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ABSTRACT: The free-surface flows with particles are widely
found in chemical engineering, and numerical modeling is a
strong computing tool for in-depth understanding of the local
and macrocharacteristics. In this study, a discrete element
method−volume-of-fluid (DEM−VOF) model is extended to
turbulent free-surface flows with particles, by means of
Reynolds stress model. Also, we adopt a novel virtual dual-
grid porosity model to calculate the fluid porosity. The
simulated results of single particle sedimentation, the falling of
sinking particles, and the floating of buoyant particles agree
well to analytical and literatures, which validate the proposed
DEM−VOF model. Furthermore, the DEM−VOF model
developed in this paper is applied to the simulation of free
surface flow with particles in solid−liquid mixing system for the first time. It is found that elliptical-head vessel is preferred to a
flat-bottomed vessel for solid−liquid mixing by comparing the simulation results of four different stirred tanks, which agrees well
to the related content of the book Handbook of Industrial Mixing (Paul, E. L.; Atiemo-Obeng, V. A.; Kresta, S. M. Eds.; John
Wiley & Sons, 2004).

1. INTRODUCTION

The free-surface flows with particles are widely encountered in
many fields relevant to granular media, such as energy, mineral,
metallurgical, petroleum, environmental, pharmaceutics indus-
tries and materials, and geotechnical and chemical engineering.
The engineering community has the pressing requirement for
modeling the behavior of such complex three-phase flows at
reasonable computational cost. For current computational
capacities, it is unbearable to involve a direct numerical method
to all the phenomena that arise in the multiphase flows.
Therefore, the good multiphase model should provide reliable
solutions with competitive cost.1−3

Dispersed particles are important in the physical of this
problem and crucial in the major chemical and dynamical
interactions with the flow system. Discrete element method
(DEM) is a highly efficient and accurate model for capturing
particle scale motion and interaction,4 and computational fluid
dynamics (CFD)-DEM approaches have become very popular
as they involve with the highly developed CFD techniques for
the study of the complex fluid-particle flows. Zhu et al. have
made complete reviews of CFD−DEM model.4,5 It can be
divided into two categories, the “resolved” and “unresolved”, by
the ratio of the particle sizes to the computational grid sizes. In
the resolved CFD−DEM method, the solid particle phase is
represented by a fictitious domain approach where the two
phases share the one velocity and pressure field.6 It can lead to
extremely high computational cost, so the volume averaging

method, unresolved CFD−DEM method, is widely accepted to
address industrially significant problem. The unresolved CFD−
DEM approach uses cell values or locally interpolated values for
the evaluation of the fluid-particle interactions, which
significantly reduces the computational burden.1 The inter-
face-capturing volume-of-fluid (VOF) method is particularly
interesting when used within the unresolved CFD−DEM
couplings, as they allow solving the well-known single-phase
equations within each single fluid phase.1

For modeling free-surface flows with particles, Gruber
integrated the VOF model into CFD−DEM model where the
VOF equations was artificially added with a source term. But
this violates the conservation among the volume of three
phases.7,8 Jing proposed the volume-conservative model dealing
with three phases.9 Chen has used DEM−VOF model to
simulate the free-surface flows involving particles in rotating
cylindrical tank.10 Sun and Sakai11 successfully combined the
DEM model with the VOF model, and the volume
conservation among three phases has been simulated by their
model where the SDF representation and IB method are
applied to model the complex geometries.11 In order to
reconstruct structures of the flow with a dimension similar to
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the particle characteristic size, Pozzetti1 proposed a novel dual-
grid approach to resolve the bulk scale with information from
the fluid fine scale, which extends the DEM−VOF method to
the presence of multiscale complex interface dynamics.
Currently, the DEM−VOF models developed by authors are
in the verification stage1,9 and the industrial applications of
DEM−VOF model include the sloshing of liquid−solid particle
mixtures,12 three-phase dam break,11 and wet ball milling in
rotating cylindrical tank.10,11

However, there is no report about using the DEM−VOF
model to simulate the free-surface flows with particles in solid−
liquid stirred tank, which is commonly used for suspending
both types of solid particles, sinking and floating, in chemical
and process industries.13 Basically, a typical flow in solid−liquid
stirred vessels with headspace involves fluid−particle inter-
action, particle−particle collision, and fluid−fluid interaction
(evolving liquid−air interface). Most of the previous numerical
studies14−20 are focus on the behavior of two-phase
(respectively the particle phase and liquid phase), which all
neglected the liquid free-surface. Tamburini14,15 involved the
two fluid model together with the sliding mesh model to
research solid−liquid suspensions in stirred vessel, which
includes baffles to prevent the formation of swirl on the
surface of the liquid. Derksen simulated the turbulent dilute-
suspensions flow by using an unresolved CFD-DEMh model,16

and the resolved CFD−DEM approach was further developed
by Derksen, to simulate the suspensions flows containing 3600
particles in a small-scale tank.17 Shao involved the unresolved
CFD−DEM coupled approach, based on FLUENT 6.3.26 and
EDEM 2.2.1, to simulate the solid suspension behavior, in
which the rotation and translation of millions of particles were
taken into account.18 Numerical simulations of the viscous
solid−liquid flows in a flat-bottomed unbaffled tank were
performed by Blais with the use of unresolved CFD−DEM
model, which did not consider the liquid free-surface,19,20 and
he further extended the unresolved CFD−DEM to the
turbulent flow.21 But the above numerical studies all neglected
the dynamic behavior of liquid free-surface, which usually
appears in actual industrial vessels. The DEM−VOF model in
this paper is extended to the turbulent free-surface flows with
particles, especially for the solid−liquid mixing in stirred tanks.
Because there is strong turbulence anisotropy, streamline
curvature, and rotation that existed in unbaffled stirred tank
or single baffle stirred tank,13 our proposed DEM−VOF model
considers the viscous force and Reynolds stress force of
particles. In addition, we propose a novel dual-grid model for
porosity calculations, which draws on the porous cube model
made by Link,22 Jing,9 and dual-grid approach proposed by
Pozzetti.1

The contents of this paper are as below: First, the equations
of DEM model, the modified VOF model equations, the virtual
dual-grid porosity model, and the coupling strategy are
described in detail. Then, the validation tests of the model in
the simulation of free-surface flows with particles is shown. The
simulation of single particle sedimentation proves that the fluid-
particle interaction crossing the water surface under different
Reynolds numbers is correct. The simulation results about
sinking particles falling into water and buoyant particles floating
out of water show that the proposed model has the
conservation of volume among three phases from both sides.
Finally, the free-surface flows with particles in four different
stirred tanks have been simulated and compared, which implies
that an elliptical-head vessel is preferred to a flat-bottomed

vessel for solid−liquid mixing, which agrees well with prior
empirical knowledge. As far as we know, the applications of the
proposed DEM−VOF model to solid−liquid suspension of the
agitator with headspace are for the first time.

2. MODEL SPECIFICATION
A diagram of free-surface flows with particles is illustrated in
Figure 1. In general, the two immiscible phases of fluid are

separated by a distinct interface which is called the free surface.
Particles could be located either in primary fluid or in the
secondary fluid, and their motions are dominated by the
interactions with the surrounding particles and fluid. The
dynamic behaviors of the free-surface flows with particles are
solved by coupling DEM model with VOF model. The
equations of DEM model are presented in Section 2.1, and
the modified VOF model equations are presented in Section
2.2. The particle-fluid interaction forces and calculation of mesh
porosities are discussed separately in Section 2.3.1 and 2.3.2.
The computing map of the entire system and the coupling map
of the data exchanging are presented in Section 2.4.

2.1. DEM Model. The translation and rotation of all solid
particles are accomplished by solving the Newton equation of
motion4,5

∑ ∑= + + +m
v
t

F F F F
d
di

i

j
ij

k
ik i ic, lr, pf, g,

(1)

Figure 1. A system of free surface flows with particles.
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∑ω
= +I

t
M M

d
d

( )i
i

ij ijt, r, (2)

where mi, Ii. vi, and ωi represents the mass, the moment of
inertia, the translational velocity, and angular velocity of particle
i, respectively. Fc,ij, Flr,ik, Fpf,i, and Fg,i indicate the contact force,
the noncontact (long-range) forces, the interaction forces
between particle−fluids, and a gravity force. The tangential and
rolling friction moments are represent by Mt,ij and Mr,ij,
respectively. The equations of the solid−fluid interaction forces
rely upon what interaction forces are considered. This is
explained in Section 2.3.1.
The key of the DEM model is the contact model between

particles. The contact forces Fc,ij include the normal (Fcn,ij) and
tangential (Fct,ij)

4,5 component, which is described with the
following equations

= +F F Fij ij ijc, cn, ct, (3)

δ γ δ δ γ δ= − − ̇ − − ̇k kF ij ij ij n ij n ij ij ij ij t ijc, n, n, , , t, n, t, , (4)

where kn,ij, kt,ij, γn,ij, γt,ij, δn,ij, and δt,ij indicate the normal stiffness
coefficients, the tangential stiffness coefficients, the normal
damping coefficients, the tangential damping coefficients, and
the normal and tangential particle overlaps, respectively. δṅ,ij
and δ ̇t,ij represent their corresponding derivative terms in time.
In this work, the normal forces are calculated by the Tsuji

model23 and the tangential forces24,25 are calculated by the
Mindlin model.26,27 These models are described by the
equations in Table S1 (in the Supporting Information),
where Y represent the material’s Young’s modulus, and v and
er represent the Poisson ratio and coefficient of restitution.
2.2. VOF Model. In order to track the phase interface

between two phases, the volume fraction of each fluid phase is
added. In this study, there are only the primary phase and the
secondary phase, and thus their volume fractions are denoted as
α1 and α2, respectively. Hence, there are three possible
situations for the cell: αi = 0, indicating that the ith fluid is
empty in the mesh cell; αi = 1, indicating that the ith fluid is full
in the mesh cell; 0 < αi < 1, meaning that the two fluids exist in
the mesh cell. The dynamic behavior of the phase interface is
the solution of the equation of continuity with the second fluid
phase volume fraction28

α
α

∂
∂

+ ·∇ =
t

u( ) 02
2 (5)

The volume fraction of primary fluid phase will be calculated by
the equation below

α α+ = 11 2 (6)

The explicit and implicit time discretization can both be used
to solve the equation of volume fraction. For transient VOF
calculations, the explicit scheme should be used. In this work,
the geometric reconstruction approach is used, which is the
most accurate scheme in ANSYS FLUENT.28

The fluid density and viscosity are linearized by the present
composition phases in each mesh cell

ρ α ρ α ρ= +1 1 2 2 (7)

μ α μ α μ= +1 1 2 2 (8)

The well-known volume averaged governing equations29 are
used to describe the fluids phase motion. The continuity
equation is

ε
ε

∂
∂

+ ∇· =
t

u( ) 0f
f (9)

Because of highly swirling flows in unbaffled stirred tank or
single-baffle stirred tank in which the important flow character-
istics are influenced by the Reynolds stress anisotropy, the
Reynolds stress model (RSM)30−32 was adopted in this study.
And the momentum equation is

τ

ρ
ε

ε

ε ρ ρ

∂
∂

+ ∇·

= −∇ + ∇· ̅ − ′ ′ + + +

⎛
⎝⎜

⎞
⎠⎟t

p u u

u
uu

f g f

( )
( )

( ( ) )i j

f
f

f

f s f pf (10)

where εf represents the void fraction. The fluid density and
velocity are represented by ρf and u, respectively. fpf represents
the reacting force of the particle−fluid interaction term (1).
The viscous stress tensor τ is defined as

τ μ δ̅ = ∇ + ∇ − ∇·⎜ ⎟⎛
⎝

⎞
⎠u u u( ) ( )

2
3

( )T
k

(11)

where μ indicates the dynamic viscosity, δk represents the
identity tensor and ρ ′ ′u ui j represents the Reynolds stresses.
The CSF model are used to calculated the surface tension fs

of free surfaces33

σ κ ϕ= · ·∇fs (12)

where σ represents the surface force coefficient and κ represents
the free-surface curvature, which is calculated by

κ =
| | | |

·∇ | | − ∇·⎜ ⎟
⎡
⎣⎢
⎛
⎝

⎞
⎠

⎤
⎦⎥n

n
n

n n
1

( )
(13)

where n = ∇·α2 is the normal vector.
fpf is a term of the momentum exchange between particle

phase and fluid phase, and the expression of the momentum
exchange term is

∑=
Δ

− − − −τ ρ∇ ∇· ∇· ′ ′V
f F F F F F

1

i

n

i i i u u i ipf pf, p, , ( ), s,i j

p

(14)

where

= + + + + + + +

+

τ ρ∇ ∇· ∇· ′ ′F F F F F F F F F

F

i i i i u u i i i i i

i

pf, d, p, , ( ), s, vm, B, Saff,

Mag,

i j

(15)

and where ΔV is the corresponding mesh cell volume and np
indicates the particles number. Fpf,i represents the total of all
interaction forces between particle−fluids: drag (Fd,i), pressure
gradient (F∇p,i), viscous stress force (F∇·τ,i), Reynolds stress
force ( ρ∇· ′ ′F u u i( ),i j

), capillary force (Fs,i), virtual mass (Fvm,i),

Basset force (FB,i), Saffman lift (FSaff,i) and Magnus lift (FMag,i).
2.3. Particle−Fluids Interactions. 2.3.1. Interaction

Forces. In DEM−VOF model, the expression of each
interaction force contained in the term of fluid-particle
interaction needs to be given. The drag force, pressure gradient
force, viscous stress force, Reynolds stress force, capillary force,
and lift forces, like Saffman lift force, Magnus lift force and
fluid-induced torque, are all considered in this work. Table S2
(in the Supporting Information) lists the expression of these
interaction forces.

2.3.2. Calculation of Mesh Porosities. The mesh porosity is
important which could be used to calculate the drag force.
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There are three kinds of models to calculate the porosity: the
first model is so-called central model34,35 in which the volumes
of particles lied in one fluid mesh cell are summed; the second
model is the divided model34,35 which divides the particles into
smaller equal portions; and the third model is named by the
porous model, which can overtake numerical problems if the
maximum particle size approaches the minimum mesh
size.22,35−37

In this work, we develop a novel virtual dual-grid porosity
model to calculate the mesh porosity, which is illustrated in
Figure 2. It is derived from the recent study about a dual-grid

approach proposed to resolve the bulk scale with information
from the fluid fine scale.1 The calculation of a considered
particle to the mesh porosity is first calculated in a big coarse
mesh cell that is virtual and is made up by a number of the
actual mesh cells. The diameter of the big coarse mesh cell is
several times the diameter of the particle. As illustrated in
Figure 2, the big coarse mesh cell is the shaded region and
made up by the shaded mesh cells. For particle j, di,j is used to
represent the distance between the center of the shaded mesh
cell i and that of particle j

∑φ =
≤ ·

V V/j i p j
d a R

i, , cell,

i j j, (16)

where a is constant parameter and according to Jing9 its
recommend value is 4. The term in the right denominator of eq
13 represents the volume of the big coarse mesh cell for particle
j. Herein φi,j is the rational average contribution of volume
fraction particle j to the actual mesh cell i. In one fluid mesh cell
i, its mesh porosity is the difference between the unit and the
sum of the contributions of all particles to the mesh cell i

∑ε ϕ= −1i
j

j if, ,
(17)

2.4. Coupling Scheme. The overall algorithm of DEM−
VOF model is present in Figure 3 and is completed on
commercial software ANSYS FLUENT and EDEM. At the
beginning of the calculation, Fluent calls the user-defined
initialization function which calls EDEM API to pass
information on particle positions and calculates the mesh
porosity and the fluid-particle interaction forces. In EDEM, the
velocity and position of particles are updated through solving
eqs 1 and 2 with source terms of particle−fluids interaction
forces. According to the updated particle status, the calculations
of the mesh porosity and the particle−fluids interaction forces
are performed. Then, FLUENT performs the computing cycle
by solving the eq 5 involving the volufraction, eqs 9 and 10 of
the governing equations of the fluid, one by one, where the

transmission of mesh porosity and interaction forces
information to the FLUENT side is through the void fraction
of FLUENT Porous Model and a series of momentum source
terms, respectively. Once the iteration is converged, the fluid
cell status and the free surface are updated. Then, the
computing cycle goes back to EDEM side, in which the
particle−fluids interaction forces are calculated from the new
fluid velocity field, and a new cycle starts.

3. VALIDATION OF DEM−VOF MODEL
In this section, DEM−VOF model proposed by us is validated.
The correctness of DEM−VOF model is mainly determined by
two characteristics: (a) the particle−fluids interaction forces
and (b) the volume replacements among phases. Consequently,
the validating tests are performed step-by-step: (1) single
particle sedimentation and (2) water entry of particles.
In the first validating test, the single particle sedimentation is

chosen to examine the correctness of the coupling scheme and
the integration of particle−fluids interaction forces; in the
second validating test, our results of water entry of particles are
compared to those existing results of literatures to check
whether the volume replacements among phases are correct or
not.

3.1. Single Particle Sedimentation. For fluid-particle
flows, single particle sedimentation is a basic but important
problem, in which the single settling particle will eventually
reach a steady velocity in a viscous fluid due to the balance
between their gravity with the resistance of the fluid. To
validate the accuracy of the DEM−VOF model, numerical
analyses of a single particle falling through a water surface are
performed. The domain dimensions are 4 mm × 4 mm × 8
mm, whose all wall boundary conditions are nonslip. The water
surface is at half the height of the computational domain and

Figure 2. Schematic of the virtual dual-grid porosity model.

Figure 3. Computing cycle of DEM−VOF model.
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the particle is placed 1 mm higher than the water surface. The
entire computational domain uses a uniform grid of 0.25 mm,
and the diameter of particles is 0.1 mm. The density of particles
is 2500 kg/m3. The viscosity and density of the air phase are 1
× 10−5 Pa·s and 1 kg/m3, respectively. The density of water
phase is set to 1000 kg/m3 and its viscosity varies in different
simulations in order to achieve different Re numbers.
Although the particle is considerably small, the fluid motions

are still disturbed by the settling particle, and the disturbed fluid
will affect the particle motion in turn. Thus, the actual
calculating results differ from the theoretical results based on a
static fluid domain. Similar to some other authors,34,38 a low-Re
flow regime is chosen for simplicity, where Stokes’ law of drag
are applied. Therefore, the motion of the single settling particle
can be described by the equation below

ρ ρ

ρ
πμ

̇ = −
−

−g
d

m
v v

3p f

p

f p

p (18)

Four cases under various Re numbers are performed in this
section. Water viscosities for different cases are 4 × 10−5, 2 ×
10−4, 8 × 10−4, and 2 × 10−3 Pa·s.
Curves of the settlement velocity with time variation and

their analytical solutions are plotted in Figure 4 for four tests.
Under these Reynolds numbers from 1 × 10−1 to 1× 102 orders
of magnitude, the results of DEM−VOF model are in
agreement with their approximate analytic solutions, which
shows that the forces applied on the particle are correctly
calculated and coupled. The particle sedimentation tests make
it clear that the DEM−VOF model developed in the study can
be used to calculate the settlement of single particle in two
immiscible fluids at different Reynolds numbers.
3.2. Water Interacts with Particle Swarm. The falling of

sinking particles and the floating of buoyant particles are
interesting problems involving complicated free-surface mo-
tions and particle motions.11 They can be used to validate the

correctness of DEM−VOF model, especially validate the
volume replacement among three phases from both sides. As
we know, the sinking particles will drive out the water in the
vessel, and the height of water surface will be raised. Similarly,
the buoyant particles will float out the water surface and the
level of the water surface will be down. In this work, the
simulation accuracy in volume conservation will checked by
comparing the simulated change of water surface with
theoretical solution. For water entry of sinking particles, the
rising water surface height should be equal to the sum volume
of all particles divided by the section area of the container, and
the floating of buoyant particles is opposite.
In this section, the water entry of sinking particles is first

simulated, and after all the particles sink to the bottom and the
water surface is stable, then the density of water is set to 3 times
of particle density in order to float particles up. In this
simulation, the computational geometry dimensions are 0.05 m
× 0.05 m × 0.20 m with the gravitational acceleration g = 9.81
m/s2 in the z-direction. The geometry mesh size is 0.004 m.
The boundary conditions of all side walls are set to no slip and
the bottom of the tank whose top is open to the atmosphere.
The entire system includes an air portion (ρg = 1.0 kg/m3 and
μg = 10−5 Pa·s) and a water portion (ρ1 = 1000 kg/m3 in falling
simulation, ρ1 = 7500 kg/m3 in floating simulation, and μ1 =
10−3 Pa·s). Their boundary, namely the water free surface,
initially locates at z = 0.05 m. Totally 9600 particles aligned on
a 20 × 20 × 25 lattice, placed above the water level. The
diameter of particles (dp) is 2.0 mm and their distance is 2.01
mm. The particle density is set to ρp = 2500 kg/m3, their Shear
Modulus are 107 Pa, and Poisson’s Ratio is 0.25. As for
interaction parameters used by DEM, the coefficient of
restitution between particles is 0.2, the static friction coefficient
is 0.5 and the rolling friction coefficient is 0.01. The simulation
conditions are similar to those of the literature.11 Thus, the
correctness of the calculation results can be explained by
comparing with the literature results. The time step of DEM is

Figure 4. Velocity versus time for single particle falling from air into water at various water viscosities. (a) μwater = 0.00004 Pa·s, Re = 107; (b) μwater =
0.0002 Pa·s, Re = 11.34; (c) μwater = 0.0008 Pa·s, Re = 1.09; (d) μwater = 0.002 Pa·s, Re = 0.20.
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2 × 10−5 s and the time step of the continuum phase is 10−4 s.
The falling simulation runs up to t = 2.0 s after the particles all
get settled and the water free surface restores calm. Then, the
density of water is set to 3 times of particle density to simulate
the floating of buoyant particles, which runs up to t = 3.5 s.
In the following figures, the particles are marked by three

colors according to their initial height; the top portion is red,
the middle is green, and the bottom is blue, which makes it easy
to observe the topological change of particle swarm. A series of
snapshots of particles falling into water is shown in Figure 5.

Particles fall cross the surface of water under the action of
gravity at about t = 0.1 s, which approaches the time of a free
falling. Meanwhile, the bottom particles were first subjected to
water resistance and move laterally. The water was also
subjected to the action of particles, rising along the four
corners. When all the particles were submerged below the water
(t = 0.2 s), they began to sink, and the water surface became
sloshing freely. Because the bottom particles were first
subjected to water surface resistance, the part of the bottom
particles flipped into the higher area, especially at the four
corners. Then, the part of bottom particles was elevated by the
rising water surface and this part of bottom particles was at the
top when it is settling. Consequently, the red particles (initially
at the top) were covered by two separated layers of the blue
particles in the final settlements. This dynamic phenomenon is
consistent with Sun and Sakai.11 To further verify the accuracy
of the proposed model, the water surface that went down in the
case of particles floating out of water was simulated. A series of
snapshots of particles floating out of water is presented in
Figure 6. This was an amusing phenomenon that the floating
speed of particles in the center part and four corners was slower

and the shape of the particle swarm was formed as shown in
Figure 6 at different times (t = 2.4, 2.6, and 2.8 s). It can be
explained by the interaction between particles, and because the
center particles were initially at lower height (t = 2.0 s) the
center particles were then squeezed out, like a crowd of people
through the theater door. It leads to that particles near the
center, not containing particles in four corners, float faster
relatively, so the particles in four cornets are slower as shown in
Figure 6 at t = 2.4, 2.6, and 2.8 s.
The simulation of particles falling into water and particles

floating out of water can be used to check whether the DEM−
VOF model has a conservation of volume and high precision,
which must be satisfied for the numerical simulation of three
phase flow system. In Figure 7, it is obvious that the particles
falling into water has caused the distinct rise of the water
surface compared with the initial height 0.05 m, and the stable
water surface (t = 2.0 s) is near z = 0.06608 m, which can be
read from Z-axis scale. The rising of the water surface is
theoretically 0.01608 m (= × π9600 (0.002) /(0.05)

6
3 2). The

simulation results of the particle falling into water indicate that
the proposed model in this work has great calculation precision
in the volume replacement among three phases. For the floating
simulation, the height of stable water surface is about 0.05675

m (t = 3.5 s), and it accounts for about 41.97% (= −
−

0.05675 0.05
0.06608 0.05

)

of the total rise height. Similarly, particles below the water

surface (t = 3.5 s) account for about 41.99% (= 4031
9600

) of the

total particles as seen from t = 3.5 s in Figure 7. The accuracy,

Figure 5. Snapshots of sinking particles falling into water.

Figure 6. Snapshots of buoyant particles floating out of water.
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robustness, and stability of the model has been validated by the
particles falling and floating.

4. APPLICATION FOR STIRRED MIXING SYSTEM
Solid−liquid mixing are widely used in the operation of
production, transport, and homogenization of various industrial

processes. As we stated before, previous numerical studies14−21

about the mixing of stirred solid−liquid all neglected the
change of liquid free-surface, so it may be feasible for full
baffling stirred tanks in slow stirred speed, equipped with a top-
cover lid, or filled with high viscous liquid, wherein the top
boundary is taken as a plane below the real liquid surface with
little fluctuation, and its type is symmetry boundary.39

However, the liquid sloshing on free-surface always appears
in industrial agitated vessels, like in unbaffled vessels, vessels
with single partial baffle, or eccentrically stirred tank, and so on,
and this has an important impact on the flow and mixing
process.40−43 The numerical simulations of free-surface flow in
unbaffled agitator using the VOF model have been performed
by Ciofalo40 and Haque.41 Mahmud42 and Lamarque43 have
performed many numerical analyses to the free-surface flows in
magnetic stirrer by adopting VOF model. But they all did not

Figure 7. Height of water surface at t = 0, 2, and 3.5 s.

Figure 8. Geometry of four agitators: (a) flat-bottomed agitator, (b)
flat-bottomed agitator with four baffles, (c) elliptical-head agitator
without baffle, (d) elliptical-head agitator with four baffles.

Table 1. Sizes of the Agitators

symbol meaning geometric sizes

T diameter of tank 0.19 m
D diameter of impeller T/2
L height of tank 4T/3
H level height T
C off-bottom height T/3
E ellipsoidal head height T/6
W blade width and baffle width D/5

Table 2. Physical Parameter Values of the Fluids and
Particles

symbol meaning value

ρwater water density 1000 kg/m3
μwater water viscosity 0.001 Pa s
ρair air density 1 kg/m3
μair air viscosity 1e-5 Pa·s
ρp particles density 1200 kg/m3
dp particle diameter 2 mm
Np number of particles 50000
εp volume fraction of particles ≈ 3.9%
xs mass fraction of solid particles ≈ 4.65%

Table 3. Model Parameter Values in the Solid−Liquid
Mixing Simulations

symbol meaning value

Ywall Young’s modulus of wall material 7 × 1010 Pa
vwall Poisson ratio of wall material 0.3
Yp Young’s modulus of particle 1 × 106 Pa
vp particle Poisson ratio 0.25
er restitution coefficient 0.5
μs,ij static friction coefficient 0.5
μr,ij rolling friction coefficient 0.01
ΔtDEM DEM time step 5 × 10−6

ΔtCFD CFD time step 1 × 10−4

ΔtC coupling time-step 1 × 10−4
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take into account the effect of suspended particles, even though
such vessels are usually used for the operation of suspension,
mass transfer, crystallization precipitation, and so on. In this
section, the focus is on the application of our proposed DEM−
VOF model in free-surface flows with particles in solid−liquid
stirred mixing vessels.
In this paper, the free-surface flow with particles in stirred

mixing system is computed in four different agitators as
illustrated by Figure 8; respectively, they are flat-bottomed
agitator without baffles, flat-bottomed agitator with four baffles,
elliptical-head agitator without baffles, and elliptical-head
agitator with four baffles.
These four geometries have the same diameter T equal to

0.19 m and the same length L equal to 4T/3. The stirred
direction is anticlockwise with the down-pumping pitched blade
turbine, whose diameter D is equal to T/2. The distance
between the impeller center and the vessel bottom is C, which
is equal to T/3. Even in the elliptical-head agitator, the distance
from the center of the impeller to the apex of the ellipsoidal-
head is T/3. The height of the ellipsoidal head is E = T/6 for

the two elliptical-head agitators. The liquid height is equal to
the vessel diameter (H = T). The width of the four baffles is T/
10 and the blade width is also T/10 (D/5), and their thickness
are 0.002 m. All the geometric sizes of the agitators are
presented in Table 1.
Table 2 lists the physical parameter values of the fluids and

particles studied in this paper. These four geometries have the
same mesh scheme, which is that the whole fluid is divided into
two zones, respectively their hexahedral mesh size is 6 mm and
4 mm (2−3 times the particle diameter). The parameter values
used in the DEM−VOF model are shown in Table 3. In this
paper, the effects of the geometric configuration of the stirred
tank (the existence of baffles and the shape of bottom) on the
particle suspension distribution is studied. As stated above, the
four agitators are chosen to perform the simulations under the
operating stirred speed (Np = 400 RPM) with Reynolds
number, Re (= ρNL2/μ) of 60196.75. All the simulations were
separately carried out on the four computers at the same time,
each of which is composed of 8 physical cores, Inter Core(TM)
i7-7700K processor with a frequency of 4.2 GHz and 16 Go of

Figure 9. Snapshots of gas−liquid−solid flows in flat-bottomed agitator without baffle.
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memory, so it can save more time even though each simulation
took 20 days.
Figure 9 is the simulation results of the free-surface flows

with particles during the startup of the flat-bottomed agitator
without baffle. It is obvious that at the beginning (t = 0.3 s) the
particles were inhaled at the bottom of the rotating impeller,
which is consistent with the calculated results in the literature.19

Because of the oblique upward agitation of impeller, it leads the
oblique upward flow of the surrounding fluid, and the fluid
below the impeller is filled accordingly, which flows to the
center of the impeller and carries the motion of the particles.
The particles moving toward the impeller are then thrown out
by the rotation of the impeller (t = 0.6 and 0.9 s). Besides,
when the fluid stirred by the impeller is thrown to the wall, it is
converted into the vertical two upper and lower velocities. At

the same time, the particles thrown to the wall move upward
and downward respectively under the action of fluid (t = 1.2
and 2.1 s). Because of the gradual agitation, the swirl motion of
the fluid is dominant and the vortex begins to appear (t = 3.0
s). Thus, the dominant motion of the particles is swirling
motion (t = 3.9 s), and it leads to the central blank area at
bottom (t = 4.8 s). Meanwhile, the vortex depth is increasing
with the time evolution (t = 3.9 and 4.8 s), and then is almost
unchanged in the steady state (t = 5.6 s). Figure 10 shows the
calculated flow patterns on a vertical plane of four agitators at
quasi steady state (t = 20 s). It is worth recalling that there is no
upward flow in the bottom of the impeller at Figure 10a, but
conversely it exists in the other agitators (Figure 10b−d).
Figure 10a shows that there are upward and downward fluid
movements at the impeller height, and it leads to the
phenomenon of particles up and down stratification. This can
be analyzed from Figure 11, showing the motion trajectory of
two typical particles (top and bottom regions) in a flat-
bottomed agitator without baffle. The baffle can effectively
eliminate the swirling flow and transform into vertical flow, so
the upward flow in the bottom of impeller is obvious in Figure
10b. Similarly, the upward flow in the bottom of impeller is also
obvious in Figure 10c,d because of the elliptical head can
concentrate the flow into the bottom center of the container.
Figure 12 is the simulation results of the free-surface flows

with particles during the startup of the elliptical-head agitator
with baffle. It is obvious that at the beginning (t = 0.2 s) the
particles were inhaled at the bottom of the rotating impeller,
which is stronger than the calculated results in the flat-
bottomed agitator without baffle (t = 0.4 s). It can be seen
clearly that the fluid changes into the upward flow after it
encounters the baffle, and the particles move upward along the
baffle under the fluid action (t = 0.6 and 0.8 s). Although the
baffles can prevent vortex formation, the shape of liquid surface
is affected by the motion of particles (t = 2.0 and 3.0 s).
Figure 13 is the simulation result of water surface and particle

dispersion on quasi-steady state (t = 20.0 s) in four types
agitators. It is found that Figure 13a has the deepest vortex,
followed by Figure 13c, and the water surface in Figure 13b has
only a depression in the central region. Obviously, the water
surface fluctuation in Figure 13d is the smallest. This leads to a
conclusion that the elliptical head weakens the swirling flow to
some extent. Besides, it is found that there are dead zones that
particles deposit behind the baffle in Figure 13b. In order to
better observe the dispersion of particles, the half of
visualization in four agitators was Figure 14. In Figure 14b,d,
some particles unceasingly move upward to form a conical (or
umbrella) area. There is the central blank area at bottom in
Figure 14a,c, but there are particles are moving upward near the
central blank area in Figure 14c.
In order to further quantify the dispersion of particles in four

different solid−liquid stirrers, the relative standard deviation
(RSD) of the number of particles in the sample volume is
defined in this paper, which is derived from Jovanovic ́44 and
defined as

σ σ= =
∑ −

−
=

N

N N

M
RSD ,

( )

1
.i

M
i

av

1 av
2

(19)

where M is the sample numbers, Ni is the particle numbers in
sample volume i, and Nav is the average particle numbers of all
volumes. It is obvious that the smaller the RSD value indicates
the better the dispersion of the particles. In this work, 27 (M =

Figure 10. Simulated flow patterns in four agitators: (a) flat-bottomed
agitator, (b) flat-bottomed agitator with four baffles, (c) elliptical-head
agitator without baffle, and (d) elliptical-head agitator with four baffles.

Figure 11. Motion trajectories of two typical particles in flat-bottomed
agitator without baffle.
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27) equal volume regions are adopted and the RSD with time
evolution on four agitators is plotted in Figure 15. As shown,
the RSD in four agitators are all decreasing during the start-up.
But the RSD in flat-bottomed agitator without baffle encounter
an increase due to the phenomenon of particles up and down
stratification mentioned above. Then the all RSD fluctuates in a

small range except the flat-bottomed agitator with baffles, that
is, because there are amounts of resident particles in dead zones
and the morphology of suspended particles is sometimes
sparse, sometimes dense. They can be seen from the offered
videos in the Supporting Information. The time evolution of
four agitators imply that the elliptical-head agitator with baffle
has the best dispersion performance of particles, which agrees
well to the related content of the book Handbook of Industrial
Mixing.13

5. CONCLUSIONS

In this study, we extend the DEM−VOF model to simulate the
turbulent flow by means of Reynolds turbulence model,
especially for modeling free-surface flows with particles in
solid−liquid mixing. The VOF method and the DEM method
are used to calculate the fluid free-surface and the particles
motion, respectively. Besides, a novel virtual dual-grid porosity
model is employed to describe interphase volume replacements
between fluids and particles, which can overtake the calculation
instabilities when mesh size Δx < 3dp. Then, the proposed
model is validated by using two kinds of tests: single particle
sedimentation and the interaction between water surface and
particle swarm, which includes the falling of sinking particles
and the floating of buoyant particles. The simulation results of
particle sedimentation tests indicate that the particle−fluids
interaction force can be correctly calculated and coupled by the
proposed DEM−VOF model. The accuracy in volume
conservation between three-phases has been validated and
produced by the simulation of falling of sinking particles and
floating of the buoyant particles. The complex deformation of
water surface and the motion of particles are also consistent to
literatures. Then, the performance of particle dispersion in four
different configuration agitators has been simulated by our
proposed model, and it is first reported that the DEM−VOF
model is involved to the free-surface flows with particles in

Figure 12. Snapshots of gas−liquid−solid flows in elliptical-head agitator with baffle.

Figure 13. Water surface and particle dispersion on quasi-steady state
(t = 20.0 s), (a) flat-bottomed agitator, (b) flat-bottomed agitator with
four baffles, (c) elliptical-head agitator without baffle, and (d)
elliptical-head agitator with four baffles.
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solid−liquid stirred tank. In order to facilitate readers to
understand the flow visually, the videos of each dynamic
simulation have been attached in the Supporting Information.
In the future work, the DEM−VOF model will be further used
to understand and analyze more complex free-surface flows
with particles, especially for the mixing of floating particles,
whose research is mainly based on experimental measurements
and numerical simulation of fluid mechanics is relatively scarce.
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