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Abstract

SARSA, a classical on-policy control algorithm
for reinforcement learning, is known to chatter
when combined with linear function approxima-
tion: SARSA does not diverge but oscillates in a
bounded region. However, little is known about
how fast SARSA converges to that region and
how large the region is. In this paper, we make
progress towards this open problem by showing
the convergence rate of projected SARSA to a
bounded region. Importantly, the region is much
smaller than the region that we project into, pro-
vided that the magnitude of the reward is not too
large. Existing works regarding the convergence
of linear SARSA to a fixed point all require the
Lipschitz constant of SARSA’s policy improve-
ment operator to be sufficiently small; our anal-
ysis instead applies to arbitrary Lipschitz con-
stants and thus characterizes the behavior of linear
SARSA for a new regime.

1. Introduction

SARSA is a classical on-policy control algorithm for rein-
forcement learning (RL, Sutton & Barto (2018)) dating back
to Rummery & Niranjan (1994). The key idea of SARSA
is to update the estimate for action values with data gener-
ated by following an exploratory and greedy policy (e.g., an
e-greedy policy) derived from the estimate itself. In this pa-
per, we refer to the operator used for deriving such a policy
from the action value estimate as the policy improvement
operator.

The study of SARSA begins in the tabular setting, where
the action value estimates are stored in the form of a look-
up table. For example, Singh et al. (2000) confirm the
asymptotic convergence of SARSA to the optimal policy
provided that the policies from the policy improvement
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operator satisfy the “greedy in the limit with infinite ex-
ploration” condition. Tabular methods, however, are not
preferred when the state space is large and generalization is
required across states. One possible solution is linear func-
tion approximation, which approximates the action values
via the inner product of state-action features and a learnable
weight vector. The behavior of SARSA with linear function
approximation (linear SARSA) is, however, less understood.

Gordon (1996) and Bertsekas & Tsitsiklis (1996) empiri-
cally observe that linear SARSA can chatter: the weight
vector does not go to infinity (i.e., it does not diverge) but
oscillates in a bounded region. Importantly, this chatter-
ing behavior remains even if a decaying learning rate is
used. Gordon (2001) further proves that trajectory-based
linear SARSA with an e-greedy policy improvement opera-
tor converges to a bounded region asymptotically. Unlike
standard linear SARSA, where the policy improvement oper-
ator is invoked every step to generate a new policy for action
selection in the next step, trajectory-based linear SARSA
generates a policy at the beginning of each episode and
the policy remains fixed during the episode. Intuitively,
within an episode, trajectory-based linear SARSA is just
linear Temporal Difference (TD, Sutton (1988)) learning
for evaluating action values. It, therefore, converges to an
approximation of the action value function of the policy
generated at the beginning of the episode (Tsitsiklis & Roy,
1996). Since the number of all possible e-greedy policies
is finite in a finite Markov Decision Process with a fixed
€, trajectory-based linear SARSA oscillates among the (ap-
proximate) action value functions of those e-greedy policies,
which form a bounded region. Later, Perkins & Precup
(2002) prove the asymptotic convergence of fitted linear
SARSA (a.k.a. model-free approximate policy iteration) to
a fixed point. Similar to trajectory-based SARSA, fitted
SARSA alternates between thorough TD learning for policy
evaluation under a fixed policy and the application of the
policy improvement operator. In other words, it involves bi-
level optimization. Then assuming the Lipschitz constant of
the policy improvement operator is sufficiently small such
that the composition of the policy improvement operator
and some other function becomes contractive, convergence
of fitted SARSA is obtained thanks to Banach’s fixed point
theorem. Despite this progress, the asymptotic behavior of
standard linear SARSA, which invokes the policy improve-
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Gordon Perkins & Precup | Meloetal. | Zouet al. Ours
convergence | to aregion to a point toapoint | toapoint | toaregion
per-step
policy X X 4 v v
improvement
any
Lipschitz v v X X v
constant
convergence
rate X X X 4 v

Table 1. Comparison with existing works. v indicates that the corresponding property is not explicitly documented in the original work.
“Per-step policy improvement” means that the policy improvement operator is applied every time step.

ment operator every time step, still remains unclear, as does
a potential convergence rate. Understanding the behavior of
linear SARSA is one of the four open theoretical questions
in RL raised by Sutton (1999).

Several efforts have been made to analyze linear SARSA.
Melo et al. (2008) prove the asymptotic convergence of
linear SARSA. Zou et al. (2019) further provide a conver-
gence rate of a projected linear SARSA, which uses an ad-
ditional projection operator in the canonical linear SARSA
update. Unlike Gordon (2001), the convergence in Melo
et al. (2008); Zou et al. (2019) is to a fixed point instead of
a bounded region. Although convergence to a fixed point
is preferred, Melo et al. (2008); Zou et al. (2019) require
that SARSA’s policy improvement operator is Lipschitz con-
tinuous and the Lipschitz constant is sufficiently small. It
remains an open problem how linear SARSA behaves when
the Lipschitz constant is large.

This problem is of interest because to our knowledge, most
meaningful empirical results using SARSA for control con-
sider an e-greedy policy or a softmax policy. The former
behaves similarly to a Lipschitz continuous policy improve-
ment operator with a very large Lipschitz constant. The
latter is usually tuned such that its Lipschitz constant is
reasonably large. We refer the reader to Section 2 for more
discussion about those two classes of policy improvement
operators and now name a few notable empirical results. In
the tabular setting, Sutton & Barto (2018) use an e-greedy
policy with € = 0.1 in the Windy GridWorld. With linear
function approximation, Rummery & Niranjan (1994) use
a softmax policy in a robot control problem with the tem-
perature decaying from 0.05 to 0.01 such that the softmax
policy has a reasonably large Lipschitz constant. Liang et al.
(2015) use an e-greedy policy with ¢ = 0.01 to play all
Atari games (Bellemare et al., 2013). In deep RL, Mnih
et al. (2016) use e-greedy policies with decaying e in their
asynchronous methods for playing Atari games. Besides the
aforementioned interest from the empirical side, this prob-
lem has also been recognized as an important theoretical
open problem in Perkins & Precup (2002); Zou et al. (2019).

In this paper, we make contributions to this open problem. In

particular, we study the projected linear SARSA (Zou et al.,
2019) and show that it converges to a bounded region regard-
less of the magnitude of the Lipschitz constant of the policy
improvement operator. Importantly, the bounded region is
much smaller than the region we project into provided that
the magnitude of rewards is not too large. The differences
between our work and existing works are summarized in
Table 1.

2. Background

In this paper, all vectors are column. We use (x,y) = x "y
to denote the standard inner product in Euclidean spaces.
For a positive definite matrix D, we use ||z||, = Va T Dz
to denote the vector norm induced by D. We overload
[I]l p to also denote the induced matrix norm. We write ||-||
as shorthand for ||-||,;, where I is the identity matrix, i.e.,
||I|| denotes the standard ¢5 norm. When it does not cause
confusion, we use vectors and functions interchangeably.
For example, if f is a function S — R, we also use f to
denote the vector in R!S! whose s-indexed element is f(s).

We consider an infinite horizon Markov Decision Process
(MDP, Puterman (2014)) with a finite state space S, a finite
action space A, a transition kernel p : § x § x A — [0, 1],
areward function 7 : § X A = [~Tmaz, "'maz), @ discount
factor -, and an initial distribution py : § — [0, 1]. At time
step ¢ = 0, an initial state Sy is sampled from pg(-). At time
step ¢, an agent at a state S; takes an action A; ~ 7(:|.S;)
according to a policy 7 : A x & — [0,1]. The agent
then receives a reward R;1 = r(S;, A;) and proceeds to a
successor state Sy1 ~ p(-|St, At). The return at time step
t is defined as Gy = Y .= 7 Ri+i+1, which allows us to
define the action value function as

Qﬂ'(sﬂa) = E[Gt|sf = SvAt = CL,TF,p] .

The action value function ¢, is closely related to the Bell-
man operator 7, which is defined as 7,q¢ = r + vPxq,
where P, € RIS*XAIXISXAl g the state-action pair transi-
tion matrix, i.e., Py ((s,a),(s';a’)) = p(d|s,a)m(a'|s).
In particular, ¢, is the only vector ¢ € RIS*Al satisfying
q = Txq. The goal of control is to find an optimal policy 7,
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such that Vr, s, a, ¢, (s,a) > qr(s,a). All optimal poli-
cies share the same action value function, which is referred
to as g.. One classical approach for finding g, is SARSA,
which updates an estimate ¢ € RS>l iteratively as

At+1 ~ 7Tq('|St+1)u (D
0t < Rip1 +vq(Se41, Arg1) — q(Se, Ar)
q(S, Ar) < q(Se, Ar) + aydy,

where {a;} is a sequence of learning rates and 7, denotes
that the policy 7 is parameterized by the action value esti-
mate g. A commonly used 7, is an e-greedy policy, i.e.,

==, a a ,b
mq(als) = {A| a # argmaxpe 4 q(s, )

@)
1—6+ﬁ7

otherwise

where € € [0, 1] is a hyperparameter. Another common
example is an e-softmax policy, i.e.,

ma(als) = g + (1 O 2RSS )
where ¢ € (0,00) is the temperature of the softmax func-
tion. This 7, is exactly the policy improvement operator
discussed in Section 1: it maps an action value estimate ¢
to a new policy; it is “improvement” in that it usually has
greedification over the action value estimate to some extent.
The e-softmax policy 7, in (3) is Lipschitz continuous in
q with the Lipschitz constant being % When the tem-
perature ¢ approaches 0, the e-softmax policy approaches
the e-greedy policy. Therefore, despite the e-greedy pol-
icy is not even continuous, it is the limit of a sequence of
Lipschitz continuous policies with the Lipschitz constants
approaching infinity. We, therefore, argue that an e-greedy
policy would empiricially behave similarly to a Lipschitz
continuous policy with a very large Lipschitz constant.

So far we have considered only time-homogeneous policies.
One can also consider time-inhomogeneous policies, e.g.,
a policy 7, ¢(als) that depends on both the action value
estimate ¢ and the time step ¢. Singh et al. (2000) show that
if the time-inhomogeneous policies 7, ; satisfy the “greedy
in the limit with infinite exploration” (GLIE) condition then
the iterates generated by (1) converge to g, almost surely.

It is, however, not always practical to use a look-up table for
storing our action value estimates, especially when the state
space is large or generalization is required across states. One
natural solution is linear function approximation, where the
action value estimate ¢(s, a) is parameterized as x(s, a) " w.
Here z : S x A — R is the feature function which maps
a state-action pair to a K -dimensional vector and w € R¥
is the learnable weight vector. We use X € RIS*XAIXK
to denote the feature matrix, whose (s, a)-indexed row is
x(s,a)". We use as shorthand

Tw = TXw, Lt = $(St,At)7 Tmaz = maxs,a ||x(s,a)||

Algorithm 1 SARSA with linear function approximation

Initialize wy such that ||wp|] < Cr

So ~ po(+); Ao ~ T, (+|S0)

t+ 0

while true do
Execute Ay, get Ri11,S¢41
Sample A; 1 ~ Ty, (+|Se41)
Oy Rt+1 + 'Yz;/r_t,_lwt - x:wt
wiy1 < I (wp + apdpzy)
t—t+1

end while

SARSA (Algorithm 1) is a commonly used algorithm for
learning w. In Algorithm 1, I' : RX — R¥ is a projection
operator onto a ball of radius CT,, i.e.,

. w, HU}” S CFu
INw) = : 4

For now we consider the setting where Ct = oo, i.e., I’
is an identity mapping. If the iterates {w;} generated by
SARSA converged to some vector w,, the expected update
at w, would have to diminish, i.e.,
T T
Es, a;~d,. [(Rt+1 + YT we — Ty w*) xt] =0,(5)
where for a policy 7, we use d, € RIS*Al to denote the
stationary state action pair distribution of the chainin & x A
induced by 7 (assuming it exists). We can equivalently
write (5) in a matrix form as

XTDTrw* (T + 'YPmu* Xw, — Xw,) =0, (6)

where for a policy 7, we use D, € RIS*AXISXAl o denote
a diagonal matrix whose diagonal entry is d,. By defining

Aﬂ,iXTDﬂ.(’}/Pﬂ,—I))Q b.,riXTDﬂT, (7)

(6) becomes A;, w, + by, = 0. Itis known (see, e.g.,
Tsitsiklis & Roy (1996)) that A is negative definite un-
der mild conditions. We define a projection operator 1Ip_
mapping a vector in RIS*4! to the column space of X as

. . ~ 2
lp, q = argmingecoyx) 1§ — allp, »

where col(X) denotes the column space of X. It can be
computed that Ty, = X (XTD,X) " XD, and it is
known (see, e.g., De Farias & Van Roy (2000)) that (6) holds
if and only if Ilp, 7, Xw. = Xw,. In other words,
Xw, is a fixed point of the operator H(q) = Ilp, Tr,q.
The operator H is referred to as the approximate policy
iteration operator and SARSA is an incremental, stochastic
method to find a fixed point of approximate policy iteration.
Unfortunately, when 7, (a|s) is not continuous in ¢ (e.g., 74
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is an e-greedy policy, c.f. (2)), H does not necessarily have a
fixed point (De Farias & Van Roy, 2000). Conversely, when
mq(als) is continuous in ¢, De Farias & Van Roy (2000)
show that H has at least one fixed point.

Perkins & Precup (2002) assume 7, is Lipschitz contin-
uous in ¢ and study a form of fitted SARSA, which is a
model-free variant of approximate policy iteration. At the
k-th iteration, Perkins & Precup (2002) first invoke TD for
learning the action value function of 7, which converges
tow, = A kl b, after infinitely many steps. Then the pol-
icy for the (k + 1)-th iteration is obtained via invoking the
policy improvement operator, i.e., Ty4+1 = Ty, . Perkins &
Precup (2002) show that

SO(Ly) |7 =7"ll, (8

HT‘-A;lb% A b

where the policies 7 and 7’ should be interpreted as vectors
in RIS*Al whose (s, a)-indexed element is 7(a|s) when
computing |7 — 7’|| and L, denotes the Lipschitz constant
of the policy improvement operator m,, i.e., Vs, a,

[Ty (als) = T, (a]s)] < Lix[lwi — ws.

Consequently, if L is sufficiently small, the function =z —
TA=1p, > which maps 7 to 741, becomes a contraction.
Banach’s fixed point theorem then confirms the convergence
of fitted SARSA. From the definition of A and b, in (7), it
is easy to see that (8) can also be expressed as

7azton = 7acpo, | < O Eallrl) 17 = =)
because r is a multiplier in the definition of b,.. Hence, for
any L., if the magnitude of the reward ||7|| is small enough,
the function © — 7 4-1, is contractive and fitted SARSA
remains convergent. Nevertheless, Perkins & Precup (2002)
share the same spirit as Gordon (2001) by holding the policy
fixed for sufficiently (possibly infinitely) many steps to wait
for the policy evaluation to complete.

When it comes to standard linear SARSA that updates the
policy every time step, Melo et al. (2008) consider, for a
fixed point w,

||b7"zu _bﬂ'w* ||
l[w—w.||

C’w* = SUP,, HAﬂ'w - A’ﬂ'w* H + SUPy£w,
They show that C\,, = O (L, ) and if L, is small enough
such that

Ap. +Cy 1 9

is negative definite, SARSA converge to w,.. The con-
vergence of SARSA in Perkins & Precup (2002); Melo
et al. (2008) does not require the projection operator (i.e.,
Cr = o) but is only asymptotic, Zou et al. (2019) further

provide a convergence rate of SARSA using some Ct < o0,
assuming L, is small enough such that

A + O (L (Trmaz + 2TmazCr)) I (10)

T

is negative definite. It is easy to see that if L, is not small
enough, neither (9) nor (10) can be guaranteed to be neg-
ative definite no matter how small ||| is. This is because
the sup,, HAM —Ax,. H term in C,, and the 22,,q,Cr
term in (10) are independent of r. In other words, unlike
Perkins & Precup (2002), where the requirement for a suf-
ficiently small L, is not necessary when the magnitude of
the reward is enough, a sufficiently small L is an essential
requirement for the analysis of Melo et al. (2008); Zou et al.
(2019). We, however, note that requring a finite Cr and a
sufficiently small L. can be restrictive. To see this, consider
the e-softmax policy in (3). On the one hand, for this param-
eterization, we have L, = 126. For L, to be sufficiently
small, we have to ensure the temperature ¢ to be sufficiently
large. On the other hand, a finte Ct ensures that the action
value estimate ¢(s, a) inside exp(-) is bounded. Combining
the two facts together, it is easy to see that the e-softmax
policy cannot be much different from a uniformly random
policy. Or more formally speaking, the probability of any
action is at most

£ 1—e¢
Al 1+ (JA] —1)exp (—M)

L

When ¢ is too large, the above probability approaches ﬁ,
making it hard to ensure sufficient exploitation. The behav-
ior of SARSA with a large L., however, remains an open
problem.

3. Stochastic Approximation with Rapidly
Changing Markov Chains

To prepare us for the analysis of SARSA, we show, in
this section, a convergence rate (to a bounded region) of a
generic stochastic approximation algorithm. More precisely,
we consider the following iterative updates:

w1 = I (wy + oy (Fy, (we, Y3) —wy)) (11)

Here {w; € R¥ } are the iterates generated by the stochastic
approximation algorithm, {Y;} is a sequence of random vari-
ables evolving in a finite space )/, {9,5 € RL} is a sequence
of random variables controlling the transition of {Y;}, Fy
is a function from R¥ x ) to R® parameterized by 6, and
T is the projection operator defined in (4). Importantly, we
consider the setting where

Vt, 9,5 = W¢.

In other words, there is only a single iterate in our setting.
To ease presentation, we use {w; } and {6;} to denote the
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same quantity. This emphasizes their different roles as the
iterates of interest and as the controller of the transition
kernel.

Our analysis is a natural extension of Chen et al. (2021) and
Zhang et al. (2022) but has significant differences to theirs.
Chen et al. (2021) consider a time-homogeneous Markov
chain (i.e., Vt,0; = 0p). Consequently, their results are
naturally applicable to policy evaluation problems. Zhang
et al. (2022) consider a time-inhomogeneous Markov chain,
where the iterates {w;} are different from the sequence
{6;}. More importantly, Zhang et al. (2022) assume that
{0,} changes sufficiently slowly, i.e., there exists another
sequence {f;} such that

0i41 — 0| = O (Be), Jim — =0.

Qg

This is the classical two-timescale setting (see, e.g., Borkar
(2009)) and their analysis naturally applies to actor-critic
algorithms (Konda & Tsitsiklis, 1999) with {w;} and {6;}
interpreted as critic and actor respectively. We instead con-
sider the setting where V¢,0; = w;. In other words, the
time-inhomogeneous Markov chain we consider changes
rapidly, which is the main challenge of our analysis. As a
consequence, we introduce the projection operator I, not re-
quired in Chen et al. (2021); Zhang et al. (2022). The price
is that we only show convergence to a bounded region while
Chen et al. (2021); Zhang et al. (2022) show convergence
to points. Convergence to a bounded region is, however,
sufficient for our purpose of understanding the behavior of
SARSA since it matches what practitioners have observed.
Furthermore, we believe our analysis might be applicable
to other RL algorithms and might also have independent
interest beyond RL. We now state our assumptions.

Assumption 3.1. (Time-inhomogeneous Markov chain)
There exists a family of parameterized transition matrices
Ap = {Py € RYI*MIjg € RE} such that

Pr(yvt-i-l = y) = P91,+1 (Yta y)
Assumption 3.2. (Uniform ergodicity) Let A p be the clo-
sure of Ap. For any P € Ap, the chain induced by P is

ergodic. We use dy to denote the invariant distribution of
the chain induced by Pp.

Those two assumptions are identical to those of Zhang et al.
(2022). Assumption 3.1 states that the random process {Y; }
is a time-inhomogeneous Markov chain. Assumption 3.2
states the ergodicity of the Markov chains. Assumption 3.2
is also used in the analysis of RL algorithms in both on-
policy (Marbach & Tsitsiklis, 2001) and off-policy (Zhang
et al., 2022; 2021) settings. We later show how SARSA(\)
can trivially fulfill Assumption 3.2. The uniform ergodicity
in Assumption 3.2 immediately implies uniform mixing.

Lemma 3.3. (Lemma I of Zhang et al. (2022)) Let Assump-
tion 3.2 hold. Then, there exist constants Cy; > 0 and
€ (0, 1), independent of 0, such that for any n > 0,

supy g >, | P (v, y') — do(y')| < Crur™.

As noted in Zhang et al. (2022), the uniform mixing property
in Lemma 3.3 is usually a direct technical assumption in
previous works (e.g., Zou et al. (2019); Wu et al. (2020)).

Assumption 3.4. (Uniform pseudo-contraction) Let

=S a

yey
f§(w) =w+ a (Fpw) —w) .

VFo(w,y),

Then,

(i) For any 6, Fj has a unique fixed point, i.e., there exists
a unique wy such that

Fy(wy) = wp.

(i) There exists a constant & > 0 such that for all o €
(0, @), fg is a uniform pseudo-contraction, i.e., there
exists a constant x,, € (0,1) (depending on «), such
that for all 6, w,

116" (w) — wyl| < Kallw —wgll.
Assumption 3.4 is another difference from Chen et al.
(2021); Zhang et al. (2022). Namely, Chen et al. (2021);
Zhang et al. (2022) require Fy to be a contraction while
we only require fg* to be a pseudo-contraction. It is easy
to see that the contraction of Fy immediately implies the
pseudo-contraction of fg* but not in the opposite direction.
In other words, our assumption is weaker.

Assumption 3.5. (Continuity and boundedness) There exist

constants Lp, L'z, LY, Up, U, Uf, Ly, Uy, Lp such that

for any w,w’,y,y’, 0,6,
(0. [|[Fo(w,y) — Fy(w
(iD). [|Fo(w,y) — For(w,

( Lyl < Lellw — o'l
(w

(iii). [[Fy(0,y)|| < Up
(

Yl < Lpllf— 0| ([[w]] + Ugk)
(V). ||Fy(w) — For(w)|| < LEN6 — 0'||(J|w]| + UE)
). NJwg —wg || < Lyp|0 — 0"
(vi). supg |lwill < Uy

(vii). |Py(y,y’) — Por(y,y')| < Lpll6 —¢'||

Assumption 3.5 states some regularity conditions for the
functions we consider and is identical to that of Zhang et al.
(2022).
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Assumption 3.6. (Projection)

(1) ||w0|| S CF7U1U S CF~
(ii). For any 0, w,y, we have

Py = PF(9)7 F9(way> = FF(O)(way)v

Assumption 3.6 requires that some of the functions we con-
sider are invariant to the projection operator. We will later
show that SARSA() trivially satisfies this assumption.

Assumption 3.7. The learning rates {c; } have the form

- Co
At = TGottyea>

where ¢, > 0, €, € (0,1],%9 > 0 are constants to be tuned.

Assumption 3.7 is just one of many possible forms of learn-
ing rates; we use this particular one to ease presentation.
Importantly, the learning rates {«; } here do not verify the
Robbins-Monro’s condition (Robbins & Monro, 1951) when
€o < 0.5, neither do the learning rates in Wu et al. (2020);
Chen et al. (2021).

We now present our analysis. Given the sequences {6;} (i.e.,
{w;}) and {Y;} in (11), we define an auxiliary sequence

{us} as
urpr =)+ (Fy, (T'(wr), Y1) = T'(ug)).

Lemma 3.8. Let Assumption 3.6 hold. Then for any t,
wy = F(Ut)

12)

Proof. 1t follows immediately from induction. O

Intuitively, {u;} is simply the pre-projection version of
{w;}. We are interested in {u; } because it has the following
nice property.

Theorem 3.9. Let Assumptions 3.1 - 3.7 hold. If tq is
sufficiently large, then the iterates {u;} generated by (12)

satisfy
2}

d|

<(1-2(1=ka, —O(cf log? )))E {Hl"(ut) — wp,

*
Ut+1 — Wy,

i
+ 2Ly Loy E [|| T (ug) — wp,
where Ly = Up + (Ly + 1)Cr.

|+0 (a? log® o),

See Section A.1 for the proof of Theorem 3.9, where the
constants hidden by O (-) and how large ¢, is are also ex-
plicitly documented. Theorem 3.9 gives a recursive form of
some error terms. We, however, cannot go further unless we
have the domain knowledge of x,,.

Corollary 3.10. Let Assumptions 3.1 - 3.7 hold. Assume
ko = /1 — na for some positive constant n > 0. If tg is
sufficiently large, then the iterates {w;} generated by (11)
satisfy

7202 L2
E {Hwt — Wy, ﬂ = ,715 ’
(@] (t_% log? t) , €q =1,mc, €(0,3)
O (lee’t , € = 1,mce, =3
+ .
@ @ ) €a = 1,1mCo € (Sa OO)
O (loelt) €a €(0,1)

See Section A.2 for the proof of Corollary 3.10, as well as
the constants hidden by O (-) and how large ¢ is. Due to
the projection operator, we have the bound

*
E {Hwt — Wy,

*] < 4c2.
So Corollary 3.10 is informative only if
272
mLLLE < e,

This is where we need more domain knowledge and the
analysis in the next section provides an example.

4. SARSA with Linear Function
Approximation

We first analyze SARSA and expected SARSA with the
following assumptions.

Assumption 4.1. (Lipschitz continuity) There exists L, >
0 such that Yw, w’, a, s,

I (als) = mur (als)]| < Lellw — w'.

Assumption 4.2. (Uniform ergodicity) Let /:Xﬂ be the clo-
sure of {mu | w e R'Sx"”}. For any m € A, the chain
induced by 7 is ergodic and 7w (als) > 0.

Assumption 4.3. (Linear independence) The feature matrix
X has full column rank.

Assumption 4.1 is also used in Perkins & Precup (2002);
Melo et al. (2008); Zou et al. (2019). As noted by Zhang
et al. (2022), Assumption 4.2 is easy to fulfill especially
when the chain induced by a uniformly random policy is
ergodic, which we believe is a fairly weak assumption. An
example policy satisfying those two assumptions is the e-
softmax policy in (3) with any € € (0, 1], provided that
the chain induced by a uniformly random policy is ergodic.
Assumption 4.3 is standard in the literature regarding RL
with linear function approximation (see, e.g., Tsitsiklis &
Roy (1996)).
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As discussed in (7), if SARSA, as well as expected SARSA,
converged to some vector w, that vector would verify

1
Wy = AL br, .

Tw

This inspires us to define the error function
e(w)

2
=~ (X Daiy (4 Prvy = 1) X)X D1

T (w)

to study the behavior of SARSA. Here we have included the
projection operator I in the definition of e(w) because we
use a finite Cr in Algorithm 1.

Theorem 4.4. Let Assumptions 3.7 and 4.1 - 4.3 hold. As-
sume | X || = 1 and 71,44 is not so large such that

Ly = O(Lyrmaz) < 1.
Assume Cr is large enough such that
Uw =0 (Tmaz) S CF~

Let to be sufficiently large. Then the iterates {w; } generated
by Algorithm 1 satisfy

6v/2L,, (1 + 4Cr)

E[lwe — w.l] =

77(1 *Lw)
O (t"* logt), €a=1,1ncq € (0,3)
Otz 1og% t) , €a=1,mcn =3
+ N )
Ot 2 1ogt> , €a = 1,1mCq € (3,00)
O (t~% logt) , €(0,1)

where 1 is a positive constant and w, is the unique vector
such that e(w,) = 0.

We prove Theorem 4.4 mainly by invoking Corollary 3.10.
See Section B.1 for more details. The exact expressions of
L, U,,n are detailed in (23), (24), (22) in the proof, all of
which are independent of Cr.

Significance of Theorem 4.4. Theorem 4.4 ensures that
the iterates {w; } converge, in expectation, to a ball of size

- 6v2L,(14+4Cr)
Re= =010 o

centered at w,. Due to the use of projection, one can also
trivially claim that the iterates always stay in a ball of size
2CT, centered at w,. Thus Theorem 4.4 is informative only
if

R, _ 24V2L,

2Cr 77(1—Lw)

1+4Cr
4Cr <l

The term 1+éCF monotonically decreases when the size of
the ball for projection increases and eventually converges

to 1. So this ratio is essentially determined by the first term

s?f?LL) , which can be arbitrarily small as long as L,, is

small. In other words, suppose L, is small enough, no mat-
ter how large the ball used for projection is (practitioners
usually use a very large ball for projection), the iterates gen-
erated by linear SARSA asymptotically only visit a small
portion of the ball. The exact portion is determined by the
relative magnitude of L., and other properties of the prob-
lem and can be arbitrarily small when L,, is small enough.
Here we want to compare with ()-learning (Watkins, 1989)
with linear function approximation. As demonstrated in
Baird’s counterexample (Baird, 1995), the Q-learning it-
erates can diverge to infinity. This essentially means that
if we apply a ball for projection in linear ()-learning, the
iterates can asymptotically visit every part of the ball. By
contrast, Theorem 4.4 proves that the iterates generated by
linear SARSA visit asymptotically only a possibly small
portion of the ball, on some problems. In those problems,
Theorem 4.4, to our best knowledge, is the first to charac-
terize the fundamentally different behaviors between linear
SARSA and linear )-learning. We regard this as the most
important contribution of this work. This difference demon-
strates the challenge in off-policy learning compared with
on-policy learning.

Limitation of Theorem 4.4. That being said, there are a
few things that Theorem 4.4 does not offer.

First, Theorem 4.4 is solely about the magnitude of the iter-
ates and is not about the performance of the corresponding
policy. In other words, this work does not fully address the
question raised by Sutton (1999). Addressing that question
requires to understand (a) how linear SARSA iterates be-
have asymptotically and (b) why such behavior generates
good performance. This work contributes to the former but
does not contribute to the latter.

Second, the ball of size R, specified in Theorem 4.4 is small
only when compared with the the ball for projection on some
problems. If we compare R, with some other quantities
of the problem, it is indeed very large. On some problems
where L,, is not small enough, the ball is also quite large.
In other words, even for (a), we only address it in some
problems with a very coarse bound. On problems where L,,
does not meet our condition, Theorem 4.4 simply does not
apply. Theorem 4.4 is not meant to be a general result that
applies to all problems. We, however, argue that this is still,
to our knowledge, the best result regarding the question in
Sutton (1999).

Third, even if we step back to the tabular setting, Theo-
rem 4.4 is still convergence to only a ball instead of a fixed
point. This indicates the fundamental limit of the techniques
employed therein. This might seem disappointing at first
glance but less so when taking a holistic view of the history
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of SARSA. The best result regarding tabular SARSA for
control, to our knowledge, is Singh et al. (2000), which
proves that if the e decays properly in the e-greedy policy,
tabular SARSA converges to an optimal policy. That being
said, to implement the decay, it is required to maintain a
counter of the state-action visitations and the policy itself
is non-Markovian in that it is a function of the current time
step. When it comes to the canonical Markovian policies
that depend only on current states, we still know nothing
about the behavior of tabular SARSA for control.

5. Related Work

Comparison with Zou et al. (2019). The most similar
result to our work is Zou et al. (2019). Assuming L. is small
enough, Zou et al. (2019) give a finite sample analysis of
the convergence of {w; } to w,. Theorem 4.4 requires L., to
be sufficiently small. This holds when either L, or 7,4, iS
sufficiently small. In the case where L is sufficiently small,
our result is indeed weaker than Zou et al. (2019) because
Zou et al. (2019) show convergence to a point while we
show convergence to only a region. Thus the only scenario
that our result is preferred over Zou et al. (2019) is when
L, is large but 7,4, is small. In this scenario, our result
still apply but Zou et al. (2019) do not apply. The reason is
that in Theorem 4.4, our condition is related to the product
L7 paz- So the role of L, and 7,4, is interchangeable and
asmall L is only a sufficient condition for the product to
be small. However, Zou et al. (2019) essentially consider
a condition in the form of L,7,,4: + L:Cr (see (10) or
Assumption 2 in Zou et al. (2019)). For this summation to
be sufficiently small, a small L, is a necessary condition.
This means although our convergence is weaker than Zou
et al. (2019), our result applies to much more problems than
Zou et al. (2019). In particular, in the case where L is large
but 7,42 1s small, our result applies but Zou et al. (2019) do
not. More importantly, due to the existence of L,Cr, L

in Zou et al. (2019) is at most the order of O

practitioners usually use a very large, possibly infinite, ball
for projection, the L, in Zou et al. (2019) has to be really
small. By contrast, our L,, = O (L 7maz) does not have
any dependence on Cr. In other words, if Ct is really
large, our result applies to much more L, than Zou et al.
(2019). We regard the broader settings as an improvement,
and thus a contribution, over Zou et al. (2019). To our best
knowledge, we do not know how to make Zou et al. (2019)
work in such broader settings.

— ). Since

A concurrent work (Gopalan & Thoppe, 2022) prove that
the iterates in their linear SARSA is bounded almost surely.
In particular, they do not have projection but their result is
only asymptotic without finite sample analysis. The most
significant restriction is that they require i.i.d. samples, i.e.,
at each time step, the state Sy is assumed to be sampled from

the stationary distribution dy,,, of the current policy 7y, .
Since the policy w; changes rapidly every time step, we
argue that such i.i.d. samples are hard to obtain in practice.

Our results regarding the finite sample analysis of the gen-
eral stochastic approximation algorithm in Section 3 rely on
the pseudo contraction property and follow from Chen et al.
(2021); Zhang et al. (2022). Another family of convergent
results regarding stochastic approximation algorithms is
usually based on the analysis of the corresponding ordinary
differential equations (see, e.g., Benveniste et al. (1990);
Kushner & Yin (2003); Borkar (2009)). See Chen et al.
(2021) and references therein for more details.

SARSA is an extension of TD for control. The convergence
of linear TD, which aims at estimating the value of a fixed
policy, is an active research area, see, e.g., Tsitsiklis & Roy
(1996); Dalal et al. (2018); Lakshminarayanan & Szepesvari
(2018); Bhandari et al. (2018); Srikant & Ying (2019). An-
alyzing SARSA is more challenging than TD because the
policy SARSA considers changes every step.

SARSA is an incremental and stochastic way to implement
approximate policy iteration. Other variants of approximate
policy iteration include Lagoudakis & Parr (2003); Antos
et al. (2008); Farahmand et al. (2010); Lazaric et al. (2012;
2016).

6. Experiments

r(sp,ap) =0 r(sypa)=-1

Figure 1. A diagnostic MDP from Gordon (1996). The state s
is the initial state with two actions ay and a, available, both of
which yield a O reward. At si, only one action a; is available,
which yields a reward -2. At s2, the action a» yields a reward -1.
Both a; and a2 leads to the terminal state St.

We use a diagnostic MDP from Gordon (1996) (Figure 1)
to illustrate the chattering of linear SARSA. Gordon (1996)
tested the e-greedy policy (2), which is not continuous. We
further test the e-softmax policy (3), whose Lipschitz con-
stant is inversely proportional to the temperature .. When ¢
approaches 0, the e-softmax policy approaches the e-greedy
policy. We run Algorithm 1 in this MDP with Ct = oo,
i.e., there is no projection. Following Gordon (1996), we
sete = 0.1,y = 1.0, and oy = 0.01V¢. As discussed in
Gordon (1996), using a smaller discount factor or a decay-
ing learning rate only slows down the chattering but the
chattering always occurs. Following Gordon (1996), we use
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— ¢+ =0.01
— +=0.1
— =10

0 5 x 10!
Steps

Figure 2. The action value of ay during training under different
temperatures.

0.0
|

1 = 0.1

1 =10

—0.5] | s

-1.0

AT

0 5 x 10!
Steps

Figure 3. The a,-normalized action value of ar; during training
with a fixed temperature ¢ = 0.01. The reward of the MDP in
Figure 1 is scaled via a, e.g., the reward for the action a; is now
—20u.

the following feature function:

x(307aU) = [17010]T7 m(SOaaL) = [Oa 170]Ta

x(s1,a1) = z(s2,a2) = [0,0,1] .
In other words, it is essentially state aggregation.

As shown in Figure 2, when the temperature is small (i.e.,
¢ = 0.01), linear SARSA chatters. We further fix ¢ to be 0.01
and test reward with different magnitudes. To this end, we
multiply the reward with a multiplier c,.. We stress that this
is just a simple way to get MDPs with rewards of different
magnitudes. It does not mean that one should artificially
scale the reward down when Theorem 4.4 does not apply. As
shown in Figure 3, the chattering behavior disappears with
o, = 0.1. This suggests that our results might be improved
such that when the magnitude of the rewards is small enough
we can also achieve convergence to a fixed point, instead of
a bounded region. We, however, leave this for future work.
When we set «,, = 4.0, the iterates still only chatter but do
not diverge. This suggests that our requirement for 7,4,
might be only sufficient and not necessary. We, however,
leave the development of a necessary condition for future
work. All the curves in Figures 2 and 3 are from a single run.
Due to the randomness in the policy and the initialization
of the weight, we find the peaks and valleys can sometimes
average each other out when we average over multiple runs.

7. Conclusion

The behavior of linear SARSA is a long-standing open
problem in the RL community. Despite the progress made
in this work, there are still many open problems regarding
the behavior of linear SARSA. To name a few: how does
linear SARSA behave if the policy improvement operator
is merely continuous but not Lipschitz continuous? How
does linear SARSA behave if both the Lipschitz constant
and the magnitude of the rewards are not small? Can we
get a convergence rate without using any projection? We
hope this work can draw more attention to the convergence
of linear SARSA, arguably one of the most fundamental RL
algorithms.
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A. Proofs of Section 3
A.1. Proof of Theorem 3.9
Theorem 3.9. Let Assumptions 3.1 - 3.7 hold. If to is sufficiently large, then the iterates {u;} generated by (12) satisfy
2
dl |
<(1-2(1—ka, —O(ajlog” o)) E [Hl"(ut) — w,
+ 2L, Loy E [HI‘(ut) —wp ||| + O (e log? o),

*
Ut+1 — We,

]

where Ly = Up + (Ly + 1)Cr.
Proof. We consider a Lyapunov function
Ll e

M(z) = el

It is well-known that for any x, 2,
1
M(a') < M(z) + (VM (2),2' — o) + 5l — 2|

Using 2’ = usy1 — wy,,, and @ = I'(us) — wp, in the above inequality and recalling the update (12)

w1 =0 (ug) + ap(Fo, (T'(ur), Yy) — Tur))
=f5 (C(ue)) + ay (Fo, (D(ue), Y2) — Fo, (T(ur)))
yield

2

1 *
§Hut+1 — We, (13)

1
<5 |IT () —wj, |

2 * * *
—+ <F(ut) — Wy, , Ut+1 — F(ut) + Wy, — w9t+1>

1 2
+3]

upr1 — I'(we) +wg, —wg, |

1
=50 ue) = wi, |

+ <F(Ut) - w2t7w;t - w;t+1>

+ <F(ut) - w;t,fg;t (T(ug)) — F(ut)>
Ts
+ oy (D(u) — wp,, Fo, (T(ug), ) — Fp, (T(uyr)))
+ o || Fo, (T(ur), V) — T(wy)|”
Ts

2

* *
+ Hwet — We,
Ts

Here we do not have T because the counterpart in Zhang et al. (2022) is now 0. To further decompose 73, we define a
function 7,, of o as

To =min{n > 0| Cyt" < a},

12
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where the constants C'y; and 7 are given in Lemma 3.3. In particular, 7,, denotes the number of steps the chain needs to
mix to an accuracy of «y. It is easy to see

Ta = O (=loga), lim ar, = 0. (14)
a—0
We now decompose T3 as
T3 =(T(ur) — w;,, Fo, (T (ur), Y2) — F, (T(uy)))
= (T(w) = wp, = (Twrr,) = wh_ ) Fo. (D), Vi) = Fo, (D(w))

T31
+ <F(ut_7%) - w;,,_mt ,Fo,(D(ur), Y1) — Fo,(T(w—r,, ), Ye) + Fo, (D(us—r,,)) — Fp, (F(Ut))>
T30
(D) = wh_  Fo(D(us,, ), Y) = Fo,(Pur-r,,))
Ts3

We further decompose 733 as

Ty =(T(ur-r,,) = w5, +Fo,(D(te—r,,),Yi) = Fo, (D(uer,,)))

P(urry,) = W5 Forr, (D), o) = Fo_ (D(ur,,))) +

T331

(Prra) = wh_ oo, (s, ), Y0) = Fo_, (Duis,, ), ¥i) ) +

T332

P(wr,,) = W5, Fo (Dt r,,),Y0) = Fo,_ (D r,,),Y0) ) +

T333

P(r,) = W5, Forny, (Dr,,)) = Fo,(D(uir,)) )

T334

Here {f’t} is an auxiliary chain inspired from Zou et al. (2019). Before time t — 7, — 1, {}7}} is exactly the same as {Y; }.

After time t — 7o, — 1, Y, evolves according to the fixed kernel PQMW while Y; evolves according the changing kernel

P Por v s
{Yt} = Y1 2 Yier, o Yier, 41 o Yiera b2 7
Ot — 7oy P9t—7—at Pet—rat
Wy =Yer,, 1 = Yirn, 2 Yir,n1 = Yo 42—
P“"tﬂ—at Paifﬂ'at+1 P9t71—at+2

We are now ready to present bounds for each of the above terms. To begin, we define some shorthand:
J
A=2Lp+1, B=Up, C=AU,+B+A+AL+Up+Up), aij=> o (15)
t=i
According to (14), we can select a sufficiently large ¢g such that
1
4A

holds for all ¢. This condition is crucial for Lemma C.2, which plays an important role in the following bounds.

Qpry, t—1 <

13
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Lemma A.1. (Bound of T1)
Ty < LyLoo||T(ue) — wj, ||
The proof of Lemma A.1 is provided in Section D.1.
Lemma A.2. (Bound of T5)
T, < —(1- /im)Hl"(ut) — wp,

The proof of Lemma A.2 is provided in Section D.2.
Lemma A.3. (Bound of Ts1)

Ta1 < 8(LyLo +1)s—ry, 11 (AQHF(ut) —wp|P+ 02) :

The proof of Lemma A.3 is provided in Section D.3.
Lemma A.4. (Bound of Tss)

T32 < 16Oét77at’t71(1 + LwLeathat,tfl) (AQHF(’LLt) — w;t H2 + 02> .

The proof of Lemma A .4 is provided in Section D.4.
Lemma A.5. (Bound of T531)

8ay(1+ LyLoat—r,, t—1)

E|[T331] <
[T331] < A

(A [T () = wj||*] +2).

The proof of Lemma A.5 is provided in Section D.5.
Lemma A.6. (Bound of T532)

8VILpLo Y2 s Qtrayi(1+ LuLoci s, 1-1)
A

E [T332] < (AzE [HF(ut) — wp,

1+c2).

The proof of Lemma A.6 is provided in Section D.6.
Lemma A.7. (Bound of Ts33)

4LpLoow—r,, t—1(1+ LyLooy—7,, 1—1)

Ts33 < yE

(42T ) = |+ €2) .

The proof of Lemma A.7 is provided in Section D.7.
Lemma A.8. (Bound of T534)

4L%L00‘t—mt t—1 (]. + LngOlt_Tat 7,5_1)

Ts34 < yE

(42[0) — i P+ ).

The proof of Lemma A.8 is provided in Section D.8.
Lemma A.9. (Bound of T5)

75 <2 (A2|P(w) - wj,|* +C?) .

The proof of Lemma A.9 is provided in Section D.9.
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Lemma A.10. (Bound of Tg)

2
< L2 L2,

o * ok
T6 = Hwet w‘ng

Lemma A.10 follows immediately from Lemma C.5.

We now assemble the bounds in Lemmas A.1 - A.10 back into (13). Define

t
Loz,t = Z at—Tat,j (1 +LwL9 max{lvat—‘z—at,t})a

j:tf'rat
Co =max {A*,C*} max {16, L2 L},8|V|LpLe, 4L Lo, 4L} Lo },
Using A > 1 and Lemmas A.3 - A.10, it is easy to see
. 112
E (T3] <CoLa. (IE: [HF(ut) —wj | ] + 1) :
. 112
O[tIE [Tg] SOOO[tL(x,t (E |:||F(Uf) - w9t|| :| + 1) )
).
2 < 2 ok 2
a;E[Ts] <Chaj (E ||I‘(ut) 'U.Jet” +1),
E [Ts] <Coas.

]

1
<3E [0 (e) = w5, |I"] + LuLoadE I (ue) = wh,|[] = (1 = ko )E [|[T(ur) = w3, |

E[T5] <Co (E [HF(W) — wp,

Then we have

1 *
2" [H“tﬂ Wi

+ COO[?,

implying
E U Upy1 — w;tﬂ 2] < (1 -2 (1 — ko, — Coo Lot — Coa?)) E {Hf‘(ut) — wp, ﬂ
+ 2Ly Loy E [||T(u) — wp, ||] + 2Coa Lot + 4Coa;.
Observing that
Lot=0 (at log2 at)
then completes the proof. O

A.2. Proof of Corollary 3.10

Corollary A.11. Let Assumptions 3.1 - 3.7 hold. Assume k, = /1 — na for some positive constant n > 0. If tg is
sufficiently large, then the iterates {w;} generated by (11) satisfy

72L2 L?
B [fwe —w;,|*] = =32
n
O (%" log’t), € =1,mcq € (0,3)
@) @ =1 _
+ ) €a = L, NCq = 3
+ 2 .

@) loth , €a = 1,1mcq € (3,00)
O (logt) ca €(0,1)

15
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Proof. According to Theorem 3.9, we have
E U
Since Lot = O (at log2 at), we conclude that there exists a constant C; > 0 such that

1 <(1-2(1- VT=nar - Craf1og? o) ) E [ D) — wj |||

+ 2Ly Loy E [|| T (ug) — wp,

*
Ut41 — Wy,

2
] < (1 -2 (1 — ko, — Cooy Lot — Coaf)) E {HI‘(ut) — wp, Hz}

+ 2Ly Loy E [||T (ur) — wp, ||] 4+ 2Cocs La s + 4Co07.

*
o[-

] + Claf log2 ;.

When ¢ is sufficiently large, we have Vi,

1—2(1— \/1—nat—01aflog2at) > 0.

Using
[0 (ue) = w5, || = |7 (we) = T(w,)|| < [Jur — w3, |
then yields
2
E |:‘ Ut+1 —w;t+1 :|
< (1 -2 (1 —v1—nay — C'lozt2 log2 at)> E [Hut — wp, 2}
+ 2L, Lo E [Hut — wp, |] + C’laf log2 oy
< (1 -2 (1 -1 —nay — Cla? log? at)) E [Hut — wp, 2}
4+ 2L Loasy | E M“t — wp, ||2} + Cla? logZ oy (Jensen’s inequality)
Since
lim 1-vl-no an—noz =1,
a—0 0

2

we conclude that when ¢ is sufficiently large, Vi,

1-— m - C’laf log2 ap > gat — C’laf log2 ozf > Zozt.
With
2 =/E Mut - wgt‘ 2},
we then get
zt2+1 < (1 - gat) z? + 2L, Looze + Cla? log2 ;.
If

(1 — gat) 22 4+ 2L Loasze < (1 — gat)zf,
12L,, Ly
n

Zt, (16)

16
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we have
zp < (1— gat)ztz + Cra?log? ay.
If
12L,,L
S0l > (17)
n
we have

ZfH < (1 — gat) Zt2 + 2L, Loz + C’laf 1og2 Qay
< (1 — gat) zf + 24L§UL§% + Claf log;2 ag.
Since for any time ¢, one of (16) and (17) must hold, we always have
zt2+1 < (1 — gat) zt2 + 24[/;“[/50% + C’laf log2 ;. (18)

Telescoping the above inequality from ¢ to ¢ yields

t—1 2 ro t—1 t—1
n 24L; L n
ZESH(l_gai)thO"FTOZH (1—50@»)0@
i=to i=to j=i+1
El E2
t—1 t—1 .
+C Z H (1 — glaj) o?log? oy,

i=to j=i+1

E3

where we adopt the convention that H;:l () =1if¢ > j. For £y, using 1 + = < exp x yields

7 n [ c
B, < —= i < —= —*—d 19
1 <exp 3 Zoz < exp( 3 /I_to (to + )0 il?> (19)

1=tg

Nea

2t 3
_ (to-‘rot) ’ €a=1

exp (3(175?&) ((2t0)*—c — (to +t)1—€a)) , eae(0,1)

For F>, define

Then we have

When ¢ is sufficiently large such that

it is easy to see
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As By = ay, we have By < % for sufficiently large ¢o. We, therefore, conclude by induction that V¢,

3
By < —.
n
Consequently,
3
Ey < B <-—. 20)
n
For I3, we have
t—1 t—1
By <tog?ar 3 T (1-g05) el 1)
i=to j=i+1
Ey
If e, = 1, we have
t—1 0 . -
E < ex —_ a dl’ 04.
) 722) b ( 3 /:v—i+l (to + x)c ) (to +i)2€e

LS (toHi+1 T 2
- t+to (to +1)2
i=tg
_§<t0+z‘+1>”§” 2 <t0+i+1>2
£ t+to (to+i+1)2\ to+i

T (t4 1) (to+1i+ 1)2=7%5"

i=tg

If e, € (0,1), when tg is sufficiently large, we can use induction (see, e.g., Section A.3.7 of Chen et al. (2021)) to show that

1

Putting the bounds in (19) , (20), and (21) back into (18) yields

@ (t‘ncTa log? t) , € =1,mc, €(0,3)

O (let —1,7¢a =3
2 72L12UL3 t ’ €a = L, 7Cq =
2y = —F 2 .
! Uk O (fst), €a = 1,1cq € (3,00)
@ lfzt ) €a € (Oa 1)

Here we have used the fact that E'3 always dominates E; for any €4, ¢,. Using
* 2 * 2 * 2 2
E [Jlewoe = wj, *] = B [00w) = Dw,)|[*] <E [Jue = wj, |°] = 25

then completes the proof. O

18
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B. Proofs of Section 4

B.1. Proof of Theorem 4.4

Theorem 4.4. Let Assumptions 3.7 and 4.1 - 4.3 hold. Assume || X || = 1 and 7,4, is not so large such that
Ly = O (LaTmaz) < 1.

Assume Cr is large enough such that
Uy = O (Tmaz) < Cr.

Let t be sufficiently large. Then the iterates {w;} generated by Algorithm 1 satisfy

6\/§Lw (1 + 4CF)

E (e — ] = =5 2

O (L‘_"%u logt), €a=1,ncq €(0,3)
Otz 1og% t) , € =1,mcq =3

+ 1 )
Otz logt> , €a = 1,mCq € (3,00)

(@) (t_%a logt), €q€(0,1)

where 1 is a positive constant and w is the unique vector such that e(w,) = 0.

Proof. To start with, define

Y={(s,a,5',d")|s€S,ac A s €8, p(sls,a) >0},
}/;5 = (St)At7St+17At+1)7
y = (s,a,5,d),

7o(als) = mree)(als),

0 (s1,a1) # (s2,0a2)
Py((s1,a1,81,a), (s2, a2, 85, ah)) = ~ ;
y W1y 215,81 )y s 42y 992,02 p(5é|32’a2)7('9(a/2|s/2) (8/1,@/1) _ (52,a2)7

Fy(w,y) = (r(s,a) + y2(s',a") Tw — z(s,a) "w) z(s,a) + w.
Here our Fy(w, y) is actually independent of 6.
The update of {w;} in Algorithm 1 with A = 0 can then be expressed as
w1 = I (we + a (Fp, (wy, Yz) — wy)) .
According to the action selection rule for A;; specified in Algorithm 1, we have
Pr(Yip1 =y) = Py, (Y1, ),
Assumption 3.1 is then fulfilled.

Assumption 3.2 is immediately implied by Assumption 4.2. In particular, for any 6, the invariant distribution of the chain
induced by Py is dz, (s)7g(als)p(s’|s, a)7e(a’|s").

For Assumption 3.4, it is easy to see

Fop(w) =X "Ds,(vPz, — NXw + X "Dz, +w,
f8(w) =w+a (X" Dz,(vPz, — ) Xw + X " Dz,7).
Define

wy = — (X" Day(vPz, — X))~ X Dy,

19
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It is then easy to see that wy is the unique fixed point of Fy(w). The uniform pseudo-contraction is verified by Lemma C.6.
In particular, we have

Ko =v/1—na,

n=(1—7~) inf A (X"Dr,X) >0, (22)

where A, (+) denotes the minimum eigenvalue of a symmetric positive definite matrix.

We now verify Assumption 3.5. To verify Assumption 3.5 (i), we have

[ Fo(w,y) — Fo(w',y)
<|va(s, a)x(s )" —a(s,a)x(s,a)" —|—I||||w—w’||
< ((1 + W)xgnam + 1) HU) - U}/H

LFp

Assumption 3.5 (ii) immediately holds since our Fy(w,y) is independent of 6.
To verify Assumption 3.5 (iii), we have

Ur

To verify Assumption 3.5 (iv), we have
HFG(’U}) — Fg/(ﬂ/)”oo
:HXT (Dﬁ'e(ﬁypﬁ'e - I) - Dﬁ'e’ (7P7~"9’ - I)) Xw + X7 (Dﬁ'f’ - Dﬁe') rHOO
<X |2 || Dsy (vPr, = I) = D, (vPr,, — D|| llwllog + X |0 | D7y — D,

oo lI7llos

Lemma C.3 asserts that D, is Lipschitz continuous in §. We then conclude, by Lemma C.1, that there exist positive
constants Lpp > 0, Lp > 0 such that

HDM(VPM _I)_Dwgf 'VPTrgl - H <LDPLW||9_6‘”007
| D7T9 - Dﬂ'e/ oo SLDL-“—”G - 9/”00

Importantly, Lpp and Lp do not depend on Cr. It is then easy to see that

1Fo(w) = By ()|, < (IX 12 Lop Lol + IX | I7l o Lo L ) IT(8) = (@)l
< (IX % LopLallwll + |1 X ]| I7 o oL ) D) = T(@)]
< (IX 1% LopLallwl + X | Irll oo Lo L ) 6 = 8]

It follow immediately that

17 (w) = For ()| <VE (IX 12 EppLallwl + 1X | I7l oo Ep L ) 110 = ¢/

To verify Assumption 3.5 (v), we first use Lemma C.4 to get
—1 —1
H(XTD%B (vPs, — DX) ' = (X" Ds,, (vPs, — I)X) H
<|(x"Ds, (P, - X)) 7| _|[(XT D, (0Pr, - X) 7|

x | X "D#,(vPz, — )X — X "Dz, (vPs, — X||Oo

20
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Thanks to Assumption 4.2, for any 6,

(X" Dpy(vPry — DX)

is well-defined. Since A, is a compact set, we conclude, by the extreme value theorem, that there exists a constant U;,,,, > 0,
independent of Cr, such that

sup H(XTDM (P, — I)X)_lHOO < Uno.
Recalling that 7 (a|s) = mp(g)(a|s) then yields

sup H (X" Ds, (P, — I)X)_lHOO < Uno.
It then follows immediately that

—1 —1
| (X7 Dsy(vPr, = DX) " = (X Dsy (0P, —DX) || < UZLIX I LorLall0 — 0.

g/
It is also easy to see that
X" Dayr|| ., < I1XNoll7lloo
| X" Dayr = X Dz <1 XN oo Lo L7l o

Using Lemma C.1 again yields
* * 2
ws = wi oo < (U2 X2 LoPI Xl + Uinal| Xlloo L ) Lalirll 0 = ¢/l
It follows immediately that

* * 2
i — wis | < VE (VR IXIELopl X e + Usns| X o L) alrll 16— €] 23)

L.,
To verify Assumption 3.5 (vi), we have

Sl;pr;lloo < Uino [ X o7l o+

It follows immediately that

sup [Jwg | < VEUino|| Xl 7]l - (24)

Uw

Assumption 3.5 (vii) follows immediately from Assumption 4.1.

We now verify Assumption 3.6. Assumption 3.6 (i) is fulfilled by our selection of CT. It is easy to see
7o(als) = 7 (als),

Assumption 3.6 (ii) then follows immediately.

With Assumptions 3.1 - 3.6 satisfied, we conclude by Corollary 3.10 that the iterates {w; } generated by Algorithm 1 with
A = 0 satisfy

(@] (t‘"‘éa log? t), €a=1,ncq € (0,3)
log® ¢ _ _
. 772 @ ogt -, €a = 1,mCo € (3300)
log?
O(=et), €a €(0,1)
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where
Lo =Up + (Lp + 1)Cr = (FmasTmaz + (1 +7)20e +2) Cr)
<1+4Cfp.
Consequently,
* « 12
B [l g, ] <& (o~ i, ]
O (t*% logt) , €a=1,mcs €(0,3)
6v/2Ly Lo otz 1og% t) , €a=1,mncn =3
=——" 4 :
n Otz 1ogt> , €a = 1,mCq € (3,00)
(@) (t*%a logt), €a€(0,1)
If
1
Il < ;
VE (U2, X% Lol Xl + Uinal| X|l oL )
we get
Ly < 1.
Since
E[Hwt w*ll]
=E [[[we —wy, |]
<E [[Jw; = w},, [] + E [[|wl, —wi,.|]
[Hwt th] + LyE [Hwt w*”] )
we conclude that
1
E [ — w.l] <3—7—E [[lwe —w, ||

O (t_ncTa logt) , € =1,mcq €(0,3)
 6v/2L,, (1 +4Cy) O (¢t~ % log? t) , €a=1,mca =3
T (1= L) ot 3 1ogt) , €a=1,1mc0 €(3,00)
O (t*%a logt), €q€(0,1)

which completes the proof.

C. Technical Lemmas

Lemma C.1. Ler f1(x), fa(x) be two Lipschitz continuous functions with Lipschitz constants Ly, La. Assume || f1(x)]| <
Ur, || f2(2)|| < Us, then L1Us + LaUy is a Lipschitz constant of f(x) = f1(x) fa(x).

Proof.

If1(z) fo(x) — fr(y) f2(v)]]

<Ifi@)ll fo(z) = 2 + ([ f2) | f1(z) = fr(y)]]
<(UiLz + UzL1)|lz — y.

22
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Lemma C.2. Given positive integers t1 < to satisfying

b
1A

atl,tg—l S

we have, for any t € [t1,t2],

IT () = T(uey) || < 20, 1,1 (AT (ury )| + B), (25)
IT(ue) = Tus,) || < Aoyt -1 (AT (ur, ) || + B), (26)

1T () = T (g )| < ooin {7, )], 1T (e, )1} + % 27

Proof. Notice that

IT (g 2) || = (1T () |
<IT(uega) = Tud)|
=T (u41) = T (ue))|
Suera = T(ud)|
=ay||Fo, (I'(u), Yy) = T'(w) |
<ay ([[Fo, (T(ue), YOIl + ([T (ue)[])
<a(Up + (Lr +1)||T'(w;)| (Lemma D.10)
<ay(A[T(ue)| + B)  (Using (15)) (28)

The rest of the proof follows from the proof of Lemma A.2 of Chen et al. (2021) up to changes of notations. We include it
for completeness. Rearranging terms of the above inequality yields

Ceer)l + 5 < 1+ ant) (M)l + 7).

implying that for any ¢ € (¢1, to],

t—1

W%>+§Sﬂa+mm0m%>+§)

Jj=t1

Notice that for any z: € [0, %], 1+ z < exp(z) < 1+ 2z always hold. Hence

1
<=
Qg to—1 > 1A
implies
t—1
H (1+ Aaj) <exp(Aay, 1—1) <1+ 2A0y, 1-1.
Jj=t1

Consequently, for any ¢ € (¢1, t2], we have

B B
IT(ue)ll + 7 < (L4240, 1) T (us)| + —
A A
= IT(ue)|| < (1 + 2404, 11) [T (u,) | + 2Ba, ¢-1,
which together with (28) yields that for any ¢ € (t1,t2 — 1]

(t1
[T (uet1) — T(ue) | < au (AT (we)|| + B)
(A

< ap (A(1+ 2404, 1) [[D(ue, )| + 2ABa, 41 + B)

. 1
< 204 (A||C(ug, )|| + B)  (Using oy, 41 < ﬂ)
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Consequently, for any ¢ € (¢1, t2], we have

t—1 t—1
1T () = Tu, )| < Z T (wj41) = T(wy) < Z 20 (AT (ut, )| + B)

=20, -1 (AT (g, )| + B) < 20, 1,1 (AT (ue, ) || + B),
which completes the proof of (25). For (26), we have from the above inequality

”F(utz) - F(“h)” §2at1,t2*1(A||F(ut1)” + B)
<20, 1, -1 (AT (g, ) — T(ug,) || + AT (ug,) || + B)

1
<P (ue) = Tluey )| + 200, 22 -1 (AT (ue, )|l + B),
implying
[T (uey) = Tus,) || < Aoyt -1 (AT (ur, ) || + B).-
Consequently, for any ¢ € [t1, t2],

1T (ue) = Dluy) || <20, 2,1 (AT (g, )| + B)
<20, 1,1 (Al () — T(ug,) || + AT (ue,) || + B)
S20@1%2*1 (A4at17t2*1(A”F(ut2)H + B) + AHF(ut2>” + B)

. 1
§4at1,t2—1(AHF(ut2)” +B) (USlng Aty ,to—1 < ﬂ) 3

which completes the proof of (26). (25) implies
B
(T (ue) = T, )| < T (e, )l +

(26) implies

D) = e ) < PG, + 5

then (27) follows immediately, which completes the proof.

Lemma C.3. Let Assumptions 4.1 and 4.2 hold. Then there exists a constant L!. such that V0,0’ a, s,

|dﬂ'9 (37 a) - dﬂ'e'(87a)| < L;H@ - 9/”00'

Proof. See, e.g., Lemma 9 of Zhang et al. (2021).

Lemma C.4. For any |-||, we have

I =Y < I X = YAy

Proof.

I =Y = Ity - Xy < X = vy

Lemma C.5. Recall that

Ly=Up+ (Lr+1)Cr,
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then for any j > i,y,y, w,

Proof.

Similarly we can get

Moreover,

J—1
* * * *
o, = i | <3 i =
k=1

* *
Hwaj - waiH <LuyLooi -1,

|Po, (y,y') = Po,(y, )| <LpLgcv; j—1,
||F9j (wvy) - Fei (wa y)” SL/FLGC“Z}]'*l (”w” + UI/T) )
o, (w) — Fo, (w)|| <LpLocij—1 (|lw] + Ug).

J

j—1

< Z Hwék+1 — Wig,) H (Assumption 3.6)

> L0k = T(64)]

= Luy|T(uks1) = DT (ug))||  (Lemma 3.8)

Loy (Up + Lp|T(w)|| + [T(uk)]])  (Lemma D.10)

|Po, (y,9') = Po,(y,y")| <LpLocvi j1.

|
—

J

HFaj (w,y) - FGi (way)H < ||F9k+1 (wa y) - F9k (’LU, y)”

RO
Lol
s

tI/%

| Fopsr (0, y) — Frg,)(w, )|  (Assumption 3.6)

S
=S

<Y L0k — T(6k)|| (|w]l + Ug)
k=1
<LpLoa; 1 ([|w]| +Up).
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Since Py = Prg), it is easy to see dg(y) = dr()(y). Consequently, Fy(w) = Fp(p)(w). We can then similarly get
1Fo, (w) = Fo (w)|] <L Locv i1 (] + UR),
which completes the proof. O
Lemma C.6. (Lemma 5.4 of De Farias & Van Roy (2000)) There exists an & such that for all o € (0, &) and all 0,
176" (w) —wg | < Kallw —wpl],

where

Ko = \/1 —(1—7) inf Apmin (XTD,, X)a < 1.
Here A\pin(+) denotes the minimum eigenvalue of a symmetric positive definite matrix.

Proof. The proof is due to De Farias & Van Roy (2000); we rewrite it in our notation for completeness. We first recall
f8(w) =w+a (X" Dz, (vPz, — N Xw+ X ' Dz,7),
wy =— (X" Ds,(vPsr, — X)X Dz,
Define
go(w) =X "Dz, (YPz, — I)Xw + X ' Dz,r
=X"Da, X (X Dz, X) ' X Ds, (Toy Xw — Xw)
=X "Dz, lp,, Tz Xw— X" Dz, Xw
=XTD-, (HD%S Tey Xw — Xw) .
By the contraction property (see, e.g., Tsitsiklis & Roy (1996)),

HHD%me - ij,f’

<A Xw — Xullp, .

D,—re

Consequently,

(w —wp) " go(s)

= (Xw — Xw})" Ds, (HD%Q Tey Xw — Xw)
— (Xw — Xw})| Dx, (HD%G Tey Xw — Xw) + Xw) — Xw)

<|lXw - Xwjlp, |

HD,;QEQXU) — XU);

2
— | Xw — Xw;||D,~,9

D,}e

(Cauthy-Schwarz inequality)
<(v - D)1 Xw - Xwj|},
(v~ 1w —wj)" (X" Dz, X) (w —wp).

Since X " D, X is symmetric and positive define, eigenvalues are continuous in the elements of the matrix, A is compact,
we conclude, by the extreme value theorem, that

Cy = inf Apin (X D, X) > 0.

Consequently, for any y and 6,

y' X Dn, Xy > Cillyll*,
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implying
y' XDz, Xy > Cily*.
It follows immediately that
(w—wy) " go(w) < —(1 = 7)C1llw — wj|*. (29)

Moreover, let x; be the ¢-the column of X, we have

K 2

lgo(w)|l* =Y~ (2] D, (I, Ty Xw — Xw) )
i=1

K
2
2
<3 Il || Mo, oy X = Xu| -
i=1 i
(Cauchy-Schwarz inequality)

K 2
2 * *
<>l (|100s, oy X = g |+ w5 = Xl )
=1

Ds

K
2 * 2
<172 il X — Xl
=1

K
=(147)* (Z ||$i||§)ﬁ9> | X T Dz, X |||lw — w|*.
=1

According to the extreme value theorem,

K
Cy = sup (Z ||a:z-||§)m> | XDy, X|| < oco.
i=1

Consequently, we have

lgo(w)|* < (1 +7)*Callw — wj|*. (30)
Combining (29) and (30) yields

1£5 (w) = wi|* =l|w + ago(w) — w|*

=[|w — wj|* + 2a(w — wj) " go(w) + a*||go(w)|*

<(1—2a(1 = )C1 + (1 +7)%a2Cs) [lw — wpl|*.

Consequently, if

a<a= ((11_: ,:))Q%Qa
we have
1—2a(1 —7)C1 + (1 +7)%a?Cy <1~ (1 —v)Cha.
Defining
ko =V1—(1—7v)C«
then completes the proof. Importantly, both C; and C5 here are independent of Cr-. O
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D. Proof of Auxiliary Lemmas
D.1. Proof of Lemma A.1
Lemma D.1. (Bound of T1)

Ty < Ly Lgoy ||T(ue) — wp, ||-

Proof.
Ty =(T(w) — wj,, w0, = wj,,, )
<) = w, |, =,
<||T(us) = wg, || LwLoc  (Lemma C.5)
D.2. Proof of Lemma A.2

Lemma D.2. (Bound of T5)

Ty < —(1— ka,)||T(ue) — wp,|°

Proof.
=(D(u) — w@,af “(C(ur)) — Tuy))
=(T(ur) — o (D(ur)) —wp, ) — (T(ur) — wp,, T(ue) — wp,)
<0 (ur) - \m (ue)) = wp, || = |7 (ur) = wj, ||
<HI‘(ut) wy, Hnm T () — wp, — wp, ||2 (Assumption 3.4)
(1 Ray HF Ut 7w9t|| :
D.3. Proof of Lemma A.3

Lemma D.3. (Bound of T51)

T3 < 8(LwLo + 1)as—r,, t-1 (AQHF(ut) — g |P + 02) :

Proof.

For the first term, we have

HF(ut) —wg, — (F(Ut—mt) — wp, )

<[P (ur) = T(us—r,, ) || +

<||T(u¢) = D(ue—r,,)|| + LwLoctt—r,, +—1 (Lemma C.5)
<day—r,, 1—1(A|T(u)|| + B) + LwLocy—r,, -1 (Lemma C.2)
§4at77at,t71(AHP(ut) - w;t

<dovy_r, 4—1(LwLy + 1)(A||T(ug) —

i—1

+B+1).
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For the second term, we have

| Fo, (T(ur), Yy) — Fo, (T(uy)) ||
<||Fo, (T(uy), YD) + || Fo, (T(ur)) — Fo, (wp,)|| + [|wp,|| (Assumption 3.4(i))
<Up + Lp|T(u)| + || Fo, (T(ur)) — Fo, (wg,)|| + ||wp,|| (Lemma D.10)

=Up + Le|T(ud)|| + || Y do, (v) (Fo, (T (we), y) — Fo, (w,,))

Y

<Up + Lp|T(u)|| + Lp||T(ur) — wp, |
<Up + Lp||T(us) — wp,
<AL (u) — wp, || + Al|ws, || + B.

o+ {Jowp |

= w, || + [, |

Combining the two inequalities together yields

(P(u — (D(ut—ra,) = wp,) s Fo, (T(ur), Yz) — Fp, (T(ur)))

4(L Lg + 1)Olt Tapt—1 AHF ’I,Lt w;f” + 0)2

<8(LuLo + V)aty—r,, 11 (A%||T(ur) — w;,||” + C2),
which completes the proof. O
D.4. Proof of Lemma A .4

Lemma D.4. (Bound of T32)

T32 S ].6Oét,7-a R (]. +L Lgat Tayst (A2||F ’LLt w;tHz +02) .

Proof.

Ty =(T(ui-ra,) = w5, Fo, (D), Ye) = Fo, (D(ute—r,, ) Y3) + Fo, (N(ur—r,,)) = Fa, (D))

<[re-r.,) - 1o, (P (w0), Y2) = Fo, (e, ), Ye) + Fo, (P(ur-,,)) = Fo, (D))

For the first term, we have

I (g H + ||F uy) szH + LywLoat—r,, t—1

[rtuer) i, 3D
=|r@w—r) = wi,_.,, = i, —w3,)
<[P, ) = || + [, wzw
<||P(wt—r,,,) — wp,| -1 (Lemma C.5)
( ) —
(

B *
<|IT(ue) || + 1 + ||IT(ue) — wg, || + LyLooy—r,, +—1 (Lemma C.2)

B
<(1+ LyLoa—r,, 4—1) ( ) —wp, || + T T (ue) —w;, || + 1>

<2(1+4 LyLoot—r,, 1-1) (Uw + g + || (ue) — wp, || + 1)

< 2(1 + LwLﬁatf‘rat,tfl)
- A

(A||T(ue) — wg, || +C) -
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For the second term,

([ Fo, (T (ur), Y1) = Fo, (T (ur—r,,, ), Ye) + Fo, (T(te—r,,)) — Fo, (T (ur))
<|[Fo, (T(ue), Ye) = Fo, (T(ue—r,,), Yo) || + || Fo, (D (ue—r.,,)) = Fo, (T(ue))|

SLFHF(ut—Tat) - F(“t)H +

> do,(y) (Fo, (D(ue—r,,),y) = Fo,(D(ue), y))

<2Lp||T(ui—r,,) — T(u)||

<A||D(us—r,,) — T(us)||

<4Acyr,, 11 (A0 (ug)|| + B)  (Lemma C.2)
§4A0¢t,mt7t,1(A||I‘(ut) —wp, || + Al|ws, || + B)-

Combining the two inequalities together yields

Tso <8a—r,, t—1(1 + LwLeat—Tat,t—l)(AHut — wy, || + )2
2 2
rC ) :

<1607, t—1(1 + LyLoot—r,, t—1) (A2HUt —w;, |

which completes the proof.

D.5. Proof of Lemma A.5

Lemma D.5. (Bound of T331)

Proof.

8(1,5(1 + LwLGCthT,,t ,tfl)
A

E [Th1] < (42E [||P () - wi,||*] + ¢2).

E [T33]

=B [(T(ur.,) = w5, Forry, (Dir,, ), Y0) = Fo,_, (Tuer,, )]

B (N, = 5, B, (e, ). ) = Fo, (D, 1)) 575

(32)
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We now bound the inner expectation.

- _ Ot —ro,
B[ (P ) = B (O ) 5|

Vioro,

> (Pe(%i -1 “ ) <, ) B, (D))

t—Tq
Yy t

<max HF@FT (Ut—r,,) H Z
y

Pr(Yt =y |ue- %) —dy,_,,, (y)’

t Tog

< maX Hth T (F('U/tf‘rat )7 y)’

o (Definition of 7,,) (33)

<oy (Up + Lp|T(u¢—r,,)||) (LemmaD.10)
SO&t (UF + LFHF(Ut_T(H) - F(Ut)H 4+ LF”F(Ut)H)

<oy <B +A <|F(ut)|| + i) + A||F(ut)|> (Lemma C.2)
<a; (2B + (A+1)[T(ue)l)

<20 (B + AT (u) 1)

<204 (B + A||F(ur) — wp, || + Alwg,[|)

<201 (AP (ur) = w, || +C)

Using the above inequality and (31) yields

[ [T331]
4o (14 Ly Loy, 1—1) 2
<E [ et (4D |+ €) }
8ay(1+ Ly Looy_ 7 4
<E[ 1l A" Y (A2|\r(ut)—w;t||2+02)y
which completes the proof. ]

D.6. Proof of Lemma A.6
Lemma D.6. (Bound of Ts32)

8|¥|LpLeg Z;LLT% sy, j(1+ LwLooy—r,, 11
A

E [Ta) < ) (4B [|[r () - w |] +2).

Proof.

=B [(T(wr,,) = w5, Forr,, (D, ). YD) = Fo_,, (D(urr,, ), Y2))]

Ut—7oy
<) = B, )30 = Fa (O T 20

|

(Similar to (32))
2(1 + LwLé)at—T% ,t—l)
A
t—1

< 2V|LpLy > our,, ;i (AT (u) —wp, || +C)

j:t_'rat

(A||T(uz) — wp, || + C)
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(Using (31) and Lemma D.11)

8IVILpLo Y "y s, j(1+ LyLo—r,, 1-1)
: e (A [Ir(w) - i,

Jre).
which completes the proof. O

D.7. Proof of Lemma A.7
Lemma D.7. (Bound of T333)

4LpLooy—r,, 1-1(1+ LwLooty—7,, 1—1)

Ts33 < (AQHF(ut) — wp, H2 + 02) .

A2
Proof.
Ty =(T(wrr,,) = w5 Fo(D(urr, ), Y0) = Fo,_, (Durr,, ), 0))
<[P uur) = s, ||| B P ) Y0 = P, (D), V)|
2(14 Ly Lo, t-1) N
< 1 ¢ (A||T(uz) — wp, || + C)
X LpLooy—r,, 11 (HF(ut,Tat)H +Uf)  (Using (31) and Lemma C.5)
Since
T (o, | (34)
<[P (u—r, ) = Tue) || + [T ()
B
<2||T(we) || + 1 (Lemma C.2)
* * B
<2|u) i + 2 + 2,
we have
8Ly Looy—r, +—1(1+ LyLooy—r, 1) . 112
Taz3 < — ‘ 1 ‘ (AQHF(Ut) —wp,||”+ 02) )
which completes the proof. O

D.8. Proof of Lemma A.8
Lemma D.8. (Bound of T334)

ALy Loay v, t—1(1+ Ly Loy v, 1—1)

Ty < (A2 un) — i, + €2).

A2
Proof.
Tyas =(T(wir,,) = w5, For_., (Duer,,)) = Fo,(D(ui-r,,)) )
<[ vurn) = wi,_. ||| Fo P )) = o, (s,
2(1 + LwLé‘O‘tfr,,t ,tfl) *
< " (A||(ue) — wp, ||+ ©)
X LpLoas—r,, 41 (||T(wt—r,,)|| + U¥) (Using (31) and Lemma C.5)
Using (34) completes the proof. O
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D.9. Proof of Lemma A.9
Lemma D.9. (Bound of Ts)

7y <2 (420w - u |+ €2).

Proof.

Ts =||Fy, (T(ue), Yy) = T(ur) |®

< (|| Fo, (T (ue), o) || + [T (ue)[])*

<(Up + (Lp 4+ 1)|T(w)])* (Lemma D.10)
(B + A|T(uy)]))?
(B + AHF(ut) — wp,
<2 (420 (w) - w || + C?)

<
<

)°

+ A,

O
Lemma D.10. For any 0, w, vy,
[1Fy(w,y)|| < Up + Lp|w]|
Proof. Assumption 3.5 implies that
1o (w, )| = 1Fo (0, y) || < [[Fo(0,) — Fo(w, y)l|
< Lp|w — 0],
which completes the proof. O

Lemma D.11.

~ Ut—Tay
B Fo o, (P )V = B (P ). 2|

t—1

<AV|LpLy Y g, (AT (w) —wj, || +C)

j:t—T(,t

Proof. In this proof, all Pr and E are implicitly conditioned on ut—r,, ,0¢—r,, , Yi—r,,. We use O; to denote the set of all
possible 0; given ut—r, , 0t ,Yi—7, . Obviously, ©; is a finite set. We have

Pr(Y; =)

=3 > Pr(Yi=y Vi1 =y, 0 =2)

Yy z€O6;

=3 > Pr(Yi=y | Vo1 =y, 0; = 2)Pr(Yio1 = y,0; = 2)
Yy z€O;

=3 "> P.Ay.y)Pr(Yioy = y) Pr(6; = 2|Yi1 = y)

Yy zEO,
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Pr(ﬁ = y’)
= ZPr(?H = y) Py, .., vy
Yy
= ZPr(fft,l = Z/)Pet,mt (y,9) D> Pr(0 = 2|Yi1 =)
Yy

2€0;

= Z Z Pr(ﬁq = y) Pet,mt (y,9') Pr(0; = 2|Y; 1 = y)

Yy z€O,

Consequently,

>

y/
<3N [P =Py ) = Pr(Vios = y) P, (53)| PO = 2| Yy = ).
Y,y 2€0;

Pr(Y, =y) — Pr(fft = y’)

Since for any z € Oy,

Pr(Yi1 = y)P:(y.9) — Pr(ﬁfl = y) Por_.., (W:9)
Pr(Yi—1 = y)P.(y,y') — Pr(ffH = y) P.(y, y’)’
Pr(f’,g_1 = y)PZ(y, y') — Pr(fftq = y)Pe,,,mt 2 y/)‘

Pr(Yior =) = Pr(Vics =) | P-4,y + LeLoai s, a1 Pr(Yi = y)  (LemmaCs)

IN

+

IN

we have

> ’Pf(Yt =) - Pr(f”t = y’)
y/
3
Yy
Applying the above inequality recursively yields

t—1
2lprve=y) —Pr(Fi =y )| < DiLeLs 30 aen

y’ jzt_T(xt

Pr(Y,i1=y) — Pr(ﬁ—l = Z/)‘ + |y|LPL9at*Tawt*1'

Consequently,

t—1
SmaXHth_Tat (F(ut—rat))y)H|y|LPL9 Z O[t,,,—atyj

J=t—Ta,
t—1
<2|V|LpLy Z ar—ro, (AT (ug) — wp, || + C)  (Using (33)),
J=t—Tay

which completes the proof.
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