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Abstract

While Bayesian-based exploration often
demonstrates superior empirical performance
compared to bonus-based methods in model-
based reinforcement learning (RL), its the-
oretical understanding remains limited for
model-free settings. Existing provable algo-
rithms either suffer from computational in-
tractability or rely on stage-wise policy up-
dates which reduce responsiveness and slow
down the learning process. In this paper, we
propose a novel variant of Q-learning algo-
rithm, referred to as RandomizedQ, which
integrates sampling-based exploration with ag-
ile, step-wise, policy updates, for episodic
tabular RL. We establish a sublinear regret
bound Õ(

√
H5SAT ), where S is the number

of states, A is the number of actions, H is
the episode length, and T is the total number
of episodes. In addition, we present a loga-

rithmic regret bound O
(
H6SA
∆min

log5(SAHT )
)

when the optimal Q-function has a positive
sub-optimality ∆min. Empirically, Random-
izedQ exhibits outstanding performance com-
pared to existing Q-learning variants with
both bonus-based and Bayesian-based explo-
ration on standard benchmarks.

1 INTRODUCTION

In reinforcement learning (RL) (Sutton, 1988), an agent
aims to learn an optimal policy that maximizes its cu-
mulative rewards through interactions with an unknown
environment. Broadly speaking, RL algorithms can be
categorized into two main approaches—model-based
and model-free methods—depending on whether they
first learn a model of the environment and plan within
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it, or directly learn the optimal policy from experience.
While model-based approaches offer advantages in sam-
ple efficiency, model-free algorithms tend to be more
computationally efficient and take lower space com-
plexity, making them more attractive for deployment
in many real-world applications, such as games (Mnih
et al., 2015), robotics control (Tang et al., 2025) and
language model training (Hong et al., 2025).

As one of fundamental challenges in RL, the
exploitation-exploration dilemma remains particularly
difficult to address in the model-free paradigm, i.e.,
the learned policy needs to carefully balance between
exploiting current observations and exploring unseen
state-action pairs to maximize total rewards in the long
term. To manage the trade-off, most provably efficient
model-free algorithms adopt the principle of optimism
in the face of uncertainty, incentivizing exploration by
assigning bonuses to uncertain outcomes, constructed
from their upper confidence bound (UCB) (Lai and
Robbins, 1985). In particular, prior works (Jin et al.,
2018; Zhang et al., 2020; Li et al., 2021) showed that
Q-learning augmented with tailored bonus functions
achieve comparable sample complexity to their model-
based counterparts.

In contrast to bonus-based exploration methods afore-
mentioned, Bayesian-based approaches have gained
increasing attention for their superior empirical perfor-
mance (Osband et al., 2016a; Fortunato et al., 2018).
These approaches enhance efficient exploration by lever-
aging the inherent randomness in sampling from pos-
teriors that are updated based on prior observations.
However, theoretical understandings have been limited,
where the majority of prior work has focused on model-
based RL (Osband et al., 2013; Agrawal and Jia, 2017;
Tiapkin et al., 2022).

When it comes to model-free RL, research is even more
limited in several aspects. Dann et al. (2021) proposed
a sample-efficient algorithm that draws Q-functions
directly from the posterior distribution. Nevertheless,
this approach suffers from computational inefficiency.
More recently, Tiapkin et al. (2023) introduced poste-
rior sampling via randomized learning rates, but un-
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Key Property
Conditional-PS

(Dann et al., 2021)
Staged-RandQL

(Tiapkin et al., 2023)
RandQL

(Tiapkin et al., 2023)
RandomizedQ

(This Work)

Computational tractability 7 X X X

Agile policy update X 7 X X

Gap-independent regret guarantee X X 7 X

Gap-dependent regret guarantee 7 7 7 X

Table 1: Comparison with the most relevant model-free RL methods with Bayesian-based exploration in tabular
settings. A X indicates the method possesses the corresponding property, while a 7 denotes its absence. We
identify and fix a technical gap in Tiapkin et al. (2023), which preserves the gap-independent regret guarantee
of Staged-RandQL. Notably, our method uniquely achieves computational tractability, agile policy updates, and
provable regret guarantees, distinguishing it from prior work.

fortunately they only provided theoretical guarantees1

for stage-wise policy updates, which are known to be
inefficient in practice as this staging approach does not
allow agents to respond agilely to the environment. To
this end, it is natural to ask:

Is it possible to design a model-free RL algorithm
with Bayesian-based exploration, achieving

sample efficiency, computational efficiency,
and agile policy updates?

1.1 Main contribution

To answer this question, we focus on learning a near-
optimal policy through sampling-based Q-learning, in a
provably sample- and computation-efficient manner. As
in Jin et al. (2018); Dann et al. (2021); Tiapkin et al.
(2023), throughout this paper, we consider tabular,
finite-horizon Markov Decision Processes (MDPs) in
the online setting. Below we summarize the highlights
of this work:

• We propose RandomizedQ, a sampling-based Q-
learning algorithm which leverages tailored ran-
domized learning rates to enable both efficient
exploration and agile policy updates.

• We establish a gap-independent regret bound on
the order of Õ(

√
H5SAT ), where S is the number

of states, A is the number of actions, H is the
episode length, and T is the number of episodes.

• Under a strictly positive sub-optimality gap
∆min of the optimal Q-function, we fur-
ther prove a logarithmic regret bound of
O
(
H6SA log5(SAHT )/∆min

)
. To the best of our

1A careful examination of their proof reveals a critical
technical gap in their analysis. We provide a novel fix with
substantial new analyses, which fortunately preserves their
claimed theoretical guarantee. We discuss this in more
detail in Section 4.1.

knowledge, this is the first result showing model-
free algorithms can achieve logarithmic regret via
sampling-based exploration.

• Empirically, RandomizedQ consistently outper-
forms existing bonus-based and sampling-based
model-free algorithms on standard exploration
benchmarks, validating its efficacy.

A detailed comparison with pertinent works is provided
in Table 1.

1.2 Related works

In this section, we discuss closely-related prior works
on optimistic Q-learning and online RL with Bayesian-
based exploration, focusing on the tabular setting.

Q-learning with bonus-based exploration. Q-
learning and its variants (Watkins, 1989; Strehl et al.,
2006; Hasselt, 2010; Mnih et al., 2013) are among the
most widely studied model-free RL algorithms. To un-
derstand its theoretical guarantees, several works have
equipped Q-learning with UCB bonuses derived from
the principle of optimism in the face of uncertainty (Jin
et al., 2018; Bai et al., 2019; Zhang et al., 2020; Wei
et al., 2020; Li et al., 2021; Yang et al., 2021; Zheng
et al., 2025). Notably, Jin et al. (2018) first introduced
UCB-Q, which augments Q-learning with Hoeffding-
type or Bernstein-type bonuses and established a nearly
optimal regret bound. Building upon this, Zhang et al.
(2020) proposed a variance-reduced version of UCB-Q,
achieving an optimal sample complexity, and Li et al.
(2021) further improved the performance by reducing
the burn-in cost.

In addition to the worst-case regret bound, gap-
dependent regret bounds often leverage benign prop-
erties of the environment and enjoy logarithmic regret
bounds (Yang et al., 2021; Zheng et al., 2025) For in-
stance, Yang et al. (2021) showed that UCB-Q has
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a logarithmic regret bound under the positive sub-
optimality gap assumption, and Zheng et al. (2025)
incorporated error decomposition to establish a gap-
dependent bound for Q-learning with variance reduc-
tion techniques (Zhang et al., 2020; Li et al., 2021).

Model-based RL with Bayesian-based explo-
ration. Extensive works have investigated the theo-
retical and empirical performance of Bayesian-based
exploration in model-based RL. One popular approach
is posterior sampling for reinforcement learning (Strens,
2000; Osband et al., 2013; Agrawal and Jia, 2017;
Zhang, 2022; Hao and Lattimore, 2022; Moradipari
et al., 2023), where the policy is iteratively learned by
sampling a model from its posterior distribution over
MDP models. The approach has been shown to achieve
the optimal regret bound when UCB on Q-functions are
also incorporated (Tiapkin et al., 2022). In addition,
several works (Osband et al., 2016b; Agrawal et al.,
2021; Zanette et al., 2020; Ishfaq et al., 2024) have
investigated posterior sampling with linear function
approximation.

Model-free RL with Bayesian-based explo-
ration. To overcome the computational inefficiency
of model-based methods, several algorithms have been
developed in model-free RL with Bayesian-based ex-
ploration. Relatedly, prior work (Osband et al., 2016a,
2018; Van der Vaart et al., 2024) has explored ensembles
and bootstrapping with randomized prior functions, in
which multiple value estimators are introduced primar-
ily to encourage exploration rather than to reduce bias
(Hasselt, 2010; Peer et al., 2021). In addition, Fortu-
nato et al. (2018) leveraged noisy networks to promote
model-free exploration. Although these approaches
have shown promising empirical performance, their
theoretical understanding remains limited. Recently,
Dann et al. (2021) sampled Q-functions directly from
the posterior, but such an approach is computation-
ally intractable. To address this, Tiapkin et al. (2023)
introduced RandQL, the first tractable model-free pos-
terior sampling-based algorithm, which encourages ex-
ploration through using randomized learning rates and
achieves a regret bound of Õ(

√
SAH5T ) when RandQL

is staged. However, the slow policy update empirically
leads to a significantly degraded performance. This
leaves a gap between the theoretical efficiency and
practical performance in model-free RL with Bayesian-
based exploration.

Notation. Throughout this paper, we define ∆(S)
as the probability simplex over a set S, and use
[H] := 1, . . . ,H and [T ] := 1, . . . , T for positive inte-
gers H,T > 0. We denote 1 as the indicator function,
which equals 1 if the specified condition holds and 0

otherwise. For any set D, we write |D| to represent its
cardinality (i.e., the number of elements in D). The
beta distribution with parameters α and β is denoted
by Beta(α, β). Finally, we use the notations Õ(·) and
O(·) to describe the order-wise non-asymptotic behav-
ior, where the former omits logarithmic factors.

2 PROBLEM SETUP

Finite-horizon MDPs. Consider a tabular finite-
horizon MDPM(S,A, {Ph}Hh=1, {rh}Hh=1, H), where S
is the finite state space of cardinality S, A is the action
space of cardinality A, Ph : S × A → ∆(S) is the
transition kernel and rh : S ×A → [0, 1] is the reward
function at time step h ∈ [H], and H is the number of
steps within each episode. In each episode, the agent
starts from an initial state s1 ∈ S and then interacts
with the environment for H steps. In each step h ∈ [H],
the agent observes the current state sh ∈ S, selects
an action ah ∈ A, receives a reward rh(sh, ah), and
transitions to the next state sh+1 ∼ Ph( · |sh, ah).

Policy, value function and Q-function. We de-
note π = {πh}Hh=1 as the policy of the agent within an
episode of H steps, where each πh : S → ∆(A) specifies
the action selection probability over the action space
A at the step h ∈ [H]. Given any finite-horizon MDP
M, we use the value function V πh (resp. Q-function)
to denote the expected accumulative rewards starting
from the state s (resp. the state-action pair (s, a)) at
step h and following the policy π until the end of the
episode: for any (h, s, a) ∈ [H]× S ×A,

V πh (s) = Eπ

[
H∑

h′=h

rh′(sh′ , ah′)|sh = s

]
,

Qπh(s, a) = Eπ

[
H∑

h′=h

rh′(sh′ , ah′)|sh = s, ah = a

]
.

By convention, we set V πH+1(s) = 0 and QπH+1(s, a) = 0
for any (s, a) ∈ S × A and policy π. In addition, we
denote π? = {π?h}Hh=1 as the deterministic optimal
policy, which maximizes the value function (resp. Q-
function) for all states (resp. state-action pairs) among
all possible policies, i.e.

V ?h (s) := V π
?

h (s) = max
π

V πh (s),

Q?h(s, a) := Qπ
?

h (s, a) = max
π

Qπh(s, a),
(1)

where the existence of the optimal policy is well-
established (Puterman, 2014).

Bellman equations. As the pivotal property of
MDPs, the value function and Q-function satisfy the
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following Bellman consistency equations: for any policy
π and any (h, s, a) ∈ [H]× S ×A,

Qπh(s, a) = rh(s, a) + Ph,s,aV
π
h+1, (2)

where we use Ph,s,a := P ( · |s, a) ∈ [0, 1]1×S to rep-
resent the transition probability (row) vector for the
state-action pair (s, a) at h-th step. Similarly, we also
have the following Bellman optimality equation regard-
ing the optimal policy π?:

Q?h(s, a) = rh(s, a) + Ph,s,aV
?
h+1. (3)

Learning goal. In this work, our goal is to learn a
policy that minimizes the total regret during T episodes,
defined as

RegretT =

T∑
t=1

(
V ?1 (s1)− V π

t

1 (s1)
)
, (4)

in a computationally efficient and scalable fashion.
Here, πt denotes the learned policy executed in the
t-th episode, for every t ∈ [T ].

3 EFFICIENT AND AGILE
RANDOMIZED Q-LEARNING

In this section, we introduce a sampling-based variant
of Q-learning, referred to as RandomizedQ, which
ensures the policy to be updated in an agile manner
and enhances efficient exploration based on random
sampling rather than adding explicit bonuses.

3.1 Motivation

Before describing the proposed algorithm in detail,
we first review the critical role of learning rates in
Q-learning to achieve polynomial sample complexity
guarantees, and why such choices cannot be directly
extended to the context of Bayesian-based exploration.

The effect of learning rates in Q-learning with
UCB bonuses. Upon observing a sample transition
(sh, ah, sh+1) at the h-th step, the celebrated UCB-Q
algorithm (Jin et al., 2018) updates the corresponding
entry of the Q-values as:

Qh(sh, ah)←(1− wm)Qh(sh, ah)

+ wm
[
rh(sh, ah) + Vh+1(sh+1) + bm

]
,

where m is the number of visits to the state-action pair
(sh, ah) at the h-th step, wm = H+1

H+m is the learning rate
and bm is the UCB-style bonus term to drive efficient
exploration. As detailed in Jin et al. (2018), such a
learning rate of O(H/m) is essential to ensure that the
first earlier observations have negligible influence on
the most recent Q-value updates.

Challenges in randomized Q-Learning. In the
absence of bonus terms, the exploration is guided by
assigning higher weights to important states and lever-
aging the inherent randomness of sampling from the
posterior. As directly sampling Q-functions is compu-
tationally intractable (Dann et al., 2021), recent work
(Tiapkin et al., 2023) encourages exploration by ran-
domizing the learning rates according to beta distribu-
tion with an expected order of O(1/m). However, such
a learning rate treats all episodes as equally informa-
tive, which can result in high bias and an exponential
dependency of the sample complexity on the horizon
H. To address this issue, Tiapkin et al. (2023) resort
to splitting the learning process, updating the policy
at exponentially slower frequencies, and resetting the
temporary Q values to ensure enough optimism. While
this strategy mitigates the sample complexity issue, it
suffers from practical inefficiencies due to discarding
valuable data across stages, and is unsuitable to de-
ploy in time-varying environments. This inefficiency
is empirically demonstrated in Tiapkin et al. (2023,
Appendix I) and Section 5.

Thus, it naturally raises the question: can we simply
randomize learning rates with an expected order of
O(H/m), as used in UCB-Q (Jin et al., 2018)? Un-
fortunately, randomizing learning rates with an ex-
pected magnitude of O(H/m) rapidly forgets the ear-
lier episodes that includes the initialization and thus
fails to maintain sufficient optimism.

3.2 Algorithm description

Motivated by these limitations, we propose an agile,
bonus-free Q-learning algorithm for episodic tabular
RL in the online setting, referred to as RandomizedQ
and summarized in Algorithm 1.

The main idea behind RandomizedQ is to update the
policy based on an optimistic mixture of two Q-function
ensembles—each trained with a tailored distribution
of learning rates—to balance between agile exploita-
tion of recent observations and sufficiently optimistic
exploration. Specifically, after initializing the counters,
value and Q-functions (cf. Line 1 in Algorithm 1), if
at the step h of some episode t, the current state is
sh ∈ S, the action ah is selected greedily with respect
to the current policy Q-function Qth(sh, ·) (cf. Line 4
in Algorithm 1). Upon observing the next state sh+1,
the updates can be boiled down to the following key
components.

Two Q-ensembles for adaptation and explo-
ration. To ensure the mixed Q-function with the
learning rate scaled as O(H/m), we tailor the prob-
ability distribution of the randomized learning rate
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Algorithm 1 RandomizedQ

Require: Initial state s1, optimistically-initial value
{V 0

h }, inflation coefficient κ, κ[> 0, ensemble size
J , the number of prior transitions n0, n

[
0>0, and

mixing rates {ηt,h}.
1: Initialize: nh(s, a), n[h(s, a), qh(s, a) ← 0;

Ṽh(s), Ṽ [h (s)← V 0
h ; Q̃jh(s, a), Q̃[h(s, a), Q̃[,jh (s, a)←

rh(s, a)+V 0
h+1, for any (j, h, s, a) ∈ [J ]×[H]×S×A.

2: for t ∈ [T ] do
3: for h = 1, . . . ,H do
4: Play ah = arg maxa∈AQh(sh, a) and observe

the next state sh+1 ∼ Ph( · |sh, ah).
5: Set m← nh(sh, ah) and m[←n[h(sh, ah).
6: /* Update temporary Q-ensembles via

randomized learning rates. */

7: for j = 1, . . . , J do
8: Sample wjm ∼ Beta

(
H+1
κ , m+n0

κ

)
and

w[,jm ∼ Beta
(

1
κ[ ,

m[+n[
0

κ[

)
.

9: Update Q̃jh and Q̃[,jh via (5) and (6).
10: end for
11: /* Update the agile policy Q-function

by optimistic mixing. */

12: Update the policy Q-function Qh via (7).
13: /* Update the policy with step-wise

agility. */

14: Update πh(sh)← arg maxa∈AQh(sh, a).

15: /* Update Ṽh optimistically. */

16: Update Ṽh(sh)← maxj∈[J] Q̃
j
h(sh, πh(sh)).

17: /* Update visit counters. */

18: Update counter nh(sh, ah)←nh(sh, ah)+1 and
n[h(sh, ah)← n[h(sh, ah) + 1.

19: /* At the end of the stage: update

Q̃[h, π[h, Ṽ [h and reset n[h, {Q̃
b,j
h }. */

20: if n[h(sh, ah) = b(1 + 1/H)qHc for the stage
q = qh(sh, ah) then

21: Update Q̃[h(sh, ah)← maxj∈[J] Q̃
[,j
h (sh, ah),

π[h(sh) ← arg maxa∈A Q̃
[
h(sh, a), and

Ṽ [h (sh)← Q̃[h(sh, π
[
h(sh)).

22: Reset Q̃[,jh (sh, ah) ← rh(sh, ah) + V 0
h+1 for

j ∈ [J ] and n[h(sh, ah)← 0.
23: Move to the next stage: qh(sh, ah) ←

qh(sh, ah)+1.
24: end if
25: end for
26: end for

as:

wjm ∼ Beta
(
H+1
κ , m+n0

κ

)
, ∀j ∈ [J ],

where m records the total number of visits to the state-
action pair (sh, ah) just before current visit (cf. Line
5 in Algorithm 1), n0 introduces pseudo-transitions to

induce optimism, and κ > 0 controls the concentration
level of the distribution and J is the size of tempo-
rary Q-ensembles. With these randomized learning
rates in hand, the corresponding entry of temporary
Q-ensembles is updated in parallel as:

Q̃jh(sh, ah)←(1− wjm)Q̃jh(sh, ah)

+ wjm
(
rh(sh, ah) + Ṽh+1(sh+1)

)
,

(5)

for any j ∈ [J ], where Ṽh+1 is the optimistic value
estimate at the next step, computed before processing
the current transition and held fixed within this visit.
As discussed in Section 3.1, such a learning rate could
guarantee a polynomial dependency on the horizon
H, but lead to rapidly forgetting the earlier episodes
and assigning exponentially decreasing weights on the
optimistic initialization. To further emphasize the opti-
mistic initialization, we also introduce another sequence
of Q-ensembles as follows: for any j ∈ [J ],

Q̃[,jh (sh, ah)←(1− w[,jm )Q̃[,jh (sh, ah)

+ w[,jm
(
rh(sh, ah) + Ṽ [h+1(sh+1)

)
,

(6)

where the randomized learning rates are sampled from

w[,jm ∼ Beta
(

1
κ[ ,

m[+n[
0

κ[

)
, m[ represents the number of

visits during the current stage, and Ṽ [h+1 is the value
estimate updated in a stage-wise manner and frozen
for the current visit (cf. Line 21 in Algorithm 1).

Agile policy Q-function via optimistic mixing.
Then, to promote optimism, the policy Q-function
is computed via optimistic mixing (cf. Line 12 in
Algorithm 1). For the current state–action pair (sh, ah),

Qt+1
h (sh, ah) =ηt,h max

j∈[J]

{
Q̃j,t+1
h (sh, ah)

}
+ (1− ηt,h) · Q̃[,t+1

h (sh, ah),

(7)

and for all (s, a) 6= (sh, ah), we keep Qt+1
h (s, a) =

Qth(s, a). Here, Q̃j,t+1
h (sh, ah) is the j-th temporary

Q-value, updated at the current visit of episode t via
(5), while the staged Q̃[,t+1

h remains fixed throughout
the current stage and is optimistically refreshed to the
ensemble maximum only at the end of the stage (cf.
Line 21 in Algorithm 1). Note that the first term—
corresponding to the maximum over J temporary Q-
values—is updated every step, which allows Random-
izedQ to perform agile policy updates rather than the
exponentially slower schedule that updates only at stage
boundaries. Such optimistic mixing allows Random-
izedQ to remain responsive to new data and adapt the
policy efficiently without requiring periodic updates.

Reset for bias mitigation and optimism restora-
tion. To mitigate outdated data and ensure optimism,
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we reset the temporary Q-ensembles Q̃[,jh according to
the optimistic initialization V 0

h+1 and the visit counter
(cf. Line 22 in Algorithm 1), when the number of vis-
its in current stage exceeds a predefined threshold—
specifically, when n[h(sh, ah) = b(1 + 1/H)qHc for the

q-th stage. Meanwhile, the staged value estimate Ṽ [h
is greedily updated with respect to Q̃[h at state sh (cf.
Line 21 in Algorithm 1), which will be reused to update
the temporary Q-values in the subsequent visits within
the new stage.

4 THEORETICAL GUARANTEES

In this section we provide both gap-independent and
gap-dependent regret bounds for RandomizedQ, con-
sidering the worst-case scenario and favorable struc-
tural MDPs, respectively.

4.1 Gap-independent sublinear regret
guarantee

To begin with, the following theorem shows that Ran-
domizedQ has a

√
T -type regret bound, where the full

proof is deferred to Appendix C.

Theorem 1. Consider δ ∈ (0, 1). Assume that J =
dc · log(SAHT/δ)e, κ[ = c · (log(SAH/δ) + log(T )),
and n[0 = dc · log(T ) · κ[e, where c is some universal
constant. Let the initialized value function V 0

h = 2(H−
h+ 1) for any h ∈ [H + 1], and the mixing rate ηt,h =

1√
(1+1/H)qH+1

where q = qth(sth, a
t
h) is the stage index

for any (t, h) ∈ [T ] × [H]. Then, with probability at
least 1− δ, Algorithm 1 guarantees that

RegretT ≤ Õ
(√

H5SAT
)
.

Theorem 1 shows that RandomizedQ achieves a gap-
independent regret bound of Õ(

√
H5SAT ), match-

ing the guarantees of UCB-Q with Hoeffding-type
bonuses (Jin et al., 2018) in episodic tabular MDPs.
This bound is minimax-optimal up to polynomial fac-
tors of H when compared to the known lower bound
of Ω(

√
H3SAT ) (Jin et al., 2018; Domingues et al.,

2021b).

Remark 1 (Anytime convergence guarantee). To ob-
tain an anytime convergence, we can update the ensem-
ble size J , inflation parameter κ[ and n[0 adaptively at
every stage (see the detailed description of Algorithm 2
in Appendix D). Then without requiring the number of
episodes T in advance, Algorithm 2 attains the same
regret bound Õ(

√
H5SAT ) (see the proof in Appendix

D.2), whereas the prior study Tiapkin et al. (2023) is
not anytime.

Technical challenges. The primary challenge in an-
alyzing RandomizedQ arises from several subtle re-
quirements on the randomized learning rates. Specifi-
cally, these rates must:

• be sufficiently randomized to induce necessary op-
timism;

• avoid excessive randomness that could incur unde-
sirable fluctuations;

• support efficient exploitation of the most recent
observations to avoid introducing exponential de-
pendence on the horizon H.

The subtle interplay among these conditions precludes
the straightforward application of existing analytical
techniques from the literature. For instance, the opti-
mism may decay exponentially and be insufficient for
sparse reward scenarios, so we re-inject the weighted
optimistic values into the Q-ensembles at every stage
to ensure necessary optimism at every step. In addi-
tion, to bound undesirable fluctuations of randomized
learning rates, prior work (Tiapkin et al., 2023) at-
tempted to prove a concentration inequality based on
Rosenthal’s inequality (Tiapkin et al., 2023, Theorem
6), which in turn requires a martingale property of
the so-called aggregated learning rates. However, the
martingale property in fact does not hold (detailed
below), revealing a gap in their proof. We propose a
new proof strategy to bridge this gap and to extend
the concentration inequality to our setting.

These challenges jointly necessitate a carefully con-
structed mixing scheme that balances the efficient ex-
ploration and agile responses to latest observations,
refined control of fluctuation, and favorable properties
of learning rates to ensure that RandomizedQ attains
near-optimal sample complexity with agile updates.

Identifying and fixing a technical gap in the
proof of Tiapkin et al. (2023). While Tiapkin
et al. (2023) established a comparable regret bound for
Staged-RandQL, it turns out that analysis has a crucial
technical gap. Specifically, central to the analysis is
to study the concentration of the weighted sum of the
aggregated randomized learning rates, defined as

W 0
j,m =

m−1∏
k=0

(1− wjk),

W i
j,m = wji−1

m−1∏
k=i

(1− wjk), ∀i ∈ [m],

which involves bounding the sum∣∣∣∣∣
m∑
i=0

λi(W
i
j,m − E[W i

j,m])

∣∣∣∣∣ , (8)
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for fixed real numbers λi ∈ [−1, 1]; see the proof
of Lemma 4 in Tiapkin et al. (2023). To this end,
Tiapkin et al. (2023) asserted that the partial sums

Si =
∑i
k=0 λk(W k

j,m−E[W k
j,m]) form a martingale with

respect to some filtration Fi (cf. Proposition 7 there,
which was invoked in the proof of Lemma 4 therein).
The proof went on by a standard application of Rosen-
thal’s inequality (i.e., Theorem 6 therein). To prove
the martingale property, it was claimed that W i

j,m is
adapted to Fi (cf. assumption of their Theorem 6),
and W i

j,m is independent of Fi−1 (cf. assumption of
their Proposition 7). Unfortunately, it is impossible to
achieve both adaptedness and independence except for
trivial cases (e.g., deterministic learning rates), regard-
less of choice of Fi.2 Indeed, if {Fi} is such a filtration,
then W i

j,m being adapted means that all the random-

ness of W 0
j,m,W

1
j,m · · · ,W

i−1
j,m is contained in Fi−1. As

W i
j,m is independent of Fi−1, we see that W i

j,m is inde-

pendent with all of W 0
j,m, · · · ,W

i−1
j,m . By induction, we

readily see that W 0
j,m, · · · ,Wm

j,m are jointly indepen-

dent. However, since
∑m
i=0W

i
j,m = 1 (Tiapkin et al.,

2023, Lemma 3), such independence is not possible un-
less all aggregated learning rates W i

j,m, 0 ≤ i ≤ m, are
deterministic. Thus, Lemma 4 in Tiapkin et al. (2023)
does not hold, thereby leaving a gap in the analysis.
We fix this gap by introducing a reverse filtration that
is tailored to the form of the aggregated weights, and
study (8) using a backward martingale construction in
contrast with partial sums with substantial new anal-
yses. With this approach, we established the correct
concentration inequality not only for their setting but
also for ours.

Memory and computation complexity. As the
number of ensembles is J = Õ(1), the computational
complexity is O(H) per episode and the space complex-
ity is O(HSA), same as Tiapkin et al. (2023). However,
we note that due to the use of optimistic mixing, Ran-
domizedQ requires maintaining two ensembles, which
effectively doubles the memory and computational cost
compared to Staged-RandQL (Tiapkin et al., 2023),
although these updates can be parallelized. Reduc-
ing this two-ensemble overhead while preserving the
required optimism and responsiveness to the latest
observations is an important direction for future work.

4.2 Gap-dependent logarithmic regret
guarantee

Note that such a
√
T -type regret bound holds for any

episodic tabular MDPs, which might not be tight for
environment with some benign structural properties.

2Tiapkin et al. (2023) chose a filtration {Fi} to which
W i

j,m is actually not adapted.

To this end, we further develop a gap-dependent regret
bound, which improves the regret bound from sublinear
to logarithmic under a strictly positive suboptimality
gap condition, as follows.

Assumption 1 (Positive suboptimality gap). For any
(s, a, h) ∈ S × A × [H], we denote the sub-optimality
gap as ∆h(s, a) := V ?h (s) − Q?h(s, a) and assume that
the minimal gap

∆min , min
(s,a,h)∈S×A×[H]

∆h(s, a)1{∆h(s, a) 6= 0} > 0.

Note that this assumption implies that there exist
some strictly better actions (i.e., the optimal actions)
outperform the others for every state. This assumption
is mild, as the minimal suboptimality gap ∆min = 0
only when the MDPs degenerates. Consequently, it is
commonly fulfilled in environments with finite action
spaces, such as Atari-games and control tasks, and it
is also widely adopted in prior literature (Yang et al.,
2021; Zheng et al., 2025).

Under this mild assumption, we have the following
logarithmic gap-dependent regret bound, whose proof
is deferred to Appendix E. To the best of our knowledge,
this is the first guarantee that shows sampling-based
Q-learning can also achieve the logarithmic regret in
episodic tabular RL.

Theorem 2. Consider δ ∈ (0, 1). Suppose all condi-
tions in Theorem 1 and Assumption 1 hold. Let the
mixing rate ηt,h = 1

H(1+ 1
H )q

, where q = qth(sth, a
t
h) is

the stage index for every (t, h) ∈ [T ] × [H]. Then,
Algorithm 1 guarantees that

E[RegretT ] ≤ O
(
H6SA

∆min
log5(SAHT )

)
.

Note that the above logarithmic regret bound holds for
RandomizedQ without assuming any prior knowledge
on the minimal suboptimality gap ∆min during im-
plementation. As shown in Simchowitz and Jamieson
(2019), any algorithm with an Ω(

√
T ) regret bound in

the worst case, has a log T -type lower bound of the ex-
pected gap-dependent regret. Also, our bound matches
the expected regret for UCB-Q (Jin et al., 2018) under
the same condition (i.e. Assumption 1) for episodic
tabular MDPs (Yang et al., 2021), which is nearly tight
in S,A, T up to the log(SAT ) and H factors.

5 EXPERIMENTS

In this section, we present the experimental results of
RandomizedQ compared to baseline algorithms, in
the following two environments.
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(a) A 10× 10 grid-world environment.
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(b) A 25× 25 grid-world environment.
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(c) A chain MDP with L = 20.
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(d) A chain MDP with L = 50.

Figure 1: Comparison between RandomizedQ and baseline algorithms in the grid-world environment (cf. the
left two panels) and the chain MDP (cf. the right two panels), where total regret is plotted against the number
of episodes. RandomizedQ consistently achieves lower regret than UCB-Q, as well as both the stage-wise
randomized Q-learning (i.e., Staged-RandQL) and its empirical variant (i.e., RandQL), demonstrating superior
sample efficiency and faster learning processes.

A grid-world environment. We first evaluate per-
formance in a 10×10 grid-world environment as used in
Tiapkin et al. (2023), where each state is represented as
a tuple (i, j) ∈ [10]×[10], and the agent can choose from
four actions: left, right, up, and down. The episode
horizon is set to H = 50. At each step, the agent moves
in the planed direction with probability 1− ε and to
a random neighboring state with probability ε = 0.2.
The agent starts at position (1, 1), and the reward is
1 only at state (10, 10), with all other states yielding
zero reward. We also examine the performance in a
larger 25× 25 grid-world environment, where the agent
receives a reward of 1 only at state (25, 25), with the
episode horizon set to H = 200. Compared to the
10× 10 setting, the reward is significantly sparser. The
corresponding results are shown in Figures 1a and 1b,
respectively.

A chain MDP. We also consider a chain MDP envi-
ronment as described in Osband et al. (2016a), which
consists of L = 20 states (i.e., the length of the chain)

and two actions: left and right. The episode horizon
is set to H = 50. With each action, the agent transits
in the intended direction with probability 0.9, and in
the opposite direction with probability 0.1. The agent
starts in the leftmost state, which provides a reward
of 0.05, while the rightmost state yields the highest
reward of 1. Additionally, we evaluate performance in
a longer chain MDP with L = 50 states and a horizon
of H = 100. The corresponding results are shown in
Figures 1c and 1d, respectively.

Baselines and experiment setups. We compare
RandomizedQ with (1) UCB-Q: model-free Q-learning
with bonuses (Jin et al., 2018) (2) Staged-RandQL
(Tiapkin et al., 2023): the staged version of RandQL
with theoretical guarantees (3) RandQL (Tiapkin et al.,
2023): the randomized version of UCB-Q, without prov-
able guarantees. For all algorithms with randomized
learning rates in both environments, we let the number
of ensembles J = 20, the inflation coefficient κ = 1, and
the number of pseudo-transitions n0 = 1/S, where S
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corresponds to the size of the state space in different en-
vironments. For RandomizedQ, we set κ[ = 1 and the
mixing rate ηt,h = (

√
(1 + 1/H)qH + 1)−1, where q =

qth(sth, a
t
h), ∀(t, h) ∈ [T ]× [H]. For fair comparison, we

run 4 trials per algorithm and show the average along
with the 90% confidence interval in the Figure 1. More
details on experiment setups can be found in Appendix
F. The corresponding code is available at https://

github.com/IrisHeWANG/RandomizedQ, which is built
upon the implementation of Tiapkin et al. (2023) using
the rlberry library (Domingues et al., 2021a).

Results. From Figure 1, RandomizedQ exhibits
significantly improved performance across all envi-
ronments, achieving substantially lower total regret.
Unlike UCB-Q, which suffers from excessive over-
exploration, and the Staged-RandQL that adapts the
policy only at the end of each stage, RandomizedQ ef-
fectively balances exploration and exploitation through
randomized learning rates and agile policy updates. We
also observe that RandomizedQ performs even better
than the empirical RandQL that lacks theoretical guar-
antees in prior work (Tiapkin et al., 2023), especially for
larger environments with more sparse rewards. These
results validate the effectiveness of sampling-driven
updates without explicit bonus terms and highlight
the benefit of avoiding stage-wise policy updates in
model-free reinforcement learning. Moreover, Ran-
domizedQ shows better computational efficiency in
terms of the wall-clock time required to achieve a target
performance level; see Appendix F.2 for details.

6 CONCLUSION

In this work, we study the performance of Q-learning
without exploration bonuses for episodic tabular MDPs
in the online setting. We identify two key challenges in
existing approaches: the additional statistical depen-
dency introduced by randomizing learning rates, and
the inefficiency of slow, stage-wise policy updates, as
the bottlenecks of theoretical analysis and algorithm
design. To address these challenges, we develop a novel
randomized Q-learning algorithm with agile updates
called RandomizedQ, which efficiently adapts the pol-
icy to newly observed data. Theoretically, we establish
a sublinear worst-case and a logarithmic gap-dependent
regret bounds. Empirically, our experiments show that
RandomizedQ significantly outperforms than baseline
algorithms in terms of total regret, due to the effective
exploration and agile updates.

There are several promising directions for future re-
search. For example, extending our analysis to func-
tion approximation settings—such as linear or neural
representations—would significantly broaden the ap-
plicability of RandomizedQ (Melo and Ribeiro, 2007;

Song and Sun, 2019). In addition, incorporating vari-
ance reduction techniques could further improve the
regret bounds and potentially match the theoretical
lower bounds (Zhang et al., 2020; Zheng et al., 2025).
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Supplementary Materials

A NOTATION AND PRELIMINARIES

Before proceeding, we first introduce the following notation with the dependency on the episode index t and its
short-hand notation whenever it is clear from the context.

• nth(s, a), or the shorthand nth: the number of previous visits to (s, a) at step h before episode t.

• n[,th (s, a), or the shorthand n[,th : the number of previous visits to (s, a) at step h during the current stage
that the episode t belongs to.

• qth(s, a), or the shorthand qth: the stage index of the i-th visit to (s, a) at step h and episode t.

• `ih(s, a), or the shorthand `i: the episode index of the i-th visit to (s, a) at step h; by convention `0 = 0.

• `[,iq,h(s, a), or the shorthand `iq: the episode index of the i-th visit to (s, a) at step h during the stage q; by

convention, `00 = 0 and `[,0q,h(s, a) represents the episode when the q-th stage starts for (h, s, a).

• eq = d(1 + 1/H)qHe: the length of the q-th stage; by convention, e−1 = 0.

• J : number of ensemble heads (temporary Q-functions) per episode.

• Q̃j,th (s, a): j-th temporary (ensemble) estimate of the optimal Q-value at the beginning of episode t, where

the randomized learning rate follows Beta(H+1
κ ,

nt
h+n0−1
κ ).

• Q̃[,j,th (s, a): j-th temporary (ensemble) estimate of the optimal Q-value at the beginning of episode t, where

the randomized learning rate follows Beta( 1
κ[ ,

n[,t
h +n[

0−1

κ[ ).

• Q̃[,th (s, a): the optimistic approximation of the optimal Q-function updated at the end of each stage.

• Qth(s, a): the policy Q-function at the start of episode t; its update at the visited pair (sth, a
t
h) is

Qth(sth, a
t
h) = ηt−1,h max

j∈[J]
Q̃j,th (sth, a

t
h) + (1− ηt−1,h)Q̃[,th (sth, a

t
h). (9)

• Ṽ `ih , Ṽ
[,`iq
h : optimistic value estimation of the optimal value function at episode `i and `iq.

• πth: the learned policy used at step h in episode t; the action ath is drawn from the learned policy πth at state
sth for any (h, t) ∈ [H]× [T ].

For analysis, we also introduce the following notation.

• s0: the optimistic pseudo-state s0 with

rh(s0, a) = r0 > 1, ph(s0 | s, a) = 1{s = s0}.

• V ?h (s0): the cumulative return obtained by always staying at the optimistic state s0 from step h, i.e.,
V ?h (s0) = r0

(
H − h+ 1

)
.
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• n0, n
[
0: prior pseudo-transition counts; thereby, each state-action pair (s, a) starts with n0 prior pseudo-

transitions, leading to

w j
0 ∼ Beta

(
(H + 1)/κ, n0/κ

)
, w[,j0 ∼ Beta

(
1/κ[, n[0/κ

[
)
, j ∈ [J ].

• Kinf(p, µ): the information-theoretic distance between some measure p ∈ P[0, b] and µ ∈ [0, b], defined as

Kinf(p, µ) = inf{KL(p, q) : q ∈ P[0, b], p� q,EX∼q[X] ≥ µ},

where P[0, b] denotes all probability measures supported on [0, b].

• δx: Dirac measure concentrated at a single point x.

• [n]: the indexing shorthand; for a positive integer n, we write [n] := {1, 2, . . . , n}.

• ‖X‖p: the `p-norm of a vector X ∈ Rn where p ≥ 1; formally defined as

‖X‖p =
( n∑
i=1

|Xi|p
)1/p

.

• (x)k: Pochhammer symbol, i.e., for k ∈ N,

(x)k = x(x+ 1) · · · (x+ k − 1). (10)

• 1{x ≥ c}: an indicator function that equals 1 when x ≥ c, and 0 otherwise.

• |X|: the cardinality of the set X.

• A . B : means A ≤ cB for some universal constant c > 0.

• N?: the set consists of the positive integers, i.e., {1, 2, 3, . . .}.

Beta distribution. We recall the definition and important properties of Beta distribution (Gupta and Nadara-
jah, 2004, Section 2), which is used in the follow-up analysis.

Definition 1 (Beta distribution). A continuous random variable X is said to follow a Beta distribution with
shape parameters α > 0 and β > 0, written as

X ∼ Beta(α, β),

if its probability density function is

fX(x | α, β) =
1

B(α, β)
xα−1 (1− x)β−1, 0 < x < 1,

and fX(x) = 0 otherwise, where the Beta function B(α, β) =
Γ(α)Γ(β)

Γ(α+ β)
serves as the normalizing constant.

Lemma 1 (Moments of the Beta distribution). Let X ∼ Beta(a, b) with a, b > 0, and recall the Pochhammer
symbol (x)k defined in (10). Then, for any positive integer r,

E [Xr] =
(a)r

(a+ b)r
. (11)

In particular, the expectation and variance of X are

E[X] =
a

a+ b
, Var(X) =

ab

(a+ b)2(a+ b+ 1)
. (12)

We next collect a few auxiliary lemmas used in the proofs.
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Lemma 2. For any a, b ≥ 1, κ ≥ 0, we have

a

a+ b
≤ a+ κ

a+ b+ κ
≤ (κ+ 1) · a

a+ b
. (13)

In addition, for any r ∈ N+,
a+ rκ

a+ b+ rκ
≤ r · a+ κ

a+ b+ κ
. (14)

Proof. The following proves (13) and (14), respectively. We start with the lower bound of (13). Define f(t) =
a+ t

a+ b+ t
for t ≥ 0. Then f ′(t) =

b

(a+ b+ t)2
> 0, so f is increasing. Hence f(0) =

a

a+ b
≤ f(κ) =

a+ κ

a+ b+ κ
.

Moving to the upper bound, it is equivalent to show

(a+ κ)(a+ b) ≤ (κ+ 1)a(a+ b+ κ).

Expanding and rearranging leads to

(κ+ 1)a(a+ b+ κ)− (a+ κ)(a+ b) = κ
(
a2 + ab+ aκ− b

)
≥ 0,

which holds if a, b ≥ 1 and κ ≥ 0.

We now show (14). Let r ∈ N+ and

L = (a+ rκ)(a+ b+ κ), R = r(a+ κ)(a+ b+ rκ).

We prove L ≤ R by first computing

R− L = r(a+ κ)(a+ b+ rκ)− (a+ rκ)(a+ b+ κ)

= (r − 1)
[
a(a+ b) + κ

(
a(r + 1) + κr

)]
≥ 0,

because each bracketed term is non-negative and r − 1 ≥ 0. Dividing by the common positive factor (a + b +

rκ)(a+ b+ κ) yields
a+ rκ

a+ b+ rκ
≤ r a+ κ

a+ b+ κ
. All statements are therefore proved.

Lemma 3 (Rosenthal inequality, Theorem 4.1 in Pinelis (1994)). Let X1, . . . , Xn be a martingale-difference
sequence adapted to a filtration {Fi}i=1,...,n:

E[Xi | Fi−1] = 0.

Define Vi = E[X2
i | Fi−1]. Then there exist universal constants c1 and c2 such that for any p ≥ 2 the following

holds

E1/p

[∣∣∣∣∣
n∑
i=1

Xi

∣∣∣∣∣
p]
≤ C1p

1/2E1/p

∣∣∣∣∣
n∑
i=1

Vi

∣∣∣∣∣
p/2
+ 2C2p · E1/p

[
max
i∈[n]
|Xi|p

]
.

Lemma 4 (Corrected version of Lemma 12 in Tiapkin et al. (2023).3). Let ν ∈ P([0, b]) be a probability measure
over the segment [0, b] and let ν̄ = (1−α)δb0 +α · ν be a mixture between ν and a Dirac measure on b0 > b, where
α ∈ (0, 1). Then for any µ ∈ (0, b),

Kinf(ν̄, µ) ≤ αKinf(ν, µ). (15)

Proof. From Tiapkin et al. (2023, Lemma 9), for any probability measure ν ∈ P[0, b] and µ ∈ (0, b),

Kinf(ν̄, µ) = max
λ∈[0, 1/(b0−µ)]

EX∼ν̄
[
log
(
1− λ (X − µ)

)]
.

3We clarify an earlier oversight in Tiapkin et al. (2023, Lemma 12) by properly accounting for the Dirac measure’s
contribution, which was previously incorrectly separated after applying the variational formula–specifically, Lemma 9 in
Tiapkin et al. (2023). Consequently, the right-hand side of (15) is now scaled by α, instead of the 1− α factor used in
Tiapkin et al. (2023).
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The support of ν̄ is contained in [0, b0], so for any λ ∈ [0, 1/(b0 − µ)],

EX∼ν̄
[
log
(
1− λ (X − µ)

)]
= (1− α) log

(
1− λ(b0 − µ)

)
+ αEX∼ν

[
log
(
1− λ(X − µ)

)]
.

For every admissible λ we have 0 ≤ λ(b0 − µ) ≤ 1, so log
(
1− λ(b0 − µ)

)
≤ 0. Hence

Kinf(ν̄, µ) ≤ αEX∼ν
[
log
(
1− λ(X − µ)

)]
.

Because b0 > b, the interval [0, 1/(b0 − µ)] is a subset of [0, 1/(b− µ)]. Taking the maximum over the smaller
interval leads to

Kinf(ν̄, µ) ≤ α max
0≤λ≤1/(b−µ)

EX∼ν
[
log
(
1− λ(X − µ)

)]
= αKinf(ν, µ).

B REFORMULATION OF THE UPDATE EQUATION AND AGGREGATED
WEIGHTS

In this section, we rewrite the update of each temporary Q-function for every trajectory t ∈ [T ] and j ∈ [J ] by
recursively unrolling the update (5) and (6), for each (h, s, a) ∈ [H]× S ×A.

For the ease of notation, we denote m := nth(s, a).

Unrolled update for Q̃j,th . For each (j, t, h) ∈ [J ]× [T ]× [H], we can unroll (5) by

Q̃j,th (s, a) = Q̃j,`
m+1

h (s, a) = (1− wjm−1) · Q̃j,`
m−1+1

h (s, a) + wjm−1

[
rh(s, a) + Ṽ `

m

h+1(s`
m

h+1)
]
,

Q̃j,`
m−1+1

h (s, a) = (1− wjm−2) · Q̃j,`
m−2+1

h (s, a) + wjm−2

[
rh(s, a) + Ṽ `

m−1

h+1 (s`
m−1

h+1 )
]
,

...

Q̃j,`
1+1

h (s, a) = (1− wj0) · Q̃j,`
0+1

h (s, a) + wj0

[
rh(s, a) + Ṽ `

1

h+1(s`
1

h+1)
]
,

Q̃j,`
0+1

h (s, a) = rh(s, a) + Ṽ `
0

h+1(s`
0

h+1),

where we define Ṽ `
0

h+1(s`
0

h+1) = V 0
h+1. For m ≥ 1, let Wj,m =

(
Wm
j,m, . . . ,W

1
j,m,W

0
j,m

)
be the aggregated weights

defined as

W 0
j,m =

m−1∏
k=0

(1− wjk) and W i
j,m = wji−1

m−1∏
k=i

(1− wjk), ∀i ∈ [m], (16)

where wjk is sampled from Beta (H+1
κ , k+n0

κ ). Then, we have

Q̃j,th (s, a) = rh(s, a) +

m∑
i=0

W i
j,m

[
Ṽ `

i

h+1(s`
i

h+1)
]
. (17)

Unrolled update for Q̃[,th . Suppose that q is the stage index of the episode t on (h, s, a). We let eq be the
length of the q-th stage.

Similar to the above unrolling steps for Q̃j,th , we define the corresponding aggregated weights as: for the q-th

stage, let W [
j,q =

(
W [,0
j,eq

,W [,1
j,eq

, . . . ,W
[,eq
j,eq

)
be the aggregated weights at the defined as

W [,0
j,q =

eq−1∏
k=0

(1− w[,jk,q) and W [,i
j,q = w[,ji−1

eq−1∏
k=i

(1− w[,jk,q), ∀i ∈ [eq], (18)

where w[,jk,q is sampled from Beta( 1
κ[ ,

k+n[
0

κ[ ).

For each (t, h) ∈ [T ]× [H], as shown in (6), Q̃[,th (s, a) is updated via the most recent eq−1 samples before the q-th
stage. Thus, for any q ≥ 1, we have

Q̃[,th (s, a) = rh(s, a) + max
j∈[J]

{
eq−1∑
i=0

W [,i
j,q−1

[
Ṽ
[,`[,iq−1

h+1 (s
`[,iq−1

h+1 )

]}
. (19)
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B.1 Properties of aggregated weights

In this section, we mainly discuss the properties of the aggregated weights Wj,m for any m ≥ 1.

To begin with, from (16), we can verify that the sum of the aggregated weights is equal to 1, i.e.,

m∑
i=0

W i
j,m =

m−1∏
k=0

(1− wjk) +

m∑
i=1

wji−1

m−1∏
k=i

(1− wjk) = 1. (20)

In the following proposition, we further show some desirable properties regarding the expectation and variance of
the aggregated weights Wj,m.

Proposition 1. The following properties hold for the aggregated weights Wj,m, ∀j ∈ [J ],m ≥ 1:

(i) The moment of the aggregated weights is given by:

E[(W i
j,m)d] =

 m∏
j=i+1

(n0+j−1
κ )d

(H+n0+j
κ )d

 · (H+1
κ )d

(H+n0+i
κ )d

; (21)

(ii) The upper bound of expectations and the sum of variances:

max
i∈[m]

E[W i
j,m] ≤ H + 1

H + n0 +m
,

m∑
i=1

Var[W i
j,m] ≤ (H + 1)κ

H + n0 +m
; (22)

(iii) For every i ≥ 1, we have
∞∑
t=i

E[W i
j,t] ≤ 1 +

1

H
. (23)

Proof. We prove each item separately.

(i) Directly follows from Wong (1998, Section 2).

(ii) Similar to Jin et al. (2018, Lemma 4.1), we have that for i ∈ [m]

E[W i
j,m] =

H + 1

H + n0 + i

(
n0 + i

H + n0 + i+ 1

n0 + i+ 1

H + n0 + i+ 2
· · · n0 +m− 1

H + n0 +m

)
=

H + 1

H + n0 +m

(
n0 + i

H + n0 + i

n0 + i+ 1

H + n0 + i+ 1
· · · n0 +m− 1

H + n0 +m− 1

)
≤ H + 1

H + n0 +m
.

Thus, maxi∈[m] E[W i
j,m] ≤ H+1

H+n0+m holds. From Lemma 2 and (21),

Var[W i
j,m] = E[(W i

j,m)2]− E[W i
j,m]2

= E[W i
j,m]

 m∏
j=i+1

n0 + j − 1 + κ

H + n0 + j + κ

 · H + 1 + κ

H + n0 + i+ κ
− E[W i

j,m]


≤ E[W i

j,m]

(
H + 1 + κ

H + n0 +m+ κ
− E[W i

j,m]

)
≤ κE[W i

j,m] · H + 1

H + n0 +m
,

and thus

m∑
i=1

Var[W i
j,m] ≤ κ · H + 1

H + n0 +m
·

(
m∑
i=1

E[W i
j,m]

)
≤ (H + 1)κ

H + n0 +m
,

where the last inequality used
∑m
i=1 E[W i

j,m] ≤
∑m
i=0 E[W i

j,m] = 1 (recalling (20)).
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(iii) Following Jin et al. (2018, equation (B.1)), it also holds for any positive integer n, k and n ≥ k

n+ n0

k
= 1 +

n+ n0 − k
n+ n0 + 1

+
(n+ n0 − k)(n+ n0 − k + 1)

(n+ n0 + 1)(n+ n0 + 2)
+ · · · (24)

which can be verified by induction. Specifically, we let the terms of the right-hand side be x0 = 1, x1 = n+n0−k
n+n0+1 ,

. . . . Then, we will show n+n0

k −
∑i
j=0 xj = n+n0−k

k

∏i
j=1

n+n0−k+j
n+n0+j by induction.

• Base case when i = 1: It can easily verified that

n+ n0

k
− 1− n+ n0 − k

n+ n0 + 1
=

(n+ n0 − k)(n+ n0 + 1− k)

k(n+ n0 + 1)

• Suppose i = r, the claim holds, i.e., n+n0

k −
∑r
j=0 xj = n+n0−k

k

∏r
j=1

n+n0−k+j
n+n0+j . Then, for i = r + 1, we

have

n+ n0

k
−

r∑
j=0

xj − xr+1 =
n+ n0 − k

k

r∏
j=1

n+ n0 − k + j

n+ n0 + j
−
r+1∏
j=1

n+ n0 − k + j − 1

n+ n0 + j

=
n+ n0 − k

k

r∏
j=1

n+ n0 − k + j

n+ n0 + j

[
1− k

n+ n0 − k
· n+ n0 − k
n+ n0 + r + 1

]
=
n+ n0 − k

k

r∏
j=1

n+ n0 − k + j

n+ n0 + j

n+ n0 − k + r + 1

n+ n0 + r + 1

=
n+ n0 − k

k

r+1∏
j=1

n+ n0 − k + j

n+ n0 + j
.

By letting i→∞, we obtain (24). Thus, we have

∞∑
t=i

E[W i
j,t] =

H + 1

H + n0 + i

(
1 +

i+ n0

H + n0 + i+ 1
+

i+ n0

H + n0 + i+ 1

i+ n0 + 1

H + n0 + i+ 2
+ . . .

)
=

H + 1

H + n0 + i

H + n0 + i

H
= 1 +

1

H
,

where the second equality uses (24) with n = i+H and k = H.

B.2 Concentration of aggregated weights

For notational convenience and clearness, we slightly abuse the notation by ignoring the dependency on the
ensemble index j, while the following concentration lemma of the aggregated weights holds for any j ∈ [J ].

Lemma 5. Let λ0, λ1, λ2, · · · , λm be nonnegative real numbers such that λi ≤ 1, i = 1, 2, · · · ,m. Then, with
probability at least 1− δ

T , we have∣∣∣∣∣
m∑
i=0

λi
(
W i
m − E[W i

m]
)∣∣∣∣∣ ≤ c1

√
(H + 1)κ2 log3(T/δ)

H + n0 +m
+ c2

(H + 1)κ log2(T/δ)

H + n0 +m
,

where c1 and c2 are some positive universal constants.

Proof. By definition, we can find independent random variables w0, · · · , wm−1 such that wi ∼ Beta(H+1
κ , n0+i

κ ),
and

W 0
m =

m−1∏
k=1

(1− wk), W i
m = wi−1

m−1∏
k=i

(1− wk), 1 ≤ i ≤ m. (25)
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Let F−i be the σ-algebra generated by wm−1, wm−2, · · · , wm−i, with the convention that F−0 = F0 is the trivial
σ-algebra. In the same spirit, denote

S−i =

m∑
k=m−i+1

λk(W k
m − E[W k

m]), i = 0, 1, · · · ,m. (26)

For conceptual reason, we will use the notation S−∞ to denote the sum
∑m
k=0 λk(W k

m−E[W k
m]), which corresponds

to S−(m+1) in the above notation.

We view F0 ⊂ F−1 ⊂ · · · ⊂ F−m as a reverse filtration, and consider the backward martingale

M−i := E[S−∞|F−i], i = 0, 1, · · · ,m. (27)

It is clear that M0 = E[S−∞], while M−m = S−∞. Therefore

m∑
i=0

λi
(
W i
m − E[W i

m]
)

= S−∞ − E[S−∞] = M−m −M0.

We may then apply the Rosenthal’s inequality (i.e., Lemma 3) to obtain

(E[|M−m −M0|p])
1/p ≤ C√p

(
E[〈M〉p/2−m]

)1/p

+ Cp

(
E[ max

1≤i≤m
|M−i −M−(i−1)|p]

)1/p

≤ C√p
(
E[〈M〉p/2−m]

)1/p

+ Cp

(
m∑
i=1

E[|M−i −M−(i−1)|p]

)1/p

, (28)

where

〈M〉−m :=

m∑
i=1

E[(M−i −M−(i−1))
2|F−(i−1)].

To proceed, we calculate the martingale difference M−i −M−(i−1) for any i ∈ [m]. To simplify the resulting
expressions, we will denote

T−i := λ0

m−i−1∏
j=0

(1− wj) +

m−i∑
k=1

λkwk−1

m−i−1∏
j=k

(1− wj)

 .

With this notation in hand, we can decompose S−∞ by

S−∞ = λm−i+1

(
Wm−i+1
m − E[Wm−i+1

m ]
)

+

m−i∑
k=0

λk(W k
m − E[W k

m]) +

m∑
k=m−i+2

λk
(
W k
m − E[W k

m]
)

= λm−i+1

wm−i m−1∏
k=m−(i−1)

(1− wk)− E

wm−i m−1∏
k=m−(i−1)

(1− wk)


+

(
T−i

m−1∏
k=m−i

(1− wk)− E

[
T−i

m−1∏
k=m−i

(1− wk)

])

+

m∑
k=m−i+2

λk
(
W k
m − E[W k

m]
)
,
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where only the first two terms involve the observation wm−i = F−i \ F−(i−1). Then for i ∈ [m],

M−i −M−(i−1) = E[S−∞|F−i]− E[S−∞|F−(i−1)] (29)

= λm−i+1 (wm−i − E [wm−i])

m−1∏
k=m−(i−1)

(1− wk)

+ E[T−i]

m−1∏
k=m−(i−1)

(1− wk) ((1− wm−i)− E[1− wm−i])

= (λm−i+1 − E[T−i]) · (wm−i − E[wm−i])

m−1∏
k=m−(i−1)

(1− wk), (30)

where the last line is from E[1− wm−i] = 1− E[wm−i].

By our assumption |λi| ≤ 1, i = 1, · · · ,m, it can be readily checked that

|T−i| ≤
m−i−1∏
j=0

(1− wj) +

m−i∑
k=1

wk−1

m−i−1∏
j=k

(1− wj)

 = 1, ∀i = {1, . . . ,m}.

Consequently, the absolute value of the martingale difference can be bounded above by

|M−i −M−(i−1)| ≤ 2|wm−i − E[wm−i]|
m−1∏

k=m−(i−1)

(1− wk). (31)

Recall that 〈M〉−m :=
∑m
i=1 E[(M−i −M−(i−1))

2|F−(i−1)]. Together with (31), we have

〈M〉−m ≤ 2

m∑
i=1

E

|wm−i − E[wm−i]|
m−1∏

k=m−(i−1)

(1− wk)
∣∣∣ F−(i−1)

2

(32)

= 2

m∑
i=1

Var[wm−i]

m−1∏
k=m−(i−1)

(1− wk)2

= 2

m−1∑
i=0

Var[wi]

m−1∏
k=i+1

(1− wk)2

≤ 2

m−1∑
i=0

κ(H + 1)(n0 + i)

(H + 1 + n0 + i)2(H + 1 + n0 + i+ κ)

m−1∏
k=i+1

(1− wk)2, (33)

where the second equality is due to the change of index, and the last inequality follows from (12). We may then
apply triangle inequality to obtain

E2/p[〈M〉p/2−m] ≤
m−1∑
i=0

2
κ(H + 1)(n0 + i)

(H + 1 + n0 + i)2(H + 1 + n0 + i+ κ)
E2/p

( m−1∏
k=i+1

(1− wk)2

)p/2
= 2

m−1∑
i=0

κ(H + 1)(n0 + i)

(H + 1 + n0 + i)2(H + 1 + n0 + i+ κ)

(
m−1∏
k=i+1

E [(1− wk)p]

)2/p

,

for p ≥ 2. Note that 1− wk ∼ Beta(n0+k
κ , H+1

κ ), directly from the definition 1. Thus, By (11), we have

E
m−1∏
k=i+1

(1− wk)p =

m∏
k=i+2

(n0+k−1
κ )p

(H+n0+k
κ )p

≤
p−1∏
r=0

n0 + i+ 1 + rκ

H + n0 +m+ rκ
≤ p!

(
n0 + i+ 1 + κ

H + n0 +m+ κ

)p
,
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where the last inequality is from Lemma 2. Therefore, we can obtain

(
E[〈M〉p/2−m]

)2/p

≤ 2

m−1∑
i=0

κ(H + 1)(n0 + i)

(H + 1 + n0 + i)2(H + 1 + n0 + i+ κ)
(p!)2/p

(
n0 + i+ 1 + κ

H + n0 +m+ κ

)2

≤ 2κp2 H + 1 + κ

(H + n0 +m+ κ)2

m−1∑
i=0

n0 + i+ κ

H + 1 + n0 + i+ κ

≤ 2κp2 H + 1 + κ

H + n0 +m+ κ
≤ 2(κ+ 1)2p2 H + 1

H + n0 +m

where the first and last inequality are due to Lemma 2 (i.e., (13)), the second inequality uses the facts that p! ≤ pp
and n0+i+1+κ

H+1+n0+i+κ ≤ 1 for every i = 0, . . . ,m− 1, and the third inequality is from the fact that the summation
term is less than m.

Therefore, (
E[〈M〉p/2−m]

)1/p

≤ 2p(κ+ 1)

√
(H + 1)

H + n0 +m
. (34)

We turn to bound E[|M−i −M−(i−1)|p] for i ∈ [m]. It is clear from (31) that

E[|M−i −M−(i−1)|p] ≤ E

∣∣∣∣∣∣2|wm−i − E[wm−i]|
m−1∏

k=m−(i−1)

(1− wk)

∣∣∣∣∣∣
p

≤ 8pE[wpm−i]

m−1∏
k=m−(i−1)

E[(1− wk)p]

= 8pE[(Wm−i+1
m )p]

where the second inequality uses |wm−i − E[wm−i]| ≤ 2p+1wpm−i, and the equality is from (25) where Wm−i+1
m =

wm−i
∏m−1
k=m−(i−1)(1− wk) for i ∈ [m].

From Proposition 1, we have that for any i ∈ [m],

E
[
(W i

m)p
]

=

 m∏
j=i+1

(n0+j−1
κ )p

(H+n0+j
κ )p

 · (H+1
κ )p

(H+n0+i
κ )p

≤
p−1∏
r=0

 H + 1 + rκ

H + n0 + i+ rκ
·

m∏
j=i+1

n0 + j − 1 + rκ

H + n0 + j + rκ


≤
p−1∏
r=0

rκ(H + 1)

H + n0 +m
≤ p!

(
(H + 1)κ

H + n0 +m

)p
Thus, (

m∑
i=1

E[|M−i −M−(i−1)|p]

)1/p

≤

(
8p

m∑
i=1

E[(Wm−i+1
m )p]

)1/p

≤ 8m1/pp
(H + 1)κ

H + n0 +m
. (35)

Substituting (34) and (35) into (28) leads to

E1/p[|M−m −M0|p] ≤ 2C

√
p3(κ+ 1)2(H + 1)

H + n0 +m
+ 8C ·m1/pp2 (H + 1)κ

H + n0 +m
.

Note that by definition, m = nth(s, a) ≤ T always holds for any (h, t, s, a) ∈ [H]×[T ]×S×A. Let p = dlog(T/δ)e ≥
2 and thus m1/p ≤ e since m1/p ≤ e(log T )/p. Finally, by Markov inequality with t = 2eC

√
(H+1)(κ+1)2 log3(T/δ)

H+n0+m +
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8e2C (H+1)κ log2(T/δ)
H+n0+m , we have

P

[
|
m∑
i=0

λi
(
W i
m − E[W i

m]
)
| ≥ t

]
≤

(
E1/p

[∣∣∑m
i=0 λi

(
W i
m − E[W i

m]
)∣∣p]

t

)p
≤ (

1

e
)dlog(T/δ)e ≤ δ

T
,

which finishes the proof.

In addition, we also have the following lemma regarding the concentration of W [
q for any stage q ≥ 0. We omit its

proof since it is similar to Lemma 5 .

Lemma 6. Let λ0, λ1, λ2, · · · , λeq be nonnegative real numbers such that λi ≤ 1, i = 1, 2, · · · , eq. Then, with
probability at least 1− δ/T , we have∣∣∣∣∣

eq∑
i=0

λi

(
W [,i
q − E[W [,i

q ]
)∣∣∣∣∣ ≤ c[1

√
(κ[)2 log3(T/δ)

1 + n[0 + eq
+ c[2

κ[ log2(T/δ)

1 + n[0 + eq
,

where c[1 and c[2 are some positive universal constants.

C ANALYSIS: GAP-INDEPENDENT REGRET BOUND

In this section, we present the detailed proof of Theorem 1. Before proceeding, we first rewrite the update of
policy Q-function by unrolling the updates of temporary Q-functions (i.e., equations (17) and (19)) as

Qth(sth, a
t
h) = η

`n
t
h ,h

max
j∈[J]

{
Q̃j,th (sth, a

t
h)
}

+ (1− η
`n

t
h ,h

) · Q̃[,th (sth, a
t
h) (36)

= rh(sth, a
t
h) + η

`n
t
h ,h

max
j∈[J]

{ nt
h∑

i=0

W i
j,nt

h
Ṽ `

i

h+1(s`
i

h+1)
}

+ (1− η
`n

t
h ,h

) ·max
j∈[J]

{ eq−1∑
i=0

W [,i
j,q−1Ṽ

[,`[,iq−1

h+1 (s
`[,iq−1

h+1 )
}
, (37)

for each (t, h) ∈ [T ] × [H], where in the notations we omit the dependency of q regarding the step h and the
episode t for simplicity and let nth be the number of visits of the state-action pair (sth, a

t
h) before episode t at step

h such that `n
t
h be the index of the last visit of the state-action pair (sth, a

t
h) at step h. The properties and the

concentration inequality of the aggregated weights (i.e., Wj,nt
h

and W [
j,q−1), proved in Appendix B.1 and B.2,

will play a crucial role in the following analysis.

C.1 Proof of Theorem 1

To control the total regret, we first present the following lemma regarding the optimism of the policy Q-function
Qth for any (t, h, s, a) ∈ [T ]× [H]× S ×A, where the detailed proof is postponed to Appendix C.2.

Lemma 7 (Optimism). Consider δ ∈ (0, 1). Assume that J = dc · log(SAHT/δ)e, κ[ = c ·(log(SAH/δ)+log(T )),
and n[0 = dc · log(T ) · κ[e, where c is some universal constant. Let the initialized value function V 0

h = 2(H − h+ 1)
and the mixing rate ηt,h ∈ (0, 1) for every (t, h) ∈ {0, 1, . . . , T}× [H]. Then, for any (t, h, s, a) ∈ [T ]× [H]×S×A,
with probability at least 1− δ, the following event holds

0 < (1− η
`n

t
h ,h

) ·Q?h(s, a) ≤ Qth(s, a).

Before proceeding, we first define the value function induced by the policy Q-function Qth as

V th(sth) := Qth(sth, π
t
h(sth)) = max

a∈A
Qth(sth, a). (38)

Note that Lemma 7 implies that for every t ∈ [T ],

V ?1 (st1) = max
a

Q?1(st1, a) ≤ 1

1− η
`n

t
h ,h

max
a

Qt1(st1, a)

=
1

1− η
`n

t
h ,h

Qt1(st1, a
t
1) =

1

1− η
`n

t
h ,h

V t1 (st1). (39)
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Thus, we can decompose the total regret as

RegretT =

T∑
t=1

(V ?1 − V π
t

1 )(st1) ≤
T∑
t=1

(
1

1− η
`n

t
1 ,1

V t1 − V π
t

1 )(st1) =

T∑
t=1

δt1 +

T−1∑
t=0

ηt,1
1− ηt,1

H,

where we denote the performance gap as δth = (V th − V π
t

h )(sth) for every (t, h) ∈ [T ]× [H].

Note that Qπ
t

h (sth, a
t
h) = V π

t

h (sth) . Then, for any fixed episode t ∈ [T ] and step h ∈ [H], we decompose the
performance gap δth:

δth ≤
(
Qth −Q?h

)
(sth, a

t
h) + (Q?h −Q

πt

h ) (sth, a
t
h)

≤
(
Qth −Q?h

)
(sth, a

t
h) + Ph,sth,ath

(
V ?h+1 − V π

t

h+1

)
≤
(
Qth −Q?h

)
(sth, a

t
h) +

(
V th+1 − V

πt

h+1

)
(sth+1)︸ ︷︷ ︸

=:δth+1

−
(
V th+1 − V ?h+1

)
(sth+1)︸ ︷︷ ︸

=:ξth+1

+ Ph,sth,ath

(
V ?h+1 − V π

t

h+1

)
−
(
V ?h+1 − V π

t

h+1

)
(sth+1)︸ ︷︷ ︸

=:τt
h+1

,

where the second inequality is from the Bellman equations (2) and (3). Together with the update (36),

δth ≤ η`nt
h ,h

max
j∈[J]

{
Q̃j,th (sth, a

t
h)−Q?h(sth, a

t
h) +H

}
︸ ︷︷ ︸

=:ζth

+ (1− η
`n

t
h ,h

)
{
Q̃[,th (sth, a

t
h)−Q?h(sth, a

t
h)
}

︸ ︷︷ ︸
=:ζ[,th

+ δth+1 − ξth+1 + τ th+1 − η`nt
h ,h
H. (40)

The main idea of the proof is to show that the performance gap δth can be upper bounded by some quantities
from the next step h+ 1, and correspondingly, the total regret can be controlled by rolling out the performance
gap over all episodes and steps.

Next, the following lemmas present a recursive bound for ζth and ζ[,th , respectively. The proofs are deferred to
Appendix C.3 and C.4.

Lemma 8 (Recursive bound for ζth). Consider δ ∈ (0, 1). For any i ∈ [m], let α0
m :=

∏m
k=1

n0+k−1
H+n0+k and

αim := H+1
H+n0+i

∏m
k=i+1

n0+k−1
H+n0+k , where m = nth(sth, a

t
h). Then, for any (t, h, s, a) ∈ [T ] × [H] × S × A, with

probability 1− δ, we have

0 ≤ ζth ≤ 2α0
mV

0
h+1 +

m∑
i=1

αim

((
Ṽ `

i

h+1 − V ?h+1

)
(s`

i

h+1) +H
)

+ b̃th, (41)

where b̃th = Õ

(√
(H+1)3

H+n0+m + (H+1)2

H+n0+m

)
.

Lemma 9 (Recursive bound for ζ[,th ). Consider δ ∈ (0, 1). For any (t, h, s, a) ∈ [T ] × [H] × S × A, we let
q = qth(s, a) represent the index of the current stage and eq−1 be the length of the prior stage for q ≥ 1. Then for
any t ∈ [T ], with probability at least 1− δ, we have

0 ≤ ζ[,th ≤

(
eq−1∑
i=0

1

1 + eq−1

(
Ṽ
[,`[,iq−1

h+1 − V ?h+1

)
(s
`[,iq−1

h+1 ) + b̃[,th

)
· 1{q ≥ 1}+ V 0

h+1 · 1{q = 0}, (42)

where b̃[,th = Õ
(√

(H+1)2

eq−1

)
.

We denote ξ̃th =
(
Ṽ th − V ?h

)
(sth) +H and ξ̃[,th =

(
Ṽ [,th − V ?h

)
(sth). Combining Lemma 8 and Lemma 9 with (40),
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we have that for any (t, h, s, a) ∈ [T ]× [H]× S ×A within the stage qth ≥ 1,

δth ≤2α0
nt
h
V 0
h+1 + η

`n
t
h ,h

nt
h∑

i=1

αint
h
ξ̃`

i

h+1 +
1− η

`n
t
h ,h

1 + eq−1

eq−1∑
i=0

ξ̃
[,`[,iq−1

h+1 + η
`n

t
h ,h
b̃th + (1− η

`n
t
h ,h

)b̃[,th

+ (δth+1 − ξ̃th+1 + τ th+1)− η
`n

t
h ,h
H,

and during the initial stage qth = 0

δth ≤ 2α0
nt
h
V 0
h+1 + η

`n
t
h ,h

nt
h∑

i=1

αint
h
ξ̃`

i

h+1 + b̃th + (1− η
`n

t
h ,h

)V 0
h+1 + (δth+1 − ξ̃th+1 + τ th+1)− η

`n
t
h ,h
H.

Define bth = η
`n

t
h ,h
b̃th + (1− η

`n
t
h ,h

) · b̃[,th 1{qth ≥ 1}. Thus, summing over t from 1 to T leads to

T∑
t=1

δth ≤
T∑

t:qth=0

δth +

T∑
t:qth≥1

δth

≤ 2

T∑
t=1

α0
nt
h
V 0
h+1 +

T∑
t=1

η
`n

t
h ,h

m∑
i=1

αint
h
ξ̃`

i

h+1 +

T∑
t=1

(1− η
`n

t
h ,h

)1{qth ≥ 1}
1 + eq−1

eq−1∑
i=0

ξ̃
[,`[,iq−1

h+1

+

T∑
t=1

(bth + δth+1 − ξ̃th+1 + τ th+1 − η`nt
h ,h
H) +

T∑
t:qth=0

(1− η
`n

t
h ,h

)V 0
h+1. (43)

The first term on the right-hand-side of (43) can be bounded by

2

T∑
t=1

α0
nt
h
V 0
h+1 = 2

∑
(s,a)∈S×A

nT
h (s,a)∑
m=1

α0
mV

0
h+1 ≤ 2

∑
(s,a)∈S×A

∞∑
m=1

α0
nt
h
V 0
h+1 ≤ 2n0SAV

0
h+1, (44)

where the last inequality is from

∞∑
m=1

α0
nt
h

=
n0

H + n0

(
1 +

n0 + 1

H + n0 + 1
+ · · ·

)
=

n0

H + n0

H + n0

H − 1
≤ n0

H − 1
.

For any (t, h) ∈ [T ]× [H], let the mixing rate be chosen as

ηt,h :=
1

√eqth + 1
=

1√
(1 + 1/H)q

t
hH + 1

, (45)

which is non-increasing in t along the visits to any fixed (h, s, a). For the second term of (43), we have

T∑
t=1

nt
h∑

i=1

η
`n

t
h ,h

α int
h
ξ̃`

i

h+1 =

T∑
t′=1

ξ̃t
′

h+1

T∑
t=t′

η
`n

t
h ,h

nt
h∑

i=1

α int
h
1{`i = t′}

=

T∑
t′=1

ξ̃t
′

h+1

T∑
t=t′

η
`n

t
h ,h

α
nt′
h

nt
h

≤
T∑
t′=1

ξ̃t
′

h+1

(
max
t≥t′

η
`n

t
h ,h

) ∞∑
m=nt′

h

α
nt′
h

m

≤
(

1 +
1

H

) T∑
t′=1

η
`n

t′
h ,h

ξ̃ t
′

h+1, (46)
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where the penultimate inequality uses the non-increasing property of {ηt,h}Tt=0 along the visits to any fixed (h, s, a)

and the last inequality follows from Proposition 1. Note that ξ̃th+1 ≤ 3H for any t ∈ [T ]. Thus,

T∑
t=1

nt
h∑

i=1

η
`n

t
h ,h

α int
h
ξ̃`

i

h+1 . H

T∑
t=1

η
`n

t
h ,h
.

To control the third term of (43), note that by (45) ensures, the sequence {ηt,h} is constant within each stage for
any fixed (h, s, a). Following Zhang et al. (2020), we have

T∑
t=1

eqt
h
−1∑

i=0

(1− η
`n

t
h ,h

)1{qth ≥ 1}
1 + eqth−1

ξ̃
[,`[,i

qt
h
−1

h+1

=

T∑
t=1

(1− η
`n

t
h ,h

)1{qth ≥ 1}
1 + eqth−1

T∑
t′=1

ξ̃[,t
′

h+1

eqt
h
−1∑

i=0

1{`[,i
qth−1

= t′}

=

T∑
t′=1

ξ̃[,t
′

h+1

T∑
t=1

(1− η
`n

t
h ,h

)1{qth ≥ 1}
1 + eqth−1

eqt
h
−1∑

i=0

1{`[,i
qth−1

= t′}

≤ (1 +
1

H
)2

T∑
t′=1

(1− ηt′,h)ξ̃[,t
′

h+1, (47)

where the proof of the last inequality is deferred to Appendix C.6. For the last term in the right-hand side of
(43), (t, h) ∈ [T ]× [H + 1] with qth = 0, we have

T∑
t:qth=0

(1− η
`n

t
h ,h

)V 0
h+1 ≤ SAHV 0

h+1 ≤ 2SAH2. (48)

since there are at most H episodes during the initial stage for any fixed (h, s, a). Moreover, it is easy to verify

that (1− ηt′,h)ξ̃[,th+1 ≤ ξth+1 + η
`
nt
h+1 ,h+1

2H, for any (t, h) ∈ [T ]× [H] with qth ≥ 1 since

(1− ηt,h) · Ṽ [,th+1(sth+1) ≤ η
`
nt
h+1 ,h+1

max
j∈[J]

{
Q̃j,th+1(sth+1, π

[,t
h+1(sth+1))

}
+ (1− η

`
nt
h+1 ,h+1

)Q̃[,th+1(sth+1, π
[,t
h+1(sth+1)) + η

`
nt
h+1 ,h+1

Ṽ [,th+1(sth+1)

≤ η
`
nt
h+1 ,h+1

max
j∈[J]

{
Q̃j,th+1(sth+1, π

t
h+1(sth+1))

}
+ (1− η

`
nt
h+1 ,h+1

) · Q̃[,th+1(sth+1, π
t
h+1(sth+1)) + η

`
nt
h+1 ,h+1

2H

= Qth+1(sth+1, π
t
h+1(sth+1)) + η

`
nt
h+1 ,h+1

2H

= V th+1(sth+1) + η
`
nt
h+1 ,h+1

2H, (49)

where the first inequality follows from Line 21 in Algorithm 1, and the second inequality is due to the definition
of the greedy policy πt and the first equation is from (36).

By substituting (44)-(48) to (43) and using (49), we have

T∑
t=1

δth . SAH2 +H

T∑
t=1

η
`n

t
h ,h

+ (1 +
1

H
)2

T∑
t=1

(1− η
`n

t
h ,h

)ξ̃[,th+1 +

T∑
t=1

(bth + δth+1 − ξth+1 + τ th+1)

. SAH2 +H

T∑
t=1

(
η
`n

t
h ,h

+ η
`
nt
h+1 ,h+1

)
+ (1 +

1

H
)2

T∑
t=1

ξth+1 +

T∑
t=1

(bth + δth+1 − ξth+1 + τ th+1)

. SAH2 +H

T∑
t=1

(
η
`n

t
h ,h

+ η
`
nt
h+1 ,h+1

)
+ (1 +

1

H
)2

T∑
t=1

δth+1 +

T∑
t=1

(bth + τ th+1),
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where the last line is from the fact that ξth+1 ≤ δth+1, since V ? ≥ V π for any policy π. Note that (1 + 1
H )2H ≤ e2.

Thus, by unrolling the above inequality until h = 1, we obtain

T∑
t=1

δt1 ≤ Õ

(
SAH3 +

T∑
t=1

H∑
h=1

(bth + τ th+1 + η
`n

t
h ,h
H)

)
. (50)

Recall that bth = η
`n

t
h ,h
b̃th + (1− η

`n
t
h ,h

) · b̃[,th 1{qth ≥ 1}. Before proceeding, we note that
eq√
eq−1

≤ 2
√
eq−1 for any

q ≥ 1 and we denote Qh,s,a = qT+1
h (s, a) for any (h, s, a) ∈ [H]×S×A such that

∑
(s,a,h)∈S×A×[H]

∑Qh,s,a

q=1 eq−1 ≤
TH. Also, let Q = max(h,s,a)∈[H]×S×AQh,s,a ≤ log(T/H)

log(1+ 1
H )
≤ 4H log(T/H), where the last inequality is due to the

fact that log(1 + 1
H ) ≥ 1

4H for H ≥ 1. Thus, one has

T∑
t=1

H∑
h=1

1{qth ≥ 1}
√
eq−1

≤
∑

(s,a,h)∈S×A×[H]

Qh,s,a∑
q=1

eq√
eq−1

≤ 2
∑

(s,a,h)∈S×A×[H]

Qh,s,a∑
q=1

√
eq−1

≤ 4
√
SAH2 log(T/H)

√√√√√ ∑
(s,a,h)∈S×A×[H]

Qh,s,a∑
q=1

eq−1

≤ O(1)
√
SAH2 log(T ) · TH ≤ Õ(

√
SAH3T ),

where the penultimate line is from the Cauchy-Schwarz inequality. In addition, we have

T∑
t=1

H∑
h=1

b̃th ≤ Õ(1)
∑

(s,a,h)∈S×A×[H]

nT
h (s,a)∑
m=1

√
H3

m

≤ Õ(1)
√
SAH · T/SA

√√√√√ ∑
(s,a,h)∈S×A×[H]

T
SA∑
m=1

H3

m

≤ Õ(
√
SAH5T ),

where the penultimate inequality holds since the left-hand side is maximized when nTh (s, a) = T
SA for every

(h, s, a) ∈ [H]× S ×A. Thus, one has

H∑
h=1

T∑
t=1

bth =

H∑
h=1

T∑
t=1

(
η
`n

t
h ,h
b̃th + (1− η

`n
t
h ,h

)

H∑
h=1

T∑
t=1

1{qth ≥ 1} · b̃[,th

)
≤ Õ(

√
SAH5T ). (51)

Moreover, we have

τ th+1 = Ph,sth,ath

(
V ?h+1 − V π

t

h+1

)
−
(
V ?h+1 − V π

t

h+1

)
(sth+1)

is a martingale-difference sequence with respect to the filtration Ft,h that contains all the random variables before
the step h+ 1 at the t-th episode. By the Hoeffding’s inequality, we have∣∣∣∣∣

H∑
h=1

T∑
t=1

τ th+1

∣∣∣∣∣ ≤ Õ(
√
H3T ) (52)

with probability 1− δ. Note that

T∑
t=1

H∑
h=1

η
`n

t
h ,h

=
∑
s,a,h

Qh,s,a∑
q

eq√
eq + 1

≤
∑
s,a,h

Qh,s,a∑
q

√
eq .

√
SAHQ

√√√√∑
s,a,h

Qh,s,a∑
q=0

eq

≤ Õ(
√
SAH3T )
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where we use the fact Q ≤ 4H log(T/H) again.

The last part is to show the upper bound of
∑T−1
t=0

ηt,1
1−ηt,1H. By the choice of ηt,h defined in (45), we have

T−1∑
t=0

ηt,1
1− ηt,1

≤
∑
a∈A

Q∑
q=0

eq√
eq
≤
∑
a∈A

Q∑
q=1

√
eq

≤
√
AQ

√√√√∑
a∈A

Q∑
q=1

eq

≤ Õ(
√
AHT ).

Finally, substituting (51) and (52) into (50) and rescaling δ to δ/4 complete the proof.

C.2 Proof of Lemma 7

For any (s, a, h, t) ∈ S ×A× [H]× [T ], we let m = nth(s, a) and q = qth(s, a) for simplicity. From (37), one has

Qth(s, a) = η
`n

t
h ,h

max
j∈[J]

{ m∑
i=0

W i
j,mṼ

`i

h+1(s`
i

h+1) + rh(s, a)
}

+ (1− η
`n

t
h ,h

)Q̃[,th (s, a), (53)

where {`i}mi=0 represent the episode index of the i-th visit of (h, s, a) before t, and

Q̃[,th (s, a) = rh(s, a) + max
j∈[J]

{
eq−1∑
i=0

W [,i
j,q−1Ṽ

[,`[,iq−1

h+1 (s
`[,iq−1

h+1 )

}
.

Before proceeding, we first claim that for any (s, a, t, h) ∈ S ×A× [T ]× [H], we have Q̃[,th (s, a) ≥ Q?h(s, a) if the
following relationship holds

max
j∈[J]

{
eq−1∑
i=0

W [,i
j,q−1V

?
h+1(s

`[,iq−1

h+1 )

}
≥ Ph,s,aV ?h+1, (54)

where we leave the detailed proof of this claim to the end of this subsection.

Next, the following lemma shows that (54) holds with high probability, which implies

Qth(s, a) ≥ (1− η
`n

t
h ,h

)Q̃[,th (s, a) ≥ (1− η
`n

t
h ,h

)Q?h(s, a)

and completes the proof of Lemma 7. The detailed proof of the following lemma is postponed to Appendix C.5.

Lemma 10. Consider δ ∈ (0, 1). Assume that J = dc · log(SAHT/δ)e, κ[ = c · (log(SAH/δ) + log(T )), and
n[0 = dc · log(T ) · κ[e, where c > 0 is some universal constant. Let V 0

h = 2(H − h + 1). Then, for any
(s, a, h, t) ∈ S ×A× [H]× [T ] with stage index q ≥ 1, the equation (54) holds with probability at least 1− δ.

Proof of the claim: Assuming that (54) holds, we will first show by induction that

Q̃[,th (s, a) ≥ Q?h(s, a)

holds correspondingly, for any (s, a, h, t) ∈ S × A× [H]× [T ]. To begin with, when h′ = H + 1, Q̃[,tH+1(s, a) =

Q?H+1 = 0 holds naturally. When h′ = h + 1 ≤ H, suppose that Q̃[,th+1(s, a) ≥ Q?h+1(s, a), for any (t, s, a) ∈
[T ] × S × A. By this hypothesis, we also have Ṽ [,th+1(sth+1) = maxa Q̃

[,t
h+1(sth+1, a) ≥ Q̃[,th+1(sth+1, π

?
h(sth+1)) ≥

Q?h+1(sth+1, π
?
h(sth+1)) = V ?h+1(sth+1). By induction, when h′ = h, we have

Q̃[,th (s, a) = rh(s, a) + max
j∈[J]

{
eq−1∑
i=0

W [,i
j,q−1Ṽ

[,`[,iq−1

h+1 (s
`[,iq−1

h+1 )

}

≥ rh(s, a) + max
j∈[J]

{
eq−1∑
i=0

W [,i
j,q−1V

?
h+1(s

`[,iq−1

h+1 )

}
Thus, if (54) holds, we have Q̃[,th (s, a) ≥ rh(s, a) + Ph,s,aV

?
h+1 = Q?h(s, a) for any (s, a, t, h) ∈ S ×A× [T ]× [H],

by the Bellman optimality equation (3).
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C.3 Proof of Lemma 8

For any (t, h, s, a) ∈ [T ]× [H]× S ×A, denote m = nth(s, a) as the number of visits on (h, s, a) before the t-th
episode. Also, let α0

m :=
∏m
k=1

n0+k−1
H+n0+k and αim := H+1

H+n0+i

∏m
k=i+1

n0+k−1
H+n0+k .

From (17) , for any (t, h, s, a) ∈ [T ]× [H]× S ×A, we have

Q̃j,th (s, a) = rh(s, a) +

m∑
i=0

W i
j,mṼ

`i

h+1(s`
i

h+1) ≤ rh(s, a) + 2H ·
m∑
i=0

W i
j,m

Ṽ `
i

h+1(s`
i

h+1)

2H
.

Note that
Ṽ `i

h+1(s`
i

h+1)

2H ≤ 1 for any i = 0, . . . ,m. Thus, we can apply Lemma 5 and Proposition 1

max
j∈[J]

Q̃j,th (s, a) ≤ rh(s, a) + 2H

 m∑
i=0

E[W i
j,m]

Ṽ `
i

h+1(s`
i

h+1)

2H
+
c1
2

√
(H + 1)κ2 log3(2SAHTJ/δ)

H + n0 +m

+
c2
2

(H + 1)κ log2(2SAHTJ/δ)

H + n0 +m

)
≤ rh(s, a) + α0

mṼ
0
h+1 +

m∑
i=1

αimṼ
`i

h+1(s`
i

h+1)

+ c1

√
(H + 1)3κ2 log3(2SAHTJ/δ)

H + n0 +m
+ c2

(H + 1)2κ log2(2SAHTJ/δ)

H + n0 +m
,

with probability at least 1− δ/2, where c1, c2 are universal constants. By the Bellman optimality equation (3),
we have

ζth ≤ α0
mṼ

0
h+1 +

m∑
i=1

αim

((
Ṽ `

i

h+1 − V ?h+1

)
(s`

i

h+1) +H
)

+

m∑
i=1

αim

(
V ?h+1(s`

i

h+1)− Ph,s,aV ?h+1

)

+ c1

√
(H + 1)3κ2 log3(2SAHTJ/δ)

H + n0 +m
+ c2

(H + 1)2κ log2(2SAHTJ/δ)

H + n0 +m
+H −

m∑
i=1

αimH

≤ 2α0
mṼ

0
h+1 +

m∑
i=1

αim

((
Ṽ `

i

h+1 − V ?h+1

)
(s`

i

h+1) +H
)

+

m∑
i=1

αim

(
V ?h+1(s`

i

h+1)− Ph,s,aV ?h+1

)

+ c1

√
(H + 1)3κ2 log3(2SAHTJ/δ)

H + n0 +m
+ c2

(H + 1)2κ log2(2SAHTJ/δ)

H + n0 +m
, (55)

where the last line uses the fact H ≤ Ṽ 0
h+1 and the equation (20) such that

H −
m∑
i=1

αimH = α0
mH.

In addition, we denote Fi as the filtration containing all the random variables before the episode `ih(s, a), such

that αim

(
V ?h+1(s`

i

h+1)− Ph,s,aV ?h+1

)
is a martingale difference sequence w.r.t. {Fi}i≥0 for any i ≤ m. Following

Jin et al. (2018) and by Hoeffding’s inequality and Proposition 1 (i.e., (22)), with probability at least 1− δ/2, we
have ∣∣∣∣∣

m∑
i=1

αim

(
V ?h+1(s`

i

h+1)− Ph,s,aV ?h+1

)∣∣∣∣∣ ≤ c3H
√√√√ m∑

i=1

(αim)2 log(2SAHT/δ)

≤ c3

√
(H + 1)3κ

H + n0 +m
log(2SAHT/δ)
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for any (t, h, s, a) ∈ [T ]× [H]×S ×A and some universal constant c3 > 0. Substituting the above inequality into
(55) gives

ζth ≤ 2α0
mV

0
h+1 +

m∑
i=1

αim

((
Ṽ `

i

h+1 − V ?h+1

)
(s`

i

h+1) +H
)

+ (c1 + c3)

√
(H + 1)3κ2 log3(2SAHTJ/δ)

H + n0 +m
+ c2

(H + 1)2κ log2(2SAHTJ/δ)

H + n0 +m
.

By letting b̃th = Õ

(√
(H+1)3

H+n0+m + (H+1)2

H+n0+m

)
, we complete the proof.

C.4 Proof of Lemma 9

Note that during the initial stage, for any (t, h, s, a) ∈ [T ]× [H]× S ×A within the stage qth(s, a) = 0, we have

Q̃[,th (s, a)−Q?h(s, a) ≤ V 0
h+1.

From (19) and Lemma 7, for any (t, h, s, a) ∈ [T ]× [H]× S ×A with qth(s, a) ≥ 1, we have

0 ≤ Q̃[,th (s, a)−Q?h(s, a) ≤ max
j∈[J]

{ eq−1∑
i=0

W [,i
j,q−1Ṽ

[,`[,iq−1

h+1 (s
`[,iq−1

h+1 )
}
− Ph,s,aV ?h+1. (56)

Then, applying Lemma 6 leads to

eq−1∑
i=0

W [,i
j,q−1Ṽ

[,`[,iq−1

h+1 (s
`[,iq−1

h+1 )

= 2H

eq−1∑
i=0

W [,i
j,q−1

Ṽ
[,`[,iq−1

h+1 (s
`[,iq−1

h+1 )

2H


≤ 2H

 1

1 + eq−1

eq−1∑
i=0

Ṽ
[,`[,iq−1

h+1 (s
`[,iq−1

h+1 )

2H
+ c[1

√
(κ[)2 log3(SAHTJ/δ)

eq−1
+ c[2

κ[ log2(SAHTJ/δ)

eq−1


≤ 1

1 + eq−1

eq−1∑
i=0

Ṽ
[,`[,iq−1

h+1 (s
`[,iq−1

h+1 ) + 2H

c[1
√

(κ[)2 log3(SAHTJ/δ)

eq−1
+ c[2

κ[ log2(SAHTJ/δ)

eq−1

 ,

for every j ∈ [J ] with probability at least 1 − δ/2. Following the similar procedure in Appendix C.3 and by
Hoeffding’s inequality, with probability at least 1− δ/2, we have∣∣∣∣∣

eq−1∑
i=0

1

1 + eq−1

(
V ?h+1(s

`[,iq−1

h+1 )− Ph,s,aV ?h+1

)∣∣∣∣∣ ≤ c4
√

H2

eq−1
log(2SAHT/δ).

Thus, we obtain that the following holds with probability 1− δ,

Q̃[,th (s, a)−Q?h(s, a)

≤ 1

1 + eq−1

eq−1∑
i=0

(
Ṽ
[,`[,iq−1

h+1 − V ?h+1

)
(s
`[,iq−1

h+1 ) +
1

1 + eq−1

eq−1∑
i=0

(
V ?h+1(s

`[,iq−1

h+1 )− Ph,s,aV ?h+1

)

+ 2H

c[1
√

(κ[)2 log3(SAHTJ/δ)

eq−1
+ c[2

κ[ log2(SAHTJ/δ)

eq−1


≤ 1

1 + eq−1

eq−1∑
i=1

(
Ṽ
[,`[,iq−1

h+1 − V ?h+1

)
(s
`[,iq−1

h+1 ) + b̃[,th ,
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where b̃[,th = Õ
(√

H2

eq−1

)
.

Combining two cases of qth(s, a) ≥ 1 and qth(s, a) = 0 leads to

ζ[,th ≤ 1{qth(s, a) ≥ 1}

(
eq−1∑
i=0

1

1 + eq−1

(
Ṽ
[,`[,iq−1

h+1 − V ?h+1

)
(s
`[,iq−1

h+1 ) + b̃[,th

)
+ 1{qth(s, a) = 0} · V 0

h+1,

which completes the proof.

C.5 Proof of Lemma 10

Following Tiapkin et al. (2023), let E?(δ) be the event containing all (t, h, s, a) ∈ [T ]× [H]× S ×A, such that

Kinf

(
1

eq

eq∑
i=1

δ
V ?
h+1(s

`
[,i
q

h+1)
, Ph,s,aV

?
h+1

)
≤ β?(δ, eq)

eq
, (57)

where q = qth(s, a) and β?(δ, n) := log(2SAH/δ) + 3 log(eπ(2n+ 1)). The following lemma shows that E?(δ) holds
with probability 1− δ

2

Lemma 11 (Lemma 4 in Tiapkin et al. (2023)). Consider δ ∈ (0, 1). With probability 1− δ
2 , the following event

holds

Kinf

(
1

eq

eq∑
i=1

δ
V ?
h+1(s

`iq
h+1)

, Ph,s,aV
?
h+1

)
≤ β?(δ, eq)

eq
, ∀(t, h, s, a) ∈ [T ]× [H]× S ×A, (58)

where q = qth(s, a) and β?(δ, eq) := log(2SAH/δ) + 3 log(eπ(2eq + 1)).

Consider some fixed (t, h, s, a) ∈ [T ]× [H]×S×A within the stage q = qth(s, a). To construct an anti-concentration

inequality bound of the weighted sum W [,i
j,qV

?
h+1(s

`[,iq

h+1), we first recall the following two lemmas provided in
Tiapkin et al. (2023).

Lemma 12 (Lemma 3 in Tiapkin et al. (2023)). For any stage q ≥ 0 and j ∈ [J ], the aggregated weights W [
j,q

follows a standard Dirichlet distribution Dir(n[0/κ
[, 1/κ[, . . . , 1/κ[).

Lemma 13 (Lemma 10 in Tiapkin et al. (2023)). For any α = (α0 + 1, α1, . . . , αm) ∈ Rm+1
++ , define p ∈ ∆m such

that p(`) = α`/α, ` = 0, . . . ,m, where α =
∑m
j=0 αj. Also define a measure ν =

∑m
i=0 p(i) · δf(i). Let ε ∈ (0, 1).

Assume that α0 ≥ c0 + log17/16(2(α− α0)) for some universal constant c0. Then for any f : {0, . . . ,m} → [0, b0]
such that f(0) = b0, f(j) ≤ b ≤ b0/2, j ∈ [m], and any µ ∈ (0, b)

Pw∼Dir(α)[wf ≥ µ] ≥ (1− ε)Pg∼N (0,1)

[
g ≥

√
2αKinf(ν, µ)

]
.

According to Lemma 12 and applying Lemma 13 with α0 = n[0/κ
[−1, αi = 1/κ[, ∀i ∈ [eq], r0 = 2, b0 = 2(H−h+1),

and νq =
n[
0−κ

[

eq+n[
0−κ[ δV ?

h+1(s0) +
∑eq
i=1

1
eq+n[

0−κ[ δ
V ?
h+1(s

`
[,i
q

h+1)
, we have that conditioned on the event E?(δ) holds,

P

(
eq∑
i=0

W [,i
j,qV

?
h+1(s

`[,iq

h+1) ≥ Ph,s,aV ?h+1

∣∣∣∣∣ E?(δ)
)

≥ 1

2

1− Φ

√2(eq + n[0 − κ[)Kinf(νq, Ph,s,aV ?h+1)

κ[

 ≥ 1

2

(
1− Φ

(√
2β?(δ, T )

κ[

))
.

where Φ denotes the CDF of the standard normal distribution. Here the last inequality is from Lemma 4 and
Lemma 11.

Then, by selecting κ[ = 2β?(δ, T ), we ensure a constant probability of optimism:

P

(
eq∑
i=0

W [,i
j,qV

?
h+1(s

`[,iq

h+1) ≥ Ph,s,aV ?h+1

∣∣∣∣∣ E?(δ)
)
≥ 1− Φ(1)

2
, γ.
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Now, choosing J =
⌈
log
(

2SAHT
δ

)
/ log(1/(1− γ))

⌉
= dcJ · log(2SAHT/δ)e ensures:

P

(
max
j∈[J]

{
eq∑
i=0

W [,i
j,qV

?
h+1(s

`[,iq

h+1)

}
≥ Ph,s,aV ?h+1

∣∣∣∣∣ E?(δ)
)
≥ 1− (1− γ)J ≥ 1− δ

2SAHT
.

By applying a union bound over (t, h, s, a) ∈ [T ]× [H]×S ×A and taking expectation on E?(δ), we conclude the
proof.

C.6 Proof of equation (47)

Fix any episode t′ ∈ [T ] that lies in stage q − 1 ≥ 0 for the triple (h, s, a). Then in (47) we have

eqt
h
−1∑

i=0

1{`[,i
qth−1

= t′} = 1

holds if and only if the episodes t′ and t visit the same triple (h, s, a) and the visit (t, h, s, a) lies in the next stage

q of the triple (h, s, a). Let St′,h,s,a =
{
t ∈ [T ] :

∑eqt
h
−1

i=0 1{`[,i
qth−1

= t′}
}

represent all the visits of (h, s, a) in the

same stage q such that its cardinality is at most eq. For any t ∈ St′,h,s,a, the mixing rate remains the same.

Then, we can then decompose

T∑
t=1

(1− η
`n

t
h ,h

)

1 + eqth−1

eqt
h
−1∑

i=0

1{`[,i
qth−1

= t′}

≤ (1 +
1

H
)(1− ηt′,h) ·

T∑
t=1

1

eqth−1

eqt
h
−1∑

i=0

1{`[,i
qth−1

= t′}

≤ (1 +
1

H
)2(1− ηt′,h),

where the first inequality is from (45) such that,

(1− η
`n

t
h ,h

) ≤ 1− ηt,h = 1− 1
√
eq + 1

=

√
eq

√
eq + 1

≤ (1 +
1

H
)

√
eq−1

√
eq−1 + 1

= (1 +
1

H
)(1− ηt′,h),

and the second one follows the tailored choice of stage splitting such that eq/eq−1 ≤ 1 + 1
H .

D EXTENDING RANDOMIZEDQ TO ANYTIME CONVERGENCE

D.1 RandomizedQ-Anytime with anytime convergence guarantees

In this section, we introduce RandomizedQ-Anytime, a variant of Algorithm 1, described in Algorithm 2.
Compared to Algorithm 1, where the parameters J, n[0, κ

[ are pre-fixed across episodes as functions of the total
number of episodes, RandomizedQ-Anytime avoids requiring the total number of episodes in advance and
adaptively tunes these parameters using the stage-wise information (cf. Line 7 in Algorithm 2).

We then establish an anytime-convergence guarantee in Theorem 3, where the proof is deferred to the next
subsection.

Theorem 3. Consider δ ∈ (0, 1) and c′ > 0 is a sufficiently large universal constant. Let the initialized value
function V 0

h = 2(H − h+ 1) for any h ∈ [H + 1] and the mixing rate ηt,h = 1√
(1+1/H)qH+1

where q = qth(sth, a
t
h)

is the stage index for any (t, h) ∈ [T ]× [H]. Then, with probability at least 1− δ, Algorithm 2 guarantees that

RegretT ≤ Õ
(√

H5SAT
)
.
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Algorithm 2 RandomizedQ-Anytime

Require: Initial state s1, optimistically-initial value {V 0
h }, inflation coefficient κ ≥ 0, the number of prior

transitions n0 ≥ 0, ensemble size J ≥ 0, mixing rate {ηt,h}, tunable constant c′ > 0 and confidence level
δ ∈ (0, 1).

1: Initialize: nh(s, a), n[h(s, a), qh(s, a)← 0; Ṽh(s), Ṽ [h (s)← V 0
h ; Q̃jh(s, a), Q̃[h(s, a), Q̃[,jh (s, a)← rh(s, a) + V 0

h+1

for (j, h, s, a) ∈ [J ]× [H]× S ×A.
2: for t ∈ [T ] do
3: for h = 1, . . . ,H do
4: Play ah = arg maxa∈AQh(sh, a) and observe the next state sh+1 ∼ Ph(·|sh, ah).
5: Set m← nh(sh, ah), m[←n[h(sh, ah), q ← qh(sh, ah) and eq ← (1 + 1/H)qH.
6: /* Adapt parameters via the stage index q of the current visit and its length eq. */

7: Set J[q ← dc′ · log(SAH(q + 1)2/δ)e, κ[q ← c′ · (log(SAH/δ) + log(eq)) and n[0,q ← dc′ · log(eq) · κ[qe.
8: /* Update temporary Q-ensembles via randomized learning rates. */

9: for j = 1, . . . , J do
10: Sample wjm ∼ Beta

(
H+1
κ , m+n0

κ

)
and update Q̃jh via (5) .

11: end for
12: for j = 1, . . . , J[q do

13: Sample w[,jm ∼ Beta

(
1
κ[
q
,
m[+n[

0,q

κ[
q

)
and update Q̃[,jh via (6).

14: end for
15: /* Update the agile policy Q-function by optimistic mixing. */

16: Update the policy Q-function Qh via (7).
17: /* Update the policy with step-wise agility. */

18: Update policy πh(sh)← arg maxa∈AQh(sh, a).

19: /* Update Ṽh optimistically. */

20: Update Ṽh(sh)← maxj∈[J] Q̃
j
h(sh, πh(sh)).

21: /* Update visit counters. */

22: Update counter nh(sh, ah)←nh(sh, ah)+1 and n[h(sh, ah)← n[h(sh, ah) + 1.

23: /* At the end of the stage: update Q̃[h, Ṽ [h and reset n[h, {Q̃
b,j
h }. */

24: if n[h(sh, ah) = beqc for the stage q = qh(s, a) then

25: Update Q̃[h(sh, ah) ← maxj∈[J[
q ] Q̃

[,j
h (sh, ah), π[h(sh) ← arg maxa∈A Q̃

[
h(sh, a), and Ṽ [h (sh) ←

Q̃[h(sh, π
[
h(sh)).

26: Update qh(sh, ah)←qh(sh, ah) + 1 and J[q+1 ← dc′ · log(SAH(q + 2)2/δ)e.
27: Reset Q̃[,jh (sh, ah)← rh(sh, ah) + V 0

h+1 for j ∈ [J[q+1] and n[h(sh, ah)← 0 .
28: end if
29: end for
30: end for

D.2 Proof of Theorem 3

The proof follows Appendix C, except for the optimism step (i.e. Lemma 7), which depends on the appropriate
choices of the prefixed parameters J, n[0, κ

[ and eventually leads to non-anytime results. We therefore establish
the optimism under the adaptive parameters {J[q}. {κ[q}, {n[0,q}, as follows.

Lemma 14 (Optimism). Consider δ ∈ (0, 1). For each (t, h, s, a) ∈ [T ] × [H] × S × A, let q := qth(s, a)
denote the corresponding stage with length eq = (1 + 1/H)qH. Define J[q = dc′ · log(SAH(q + 1)2/δ)e, κ[q =

c′ · (log(SAH/δ) + log(eq)) and n[0,q = dc′ · log(eq) · κ[qe, where c′ > 0 is a universal constant. Let the initialized

value function V 0
h = 2(H−h+1) for any h ∈ [H+1] and the mixing rate ηt,h = 1√

(1+1/H)qH+1
where q = qth(sth, a

t
h)

is the stage index for any (t, h) ∈ [T ]× [H]. Then, with probability at least 1− δ, the following event holds

(1− ηt,h) ·Q?h(s, a) ≤ Qth(s, a), ∀(t, h, s, a) ∈ [T ]× [H]× S ×A.

Proof. From Appendix C.2 (i.e., the proof of Lemma 7), if the inequality (54) holds, then Q̃[,th (s, a) ≥ Q?h(s, a),
for any (t, h, s, a) ∈ [T ] × [H] × S × A. The following shows that (54) holds with high probability under the
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adaptive parameters {J[q}, {κ[q}, {n[0,q}, which is analogous to Lemma 10.

To establish that (54) holds with high probability, we first adapt Lemma 12 to stage-wise parameters {κ[q}, {n[0,q},
as these parameters remain fixed during the entire stage q.

Lemma 15 (Modified version of Lemma 3 in Tiapkin et al. (2023)). For any q ≥ 0 and j ∈ [J[q ], the aggregated

weights W [
j,q =

(
W [,0
j,eq

,W [,1
j,eq

, . . . ,W
[,eq
j,eq

)
as in (18), where each randomized weight w[,jk,q ∼ Beta( 1

κ[
q
,
k+n[

0,q

κ[
q

),∀k ∈
{0, . . . , eq−1} using some fixed nonnegative parameters κ[q, n

[
0,q at the stage q. Then, the aggregated weights

W [
j,q ∼ Dir(n[0,q/κ

[
q, 1/κ

[
q, . . . , 1/κ

[
q).

Next, applying Lemma 13 with α0 = n[0,q/κ
[
q − 1, αi = 1/κ[q, ∀i ∈ [eq], r0 = 2, b0 = 2(H − h + 1), and

νq =
n[
0,q−κ

[
q

eq+n[
0,q−κ[

q

δV ?
h+1(s0) +

∑eq
i=1

1
eq+n[

0,q−κ[
q

δ
V ?
h+1(s

`
[,i
q

h+1)
leads to

P

(
eq∑
i=0

W [,i
j,qV

?
h+1(s

`[,iq

h+1) ≥ Ph,s,aV ?h+1

∣∣∣∣∣ E?(δ)
)
≥ 1

2

1− Φ

√2(eq + n[0,q − κ[q)Kinf(νq, Ph,s,aV ?h+1)

κ[q

 .

Conditioned on the event E?(δ), Lemma 4 and Lemma 11 give

P

(
eq∑
i=0

W [,i
j,qV

?
h+1(s

`[,iq

h+1) ≥ Ph,s,aV ?h+1

∣∣∣∣∣ E?(δ)
)
≥ 1

2

(
1− Φ

(√
2β?(δ, eq)

κ[q

))
.

Choosing κ[q = 2β?(δ, eq) yields a constant probability of optimism:

P

(
eq∑
i=0

W [,i
j,qV

?
h+1(s

`[,iq

h+1) ≥ Ph,s,aV ?h+1

∣∣∣∣∣ E?(δ)
)
≥ 1− Φ(1)

2
, γ.

For any fixed (h, s, a) ∈ [H]× S ×A, define

Eq,h,s,a =

{
∀t ∈ [T ] : max

j∈[J[
q ]

{
eq∑
i=0

W [,i
j,qV

?
h+1(s

`[,iq

h+1)

}
≥ Ph,s,aV ?h+1, q

t
h(s, a) = q

}
, ∀q ∈

{
0, . . . , qT+1

h (s, a)
}
.

With J[q =
⌈
log
(

4SAH(q+1)2

δ

)
/ log(1/(1− γ))

⌉
= dcJ · log(4SAH(q + 1)2/δ)e and taking union bound, this gives

the lower bound of the event Eq,h,s,a happened in stage q:

P (Eq,h,s,a | E?(δ)) = P

(
max
j∈[J[

q ]

{
eq∑
i=0

W [,i
j,qV

?
h+1(s

`[,iq

h+1)

}
≥ Ph,s,aV ?h+1

∣∣∣∣∣ E?(δ)
)

≥ 1− (1− γ)J
[
q ≥ 1− δ

4SAH(q + 1)2
.

By applying a union bound over stages again, we have

P

(
∀t ∈ [T ] : max

j∈[J[
q ]

{
eq∑
i=0

W [,i
j,qV

?
h+1(s

`[,iq

h+1)

}
≥ Ph,s,aV ?h+1

)
= P

(
∀q ∈ [qT+1

h (s, a)] : Eq,h,s,a
∣∣ E?(δ))

≥ 1− δ

4SAH

qT+1
h∑
q=0

1

(q + 1)2

≥ 1− δ

4SAH

∞∑
q=0

1

(q + 1)2

≥ 1− δ

2SAH
,

where the last line uses the fact that
∑∞
q=0

1
(q+1)2 = π2

6 < 2 for any q ≥ 0. Finally, union-bounding over all

(h, s, a) ∈ [H]× S ×A and taking expectation on E?(δ) from Lemma 11 conclude the proof.
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With Lemma 14 in hand, the remainder of the analysis is identical to Appendix C. In particular, Lemma 6 and
8 still hold with stage-wise parameters κ[q, n

[
0,q as long as they are fixed during each stage q = qth(s, a) ≥ 0 for

(t, h, s, a) ∈ [T ]× [H]× S ×A.

E ANALYSIS: GAP-DEPENDENT REGRET BOUND

We begin by decomposing the total regret using the suboptimality gaps defined in Assumption 1. Following Yang
et al. (2021), we obtain:

RegretT =

T∑
t=1

(V ?1 − V π
t

1 )(st1) =

T∑
t=1

(
V ?1 (st1)−Q?1(st1, a

t
1) +

(
Q?1 −Qπ

t

1

)
(st1, a

t
1)
)

=

T∑
t=1

∆1(st1, a
t
1) +

T∑
t=1

Est2∼P1,st1,at
1

[(
V ?2 − V π

t

2

)
(st2)

]
= . . . = E

[
T∑
t=1

H∑
h=1

∆h(sth, a
t
h) | ath = πth(sth)

]
,

where the expectation is taken with respect to the underlying transition kernel. Before proceeding, we denote
nth = nth(sth, a

t
h) and qth = qth(sth, a

t
h) for notational simplicity. Following the notations used in Appendix

C, we define α0
m =

∏m
k=1

n0+k−1
H+n0+k and αim := H+1

H+n0+i

∏m
k=i+1

n0+k−1
H+n0+k for any i ∈ [m] and m ∈ N?, and let

ξ̃th =
(
Ṽ th − V ?h

)
(sth) +H and ξ̃[,th =

(
Ṽ [,th − V ?h

)
(sth).

We first introduce the following lemma that characterizes the learning error of the Q-functions, which will be
used to control the suboptimality gaps. The proof is deferred to Appendix E.1.

Lemma 16. Let E :=
{
∀(t, h, s, a) ∈ [T ] × [H] × S × A : 0 ≤ (Qth −Q?h) (s, a) + η

`n
t
h ,h
H ≤

2α0
nt
h
V 0
h+1 + η

`n
t
h ,h

∑nt
h
i=1 α

i
nt
h
ξ̃`

i

h+1 +
1−η

`
nt
h ,h

1+eqt
h
−1

∑eqt
h
−1

i=0 ξ̃
[,`[,i

qt
h
−1

h+1 1{qth ≥ 1} + Bth + η
`n

t
h ,h
H
}
, where Bth ≤

cB

(√
H3(κ[)2 log3(SAHT 2)

nt
h

+ H2κ[ log2(SAHT 2)
nt
h

)
+ V 0

h+1 · 1{qth = 0} for some universal constant cB > 0. The

event E holds with probability at least 1− 1/T .

In addition, we define the operator clip[x|c] := x · 1{x ≥ c} for some constant c ≥ 0, which is commonly used
in prior work (Simchowitz and Jamieson, 2019; Yang et al., 2021; Zheng et al., 2025). By Lemma 16, we have
V ?h (sth) = maxaQ

?
h(sth, a) ≤ maxaQ

t
h(sth, a) + η

`n
t
h ,h
H = Qth(sth, a

t
h) + η

`n
t
h ,h
H such that

∆h(sth, a
t
h) = clip[V ?h (sth)−Q?h(sth, a

t
h) | ∆min]

≤ clip[
(
Qth −Q?h

)
(sth, a

t
h) + η

`n
t
h ,h
H | ∆min].

Thus, by definition, the expected total regret can be written as

E[RegretT ] = P(E) · E

[
T∑
t=1

H∑
h=1

clip[
(
Qth −Q?h

)
(sth, a

t
h) + η

`n
t
h ,h
H | ∆min] | E

]

+ P(Ec) · E

[
T∑
t=1

H∑
h=1

clip[
(
Qth −Q?h

)
(sth, a

t
h) + η

`n
t
h ,h
H | ∆min] | Ec

]

≤ (1− 1

T
)E

[
T∑
t=1

H∑
h=1

clip[
(
Qth −Q?h

)
(sth, a

t
h) + η

`n
t
h ,h
H | ∆min] | E

]
+

2

T
· TH2. (59)

Next, we control the first term in (59) by categorizing the suboptimality gaps into different intervals. Specifically,
we split the interval [∆min, H] into N disjoint intervals, i.e., In := [2n−1∆min, 2

n∆min] for n ∈ [N − 1] and
IN := [2N−1∆min, 3H], where N = dlog2(3H/∆min)e. Denote the counter of state-action pair for each interval as



Provably Efficient and Agile Randomized Q-Learning

Cn := |
{

(t, h) :
(

(Qth −Q?h) (sth, a
t
h) + η

`n
t
h ,h
H
)
∈ In

}
|. We then upper bound (59) as follows:

E[RegretT ] ≤ (1− 1

T
)

N∑
n=1

2n∆minCn + 2H2. (60)

The following lemma shows that the counter is bounded in each interval, conditioned on event E .

Lemma 17. Under E, we have that for every n ∈ [N ], Cn ≤ O(H
6SA(κ[)2 log3(SAHT )

4n∆2
min

).

The proof is postponed to Appendix E.2. Thus, (60) becomes

E[RegretT ] ≤ O
(
H6SA(κ[)2 log3(SAHT )

∆min

)
,

Noting that κ[ = O (log(SAHT )), we complete the proof.

E.1 Proof of Lemma 16

We begin by applying Lemma 7 with δ = 1
2T , which guarantees that for an ensemble size J = dc · log(4SAHT 2)e,

it holds with probability at least 1− 1
2T that

Qth(s, a) ≥ (1− η
`n

t
h ,h

)Q?h(s, a) ≥ Q?h(s, a)− η
`n

t
h ,h
H,

for any (t, h, s, a) ∈ [T ]× [H]× S ×A, where c is a universal positive constant.

Recalling the definition of Qth from (36) and applying Lemma 8 and Lemma 9, we have, again with probability at
least 1− 1

2T ,(
Qth −Q?h

)
(sth, a

t
h) + η

`n
t
h ,h
H

= η
`n

t
h ,h

max
j∈[J]

{
Q̃j,th (sth, a

t
h)−Q?h(sth, a

t
h) +H

}
+ (1− η

`n
t
h ,h

)
{
Q̃[,th (sth, a

t
h)−Q?h(sth, a

t
h)
}

≤ 2α0
nt
h
V 0
h+1 + η

`n
t
h ,h

nt
h∑

i=1

αint
h
ξ̃`

i

h+1 +
1− η

`n
t
h ,h

1 + eqth−1

eqt
h
−1∑

i=0

ξ̃
[,`[,i

qt
h
−1

h+1 1{qth ≥ 1}+Bth. (61)

Here,

Bth ≤ V 0
h+1 · 1{qth = 0}+ cB

√H3κ2 log3(SAHT 2)

nth
+
H2κ log2(SAHT 2)

nth

+

√
H2(κ[)2 log3(SAHT 2)

eqth−1

· 1{qth ≥ 1}+
Hκ[ log2(SAHT 2)

eqth−1

· 1{qth ≥ 1}

)
, (62)

where cB is a positive constant. To simplify the expression in (62), we note

nth
eqth−1

≤
∑qth
i=0 ei
eqth−1

= 1 +

∑qth−2
i=0 ei
eqth−1

+
eqth
eqth−1

≤ 2 +
1

H
+ 4H ≤ 8H,

where the second inequality uses Zheng et al. (2025, Lemma D.3) and the choice of the stage length, i.e.,
eqth = (1 + 1

H )eqth−1.

Thus, we could rewrite (62) as

Bth ≤ cB

√H3(κ[)2 log3(SAHT 2)

nth
+
H2κ[ log2(SAHT 2)

nth

+ V 0
h+1 · 1{qth = 0}. (63)
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E.2 Proof of Lemma 17

We first partition each interval In according to the step index h. Specifically, for every n ∈ [N ] and h ∈ [H], we
define:

wtn,h := 1
{((

Qth −Q?h
)

(sth, a
t
h) + +η

`n
t
h ,h
H
)
∈ In

}
, ∀t ∈ [T ], (64)

Cn,h :=

T∑
t=1

wtn,h.

Note that wtn,h ∈ {0, 1} for all t, since it is an indicator function. By definition, we have Cn =
∑H
h=1 Cn,h, and

furthermore, for every n ∈ [N ] and h ∈ [H],

2n−1∆minCn,h ≤
T∑
t=1

wtn,h

((
Qth −Q?h

)
(sth, a

t
h) + η

`n
t
h ,h
H
)
. (65)

To control the right-hand side of (65), we provide the following lemma, which upper bounds the weighted sum.
The proof is postponed to Appendix E.3.

Lemma 18. Let ηt,h = 1/eqth for every (t, h) ∈ [T ] × [H]. Under event E, for any h ∈ [H] and n ∈ [N ], the

weights {wtn,h}Tt=1 defined in (64) satisfy:

T∑
t=1

wtn,h

((
Qth −Q?h

)
(sth, a

t
h) + η

`n
t
h ,h
H
)
≤ O

(√
Cn,hSAH5(κ[)2 log3(SAHT )

)
+O

(
SAH3κ[ log

(
SAHT

)
log(1 + Cn,h)

)
.

Combining (68) and Lemma 18 with (65), we obtain the following bound:

Cn,h ≤ O
(
H5SA(κ[)2 log3(SAHT )

4n∆2
min

)
.

Summing over h ∈ [H], we conclude:

Cn =

H∑
h=1

Cn,h ≤ O
(
H6SA(κ[)2 log3(SAHT )

4n∆2
min

)
.

E.3 Proof of Lemma 18

Under event E , we recall the following upper bound by Lemma 16:(
Qth −Q?h

)
(sth, a

t
h) + η

`n
t
h ,h
H

≤ 2α0
nt
h
V 0
h+1 + η

`n
t
h ,h

nt
h∑

i=1

αint
h
ξ̃`

i

h+1 +
1− η

`n
t
h ,h

1 + eqth−1

eqt
h
−1∑

i=0

ξ̃
[,`[,i

qt
h
−1

h+1 1{qth ≥ 1}︸ ︷︷ ︸
T t
h

+Bth + η
`n

t
h ,h
H, (66)

where

Bth ≤ cB

√
H3κ2 log3

(
8SAHT 2

)
nth︸ ︷︷ ︸

Bt
h,1

+ cB
H2κ[ log

(
8SAHT 2

)
nth︸ ︷︷ ︸
Bt

h,2

+ V 0
h+1 · 1{qth = 0}.
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Then, our target is to control

T∑
t=1

wtn,h

((
Qth −Q?h

)
(sth, a

t
h) + η

`n
t
h ,h
H
)

≤ 2

T∑
t=1

wtn,hα
0
nt
h
V 0
h+1 +

T∑
t=1

wtn,hη`n
t
h ,h

nt
h∑

i=1

αint
h
ξ̃`

i

h+1 +

T∑
t=1

wtn,hT
t
h +

T∑
t=1

wtn,hB
t
h. (67)

For the first term on the right-hand side of (67), we follow the equation (44) and obtain:

2

T∑
t=1

wtn,hα
0
nt
h
V 0
h+1 ≤

2n0SAV
0
h+1

H − 1
≤ 4n0SA.

For the second term on the right-hand side of (67), we follow the equation (46) and obtain:

T∑
t=1

wtn,hη`n
t
h ,h

nt
h∑

i=1

αint
h
ξ̃`

i

h+1 . H

T∑
t=1

η
`n

t
h ,h

. H
∑
s,a

Q∑
q=1

eqth
eqth

. SAH2 log(T ), (68)

where the last inequality uses the fact Q ≤ 4H log(T ). For the third term on the right-hand side of (67), we
apply the similar arguments in (47) and Appendix C.6, Then, we have

T∑
t=1

wtn,hT
t
h ≤

T∑
t=1

wtn,h(1− η
`n

t
h ,h

)

eqt
h
−1∑

i=0

1{qth ≥ 1}
1 + eqth−1

ξ̃
[,`[,i

qt
h
−1

h+1

≤ (1 +
1

H
)

T∑
t′=1

(1− ηt′,h)ξ̃[,t
′

h+1 ·
T∑
t=1

wtn,h
1 + eqth−1

eqt
h
−1∑

i=0

1{`[,i
qth−1

= t′}

= (1 +
1

H
)

T∑
t′=1

(1− ηt′,h)ξ̃[,t
′

h+1 · w̄
t′

1 ,

where w̄t
′

1 =
∑T
t=1

wt
n,h

1+eqt
h
−1

∑eqt
h
−1

i=0 1{`[,i
qth−1

= t′} for every t′ ∈ [T ]. Note that {w̄t1} is some sequence satisfying

0 ≤ w̄t1 ≤ (1 + 1
H ),∀t ∈ [T ] and

∑T
t=1 w̄

t
1 = Cn,h, following the similar arguments in Lemma 4.3 in Yang et al.

(2021). From (49) and (68), we further have

T∑
t=1

wtn,hT
t
h . (1 +

1

H
)

T∑
t=1

(
w̄t1ξ

t
h+1 + η

`
nt
h+1 ,h+1

H
)

+ SAH2 log(T ).

Note that V ?h+1(sth+1) ≥ Q?h+1(sth+1, a
t
h+1) by the definition of the optimal policy in (1), and V th+1(sth+1) =

Qth+1(sth+1, a
t
h+1) by (38). Thus,

T∑
t=1

wtn,hT
t
h . (1 +

1

H
)

T∑
t=1

w̄t1

((
Qth+1 −Q?h+1

)
(sth+1, a

t
h+1) + η

`
nt
h+1 ,h+1

H
)

+ SAH2 log(T ).

We then consider the bound of
∑T
t=1 w̄

t
iB

t
h for any sequence {w̄ti} which satisfies 0 ≤ w̄ti ≤ (1 + 1

H )i,∀t ∈ [T ] and∑T
t=1 w̄

t
i = Cn,h for any i ∈ {0, . . . ,H − h}. Before proceeding, we first define Cn,h,s,a :=

∑nT
h (s,a)
m=1 w̄`

m

i . Similar
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to the steps in Appendix C, we bound
∑T
t=1 w̄

t
iB

t
h by controlling each term separately. To begin with,

T∑
t=1

w̄tiB
t
h,1 ≤

√
H3(κ[)2 log3(8SAHT 2)

T∑
t=1

w̄ti√
nth

.
√
H3(κ[)2 log3(SAHT 2)

∑
(s,a)∈S×A

nT
h (s,a)∑
m=1

w̄`
m

i√
m

.
√
H3(κ[)2 log3(SAHT 2)

∑
(s,a)∈S×A

dCn,h,s,a/(1+1/H)ie∑
m=1

(1 + 1/H)i√
m

.
√
H3(κ[)2 log3(SAHT 2)

√
SA

∑
(s,a)∈S×A

Cn,h,s,a · (1 + 1/H)i

.
√
Cn,hSAH3(κ[)2(1 + 1/H)i log3(SAHT 2), (69)

where the third inequality holds since the left-hand side is maximized when the first dCn,h,s,a/(1 + 1/H)ie occupy
the smallest indices, the penultimate line uses Cauchy-Schwarz inequality, and the last line is due to the fact that∑
s,a Cn,h,s,a ≤ Cn,h.

Similarly,

T∑
t=1

w̄tiB
t
h,2 ≤

T∑
t=1

w̄ti
H2κ[ log

(
8SAHT 2

)
nth

. H2κ[ log
(
SAHT 2

) T∑
t=1

w̄ti
nth

. H2κ[ log
(
SAHT 2

) ∑
(s,a)∈S×A

dCn,h,s,a/(1+1/H)ie∑
m=1

(1 + 1/H)i

m

. H2κ[ log
(
SAHT 2

)
(1 + 1/H)i

∑
(s,a)∈S×A

log(1 + Cn,h,s,a)

. SAH2κ[ log
(
SAHT 2

)
(1 + 1/H)i log(1 + Cn,h). (70)

Also,
∑T
t=1 w̄

t
iV

0
h+1 · 1{qth = 0} ≤ SAH2(1 + 1/H)i, as there are at most SA state-action paris and each can be

visited at most e0 = H times in stage 0. Combining with (69) and (70), one has

T∑
t=1

w̄tiB
t
h .
√
Cn,hSAH3(κ[)2(1 + 1/H)i log3(SAHT 2)

+ SAH2κ[ log
(
SAHT 2

)
(1 + 1/H)i log(1 + Cn,h) + SAH2(1 + 1/H)i. (71)

Observe that {wtn,h} directly satisfies 0 ≤ wtn,h ≤ 1 and
∑T
t=1 w

t
n,h = Cn,h. Thus, we can apply (71) with i = 0

and obtain

T∑
t=1

wtn,h

((
Qth −Q?h

)
(sth, a

t
h) + η

`n
t
h ,h
H
)

.
√
Cn,hSAH3(κ[)2 log3(SAHT 2) + SAH2κ[ log

(
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)
log(1 + Cn,h)

+ (1 +
1

H
)

T∑
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w̄t1

((
Qth+1 −Q?h+1

)
(sth+1, a

t
h+1) + η

`
nt
h+1 ,h+1

H
)
.
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We now recursively unroll the Q-value difference over future steps and utilize the fact that (1 + 1
H )H ≤ e, yielding:

T∑
t=1

wtn,h

((
Qth −Q?h

)
(sth, a

t
h) + η

`n
t
h ,h
H
)

.
H−h∑
i=0

(
(1 +

1

H
)2i
√
Cn,hSAH3(κ[)2 log3(SAHT 2) + SAH2κ[ log

(
SAHT 2

)
(1 +

1

H
)2i log(1 + Cn,h)

)
. H

(√
Cn,hSAH3(κ[)2 log3(SAHT 2) + SAH2κ[ log

(
SAHT 2

)
log(1 + Cn,h)

)
,

which completes the proof.

F EXPERIMENTAL DETAILS

We conduct all the experiments on a machine equipped with 2 CPUs (Intel(R) Xeon(R) Gold 6244 CPU), running
Red Hat Enterprise Linux 9.4, without GPU acceleration.

F.1 Hyperparameter details

For RandomizedQ, we set the mixing rate and the optimistic initialization according to the theoretical choices in
Theorem 1. For the remaining hyperparameters, we follow the practical settings used in Tiapkin et al. (2023) and
apply the same values across all algorithms for fair comparison. The hyperparameter settings used in Section 5
are summarized in Table 2.

Hyperparameter Value

Number of ensembles J 20
Pseudo-transition counts n0, n

[
0 1/S

Inflation coefficients κ, κ[ 1

Table 2: Hyperparameters used in Section 5.

Here S is the size of the state space in different environments. For instance, in the 10× 10 grid-world environment,
we have S = 100, and thus n0 = n[0 = 0.01.

F.2 Additional experiments regarding computational efficiency

To highlight the computational efficiency, we compare our method with Staged-RandQL (Tiapkin et al., 2023) in
terms of the wall-clock time required to achieve a target performance level, measured by the average return over
the last 100 episodes reaching at least 0.9V ?1 (s1), i.e., 0.9V ?1 (s1) ≤ 1

100

∑τ
t=τ−99Rt, where τ is the first hitting

time of the threshold, Rt =
∑H
h=1 r

t
h is the episodic return at episode t, and s1 is the initial state.

We run both our method and Staged-RandQL for up to 100k episodes over 4 independent trials and report the
average and standard deviation of the wall-clock time needed to reach this threshold in the 10× 10 grid-world
environment:

Algorithm Time (seconds)
Staged-RandQL 161.892± 0.790
RandomizedQ 14.443± 0.816

Table 3: Comparison of RandomizedQ and Staged-RandQL in terms of wall-clock time (seconds) to reach
average return ≥ 0.9V ?1 (s1).

From the above results, we observe that RandomizedQ significantly reduces the time needed to achieve policy
performance comparable to the optimal policy. More specifically, it achieves at least an 11x speedup over
Staged-RandQL, demonstrating the outstanding computational efficiency of ours in terms of wall-clock time.
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