
regenerations of the dataset D,,, where in each case the location and noise values (5% observation noise) of 25
solution space observations were randomly sampled. The error bars reported in Table[l] are taken with respect
this data resampling. Ny = 250 observations of f = 0 were used to the create dataset Dy, the input locations of
which were randomly sampled from the spatio-temporal domain.

Burger’s Equation. We used the well-known viscous Burger’s equation from Raissi et al.| (2019, Eq. A.1):

2

% — 1% —H%u% =f=0, (x,t)€(-1,1)x(0,1], (B.18)
with initial condition u(z,0) = —sin(7wz) and Dirichlet boundaries u(0,t) = u(1,t) = 0. We adopted the solution
data provided by |[Raissi et al| (2019), which corresponds to the parameter value 8 = (6,,602) = (0.01/7,1).
To allow for frequentist error bars to be computed (see Table, we considered 5 random regenerations of the
observation dataset D,, (in the same manner as the Fisher-like equation above). Ny = 2500 observations of f =0
were used to the create dataset D¢, also with randomly sampled input locations.

B.2.1 PDE parameter prior distributions

For all experiments, the individual elements 61, ...,0y, in the PDE parameter vector 6 were each assigned
independent Softplus-Normal(4,2) prior distributions. The density plot for this distribution is provided in Figure
(a). It provides a non-negative distribution over parameter values less than 10, while avoiding the heavy tails
of the Log-Normal distribution. An exception was made for the diffusion parameter 6, in Eq. , which we
assumed followed a Softplus-Normal(-4,1) distribution, which is illustrated in Figure [B.4](b).
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Figure B.4: Density plots of the Softplus-Normal prior distributions used for the PDE parameters in the numerical
experiments. These priors ensure positivity in the parameters while avoiding the heavy-tail of a Log-Normal
distribution. Further discussion is provided in Appendix @

B.3 Benchmark Methods

In Section [} we benchmark the performance of lowPINN against several existing physics-informed machine
learning (PIML) frameworks. We describe these benchmark methods in detail below.

B.4 Bayesian Physics-Informed Neural Networks

Bayesian Physics-Informed Neural Networks (B-PINNs) extend classical PINNs by placing probabilistic priors
over unknown quantities in the model (Yang et al., [2021)). Instead of computing point estimates of the PDE
parameters 6 and network parameters w through optimisation of Eq. like a classical PINN, a B-PINN aims to
infer a posterior distribution over their values.

As discussed in Section for the parameter inverse problems considered in this work, this posterior distribution

takes the form
p(H,o.: ‘ Duan) ocL,,(@,w;Du,Df)p(O)p(W), (B19)

where D,, is the solution-space observation dataset (see Eq.@ and Dy is the PDE collocation dataset (see Eq..
The vector o = [0, 0] contains the observation noise hyperparameters, £, is the likelihood function (see Figure
b)7 while p(@) and p(w) specify the prior distributions over the unknown parameters. The specific form of the
PDE parameter prior for each experiment is detailed in Appendix For the network parameters w, we assign
independent standard normal priors to the individual weights and biases.

Exact inference in this posterior distribution is intractable, which necessitates the use of approximate Bayesian
inference techniques. In this work, we consider three such strategies, which are summarised below.

B.4.1 Hamiltonian Monte Carlo

Markov chain Monte Carlo (MCMC) methods provide asymptotically exact Bayesian inference by drawing samples
from the joint posterior distribution in Eq. . In particular, we employ the Hamiltonian Monte Carlo (HMC)
algorithm, the use of which is standard in the B-PINN literature (Yang et al., [2021} [Stock et al., [2023). HMC
leverages gradients of the log-posterior to guide exploration of the parameter space, resulting in more efficient
sampling compared to random-walk proposals (Betancourt, |2017). Results obtained using a B-PINN trained via
HMC are referred to as hmcPINN in Section [Bl

We found that the performance of hmcPINN was highly sensitive to the choice of the collocation noise hyperpa-
rameter o¢. The results reported in Section [5| were obtained by manual tuning of o¢, further details of which are

provided in Appendix [B7.7]



We also experimented with the Metropolis-Adjusted Langevin Algorithm (MALA) (Xifara et al., [2014) as a
potentially more efficient alternative to HMC, but were unable to achieve satisfactory posterior mixing. We
additionally tested the No-U-Turn Sampler (NUTS) (Hoffman et al.; |2014)), which we found to be prohibitively
slow in this setting. In particular, identifying U-turn points in the high-dimensional and multimodal posterior
landscape of a B-PINN typically required a large number of leapfrog steps, leading to excessive computational
cost.

B.4.2 Mean-field Variational Inference

Mean-field variational inference (MFVI) approximates the intractable posterior in Eq. (B.19) with a factorised
variational distribution,

qw(wve) = Gy, (w) Qype (0)7 (B'QO)

in which each factor is an isotropic Gaussian, with mean and scale parameters denoted ¥ = [¢),,%g]. The
variational parameters are obtained by maximisation of the following ELBO

ELBO(¢, ) = Eqg,, [log Lo (6, w; Du, Dy)| = Dk gy, (@) [| p(w)] — Dk gy, (6) [| p(6)] - (B-21)

We refer to results obtained using MFVI as mfviPINN in Section 5] MFVI scales well to larger problems, but
the conditional independence assumption between 6 and w can limit its accuracy in problems with strong 6-w
coupling.

B.4.3 Monte Carlo Dropout

Monte Carlo dropout (MCD) can be interpreted within a variational inference framework, in which uncertainty
in neural network parameters is represented implicitly through stochastic dropout masks rather than through an
explicit parametric variational distribution (Gal and Ghahramani, [2016).

In this work, we adopted a hybrid variational formulation that parallels mean-field variational inference (MFVI).
Specifically, a parametric Gaussian variational approximation was used for the PDE parameters 8, while the
posterior over the neural network parameters w was approximated using MCD. We therefore considered a
factorised variational posterior of the form

qvy (w’ 0) = dMCD (w) v (0)7 (B'22)

where gy, (0) is an isotropic Gaussian with variational parameters 19, and gnop (w) denotes the implicit variational
distribution induced by applying dropout to the network weights. As in MFVI, the variational parameters are
learned by maximising an evidence lower bound (ELBO), which in this case can be written as

ELBO(tg,0) = Eq,, (w.0)[108 L& (8, w; Du, Df)] — Dkr[qy, () || P(0)] — Dxrlgmen (w) || p(w)] - (B.23)

We approximated the KL term involving gmep(w) using standard dropout regularisation. Monte Carlo estimates
of the expectation in Eq. were obtained by sampling both the PDE parameters 8 and the dropout masks
during training. Predictive uncertainty was then estimated by performing multiple stochastic forward passes with
dropout enabled.

Results obtained using this approach are referred to as mcdPINN in Section [5, Compared with MFVI, MCD
removes the need to specify an explicit parametric posterior over w. However, it still suffers from the inherent
modelling limitation induced by the conditional independence assumption between 6 and w.

We also experimented with more expressive variational families for the PDE parameter posterior gy, (), including
normalising flows and full-rank Gaussian approximations. In both cases, however, the learned posterior consistently
collapsed to a distribution that was effectively isotropic Gaussian.

B.5 Deep Ensembles

Deep ensembles provide a non-Bayesian approach to UQ in PINNs (Zou et all [2024). The method involves
training multiple PINNs independently, each with different random initialisations and, optionally, different data
subsampling. Each individual ensemble member produces a deterministic estimate of the solution and PDE



parameters, while the empirical distribution of the entire ensemble captures uncertainty arising from optimisation
non-convexity and data sparsity. Deep ensembles are straightforward to implement and often provide robust UQ
estimates, however, they do not correspond to a formal Bayesian posterior.

For the parameter inverse problems in Section [f] each ensemble member was trained by minimising the objective
function in Eq. . Uncertainty was then quantified by aggregating predictions across the ensemble. We refer to
the results obtained using this approach as densPINN.

B.6 Physics-Informed Gaussian Processes

Physics-informed Gaussian processes (PIGPs) provide a probabilistic framework for modelling linear PDEs
(Raissi et all [2017). In this approach, a Gaussian process (GP) prior is placed over the solution function w,
which induces a corresponding GP prior over the forcing term f through application of the linear differential
operator. Observations of the solution and enforcement of the PDE constraints are incorporated through Gaussian
likelihoods, yielding a closed-form posterior distribution.

We applied PIGPs to the Poisson equation experiments described in Section [5.1} Inference was performed using
the Metropolis-adjusted Langevin algorithm (MALA) (Xifara et al. 2014), implemented with the BlackJAX
library (Cabezas et al., 2024]). We refer to these results as malaPIGP. Dirichlet boundary conditions were
enforced explicitly in both the mean and kernel functions of the PIGP using the framework of Dalton et al.| (2024]).

PIGPs provide well-calibrated uncertainty quantification, but their practical applicability is typically limited to
moderate dataset sizes due to the cubic computational cost of GP inference. Although extensions to nonlinear
PDEs have been proposed (for example [Long et al.| [2022)), we do not pursue them here, as our primary focus is
on PINN-based approaches.

B.7 Results evaluation metrics

In each numerical experiment, the ground truth PDE parameters 8 and solution function u are known, allowing
the RMSE (Appendix [B.7.1)) and MPL (Appendix [B.7.2)) error metrics to be computed directly.

For the Poisson equation experiments in Section [5.1] we also solved the corresponding inverse problems using
nutsFEM. We treat the nutsFEM posterior as the gold standard, since this method enforces the governing
equations by explicitly solving the PDE at every MCMC iteration.

To evaluate the machine learning models against this reference, we report NIP-G (Appendix and JSD
(Appendix . It is important to note that the gold standard posterior does not necessarily yield the lowest
pointwise error relative to the ground truth parameters. For example, in the Poisson2D experiment, lowPINN
achieves lower RMSE values than nutsFEM because the learned posterior is slightly more concentrated around
the ground truth PDE parameter value.

B.7.1 Root mean squared error (RMSE)

The root mean squared error (RMSE) metric evaluates the pointwise prediction accuracy of a model against the
ground truth value. In solution space, RMSE is defined as

N
1 & i WRONE
RMSE = | 5 221: [u(mﬁ N —a(ald)
where u is the true solution function, @ the prediction of the model, and the test points ar:il)7 . ,:BSKN*) are chosen

to densely cover the spatio-temporal domain. In PDE parameter space, this metric is defined as

1 Jor g2
RMSE = Ng;[e(“—eu))},

where 0 is the ground truth parameter vector and 6 the model’s prediction.



B.7.2 Mean predictive likelihood (MPL)

The mean predictive likelihood (MPL) is a commonly used metric for assessing how well a model predicts new
data. It estimates the expected probability density that the model’s predictive distribution assigns to the ground
truth solution function. Formally, it is defined as (Psaros et all 2023, Eq. 18)

NZN (@), 52@)) [u].

i=1

1
Ntest

MPL = Ex,uthest EO\D p(u | Zz, 0) ~

Here, for each test point ¢, the term N (ﬂ(:cil)), 52 (m(*z)))[ul] is the value of the predictive probability density
function (found using the model’s predictive mean and variance) evaluated at the ground truth output value u; =

u(a:,(f)) The predictive density is based on the Gaussian approximation p (u7 \ 2, 0) ~N ([L(:c,(f)), 62(339)).
A higher MPL indicates that the test data are judged more probable under the model’s predictive distribution,

implying stronger predictive capability.

B.7.3 Normalised Inner Product Between Variances (NIP-G)

The Normalised Inner Product with respect to the Gold Standard (NIP-G) quantifies the similarity between the
predictive uncertainties produced by a machine learning model and those obtained from a gold standard method.

Let 02%(X,) denote the predictive variances from the gold standard method at test locations X, =

[a:il); . ;:ciN*)]T, and let 62(X,) denote the corresponding variances predicted by the model under evalua-

tion. The NIP-G metric is defined as (Psaros et all 2023, Eq. C.2)
(03(X.), 5°(X.)) |
VI(0E(X,), 02(X0)) (62(X,), 62(X.))

This metric takes values in [0, 1], with values close to 1 indicating strong agreement in the predicted variances,
and values near 0 indicating weak correspondence.

NIP-G =

B.7.4 Jensen—Shannon divergence (JSD)

The Jensen—Shannon divergence (JSD) is a symmetric and finite measure of dissimilarity between two probability
distributions. It is derived from the Kullback—Leibler (KL) divergence but addresses two of its main limitations:
asymmetry and potential unboundedness. By construction, the JSD treats both distributions equally and always
yields a non-negative, bounded value.

Formally, given two probability densities p(€) and ¢(@), the JSD is defined as (Prince, 2023, Eq. C.35)

isb(6) @) = 351 @) | 21D 4 o oo | 110,

Here, the mixture distribution % [p(8) + ¢(6)] represents the average of the two distributions. The JSD can thus
be interpreted as the mean of the KL divergences from each distribution to their common average. Since both
terms are weighted equally, the resulting divergence is symmetric, i.e., Dys[p|lg] = Dss|qllp]-

A smaller JSD indicates greater similarity between p(€) and ¢(0), while larger values reflect increasing dissimilarity.
Due to its symmetry, boundedness, and well-defined behaviour even when the supports of p and g do not perfectly
overlap, the JSD is widely used for comparing predictive distributions, model uncertainty, and probabilistic
forecasts.

B.7.5 Neural Network Setup

For most experiments, we employed a fully connected neural networks with depth 4 and width 128, using the
tanh activation function. An exception was made for the Fisher-like equation, where a smaller architecture (depth
3, width 20) was used to help prevent overfitting.



To enforce Dirichlet boundary and initial conditions, we adopted the hard constraint approach of [Sukumar and
Srivastaval (2022)) for all PINN variants. This eliminated the need to include boundary condition terms in the
likelihood (for hmcPINN, flowPINN, mfviPINN and mcPINN) or the loss function (for densPINN). Specifically,
we used constrained neural networks ., of the form:

U (x, t) = m(x,t) + d(x, t)uy,(x, t), (B.24)

where m(x,t) is a function that interpolates the prescribed boundary and initial conditions, and d(z,t) is a
distance function that vanishes on the boundary and remains positive elsewhere. For instance, in the Poisson2D
example, we set m(x) = 21 sin(mxs) and d(x) = z122(1 — 21)(1 — 22), while for the Burgers experiment, we used
m(z,t) = —sin(rz) and d(z,t) = (1 — z)(x — 1)t

B.7.6 Specifying the number of PDE collocation points Ny

The performance of each of the PIML methods depends on the number of PDE collocation points Ny (see Eq.
used to enforce the governing equation. If too few collocation points are employed, the PDE constraint is weakly
enforced. Conversely, using too many collocation points can cause the posterior to collapse toward a single, biased
estimate of 8. This trade-off is further influenced by the collocation noise hyperparameter oy.

For the VI methods (flowPINN, mfviPINN, and mcdPINN) we addressed this trade-off using the simple heuristic
of setting the number of collocation points Ny equal to the number of solution observations N, (see Eq. .
This choice also reduced computational cost and accelerated training. To ensure adequate coverage of the
spatio-temporal domain, collocation point locations were randomly resampled at each training iteration.

For hmcPINN, we manually tuned Ny (together with different values of o - see Appendix [B.7.7)) for the best
empirical performance. In contrast, densPINN employed a larger number of collocation points, as the neuralUQ
package does not support mini-batch sampling. We found that densPINN results were relatively insensitive to the
exact choice of N¢.

B.7.7 Handling of noise hyperparameters for hmcPINN

In the original B-PINN publication (Stock et all |2023), the ground truth noise levels o, and of used to define
the likelihood function in Figure (b) were assumed to be known. We adopt the same approach here, as we find
that attempting to infer these noise levels adds additional complexity to the MCMC sampling problem, making it
difficult to achieve good mixing.

For the observation data noise level o, (see Eq.7 we set this to the ground truth value. For each experiment,
we manually tune the collocation noise level o (see Eq. to obtain the best results against the ground truth
PDE parameters 8 and solution u. If o is too low, the sampler finds it hard to move through parameter space.
If o¢ is too high, the PDE is not enforced sufficiently strongly. Since this tuning requires a posteriori information,
it provides an advantage to hmcPINN relative to the other models.

C Additional results

C.1 Additional results plots

Posterior plots for the FisherLike and Burgers experiments from Section are shown in Figure[C.5] each
based on a single regenerated dataset. For the FisherLike experiment, lowPINN and hmcPINN achieve similar
accuracy in solution-space, while densPINN performs worse. In PDE parameter space, both flowPINN and
hmcPINN produce approximately unbiased samples, whereas densPINN and mcdPINN exhibit noticeable bias.
For the Burgers experiment, lowPINN achieves substantially higher accuracy in both solution and parameter
space, however, all models produce parameter-space samples that are biased.

Figure [C.6] presents trace plots of the three components of the parameter vector @ for the Poisson3D experiment
from Section [5.1} comparing the ground truth samples obtained from the nutsFEM method with those produced
by the hmcPINN model. The traces for hmcPINN exhibit noticeable autocorrelation when compared to the gold
standard samples.

Figure [C.7] shows traceplots of the PDE parameter samples obtained using hmcPINN for the FisherLike and
Burgers experiments. The sampler obtained better posterior mixing in these cases than for Poisson3D.
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Figure C.5: FisherLike and Burgers results for flowPINN, hmcPINN, densPINN, and mcdPINN;, each evaluated
on a single regenerated dataset. The top two rows show density plots of the true solution and the corresponding
prediction errors, while the bottom rows present scatter plots of posterior samples of the PDE parameters 6 from
each model. The ground truth € values are indicated as black squares.

C.2 Effect of the subsample size M

We conduct a sensitivity study to assess the effect of the Stage One subsample size M (see Section on the
Poisson2D experiment. The results, shown in Figure present posterior samples of 8 generated by lowPINN
models for different values of M. In each case, samples from the Stage One approximate posterior gg: are shown
above those from the final posterior g4+ obtained after Stage Three.

The choice of M has a pronounced effect on the variability of the Stage One posterior gg;. This is because smaller
values of M increase the regularisation effect of the prior, leading to more diffuse samples from gg:.

For M <5, the Stage Three posteriors remain stable. This is because the corresponding Stage One posteriors are
sufficiently diffuse to cover the support of the gold standard posterior. In contrast, for larger values of M, the
Stage One posteriors fail to adequately cover the gold standard posterior, which results in an overly concentrated
Stage Three posterior.

We therefore select a relatively small value of M in each experiment. In this example, however, when M = 1,
the Stage One posterior becomes excessively diffuse relative to the gold standard posterior, and more closely
resembles the prior. This behaviour is reflected in the divergence of the learned o for M =1 (see Figure |C.9a),
which essentially “switches off" the likelihood term in the ELBO involving 8. Consequently, Stage Two training
has to be performed over an unnecessarily large region of the PDE parameter space ®. As a result, in this work
we adopt the strategy of setting M to the smallest value that yields a stable estimate of o; in this case, M = 2.
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Figure C.6: Trace plots of the three components of the parameter vector 8 for the Poisson3D experiment,
comparing the gold standard samples obtained from the nutsFEM method with those produced by hmcPINN.
The dotted lines represents the ground truth parameter values. The hmcPINN samples exhibit significantly more
autocorrelation than samples from the gold standard posterior. Further discussion is provided in Appendix
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Figure C.7: Traceplots of the PDE parameter samples obtained using hmcPINN for the FisherLike and Burgers
PDEs. Further discussion is provided in Appendix @

Figure compares posterior samples for Poisson2D from the gold standard nutsFEM method with those
obtained using two flowPINN configurations: a model trained in three stages with M = 2, and model trained in a
single stage one the full data ELBO (i.e. M = N,, = 25). The full data flowPINN posterior is visually slightly
under-dispersed, and incurs a higher JSD value. In addition, using M = 2 provides an approximate 40% increase
in training speed in this setting, due to more efficient Stage One training enabled by the dataset subsampling.

C.3 Effect of the number of flows K

Figure presents posterior samples from the Poisson2D experiment described in Section [5.1} obtained using a
flowPINN with varying depths K of the normalising flow component (see Eq.. A subsample size of M = 2 was
used in each case. The results suggest that the inferred posterior is relatively insensitive to the choice of K > 1 in
this setting. However, this robustness may not persist for problems where the posterior distribution exhibits more
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Figure C.8: Scatter plots of lowPINN 6 samples for the Poisson2D experiment with different subsample sizes M
(see Eq. with N, = 25. For each M, Stage One samples (obtained using g¢:) are shown above Stage Three
samples (obtained using the final trained flow gg+). The choice of M strongly influences the variability of the
Stage One posterior, whereas the Stage Three posteriors remain relatively stable for each value of M < 5. For
larger values of M, qg: does not cover the gold standard posterior, and the final Stage Three posterior becomes
under dispersed. Additional discussion is provided in Appendix @

complex or highly non-Gaussian structure.

C.4 Inference with one observation point

As described in Section Stage One of our training algorithm evaluates the ELBO (Eq. using subsamples
of size M < N,,. However, when only a single observation is available (IV,, = 1), subsampling cannot be applied.
To assess flowPINN performance in this extreme setting, we repeat the Poisson2D experiment using a dataset
D, (see Eq.m) consisting of just one observation. For comparison, we also compute results using nutsFEM and
hmcPINN under the same setup.

Posterior samples obtained from the three approaches are shown in Figure The reference nutsFEM
posterior (left panel) is broad and exhibits a nonlinear coupling between 6; and 5. This structure is captured
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Figure C.9: The left (right) panel shows the training curves from the Poisson2D experiment, for the learned
values of o; (o,) for lowPINNs with different choices of M in Stage One Training (see Eq.. The limited
information in the likelihood when M = 1 is evident from the divergence of the estimate & (see Eq.. In
practice, we select the smallest value of M that yields a stable 6y during Stage One training; in this example,
that value is M = 2. Further discussion can be found in Appendix
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Figure C.10: Comparison of gold standard and flowPINN posterior samples from the Poisson2D experiment.
The flowPINN trained in three stages with M = 2 better captures the dispersion of the gold standard posterior
compared to a flowPINN trained in a single stage using the full dataset (i.e. M = N, = 25). Further discussion

is provided in Appendix

much more effectively by the flowPINN posterior (centre panel) than by the hmcPINN posterior (right panel).
Moreover, obtaining reasonable results from hmcPINN required extensive manual tuning of the collocation noise

hyperparameter oy (see Appendix [B.7.7)).

C.5 Alternative observation noise models

Our assumption in Eq. that the observation noise was iid Gaussian can easily be relaxed to account for other
noise models. To illustrate this, we show an example of heavy-tailed observation noise in Appendix [C.5.1] below,
and spatially varying noise in Appendix[C.5.2]

C.5.1 Heavy tailed observation noise

We re-run the Poisson2D experiment using Cauchy-distributed observation noise (Johnson et al.| 1995, Ch. 16).
The Cauchy distribution, which has heavier tails than the Gaussian, is often used in robust regression. Figure
shows the posterior results of each model. The flowPINN samples exhibit a slight bias compared to the gold
standard nutsFEM samples but are otherwise well aligned. The posterior predictive distributions produced by
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Figure C.11: Scatter plots of posterior samples of @ for the Poisson2D experiment, obtained using flowPINNs
with K =1, 3,5, 7 normalising flow transformations, respectively (see Eq.. Samples obtained using nutsFEM
are considered the gold standard. The flowPINN results are relatively insensitive to K. Further discussion is
provided in Appendix@
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Figure C.12: Posterior samples for the Poisson2D experiment given N, = 1 observation point (see Eq.ﬂ), using
nutsFEM (considered the gold standard), flowPINN and hmcPINN, respectively. The true parameter value
is represented by a black square in each plot. The flowPINN samples provide a better approximation to the
nutsFEM samples, when compared to the hmcPINN samples. Further discussion is provided in Appendix @

the two models are nearly identical.

C.5.2 Spatially varying observation noise

We repeat the diffusion—reaction experiment from Appendix [A] using N,, = 12 noise-corrupted observations. In
contrast to Eq. @, here we allow standard deviation of the observation noise o, (x) to depend on space. This
noise field is defined as a quadratic function of x that peaks at © = 0.5 (see the black dotted line in the right
panel of Figure. We parametrise o, (z) with a separate neural network, whose parameters are optimised
jointly with the flow parameters during Stage Three training (see Eq. .

The posterior results are shown in Figure[C.14] In the centre panel, lowPINN samples closely recover the true
solution. The parameter samples in the left panel exhibit a well-defined linear relationship, the variance of which
narrows as 7 increases. The noise samples in the right panel provide a qualitatively good approximation to the
quadratic distribution of the true noise level.

D Future work

Extension to ill-posed problems. The posterior factorisation from Eq. @[) is not valid for ill-posed inverse
problems; in which case the solution function w is not uniquely determined even when the parameters 8 are
known. Such scenarios arise, for example, when boundary conditions are only partially specified, or when the
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Figure C.13: Results plots for the Poisson2D model under heavy-tailed Cauchy observation noise for lowPINN
and the gold standard nutsFEM reference. The true parameter value is represented by a black square in each plot.
The flowPINN samples exhibit a slight bias compared to the gold standard nutsFEM samples but are otherwise
well aligned. The posterior predictive distributions produced by the two models are nearly identical. Further
discussion is provided in Appendix
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Figure C.14: FlowPINN results for the 1D reaction—diffusion PDE in Eq. with a spatially varying
observation noise level o, (z) (see Eq.E[). The left panel shows posterior samples of the PDE parameters 6, the
centre panel shows samples of the solution function, and the right panel shows samples of the noise levels. Ground
truth values are indicated by black lines or squares. Further discussion is provided in Appendix

governing physical laws are incomplete or uncertain. In future work, we aim to extend our flowPINN framework
to handle these cases. One potential direction is to treat the PINN component in Eq. using a variational
Bayesian approach, which may enable the model to capture and propagate the additional sources of uncertainty
inherent in ill-posed settings.

Extension to parameter fields. Throughout this work we have assumed that the PDE parameters 8 are
constant across the spatio-temporal domain - see Ch. 1) and Xun et al.| (2013) for further
details. This assumption is standard in the majority of PDE inverse problems, including in disciplines such as
biophysiology (Gao et al., 2015; Buoso et al.l 2021} Maso Talou et al., 2021)), epidemiology (Smirnova and Chowell,
2017; |Osi and Ghaffarzadegan, 2024} Hong et al. |2024), solid mechanics (Pacheo et al., 2016} Hartmann and
Gilbert} [2018; [Rappel et all |2020), systems biology (Gabor and Banga, 2015; |Abdulla and Poteau, 2018} |[Duk
et al., 2021)) and fluid dynamics (Fan et al.,|2010; New et al., |2024; Du et al.l |2025).

Nevertheless, there do exist settings where the parameters vary in space and/or time, requiring the inference
of an entire parameter field (Girolami et al] [2021). Our present formulation of u, in Eq. (10, which employs
a standard fully-connected PINN architecture, is not directly suited to such cases. This is because the model
does not account for local variations in @ when it makes a predictions at a given input location, and hence
is not appropriate for spatially varying parameters. Extending flowPINNs to these scenarios would therefore
require a different choice of surrogate model in Eq. . This could be achieved by replacing the fully-connected
architecture with an approach that naturally is designed for field data, such as graph neural networks (GNNs) or




neural operators. These approaches could in principle allow flowPINNs to capture heterogeneous parameter fields,
while retaining the probabilistic framework for uncertainty quantification.
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