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Abstract

Recent research reveals that GNN-based graph representation learning may inadvertently
introduce various structural biases. In this work, we discover a phenomenon of structural
bias in graph representation learning called class bias amplification, which refers to the ex-
acerbation of performance bias between different classes by GNN encoder. We conduct an
in-depth theoretical study of this phenomenon from a novel spectral perspective. Our anal-
ysis suggests that structural disparities between nodes in different classes result in varying
local convergence speeds for node embeddings. This phenomenon leads to bias amplifica-
tion in the classification results of downstream tasks. Based on the theoretical insights, we
propose random graph coarsening, which is proved to be effective in dealing with the above
issue. Finally, we propose an unsupervised graph contrastive learning model called Ran-
dom Graph Coarsening Contrastive Learning (RGCCL), which utilizes random coarsening
as data augmentation and mitigates class bias amplification by contrasting the coarsened
graph with the original graph. Extensive experiments on various datasets demonstrate the
advantage of our method when dealing with class bias amplification.

1 Introduction

Graph representation learning (GRL) aims to generate embedding vectors capturing both the structure
and feature information. Graph neural networks (GNNs) are the primary encoder architecture for GRL
(Bojchevski & Gunnemann, |2018; |Zhu et al.| 2020} 2021} |[Zhang et al.| [2021; |Zheng et al.l 2022} [Yang et al.|
2026)), which are often trained with unsupervised graph contrastive objectives. Such methods are called graph
contrastive learning (GCL) and exhibit outstanding performance in various downstream tasks. Compared to
traditional unsupervised GRL methods(Perozzi et al.l |2014; |Grover & Leskovec, [2016)), the distinctiveness of
GCL lies in the GNN encoder’s use of message passing. Due to the encoder’s use of message passing, the final
embeddings are likely to inherit the structural bias in the graph, which may cause undesirable performance
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Figure 1: The classification performance of MLP and SPAN in different classes on Cora and Citeseer, where
each class has 20 labeled nodes in the training set. A represents the maximum performance difference
observed between classes.

unfairness in downstream tasks. This phenomenon is demonstrated in Figure [I, where we compare the
node classification performance of MLP (utilizing feature information only) and the state-of-the-art GCL
model SPAN . Although SPAN has a much better overall accuracy than MLP, SPAN
exhibits greater performance differences between different classes of nodes. In other words, GNN-based GRL
exacerbates the performance bias between different classes.

We refer to the phenomenon exhibited in Figure [l as class bias amplification. This exacerbated bias arises
from local structural disparities between nodes in different classes and is unrelated to other information.
Graph structural bias problems have been studied in previous works (Tang et al., 2020; |[Kang et al., 2022;
[Liu et al., 2023b; Wang et all 2022). However, they focused on the structure of individual nodes such as
degrees and the distance to class boundaries. Class bias amplification studied in this work should also be
distinguished from the class imbalance problem (Song et al., 2022)). Although both consider the collective
bias of class, works on class-imbalanced classification focus on (semi-)supervised learning and aim to reduce
prediction bias caused by imbalanced label distributions. However, class bias amplification occurs in GNN-
based GRL and is present even when the label distribution is balanced.

This paper investigates the following two questions: 1. Why class bias amplification exists in existing GNN-
based GRL methods? 2. Can we design new unsupervised GRL models to alleviate this issue? To answer the
first question, we analyze the structural bias problem from a spectral perspective, which provides a theoretical
explanation on the causes of class bias amplification in existing GNN-based GRL models. There have been
numerous works conducting spectral analysis of GNNs, e.g., (Kipf & Welling}, [2017; Wu et al., 2019; |Oono &/
[Suzukil [2020; [Rong et al.l [2020). However, existing analyses mainly focus on the global behaviour: They try
to characterize the distribution of node representations using the spectrum of the message passing operator.
We point out that this is not suitable when structural bias exists across different regions of the graph. If the
number of layers in a GNN is not too large as prevalent in real applications, and we define a community as
nodes that belong to the same class, then the embedding distributions of different communities are better
characterized by their local spectrum. In particular, if the structures of two communities differ a lot, then the
second largest eigenvalues of their normalized adjacency matrices can be quite different, which leads to very
different convergence speeds to the stationary subspace. As a result, the embedding distributions of the two
communities exhibit different levels of concentration. We then show that such an embedding concentration
discrepancy can cause unfairness in downstream tasks through a natural statistical model.

Based on the theoretical analysis, we then focus on how to alleviate the class bias amplification. We propose
a simple data augmentation technique, namely random graph coarsening, and provide theoretical justifi-
cations on the effectiveness. We finally propose an unsupervised graph contrastive learning model, called
Random Graph Coarsening Contrastive Learning (RGCCL), which utilizes random graph coarsening as data
augmentation and uses a contrastive loss that compares the coarsened graph with the original graph. Em-
pirical results on real datasets show our model effectively reduce performance disparities between different
classes and also achieves better overall accuracy than baselines, confirming our theoretical analyses.

Our contributions are summarized as follows:
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1. We uncover the class bias amplification in the graph and analyze the causes of this problem from a
spectral perspective. We show that local structural bias leads to embedding concentration discrep-
ancy, which is harmful on downstream tasks in terms of fairness.

2. We show that an appropriately designed random graph coarsening algorithm can be used as an
effective data augmentation tool for alleviating the issue of embedding density imbalance.

3. Based on our theoretical analysis, we propose a novel GCL model RGCCL. Our model mitigates
class bias amplification by comparing the coarsened graph with the original graph.

4. We compare RGCCL with other graph representation learning models in various datasets. Empirical
experiments and quantitative analysis demonstrate the advantage of RGCCL, which confirms the
effectiveness of using random coarsening to mitigate class bias amplification.

2 Preliminaries

Notation. Consider an undirected graph G = (V, E, X), where V represents the vertex set, E denotes the
edge set, and X € R"*P is the feature matrix. Let n = |V| and m = |E| represent the number of vertices
and edges, respectively. We use A € {0,1}"*" to denote the adjacency matrix of G and {v;,v;} to denote
the undirected edge between node v; and node v;. The degree of node v; denoted as d; is the number of
edges incident on v;. The degree matrix D is a diagonal matrix and its i-th diagonal entry is d;.

Graph neural network.In each layer of a GNN, the representation of a node is computed by recursively
aggregating and transforming representation vectors of its neighboring nodes from the last layer. One special
case is the Graph Convolutional Network (GCN) (Kipf & Welling, 2017). The layer-wise propagation rule
of GCN is:

HY =5 (D=3 AD~*HOWO) | (1)

where A = A+1 , D = D+1TI and W is a learnable parameter matrix. GCNs consist of multiple convolution
layers of the above form, with each layer followed by an activation o such as Relu.

Graph coarsening. The coarse graph is a smaller graph G’ = (4’, X’). G’ is obtained from the original
graph by computing a partition P of V. The partition can be represented by a binary matrix P € {0, 1}7”"/7
with P;; = 1 if and only if vertex i belongs to cluster j. We define S as the set of super-node and for each
super-node ¢ € S, S; as the set of nodes that make up the super-node i. I, is the index of which supernode
node u belongs to.

Convergence of Graph Neural Networks There has been lots of work investigating the asymptotic
behavior of GNNs as the number of layers L goes to infinity, e.g., (Oono & Suzuki, [2020; Rong et al., |2020)).
The general conclusion is that as L — oo, the representations of all nodes converge to a 1-dimensional
subspace, assuming the graph G is connected. The convergence speed is determined by the second largest
eigenvalue of the message passing operator A. Following the notation from |Oono & Suzuki| (2020)), we denote
the maximum singular value of W® by w; and set w := max;e(rjw; and assume that W of all layers are
initialized so that w < 1. Given a subspace M, we use daq := infyeca||X — Y||r to measure the closeness
between X and M, where || - || denote the Frobenius norm. |[Oono & Suzukil (2020) shows that if G is
connected, there is a 1-d subspace M such that for all [

dp(HTY) < wrdp(HD), (2)

which means the embeddings of all nodes collapse to M exponentially fast.

3 Exploring Class Bias Amplification

In this section, we analyze the reasons for class bias amplification. We initially explore how local structural
biases result in discrepancies in embedding concentration. Then, we demonstrate that such discrepancies
can cause unfairness in classification tasks.



Published in Transactions on Machine Learning Research (12/2025)

3.1 lllustration of Embedding Concentration Discrepancy

In real applications, the number of layers L is typically small. In these cases, the asymptotic results from
Eq. do not provide accurate predictions of the model behavior. In particular, they ignore structural
differences between different regions of the graph. Here, we illustrate the problem through a simple example.
We consider the following example. There are two classes of nodes in the graph, which form the communities
C1 and C5, with all nodes within each community belonging to the same class. ' is more densely connected
than Cy, and there are only loose connections between them (see the Figure [2| ' Then, the expression of the
symmetrlc normalized adjacency matrix A can be succinctly represented using a block matrix as follows:

A, B
|:BAQ Ay’
are close to 0, and since C has a better connectivity than C5, the second largest eigenvalue of /fl, denoted
by )\(Al) is smaller than )\(/ig) (Chung & Graham, (1997). According to , the representations of all
nodes converges to M with speed exponential in )\(fl) A more detailed analysis presented below shows
that, the two communities exhibit different convergence speed in the first few layers, due to different local
connectivities.

} where the matrix is partitioned according to C; and C5. By the assumption, ||B1 ||F and HBQH r
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Figure 2: A simple example of embedding density imbalance.

Following the message passing mechanism in Eq., the representations for community C; and Cs can be
defined as H'"™ = o(A HOWO + B HPWO) and BTV = o(A,HP WO +
BAngl)W(l)), respectively. Since ||B||r and ||Bs||r are very close to 0, the impact of HQ(Z) on HfH_l) and

Hl(l) on H2(l+1) is very small. Based on the result of (Oono & Suzuki| (2020), we have:

daa(Hy ) = da (o (AyHy /W) < A (e (Hy ). )
A (H{™) x daa(0 (Ao HPW D)) < w(Az)dua (H),

When the number of iterations L is relatively small as in many real applications, the effects of B and B, can
be ignored, and the embedding distributions of different regions d(H 1(L)) and dp (Hz(L)) are much better
characterized by local connectivity . Therefore, the embedding density of each community is primarily
determined by nodes that constitute the community.

If the structure of communities C; and Cy differs dramatically, for example, )\(Al) < )\(Ag), then after L
layers of message passing, we have d g (HI(L)) <L dpm (HéL)). This means the embeddings of nodes in C7 will
be much more concentrated than those in Cs. In other words, the disparity in local convergence speeds leads
to an imbalance in local embedding densities. Figure [2] provides an example of this phenomenon. We sample
feature vectors for nodes in C; and Cy from normal distributions, N/ ( {:ﬂ [é (1)]) nd N ({ ] B ﬂ)
respectively. We then apply a 2-layer graph convolutional network, and the resulting embeddings of the
nodes are visualized. Even though the node features for C; and Cy are sampled with the same variance, the

variance of their embeddings differs due to the convergence bias resulting from the distinct structures.

To further illustrate the differences in the variances of their embeddings, we provide a more quantitative
analysis based on the contextual stochastic block model (CSBM) (Deshpande et al.,[2018). CSBM is a widely
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used statistical model for analyzing expressive power of GNNs (Baranwal et al., |2021; [Wu et al., 2022). We
consider a two-block CSBM denoted as G(n,p1,p2,q, pi1, pi2, 02). Here, A € R"*" represents the adjacency
matrix of the graph, and X € R"*? represents the feature matrix. In this model, for any two nodes in the
graph, the intra-class probability is denoted as p; (i = 1,2), and the inter-class probability is denoted as g.
Additionally, each node’s initial feature is independently sampled from a Gaussian distribution A (u;, 0?).

Our objective is to estimate the variance of node embeddings within each class. Formally, we aim to compute:
E[|p~1ax ~E(D'AX)||7]. (4)

Assumption 3.1 (Structural Information). p1,p2,q = Q(*%5™) and p; > py > q.

n
Lemma 3.1. Assume that d > $logn, we have (1 —€)|A —EA|% < |[AX —EAX|% < (1 +¢)||A — EA||%
with probability at least 1 — 2 exp(—ce?d).

Proof. Let X € R™*? be the projection matrix which maps each vector A4; € R™ to a d-dimensional vector
A; X € R Then according to the Johnson-Lindenstrauss lemma (Johnson & Lindenstrauss, 1984), given
some tolerance e, it holds with probability at least 1 — 2 exp(—ce?d). O

Lemma 3.2. For a given Erdés-Rényi (ER) graph G(n,p), there exists a constant C such that ||A—EA| <
C/np with probability at least 1 —n~" for any r > 0.

Proof. By using corollary 3.12 from (Bandeira & van Handel, |2016)), we obtain sharper bounds. O

Lemma 3.3 (Sharp concentration, Lemma and Theorem 3 from (Wu et al., |2022)). There exists a
constant C' such that for sufficiently large n , with probability at least 1 — O(n™"),

C
|D~"A-E(D7'4)|, £ —. (5)
NG
Theorem 3.4. Given an CSBM G(n,p1,D2,q, i1, pla, 02), it holds that for the variance of class I with intra-
class probability p1 is smaller than the the variance of class II with intra-class probability ps.

Proof. According to Lemma to measure the variance of node embedding, we just need to consider
Ay B
B A,
graph G(%,p;) for each class separately. Denote Ry = D™*A; —E(D 'A4;) and Ry = D™'A; —E(D ™' A4,).
We have

structure influence |[D~*A — ]E(D’lA)HQF. By expressing A = [ ], this allows us to focus on ER

C C
R 2 < (1 — < (1- — < R 2
[ Rl < ( +€1)np1 <( GZ)npg < [|Ralw (6)

for appropriate €1, €2. It follows that variance of node embedding decreases more rapidly for the denser class.
Furthermore, the convergence speed is inversely proportional to the intra-probability p;. O

3.2 From Embedding Concentration Discrepancy to Class Bias Amplification

We have discussed how different local convergence speeds lead to varying degrees of dispersion in local
embedding distributions, and next we provide a theoretical justification on why this can lead to class bias
amplification in downstream tasks.

To illustrate the issue, we consider a binary classification problem. Following the setting in Section [3.1
the graph contains two classes of nodes, which form the distinct communities C; and C5. We assume that
the node embeddings from each community follow a Gaussian distribution. We consider the optimal Bayes
classifier for the above model, which is known to be the quadratic discriminant rule.

Definition 1 (Quadratic Discriminant Analysis). For a binary classification problem, where class 1 has
mean p1 and variance X1 and class 2 has mean ps and variance ¥o. Each sample is drawn from either one
with equal probability. Given a new sample x, the QDA rule is

1 1
arg max — o log det 3, — 5(95 — 1) TS (@ — pe)- (7)
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To simplify the discussion, we focus on the one-dimensional case, while the results for higher dimensions are
similar. More specifically, each sample x is drawn from N (1, 0%) or N (uz,03) with equal probability, and
let y be the label of x. Assume 07 # 09, meaning the data distribution of one class is more concentrated than
the other, which models the embedding density imbalance. For this simple case, the optimal classification
error can be represented as a closed form.

Proposition 1. For the above QDA classifier, the error probability of samples from class 1 is:
(0f +03)?

=PY?2> L2/ _ (52_42) 4202520
p1 ( o2 —o? (03 — 01) + 20703 g(01

02

) (8)

2 2
ogi+to;

WJU% — o3lo?).

The classification error probability of class 2 is symmetric and thus omitted. The above expression is

quite complicated. To demonstrate the class bias amplification issue, we define the degree of class bias as
max{p1,p2}
min{p1,p2}
distribution affects k. To this end, we fix the value of o7 + 02, and vary the ratio o1 /0.

where Y ~ N (/|03 — 02| + (2I(01 > 02) — 1)

K = (larger x means more severe class bias issue), and investigate how the imbalance in data

3.0
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Figure 3: Fairness k vs. ratio between variances.

The value of k corresponding to different ratios is plotted in Figure [3] It is evident that as the degree of
imbalance in o1/09 increases, x also increases. That is to say, as the degree of imbalance in embedding
density grows, the class bias gradually increases as well. Overall, local structural differences exacerbate the
embedding concentration discrepancy, which further leads to the amplification of class bias in the classifier.

4 Random Graph Coarsening Contrastive Learning

In this section, we first present the main idea and theoretical justifications of random coarsening to alleviate
the class bias amplification. Additionally, we propose the Random Graph Coarsening Contrastive Learning
(RGCCL) model, which utilizes random graph coarsening as data augmentation.

4.1 Mitigating Class Bias Amplification via Random Coarsening

Our goal is to make the embedding distribution of sparse classes more concentrated. For this to happen, we
first randomly partition the graph into clusters S = {Sy,---,S:} according to some random process. Let
f be a GNN encoder, and f(u) be the embedding of node u. We define the embedding for a cluster S; as
f(S:) = ‘S—ll > ves, f(v). We use the loss

DS ) = f(SHII? (9)
S;,eSues;

to regularize the GNN encoder, which encourages nodes in each cluster in the random partition to be more
concentrated. In the following, we first show that if the distribution of the random partition, denoted
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by P, satisfies certain requirements, the above loss has the implicit effect of pushing the embeddings of
sparse classes more heavily. Then, we provide a specific random partition algorithm, namely random graph
coarsening, which meets the requirements.

Following the setting in Section [3.2] we consider a binary classification problem. Assume that for a random
partition drawn from P, the probability that two nodes from class 1 (class 2) lie in the same cluster is ¢;
(q2), and the probability that two nodes from different classes are clustered together is g12. We have the
following lemma, the proof of which is provided in the appendix

Lemma 4.1. Let C; and Cy be the two classes of nodes. Suppose each cluster has the same size s, then

Erer 30 > sllfw) = £(S)I?

S;ESuES;
=0 Y M@= f@F e Y fw - fO)
u,veC1,u#v u,veCy,u#v
ta Y lIf@) - f)
ueCq,veCs

Now suppose C; is denser than Cs, and by the analysis in Section [3.1] the embeddings in C} are likely to
be more concentrated. To make the embedding densities of C; and C; more balanced, from Lemma @, a
preferred random partitioning algorithm should satisfy

72 > q1 > qi2- (10)

Here, we design a random graph coarsening strategy to obtain such a reasonable partition, which can satisfy
(10). Due to the homophily principle that similar nodes may be more likely to attach to each other than
dissimilar ones, if we always merge nodes that are connected by an edge, g12 should be less than ¢; and gs.
On average, the degrees of nodes in Cy are lower than C;. To realize g2 > ¢1, we adopted a simple probability
function w(u,v) = ﬁ for random edge selection during coarsening, ensuring a higher probability for low-
degree nodes to participate in the random coarsening. Specifically, we first compute w(u,v) to construct
the weight set Z of all edges, and then determine the edges to be coarsened by randomly selecting edges

according to the weight set Z.

Therefore, our random graph coarsening strategy iteratively merging two (super) nodes through edge con-
traction to form more super nodes. Eventually, we can obtain a coarsened graph, where each supernode
represents a cluster, and the nodes that constitute this supernode belong to the same partition. By contrast-
ing the nodes in the original graph with their corresponding supernodes (clusters) in the coarsened graph,
we can optimize loss @D to mitigate class bias amplification. To prevent the formation of large supernodes,
we use a threshold limiting the size of supernodes during the coarsening process. A detailed description of
our random coarsening algorithm is provided in the appendix [A.4]

4.2 Framework of RGCCL

Based on the theoretical insights from Section [£.1] we present a novel multi-view graph contrastive learning
method RGCCL, which can effectively alleviate the issue of class bias amplification. Compared to existing
GCL models, the key difference in our approach is to use random graph coarsening as the graph augmentation
method and a specially designed loss function for this framework.

The GCL method generates different views through graph augmentation, and then trains the model param-
eters by comparing the node embeddings from different views. The architecture of RGCCL is presented in
Figure @] In our RGCCL, we regard the original graph as one view and the coarsened graph as another
view, and then compare the corresponding nodes in these two views. In order to alleviate class bias amplifi-
cation, we need to push the node embedding f(u) towards its corresponding cluster center embedding f(.Sy)
according to the analysis in Section Specifically, the super-node embedding computed in the coarsened
view is used as the cluster center, and then each node embedding in the original graph and its corresponding
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Figure 4: The architecture of the proposed RGCCL.

super-node embedding in the coarsened graph is defined as a positive pair. By conducting contrastive learn-
ing on such positive pairs, we make the embedding distribution of sparse classes more concentrated, thereby
reducing class bias amplification.

In this work, we use a method different from the previous graph coarsening algorithms (Huang et al., 2021))
to construct the coarsened feature matrix. A difference is that they construct the new feature matrix simply
by summmg i.e., given a partition matrix P, X' = PT X . Here, a normalization based on degrees is applied:
X' =D *1PTDX where D’ and D are the degree matrices of the two views. The purpose is to ensure, as
the number of graph propagations goes to infinity, the embedding of a node and its corresponding supernode
in the coarsened view converge to the same point. This computational method is supported by the following
upper bound

120~ 200 < iy 5222 (X 4 /). ()
min

Here, u represents a node in the original graph, while v is its corresponding node in the coarsened graph.

We denote the node embeddings learned from the original graph G and the coarsened graph G’ as Z,, and

Z!, respectively. Ag and N, are the second largest eigenvalues in G and G’ respectively. dpmqr and dmin

are the maximum degree and minimum degree in G and G’, respectively. A detailed proof can be found in

Appendix [A72]

On the other hand, graph coarsening is a method of data reduction, so using random graph coarsening as
data augmentation can also reduce the resource consumption of GNN training, especially when computing
positive and negative sample pairs.

Specifically, we apply the random graph coarsening algorithm to generate one graph augmentation G’ =
(A’, X’) in each epoch during training. Then, we compute the coarsened graph and original graph embeddings
by a GNN encoder with shared parameters: H = GNN(A’, X’,0) and Z = GNN(A4, X, 0).

Recall that positive pairs are of the form (u,S,), where S, denotes the corresponding supernode of u. So
we penalize || Z, — Hg, ||%. The loss function of positive pairs can be described more concisely in the matrix
form. Let Z' = PH, then Z!, = Hg,. Therefore, the positive pair loss function is

Lpos =12 = Z'|E = 1217 + 12'|[% — 2Te(Z27 Z"). (12)

If Z and Z' are normalized appropriately, we only need to minimize —2Tr(Z7Z").



Published in Transactions on Machine Learning Research (12/2025)

Considering that the node embeddings Z derived from the original graph G may encounter imbalance issues,
whereas the coarsened graph G’ typically exhibits a more balanced embedding distribution. Therefore, we
do not pick negative pairs from the original graph and only compute a negative pair loss with the coarsened
graph. There are various methods for selecting negative pairs and computing the loss; here we use the loss
from Zhang et al.| (2020), which is derived from the graph partition problem. More specifically, we randomly
sample a small set of supernode pairs N/ C V' x V', and the negative pair loss function is:

«
S pyen nangllhi =yl

Locg = (13)

where h; and h; are the embeddings of supernodes ¢ and j, and n; and n; are the number of original nodes
contained in supernodes ¢ and j.

Optimizing Lyeq + Lpos will be difficult due to the huge difference of the scale of £,,s and Lye4. Therefore,
we transform L, into the following form

B

Evos = Tz 27y

(14)

Finally, the loss function of our model is

o B

L= 4 .
D ijen mingllhe = hi||2 - Te(Z7Z")

(15)

4.3 Generalizability of RGCCL

The generalizability of self-supervised learning methods has recently been theoretically analyzed in (Huang
et all 2023; Wang et al [2022). They characterize it with three properties, namely the concentration of
augmented data, the alignment of positive samples and the divergence of class centers. Huang et al.| (2023)
also shows that the divergence of class centers is controlled by classic contrastive losses such as InfoNCE and
the cross-correlation loss.

Following the proof of Huang et al.| (2023)), we show that our self-supervised loss Ly,c4 can also upper bounds
the divergence of class centers, thus classes will be more separable if our objective is optimized. The theorem
is stated as follows, with further details provided in Appendix

Theorem 4.2. Assume that encoder f with norm 1 is M-Lipschitz continuous. For a given (a,%cf) aug-
mentation set A, any e > 0 and k # 1,

1 A

(—m‘*‘T(ﬁ’a’%d)% (16)

phm < —
Prpi

where (e, a, v, d) = 2R416(1—a(1—4e— Mmaxy(y &%))—I—KRG)Q—FS(l—a(l—%e—iMmaxk(v ci’? )+
KR+ %z1).

min min

Next we discuss the concentration property of the random coarsening augmentation. First notice that for
any two nodes v and v, the probability that they are coarsened together is equal to the probability that they
are connected by randomly selected edges in the algorithm. Suppose the edges are selected independent and
identically with probability p, then the connection probability is lower bounded by p3#(&) | where dia(G) is
the diameter of G. Once u and v are coarsened together in at least one coarsened graph, d(u,v) = 0, which
means our random coarsening augmentation can be very well-concentrated.

5 Related Work

Contrastive learning on graphs. Contrastive learning is a type of unsupervised learning technique
that learns a representation of data by differentiating similar and dissimilar samples. It has been used
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in a variety of applications within the domain of graph data. DGI (Velickovi¢ et all 2018) and MVGRL
(Hassani & Ahmadil 2020) contrast node embeddings with graph embeddings using a loss function based on
mutual information estimation (Belghazi et al.,|2018; Hjelm et al., [2019). GRACE and its
variants (Zhu et all 2021} [You et all 2020)) aim to maximize the similarity of positive pairs and minimize
the similarity of negative pairs in augmented graphs in order to learn node embeddings. To counter the
performance degradation induced by false negative pairs, CCA-SSG (Zhang et al. [2021)) simplifies the loss
function by eliminating negative pairs. In order to reduce the computational complexity of contrastive loss,
GGD (Zheng et al. 2022)) discriminates between two groups of node samples using binary cross-entropy loss.
For a broader understanding, we recommend that readers refer to the latest surveys (Liu et al., 2023a}

et al 2023)

Structural bias on graphs. Fair graph mining has attracted much more research attention since recent
studies reveal that there are unfairness in a large number of graph mining models. Several notions of
fairness have been proposed in recent survey (Dong et all [2023), and structural bias is mainly manifested
as degree bias. Prior studies (Tang et all 2020; Kang et al., 2022} [Dong et al. 2022; Liu et al., 2023b
have primarily concentrated on degree bias in supervised graph learning. GRADE (Wang et all 2022
first focuses on structural bias in unsupervised graph representation learning, mitigating the degree bias
issue through a degree-based graph data augmentation method. In view of the wide application of GNN-
based graph representation learning, the structural bias problem associated with it should receive more
attention from researchers. Existing studies on bias amplification, such as those in computer vision and
NLP (Zhao et al., [2017; [Wang & Russakovskyl, 2021; Hall et al., |2022)), have not considered graph structural
bias, and their definitions of bias amplification are primarily based on output distribution shifts rather
than structural propagation.Different from them, we are the first to study the phenomenon of class bias
amplification on graphs, which specifically captures how initial class imbalances are progressively exacerbated
by GNN structures, rather than demographic or attribute biases commonly discussed in prior works.

Graph coarsening. Recently, graph coarsening techniques have been used to address issues in graph neural
networks (Fahrbach et al.l |2020; Deng et al., 2019; Huang et al., 2021; [Jin et al., 2022; [Yang et al., 2025).
Graph coarsening with spectral approximation guarantees are studied in (Li & Schild, 2018; [Loukas, 2019;
. Graph coarsening can reduce the size of graph by combining the similar nodes, then the
coarsened graph can be used for downstream tasks related to the graph. Existing graph coarsening techniques
primarily strive to maintain the overall graph structure, resulting in a static and downsized coarsened graph.
These methods overlooks the local structural bias, and typically involves massive computational costs.

L=

6 Experiments

6.1 Experimental Setup

Datasets. The results are evaluated on six real-world datasets (Kipf & Welling|, |2017} [Velickovi¢ et al.,
[2018; [Zhu et all 2021; Hu et al. [2020), Cora, Citeseer, Pubmed, Amazon Computer, Amazon Photo, and
Ogbn-Arixv. Graph representation learning shows different degrees of class bias in these datasets. More
detailed statistics of the six datasets are summarized in Table[7]. On small-scale datasets Cora, Citeseer,
Pubmed, Photo and Computers, performance is evaluated on random splits. We select 20 labeled nodes per
class for training, while the remaining nodes are used for testing. For Ogbn-Arixv, we use fixed data splits

as in previous studies (2020)).

Baselines. We compare our approach against ten representative graph embedding models: Deepwalk
lozzi et all 2014), DGI (Velickovi¢ et al., [2018), GraphCL (You et al., |2020), GRACE (Zhu et al. 2020),
GCA (Zhu et al [2021), CCA-SSG (Zhang et al [2021]), gCool (Li et all 2022), GRADE(Wang et al. [2022)
, GGD(Zheng et al., 2022), SPAN(Lin et al., and PolyGCL(Chen et all |2024). For all the baselines,
we use the public code released in their previous papers. All models evaluate the learned representations by
training and testing classifiers with the same settings. More experimental details are listed in the appendix
A5
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6.2 Results and Analysis

Table[T]reports the node classification performance on small datasets. In these data splits, we employ Acc and
Macro-F1 as metrics to assess the overall performance of models. If Macro-F1 significantly drops compared
to Acc, it indicates that the model’s performance is not balanced across different classes. It is evident that the
performance of RGCCL outperforms other GRL models within the given experimental framework. Mostly,
RGCCL surpasses the runner-up by an advantage of 1%-2%. Notably, although RGCCL’s Acc score on the
Computers dataset is slightly lower than that of CCA-SSG, our Macro-F1 score is significantly higher than
that of CCA-SSG. This suggests that CCA-SSG has generated significant class bias on Computers. Clearly,
our specially designed model can improve the overall classification performance effectively while resolving
the issue of class bias amplification.

Table 1: Summary of results in terms of mean node classification accuracy and standard deviation over 50
runs on five datasets.

Method Cora Citeseer Pubmed Photo Computers

Acc Macro-F1 Acc Macro-F1 Acc Macro-F1 Acc Macro-F1 Acc Macro-F1
Deepwalk 67.24+1.7 66.5+1.5 40.0+2.1 38.3+2.0 66.9+2.8 65.6+2.7 85.1+1.2 83.94+1.2 77.3+1.6 77.24+1.5
DGI 78.540.9 77.240.9 70.4%1.0 63.6+1.4 72.5+3.3 72.5+3.3 87.94+1.3 86.24+1.3 79.7+1.6 78.4+1.3
GraphCL 78.3+1.5 76.7£1.7 70.6+1.2 64.1+1.4 71.7£3.5 71.7£3.6 88.3+1.3 86.74+1.2 79.7+1.4 78.5%+1.1
GRACE 74.442.0 72.54+2.0 68.9+1.0 61.24+1.1 76.1+2.8 75.9+£2.7 85.1+1.6 83.5+1.4 76.24+1.9 75.2+1.5
GCA 78.6+1.2 77.2+1.2 68.8+1.5 65.3+1.4 75.4+3.0 75.5+£2.9 87.84+1.2 86.24+1.3 79.1+2.4 77.94£2.0
CCA-SSG 79.2+1.4 78.0+1.4 71.8+1.0 66.3+1.1 76.0+£2.8 75.8+2.7 88.7+1.1 86.943.2 82.7+1.0 76.9+3.7
gCooL 78.54+1.3 77.1+£1.1 68.61+1.4 64.94+1.3 75.5+£3.0 75.3£2.9 87.941.3 85.94+1.4 79.84+1.7 78.1+1.3
GRADE 81.54+1.0 80.2%1.0 67.6+1.5 64.24+1.3 74.5+£2.7 74.5+£2.6 87.14+1.2 80.443.0 75.84+1.2 64.7+3.1
GGD 81.940.9 80.5+0.8 70.1£1.3 66.2+1.1 74.7+£3.2 74.443.1 87.24+1.5 85.44+1.4 80.4%1.8 80.0%1.2
SPAN 80.740.6 78.84+0.7 69.11+1.2 64.31+1.1 73.1£2.8 72.6+£2.8 86.31+1.5 84.44+1.6 76.4+1.7 75.8+1.4
PolyGCL 77.44+3.2 75.8+3.1 69.94+1.4 62.71+1.3 75.2+3.4 75.5+3.1 85.7+1.4 84.6+1.3 76.7+1.6 75.5+1.5
RGCCL 83.14+0.8 82.040.8 72.440.9 67.74+0.8 77.3+2.9 77.14+2.7 89.6+1.2 88.2+1.2 81.2+1.8 80.2+1.2

Quantitative analysis. To further demonstrate that RGCCL effectively alleviates the amplification of class
bias, we present statistics of the learned representations and compare them with other popular GRL methods.
Firstly, we measure the concentration of the embedding for each class by calculating their mean distances
from the centroid (i.e., Vo = ﬁ Yice |z — ﬁ > icc Zil| for class C). Next, we compute the average and
standard deviation of Vi across all classes. A smaller average value indicates that the representations for
each class are more concentrated, which in turn makes the classification boundary easier to learn. A smaller
standard deviation suggests a more balanced embedding density, which has been shown to be beneficial
for classification fairness (as discussed in Section [3.2). In Table [2| we present the results of four baseline
methods as well as RGCCL on Cora and Citeseer. RGCCL demonstrates not only more concentrated
embeddings for each class but also the most balanced embedding density. These results strongly support our
theory. Furthermore, we use the Matthew’s coefficient to measure class bias. Table [3] presents the results of
Matthew’s coeflicient for representative GRL models and our RGCCL. The results indicate that the bias in
the embeddings learned by RGCCL is significantly less than that of other GRL models.

Visualization. To further illustrate that RGCCL effectively mitigates the issue of class bias amplification,
we have visualized the performance of each model across different classes. For each class, we compute the

Table 2: The average and standard deviation of class density. A smaller average indicates higher embedding
quality, while a smaller standard deviation suggests less class bias.

Method Cora Citeseer
Ave Std Ave Std
DGI 0.3782 0.0294 0.3402 0.0255

GRACE 0.2114  0.0252  0.1715  0.0163
CCA-SSG  0.2817  0.1031 0.1672  0.0109
GRADE 0.1983  0.0352  0.2141 0.0243
GGD 0.3183  0.0541 0.3297  0.0329
SPAN 0.3260  0.0323  0.3234  0.0227

RGCCL 0.0942 0.0084 0.1401 0.0097
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Table 3: Matthew’s coefficient for RGCCL and six baselines.

Cora, CiteSeer PubMed
DGI 73.0+1.5 64.5+1.2 57.8+4.3
GRACE 67.9+1.6 60.0+2.0 62.3+3.8
CCA-SSG 74.5+1.6 64.6+1.4 64.0+4.1
GRADE 75.7+1.5 62.1+1.3 58.1+3.4
GGD 77.0+1.6 64.9+1.2 63.7t4.1
SPAN 76.91+0.7 62.4+1.4 60.3+4.0

RGCCL 78.9£0.9 66.3£0.8 65.6+4.2
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Figure 5: Box plots of the average accuracy w.r.t. class for five baselines and RGCCL on the Cora, Citeseer
and Pubmed dataset.

average performance of the model in this class and then draw a box plot based on these accuracies. Figure
provides a visualization of the node classification accuracy in different classes on the Cora, Citeseer and
PubMed. It is clear that our model has the smallest performance difference across different classes, while
also having the best overall performance.

Scalability. Another benefit of RGCCL is its small memory usage. This efficiency is primarily because the
random graph coarsening is preprocessed on the CPU, resulting in a coarsened graph notably smaller than
the original. Experiments were also conducted on the Arxiv dataset, which is a large-scale dataset for most
GRL models. Larger size makes sub-sampling necessary for training on some baselines, but our RGCCL can
be trained directly on the full graph. As shown in Table [d] the Acc and Macro-F1 of RGCCL both exceed
those of other baselines.

Figure[6] shows the memory usage of our model and seven mainstream GCL models on Citeseer and Pubmed.
RGCCL exhibits the same level of memory usage as GGD, which is specifically designed to save computation
costs; our model benefits from the effective reduction of graph size via random coarsening.

Effectiveness of different coarsening ratios. We studied the effect of random coarsening ratio on model
performance. The random coarsening ratio refers to the proportion of the number of nodes reduced relative
to the total number of nodes. Table [5| shows the results of different coarsening ratios. According to our

Table 4: Summary of results in terms of accuracy on Ogbn-Arxiv.

Method Ogbn-Arxiv
Acc Macro-F1
DGI 68.84+0.2  46.84+0.4

GRACE 68.4+£0.1  46.1£0.3
CCA-SSG  69.84£0.2  46.5+0.6
GRADE 67.7£0.2  45.0+£0.4
GGD 70.7£0.3  48.5+£0.4
SPAN 70.1£0.3  48.7£0.5

RGCCL 71.7£0.1 50.6+0.2
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Figure 6: The memory usage of baselines and RGCCL on Cora, Citeseer and Pubmed.
observations, the changes in the coarsening rate have a more significant impact on the Macro-F1. The model

performs better when the coarsening rate is between 30% and 50%. If the coarsened graph is too small,

it may lead to the loss of information in the augmented graph, which could in turn cause a decline in the
performance of the RGCCL.

Table 5: The performance of different coarsening ratio.

Cora Citeseer Pubmed

Acc Macro-F1 Acc Macro-F1 Acc Macro-F1

r=03 83.1£0.8 82.0£0.8 72.4+0.9 67.6£0.8 77.1£2.9 76.9£2.7
r=0.5 82.840.8 81.8+0.8 72.4+09 67.7£08 77.3£29 T7.1£2.7
r=0.7 82.5+0.9 81.4£0.9 72.1£0.7 67.0£0.7 77.1£2.8 76.8+£2.6
r=09 824409 81.1£1.0 72.0£0.7 66.9+0.7 77.0£2.8 76.9£2.6

Table 6: The performance of different loss terms ratio.

Method Cora Citeseer Pubemd
Acc Macro-F1 Acc Macro-F1 Acc Macro-F1
RGCCL 83.1+0.8 82.0+0.8 72.44+0.9 67.7+£0.8 77.3+2.9 T77.14+2.7

RGCCL w/o Lney 80.8£0.9  79.840.8 58.0£3.4 54.6+£2.9 67.746.0 66.9+6.8
RGCCL w/o Lpos  82.840.8  81.7£0.7  72.0£0.8 67.4+£0.7 76.6+2.8  76.4+2.6

Effectiveness of different loss terms. We conducted an ablation study to evaluate the contribution of
different loss terms in our model. Specifically, we examined the impact of removing the positive loss term
Ly0s and the negative loss term Ly, on node classification performance. As shown in Table |§|, the removal
of Lyeq leads to a significant drop in performance across all three datasets, especially on Citeseer, where
the accuracy and Macro-F1 decrease by about 14% and 13%, respectively. This indicates that L., plays
a crucial role in preserving discriminative information during training. On the other hand, removing L.,
only causes a slight performance degradation, suggesting that while beneficial, its contribution is less critical
compared to Lyeq. Overall, the full model achieves the best results, demonstrating the complementary effects
of both loss terms.

7 Limitations and Future Work

It is important to emphasize that this study is conducted under the homophilic graph setting, which aligns
closely with the mainstream research direction in the field of graph representation learning. This setting
ensures that our theoretical framework and methods are well-suited to the widely adopted paradigm—mnamely,
that connected nodes are more likely to share similar attributes. While our method demonstrates excellent
performance and robustness under the homophilic assumption, its applicability to heterophilic graphs remains
an open question. Heterophilic graphs are characterized by connections between dissimilar nodes, presenting
unique challenges that are beyond the scope of this study. In future work, we plan to extend the exploration
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of class bias amplification to heterophilic graph settings. This direction will likely require the development of
new theoretical tools and the establishment of evaluation metrics tailored to the characteristics of heterophilic
graphs.

8 Conclusion

In this paper, we study the issue of class bias amplification in GNN-based graph representation learning. We
present a novel perspective on this problem through the lens of convergence bias and embedding concentration
discrepancy, and a comprehensive theoretical analysis is provided. Based on our theoretical insights, we
propose to use random graph coarsening to mitigate this issue, and give theoretical guidance on how to
design effective random coarsening algorithms. Finally, a graph contrastive learning model is proposed
which utilize random graph coarsening as graph augmentation and a loss function is designed for this new
form of graph augmentation. Comprehensive experimental evaluation illustrates the superiority of RGCCL
in mitigating class bias amplification.
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A Appendix

A.1 The proof of Lemma [4.1]

Lemma A.1. Let C; and Cs be the two classes of nodes. Suppose each cluster has the same size s, then
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Proof. Let I,, be the index such that v € S;,. We have
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For fixed S; € S, without loss of generality we assume f(S;) = 0 (if not, redefine f(u) = f(u) — f(S;)), then
we have
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The equation [20]is due to the assumption that f(S;) = 0. Therefore,

Epep Y 3 sllf(u) = F(S)I? =Epap 3 Trump 17 (w) = (0% (21)

S;eSuesS; uFv
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We next divide pairs in into three categories and get

Epnp ) lir,=r,1llf (w) = F(0)]

uFv
=Bpep D> Tp—p)lf (w) = f()]
u,veC,urv
+Epop Z Ly =1 llf (w) = f(v)]?
u,v€Ca,u7#v
+Epep Y Tp=p I f(w) = fF0)]
u€Ch,veC2
= > alf-fOP+ Y elfw-fo)l’
u,v€Ct,u#v u,v€Ca,u#v
+ Y aelf@ - f)IPR
u€C1,veCs
which finishes the proof. O

A.2 Comparison of Node Embeddings of the Original Graph and the Coarsened Graph

In this section, we assume the graph is connected. When there are multiple connected components, each
component can be analyzed separately, and thus the conclusion holds for general graphs.

The feature matrix of the coarsened graph is computed using the formula in line 13 of Algorithm [T} which is
different from prior work. Here we provide a justification on this. We consider a GNN encoder Z = O’(AkX W)
with A = D='A. Assume the corresponding supernode of w in the coarsened graph is v. We use Z,, and Z},
to represent the node embeddings learned from the original graph G and the coarsened graph G’ respectively.
We show next that using our coarsened feature matrix, the difference between Z,, and Z! converges to zero
as k — oo.

We assume the activation function o(-) and the linear transformation function W to be Lipschitz continuous.
These assumptions are commonly used in previous analyses of GNNs (Chen et al., [2018; (Garg et al.l 2020;
Cong et al., [2020; |2021)). Then, the coarsening error can be expressed as:

120 — Z1|| = |lo(A*XW), — o (A" X'W), || < k[[(AFX), — (A" X7), ), (22)

where k represents the Lipschitz constant. For notational convenience, let mgk) = (flkX ) and W;(k) =

(/l’kX')v. We need the following Lemma, the proof of which can be found in |Chung & Graham (1997)).

Lemma A.2.

e . d . . 1.1
Ai’j:Z J gf:2min’ |AY; — A < ASd; *d;”7, (23)
ueG U

where Ao s the second largest eigenvalue of/i and CAZ; denotes the degree of node i with self-loop.
Theorem A.3. Let the coarsened feature X' = 5/’1PT5X, then for any node u, we have

d /
w0 — il ®) < T (0AE 4 ), (24)
dmin
where Ao and N, are the second largest eigenvalues in G and G’ respectively. dpmaz and dpg, are the mazimum
degree and minimum degree in G and G’, respectively.

Proof. Given the coarsened adjacency matrix A = PTEP, the sum of the weighted edges in A is still

A d . A
2m +n. If node 7 in G’ is not a supernode, we have A’;Cj = 5 . o= 2733-71 = A75. Let S be the set of

veG! "V
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supernodes in G, i.e., those nodes in G’ containing at least two nodes from the original graph, and define Q

as the set of nodes participating in the coarsening process: @ = |J S;. Then we have:
S; €S
E
(LR A
N L Ak
= > (4 b, Xb, — DAL X+ D (Ar X - A X))
S;es JES: JEV\Q (25)
Ak ~k
<[y (A o Xb, — DAL XN DD (AL X =AY XD
S;eS JES; JEV\Q
First,
~ k ~
| Y (Ares, - X5, = Y AL
s;€S JES:
~ k ~ A~
:” Z (A/'U»Si ’ X~/5'1 - Alfsi ’ XA/S'q + A/fsi ’ Xél
S;€eS
i N
= (AR X - AR X+ A X))
JES;
| Z vS XS AU,S7X»/5'772(A2,]X]7A2CJXJ)
S;e8 JES;
PN N
+ A X = DAY X))l (26)
JES:
s 00 ke N
<[y (A o X — Ao X5+ | DD (AL X - AR X)|
S;eS S;eS jES;
~ 0O ~
HI Y (Ays, - X5, = DAY - X))
S.€S JES:
~k o) N N
<Y A s, = A s XS+ D > AL - A%
S;eS S;€S jES;
A OO A
YD (A, - X5, = D AT X)
S;€8 JES;
For the sake of simplicity, we assume the feature X is non-negative and normalize the X so that || X;|| = 1.
Ejes AZOJX Zjesi 45 X

= ——. In other words, the coarsened feature matrix

AISQ:Si Zjes- dj
X' is defined as D' "' PTDX, which implies [ X?|| < 1. Then, we have

IS (A, Xy =S A

Let the supernode feature Xg =

S;€S JES;
~ k ~ N
<AL, - + > D IAL - A%
S; €S S €S JES;
Ple’e) ~
D0 (A X5 = D AT X)) 27
S; €S JES;
~ k A 00 ~ ~
<Y A, —Asll+ D D IAL - A%
S; €S S; €S jES;
—~ Ll 1 __1
<>t td +Z > Md, *d;’. (by Lemma[A)
s;€8 5;eS jes;

For each uncoarsened node u € V\Q, we have flﬁ" A’ ; and X; = X7 %. Therefore,
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> (AF - X, A’ i X
JEVAQ
. .~ . .k
=|| Z (Af X5 — A% X+ AT - X — A7 - X))
JEVAQ
< 3 (A, X - A X+ A X - A% X
JEVAQ
N 2o PN ~k
< Z (HAZ] — A+ A — Al

JeEVAQ

(28)

< Z (Nsd, *d;” +2fd, *d;”).  (by Lemma[A2)

We define dy,q0 and din as the maximum degree and minimum degree in G and G, respectively. Thus, we
have the following conclusion

LSRR A

dmaw dmaz dmaa: o
<y TSI + QIS + (0= QNS +A5")

dTIl’LTL dm'm, dmzn

dmam ™ (29)
S92 (08 4 (4 15~ 1QDAL)
dmaL 4

_,/d (nAs +n/\J).

According to Theorem and inequality (22)), we have the following upper bound:

dmaz ’
10 = Z < g 22 (0§ + 0 0) (30)

min
On the account of 0 < A2 <1 and 0 < A < 1, when k — oo, the error || Z, — Z|| — 0.

A.3 Generalizability of RGCCL

Following (Huang et al |2023; Wang et al., [2022), we investigate the generalizability of our self-supervised
model. Denote G,, as the ego network of node v; and the corresponding adjacency matrix as Agvi, Wang
et al.| (2022)) characterizes the concentration of a graph augmentation set with the following definition.

Definition 2 ((«,~,d A) Augmentation). The data augmentation set A, which includes the original graph, is a
(a7, d)-augmentation, if for each class Cy, there exists a main part CY C Cy, (i.e., Plv € C’k] > JIP’[U € Cyl),

A
)XH, and
dgl

J

where sup,, y,ecoda(vi, v2) < (50 )'/2 hold with da(vi,v;) = minge a(g, ), gIEAG,, )||(

mm

k o . .
dpyin is the minimum degree in class Cy,.

Given a («, 7, J)—Augmentation, one can establish inequalities between contrastive losses and the dot product
of class center pairs. This means classes will be more separable while the objectives are being optimized.
For example, [Huang et al.| (2023) gives the proofs for InfoNCE and the cross-correlation loss. Since our
objective differs from both of them, we prove a similar theorem as [Huang et al.| (2023). Denote pug :=

EveciBgrea@,)f(9)], pk = Plo € Ci], Sc i= {v € Uy, Cr : ¥61,G2 € A(Gu), |1 £(G1) — f(G2)| < €} and
R.:=1-P[S].
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Theorem A.4. Assume that encoder f with norm 1 is M-Lipschitz continuous. For a given (a,'y,cf)
augmentation set A, any € >0 and k # 1,

1 1 A
Mglu’l < 7(_27 + T(Evaavvd))v (31)

where 7(e, v, d) = 2R +16(1—a(1—3e—1 Mmaxy, (v = ))—|—KR) +8(1—a(1—3e—1 Mmaxy (v -
KR+ £21).

Proof. Our negative pair loss is

1

»Cne = EPNP[ 7 }
! > im1 2y il + 11112 — 2h] By
1 1
= 7EPN7)[ n n }
2 n? — Zi:l Zj:l hz'Thj
Since Y0 3% =1 hTh <n? , and —— is convex for x < n?. Using Jensen’s inequality, we have:
2L peqg > 1
"7 2 — Epap[Xoin, Yojoy hi byl
- 1
TL2(1 - ]Exi,ijPNP [h?h]]) .
Next, we focus on Ey, Epphl hj:

K
ZEI“IJ 1‘1 esS. N Ck) (LL'J‘ S Cl)]Epr(h;rhj)]

Eml T EPNP h h

—_

[[(z; € Se)]

xj

By z; [L(zi € Ci)l(z; € Cl)(,u;{m)} — R+ Ay

N
Il
_

Il
M- M= F T
b

[pepipd ] — Re + Ay

bl
I
—
T
ESYSINA

1
7_R€+A1,

#H—K

> PrDuj

where A is defined as

M=
M=

Ay = Ea, o, [[(z; € Se N Cp)l(z; € C)Epap(h] hy)]

b
I
-
I
—

Wk

Eo, 2, [I(z; € Cr)l(z; € Cp)( )]

M- 11>
M= I

Eu, o, [l(zi € Cr)l(z; € C)Epaplhl hj — pif; ]

£
Il
—
Il
-

M-
]~

Eu, 0, [(L(zi € Ck) — I(z; € Se N Cy))I(z; € C)Epp(h] hy)].

£
Il
s
-~
Il
-
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Then,

K K
A1 <R+ By, [I(zi € C)l(z; € CEpp|hf by — pi u]
k=11=1

11 D
<R.+16(1 —a(l — 56~ ZMmaka ——)) + KR.)

1 1 | D

A

1 1 D
7(e,0,7y,d) =2R. + 16(1 — a(1 — 7€~ iMman('y )+ KR.)?

Thus, if we define

1 1 D K-1
+8(1—a(1—§e—ZMman(’y K))-FKRG‘FT%
we have
1 1 1
Ty < 1-— — =4+ R AH+1|A
gt < pkpz( WLy K + Re + |Aq])
1 1 X
< —(—=—=+— +7(6,0,7,d)).
Pkpl( 2n2£neg ( 7 >)
This finishes the proof. O

A.4 Random Graph Coarsening Algorithm

Algorithm [T} is a detailed description of our random graph coarsening algorithm.

Algorithm 1 Random Graph Coarsening

Input: G = (4, X), threshold §, the coarsening ratio r, number of nodes n
Output: G' = (A", X')
Compute the weight set Z of all edges
Construct an edge set £ of length rn by randomly selecting the edges according to the weight set Z.
Initialize the cluster list T
for : = 0 to rn do
Obtain (u,v) = &;
Retrieve the clusters T, and T, from 7, where T, contains v and 7, contains v
if |Tu| +|7To| < 6 and T, # T, then
Merge cluster 7, and cluster 7, to a new cluster
end if
end for
Construct the assignment matrix P by T
Compute the coarsened adjacency matrix A" = PTAPN
Compute the coarsened feature matrix X’ = D-'PTDX
Return G’ = (A’, X’)

A.5 Experimental details

For all unsupervised models, the learned representations are evaluated by training and testing a logistic
regression classifier except for Ogbn-Arxiv. Since Ogbn-arxiv exhibits more complex characteristics, we use
a more powerful MLP classifier. The detailed statistics of the six datasets are summarized in Table
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Table 7: Summary of the datasets used in our experiments

Dataset ‘ Nodes Features Classes Avg. Degree
Cora 2,708 1,433 7 3.907
Citeseer 3,327 3,703 6 2.74
Pubmed 19,717 500 3 4.50
Amazon-Photo 7,650 745 8 31.13
Amazon-Computers | 13,752 767 10 35.76
Ogbn-Arxiv 169,343 128 40 13.67

Details of our model. In our model, we use SGC as the encoder for Cora, Citeseer, Pubmed, while we use
GCN as the encoder for Photo and Computers. The detailed hyperparameter settings are listed in Table
Our code is available at: https://github.com/szzhangl7/Understanding-Class-Bias-Amplification
-in-Graph-Representation-Learning.

Table 8: Summary of the hyper-parameters.

Dataset Epoch Learning rate « 153
Cora 25 0.01 15000 500
Citeseer 200 0.0002 15000 500
Pubmed 25 0.02 20000 200
Amazon-Photo 20 0.001 100000 100000
Amazon-Computers 20 0.0002 20000 20000
Ogbn-Arxiv 10 0.0001 2000000 200000

Details of Baselines. We compare RGCCL with state-of-the-art GCL models DGI'] GRACE?, GraphCIP]
GCAl CCA-SSAP] gCoolff] GGD[] GRADHS, SPAN’] PolyGCI[™] and classic graph embedding model
Deepwalk. For all the baseline models, we use the source code from corresponding repositories. Due to
the large scale of Ogbn-Arixv, some GCL models are unable to process the full-graph on GPU because of
memory limitations. As a result, we apply graph sampling techniques to train these models.

Configuration. All the algorithms and models are implemented in Python and PyTorch Geometric. Ex-
periments are conducted on a server with NVIDIA 3090 GPU (24 GB memory), NVIDIA A6000 GPU (48
GB memory) and Intel(R) Xeon(R) Silver 4210R CPU @ 2.40GHz.

IDGI (MIT License): https://github.com/pyg-team/pytorch_geometric/blob/master/examples/infomax_tra
nsductive.py

2GRACE (Apache License 2.0): https://github.com/CRIPAC-DIG/GRACE

3GraphCL (MIT License): https://github.com/Shen-Lab/GraphCL

4GCA (MIT License): https://github.com/CRIPAC-DIG/GCA

5CCA-SSG (Apache License 2.0): https://github.com/hengruizhang98/CCA-SSG

6gCooL (MIT License): https://github.com/1lblaoke/gCooL

7GGD (MIT License): https://github.com/zyzisastudyreallyhardguy/Graph-Group-Discrimination

8GRADE (MIT License): https://github.com/BUPT-GAMMA/Uncovering-the-Structural-Fairness-in-Graph
-Contrastive-Learning

YSPAN (MIT License): https://github.com/Louise-LuLin/GCL-SPAN

10PolyGCL (MIT License): https://github.com/ChenJY-Count/PolyGCL
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