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ABSTRACT

The classic Hettmansperger-Randles estimator has found extensive use in robust statistical infer-
ence. However, it cannot be directly applied to high-dimensional data. In this paper, we propose a
high-dimensional Hettmansperger-Randles estimator for the location parameter and scatter matrix
of elliptical distributions in high-dimensional scenarios. Subsequently, we apply these estimators to
two prominent problems: the one-sample location test problem and quadratic discriminant analysis.
We discover that the corresponding new methods exhibit high effectiveness across a broad range of
distributions. Both simulation studies and real-data applications further illustrate the superiority of
the newly proposed methods.

1 INTRODUCTION

Estimating the mean vector and covariance matrix is a fundamental task in statistics. In low-dimensional settings,
when the data are multivariate normal, the sample mean and covariance matrix are efficient estimators (HArdleef all,
2007). Their performance, however, deteriorates under deviations from normality, motivating the development of
robust alternatives. For elliptical distributions, robust estimators such as the spatial median for location and Tyler’s
scatter matrix for dispersion have been extensively studied (Ojd, Z010). Furthermore, Hettmansperger & Randles
(P002) proposed a unified procedure for jointly and robustly estimating both location and scatter.

The increasing prevalence of high-dimensional data in areas such as genomics and finance has introduced new chal-
lenges. When the number of features approaches or exceeds the sample size, traditional estimators like the sample
covariance matrix become singular and non-invertible. This has spurred extensive research on high-dimensional co-
variance estimation, including thresholding, regularization, and shrinkage techniques (Bickel & T_evina, P00Xa;H); for a
comprehensive overview, see Fan ef all (Z0T6). Nevertheless, these approaches largely based on the sample covariance
matrix, and thus are not robust to heavy-tailed distributions.

To address these challenges, robust estimation techniques under elliptical distributions, which naturally accommodate
a broad class of heavy-tailed distributions including the multivariate ¢-distribution and multivariate mixture normal
distribution, have garnered increasing attention in high-dimensional statistics. Several studies have explored the prop-
erties of the sample spatial median and its use in high-dimensional sphericity testing and location parameter testing
problems, including Zon"ef-all (2014, Ci-& Xu (2027), and Cheng et al] (?023). However, these estimators are
not scalar invariant. To address this issue, scale-invariant spatial median estimators (Feng et all, P016; Feng & Sum,
D0T6; Cmirefall, P024) were developed as extensions of the simultaneous estimation framework of Hettmansperger &
Randles (2Z007). However, these approaches are not affine invariant with respect to scatter transformations, limiting
their flexibility and applicability in practice. In parallel, robust scatter estimation has advanced through the study of
spatial-sign covariance matrices, known for their affine equivariance. Recent works have developed linear shrinkage
methods tailored for high-dimensional settings (Raninenef-all, D071, Raninen & Ollild, PO21; Ollila & Breloy, 2027
Ollila, 2074), and sparse precision matrix estimation based on spatial-sign covariance (Cu & Feng, P075), extending
previous advances such as Caiefall (Z01T) and Yuan & Tinl (2007). However, most existing methods address location
and scatter matrix separately, lacking a unified framework that integrates both aspects in high dimensions.

Motivated by these limitations, we propose a novel framework for robust high-dimensional inference. Specifically,
we introduce the high-dimensional Hettmansperger-Randles (HR) estimator, from which both the spatial median and
the scatter matrix estimators inherit affine equivariance. The resulting spatial median estimator is therefore affine
invariant with respect to scatter transformations, overcoming certain limitations of previous approaches and enhancing
robustness in high-dimensional inference under elliptical distributions. We demonstrate the practical utility of the HR



estimator through its applications to two core problems in modern high-dimensional statistics: one-sample location
testing and quadratic discriminant analysis.

For the high-dimensional one-sample location testing problem, substantial research has been conducted over the past
two decades, leading to three main categories of testing procedures. The first category comprises sum-type tests,
which aggregate statistics across all variables and are powerful against dense alternatives (Bai-& Saranadasa, 996
Chen ef all, POT0; Wang et all, 2013, [Ayyala et al], Z01°7; Feng et all, 2013, Feng & Sunl, 2016, Feng et all, Z0Ta; ZO2T).
The second category includes max-type tests, which focus on the maximum of individual statistics and excel under
sparse alternatives, explored in works such as (Zhong et all, P0T73; Cai_ef-all, D0OT3; Cheng et all, ?0773; Chang et all,
P0T7). The third category consists of adaptive type tests, which combine sum-type and max-type strategies to achieve
robustness across diverse sparsity regimes, with important contributions from Xuef-all (2016); He_ef-all (Z021)); Feng
ef all (20274; P074)); Chang et al] (20723); Chen ef all (20724)); Maef all (20724)). Comprehensive overviews are available
in Huang ef al] (2022) and Linefall (2024).

Since the seminal contribution of Chernozhukov_efall (PZ0T3; POT7), Gaussian approximation has become a corner-
stone of high-dimensional statistical inference. Inspired by their theoretical framework, we first derive a Bahadur
representation for the standardized spatial median estimator and establish its Gaussian approximation over a class of
simple convex sets. This theoretical development provides a solid foundation for analyzing the limiting distributions
of our proposed test statistics and facilitates the verification of the asymptotic independence between the max-type
and sum-type statistics. Specifically, we introduce two types of test statistics based on the L, and L., norms of the
corresponding standardized spatial-median estimator, which correspond to sum-type and max-type test procedures,
respectively. We rigorously establish that these statistics are asymptotically independent. Leveraging this property,
we develop a Cauchy combination test that integrates both sources of information. In particular, while the method
of Cimef-all (2024)) achieves robustness regarding the sparsity of p, our approach achieves robustness with respect to
the sparsity of 3~'/2 1. Given that the true sparsity structure is generally unknown in practice, we further extend our
procedure by combining four test statistics to achieve greater adaptability across various sparsity regimes. Simulation
studies confirm that the proposed Cauchy combination tests perform well under a wide range of distributional settings
and sparsity levels, highlighting their robustness and wide applicability for high-dimensional hypothesis testing.

We further apply the proposed HR estimator to improve quadratic discriminant analysis (QDA), which is a natural
extension of linear discriminant analysis (LDA) (Friedman, T989; Muirhead, 2009). When population parameters are
known, QDA achieves optimal classification by comparing likelihood ratios. In low-dimensional settings, replacing
population parameters with sample estimates generally preserves strong classification performance. However, in high-
dimensional regimes, the singularity of the sample covariance matrix renders classical QDA infeasible. To address this,
previous works have proposed sparse estimators for the covariance matrix (Wn_ef-all, P{IT9; Xiong et all, Z(0T6) or its
inverse (Catefall, POTT; Yuan & L, 2007). Nonetheless, these approaches fundamentally rely on the sample covari-
ance matrix, which is highly sensitive to heavy-tailed distributions, and thus undermines robustness. To overcome this
limitation, we propose a robust QDA procedure by replacing the sample mean and precision matrix with the HR-based
spatial median and scatter matrix estimators. The resulting classifier retains high efficiency even under heavy-tailed
distributions. We rigorously establish the asymptotic properties of the proposed method under mild moment condi-
tions and demonstrate its superior performance through extensive simulations and real data application. These results
highlight the significant gains in robustness and classification accuracy offered by our framework in high-dimensional,
non-normal settings.

The remainder of this paper is structured as follows. Section I introduces the high-dimensional HR estimator. Section
B develops the corresponding theoretical results and proposes a new adaptive test for the high-dimensional one-sample
location problem. Section B presents simulation studies related to this test. Section B concludes the paper. Due
to space constraints, additional results, including the second adaptive test for the one-sample location problem, its
asymptotic theory, and simulation results, as well as the full study on high-dimensional quadratic discriminant analysis,
are provided in the Appendix.

Notations: For d-dimensional x € R?, ||z|| and |||~ denote its Euclidean norm and maximum-norm, respectively.
Denote a,, < b, if there exists constant C, a, < Cb, and a, =< b, if both a,, < b, and b, < a, hold. Let
o (x) = exp(z®) — 1 be a function defined on [0, 00) for & > 0. Then the Orlicz norm || - ||, of a random variable
X is defined as || X||y, = inf {t > 0,E {¢o(|X|/t)} < 1}. Let tr(-) be a trace of matrix, Amin(-) and Apax(-) be
the minimum and maximum eigenvalue for symmetric matrix. For a matrix A = (a;;) € RP*9, we define the
elementwise (o norm [|All = maxi<i<p1<j<q |aij], the operation norm [|Alloy = sup, <1 [[Az|, the matrix

(1 norm [|A|z, = maxi<j<q > 5y |ai;|, the Frobenius norm [|Al|r = (3=, ; aZ;)'/?, and the elementwise /1 norm




[Allr = 377, 225, lai;]. I, represents a p-dimensional identity matrix, diag(vi, ..., v,) represents the diagonal

matrix with entries v = (v1,...,v,). The notation 14 denotes a d-dimensional vector whose elements are all one.

. . d s .
And S%1! represents the unit sphere in R?. < stands for convergence in distribution. Unless stated otherwise, the
notation in the supplementary material are consistent with those in the main text.

2 HIGH-DIMENSIONAL HR ESTIMATOR

Let X1, ..., X, be independently and identically distributed (i.i.d) observations from p-variate elliptical distribution
with density function |3|~1/2¢{||32~/2(a — u)||}, where g is the location parameter, 3 is a positive definite symmet-
ric p X p scatter matrix, and g(-) is a scale function. The spatial sign function is defined as U (x) = ||x||~'xI(x # 0).
Denote €; = X~ '/2(X; — p). The modulus ||&;|| and the direction U; = U(e;) are independent, and the direction
vector U; is uniformly distributed on SP~1. It is then well known that E(U;) = 0 and Cov(U;) = p~'I,. Without
loss of generality, we assume that the scatter matrix satisfies tr(X) = p.

The Hettmansperger-Randles (HR) (Hettmansperger & Randles, 2007) estimates for the location and scatter matrix
are the values that simultaneously satisfy the following two equations:

%iU(éi)ZO and Bi{U(éi)U(éi)T}ZIl),

n “
i=1
where &; = 371/2 (X; — ). These estimators are affine equivariant and provide robust estimates of both the location

parameter and the scatter matrix. Hettmansperger & Randleg (2002) further established their asymptotic distributions
and showed that the HR estimators possess bounded influence functions and a positive breakdown point.

The HR estimator is computed via the iterative procedure summarized in Algorithm 0, which alternately updates
the residuals, location, and scatter matrix. In high-dimensional settings, however, the sample spatial-sign covariance
matrix (SSCM) S = n~! S U(€;)U(&;)" becomes singular, making Step 3 infeasible. A naive workaround is to
restrict X to be diagonal (Feng et all, ZOTA), but this loses the full scatter structure.

Algorithm 1 HR estimator

1: procedure UPDATE(X 1, ..., X, f1,3,p)
2 Step 1: é; «— X V/2(X; — fa)

s1/2 n 2.
3: Step2: 1+ oo+ Ezn i U(€)

RN

4 Step 3: 3« pSl/2 1" U(€)U(&;) T }=1/2
5: Step 4: Repeat Steps 1 - 3 until convergence.
6
7

: return fi, 3
: end procedure

Our key insight comes from the elliptical symmetry of the population: if the initial location and precision esti-
mates are reasonable, the scaled SSCM p~ 'S is approximately equal to the identity matrix I,. This implies that
most off-diagonal entries are negligible, allowing us to safely ignore them in Step 3 without imposing any struc-
tural assumptions. Therefore, we adopt the banding approach proposed by Bickel & Tevina (2(00XR) for S, defining
Bn(M) = {m;;I(]i — j| < h)} with 0 < h < p to simplify computation while retaining the essential scatter informa-
tion. The bandwidth parameter h exhibits low sensitivity to the final results, the relevant explanations are located in
Appendix C. To initialize the procedure, we use the spatial median for the location parameter,

n
noo_ ; X — 1
fto argﬁ%ﬁ%;” i —nll, $))
=

which is consistent in high dimensions (Zoirefall, P0T4; Feng et all, P016; Feng, 2074), and the sparse graphical Lasso
(SGLASSO) for the precision matrix (Lu & Feng, P075):

Q= arg gg% tr(p@®Sy) — log{det(®)} + \u||©|1, 2)



where @ > 0 indicates © is positive define, Sp = n~' 3.7, U(X; — fuo)U(X; — o) T is the sample spatial-sign
covariance matrix based on the initial location estimate.

Combining these components, we present Algorithm D, a high-dimensional extension of the HR estimator that robustly
estimates both the location and scatter matrix.

Algorithm 2 High-dimensional HR estimator

1: procedure UPDATE(X,..., X,, [t, f),p)
2: Initial estimator f1 = fig, > = Qg !
3. Stepl: & «+ X V2(X,; — 1)
~ ~ 3 1/277,71 " EAi
4: Step2: 1+ o+ En_l Zniﬁgiﬁ_(l )

Step 3: 3 pﬁ:l/th {n_l Z?:l U(éi)U(éi)T} 21/2’ RS trpé)

Step 4: Repeat Steps 1 - 3 until convergence.

return fi, 3
end procedure

3P A

In the next section, we will prove the consistency of the high-dimensional HR estimator fi, and then apply it together
with 3 to the one-sample location testing problem.

3 HIGH-DIMENSIONAL ONE-SAMPLE LOCATION PROBLEM

In this section, we consider the following one-sample hypothesis testing problem:

Hy:pu=0 versus Hy:p#0.

When the dimension p is fixed and the observations X7, ..., X, Sy (0,Xx), the classical Hotelling’s T2 test

statistic commonly used: 72 = nX Tﬁ);{lX , where X and 3y represent the sample mean vector and the sample
covariance matrix, respectively. However, when the dimension p exceeds the sample size n, the sample covariance

matrix 3 x becomes singular, rendering Hotellings 7" test inapplicable.

To overcome the limitation, Fan ef-all (ZOI5) proposed replacing the sample covariance matrix with a sparse estimator

32 and introduced the following test statistic:
, nXTEX —p
FLY = ———(p=
V2p

Under the null, they showed that as (n,p) — oo, Trry i> N(0,1). As a sum-type test, Trry is effective under
dense alternatives but deteriorates in performance under sparse ones. To better handle sparse alternatives, Chen ef al
(P074) introduced a max-type test statistic:

Terp = max Wf — 2logp + loglog p,
1<i<p

where W = (Wy,--- ,W,)T =n1/2%7"/2X They show that under the null, Tc.p 1, follows a Gumbel distribution.

Both Trry and Ty rely on multivariate normality or an independent component model, which limits their robust-
ness under heavy-tailed distributions such as multivariate ¢ or multivariate mixture normal. This motivates the need
for test procedures that remain effective when the data deviate from normality.

For elliptical distributions, spatial-sign methods provide a natural robust alternative and have been extensively studied
(Oja, 20T0). When the dimension p is fixed, the spatial-sign test with inner standardization (Randles, P2000) is defined
as Q? = npUQTUT, Ur =nt Z?:l Ur,Ur= U(E;l/in). where X1 denotes Tyler’s scatter matrix ([Iylet,
[987). This construction standardizes the data in the spatial-sign framework, providing a test that is affine-invariant
and resistant to heavy tails.



However, in high-dimensional settings where p > n, Tylers scatter matrix is no longer well-defined, making Q>
inapplicable. To overcome this limitation, we propose novel test procedures based on high-dimensional HR estimators,
aiming to maintain robustness and efficiency under heavy-tailed distributions while adapting to the challenges of high
dimensionality.

First, we investigate some theoretical properties of the high dimensional HR estimator fi. Let U; = U (e;), r; = ||&;]],
S =E{U(X; — m)U(X; —p)" }and ¢, = E(r; *) fori =1,...,n.

Assumption 1. There exist constants b, B > 0 such that b < limsup, E{(r1/\/p) *} < B for k € {—1,1,2,3,4}.
And (et is sub-Gaussian distributed, i.e. ||(7 T |y, < Ky < oo

Assumption 2. 3n,h > 0, s.t. 7 < )\min(E) < Amax(Z) < 17_1 tr(E) = pand |E||z, < h. The diagonal
matrix of ¥ is denoted as D = diag{d3,d3, ... } liminf, o min;—y, . ,d; > d for some constant d > 0 and
limsup,_, o max;j=1,. ,d; < D for some constant D > 0.

Assumption 3. 37 > O, 0<g<1, so(p) >0, st (1), <T, (2) maxi<i<p Z?:l lwij]? < so(p).
Assumption 4. limsup,, [|S|[,, < 1 — ¢ < 1 for some positive constant ).

Assumption [ aligns with Assumption 1-2 in Citief all (2074), which requires that (;, =< p~*/2. Assumptions P and B
are standard conditions in high-dimensional data analysis, as seen in Bickel & Tevina (Z008K) and Caief-all (2O1T),
ensuring the sparsity of the covariance and precision matrices. Assumption 8 corresponds to Assumption (A2) in Feng

(P074), guaranteeing the consistency of the initial sample spatial median.
The following lemma provides a Bahadur representation of the standardized estimator fi, which lays the foundation
for the Gaussian approximation in Lemma .

Lemma 1. (Bahadur representation) Under the Assumptions I-8 and log p = o(nl/ 3), there exist constants Cy,r and
C, such that if we pick \,, = T{~/20(8 +n?>C,, r)n~?n=1/? log'/? p +p~Y2C, v}, and AL s0(p) log% p = o(1),
then
nl/QQl/Z(ﬂ o u) _ n71/2<1—1 Z Uz + Cn;
i=1
where
ICalloe =0p{n~""*log" 2 (np) + n= =92 (log p) =9/ log"/* (np) o (p)

+ p~ =D/ 2 102 (np) 5o (p) }.

Let A% be the class of simple convex sets (Chernozhnkov ef all, Z01T7) in R?. Based on the Bahadur representation of
[t, we establish the following Gaussian approximation for 0L/2 (f1 — ) over the class A", where Q=31
Lemma 2. (Gaussian approximation) Assume the Assumptions -8 holds. If logp = o (nl/ 5) ,then
pn (A%) = sup |P {n1/2le/2 (b—p) € A} _P(Ze A)( =0
AeAst
as n — oo, where Z ~ N (0,p1¢; °L,).

Consequently, we derive the following corollary, which establishes the limiting distributions of the Ls- and L,-norms
of n'/2Q02(fu — ).

Corollary 1. Assume the conditions of Lemma D hold. Set A to {z|||x|o < t}, {z||z| < t} and {z|||z| <
t1, ||x|| < ta} we have

= sup ‘1}»( V22 (i - )l <) = P(1Z]le <] 0,

pn2 = sup [ (w2102 (3 — )l <) =P (1Z] < 0] = 0,

ﬁn,comb = Sup
t1,t2€R

P (202 (i~ ) oo < b1, 022 - )| < t2)

—P([Z] < t1,1Z] <t2) | =0,




as n — oo, where Z ~ N (0, *p'1,).

We know that {z|[|z|| < t} and {z|||z| < t} are simple convex sets. The third equation holds because the
intersection of a finite number of simple convex sets is still simply convex.

From Caiefall (2013), we can see that p(f maxi <;<, Z7 — 2 log p+log log p converges to a Gumbel distribution with

the cumulative distribution function (cdf) F'(x) = exp(fﬁe*x/ %) as p — oo. Combining this with Corollary [, we
obtain

. 2 1
P <n Hﬂl/2(ﬂ - u)H p(? — 2logp + loglogp < :c) — exp (—fe‘”””) : 3)
[e’e) m

We estimate ¢; by ¢; := n~' 327 771, where 7; = [|2!/2(X; — )| and establish its consistency in Lemma B. We

i=1"%
then propose the following max-type test statistic:

. 2
Tvax =n HQl/Qﬂ

o0

(2p — 2logp + loglog p.

It is evident that T’ 4 x is affine invariant.
Theorem 1. Suppose the Assumptions B-8 hold. Under the null hypothesis, as (n,p) — oo, we have

1
P(Tyax <) = exp <ﬁez/2) .

According to Theorem [, Hy will be rejected when our proposed statistic Ty 4 x is larger than the (1 — «) quantile
q1—o = —logm — 2loglog(1 — a) ™! of the Gumbel distribution (). We next establish the consistency of the test
in the following theorem.

Theorem 2. Suppose the conditions assumed in Theorem W hold, for any given o € (0,1), if | QY %p|lo >
Cn=2(logp + qi_a)"? for some large enough constant C, then

P(Thvax > qi—alH1) — 1,

as (n,p) — oo.

Next, we consider a special case of alternative hypothesis:
Hy:@p = (1,0, ,0) ", i1 > 0, “

which means there are only one variable with nonzero mean. Similar to the calculation in Cin“ef-all (2024), we can
easily show the power function of new proposed T’s 4 x test is

Brax(p) € (‘1) {—333/2 + (np)l/QdflmCl} , @ {—x}f + (np)l/QdflmCl} + Oé) ;

where z, = 2logp — loglog p + g1 Similarly, the power function of Chenef all (Z024)’s test is
BerL(0) € (‘D (—\/a:a + n1/2<f1u1) , @ (—\/xa + n1/2§f1u1> + a) ;

where gf is the variance of Xy;,¢ = 1,--- , p. Thus, the asymptotic relative efficiency of T; 4 x with respective to Cai
efall (ZOT3)’s test could be approximated as

ARE (Tyvax,Tcrr) = {]E (Ti_l)}2E (7‘12) =1,

which indicates the superior performance of spatial sign-based methods over least-square-based methods. This obser-
vation is well-documented in the literature, including Feng & Sun (P0016), Feng et all (2016), and Cinefall (2024). If
X; are generated from standard multivariate ¢-distribution with v degrees of freedom (v > 2),

{(v+1)/2}]?
I'(v/2) '
For different v = 3,4, 5,6, the above ARE are 2.54,1.76,1.51, 1.38, respectively. Under the multivariate normal

distribution (¥ = 00), our Ty ax test is the same powerful as Chen ef all (2024)’s test. However, our T 4 x test is
much more powerful under the heavy-tailed distributions.

2
ARE (Tyvax,Tcrr) = — [



P

Similarly, we can see that (2p)~/2( p(?Z2 — p) converges to a standard Gaussian distribution with cdf ®(z). In
i=1

combining with the Corollary [l we can conclude that,

. 2
P {(zp)—l/2 <n HQUQ(,:L - ,,L)H pC2 —p> < x} = ®(a). )
Then we propose the sum-type test statistic

2 o “
Tsun = g (né2a™ Qi —1). ©)

Theorem 3. Suppose the Assumptions I-8 hold. Under Hy : . = 0, as (n,p) — oo, we have Tsym 4, N(0,1).
Furthermore, under Hy : p" Qu = o(pn=1), as (n,p) — oo, we have Tsypy — 2~ 2npt/2Gu" Qu 4, N(0,1).

By Theorem B, the asymptotic power function of Tisyras is
V2
Bsum(p) =@ <_Zl—a + 7np1/2C12uTQH» :

After some simply calculations, we can obtain the power function of Ty is

1
Brry () = @ <_Zla + nNTE;1H> .
V2p
where ¥, = E(X;X,") is the covariance matrix and £, = p~'E(r?)X. So the asymptotic relative efficiency
(ARE) of Tsy s with repective to Trry is ARE(Tsyn, Trry) = {E(r;l)}zE(rf) > 1, which is the same as
ARE(Tmax,Torr)-

However, when the dimension gets larger, there would be a non-negligible bias term in T's;rps and Ty 4 x . To use the
above sum-type and max-type test procedure, we adopt the bootstrap method to calculate the bias term. We simply
generate n samples 21, - - , z, from the multivariate normal distribution N (0, Qfl). Then, based on the random
sample z1,--- , 2y, we calculate the sum-type test statistic T¢;;,, and max-type test statistic T’y; 4 . Repeat this
procedure M times, we could get a bootstrap sample of T'sirps and T’y 4 x. Then, we calculate the sample mean and
the sample variance of these bootstrap samples, denoted as p% and o2* for T4;;,, and %, and o35 for T 4. The
corresponding p-values of Tsrar and Thyax are

psum =1—®{(Tsum — p5)/os},pmax =1 —F{oo(Thax — ar)/on + 1o},

where 110 = — log(7) 4+ 27 and 03 = 371272 are the expectation and variance of the Gumbel distribution F'(z). Here
~ is the Euler constant. Because we only need the mean and variance of the bootstrap samples, so the bootstrap size
M = 50 is always enough for controlling the empirical sizes.

It is well known that sum-type and max-type tests are powerful against dense and sparse alternatives, respectively. To
accommodate unknown sparsity in the real world, we adopt the Cauchy combination test Cin & Xie (Z020) to integrate
their advantages, leveraging their asymptotic independence

Theorem 4. Under Assumptions 0-8, if ||pt]loc = o(n='/2) and ||u| = o(p'/*n='/2), as n,p — oo, Tarax and
Tsu v are asymptotic independent.

Based on Theorem B, we define the Cauchy combination test as follows:
Teccr=1—-G [0.5tan {(0.5 — DMAX) 7T} + 0.5tan {(0.5 — DpsuM) 7T}] ,

where G(+) is the cdf of the standard Cauchy distribution. We reject Hy if Toc1 < « for a given significance level
a€(0,1).

4 SIMULATION

We consider the following three elliptical distributions:



(i) Multivariate normal distribution: X; ~ N (p, X);
(ii) Multivariate ¢-distribution: X; ~ t(u, 3, 3)/v/3;
(iii) Multivariate mixture normal distribution: X; ~ MN (u, X, 10,0.8)/4/22.8.

Four covariance matrices are considered. Model I: ¥ = (O.G‘i*j‘)lgi,jgp; Model II: ¥ = 0.51, + 0.511T; Model
I Q = (0.679)1<; j<p, B = Q71 Model IV: @ = (w; ;) Where w;; = 2 fori = 1,...,p,w;ip1 = 0.8
fori =1,...,p— Lwjiyo = 04 fori =1,...,p —2,w; 43 = 04 fori = 1,...,p — 3,wiita = 0.2 for
t=1,...,p—4,w;j = w;,; fori,j =1,...,pand w;; = 0 otherwise. As the performance of our method is not
sensitive to bandwidth choice, we set h = 3 throughout the paper for simplicity.

Table [ reports the empirical sizes of the new proposed test procedures Tsyar, Tarax and Toey with n = 100,
p = 120, 240. We found that all the tests could control the empirical sizes very well. Next, we conduct a comparison
between our proposed methods and several test procedures based on the sample covariance matrix. Specifically, Chen
ef_all (2Z024) proposed a max-type test, denoted by T, based on the sample mean and a sparse precision matrix
estimator. Fan_ef all (2019) introduced a sum-type test, Tr1y, which uses a sparse covariance matrix estimator. For a
fair comparison, both Ty, and Trry adopt the graphical lasso to estimate the corresponding matrices. Furthermore,
we consider a Cauchy combination of the two, denoted by Tccor. In particular, Trry suffers from size distortion
under heavy-tailed distributions when using its asymptotic critical value. To address this and ensure fair comparison,
we employ a size-corrected power comparison framework, where empirical critical values are computed under the null
for all tests, guaranteeing matching empirical sizes.

We focus on Model II with n = 100 and p = 120. The power of each test procedure is evaluated under various
distributions. For the alternative hypothesis, we specify pu = x1/logp/(ns)E*/2(1],07_ )T to guarantee Q'/2p =

s VYp—s
ky/logp/(ns) (1], OZ_S)T, where s represents the sparsity parameter of the alternative hypothesis. Specifically, for
the normal distribution, we set x = 2, for the multivariate ¢-distribution with 3 degrees of freedom, x = 1.5, and for

the multivariate mixture normal distribution, x = 0.6.

Figure [ shows the power curves for each test across various scenarios. Under normal distribution, Tsi7as and Tz 4 x
perform similarly to Trry and Ty, respectively. However, for non-normal distributions, our robust methods Ts¢sar,
Ty ax, and T significantly outperform Trry, Torr, and Toor, demonstrating their robustness in heavy-tailed
settings. When the sparsity parameter s is small, max-type tests (Ias4x, Tcrr) exhibit higher power than sum-type
tests (T'syar, Trry). In contrast, for dense alternatives (s large), sum-type tests outperform max-type ones. The
Cauchy combination tests, Tccy and T F, consistently perform well across different sparsity levels. In conclusion,
Tcc1 demonstrates superior performance under both heavy-tailed distributions and varying sparsity levels, exhibiting
double robustness.

Table 1: Empirical sizes (%) of the three proposed test procedures under different models with n = 100.

Model 1 Model II Model III Model IV

Dist.  Test p =120 p =240 p =120 p =240 p=120 p =240 p=120 p =240
Tsum 4.3 4.9 4.2 5.7 4.4 55 4.7 52
@) TMax 52 4.8 5.1 59 4.1 4.6 4.3 59
Teey 4.7 53 5.6 4.5 4.9 54 4.5 55
Tsum 4.5 4.1 5.8 4.6 5.1 53 53 4.8
(i)  Twmax 4.8 4.2 5.7 5.0 4.9 4.4 4.3 5.6
Teey 5.5 4.7 4.3 5.6 4.0 52 4.8 52
Tsum 4.2 5.6 4.9 4.4 5.8 4.3 4.1 5.7
(i)  Tmax 52 4.7 5.5 4.1 5.0 4.6 5.1 4.7
ccl 4.8 53 4.5 5.7 4.0 54 4.4 5.8

5 CONCLUSION

In this paper, we proposed a high-dimensional extension of the Hettmansperger-Randles estimator and applied it to two
problems in high-dimensional statistics: the one-sample location testing problem and quadratic discriminant analysis.
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Figure 1: Power curves of each method with different sparsity under Model IT and n = 100, p = 120.

Simulation studies and theoretical analysis confirm the superior efficiency and robustness of our estimator in high-
dimensional settings. In particular, it may be fruitfully applied to other important problems such as the two-sample
location test (Feng et all, P0T6A) and the high-dimensional linear asset pricing model (Feng et all, Z077H). These
potential extensions warrant further investigation in future research. In addition, the proposed methods rely heavily
on the assumption of an elliptically symmetric distribution. Exploring approaches to relax this assumption warrants
further investigation.
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Supplemental Material of "High-Dimensional Hettmansperger-Randles Estimator
and Its Applications"

A QUADRATIC DISCRIMINANT ANALYSIS

A.1 METHOD

Consider the problem of classifying a p-dimensional normally distributed vector @ into one of two classes represented
by two p-dimensional normal distributions, NV, (p1,21) and N, (g2, E2), where p;’s are mean vectors and Z;’s are
positive definite covariance matrices. If p; and E;,¢ = 1, 2, are known, then an optimal classification rule having the
smallest possible misclassification rate can be constructed. However, p; and =;,7 = 1, 2, are usually unknown and
the optimal classification rule, the Bayes rule, classifies x to class 2 if and only if

(@—p) (B —EY) (@— ) = 2678y (2 — 1) + 8 By '8 —log (|B4]/[a]) <0, )

where § = po — p1. In practical applications, when the dimension is lower than the sample size, we substitute the
mean and covariance matrix in () with their respective sample mean and covariance matrix. Nevertheless, when the
dimension exceeds the sample size, the sample covariance matrix becomes non - invertible. As a result, a common
approach, as described in Ci-& Shad (20T5) and Wu_ef-all (2019), involves replacing the sample covariance matrix
with various sparse covariance matrix estimators (Bickel & Tevina, P(I084;H). However, it should be noted that these
methods relying on the sample covariance matrix may not be highly efficient when the underlying distribution diverges
from the normal distribution.

In fact it has been shown by Bose_ef all (Z015) that, for the class of elliptically symmetric distributions with the
probability density function having the form

flaspm8) =B Pg{(@—p} B (- p)},

the Bayes rule leads to the partition
1 =,
&

—— ——

where A%(z) = {(a: —pa2) " By (x— po) — (x— p1) B (- ul)} and k may depend on «. Therefore, let-

ting ¢, = log(|=1]/|=2|), a general classification rule (or classifier) proposed by Bose ef all (Z013), is given by

x € Ry if AS(z) > cgp,
x € Ry otherwise ,

®

for some constant ¢ > 0. Clearly, this classifier boils down to the minimum Mahalanobis distance (MMD) and the
QDA classifiers whenever c is chosen to be 0 and 1, respectively. It has a misclassification rate of

Ropa+ Ropa

5 , Opa = P(incorrectly classify x to class m).

Ropa =

In practice, the parameters in the classifier (B) are unknown and need to be estimated from the training set. Suppose we
observe two independent samples { X}, ,i = 1,2 from f(a; p;, Z;), respectively. Under the elliptical symmetric

= ptr 1 (E)Q could

distribution assumption, we have E = p~! tr(E)X. So the inverse of the covariance matrix =
be estimated by Q; = p{tr(Z;)}~1€2; with

—

tI’(EZ

il — 1 i (2
and X; = n;l 27:1 X;;. Then, we replace the parameters with its high dimensional HR estimators, i.e.

Ad(@) = (z— fi2) " Do (@ — fiz) — (2 — )" D (& — 1), = log (I60a1/16])
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where the parameter c is estimated the same as Subsection 2.1 in Bose ef-all (Z0T5), denoted as ¢. So the final
classification rule is )
x € Ry if Ai(z) > &S,
x € Ry otherwise .

&)

It has a misclassification rate of

Ryropa + Rirgpa
B )

To show the consistency of the misclassification rate of our proposed HRQDA method, we need the following addi-

tional assumptions.

Assumption 5. tr(Z;) < to(p) foreachi=1,2. And

1/2 1/2
o) = VISV DS — L% + to(p)plluz — |2 = p.

Assumption 6. r; = ||E¢_1/2 (@ — ;)| satisfies Var(r?) < py/p and Var(r;) < /p, fori =1,2.

Ryrgpa = Hropa = P(incorrectly classify x to class m).

Assumption B assume the signal of the difference between the two distribution is larger enough. Assumption B is
needed to show the consistency of the trace estimator tr(=;).

Theorem 5. Ife;, 3;, 2, S; fori = 1,2 satisfy Assumptions W-8 and Assumptions B8 hold. Assume that n; < no
and n := min{ny, na}, we have

\Rurgpa — Ropal = Op (N9 250(p) /2 + M s0(p) }.

The result in Theorem B show that HRQDA is able to mimic the optimal Bayes rule consistently under some mild
assumptions, which is similar to Theorem 4.2 in Cai & Zhang (Z021)).

A.2 SIMULATION

We compare our proposed method, HRQDA, with the SQDA method proposed by Ci-& Shaad (20T5) and the SeQDA
method proposed by Wirefall (2019). The SQDA method estimates the covariance matrix using the banding method
proposed by Bickel & Tevind (Z008H), while the SeQDA method estimates the covariance matrix of the transformed
sample by simplifying the structure of the covariance matrices.

We consider the following three elliptical distributions:

* (i): Multivariate normal distribution: X;; ~ N (1, 31), Xio ~ N (2, X9);

» (ii): Multivariate ¢-distribution: X;1 ~ t(p1, £1,3)/vV3, Xio ~ t(p2, X2, 3)/V/3;

» (iii): Multivariate mixture normal distribution: X;; ~ MN (u1,%1,10,0.8)/v/22.8,
Xin ~ MN (p2, S5, 10.0.8)/v/22 8.

‘We consider three models for the covariance matrix:
e Model I: 33, = (O.6‘i_j‘)1§i’j§p, o = Ip;
* Model II: 3 = (0.6/"791)1<; j<, By = 0.5I, + 0.51,1];
e Model III: 2; = (0.6|i7j|)1§7;_’j§p, Y= Q;l, o = Q4.

The covariance matrices in Model I are approximately banded. In Model II, 32, satisfies the structural assumption in
Wiref all (201Y9) but violates the sparsity condition in Ci& Shad (2019), while in Model 111, 34 satisfies the latter but
violates both. We set p11 = 0 and pp = 0.1 x 1, and generate n; = ny = 100 training and test samples of the same
size and two dimensions p = 120, 240.

Table D reports the average classification rates. HRQDA generally performs best. In Model I, SQDA benefits from the
banded structure and outperforms SeQDA; HRQDA is comparable under normality but superior under heavy-tailed
distributions. In Model II, SQDA performs worst due to structural mismatch, while HRQDA consistently outperforms
SeQDA in non-normal settings. In Model III, HRQDA still achieves the best accuracy. These results confirm that
HRQDA is robust and effective across various distributions and covariance structures.
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Table 2: Average classification rate (%) and standard deviation (in parenthesis) of each method.

p =120 p = 240
Model  Dist.  HRQDA SQDA SeQDA HRQDA SQDA SeQDA
) 0.99(0.01)  0.94(0.08)  0.63(0.03) 1(0) 0.96(0.08)  0.64(0.04)

Model I (i) 0.95(0.06) 0.64(0.11) 0.55(0.04) 0.97(0.08) 0.60(0.09) 0.54(0.05)
(iii) 0.92(0.13) 0.55(0.07) 0.52(0.04) 0.96(0.10) 0.55(0.08) 0.51(0.04)

@) 1(0.01) 0.77(0.10)  0.97(0.01) 1(0) 0.78(0.14) 1(0.01)
Model IT (i) 0.99(0.01)  0.55(0.06)  0.68(0.03) 1(0) 0.55(0.05)  0.68(0.03)
(i)  0.99(0.01)  0.53(0.04)  0.54(0.05) 1(0) 0.53(0.04)  0.53(0.03)
@) 1(0) 1(0.02) 0.76(0.04) 1(0) 1(0.02) 0.76(0.04)
Model T~ (ii) 1(0) 0.82(0.11)  0.66(0.03) 1(0) 0.81(0.12)  0.65(0.03)

(iii) 0.77(0.09) 0.60(0.02) 0.52(0.05) 0.78(0.10) 0.60(0.02) 0.51(0.04)

A.3 REAL DATA APPLICATION

We used the gene expression dataset GSE12288 from Sinnaeve_ef all (Z00Y), which includes 110 coronary artery
disease (CAD) patients (CADi > 23) and 112 healthy controls. After applying two-sample ¢-tests, 297 genes with p-
values below 0.01 were retained. To evaluate performance, we compared our HRQDA method with SQDA and SeQDA
by randomly splitting the data into training (73 CAD, 75 control) and testing (37 CAD, 37 control) sets, repeating this
process 200 times. Classification accuracy was averaged over the repetitions.

The performance of classifiers was evaluated using four key metrics:

* Accuracy (Acc): Proportion of correctly classified samples:

B TP +TN
T TP+TN+FP+FN’

Acc

* Specificity (Spec): Proportion of true negatives correctly identified:

TN

D= TN FP

* Sensitivity (Sens): Proportion of true positives correctly identified:

TP

Sens = —— .
= TP rEN

» Matthews Correlation Coefficient (MCC): Balanced measure of classification quality:

TP-TN—-FP-FN
V(TP + FP)(TP + FN)(TN + FP)(TN + FN)’

MCC =

where T'P (true positive), T'N (true negative), F'P (false positive), and F'N (false negative) represent the counts of
respective classification outcomes. All metrics range between 0 and 1, except MCC which ranges between —1 and 1,
with higher values indicating better performance.

Table B shows that HRQDA outperforms SQDA and SeQDA, achieving the highest mean accuracy (0.760) and MCC
(0.527). It also has the best sensitivity (0.821) and maintains good specificity (0.708), showing strong ability to detect
CAD cases reliably.
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Table 3: Comparison of evaluation metrics and standard deviation (in parenthesis) for each method.

Method Accuracy Specificity Sensitivity MCC

HRQDA  0.760 (0.042)  0.708 (0.088)  0.821 (0.069)  0.527 (0.082)
SQDA 0.710(0.051)  0.707 (0.112) ~ 0.702 (0.111)  0.429 (0.103)
SeQDA  0.729 (0.051)  0.685(0.084)  0.772 (0.070)  0.461 (0.102)

B ADDITIONAL METHODS FOR ONE-SAMPLE LOCATION TEST PROBLEM

For comparison, we also consider the test procedures proposed by Feng & Sun (Z016) and Cinefall (2024), which are
designed for the sparsity structure of the location parameter pt.

Tsun2 :ﬁ >>Yu (]j;jl/QXi)T U (bi,_jl/QXj) )

1<j
2 |le=1/2 =% 1/2
Traxe ZnClpHD_ LLHOO (1 —n Y ) ;
Tocs =1 — G [05 tan {(05 — pI\4AX2) 71'} + 0.5 tan {(05 — pSUjug) ’/T}] s

where pps4x2 and psy e are the p-values of Ty 4 x2 and T'sypr2, respectively. Here f1 and f)l-j are the estimator of
spatial-median and diagonal matrix of X by the following algorithm:

() &« D V2(X;—p), j=1,-,m

el ~ _ DAy UE).
W pept e

(iii) D « pD'/2 diag {n—1 YL U(E)U (éi)T} D'/2.

Next, we demonstrate that, under mild regularity conditions, the sum-type test statistic Tsymp is asymptotically in-
dependent of the max-type test statistic Tyax. Furthermore, the max-type test statistic Tyaxz is also asymptotically
independent of the sum-type test statistic Tsym; -

Theorem 6. Under Assumptions U-8, if |p]|co = o(n~'/?) and ||p| = o(p*/*n=1/2), as n,p — oo, and Theorem 7
in Ciet all (P074) holds, Tsy o/ oy is asymptotically independent with Ty o x, Tsu r is asymptotically independent
with Thraxo — 21ogp + loglog p.

In practice, we could not know the sparsity level of the alternative, either Q/2p or p, so we suggest to use Cauchy
combination test to combine all the four test procedures as follow:

1 1
Tees =1 — G[Z tan {(0.5 = parax) 7} + 7 tan {(0.5 — psuar) }

1 1
+ 1 tan{(05 — paraxz) m + 7 tan {(0.5 — psvare) w}] (10)

We have supplemented the empirical sizes of the Cauchy combination test 7o s under the null hypothesis as described
in Section H. Table @ reports the empirical sizes of T3, which are consistently around 5%, indicating that T3 can
control the empirical size very well.

Next, we compare T3 with Teooq proposed in Section B and Tooo from Lief-all (20024). Specifically, the compari-
son is carried out under distributions (i)—(iii) and Models I-IV, using the same parameter settings and data-generating
mechanisms for the alternatives as described in Section B. Figure D displays the power curves. We observe that T2
tends to outperform Tx¢1 under Model I, while the reverse holds for Models III and IV. In the case of Model II, T2
exhibits lower power than To¢; when the signal sparsity s is small, but surpasses Ty as s increases. Overall, the
relative performance of T and T2 is highly sensitive to the underlying model structure.

In contrast, the proposed T3 demonstrates uniformly strong performance across all scenarios, offering both robust-
ness to distributional variation and adaptability to different signal sparsity. It often achieves the highest power, making
it a reliable choice in practice.
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Table 4: Empirical sizes (%) of T3 under different models with n = 100.

Model 1 Model II Model 111 Model IV
Dist.  Test p =120 p = 240 p =120 p =240 p =120 p =240 p=120 p =240
@) Tees 5.8 4.3 4.7 52 5.0 44 4.1 5.6
(>i1) Tees 59 4.6 54 4.2 5.0 4.7 59 4.5
(ii1) Tees 5.1 4.9 4.2 5.6 4.7 59 4.9 55
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Figure 2: Power curves of three Cauchy combination tests with different sparsity, models and n = 100, p = 120.
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C INSENSITIVITY OF BANDWIDTH PARAMETER h TO THE ALGORITHM
The bandwidth parameter h exhibits low sensitivity to the final results, in contrast to the algorithm’s higher sensitivity
to the choice of initial values. Specifically:

When appropriate initial values are selected, the following approximation holds:
P v A AT
- SN UE)U(E) =1,
i=1

where I, denotes the p-dimensional identity matrix. Under such circumstances, satisfactory results can be obtained
regardless of the specific choice of bandwidth parameter h. We typically adopt i = 3 as the default value to balance
estimation accuracy and computational cost: while moderately larger values of & may yield marginal improvements
in accuracy, the benefits are limited and come with increased computational time.

To visually demonstrate the influence of , we present experimental results based on simulated data. Specifically, our
simulations generate observations X; from a Multivariate ¢-distribution with the following specifications:

X; ~t(p,%,3)/V3

where we set the sample size n = 100 and dimensionality p = 120. The covariance matrix 3 follows an autoregressive
structure defined by = = (0.6/"771);<; ;<.

Table 5: Influence of bandwidth parameter h

h 1 2 3 4 5 10 20

lp—pll. 176 176 176 176 176 176 1.76
|2 -S| 3.82 379 377 376 374 366 3.65

where || - ||2 represents the Lo-norm for vectors, and || - || 7 denotes the Frobenius norm for matrices.

These results further validate the conclusion that the bandwidth parameter £ exerts only a limited influence on the
algorithm’s outcomes.

D PROOFS OF THEORETICAL RESULTS

Recall that for i = 1,2, ,n,U; = U(e;) = U{QY?(X; — p)} and r; = ||e;]| = [|QY2(X; — p)| as the scale-
invariant spatial-sign and radius of X; — p, where U(X) = X /|| X ||I(X # 0) is the multivariate sign function of
X, with I(-) being the indicator function. The moments of r; is defined as {;, = E (r; k) We denote the estimated
version U; and 7; as #; = ||QY/2(X; — p)|| and U; = QV/2(X; — ) /|| Q"2 (X; — ) ||, respectively,i = 1,2, --- | n.
Finally, we denote various positive constants by C, C1, Cs, . .. without mentioning this explicitly.

D.1 THE LEMMAS TO BE USED

The following result is a one-sample special case of Lemma 1 in Feng et all (Z016).

Lemma 3. Under Assumption [, for any matrix M, we have

E[{U(e:) TMU(e:)}?] = Ofp~2tr(MTM)}.

As it plays a key role in our analysis, we restate Theorem 1 from Lu & Feng (2025) below.

Lemma 4. Under Assumptions 0-8, Q defined in Lemma U satisfies the following property. When n,p are sufficiently
large, there exist constants Cy, 1 and C, such that if we pick

\ _T{ V2C (8 + n*Cyr) /logp+Cn,T}
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with probability larger than 1 — 2p~2, the following inequalities hold:

192 = Qo0 < 4122, An,
122 = Qflop < (122 = 2|1z, < CaA 50(p),
P22 = QIIF < C5X;s0(p),
where Cy < (1 + 21794+ 3179)(4)Q|1,) "9 and C5 < 4]|2||1, Cy.
Lemma 5. Define a random matrix Q = n=* S f;lUZ-UZT € RP*P, and let Q]—l denote its (j,1)-th element.

Assume \:~950(p)(log p)*/? = 0(1), and satisfy Assumptions B-B. Then we have

Qul Sp~21(i = 1)+ 0, {n_1/2p_3/2 + )\;_qs(](p)p—i%/?} .

Proof. Denote I = Q/251/2_ Set I and Q; be the ith row of T and £2 respectively.
Q=13 w00,
AP
1 n an .
== Z; i el e

1o~ &, ana .
= D e || (T i) (3 es)
i=1
=A; + Ay + A3,

where A1, A> and Az are defined as follows

n

1 I A .
Ay = =37 (Il 7 — 10ei]|7*) (e (@ )
=1
1 « _ . .
Az =— > (el 72 = ¢3) (T i) 3 es);

i=1
I e - .
Ay =~ > (AT e).
i=1

Given Lemma B and under Assumption &, we obtain that
|Ie;||? =eT=Y2(Q — Q)X 2%¢; + 2
<r? + (e] 2e) (|2 — Qop
<r + 0722 - Qlop
=r2 (14 H),
where H = 17| — Q||op = O,{\."950(p)}. Therefore, for any integer k,
e ||* ={eTB2(2 — Q)% 2, + r2}F/?
<rk(1 + H)*/?
—rk (14 Hy), (11

where Hy, = (1+ H)*/2 — 1 = O,{\,"9s0(p)}.
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Similar to the proof of Lemma A3 in Cheng et al] (2023), we have

E(A)) =E {i >~ (Il = = J1eal =) @ e @& >}

=1

1 <& . A -
i=1
=E{(Ay + A3)H_3}.
Firstly, notice that,
i]TEL Z(i — I);ré'z + €35
:(Ql/Q — 91/2);21/261' + €ij,
thus,

. 1 on oA
Ifei —eiy =5 {Q272(Q - )} 2% + 0, [{272(Q - 2)}] 5%

SIQTV2L, 192 = ), =Y 1, B2 Ui o

=0, {\, %s0(p)(logp)'/*} = 0,(1).
In the above equation, the second to last equation from the following facts: (1) Since 3 is a positive define symmetric
matrix, and under the Assumption [, we have || Q~/2||1, < {Amax()[| X2, }/? = O(1). (2) Furthermore, accord-
ing to the second formula of Lemma @, ||Q2 — ||, = Op,{\."%s¢(p)}. (3) As for U; is uniformly distributed on a
p-dimensional unit sphere, ||U;|| = O,(1/logp/p) and r; = O,(,/p), we have ||r;Z1/2U;||x = O,{(logp)*/?}.
Next, we analyze A, and A3. Since E(r?) = p,

I _
Ay =37 (il 7 = Ga) {es + 0, (1) Hew + 0p(1)}

i=1
1~ 2 ,
= Dt = G U Ual(j = 1) + 0p(1)
=1

=Gp '1G = 1)+ Op(n~2p722) S p=P PG = 1) + Op(n~1/2p3/2).

and
A= 3" Gales + o (1)} eu + 0p(1)}
=1

< p_?’/QH(j =)+ Op(n—l/Qp—;s/Q).
It follows that,
1Quil S {p721G = 1) + 0y (n™2p %) L 1 + O, (A 50 (n)}].
Thus,
Qil Sp*%1Gi =D+ 0, {”_1/219‘3/2 - A}L‘qso(p)p_g’m} .
O

Lemma 6. Suppose the Assumptions in Lemma B hold, then él LS ¢ as (n,p) — oo, where él =
nT T A (X - )|

Proof. Denote 6 = i — pu.
192X, — )] = [1212(X: = (1 + 7, 2|(@Y2 = @12)(X, — )2
+ r;2||91/2é||2 + 2r;2UiT(Q1/2 _ 91/2)9_1/2&)
_ 2T;1UZ_TQ1/29 . 2Tf1UiQ_1/2(Ql/2 . 91/2)(}1/2@)1/2.
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By combining the third expression in Lemma B, the Taylor expansion and Markov’s inequality, we obtain r;” 2 | (Ql/ 2-

91/2)( )H2 = 0, {/\2 ‘150 (p)} = op(1). Based on Lemma 0 and under the Assumption I, we have
~2|Q/ 20 2 = 0,(n~1') = 0p(1). Similarly, by the Cauchy-Schwarz inequality, the other parts are also 0,(1).
p P
So,

91/2 (Xz _ I:L)

:1 ‘_1 - {”_12"91” (Xi—u)“_l}{1+op(1)}.

Obviously, E (n 2 3°7 , r;') = ¢ and Var (n=1¢; " Y0 v ') = O (n™1) . Finally, the proof is completed. [

1=1"1

Lemma 7. Suppose the Assumptions in Lemma B hold with so(p) < p'~° for some positive constant § < 1/2 Then, if
log p = o(n1/?),
n
Y oG
i=1 0o

n
ln_l E 61,iUz
=1

where 01 ; is defined in the proof in Lemma [.

=0y {n""2108" 2 (np) },

(12)

= Op(n_l)-

Proof. From the proof of Lemma B, we can see that i;sz — &5 = Op{\7%s4(p)(log p)*/?}. Moreover, for any
integer k, we have ¥ < r%(1 + Hy), where Hy = O,{\:"%s0(p)}. Recall that U; = U{Q2/?(X; — p)}, since
r;l = Op(p’l/Q), then for any j € {1,2,--- ,p},

Us; = ffleTEi <r YA+ Hoy)ey +r (1 + Hq)(ijTei — &)
:(1 + H_l)Uq;j + Op{(l + H_l)Uij}.
Therefore, we obtain that U; < U;(1 + H_1) fori = 1,2,...,n with the assumption A\1~%s(p)(log p)/2 = o(1).

According to the Lemma A4 in Cheng et all (2023), we have |[n~Y/2 5" (Ui = Opflog'/?(np)} and
[n =t > (U2 (1) with log p = o(n'/3). Therefore, we have

n
-1 E : —17"
n Cl UZ
i=1 0o

n 3G+ HO
=1 [e%s}

n~t Z G0
i=1 oo

<|1+H_4|- =0, {n_1/2 logl/Q(np)} _

Similarly

<|14+ H_4|-

n n
71n_1 E (Slﬂ'UZ ln_l E 51,2’U
i=1 i=1

zOp{n_l(l +n1/2 logl/2 p)}t= Op(n_l).

The proof of Lemma B can be found in Appendix A of Chernozhnkov et all (2017).

Lemma 8 (Nazarov’s inequality). Ler Yy = (Yp,1,Y0.2, - , YOJ,)T be a centered Gaussian random vector in RP and
IE(YOQJ) >bforallj =1,2,---  pand some constant b > 0, then for every y € RP and a > 0,

P(Yy <y +a) — P(Yy <y) < alog?(p).

We restate Lemma S9 in Feng et al] (2024).
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Lemma 9. Foreach d > 1, we have
1

li H(d d/2 7d1//2

pggo (d,p) < ar
where H(d,p) = Y1 <; c...ci,<p P(Bi, -~ Bi,), Biy = {|yi,| > v2logp —Toglogp +y}, Y = (y1,--- ,4p) " ~
N(O,R).
Lemma 10. Let u € RP be a random vector uniformly distributed on the unit sphere SP~1. A € RP*P is a non-
random matrix. Then we have E(u" Aw) = p~! tr(A) and Var(u' Au) < p~?||A||% as p — oo.

Proof. Since E(uu') = p~'I,, then E(u'Au) = tr{AE(uu')} = p~'tr(A). Let A = (ai;)},_;, u =

(ug,... 7up)—'—,

2
E(u TAu Z a“u + Z QiU
1<i#5<p
=E Za“ uf+ Y (6 + asag;)uiul
1<i#j<p
P
2
Z > aiy+aiia,
p+2 — (p+2) <<

where the last equality because that (u?, ..., p) follow a Dirichlet distribution D,,(1/2,...,1/2)(Oja, 20I0). As a
consequence, we have E(u}) = 3/{p(p+2)} and E(uju?) = 1/{p(p+2)} forany i # j. Combining the two results
above and after some straightforward calculations, we obtain Var(u " Au) =< p~2||A|2. O

Lemma 11. Under Assumption, for i = 1, 2, we have

Proof. Recall that tr(E») is defined as in Section [l Notice that, fori = 1,2,

n;

tr Ez =

— 1
_Em XTX Ea‘,k X5 X
nz(n, -1)
:Zj?ﬁk;ﬁl —XJXHC + X, Xk
:Zj?ﬁk;ﬁl XJle - X Xu— X} Xk + X Xk
ni(n; — 1)(n; — 2)
:Z#k#(xij - Xir) (X — Xig)

which implies that our estimate of tr(Z;) is the same as that of Shen & Feng (Z0025). Thus, we complete the proof
according to Lemma 8.4 of Shen & Feng (2029). O

We next restate Lemma 8.9 from Shen & Feng (P075).

Lemma 12. For positive matrix X, Y,

log|X| < log [Y] + tr{Y (X - Y)}.
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D.2 PROOF OF MAIN LEMMAS

Proof of Lemma [l. As p is a location parameter, we assume ¢ = 0 without loss of generality. Note that given Q, the
estimator [ satisfies

> U{QVA(Xi = )} = 0.

Therefore, the estimator f is defined as the minimizer of the following objective function:
L(O) :ZHQl/Q(Xi—H)H. (13)
i=1

Our goal is find by, ;, such that ||fi]| = Op(by ;). The existence of a b;, } -consistent local minimizer is implied by the

fact that for an arbitrarily small € > 0, there exist a sufficiently large constant C', which does no depend on n or p,
such that

lim inf P inf  L(by,u) > L0)YS >1—c. 14
mingP{_int L0 > L0} > 1 (14)

Firstly, we prove Equation (I8) holds when b,, , = p'/2n~'/2. Consider the expansion of [|2'/2(X; — b, ,u)||:

. . . . L oN1/2
I9V2(X; — bpu)l| = |9V2X,| (1 — b, i T QY20 + b2 f—%ﬁﬂu) .

n,p' i

Note that b, ,7; 'u Q/2U; = O,(n~1/2) and b2 7 2u" Qu = O,(n~!). These orders follow from the following

argument. Since we already know that 7¥ < r¥(1 + Hy) and U; < U;(1+ H_1) with Hy, = O,{\L%s¢(p)} for any
integer k, thus,

bt QY2U; <b, ,(1+ Hy)%r lu " QY2U; + by, (1 + Hy) 27 T (QY2 — QYU

For the first term, by independence between r; and U;, we have E{(r; 'uT Q'/2U;)?} = E(r; )E{(u " Q/2U,)?} =
Cop~ ! tr(€2), which implies that 7 LuTQV2U; = O, (p~'/?). Similarly, for the second term, applying Taylor expan-
sion and Lemma B yields:

El{r;'u"(QV2 — @ 2)UY] Sp721(2 - Q) [lop <2722 - Q7 S 272055 (0),
which implies that r; 'uT (QY/2 — QY/2)U; = O,{p~ '\, "9s0(p)}. Hence
b p T QY2U; =0, {bp pp™ Y2 + b pp AL 9s0(p)}
:Op(nfl/z).
As the same way, we have b2 7 ~2u’ Qu = O, (n™!). Then we have
HQl/Q(Xi = bnpu)| :”QUQXZ’H - bn’puTﬂl/QUi

1, 4 ~ C T e _
+ S0 a2 (Ip - UZ-UZT) Q2+ 0,(p"/?n3/2).

So, it can be easily seen
p_1/2 {L(bn,pu) — L(0)}

_ —1/2, TAHL/2 o
=—n u E U;
i=1 (15)

+ 27 1pt 2ut/? {n_l Z (f;llp - fflfjiﬁf) } QY2 + Op(n_l/g)'
=1
Notice that E (Hn—l/? S I]’i||2) — O(1) and Var (||n—1/2 S fm?) = O(1). Accordingly
n A~
n71/2 ZUz‘
=1

< Hfll/QuH = 0,(1).

n
_nil/QuTﬂl/2ZUi
=1
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Recall the definition Q = n~' 27| 7; #7'0,U; in Lemma B. After some tedious calculation, we can obtain that
E{tr(Q%)} = Ofp™ + n~lp™! + X2 20s3(p)p '}, Then E(u’ QV2Q0M2u)* < E{(uT0Qu)?u(@?)} =
O{p~2+n~tp~ 14+ A272452(p)p~—1}, which leads to u QV2Q0 2y = Op{p™  +n=Y2p=1/2 4 X =a5,(p)p~1/2}.
Thus we have

n

P u/? {i > (i - o] } 0%

i=1
n
=p'/?p 1 Z 7 uQu + 0p(1),
i=1

where we use the fact that n=1 Y"1 77! = ¢ + Op{n~1/2p~1/2 + AL=954(p)p~1/?}. By choosing a sufficient
large C, the second term in (3) dominates the first term uniformly in ||u|| = (. Hence, (I3) holds and accordingly

ft = O,(by, ). The estimator fu satisfies .~ U{QY/2(X;—f1)} = 0, which is is equivalent to

Ty (U - AP p)(1 - 20 U QV TQp)~2 =0

By the first-Taylor expansion, the above equation can be rewritten as:

_12( - -101/2, )(1+7gi1l}—iTQ1/2ﬂ_2—1fiz"Q1/2ﬂ

where 01 ; = O, { (77 U QY2 fu — 27177 2|21 /2 3] ?)2} = O, (n~1), which implies

1 n . . 1 . A .
- S =27 AT Q@+ 61U + - PO QY2 )T,
) zzl i=1 (16)
) D (L4061 +62,)7 QY24
i=1
where 0y ; = O, (77 U QY2 — 271772 | Q2 a)|?) = (51/;). By Assumption [ and Markov inequality, we have
that: maxr; 2 = O,(p~'n'/?), maxd,; = O, (||Ql/2 ||2maxf‘i_2> = 0,(n™/?) and maxdy; = O,(n~/4).
Considering the second term in Equation (I4),
1< 1 o« P .
- UTﬂl/2 Uz - = n—1 UzUT91/2 o — 91/2 ~
DMACANEEE UL TR
From Lemma B we acquire
1Qul £ 2720 = 1) + 0y {n ™2™ £ N 50 o)~}
and this implies that,
1QQY2 1|
<llQllh IIQWﬂII (17)
fO { 1/2+)\1 qSO( )1)71/2}Hle/2ﬂ”C>C

According to Lemma [, we obtain

n
Gttty QY 2APU;

=1

n
SR S (R

=1

S|1+Hu|

oo

=0p(n™")[1+ 0p{A, s0(p)(log p)'/*}] = Op(n7").

oo
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Using the fact that ¢; 'n=t 31 "~ = 1 + O,(n~'/2) and Equation (IT)), we have

n

*Cl ZA_l *41 Zr_l [1+ 0, {N %s0(p)}]

=1 =
_ {1 +0 (n‘1/2)} [14 0, {A950(p)}]
=1+ Op{/\ “s0(p)}-
We final obtain:
HQl/Zﬂ ‘ < |l¢rint Zﬁi ¢t HQﬂl/zﬂ
o i=1 o
<ot @2a] 4o, {n 21081 2m) |

+0p {02 £ X o (p)p ! | I 2l

Thus we conclude that:
HQI /2 i

= 0p{n~"?log"*(np)},
as so(p) < p' 2. In addition, by equation (I7) we have

| a2

= Oy [P0 2712 4 AL 5o (p)p 2 2 log ! (np) |
= 0y {n ™ 10g!2(np) + 0N s (p) log 2 (np)}

and

Z 1+§11+621)

= {140, (n )} 1+ 0N 50 ()]
=G 1+ Op{n ™4 4 A0 ()}
Finally, we can write

nt2OM2 (g — ) = n~ 2! Z U; + Cy,

i=1

where
c, :Cl—l{( _9—1,-1/2 ifﬁﬁi)ﬂﬂﬂ} o <n1/2 iéuﬁi) + Cflnl/QQﬁl/zﬂ
i=1 =1
+n 12 i@u +00.0)7 1 QY2
i=1
By previous discussion, we have

[Cnlloc =Op [nil/Q +n7 Y2 4+ " og" 2 (np) + n” 2N 050 (p) log!/? (np) + {n71/4
+ A:L_qso(p)} logl/2 (np)]
=0y {n~"/*10g"/*(np) + A}, %s0(p) log"/? (np) }..

Then we complete the proof.
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Proof of Lemma . Let L,, , = n~"/*1og"/?(np) + AL~ %s,(p) log?(np), according to Lemma [, for any sequence
Nn, — o0 and any t € RP,

P{n' P2 (o — p) <t} =P(n 2T Ui+ G < t)

i=1

<P VPG Ui < t+nnlngy) +P([Culloe > 1nLny)-

i=1
According to Lemma A4. in Cheng et all (2023) and E{(¢; 'U; ;)*} < 3 and E{(¢; 'U;;)?} 2 B2 uniformly for
alli =1,2,--- ,n,5=1,2,---,p, the Gaussian approximation for independent partial sums in Koike (Z021) yields:

P(W G U< t+ nnLn,p> <P(Z < t+m.Loy) + Ol{n " log”(np)}'/°]
i=1

<P(Z < )+ O{nnLnplog"?(p)} + O[{n~ " log® (np)}'/°],
where Z ~ N (O, p i 2Ip), and the second inequality follows from Nazarov’s inequality (Lemma B). Thus,
P{n'/?Q'2(p — p) <t} <P(Z < ) + OfnuLaplog"?(p)} + O({n ™" log® (np)}'/%)
+ P(|On‘oo > nnln,p)-
On the other hand, we have
P{n'?Q2 (- p) <t} 2 P(Z < ) = OfnuLnplog'?(p)} — O({n” " 1og”(np)}/) = P(|Cullow > ln,p):
where P(||Cyu|/o0 > Mnln,p) — 0asn — oo by Lemma . Then we have that, if logp = o(n'/®),

sup IP{n/2QY2 (1 — p) <t} —P(Z < t)| — 0.
€

Furthermore, by Corollary 3.1 in Chernozhukov ef all (20017), we have

pn(A%) = sup [P{n'/2QY2 (s — p) € A} —P(Z € A)| — 0.
AecAst

The proof is thus complete. l

D.3 PROOF OF MAIN THEOREMS

Proof of Theorem II. Recall that Z ~ N(0, p(?1,). Under the null hypothesis, Theorem 1 in Caiefall (Z0I3) estab-
lishes that as p — oo, we have

1
P (p(f max Z? —2logp + loglogp < x) — F(x) = exp <—\/77_6I/2> ,

for any x € R. Thus, by applying the triangle inequality, using Lemma B and Corollary [, we obtain that under the
null hypothesis,

A 2
P(n QY2a| (2p—2logp +loglogp < a:) — F(x)
(oo}

IN

. 2
]P’(n QY24 C%p—210gp+loglogp§a:> — F(x)| 4+ 0o(1)

IN

. 2
P (n Q240 (Zp —2logp +loglogp < x) -P (pCf max Z? —2logp + loglogp < x)‘
[e%e] ISP

+ ‘]P’ (p(l2 max Z? —2logp +loglogp < x> — F(z)|+0o(1) = 0,
SUSP

for any x € R. O
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Proof of Theorem B. Under alternative hypothesis for small «, we have
H, )

=P (n]|Q/2)2,8p - 2logp + loglogp > 1«

P (TMAX > ql-a

n)

nl ||ﬂl/2l—l'||oo<1p1/2 (210gp+10g10gp+q17a I/Q‘Hl)

=P (
P(ﬂl 12 )| Cip' /2 = 0222 (1 — p) || oo Cip?/? > (2log p + loglog p + q1—a /‘H)
P( 1225 — )| 2 CEp — 21log p + loglog p

< 0|2 |2 CEp — 2(21logp + loglog p + qi—a)/* 02| 2 )| o (102 + g1 Hl)

By Lemma B, Lemma B and Theorem [, we have
Hl)

< P(n]22( — )|2.G3p — 2logp + loglog p

P (TMAX > q1—qa

> n||QY2u||2 Cp — 2(2log p + loglog p + q1—a) /20 2|V 2 1| o 602 + q1—a

Hl)
= P(nl|Q"2(i — ) |%CEp ~ 21ogp + loglogp
< nl|QV2ul2 G — 2(2logp + loglogp + a1-) /20! 2@ 2] cCup 2 + 1o + (1) H1 )
=F (n||91/2u||§oC12p —2(2logp +loglogp + q1-a)/*n' 2|V plcc 1" + g1 0 + 0(1)) +o(1) =1,
when || QY2 p o0 > én_l/Q{logp —2loglog(1 — o)~ 1}1/2, O

Proof of Theorem B. By Lemma D, we have the Gaussian approximation

P (oG e 4) -2 (G a0 A)| o

sup
Ae_Are

where G := p'/2(;Z ~ N(0,1,). Then

. 2 . 2
s (st ) (o wransan )
€
A 2 R 2
:iuﬂﬁi ]P( w21 2c 2 < t) —IP’{X2 <p7 Hnl/2pl/2C191/2HH ) < t}’
€
. 2
%Suﬂg ]P’( R 2pl 20, 012 St> IP’{ (p H 12p1/2¢, 91/2MH ) < H
te
e 12 )
’ 1/2171/2(191/2#’ —p— |[n2pt 2 012y
=sup |P - <
teR \/2p+4Hn1/2p1/2C191/2NH
A 2 2
22 <p, Hn1/2p1/2<191/2uH ) —p— [|nt/2pM 20 012y
_p : o]
\/2p+4Hn1/2p1/2<191/2“‘H
H 2p1/2¢, Ql/QMH _p— Hn1/2 1/2¢, 91/2'“”
=sup P —®(t)| — 0,
teR \/2p+4Hn1/2 1/2C191/2uH
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as (n,p) — oo. Therefore, under the null hypothesis, we have Ty 4N (0,1); Under the alternative hypothesis,
assuming Hn1/2p1/2C191/2uH2 = o(p), we have

Tsun — 27 2np 2" Qu 4, N(0,1).
Then we complete the proof. O

Proof of Theorem B. Recall that Corollary [, as n — oo, we have

ﬁn,comb = Sup
t1,t2€R

P (n!2[Q2(5 = oo < 11,0 2[RV — )] < t2)

“P([[Z]loc <11, [1Z]] < t2)| = 0.

By ||tt]|oo = 0o(n=1/2), ||| = o(p'/*n~1/?), Assumption B and Lemma B we have

sup_ ’P (nl/Qpl/zclllﬂl/QﬂHoo +o(1) < ty,n?p' 2G| 2 )| + o(p*/?) < t2)
1,t2€

P (/21 Z]loe < 11,2"2G11Z] < 12) | = 0.

Hence, applying the continuous mapping theorem, we obtain that

sup
t1,t2€ER

P (Tarax +o(1) <t1,Tsym + o(1) < t)

~-P (pCfIIleio —2logp +loglogp < t1, (20) "2 (p¢E|| Z|* - p) < t2) ’ — 0.

By Theorem 3 in Feng et al! (2024), we have p'/2(;||Z||%, — 2logp + loglogp and (2p)~/2(p¢}||Z||> — p) are
asymptotic independent as p — oo, so we have Ty 4 x and Tsyrps are asymptotic independent as n, p — oo. O

Proof of Theorem B. Set Q(z) = A%(x) — cs, and Q(z) = A%(x) — ¢,. Thus we have
Ryropa — Rgpa

1 1 1 1
- [ aiet [ Lnae- ( |y [ ez )

= [ Sih@ - hehdet [ A - be)de.
Qa)>0 2 O(z)<0 2
Notice that [ 2{f1(z) — f2(x)}dx = 0, we have
|Rrrropa — Ropal (18)

:’ /Q<w>>o,62<m)<o % th@) = f2(=) dm’

< 3B 10 < Q&) < Q) — Qo)) + 3Eanp, 10 < Q(a) < Q@) — Q@)
:%E»Ml {0 < %Q(w) < ;M(w)} + %mefz {0 < %Q(az) < ;M(w)} 7 (19)
where M (z) := Q() — Q(x). By calculations, we can get
M(z) =(x — ) {Ey' —E7! = (Q2 — Q) H@ — p1) = 2(p1 — 2) (D2 — 1) (@ — pa)
+2(0725" =8 ) (@ — 1) + (1 — 1) " (D2 — ) (g1 — o) — 20 Qa1 — 1)
+072,10 676 — c(sp — Sp).
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Next we calculate the variance of p~1Q(x)
1
Varg.r ¢ —Q(x }
#{30@

1 — o 1 —
Varae { Sl - ) (@5 B e ) - 2675 - )

:Em’\’fl

FCENCARE IR m)}Q +{ 2275 m)}Z

P b
2
+ Var (7"2) E{v7&/* (=" - E;UE}“UH + Var ( 2r ) {E (15TE;15}/2U)} .
p VP VP

By Assumptions [I, B and Lemma [0 we have
1 1 fio1/2/mm1 me1yml/2 —_—1ml/2
Varmfl{pcx:c)}x s {18! - 20)= 1% + =7 1E 601

By Assumptions @ and B we have |Z./%(Z;! — 27 |» = |IEY2(E — 25 HEY|p Hzl/?(m -
QS < 220 — Q)22 p and ||B5 126 < /p/to()|8]|. Thus, wehaveVarmel{p Qz)} =

p 205 (p) < 1. Similarly, Varg~z,p~ ' Q(2)} < p~203 (p) < 1.

Next, we bound the discrepancy between Q, and E E; ~1 by Lemma B and [LT.

- b & p
12 = B oo = | === - @)%
tr(._.l) (i
p
< 1€ 10 + 162 — illoo
tr( tr ._.Z
=0, (M +n—1/2 O0p(An
Similarly, we have [[€2; — ;! lop < € — 57|z, :op{A;-Qs()(p )} And p € — Z7 % < 19 - 57

€ — E; Moo = Op{A27950(p)}. By the proof of Lemma [ we have || — fi|| = Op(pl/2 ’1/2) and H [J,Hoo =
0,{n=/%10g"/?(np)}. Then we bound the p~' M (z) under  ~ f;.

r2

1 1= =1 =
];(w—ul)—r =t -Et (Qg—ﬂl)}(w—ul) ZEUTE}M BB (- ) }21/2

2
r 1/2 jm— _— 0, ))5L/2
<ImE - B - (- )%y

=0, {\ " "s0(p)},

lop

! =) (D — Q) (@ — ) <=1 — ] —=(Q2 — O s2U
p(u a) )@ — p1) < \fllu MH\fH( )Z,7U||

:Op(nilﬂ)a
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1 1 . -
5(5“‘1 6T )(z — ) S;(\\é”‘l 0S| +110Q2 — 02 |)[|= — pui
L i1 o
5(\\5\\” L= Qallop + 116 — 0] [120]0p) [l — pua|

=0, (M 9s0(p) + 1 2) = 0,{\) %s0(p)},

1 e & e e .
;(HI_NI)T(Q2_91)( — f11) *Hul f1]?(|€22 = Q1]lop = Op(n71),
1.ra _
28 D — i) < —||6||||ﬂz||op||m ]| = O, (n172),

%(ﬁagla —8760) g%(ﬁaglfs — 8 6+ 6706 — 6 Q6+ Qb — 5700)
=0, {1 s0(p) + 12} = Op{AL 950(p)}-

! ‘—‘1 ’DQ QQ _Qli

Denote D = Z5
(Sp — sp) = log |]f)§2§2171 +1I,| — log [DoE; + I
< tr{(DoE; +1,) (Do ' — DoEy)}
= tr{(-DoEs + I,)(DaQ; ' — DoE1)}
= tr{(-DaE2) (Do ' — DoE1)} + tr(DaQ; ' — DoEy)
< |DoBslr - Do — Do r + tr(Day ' — DoE,)
S Dol #lIZ2llop - Dy — DoEi | r,

where
—_ S o1
|Do=1 - Doty |,

< |Pagi - Doz |+ [DaE: -0

< [[Da - Dﬂ||F||~1||op +[DallFIE1 — Q7" op-

Then, we can find p~1(¢; — cq) = Op{ A “?s0(p)"/2 + AL=%s0(p)}. Thus, under & ~ f; we have p~' M (x) =
Op{ A "250(p)1/? + AL=%54(p)}. Similarly, we can get the same solution under & ~ f,. From the previous
discussion, we know that p_lQ(:c) is non-degenerate. Recall (II¥) we have

1 1 1 1 1 1
- < P, <= M “P,. <z M
|Ruropa — Ropal < JPonp, {0 < pQ(w) <5 (fv)} + 5P {0 pQ(w) <5 (w)} 0)

= 0, (AL 250 (p) + AL %s0(p) ).
O

Proof of Theorem B. From the proof of Theorem 7 in Lin‘ef-all (2024) we can find that
_ 2 T 2, Ty—1
TSUMQ—WZ;UZ' Uj-f—Clu D H+Op(0n),

with 02 = 2/{n(n — 1)p} + o(n=?), and

n
n1/2D71/2ﬂ _ nfl/ch—l Z ﬁi n n1/2D71/2H 1C,,

=1
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where U; := U(D~1/221/2U;) = (R1/2U~)/HR1/2UZ»||, R = D '/2XD~!/2 Thus, we have
/> =12 370 Uil|* =

Tsunr2 P
= —-n|+0(1) = +0(1),
On n\/2tr R?) ( ) M) 2tr(R?) 1)
and
n 2
Traxe —2logp+loglogp = H\/EZU — 2logp + loglog p.

Notice that

n n n
pl/ 212 Z U; = pt/2p~1/2 Z RY2U, + p'/2n1/2 Z Rl/QUi(l/”Rl/QUiH —1).

i=1 i=1 =1

Denote v; = 1/||RY2U;|| — 1, Var(v;) = 2. We have

H\f A fi%lszUw‘ < \FZ o s VBIUs | = Oplor Towp).

For a random variable X, denote X* = (X —EX)/4/Var(X). Thus the original proposition is equivalent to proving
that | S°7_, U; |15 is asymptotically independent with | RY/2 3P U;[|* and || Y°F_, U;||* is asymptotically indepen-
dent with | RY/23°P_| U;||%,. Then for any sequence 7,,, — oc and any ¢ € RP

p N - . p & 1/2 p - 1/2
P = U, <t)| =P = R“U; = R7U,; <t
(VEE <o) = (EEmrw
p S 1/2
<P = R7°U; <t+n,,0,l1
< <\/;Z i ST+ Mnpo ng>
—HP’(H[Z R'2U;
p - 1/2
P = RY/°U,; <t 1).
< <\/;§_; < >+0()

Similarly, we have P (fzz L ) P (/X" RY2U; <t)+o(1). We have

U, <
p = - p = 1/2
sup |P \/7 U, <t]|-—P \/7 R/7“U,; <t]|—0.
ol ({23 00ee) r 2y
up |7 (/2300 €4 [ZRUZU ca)| o
AeAs gt i=1

From the proof of Lemma & we have

> 1, p0y log p)

Further,

sup
AecAst

/\
3\*@

ZU eA) P(ZeA|—0

where Z ~ N(0,1,). Thus

P (\/giww € Al,\/gzn:w € A2> —IP(R”QZ €A, Zc Az) — 0
=1 1=1

Thus the original proposition is equivalent to proving that || Z||%, is asymptotically independent with [|R/2Z||* and
|RY2Z||%, is asymptotically independent with || Z||*. From Theorem 2.2 in Chen ef all (2024) we have || Z||%, is

sup
Aq,AseAst

3
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asymptotically independent with |R'/2Z||*. Consider that R'/?Z ~ N(0,R). Next we prove || Y||%, is asymptoti-
cally independent with |[R~Y/2Y||* where Y = R'/2Z ~ N(0,R).

DefineY = (Y;",Y,' )" € R? where Y; = (Y1,...,Yy) " and Yo = (Yay1,...,Y,) . And

_(Rs R12) -1 7<P1 P12)
_(R21 Ry /)’ R :=P= Py Py

K — (Kl Klg) _ <R1/2P1R1/2 Ri/2P12R;/2> '

Ko Ko R/7PyR? RY?P,RL
So,
Y'PY =Y, P1Y; +2Y, P1,Ys + Y, PyYs.
For € > 0, set z; are i.i.d. Gaussian random variables. Define z; = (21, - ,24)" € RY, 21 = (2q41,+,2p) | €

RP~4. Then there exist > 0 and K > 0 such that E{exp(nz?)} < K. According to Assumptions of Theorem 7 in
Cinefall (2024), we can get Apax (K1) < Anax(K) < ¢; for a constant ¢; > 0.

P(Y, P1Y] > \/2pe) < P(c1z] 21 > \/2pe)

d
= P(WZZ? > \/%ecllnE)

< exp(—+/2pecy 776 enZ, 1 1)
= exp(—+/2pecy 'ne){B( e"zi)}
< K% exp(—+/2pecy *ne).

Define K = OT AO where O = (gij)1<i, ]<p is an orthogonal matrix and A = diag{\1,..., A\p}, Ni,i =1,...,pare
the eigenvalues of K. Note that 3, ;. k: is the i-th diagonal element of K? = OTAZO We have Z1<J<p k»?j =

P @22 < 3. Next, define 6 = \/W We have
P(Y; P12Y> > \/2pe) < exp(—+/2pfe)E(exp(0z] Ki222)

7\/796 Ei:l Zj:d-H kijzi,zj)
(V2O B{B( Zmars (s 20512,

= exp(—+/2pfe)E H E{e(ezle kis2i)25) 20}

| j=d+1
P 02 d 237
< exp(—+/2pbe)E H exp | o <Z kijzi>
j*d+1 i=1

= exp(—+/2pfe)E % Z Zk:”zg)

j=d+1

< exp(—+/2pbe)E

J 14=1

(54}
(%))

do? &
oo | G D0 SOk
j=d+

=N

< exp(—+/2pbe)E

[\]
—

= exp(—+/2pfe)E
4 exp(—+/2phe).

exp

— N

—
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So

4n
]P(leTP12Y72 Z \/@6) S Kd exp (_ \/;Epl/Q) )

Similarly, we also can prove that

4
P{(-Y1)"P12Y2 > /2pe} < K%exp ( dZepl/z),
‘1

Let O, = Y,"P1Y] +2Y,  P1,Y5.

B0, > v/250) <B(YTP1Y: > /2pe/2) + B(|Y, PraYa| > v/2pe/4)
<P(Y;'P1Y1 > /2pe/2) + P(Y; P12Ys > \/2pe/8)
+P(—Y, P1oYs > /2pe/8).
Denote A, (7) = {%} <, B; = {|v1] > v/2logp — loglogp}, so there exist a constant ¢, > 0
P(|©,] > /2pe) < K* exp(—ccp'/?),

P(Ap(2)B1 - Ba)
Y, P.Y: —p+0©

V2p

Y. P,Y, — S
2 72 \j%“ P <200, < \/Qpe,Bln-Bd) +P(|10,] > /2pe)

(
( T

cp (WP
(

”sﬂ:,Bl---Bd)

<ateB Bd> + K exp(—cp'/?)
<z+ 6) P(Bl L Bd) + Kd GXp(—Cepl/Q)

T_p <z+4¢€0,] < \/%6) +P(|@p| > \/%6)} P(B;---Byg)

p S-T+2€> P(Bl"'Bd)+2KdeXp(—C€p1/2)

= P{A,(z + 2¢)}P(B; - -- By) + 2K exp(—c.p'/?).
Similarly, we can prove that

P(A,(z)By--- Ba) > P{Ay(x — 2€)}P(B:1 --- Bgq) — 2K¢4 eXp(—CEp1/2),

So, we have
IP(Ap(2)By -+ Ba) — P{Ay(x)} - P(By -+ Ba)| < Ay - P(By -+ Bg) + 2K % exp(—cp'/?),
where
Ape = [P{Ap(z)} — P(Ap(z + 2¢))| + [P{Ay(2)} — P{A,(z — 2¢)}]
=P{A,(z+2¢)} — P{A,(z — 2¢)}.
Obviously, the equation discussed above holds for all iy, ..., ¢4. Thus,
Z UP)(Ap(x)Bh "'Bi.i) _P{Ap(x)}'P(Bil "'Bid)|

1<ty < <ig<p

< > {8 BBy, By + 2K exp(—ep?)}

1<i1 < <ig<p

< By H(dp)+ ( §) - 2K exp(—cap'/?).
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Because P{A,(z)} — ®(x) asp — 0. So Ay — P(x + 2¢) — (x — 2¢). By letting ¢ — 0, we have A, . — 0.
By Lemma B as p — oo we have

Y [P(Ay(2)Bi, - Bi,) —P{Ay(x)} - B(By, -+ Bi,)| = 0.
1< <---<ig<p

Then, repeat the procedure in proof of Theorem 2.2 in Chen efall (P024) we have

Y'R'Y —
limsup P (\|R_1/2Y||2* <z |Y[2 < y) = limsupP (p <z, max |Y;| > lp>
p—oo p—roo V2p 1<i<p

< @(2)-{1-F(y}+ lim H(p, 2k +1),

YTRY -
lim inf P (HR*I/?Y”?* <z, ||Y|2 < y) = liminf P (p <z, max |Yj| > zp>
P00 p—00 v2p 1<i<p

< 0(x) {1-F(y)}— lim H(p,2k +1).

Then we can get ||Y'||%_ is asymptotically independent with |R~'/2Y’||* by sending p — oo and then sending k& —
0. O
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