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Abstract

Multi-dimensional classification (MDC) ex-
tends multi-class and multi-label learning
by predicting several class variables per in-
stance. We revisit probabilistic MDC meth-
ods with mixed features (discrete and con-
tinuous), focusing on their strengths and lim-
its for handling incomplete data at prediction
time. We present theoretical results leading
to a new probabilistic approach with efficient
learning and prediction algorithms that ad-
dress scalability and robustness issues. Ex-
periments demonstrate its benefits in differ-
ent missingness scenarios.

1 Introduction

Multi-label classification predicts multiple binary out-
comes per instance, while multi-dimensional classifica-
tion (MDC) generalizes this to categorical outcomes
with more than two values. MDC applies to vari-
ous domains (Gil-Begue et al., 2021; Jia and Zhang,
2024; Ma and Chen, 2018; Nguyen et al., 2023), such
as predicting multiple related health indices. The cate-
gorical indices can be nominal, mutually exclusive dis-
ease subtypes (Din et al., 2019; Ferreira et al., 2020;
Garcia-Aymerich et al., 2011; Hoshida et al., 2007), or
ordinal, such as graded disease severity (Dadu et al.,
2022; Lynch et al., 2015). Another example is predict-
ing antimicrobial resistance phenotypes (susceptible,
intermediate, resistant) for multiple drugs based on
the genomic sequences of bacterial strains (Do et al.,
2024; Moradigaravand et al., 2018).

Learning and inference in probabilistic graphical mod-
els are generally NP-hard (Cooper, 1990; Chickering,
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1996). Moreover, MDC faces amplified challenges re-
stricting its applicability, as the number of class con-
figurations grows exponentially with the number and
cardinality of class variables. This amplifies several
issues related to data sparsity, scalability, and inter-
pretability (Gil-Begue et al., 2021).

In this context, discriminative MDCs (DMDCs)
(Nguyen et al., 2023) balance scalability and expres-
siveness. They handle nicely mixed features (discrete
and continuous) by constraining discrete–continuous
dependencies. Though still NP-hard in the total num-
ber of discrete variables, DMDCs partition inputs into
discrete and continuous features with conditional dis-
tributions. These models predict accurately when all
features are observed, but performance may drop when
discrete features are missing at prediction time.

We extend DMDCs by relaxing the structural con-
straint on discrete–continuous links, which allows for
the processing of incomplete test data using three pre-
diction principles: optimistic, pessimistic, and averag-
ing. Our algorithms maintain the complexity level of
DMDC, yet improve robustness under missingness in
discrete variables. We analyze Bayesian optimal pre-
dictions under each principle, for the commonly used
Hamming and 0/1 losses, showing equivalence to MAP
inference under the optimistic and averaging principles
in several cases.

Section 2 introduces probabilistic MDCs and our Hy-
brid MDCs, Section 3 covers learning and prediction,
Section 4 reports experiments, and Section 5 con-
cludes. Proofs of propositions are deferred to the ap-
pendix.

2 Probabilistic MDCs

Probabilistic MDCs (PMDCs), which are essentially
Bayesian networks (BNs), are implemented in three
stages: representation, learning, and inference. This
section discusses how representation affects learning
and inference. We first present the two standard ap-
proaches, i.e., generative and discriminative, before
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introducing our hybrid approach.

2.1 Generalities

Let X := X 1× . . .×XQ denote the feature space, and
letX = {X1, . . . , XQ} be a finite set of features. In the
mixed-feature setting, the feature variables consist of
two disjoint sets: discrete featuresXD, and continuous
features XC , such that X = XC ∪ XD, where XD =
{X1, . . . , XP } and XC = {XP+1, . . . , XQ}.

Next, let Y := Y1 × . . . × YK be the set of possible
outcomes, and let Y = {Y 1, . . . Y K} be the set of the
K class variables. For any k ∈ [K] := {1, . . . ,K}, let
Yk := {yk1 , . . . , ykMk

} be the set of possible outcomes

that Y k can take. The cardinality of the class variable
Y k is Mk = |Yk|, for k ∈ [K]. Finally, we also define
the shorthand notations Z = X ∪ Y, Z = Y ∪X and
ZD = Y ∪XD.

The distribution of a PMDC is represented by a di-
rected acyclic graph (DAG) G, where nodes are vari-
ables and directed edges model conditional dependen-
cies between them, and are parameterized by θ. For
all z ∈ Z, the distribution factorizes as:

p(G,θ)(z) =
∏

Zj∈Z

p(G,θ)(Z
j = zj |pa(Zj) = pa(zj))

=:
∏

zj∈Zj

p(G,θ)(z
j |pa(zj)) ,

where pa(Zj) denotes the parent set of Zj in the DAG
G, while pa(zj) is the specific configuration of pa(Zj)
specified by z. The set of distributions that can be
represented can be restricted by constraining the type
or number of dependencies between variables, leading
to different PMDC types as detailed below.

2.2 Generative and Discriminative PMDCs

Generative PMDCs (GMDCs) (Van Der Gaag and
De Waal, 2006) extend classical BNs. Their DAGs
are restricted by excluding arcs from features to class
variables, as illustrated in Figure 1. They are adjusted
by maximizing the joint likelihood over data∏

zn∈S
p(G,θ)(zn) ,

where S := {zn}Nn=1 = {(xn,yn)}Nn=1 is the training
set. While the model is expressive, its inference is
NP-hard, and scalability requires additional structural
constraints to mitigate the computational complexity
of both learning and inference (Benjumeda et al., 2018;
Bielza et al., 2011; Van Der Gaag and De Waal, 2006).

Discriminative PMDCs (DMDC) (Nguyen et al., 2023)
extend BN classifiers. Their DAGs are restricted by

excluding arcs from class to feature variables, as illus-
trated in Figure 1. They are adjusted by maximization
of the conditional likelihood over data∏

zn∈S
p(G,θ)(yn |xn) .

The decomposability of the conditional log-likelihood,
combined with efficient structure learning algorithms
(Bartlett and Cussens, 2017; Cussens, 2020), allows
DMDC to handle mixed data. For mixed data,
DMDCs further forbid arcs between continuous and
discrete features. Inference remains NP-hard in the
number of class variables but is practical for typical
MDC tasks.

2.3 Hybrid PMDCs

GMDCs model the joint distribution p(G,θ)(Z) and are
the most general family, but their application to mixed
data is tricky. Extensions to continuous variables usu-
ally require strong assumptions, such as Gaussianity
of variables and linearity of relationships. Discretiza-
tion is a common but crude workaround (Sucar, 2021).
Moreover, GMDCs optimize the joint likelihood, which
is not discriminant and may thus perform poorly for
classification purposes, particularly in M-open prob-
lems (Roos et al., 2005).

DMDCs are discriminant in the sense that they model
the conditional distribution p(G,θ)(Y | XD,XC), and
they are computationally efficient. Yet they cannot
handle missing discrete features at prediction time,
which requires p(G,θ)(Y,XD | XC).

2.3.1 Structural Constraints

To address these limitations, we introduce Hybrid
PMDCs (HMDCs), a minimal extension of DMDCs
that enables inference with missing discrete features
or class variables. HMDCs relax DMDCs’ structural
constraints by allowing arcs into discrete features from
class or continuous variables, while still prohibiting
arcs into continuous features from discrete variables.
The model is trained by maximizing the conditional
likelihood ∏

zn∈S
p(G,θ)(yn,x

D
n |xC

n) , (1)

where xD
n and xC

n are respectively the discrete and
continuous features of xn. An example of HMDC is
shown in Figure 1.

This design, inspired by causal sufficiency (Pearl and
Mackenzie, 2018), ensures that each potentially miss-
ing variable has at least one observed parent, allowing
the model to predict missing features directly rather
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Figure 1: Examples of DAGs illustrating the PMDC types: GMDC, DMDC, and HMDC

than imputing them, thereby improving robustness in
MAP-based inference. As an intermediate between
GMDCs and DMDCs, HMDCs trade off representa-
tional flexibility and computational complexity: exact
inference remains NP-hard in the number of class vari-
ables and discrete features. To mitigate this, grouping
methods (Parviainen and Kaski, 2017) can be applied;
here, we adopt simple random grouping, leaving opti-
mal grouping strategies for future work.

2.3.2 Learning Objective

HMDCs are adjusted by maximizing the conditional
likelihood (1), which is equivalent to maximizing the
conditional log-likelihood

L(G,θ | S) =
∑
zn∈S

log
(
p(G,θ)

(
yn,x

D
n |xC

n

))
. (2)

This design, positioned between GMDCs and DMDCs,
targets deployment with mixed features and possibly
missing discrete variables. Like DMDCs, and unlike
GMDCs, HMDCs do not model the distribution of
continuous features. Although not purely discrimina-
tive, HMDCs can be viewed as a mixture of discrimi-
nant models via the decomposition

p(G,θ)(yn,x
D
n |xC

n) =

p(G,θ)(yn |xD
n ,x

C
n)p(G,θ)(x

D
n |xC

n) ,

where the discriminant components p(yn | xD
n ,x

C
n) are

weighted by p(xD
n | xC

n). This mixture structure pro-
vides the flexibility to predict outcomes with missing
discrete variables directly, without requiring their im-
putation. Compared to GMDCs, HMDCs avoid mod-
eling continuous inputs, reducing both training com-
plexity and data requirements.

3 Fitting and Using Hybrid MDCs

This section elaborates on the learning and prediction
phases of HMDCs.

3.1 Learning

The goal of the learning phase is to maximize the con-
ditional likelihood (2). To further mitigate overfitting
in this data-hungry setting, we optimize a regularized
conditional log-likelihood

LΩ(G,θ | S) = L(G,θ | S)− Ω(G,S) , (3)

where Ω(G,S) is a decomposable regularization term

Ω(G,S) =
∑

Zj∈ZD

ω(Zj ,pa(Zj),S) ,

which quantifies the complexity of the model. The reg-
ularized conditional log-likelihood (3) generalizes (2),
with common choices for Ω(G,S) including the Akaike
Information Criterion (AIC) and Bayesian Information
Criterion (BIC), which differ in penalty strength (Mur-
phy, 2023, Sec. 3.8.7). They correspond to

ω(Zj ,pa(Zj),S) = −Dim(G) (AIC) ,

ω(Zj ,pa(Zj),S) = −0.5Dim(G) log(N) (BIC) ,

with Dim(G) =
∑
j∈D

(|Zj | − 1)|pa(Zj)| ,

where |Zj | is the cardinality of Zj and |pa(Zj)| is the
number of possible configurations of pa(Zj). In this
paper, we adopt BIC and leave an extensive study of
alternatives as a follow-up work.

In the following, we show that (3) can be optimized
exactly under standard assumptions (Nguyen et al.,
2023), and that existing learning strategies extend to
our more general setting with minimal changes.

Proposition 1. For any z ∈ Z, the structure con-
straints of HMDCs ensure that we have

p(G,θ)(y,x
D |xC) =

∏
Zj∈ZD

p(G,θ)(z
j |pa(zj)) .

Proposition 1 implies that the estimation of
p(G,θ)(y,x

D | xC) is not affected by arcs among con-

tinuous features XC , allowing to exclude them in the
DAG search, without loss of predictive power.
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Proposition 2. Let S be any finite training set. For
any Zj ∈ ZD, let

LΩ(pa(Z
j),θj | S) ..= ℓ(pa(Zj),θj | S)−ω(Zj , pa(Zj),S)

(4)

ℓ(pa(Zj),θj | S) ..=
∑
zn∈S

log
(
p(G,θ)(z

j
n |pa(zjn))

)
. (5)

which only depends on the local structure and parame-
ters (pa(Zj),θj) defining the local model at each node.
The structure constraints of HMDCs ensure that, for
any HMDC (G,θ), we have the decomposition:

LΩ(G,θ | S) =
∑

Zj∈ZD

LΩ(pa(Z
j),θj | S) .

Proposition 3. For any Zj ∈ ZD, let 2Z\{Zj} be the
set of all the subsets of Z\{Zj}. Let Pa(Zj) ⊂ 2Z\{Zj}

be any set of possible parent sets of Zj. Given a train-
ing set S, the task of learning an optimal HMDC,
specified by the pair (G∗,θ∗) that maximizes the regu-
larized conditional log-likelihood in (3), can be decom-
posed into a set of local learning problems and a BN
structure learning problem.

Concretely, training the model reduces to training a
collection of local probabilistic multi-class classifiers.
Each local classifier

hpa(Zj) : ×
Zk∈pa(Zj)

Zk −→ ∆|Zj | , (6)

maps every configuration of the parent set pa(Zj) ∈
Pa(Zj) to a probability distribution over the levels of

Zj ∈ ZD, with ∆|Zj | being the probability simplex of
dimension |Zj |. Each classifier is parameterized by
parameters

θ∗
j ∈ argmax

θj∈Θj

ℓ(pa(Zj),θj | S) , (7)

with ℓ(pa(Zj),θj | S) defined in (5). Each possible par-
ent set pa(Zj) is then associated with its optimal score
LΩ(pa(Z

j),θ∗
j | S) (4). Finally, any scoring-based BN

structure learning technique can be employed to find
an optimal DAG G∗ specified by |ZD| parent sets, one
per Zj ∈ ZD, denoted by pa∗(Zj). Together with their
optimal parameter sets {θ∗

j |Zj ∈ ZD} := θ∗, we have
an optimal HMDC (G∗,θ∗).

The assumption that Pa(Zj) ⊂ 2Z\{Zj} can be any
given set of possible parent sets of Zj allows us to be
more flexible in defining the hypothesis space p(G,θ).
For example, if one prefers to only seek the most
promising p(G,θ) that does not exceed a certain level of
complexity, one may try to encode the complexity level
via the possible parent sets of Zj , for any Zj ∈ ZD. As

a consequence of Proposition 3, once the optimal local
criteria (5) are computed, any scoring-based structure
learning algorithm for discrete BNs can be employed
to find an optimal DAG over ZD.

Following (Nguyen et al., 2023), we employ GOBNILP
(Bartlett and Cussens, 2017; Cussens, 2020), which
is a globally optimal BN learning using integer linear
programming, to solve the structure learning problem,
and we also adapt the pruning rule (de Campos et al.,
2018) to prune away unnecessary large candidate par-
ent sets pa(Zj) ∈ Pa(Zj) that cannot be the parent
set of Zj in any optimal DAG G∗. This pruning does
not require the fitting of the local classifier hpa(Zj).

Proposition 4. Let Zj ∈ ZD. For any pa′(Zj) ⊃
pa(Zj), if

LΩ(pa(Z
j),θj | S) ≥ −ω(Zj ,pa′(Zj),S) ,

then pa′(Zj) cannot be a parent set of Zj in any opti-
mal DAG G∗.

This property can help reduce redundant computa-
tions, leveraging GOBNILP’s flexibility in handling
additional constraints on the set of candidate DAGs.

So far, we have assumed that for any possi-
ble pair (Zj ,pa(Zj)), the conditional distribution
p(G,θ)(Z

j |pa(Zj)) using can be modeled by a proba-

bilistic classifier hpa(Zj) (6). Since pa(Z
j) may include

both discrete and continuous variables, a theoretically
sound approach is required to define and train these
local probabilistic multi-class classifiers hpa(Zj) in the
presence of mixed features pa(Zj). We adopt the in-
put partitioning strategy of Nguyen et al. (2023) to
construct hpa(Zj)to reduce the complexity of the learn-
ing phase while still enabling feature selection locally
via either the construction of the local regularization
terms or the choice of probabilistic multi-class classi-
fiers like random forests, which typically select subset
of features during training. This may help to discard
irrelevant continuous features from pa(Zj), Zj ∈ ZD.

For each possible candidate pair (Zj ,pa(Zj)), let
paD(Z

j) denote the set of the discrete variables among
the parents of Z, paD(Z

j) := pa(Zj) ∩ ZD, and let

PaD(Zj) := ×
Zk∈paD(Zj)

Zk ,

be the set of all possible configurations of paD(Z
j).

We partition X C into |PaD (Zj)| regions, one per pos-
sible configuration paD(z

j) ∈ PaD (Zj), where a local
probabilistic multi-class classifier

hpaD(zj) : X C −→ ∆|Zj | (8)

is used to model p(G,θ)(Z
j |paD(Zj) = paD(z

j),XC).

For any paD(z
j) ∈ PaD(Zj), let

ℓ(paD(Zj),θj | S)



Thu-Ha Do, Vu-Linh Nguyen, Yves Grandvalet

=
∑
zn∈S

paD(zdn)=paD(Zj)

log
(
p(G,θ)(z

d
n | paD(Zj),xC

n)
)

. (9)

The |PaD(Zj)| classifiers (8) can be estimated inde-
pendently because

ℓ(pa(Zj),θj | S) =
∑

paD(zj)∈PaD(Zj)

ℓ(paD(z
j),θj | S) .

Altogether, the entire training phase is summa-
rized in Algorithm 1. As a reminder, in this al-
gorithm, we use GOBNILP (Bartlett and Cussens,
2017; Cussens, 2020) to find an optimal DAG G∗ us-
ing LΩ(pa(Z

j),θ∗
j | S) (4), but any scoring-based BN

structure learning algorithm could be employed in
place of GOBNILP.

Proposition 5. Given any finite training set S, Al-
gorithm 1 returns an optimal HMDC p(G∗,θ∗) that op-
timizes the regularized conditional log-likelihood (3) if,
for any possible pair (Zj ,pa(Zj)), and any paD(z

j) ∈
PaD(Zj), a local optimal classifier hpaD(zj) (8) that
optimizes (9) under the feature selection option can be
found.

Algorithm 1 Learning an optimal HMDC (G∗,θ∗)

1: input: Training data S := {zn}Nn=1 = {(xn,yn)}Nn=1,
possible parent sets Pa(Zj), Zj ∈ ZD, and hypothesis
spaces for local classifiers hpa(Zj) (8).

2: for Zj ∈ ZD do
3: Sort pa(Zj) ∈ Pa(Zj) s.t. |pa(Zj)| increases
4: for pa(Zj) ∈ Pa(Zj) do
5: for paD(zj) ∈ PaD(Zj) do
6: Train a local classifier hpaD(zj) (8)
7: end for
8: Store optimal set θ∗

j (7) of hpa(Zj) (6)

9: Compute optimal score LΩ(pa(Z
j),θ∗

j | S) (4)
10: Prune all pa′(Zj) ⊃ pa(Zj) satisfying

Proposition 4
11: end for
12: end for
13: Find optimal DAG G∗ using LΩ(pa(Z

j),θ∗
j | S) (4).

14: for Zj ∈ ZD do
15: Extract pa∗(Zj) from G∗ and its optimal

parameter set θ∗
j .

16: end for
17: return: (G∗,θ∗), where θ∗ ..= {θ∗

j |Zj ∈ ZD}

While doing both structure and parameter learning
can be costly, it is needed to detect and incorporate
conditional (in)dependencies Zi → XC ← Zj and
Zi ← XC → Zj , which might be difficult to de-
tect even for domain experts, into the DAG structure,
thanks to the relation between unconstrained DAGs
and their I-maps (Koller and Friedman, 2009) un-
der structural constraints imposed for Hybrid PMDCs.
Moreover, as will be shown later, when the base clas-
sifiers hpaD(zj), such as logistic regression, can pro-
vide good estimates of the local conditional probability

distribution, the DAGs given by our framework seem
to reflect the dependencies in the dataset reasonably.
This is reflected via the sparseness of the DAGs as well
as the robustness of the predictive performance.

3.2 Prediction

We now address the prediction of class variables for
query instances z where some discrete features and
class variables in ZD are missing. This framework en-
compasses several practical scenarios:

(i) Partial observation of classes: some class variables
are observed and can be leveraged to enhance the
prediction of the missing ones;

(ii) Incomplete data at prediction time: high-quality
and complete training data may be available (for
instance, from well-monitored cohorts in clinical
studies), while incomplete instances are encoun-
tered during the prediction phase;

(iii) Combined scenarios: where both partial obser-
vations of class variables and incomplete feature
data occur simultaneously.

Our framework is designed to handle all these cases,
providing robust predictions despite missing discrete
features or class variables.

To simplify the notations, we will not explicitly men-
tion the query z in either subscripts or superscripts,
but we emphasize that all subsequent notions are de-
fined in an instance-wise manner, i.e., they are tai-
lored specifically to the query z. We denote YM as
the set of missing class variables, YO as the set of
observed class variables, XM as the set of missing
discrete features, and XO as the set of observed dis-
crete feature variables (XD = XM ∪XO). We denote
ZM = YM ∪XM as the set of all missing variables,
and ZO = YO ∪XO as the set of all observed discrete
variables (ZM ∪ ZO = Y ∪XD).

To address this challenging setting, we assume that
data are missing at random (MAR). While the real-
ism of MAR depends on the application, it is widely
accepted and general. It eliminates the need to define a
specific missingness mechanism (whose realism would
have the same limitation) and enables experimental
evaluation. In any case, mastering this type of miss-
ingness is necessary before considering more complex
scenarios. Under this assumption, Bayesian optimal
predictions can be formulated using different decision-
making principles (Cooper and Herskovits, 1992; Guil-
laume et al., 2017; Hüllermeier et al., 2019; Koller and
Friedman, 2009): the optimistic, pessimistic, and av-
eraging principles.
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Let u : YM × YM −→ R+ be any utility quantifying
the reward for predicting ŷM when the ground-truth
is yM. We also define the shorthand notations zM =
yM ∪ xM and zO = yO ∪ xO. Let

Ep(G,θ)

[
u(ŷM,yM) |xC

]
:=

∑
yM∈YM

u(ŷM,yM)p(G,θ)(z
M, zO | xC)

be the expected utility. The optimistic, pessimistic,
and averaging principles can be implemented as fol-
lows, respectively:

ŷopt
u ∈ argmax

ŷM∈YM
max

xM∈XM
Ep(G,θ)

[
u(ŷM,yM) |xC

]
, (10)

ŷpes
u ∈ argmax

ŷM∈YM
min

xM∈XM
Ep(G,θ)

[
u(ŷM,yM) |xC

]
, (11)

ŷave
u ∈ argmax

ŷM∈YM

∑
xM∈XM

Ep(G,θ)

[
u(ŷM,yM) |xC

]
. (12)

In this work, we do not focus on the pessimistic
principle, as finding its optimal solution is notably
challenging. Instead, we present algorithmic solutions
for deriving optimal predictions under the optimistic
and averaging principles. Our discussion specifically
addresses their application in conjunction with com-
monly used evaluation metrics: subset 0/1 accuracy
(13) and Hamming accuracy (14):

u0/1(ŷ
M,yM) := JŷM = yMK , (13)

uH(ŷM,yM) :=
1

|YM|
∑

Y ∈YM

Jŷ = yK . (14)

3.3 Algorithmic Solutions

Let GD be the sub-DAG of G∗ over ZD, which is
the same for any query z. For each Zj ∈ ZD, let
pa∗D(Z

j) be the parent set of Zj within G∗ restricted
to ZD. Let Pa∗D(Z

j) be the set of possible configu-
rations of pa∗D(Z

j). For any query z, we can con-
struct a discrete BN p(GD,xC) over Z

D, where for each

Zj ∈ ZD, the conditional probability table (CPT)
p(GD,xC)(Z

j |pa∗D(Zj)) consisting of |Pa∗D(Z
j)| rows,

one per paD(z
j) ∈ Pa∗D(Z

j):

p(GD,xC)(Z
j |paD(zj)) := p(G∗,θ∗)(Z

j |paD(zj),xC)

= hpaD(zj)(x
C) ,

where hpaD(zj) is the optimal local classifier associated

to the configuration paD(z
j) defined in (8).

The following propositions ensure that optimal pre-
dictions under the averaging principle, when coupled
with the commonly used 0/1 accuracy (13) and Ham-
ming accuracy (14), can be found by performing MAP
queries on p(GD,xC). Similarly, optimal predictions un-
der the optimistic principle, when coupled with the

commonly used 0/1 accuracy (13) and Hamming accu-
racy (14), can be respectively estimated and computed
by performing MAP queries on p(GD,xC) learned dur-
ing the training phase (Gil-Begue et al., 2021; Koller
and Friedman, 2009; Nguyen et al., 2023).

Proposition 6. Let u be the 0/1 accuracy u0/1 (13).
For any z ∈ Z, and for any HMDC p(G∗,θ∗), we have

ŷopt
u ∪ x̂M ∈ argmax

zM∈ZM
p(GD,xC)(z

M | zO) , (15)

ŷave
u ∈ argmax

yM∈YM
p(GD,xC)(y

M | zO) . (16)

Proposition 7. Let u be the Hamming accuracy uH

(14). For any z ∈ Z, for any HMDC p(G∗,θ∗), ŷ
opt
u

(10) can be estimated by finding, ∀ Y k ∈ YM,

ŷopt,ku ∪ x̂M ∈ argmax
yk∪xM∈Yk×XM

p(GD,xC)(y
k,xM | zO) ,

and ŷave
u (12) can be obtained by finding, ∀ Y k ∈ YM,

ŷave,ku ∈ argmax
yk∈Yk

p(GD,xC)(y
k | zO) . (17)

From now on, we refer to the optimistic and aver-
aging approaches as HMDC-OP and HMDC-AV, re-
spectively. Given that HMDC-OP can be costly when
the total number of missing discrete variables and
their cardinalities increase, we also propose HMDC-
MI, which is an approximation of HMDC-OP. HMDC-
MI first imputes the missing discrete features using the
most probable levels from their observed distributions
in the training data, and then uses these imputed val-
ues, together with the observed discrete features and
class variables, as evidence in MAP queries to predict
the missing class variables.

4 Experiments

This section presents the experimental setting and re-
sults.

4.1 Experimental Settings

We experiment on three mixed-feature MDC tabular
datasets from the literature (Jia and Zhang, 2024):
Adult, Default, and Thyroid (see Table 1).

On the Thyroid dataset, we group the 22 discrete fea-
tures into 8 (meta) discrete features, each with a cardi-
nality of 8, except for the last one that has a cardinal-
ity of 6. We also exclude the optimistic approach from
the comparison on this dataset, since performing MAP
queries becomes computationally infeasible (given our
computational resources), due to the multiple discrete
variables with relatively large cardinalities.
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Table 1: Summary of dataset characteristics: number
of instances N , number of class variables K, cardinal-
ities of class variables {|Yk|}Kk=1, number of discrete
features |XD|, number of continuous features |XC |

Dataset N K {|Yk|}Kk=1 |XD| |XC |
Adult 18,419 4 [7, 7, 5, 2] 5 5
Default 28,779 4 [2, 7, 4, 2] 6 14
Thyroid 9,172 7 [5, 5, 3, 2, 4, 4, 3] 22 7

We follow a 10-fold cross-validation procedure. For
each train-test split, the training data are used to train
an HMDC using Algorithm 1, while the discrete fea-
tures and class variables of the test data are made
incomplete by introducing missing values under the
MAR assumption. We evaluate performance across
varying levels of missingness: 30% and 80% for dis-
crete features, and 30%, 70%, 80%, and 90% for class
variables, resulting in 8 distinct missingness scenar-
ios. To assess whether our modeling of conditional
dependencies alleviates class imbalance in MDC, we
also adapt the balanced accuracy measure introduced
for multiclass classification (Gösgens et al., 2021):

Rec(ykm) :=
1

|T (ykm)|
∑

T (yk
m)

Jŷk = ykmK ,

BA(Y k) :=
1

|Yk|
∑

yk
m∈Yk

Rec(ykm) , (18)

where, for each possible outcome ykm ∈ Yk, the set
of test instances where Y k is missing and the correct
value ykm is denoted by T (ykm). For each train-test
split, we compute the balanced accuracies, the average
0/1 accuracy (13) and the average Hamming accuracy
(14) on the test set. We then calculate the average and
standard deviation of these metrics across the 10 folds.

We conduct two experiment sets where the number of
possible discrete parents is limited to at most two and
three, ∀Zj ∈ ZD. The source code used in our experi-
ments has been made public at https://github.com/
telagment/HMDC_tabular.

4.2 Base Classifiers and Baselines

We implement HMDCs with three base classifiers,
used to estimate the local conditional distributions
p(G,θ)(Z

j |paD(Zj) = paD(z
j),XC): Logistic Regres-

sion (LR), Naive Bayes (NB), and Random Forest
(RF). We compare the performance of the HMDC-
OP, HMDC-MI, and HMDC-AV approaches, which
are defined in Section 3.3, against three baselines: The
first baseline is a Random classifier (RandC) that ran-
domly predicts an outcome vector drawn uniformly

from the set of possible outcomes. The second base-
line is Mode imputation (MI) that predicts the most
frequently observed outcome in S for each missing
class variable. We also include a Reference Classifier
(RefC), similar to HMDC-MI but with missing discrete
features replaced by their true values. RefC, having
access to ground truth, is expected to provide an up-
per bound on performance for approaches dealing with
missing features.

As shown in Appendix D, the correlations between dis-
crete variables of the 3 datasets are often high. How-
ever, as discussed in Section 3.1, it may be the case
that the conditional dependencies may be low and, in
such cases, the learning algorithm should return rea-
sonably sparse DAGs. To have an idea of the strength
of the conditional dependencies, we include another
baseline, namely Binary Relevance (BR), which forces
the empty DAG structure. BR solves classification
tasks on the class variables independently, given the
continuous features. It is known that, despite its sim-
plicity, BR can be competitive (optimal) on datasets
with weak (no) conditional dependencies.

4.3 Results

For conciseness and readability, we summarize in Fig-
ure 2 the results with at most two discrete parents,
focusing on LR classifiers, which perform best due to
their probabilistic nature. Comprehensive results, in-
cluding optimal DAGs GD, standard deviations, and
results with RF and NB, are provided in Appendix E.
Overall, standard deviations are small relative to the
performance gaps between methods. RF and NB yield
lower scores but follow similar trends across missing-
ness rates and datasets. Results for experiments al-
lowing up to three discrete parents show comparable
patterns and are deferred to Appendix E.

As expected, RefC, which has access to the missing
discrete features, achieves the best performance across
most settings (but for the Default dataset with the
RF base classifier), and its results are invariant to
rates of missing features. A similar invariance holds
for RandC. Since its results are notably worse than
the MI approach, they are deferred to the appendix,
and MI serves as a more informative baseline for the
expected lower bound of predictive performance.

We observe consistent trends in the predictive perfor-
mance of HMDC-based methods compared to base-
lines. Our proposed robust inference methods,
HMDC-OP and HMDC-AV, consistently outperform
both the MI and HMDC-MI. The predictive perfor-
mances of HMDC-OP and HMDC-AV are much closer
to RefC (which has access to ground-truth values of
missing features) than to MI, occasionally surpassing

https://github.com/telagment/HMDC_tabular
https://github.com/telagment/HMDC_tabular
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Figure 2: Average Hamming and subset 0/1 accuracy scores (in %, y-axis) over 10 cross-validation folds, plotted
against the percentage of missing class variables (in %, x-axis) for the three datasets. The missing rate for
discrete features is either 30 % or 80 %; logistic regression is used as the base classifier. Probabilistic models are
represented as follows: ■ MI, × BR, ▲ HMDC-MI, ♦ HMDC-OP, HMDC-AV and RefC.

RefC. Overall, HMDC-OP and HMDC-AV have indis-
tinguishably strong predictive scores, but HMDC-AV
is computationally cheaper to use.

The results indicate that the choice of base classifier
has a substantial impact on predictive performance.
Overall, LR yields the most promising results, followed
by RF, while NB performs the worst. This disparity
may be attributed to the use of explicit and implicit
regularization in LR and RF, respectively, which pro-
motes stable training of local discriminative classifiers
(Nguyen et al., 2018), favoring the identification of an
optimal HMDC, as discussed in Proposition 5. In con-
trast, the poor performance of NB may stem from a
mismatch between its training objective and the eval-
uation criteria used in our framework.

On the Thyroid dataset, MI is a strong baseline,
achieving a Hamming score of approximately 96%.
Nevertheless, HMDCs still perform better, close to
RefC, which achieves a Hamming score above 98%.
The DAGs learned using RFs (shown in the appendix)
are extremely sparse, which likely explains why the

Hamming scores (computed only on the class variables
that are missing) remain roughly constant across vary-
ing levels of missingness in both the class variables
(x-axis) and discrete features (30% and 80% missing-
ness settings). Since the discrete features were grouped
into meta-features for this dataset, these results sug-
gest that coupling HMDCs with the grouping of vari-
ables in DAGs, as proposed in (Parviainen and Kaski,
2017), could be a promising direction to manage com-
putational complexity in both training and inference.

Regarding the effect of varying the proportion of miss-
ing data, the results show that the Hamming score
of HMDC decreases moderately as the proportion
of missing values in discrete features increases, but
changes only slightly when the proportion of missing
class values changes. In contrast, the Subset 0/1 de-
creases significantly as the proportion of missing class
variable values increases, while exhibiting only minor
changes when the missing rate of discrete features in-
creases.

The graphs reported in Appendix E.4.1 show that LR
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provides reasonably sparse DAGs. Moreover, the re-
sults given in Appendix E.4.2, where up to three par-
ents are allowed among discrete variables, further high-
light the stability of the learning phase. This could
benefit the trade-off between model complexity and
predictive performance. Unfortunately, we are unable
to extend the analysis on this desirable property of our
proposal due to the shortage of benchmark datasets
with diverse levels of (conditional) dependencies.

Regarding balanced accuracy (18), results in Figure
3 and Appendix E.1 show that our HMDC-based line
models consistently outperform BR and other base-
lines on Adult and Thyroid, and remain competitive
on Default (with very sparse DAGs). This gain likely
stems from the ability to take into account the de-
pendencies among the discrete variables when mod-

BR HMDC-MI HMDC-OP HMDC-AV RefC
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Figure 3: Balanced accuracies (↑) with LR as base
learner; Adult, Default, Thyroid datasets with 90%
missing class variables and 30% missing features.

eling the joint conditional probability distribution.
By capturing these relationships, the model can bet-
ter identify plausible configurations of the class vari-
ables, thereby improving the prediction of minority
outcomes.

Overall, class variables with lower cardinality tend to
yield higher balanced accuracy due to their easier pre-
dictability. This pattern can be observed for Y 4 in
Adult; Y 1, Y 4 in Default; and Y 3, Y 4, Y 7 in Thyroid,
in both Figure 3 and Appendix E.1. Binary Relevance
is not affected by changes in missing values due to the
independence assumption. The per-class balanced ac-
curacy of the HMDC methods decreases as the pro-
portion of missing discrete feature values increases,
while remaining relatively stable when the proportion
of missing class values changes. In particular, HMDC-
MI exhibits the greatest sensitivity to variations in the
missingness rate of discrete features, likely because the
method infers outcomes from unreliable or misleading
evidence.

5 Conclusion

We presented Hybrid MDCs, a model family designed
for the challenging MDC setting with mixed features,
where both discrete features and class variables may be
missing at prediction time. We detailed their learning
and prediction procedures, supported by theoretical
results that guide the design of efficient algorithms.
Our experiments demonstrate the robustness of Hy-
brid MDCs in different scenarios, across varying levels
of missingness in discrete features and class variables.
As a follow-up work, we plan to extend the approach to
also tackle incomplete data during the training phase.
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Appendix

A Notations and Acronyms

Symbol Description

X Feature (random) variable

Y Class (random) variable

X Feature vector X = {X1, . . . , XQ}
Y Class vector Y = {Y 1, . . . , Y K}
XD Set of discrete feature variables

XC Set of continuous feature variables

Z Union of disjoint sets X and Y, Z = X ∪Y

ZD Union of the disjoint sets XD and Y, ZD = XD ∪Y

Q Number of feature variables

K Number of class variables

z Particular value of variable Z = z

x Particular set value of feature variables, X = x

y Particular set value of class variables, Y = y

z Particular set value of variables Z = z

zn Values of the joint variables Z corresponding with training instance n

xD
n Discrete features of xn

xC
n Continuous features of xn

M Superscript indicating missing term, e.g., XM, YM

O Superscript indicating observed term, e.g., XO, YO

n Training data index

N Number of training data instances

S Training set {zn |n = 1 . . . , N} = {(xn,yn) |n = 1 . . . , N}
T Test set

G Directed Acyclic Graph (DAG)

θ A parameter set

H Hypothesis space consists of possible pair (G,θ)

G∗ Optimal DAG structure

θ∗ Optimal parameter set

pa(Z) Parent set of Z in the DAG G

pa(z) Specific configuration of pa(Z) specified by z

p(G,θ) Admissible distribution

Ω(G,S) Decomposable regularization term

hpa(Zj) Probabilistic classifier (6)

hpaD(zj) Probabilistic classifier (8)

paD(Z
j) Set of the discrete variables among the parents of Z

Pa(Zj) ⊂ 2Z\{Zj} Set of possible parent sets of Zj
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Acronym Description
MDC Multi-Dimensional Classification
PMDC Probabilistic Multi-Dimensional Classification
BN Bayesian Network
DAG Directed Acyclic Graph
BOPs Bayes-Optimal Predictions
MAP Maximum A Posteriori
MAR Missing At Random
GMDC Generative Multi-Dimensional Classification
DMDC Discriminative Multi-dimensional Classification
HMDC Hybrid Multi-Dimensional Classification
AIC Akaike Information Criterion
BIC Bayesian Information Criterion
LR Logistic Regression
NB Naive Bayes
RF Random Forest

B Proofs for Propositions of Section 3.1 (Learning Phase)

Proposition 1. For any z ∈ Z, the structure constraints of HMDCs ensure that, for any HMDC p(G,θ), we
have

p(G,θ)(y,x
D |xC) =

∏
Zj∈ZD

p(G,θ)(z
j |pa(zj))

:=
∏

Zj∈ZD

p(G,θ)(Z
j = zj |pa(Zj) = pa(zj)) , .

Proof. The structure constraints of HMDCs ensure that, for any Xi ∈ XC , pa(Xi) ⊂ XC . Therefore, we have

p(G,θ)(y,x
D |xC) =

p(G,θ)(y,x
D,xC)∑

z̄D∈ZD p(G,θ)(ȳ, x̄
D,xC)

(19)

=

∏
Zj∈ZD p(G,θ)(z

j |pa(zj))
∏

Xi∈XC p(G,θ)(x
i |pa(xi))∑

z̄D∈ZD

(∏
Zj∈ZD p(G,θ)(z̄

j |pa(z̄j))
∏

Xi∈XC p(G,θ)(x
i |pa(xi))

)
=

(∏
Zj∈ZD p(G,θ)(z

j |pa(zj))
)∏

Xi∈XC p(G,θ)(x
i |pa(xi))(∑

z̄D∈ZD
∏

Zj∈ZD p(G,θ)(z̄
j |pa(z̄j))

)∏
Xi∈XC p(G,θ)(x

i |pa(xi))

=

∏
Zj∈ZD p(G,θ)(z

j |pa(zj))∑
z̄D∈ZD

∏
Zj∈ZD p(G,θ)(z̄

j |pa(z̄j))

=
∏

Zj∈ZD

p(G,θ)(z
j |pa(zj))

because by the definition of Bayesian Networks, we have∑
z̄D∈ZD

∏
Zj∈ZD

p(G,θ)(z̄
j |pa(z̄j)) =

∑
z̄D∈ZD

p(G,θ)(z̄
D |xC) = 1 . (20)

Proposition 2. Given any finite training set S, the structure constraints of HMDCs ensure that, for any HMDC
(G,θ), we have the following decomposition:

LΩ(G,θ | S) =
∑

Zj∈ZD

LΩ(pa(Z
j),θj | S) ,
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where

LΩ(pa(Z
j),θj | S) ..= ℓ(pa(Zj),θj | S)−ω(Zj ,pa(Zj),S)

ℓ(pa(Zj),θj | S) ..=
∑
zn∈S

log
(
p(G,θ)(z

j
n |pa(zjn))

)
,

which only depends on the local structure and parameters (pa(Zj),θj) defining the local model at each node.

Proof. As a consequence of Proposition 1, we have

LΩ((G,θ) | S) =
∑
zn∈S

log
(
p(G,θ)(yn,x

D
n |xC

n)
)
− Ω(G,S) (21)

=
∑
zn∈S

log

( ∏
Zj∈ZD

p(G,θ)(z
j
n |pa(zjn))

)
− Ω(G,S)

=
∑
zn∈S

∑
Zj∈ZD

log
(
p(G,θ)(z

j
n |pa(zjn))

)
− Ω(G,S)

=
∑

Zj∈ZD

∑
zn∈S

log
(
p(G,θ)(z

j
n |pa(zjn))

)
− Ω(G,S)

=
∑

Zj∈ZD

∑
zn∈S

log
(
p(G,θ)(z

j
n |pa(zjn))

)
−

∑
Zj∈ZD

ω(Zj ,pa(Zj),S)

=
∑

Zj∈ZD

(∑
zn∈S

log
(
p(G,θ)(z

j
n |pa(zjn))

)
− ω(Zj ,pa(Zj),S)

)

=
∑

Zj∈ZD


∑
zn∈S

log
(
p(G,θ)(z

j
n |pa(zjn))

)
︸ ︷︷ ︸

=:ℓ(pa(Zj),θj) | S)

−ω(Zj ,pa(Zj),S)


=

∑
Zj∈ZD

ℓ(pa(Zj),θj) | S)− ω(Zj ,pa(Zj),S)︸ ︷︷ ︸
=:LΩ(p(G,θ)(pa(Z

j),θj) | S)

 .

Proposition 3. For any Zj ∈ ZD, let 2Z\{Zj} be the set of all the subsets of Z \ {Zj}. Let Pa(Zj) ⊂ 2Z\{Zj}

be any set of possible parent sets of Zj. Given a training set S, the task of learning an optimal HMDC, specified
by the pair (G∗,θ∗) that maximizes the regularized conditional log-likelihood in (3), can be decomposed into a set
of local learning problems and a Bayesian network structure learning problem.

Specifically, it reduces to training a collection of local probabilistic multi-class classifiers. Let ∆|Zj | be the proba-
bility simplex over |Zj | outcomes,each classifier

hpa(Zj) : ×
Zk∈pa(Zj)

Zk −→ ∆|Zj | ,

estimates the conditional distribution of a variable Zj ∈ ZD given each valid parent set pa(Zj) ∈ Pa(Zj) and is
specified by an optimal parameter set

θ∗
j ∈ argmax

θj∈Θj

ℓ(pa(Zj),θj | S) ,

with ℓ(pa(Zj),θj | S) defined in (5). Each possible parent set pa(Zj) is then associated with its optimal score
LΩ(pa(Z

j),θ∗
j | S) (4). Finally, any scoring-based Bayesian network structure learning technique can be employed
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to find an optimal DAG G∗ over ZD specified by |ZD| parent sets, one per Zj ∈ ZD, denoted by pa∗(Zj). Together
with their optimal parameter sets {θ∗

j |Zj ∈ ZD} := θ∗, we have an optimal HMDC (G∗,θ∗).

Proof. For any Zj ∈ ZD, let Pa(Zj) ⊂ 2Z\{Zj} be any set of possible parent sets of Zj . Each possible DAG G
should be specified by a set of parent sets{

pa(Zj)|Zj ∈ ZD} ∈ ×
Zj∈ZD

Pa(Zj) , (22)

which forms a DAG. For each possible DAG G, there are (possibly infinite) parameter sets θ :=
{
θj |Zj ∈ ZD},

which can be employed to estimate

p(G,θ)(y,x
D |xC) =

∏
Zj∈ZD

p(G,θ)(z
j |pa(zj)) . (23)

As a consequence of proposition 2, for each fixed possible DAG G, an optimal parameter set θ∗ ..= {θ∗
j |Zj ∈ ZD},

which optimizes the local CL (3), can be found by independently finding, ∀Zj ∈ ZD, optimal parameter set θ∗
j

(7), which specifies the probabilistic multi-class classifier hpa(Zj) (6).

Once the local optimal parameter sets θ∗j are learned for all the possible pair (Zj ,pa(Zj)), for any Zj ∈ ZD,

each possible parent set pa(Zj) is then associated with its optimal score LΩ((pa(Z
j),θ∗

j ) | S) (4).

Therefore, finding an optimal HMDC reduces to finding an optimal DAG G∗ over ZD such that

G∗ ∈ argmax
G

∑
Zj∈ZD

LΩ(p(G,θ)(pa(Z
j),θ∗

j ) | S) , (24)

which can be done by using any scoring-based Bayesian network structure learning technique.

Once G∗ is found, for each Zj ∈ ZD, let pa∗(Zj) its parent set in G∗. We can retrieve the corresponding
parameter set θ∗

j . Finally, the optimal parameter set θ∗ := {θ∗
j |Zj ∈ ZD} of the optimal HMDC p(G∗,θ∗) can

be formed.

Proposition 4. Let Zj ∈ ZD. For any pa′(Zj) ⊃ pa(Zj), if

LΩ(pa(Z
j),θj | S) ≥ −ω(Zj ,pa′(Zj),S) ,

then pa′(Zj) cannot be a parent set of Zj in any optimal DAG G∗.

Proof. For any pa′(Zj) ⊃ pa(Zj), if

LΩ(p(G,θ)(pa(Z
j),θj) | S) ≥ −ω(Zj ,pa′(Zj),S) , (25)

we have

LΩ(p(G,θ)(pa(Z
j),θj) | S)︸ ︷︷ ︸

≥−ω(Zj ,pa′(Zj),S)

−LΩ(p(G,θ)(pa
′(Zj),θj) | S) ≥ −ω(Zj ,pa′(Zj),S)− LΩ(p(G,θ)(pa

′(Zj),θj) | S)︸ ︷︷ ︸
=ℓ(pa′(Zj),θj) | S)−ω(Zj ,pa′(Zj),S)

= −ω(Zj ,pa′(Zj),S)− ℓ(pa′(Zj),θj) | S) + ω(Zj ,pa′(Zj),S)
= −ℓ(pa′(Zj),θj) | S) ≥ 0 .

Then pa′(Zj) cannot be a parent set of Zd in any optimal DAG G∗. This is because if assuming contrary to the
claim, there must be an optimal DAG G∗ which takes pa′(Zj) as the parent set of Zj . If we replace pa′(Zj) by
pa(Zj), we will have another DAG with a smaller complexity whose optimal regularized conditional log-likelihood
in (3) is at least the optimal regularized conditional log-likelihood in (3) attained when using DAG G∗. This is
a contradiction.

Proposition 5. Given any finite training set S, Algorithm 1 returns an optimal HMDC p(G∗,θ∗) that optimizes

the regularized conditional log-likelihood (3) if, for any possible pair (Zj ,pa(Zj)), and any PaD(Z
j) ∈ PaD(Zj),

a local optimal classifier hpaD(zj) (8) that optimizes (9) can be found.
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Proof. For any possible pair (Zj ,pa(Zj)), the optimal parameter set θ∗
j (7) of hpa(Zj)=pa(zj) (6) is found if, for

any possible configuration paD(z
j) ∈ PaD(Zj), a local optimal classifier hpaD(zj) (8) that optimizes (9) can be

found. If the local optimal classifier hpaD(zj) (8) is learned under the feature selection option, the irrelevant

continuous features are discarded from pa(Zj). This is equivalent to exhaustively assessing all the possible
parent sets pa

′
(Zj) ⊂ pa(Zj), where pa

′
(Zj) := paD(Z

j) ∪ ZC , ∀ ZC ⊂ XC and select the best one. The
non-optimal parent sets pa

′
(Zj) can be discarded without discarding any possible optimal DAG since all the

pa′(Zj) = paD(Z
j) ∪ ZC , ZC ⊂ XC , have the same regularized score ω(Zj ,pa′(Zj),S) defined independently

from |ZC |.

Applying the pruning rule (detailed in Proposition 4) in the line 10 of Algorithm 1 does not discard any optimal
DAG. Therefore, the for-loop in lines 2–12 returns, for each Zj ∈ ZD, the optimal score LΩ((pa(Z

j),θ∗
j ) | S) (4)

of all the possible parent sets pa(Zj) ∈ Pa(Zj), except those parent sets that can not belong to any optimal
DAG, which are pruned in the line 10 of Algorithm 1.

GOBNILP (and any other exact Bayesian Network structure learning algorithms), if it converges, should return
an optimal DAG G∗ by using LΩ((pa(Z

j),θ∗
j ) | S) (4) as the input.

Altogether, the HMDC p(G∗,θ∗), where θ∗ ..= {θ∗
j |Zj ∈ ZD} returned by Algorithm 1 should optimize the

regularized conditional log-likelihood (3).

C Proofs for Propositions of Section 3.2 (Prediction Phase)

Proposition 6. Let u be the 0/1 accuracy u0/1 (13). To simplify the notations, for any ŷM ∈ YM, we shall

denote by ẑM = ŷM ∪ xM. For any z ∈ Z, and for any HMDC p(G∗,θ∗), we have

ŷopt
u ∪ x̂M ∈ argmax

ẑM∈ZM
p(GD,xC)(ẑ

M | zO) ,

ŷave
u ∈ argmax

ŷM∈YM
p(GD,xC)(ŷ

M | zO) .

Proof. To simplify the notations, for any ŷM ∈ YM, we shall denote by ẑM = ŷM ∪ xM.

We will first proceed with the optimistic principle. For any z ∈ Z, and for HMDC p(G∗,θ∗), we have

ŷopt
u ∈ argmax

ŷM∈YM
max

xM∈XM
Ep(G∗,θ∗)

[
u(ŷM,yM) |xC

]
(26)

= argmax
ŷM∈YM

max
xM∈XM

∑
yM∈YM

JŷM = ŷMKp(G∗,θ∗)(z
M, zO | xC)

= argmax
ŷM∈YM

max
xM∈XM

∑
yM∈YM

JŷM = yMKp(GD,xC)(z
M, zO)

= argmax
ŷM∈YM

max
xM∈XM

p(GD,xC)(ŷ
M,xM, zO)

= argmax
ŷM∈YM

max
xM∈XM

Using Bayes’ Theorem︷ ︸︸ ︷
p(GD,xC)(ŷ

M,xM | zO)p(GD,xC)(z
O)︸ ︷︷ ︸

A constant

= argmax
ŷM∈YM

max
xM∈XM

p(GD,xC)(ŷ
M,xM | zO) .

Therefore, ŷopt
u can be found by finding

ŷopt
u ∪ x̂M ∈ argmax

ẑM∈ZM
p(GD,xC)(ẑ

M |xC) .

We now proceed with the averaging principle. For any z ∈ Z, and for HMDC p(G∗,θ∗), we have

ŷave
u ∈ argmax

ŷM∈YM

∑
xM∈XM

Ep(G∗,θ∗)

[
u(ŷM,yM) |xC

]
(27)
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= argmax
ŷM∈YM

∑
xM∈XM

p(GD,xC)(ŷ
M,xM | zO) .

= argmax
ŷM∈YM

p(GD,xC)(ŷ
M | zO) .

Proposition 7. Let u be the Hamming accuracy uH (14). For any z ∈ Z, for any HMDC p(G∗,θ∗), ŷ
ave
u (12)

can be found by finding

ŷave,ku ∈ argmax
ŷk∈Yk

p(GD,xC)(ŷ
k | zO) ,∀Y k ∈ YM ,

and ŷopt
u (10) can be estimated by finding, ∀Y k ∈ YM,

ŷopt,ku ∪ x̂M ∈ argmax
ŷk∪xM∈Yk×XM

p(GD,xC)(ŷ
k,xM | zO) .

Proof. To simplify the notations, for any ŷM ∈ YM, we shall denote by ẑM = ŷM ∪ xM.

We will first proceed with the optimistic principle. For any z ∈ Z, and for HMDC p(G∗,θ∗), we have

ŷopt
u ∈ argmax

ŷM∈YM
max

xM∈XM
Ep(G∗,θ∗)

[
u(ŷM,yM) |xC

]
(28)

= argmax
ŷM∈YM

max
xM∈XM

∑
yM∈YM

 1

|YM|
∑

Y k∈YM

Jŷk = ykK

p(G∗,θ∗)(z
M, zO | xC)

= argmax
ŷM∈YM

max
xM∈XM

∑
yM∈YM

 1

|YM|
∑

Y k∈YM

Jŷk = ykK

p(GD,xC)(z
M, zO)

= argmax
ŷM∈YM

max
xM∈XM

1

|YM|
∑

yM∈YM

 ∑
Y k∈YM

Jŷk = ykK

p(GD,xC)(z
M, zO)

= argmax
ŷM∈YM

max
xM∈XM

∑
yM∈YM

 ∑
Y k∈YM

Jŷk = ykK

p(GD,xC)(z
M, zO)

= argmax
ŷM∈YM

max
xM∈XM

∑
yM∈YM

 ∑
Y k∈YM

Jŷk = ykK

p(GD,xC)(ŷ
M,xM, zO)

= argmax
ŷM∈YM

max
xM∈XM

∑
yM∈YM

 ∑
Y k∈YM

Jŷk = ykKp(GD,xC)(ŷ
M,xM, zO)


= argmax

ŷM∈YM
max

xM∈XM

∑
Y k∈YM

 ∑
yM∈YM

Jŷk = ykKp(GD,xC)(ŷ
M,xM, zO)



= argmax
ŷM∈YM

max
xM∈XM

∑
Y k∈YM

 ∑
yM∈YM

ŷk=yk

p(GD,xC)(ŷ
M,xM, zO)


= argmax

ŷM∈YM
max

xM∈XM

∑
Y k∈YM

p(GD,xC)(ŷ
k,xM, zO)

= argmax
ŷM∈YM

max
xM∈XM

∑
Y k∈YM

p(GD,xC)(ŷ
k,xM | zO)p(GD,xC)(z

O)︸ ︷︷ ︸
Using Bayes’ Theorem
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= argmax
ŷM∈YM

max
xM∈XM

 ∑
Y k∈YM

p(GD,xC)(ŷ
k,xM | zO)

p(GD,xC)(z
O)︸ ︷︷ ︸

A constant

= argmax
ŷM∈YM

max
xM∈XM

∑
Y k∈YM

p(GD,xC)(ŷ
k,xM | zO) .

which can be estimated (since for different Y k ∈ YD, ŷopt,ku (29) may be attained with different xM ∈ XM) by
finding

ŷopt,ku ∈ argmax
ŷk∈Yk

max
xM∈XM

p(GD,xC)(ŷ
k,xM | zO) , Y k ∈ YM . (29)

For any Y k ∈ YM, ŷopt,ku (29) can be found by finding

ŷopt,ku ∪ x̂M ∈ argmax
ŷk∪xM∈Yk×XM

p(GD,xC)(ŷ
k,xM | zO) . (30)

We now proceed with the averaging principle. For any z ∈ Z, and for HMDC p(G∗,θ∗), we have

ŷave
u ∈ argmax

ŷM∈YM

∑
xM∈XM

Ep(G∗,θ∗)

[
u(ŷM,yM) |xC

]
(31)

= argmax
ŷM∈YM

∑
xM∈XM

∑
Y k∈YM

p(GD,xC)(ŷ
k,xM | zO)

= argmax
ŷM∈YM

∑
Y k∈YM

∑
xM∈XM

p(GD,xC)(ŷ
k,xM | zO)

= argmax
ŷM∈YM

∑
Y k∈YM

p(GD,xC)(ŷ
k | zO) ,

which can be found by finding, for any Y k ∈ YM,

ŷave,ku ∈ argmax
ŷk∈Yk

p(GD,xC)(ŷ
k | zO) .
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D Characteristics of the Datasets

This section reports summaries of the distributions and pairwise association of the discrete features and class
variables in the three datasets: Adult, Default, and Thyroid.

As mentioned in Section 3.1, the pairwise associations on the discrete variables do not necessarily indicate the
sparseness of the optimal DAGs learned when conditioning on the continuous features. Nevertheless, it might
be reasonable to expect sparse DAGs on these 3 datasets because the satisfactory performance of BR suggests
weak to moderate conditional dependencies.

D.1 Adult DataSet

The Adult dataset has 4 class variables and 5 discrete features. For each class variable and discrete feature, we
report the proportions of the outcomes in Table 2 and 3, respectively. The discrete features have a high number
of modalities (e.g ., |X4| = 40). The association matrix shown in Figure 4 indicates that class variables and
discrete features exhibit strong dependencies.
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Figure 4: p-values for all pairwise chi-square tests across discrete variables of the Adult dataset

Table 2: Proportion of each outcome for the 4 class variables of the Adult dataset

Class Proportion of each outcome (%)

Y 1 [10.57, 20.61, 35.31, 7.63, 16.83, 8.94, 0.11]
Y 2 [25.01, 45.07, 12.16, 3.00, 7.66, 0.17, 6.93]
Y 3 [65.69, 22.95, 7.07, 2.36, 1.92]
Y 4 [64.16, 35.84]

Table 3: Proportion of each outcome for the 5 discrete features of the Adult dataset

Feature Proportion of each outcome (%)

X1 [17.01, 31.14, 2.87, 7.42, 1.45, 20.87, 3.43, 2.10, 1.80, 4.02, 2.63, 0.98, 2.55, 0.18, 1.09, 0.48]
X2 [13.02, 13.95, 2.88, 17.36, 11.09, 9.50, 4.32, 5.07, 4.53, 2.6, 10.85, 4.13, 0.08, 0.55]
X3 [26.16, 39.69, 4.80, 10.77, 15.27, 3.32]

X4
[88.57, 0.31, 0.54, 0.74, 1.38, 0.50, 0.06, 0.24, 0.30, 0.41, 0.17 1.49, 0.15, 0.18, 0.14, 0.14, 0.11, 0.11,
0.28, 0.37, 0.11, 0.30, 0.20, 0.08, 0.15, 0.20, 0.61, 0.55, 0.36, 0.04, 0.08, 0.08, 0.03, 0.14, 0.12, 0.09,
0.44, 0.13, 0.04, 0.05]

X5 [74.31, 25.69]
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D.2 Default Dataset

The Default dataset has 4 class variables and 6 discrete features. For each class variable and discrete feature,
we report the proportions of the outcomes in Table 4 and Table 5, respectively. The association matrix shown
in Figure 5 indicates that class variables and discrete features exhibit strong dependencies.

Table 4: Proportion of each outcome for the 4 class
variables of the Default dataset

Class Proportion of each outcome (%)

Y 1 [39.16, 60.84]
Y 2 [0.05, 35.88, 46.36, 16.14, 0.43, 0.96, 0.18]
Y 3 [0.18, 45.57, 53.19, 1.06]
Y 4 [79.56, 20.44]

Table 5: Proportion of the outcomes for the 6 discrete
features of the Default dataset

Feature Proportion of each outcome (%)

X1 [9.58, 19.46, 50.80, 11.79, 8.37]
X2 [13.12, 20.91, 54.20, 11.77]
X3 [14.14, 20.53, 54.30, 11.04]
X4 [15.02, 19.61, 56.30, 9.06]
X5 [15.72, 19.02, 57.67, 7.58]
X6 [16.88, 19.69, 55.29, 8.13]
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Figure 5: p-values for all pairwise chi-square tests
across discrete variables of the Default dataset

D.3 Thyroid Dataset

The Thyroid dataset has 7 class variables and 22 discrete features. For each class variable and discrete feature, we
report the proportions of the outcomes in Table 6 and Table 7, respectively. The data show extreme imbalance.
The association matrix shown in Figure 6 indicates a mix of strong and weak dependencies across class variables
and discrete features.

Table 6: Proportion of each outcome for the 7 class
variables of the Thyroid dataset

Class Proportion of each outcome (%)

Y 1 [97.37, 2.10, 0.23, 0.20, 0.10]
Y 2 [92.73, 0.01, 2.61, 4.57, 0.09]
Y 3 [95.49, 4.04, 0.47]
Y 4 [93.75, 6.25]
Y 5 [96.13, 1.26, 1.41, 1.20]
Y 6 [99.63, 0.16, 0.05, 0.15]
Y 7 [96.93, 2.15, 0.93]
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Figure 6: p-values for all pairwise chi-square tests across
discrete variables of the Thyroid dataset
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Table 7: Proportion of each outcome for the 22 discrete features of the Thyroid dataset

Feature Proportion of each outcome (%)

X1 [0.03, 2.78, 10.42, 26.10, 0.77, 59.89]
X2 [30.44, 69.56]
X3 [86.48, 13.52]
X4 [98.33, 1.67]
X5 [98.74, 1.26]
X6 [96.25, 3.75]
X7 [98.83, 1.17]
X8 [98.54, 1.46]
X9 [98.16, 1.84]
X10 [93.13, 6.87]
X11 [92.90, 7.10]

Feature Proportion of each outcome (%)

X12 [98.99, 1.01]
X13 [99.08, 0.92]
X14 [97.37, 2.63]
X15 [99.98, 0.02]
X16 [95.44, 4.56]
X17 [9.18, 90.82]
X18 [28.39, 71.61]
X19 [4.82, 95.18]
X20 [8.82, 91.18]
X21 [8.74, 91.26]
X22 [96.19, 3.81]

E Additional Experimental Results

In this section, we report additional results in terms of per-class balanced accuracy, Hamming score, and subset
0/1 score. A random selection of the learned optimal structures is also displayed.

The optimal DAGs obtained when allowing at most two or three parents among discrete variables, are respectively
given in Section E.4.1 and E.4.2. They indicate that with Logistic regression (LR) as the base classifier, the
optimal DAGs always have at most 2 discrete parents. Therefore, the slightly different results between the two
settings might merely stem from the non-optimality of the base learner. This is because if we can ensure the
optimality of the base learner, Proposition 5 should ensure that any DAG that contains at least one parent set
of cardinality of at least 3 should be sub-optimal.

E.1 Per-Class Balanced Accuracy

We report the per-class balanced accuracy for five methods (BR, HMDC-MI, HMDC-OP, HMDC-AV, and RefC)
assuming at most two possible parents. The results for up to three possible parents are similar and are omitted
for brevity.

On the Adult dataset, Figure 7 shows that HMDC-OP and HMDC-AV consistently outperform BR.

On the Default dataset, Figure 8 shows that HMDC-OP and HMDC-AV are competitive with BR, for LR and
RF employed as base learners. However, they are slightly worse than BR with NB as the base classifier. This
might be explained by the fact that the optimal DAGs provided by NB, given in Section E.4.1, are denser than
those that are provided by LR and RF, and may be overly complicated.

Similar trends are observed on the Thyroid dataset. HMDC-OP and HMDC-AV are either competitive with or
outperform BR with LR and RF as base learners. However, they are either competitive or worse than BR with
NB as base learner. Again, the optimal DAGs provided by NB, given in Section E.4.1, suggest that NB may
produce overly complicated DAGs.
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(a) LR - 30% class and 30% discrete feat. missing
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(b) NB - 30% class and 30% discrete feat. missing
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(c) RF - 30% class and 30% discrete feat. missing
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(d) LR - 90% class and 80% discrete feat. missing
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(e) NB - 90% class and 80% discrete feat. missing
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(f) RF - 90% class and 80% discrete feat. missing

Figure 7: Per-Class balanced accuracies (↑) using LR (a, d); NB (b, e); RF (c, f); as the base learner on the
Adult dataset, when allowing at most two parents among discrete variables
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(a) LR - 30% class and 30% discrete feat. missing
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(b) NB - 30% class and 30% discrete feat. missing
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(c) RF - 30% class and 30% discrete feat. missing
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(d) LR - 90% class and 80% discrete feat. missing
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(e) NB - 90% class and 80% discrete feat. missing
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(f) RF - 90% class and 80% discrete feat. missing

Figure 8: Per-Class balanced accuracies (↑) using LR (a, d); NB (b, e); RF (c, f); as the base learner on the
Default dataset, when allowing at most two parents among discrete variables
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(a) LR - 30% class and 30% discrete feat. missing
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(b) NB - 30% class and 30% discrete feat. missing
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(c) RF - 30% class and 30% discrete feat. missing
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(d) LR - 90% class and 80% discrete feat. missing
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(e) NB - 90% class and 80% discrete feat. missing
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(f) RF - 90% class and 80% discrete feat. missing

Figure 9: Per-Class balanced accuracies (↑) using LR (a, d); NB (b, e); RF (c, f); as the base learner on the
Thyroid dataset, when allowing at most two parents among discrete variables
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E.2 Additional Results for Hamming and Subset 0/1 Accuracies

E.2.1 Results with at Most 2 Discrete Parents

Figure 10 presents the average scores with Naive Bayes and Random Forest employed as base learners, on three
datasets, Adult, Default, and Thyroid, when allowing at most 2 discrete parents. Together with the Figure 2
in Section 4.3, they provide the entire results on the Hamming and Subset 0/1 accuracies provided by MI, BR,
HMDC-MI, HMDC-OP, HMDC-AV, and RefC.

E.2.2 Results with at Most 3 Discrete Parents

Figure 11–12 presents the average scores on three datasets, Adult, Default, and Thyroid, when allowing at most
three parents among discrete variables (palim=3). The results are quite similar to those obtained when allowing
at most 2 parents (palim=2).
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Figure 10: Average Hamming and subset 0/1 accuracy scores (in %, y-axis) over 10 cross-validation folds plotted
against the percentage of missing class variables (in %, x-axis) for the three datasets, when allowing at most two
parents among discrete variables. The missing rate for discrete features is either 30 % or 80 %; Naive Bayes and
Random Forests are used as base classifiers. Probabilistic models are represented as follows: ■ MI, × BR, ▲
HMDC-MI, ♦ HMDC-OP, HMDC-AV and RefC.
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Figure 11: Average Hamming and subset 0/1 accuracy scores (in %, y-axis) over 10 cross-validation folds plotted
against the percentage of missing class variables (in %, x-axis) for the three datasets, when allowing at most
three parents among discrete variables. The missing rate for discrete features is either 30 % or 80 %; Logistic
Regression and Random Forests are used as base classifiers. Probabilistic models are represented as follows: ■
MI, × BR, ▲ HMDC-MI, ♦ HMDC-OP, HMDC-AV and RefC.



Probabilistic MDC with Incomplete Data at Prediction Time

Hamming Score (%) Subset 0/1 Score (%)

30 % Discrete Feature 80 % Discrete Feature 30 % Discrete Feature 80 % Discrete Feature

Missing Rate Missing Rate Missing Rate Missing Rate

A
d
u
lt

30 70 80 90
45

50

55

60

65

30 70 80 90
45

50

55

60

65

30 70 80 90
0

20

40

50

30 70 80 90
0

20

40

50

D
ef
a
u
lt

30 70 80 90
54

56

58

60

30 70 80 90
54

56

58

60

30 70 80 90
5

20

35

45
50

30 70 80 90
5

20

35

45
50

T
h
y
ro
id

30 70 80 90
55

65

75

85

95

30 70 80 90
55

65

75

85

95

30 70 80 90
0

20

40

60

80

95

30 70 80 90
0

20

40

60

80

95

Figure 12: Average Hamming and subset 0/1 accuracy scores (in %, y-axis) over 10 cross-validation folds plotted
against the percentage of missing class variables (in %, x-axis) for the three datasets, with the Naive Bayes
classifier, when allowing at most three parents among discrete variables. The missing rate for discrete features is
either 30 % or 80 %. Probabilistic models are represented as follows: ■ MI, × BR, ▲ HMDC-MI, ♦ HMDC-OP,

HMDC-AV and RefC.
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E.3 Detailed Experimental Results

The average scores and standard deviations achieved by Logistic Regression, Naive Bayes, and Random Forest
on three datasets—Adult, Default, and Thyroid when allowing at most 2 discrete parents are given in Table 8–
16. As mentioned in the main text, RandC is consistently worse than the others for both Hamming and 0/1
accuracies. In these tables, bold numbers indicate the best average results (for a given missingness configuration
and performance score).

Similar results when allowing at most 3 discrete parents are given in Table 17–25.

Table 8: Detailed results for Adult with Logistic Regression when allowing at most two parents among discrete
variables

Model Metric
Missing rate on discrete features = 80% Missing rate on discrete features = 30%

30% 70% 80% 90% 30% 70% 80% 90%

RandC
Hamming 25.08±1.02 24.96±0.86 24.94±0.77 24.93±0.73 24.68±0.98 24.78±0.84 24.78±0.77 24.79±0.70

Subset 0/1 15.68±1.10 9.73±6.00 7.16±6.11 5.56±5.97 15.34±0.82 9.55±5.82 7.02±5.95 5.46±5.82

MI
Hamming 52.04±1.28 52.32±1.00 52.42±0.84 52.45±0.74 52.51±0.50 52.57±0.50 52.51±0.50 52.55±0.48

Subset 0/1 37.67±1.39 26.37±11.36 20.80±12.18 16.62±12.79 38.18±1.06 26.57±11.66 20.84±12.51 16.76±12.94

BR
Hamming 55.27±0.91 55.72±0.93 55.81±0.82 55.86±0.77 56.14±1.09 56.12±0.86 56.06±0.76 56.07±0.70

Subset 0/1 41.69±1.08 31.06±10.68 25.74±11.56 21.84±12.09 42.57±1.20 31.39±11.24 25.70±12.22 21.80±12.57

HMDC-MI
Hamming 59.15±1.37 57.46±2.06 56.49±2.20 55.77±2.30 68.72±0.73 67.29±1.59 66.59±1.65 66.03±1.75

Subset 0/1 49.41±1.61 38.41±11.12 32.98±11.91 28.91±12.50 59.63±1.03 48.89±10.79 43.47±11.68 39.28±12.46

HMDC-OP
Hamming 66.46±1.17 64.43±2.24 63.40±2.34 62.64±2.42 72.18±0.69 70.66±1.63 69.88±1.74 69.31±1.84

Subset 0/1 56.66±1.27 45.36±11.35 39.58±12.37 35.12±13.22 62.98±1.13 52.14±10.88 46.65±11.80 42.41±12.60

HMDC-AV
Hamming 66.46±1.17 64.43±2.24 63.40±2.34 62.64±2.42 72.18±0.69 70.66±1.63 69.88±1.74 69.31±1.84

Subset 0/1 57.06±1.33 45.73±11.39 39.90±12.44 35.49±13.21 63.34±1.07 52.50±10.89 46.93±11.89 42.70±12.65

RefC
Hamming 74.96±1.04 73.75±1.45 73.18±1.47 72.70±1.53 74.86±0.70 73.65±1.33 73.01±1.43 72.60±1.46

Subset 0/1 66.65±1.09 56.23±10.46 50.95±11.36 46.79±12.20 66.41±1.10 56.19±10.26 50.77±11.37 46.70±12.13

Table 9: Detailed results for Adult with Random Forest when allowing at most two parents among discrete
variables

Model Metric
Missing rate on discrete features = 80% Missing rate on discrete features = 30%

30% 70% 80% 90% 30% 70% 80% 90%

RandC
Hamming 24.35±0.68 24.61±0.68 24.69±0.65 24.72±0.63 24.35±0.68 24.61±0.68 24.69±0.65 24.72±0.63

Subset 0/1 14.76±0.67 9.15±5.63 6.70±5.76 5.21±5.61 14.76±0.67 9.15±5.63 6.70±5.76 5.21±5.61

MI
Hamming 52.48±0.76 52.46±0.62 52.50±0.56 52.52±0.52 52.48±0.76 52.46±0.62 52.50±0.56 52.52±0.52

Subset 0/1 38.16±1.13 26.61±11.59 20.90±12.45 16.76±12.95 38.16±1.13 26.61±11.59 20.90±12.45 16.76±12.95

BR
Hamming 50.43±1.07 50.55±0.92 50.64±0.89 50.72±0.84 50.43±1.07 50.55±0.92 50.64±0.89 50.72±0.84

Subset 0/1 38.11±1.09 28.83±9.34 24.40±9.89 21.28±10.14 38.11±1.09 28.83±9.34 24.40±9.89 21.28±10.14

HMDC-MI
Hamming 54.90±1.10 54.18±1.15 53.84±1.10 53.58±1.08 62.77±0.84 62.13±1.02 61.83±1.01 61.61±0.99

Subset 0/1 43.27±1.35 33.01±10.31 27.92±11.09 24.26±11.52 51.02±1.27 40.38±10.69 34.99±11.61 31.08±12.12

HMDC-OP
Hamming 60.92±1.08 59.66±1.59 59.04±1.63 58.58±1.63 65.30±1.18 64.45±1.25 64.06±1.21 63.79±1.17

Subset 0/1 48.51±1.19 37.62±10.95 32.23±11.75 28.30±12.25 53.24±1.27 42.47±10.82 37.06±11.70 33.11±12.24

HMDC-AV
Hamming 60.92±1.08 59.66±1.59 59.04±1.63 58.58±1.63 65.30±1.18 64.45±1.25 64.06±1.21 63.79±1.17

Subset 0/1 49.84±1.33 39.00±10.90 33.62±11.72 29.68±12.24 53.92±1.41 43.10±10.88 37.66±11.76 33.69±12.31

RefC
Hamming 67.50±0.98 66.96±0.96 66.70±0.95 66.52±0.91 67.50±0.98 66.96±0.96 66.70±0.95 66.52±0.91

Subset 0/1 55.91±1.30 44.99±10.98 39.51±11.86 35.52±12.40 55.91±1.30 44.99±10.98 39.51±11.86 35.52±12.40
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Table 10: Detailed results for Adult with Naive Bayes when allowing at most two parents among discrete variables

Model Metric
Missing rate on discrete features = 80% Missing rate on discrete features = 30%

30% 70% 80% 90% 30% 70% 80% 90%

RandC
Hamming 24.82±0.92 24.84±0.74 24.78±0.69 24.80±0.63 24.91±0.93 24.85±0.76 24.85±0.66 24.84±0.64

Subset 0/1 15.72±0.49 9.78±5.96 7.19±6.09 5.61±5.95 15.71±1.08 9.69±6.07 7.08±6.18 5.49±6.02

MI
Hamming 52.55±0.76 52.46±0.69 52.51±0.59 52.52±0.53 52.41±0.68 52.43±0.64 52.48±0.56 52.52±0.51

Subset 0/1 38.43±0.94 26.58±11.88 20.84±12.66 16.69±13.11 38.23±1.53 26.75±11.55 20.98±12.48 16.83±12.98

BR
Hamming 48.50±1.72 48.36±1.62 48.39±1.57 48.40±1.53 48.70±1.72 48.58±1.64 48.56±1.54 48.52±1.51

Subset 0/1 36.46±1.73 26.73±9.84 22.13±10.35 18.95±10.54 36.70±1.89 27.02±9.83 22.25±10.50 19.01±10.70

HMDC-MI
Hamming 52.60±2.69 52.56±2.80 52.67±2.78 52.75±2.73 58.85±3.18 58.76±3.08 58.80±3.04 58.83±2.96

Subset 0/1 39.70±2.46 28.86±11.07 23.73±11.62 20.07±11.91 45.87±3.73 34.69±11.64 29.10±12.42 25.09±12.83

HMDC-OP
Hamming 54.13±2.10 53.03±2.16 52.50±2.12 52.13±2.09 59.10±2.59 58.74±2.53 58.61±2.42 58.50±2.35

Subset 0/1 40.05±2.55 29.01±11.22 23.82±11.76 20.11±12.06 45.61±3.14 34.50±11.41 28.92±12.25 24.94±12.65

HMDC-AV
Hamming 54.13±2.10 53.03±2.16 52.50±2.12 52.13±2.09 59.10±2.59 58.74±2.53 58.61±2.42 58.50±2.35

Subset 0/1 42.14±2.26 30.71±11.55 25.26±12.20 21.36±12.56 46.15±3.19 34.90±11.57 29.29±12.36 25.29±12.76

RefC
Hamming 62.17±2.97 62.17±3.04 62.30±2.96 62.35±2.91 62.41±3.16 62.39±3.17 62.43±3.09 62.44±3.05

Subset 0/1 49.41±3.10 37.89±11.91 32.26±12.63 28.10±13.13 49.52±3.87 38.12±11.91 32.34±12.78 28.13±13.28

Table 11: Detailed results for Default with Logistic Regression when allowing at most two parents among discrete
variables

Category Metric
Missing rate on discrete features = 80% Missing rate on discrete features = 30%

30% 70% 80% 90% 30% 70% 80% 90%

RandC
Hamming 34.72±1.01 34.70±0.79 34.69±0.70 34.71±0.65 34.67±0.97 34.74±0.73 34.74±0.65 34.75±0.60

Subset 0/1 22.79±0.67 15.00±7.81 11.38±8.18 9.08±8.12 23.02±0.74 15.03±8.02 11.46±8.27 9.14±8.21

MI
Hamming 59.73±0.46 59.84±0.46 59.88±0.41 59.92±0.40 60.07±0.57 60.12±0.50 60.09±0.43 60.06±0.42

Subset 0/1 46.69±0.81 35.60±11.12 30.28±11.79 26.42±12.21 46.98±0.82 36.13±10.91 30.67±11.79 26.77±12.24

BR
Hamming 65.76±0.62 65.98±0.60 66.06±0.58 66.08±0.56 66.16±0.66 66.14±0.53 66.18±0.50 66.16±0.53

Subset 0/1 53.50±0.87 42.76±10.79 37.39±11.65 33.45±12.19 53.84±0.99 43.11±10.77 37.70±11.66 33.71±12.25

HMDC-MI
Hamming 66.08±0.81 66.04±0.61 66.04±0.58 66.04±0.53 66.66±0.48 66.55±0.45 66.51±0.40 66.48±0.43

Subset 0/1 53.78±1.03 43.09±10.74 37.69±11.65 33.83±12.13 54.50±0.93 43.71±10.83 38.31±11.70 34.38±12.22

HMDC-OP
Hamming 66.36±0.76 66.36±0.58 66.39±0.52 66.42±0.47 66.82±0.49 66.78±0.43 66.74±0.37 66.72±0.37

Subset 0/1 54.31±1.13 43.72±10.64 38.39±11.52 34.52±12.03 54.76±0.84 44.13±10.66 38.79±11.54 34.93±12.03

HMDC-AV
Hamming 66.36±0.76 66.36±0.58 66.39±0.52 66.42±0.47 66.82±0.49 66.78±0.43 66.74±0.37 66.72±0.37

Subset 0/1 54.30±1.12 43.72±10.62 38.39±11.51 34.53±12.02 54.79±0.82 44.14±10.67 38.79±11.55 34.93±12.04

RefC
Hamming 66.70±0.83 66.68±0.62 66.70±0.57 66.71±0.52 66.87±0.58 66.85±0.50 66.82±0.42 66.80±0.41

Subset 0/1 54.72±1.10 44.04±10.73 38.71±11.58 34.82±12.09 54.88±0.91 44.25±10.66 38.91±11.53 35.03±12.04

Table 12: Detailed results for Default with Random Forest when allowing at most two parents among discrete
variables

Category Metric
Missing rate on discrete features = 80% Missing rate on discrete features = 30%

30% 70% 80% 90% 30% 70% 80% 90%

RandC
Hamming 35.02±0.77 34.90±0.62 34.87±0.53 34.85±0.48 35.02±0.77 34.90±0.62 34.87±0.53 34.85±0.48

Subset 0/1 23.53±0.96 15.46±8.11 11.77±8.43 9.39±8.38 23.53±0.96 15.46±8.11 11.77±8.43 9.39±8.38

MI
Hamming 59.52±1.11 59.71±0.86 59.77±0.74 59.82±0.67 59.52±1.11 59.71±0.86 59.77±0.74 59.82±0.67

Subset 0/1 46.39±1.68 35.67±10.82 30.34±11.62 26.47±12.09 46.39±1.68 35.67±10.82 30.34±11.62 26.47±12.09

BR
Hamming 62.92±0.51 63.10±0.43 63.18±0.39 63.21±0.36 62.92±0.51 63.10±0.43 63.18±0.39 63.21±0.36

Subset 0/1 50.38±0.74 39.91±10.48 34.72±11.28 30.94±11.77 50.38±0.74 39.91±10.48 34.72±11.28 30.94±11.77

HMDC-MI
Hamming 55.50±0.74 55.15±0.69 55.02±0.64 54.98±0.60 57.79±0.84 57.77±0.66 57.73±0.61 57.72±0.58

Subset 0/1 43.22±0.90 32.91±10.34 28.00±10.94 24.58±11.17 45.60±1.15 35.32±10.33 30.29±11.04 26.70±11.41

HMDC-OP
Hamming 61.72±0.89 62.45±0.99 62.76±0.95 62.95±0.90 61.12±0.96 61.75±0.96 62.00±0.90 62.16±0.85

Subset 0/1 48.68±0.95 38.70±10.03 33.70±10.82 29.99±11.37 48.03±1.18 38.10±9.98 33.16±10.74 29.51±11.26

HMDC-AV
Hamming 61.72±0.89 62.45±0.99 62.76±0.95 62.95±0.90 61.12±0.96 61.75±0.96 62.00±0.90 62.16±0.85

Subset 0/1 48.87±1.09 38.93±9.99 33.95±10.78 30.24±11.34 48.30±1.22 38.31±10.04 33.34±10.81 29.66±11.33

RefC
Hamming 60.58±0.94 61.25±0.98 61.50±0.90 61.64±0.84 60.58±0.94 61.25±0.98 61.50±0.90 61.64±0.84

Subset 0/1 47.81±1.17 37.75±10.10 32.78±10.84 29.15±11.31 47.81±1.17 37.75±10.10 32.78±10.84 29.15±11.31
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Table 13: Detailed results for Default with Naive Bayes when allowing at most two parents among discrete
variables

Category Metric
Missing rate on discrete features = 80% Missing rate on discrete features = 30%

30% 70% 80% 90% 30% 70% 80% 90%

RandC
Hamming 34.54±0.69 34.61±0.57 34.67±0.51 34.70±0.50 34.81±0.76 34.83±0.60 34.81±0.56 34.78±0.54

Subset 0/1 22.96±0.86 15.14±7.86 11.58±8.15 9.23±8.15 22.84±0.85 15.01±7.86 11.47±8.15 9.15±8.12

MI
Hamming 59.78±0.51 59.85±0.46 59.90±0.44 59.91±0.41 59.95±0.68 60.04±0.55 60.06±0.48 60.04±0.45

Subset 0/1 46.39±0.75 35.47±10.93 30.19±11.64 26.41±12.03 46.91±0.97 35.97±10.99 30.59±11.77 26.67±12.25

BR
Hamming 56.90±2.43 57.07±2.51 57.15±2.53 57.18±2.52 57.24±2.74 57.26±2.55 57.26±2.54 57.27±2.50

Subset 0/1 43.44±2.76 32.18±11.68 26.71±12.43 22.80±12.81 43.37±3.18 32.19±11.60 26.73±12.40 22.84±12.77

HMDC-MI
Hamming 55.14±2.28 55.30±2.35 55.35±2.43 55.37±2.41 56.99±2.61 57.05±2.55 57.05±2.52 57.04±2.50

Subset 0/1 42.00±2.64 31.28±11.11 26.02±11.89 22.34±12.22 43.41±3.07 32.38±11.48 26.88±12.35 22.99±12.74

HMDC-OP
Hamming 57.85±2.46 57.95±2.54 58.01±2.57 58.01±2.56 57.95±2.65 58.00±2.55 58.00±2.54 57.99±2.52

Subset 0/1 44.20±2.81 32.79±11.83 27.25±12.58 23.33±12.93 44.11±3.13 32.95±11.60 27.38±12.48 23.42±12.89

HMDC-AV
Hamming 57.85±2.46 57.95±2.54 58.01±2.57 58.01±2.56 57.95±2.65 58.00±2.55 58.00±2.54 57.99±2.52

Subset 0/1 44.21±2.81 32.79±11.84 27.25±12.58 23.33±12.94 44.14±3.14 32.96±11.61 27.39±12.49 23.43±12.90

RefC
Hamming 57.85±2.45 57.96±2.54 58.01±2.57 58.02±2.56 57.97±2.63 58.01±2.54 58.01±2.54 58.00±2.52

Subset 0/1 44.21±2.81 32.79±11.83 27.26±12.58 23.34±12.93 44.15±3.15 32.98±11.61 27.40±12.49 23.44±12.90

Table 14: Detailed results for Thyroid with Logistic Regression when allowing at most two parents among discrete
variables

Category Metric
Missing rate on discrete features = 80% Missing rate on discrete features = 30%

30% 70% 80% 90% 30% 70% 80% 90%

RandC
Hamming 33.20±1.96 33.29±1.78 33.36±1.69 33.42±1.65 33.65±1.52 33.54±1.50 33.48±1.50 33.50±1.51

Subset 0/1 13.50±1.57 7.37±6.23 5.03±6.07 3.79±5.68 14.13±1.22 7.60±6.59 5.22±6.35 3.94±5.93

MI
Hamming 96.19±0.37 96.15±0.33 96.09±0.30 96.07±0.28 95.89±0.36 95.95±0.34 95.96±0.31 95.98±0.29

Subset 0/1 91.47±0.83 86.65±4.98 83.97±5.59 82.06±5.92 90.82±0.82 86.10±4.86 83.60±5.36 81.86±5.60

BR
Hamming 96.48±0.36 96.45±0.32 96.41±0.30 96.39±0.29 96.20±0.39 96.27±0.35 96.29±0.31 96.31±0.30

Subset 0/1 92.18±0.84 87.80±4.54 85.41±5.06 83.64±5.41 91.52±0.90 87.34±4.35 85.14±4.77 83.54±5.05

HMDC-MI
Hamming 96.59±0.35 96.53±0.31 96.48±0.29 96.46±0.28 96.46±0.42 96.50±0.37 96.51±0.33 96.51±0.31

Subset 0/1 92.49±0.84 88.10±4.53 85.73±5.04 83.96±5.39 92.14±0.94 88.10±4.24 85.95±4.65 84.41±4.91

HMDC-AV
Hamming 96.66±0.35 96.58±0.32 96.52±0.30 96.49±0.30 96.47±0.41 96.52±0.37 96.52±0.33 96.53±0.32

Subset 0/1 92.62±0.81 88.24±4.51 85.88±5.03 84.10±5.40 92.19±0.91 88.18±4.22 86.04±4.63 84.49±4.91

RefC
Hamming 96.83±0.40 96.76±0.36 96.70±0.34 96.67±0.33 96.50±0.40 96.57±0.38 96.57±0.33 96.58±0.32

Subset 0/1 93.00±0.90 88.83±4.33 86.56±4.85 84.90±5.18 92.23±0.89 88.35±4.12 86.26±4.53 84.75±4.80

Table 15: Detailed results for Thyroid with Random Forest when allowing at most two parents among discrete
variables

Category Metric
Missing rate on discrete features = 80% Missing rate on discrete features = 30%

30% 70% 80% 90% 30% 70% 80% 90%

RandC
Hamming 33.37±1.48 33.31±1.45 33.38±1.45 33.41±1.45 33.62±1.55 33.48±1.59 33.46±1.52 33.49±1.52

Subset 0/1 13.57±1.75 7.42±6.27 5.09±6.09 3.85±5.70 13.93±1.19 7.53±6.46 5.12±6.28 3.88±5.85

MI
Hamming 96.10±0.46 96.08±0.36 96.06±0.34 96.04±0.32 95.95±0.45 95.96±0.36 95.99±0.32 95.99±0.30

Subset 0/1 91.32±1.06 86.40±5.04 83.87±5.54 81.96±5.89 90.88±1.04 86.01±4.99 83.70±5.28 81.81±5.67

BR
Hamming 98.08±0.26 98.06±0.24 98.04±0.24 98.03±0.22 97.85±0.33 97.89±0.27 97.92±0.25 97.94±0.24

Subset 0/1 95.95±0.44 93.89±2.15 92.84±2.37 92.07±2.47 95.48±0.64 93.46±2.12 92.52±2.22 91.81±2.33

HMDC-MI
Hamming 98.00±0.35 98.02±0.29 97.99±0.28 97.98±0.26 98.29±0.33 98.40±0.27 98.41±0.24 98.41±0.22

Subset 0/1 95.76±0.61 93.64±2.25 92.42±2.63 91.56±2.78 96.26±0.71 94.79±1.60 93.94±1.82 93.28±2.00

HMDC-AV
Hamming 98.30±0.31 98.28±0.25 98.24±0.24 98.23±0.23 98.42±0.35 98.49±0.28 98.50±0.24 98.50±0.22

Subset 0/1 96.45±0.54 94.65±1.87 93.62±2.17 92.92±2.28 96.58±0.73 95.15±1.58 94.34±1.76 93.72±1.91

RefC
Hamming 98.74±0.20 98.73±0.17 98.71±0.16 98.70±0.15 98.57±0.35 98.63±0.27 98.65±0.23 98.66±0.21

Subset 0/1 97.29±0.41 95.78±1.59 94.96±1.79 94.35±1.91 96.85±0.73 95.50±1.49 94.79±1.63 94.24±1.74
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Table 16: Detailed results for Thyroid with Naive Bayes when allowing at most two parents among discrete
variables

Category Metric
Missing rate on discrete features = 80% Missing rate on discrete features = 30%

30% 70% 80% 90% 30% 70% 80% 90%

RandC
Hamming 33.63±1.37 33.49±1.54 33.48±1.59 33.49±1.56 33.23±1.75 33.37±1.65 33.44±1.59 33.46±1.54

Subset 0/1 13.99±1.32 7.56±6.50 5.19±6.28 3.93±5.86 13.59±1.50 7.40±6.29 5.09±6.08 3.84±5.70

MI
Hamming 95.92±0.46 95.98±0.40 95.97±0.36 95.98±0.34 95.79±0.33 95.92±0.34 95.93±0.32 95.95±0.30

Subset 0/1 90.84±1.15 86.23±4.82 83.67±5.42 81.81±5.77 90.63±0.71 86.04±4.73 83.55±5.32 81.71±5.66

BR
Hamming 83.18±1.55 83.24±1.39 83.28±1.31 83.32±1.26 83.12±0.97 83.29±1.12 83.29±1.13 83.33±1.10

Subset 0/1 66.14±2.86 52.51±14.06 46.03±14.87 41.46±15.27 66.09±2.29 52.55±13.94 46.09±14.79 41.50±15.22

HMDC-MI
Hamming 95.82±0.56 95.81±0.48 95.78±0.46 95.78±0.45 95.90±0.39 95.84±0.39 95.82±0.38 95.80±0.36

Subset 0/1 91.41±1.18 87.29±4.30 85.14±4.75 83.68±4.91 91.38±0.82 87.14±4.37 84.97±4.83 83.35±5.08

HMDC-AV
Hamming 96.17±0.49 96.14±0.43 96.09±0.43 96.08±0.41 95.98±0.46 95.97±0.42 95.97±0.40 95.94±0.39

Subset 0/1 91.89±1.12 88.07±4.02 86.04±4.48 84.64±4.64 91.58±0.92 87.56±4.18 85.51±4.63 83.92±4.94

RefC
Hamming 95.85±0.47 95.88±0.41 95.88±0.41 95.87±0.41 95.96±0.48 95.92±0.43 95.91±0.41 95.89±0.39

Subset 0/1 91.10±1.19 86.99±4.30 84.94±4.69 83.36±5.00 91.46±0.85 87.24±4.36 85.08±4.82 83.47±5.08

Table 17: Detailed results for Adult with Logistic Regression when allowing at most three parents among discrete
variables

Model Metric
Missing rate on discrete features = 80% Missing rate on discrete features = 30%

30% 70% 80% 90% 30% 70% 80% 90%

RandC
Hamming 25.06±0.65 24.84±0.40 24.86±0.65 24.87±0.57 25.22±0.80 24.75±0.63 24.78±0.60 24.80±0.61

Subset 0/1 15.01±0.75 3.78±0.39 1.89±0.24 0.86±0.25 15.68±0.50 3.75±0.54 2.05±0.37 0.84±0.23

MI
Hamming 52.60±0.79 52.76±0.37 52.65±0.40 52.57±0.34 53.01±0.93 52.32±0.32 52.64±0.30 52.50±0.23

Subset 0/1 38.20±1.07 15.40±0.66 9.57±0.78 4.31±0.69 38.82±0.97 15.13±0.81 9.65±0.71 4.55±0.42

BR
Hamming 56.17±1.01 56.20±0.41 55.96±0.90 56.03±0.37 56.36±1.35 55.85±0.70 56.16±0.49 55.99±0.47

Subset 0/1 42.72±1.03 20.39±1.37 14.67±1.16 10.22±0.63 43.62±1.40 19.90±1.35 15.03±0.80 9.83±0.98

HMDC-MI
Hamming 58.32±0.92 55.34±1.02 54.50±0.78 53.78±0.53 68.60±1.28 65.45±0.53 65.09±0.83 64.02±0.35

Subset 0/1 48.64±1.37 27.11±1.21 21.74±1.35 16.43±1.66 59.65±1.44 37.70±1.21 31.74±1.22 26.17±0.64

HMDC-OP
Hamming 66.75±1.22 62.28±0.69 61.37±0.68 60.42±0.35 72.09±1.06 68.96±0.46 68.41±0.61 67.43±0.37

Subset 0/1 57.01±1.41 34.00±1.17 27.55±0.60 21.55±1.06 63.12±1.14 41.49±1.09 34.83±1.25 29.50±0.66

HMDC-AV
Hamming 66.75±1.22 62.28±0.69 61.37±0.68 60.42±0.35 72.09±1.06 68.96±0.46 68.41±0.61 67.43±0.37

Subset 0/1 57.54±1.39 34.46±1.18 28.03±0.75 22.06±0.73 63.48±1.10 41.57±0.80 35.19±1.03 29.56±0.61

RefC
Hamming 74.88±0.97 72.33±0.63 71.90±0.59 71.37±0.39 74.91±0.95 72.25±0.52 71.99±0.47 71.17±0.30

Subset 0/1 66.64±1.40 45.56±1.14 39.73±0.92 34.08±1.15 66.60±0.97 45.48±1.20 39.85±0.87 34.12±0.68

Table 18: Detailed results for Adult with Random Forest when allowing at most three parents among discrete
variables

Model Metric
Missing rate on discrete features = 80% Missing rate on discrete features = 30%

30% 70% 80% 90% 30% 70% 80% 90%

RandC
Hamming 24.95±0.78 24.96±0.64 24.87±0.63 24.82±0.54 24.88±0.84 24.94±0.63 24.72±0.51 24.87±0.47

Subset 0/1 15.32±1.08 3.52±0.27 1.89±0.23 0.78±0.17 15.43±1.00 3.85±0.44 1.82±0.36 0.92±0.21

MI
Hamming 52.50±1.23 52.78±0.34 52.43±0.34 52.48±0.31 52.68±1.04 52.54±0.48 52.64±0.35 52.52±0.28

Subset 0/1 38.03±1.38 15.19±0.60 9.30±0.59 4.28±0.55 38.86±1.44 14.84±0.61 9.33±0.66 4.31±0.29

BR
Hamming 50.77±0.98 50.95±0.90 50.84±0.41 51.00±0.48 51.02±0.62 50.93±0.49 51.25±0.42 51.04±0.51

Subset 0/1 38.57±1.09 19.72±1.30 15.60±0.87 11.89±0.67 38.99±1.03 19.78±0.76 15.84±0.63 12.09±0.65

HMDC-MI
Hamming 55.06±1.07 53.68±0.79 53.11±0.50 52.69±0.46 62.38±0.99 61.25±0.61 60.92±0.85 60.84±0.50

Subset 0/1 43.57±1.26 22.44±0.88 17.92±0.59 13.24±0.37 50.70±1.27 28.94±0.67 23.81±0.94 18.77±0.51

HMDC-OP
Hamming 60.49±0.92 58.87±0.65 57.77±0.60 56.96±0.49 64.71±0.95 63.42±0.57 63.11±0.71 62.79±0.45

Subset 0/1 48.57±0.95 26.80±0.77 21.51±0.79 16.14±0.90 52.66±1.09 31.28±0.56 25.72±0.74 20.43±0.64

HMDC-AV
Hamming 60.49±0.92 58.87±0.65 57.77±0.60 56.96±0.49 64.71±0.95 63.42±0.57 63.11±0.71 62.79±0.45

Subset 0/1 49.74±1.01 28.28±0.66 23.11±0.73 17.44±0.94 53.26±1.06 31.96±0.44 26.30±0.76 21.07±0.61

RefC
Hamming 67.35±0.92 66.43±0.71 66.20±0.59 65.76±0.41 67.15±0.92 66.54±0.76 66.06±0.63 65.83±0.74

Subset 0/1 55.87±1.36 33.86±1.31 28.75±0.84 23.32±0.70 55.43±1.25 34.04±0.73 28.21±0.69 23.06±0.83



Thu-Ha Do, Vu-Linh Nguyen, Yves Grandvalet

Table 19: Detailed results for Adult with Naive Bayes when allowing at most three parents among discrete
variables

Model Metric
Missing rate on discrete features = 80% Missing rate on discrete features = 30%

30% 70% 80% 90% 30% 70% 80% 90%

RandC
Hamming 25.22±0.76 24.70±0.58 24.77±0.57 24.89±0.54 24.72±0.84 24.88±0.52 24.86±0.53 24.95±0.46

Subset 0/1 15.72±0.62 3.76±0.59 1.96±0.25 0.78±0.19 15.56±0.77 3.73±0.28 1.97±0.30 0.82±0.22

MI
Hamming 52.26±0.90 52.59±0.21 52.52±0.36 52.58±0.30 52.66±1.08 52.60±0.48 52.61±0.38 52.69±0.43

Subset 0/1 38.43±1.01 15.04±0.59 9.17±0.51 4.34±0.57 38.67±1.26 15.02±0.95 9.65±0.68 4.58±0.65

BR
Hamming 47.22±3.71 47.35±3.53 47.12±3.62 47.09±3.58 47.76±3.48 47.01±3.59 47.20±3.83 47.18±3.62

Subset 0/1 35.03±3.59 16.16±2.89 12.08±2.68 8.68±2.41 35.02±3.12 15.92±3.11 12.22±2.80 8.76±2.49

HMDC-MI
Hamming 52.50±3.04 52.74±2.62 52.90±2.59 52.90±2.59 59.09±2.99 59.00±3.09 58.90±2.79 58.81±2.82

Subset 0/1 38.94±2.64 18.53±1.91 13.53±1.50 13.53±1.50 46.01±3.37 23.87±2.31 18.29±2.04 12.95±1.32

HMDC-OP
Hamming 53.91±2.12 51.99±1.64 51.48±1.42 51.48±1.42 59.03±2.47 58.53±2.37 58.18±2.18 58.17±2.08

Subset 0/1 39.79±2.12 18.25±1.91 13.19±1.55 13.19±1.55 45.82±2.86 23.56±1.55 18.04±1.37 13.16±0.90

HMDC-AV
Hamming 53.91±2.12 51.99±1.64 51.48±1.42 51.48±1.42 59.03±2.47 58.53±2.37 58.18±2.18 58.17±2.08

Subset 0/1 41.67±2.02 19.52±1.69 14.06±1.30 14.06±1.30 46.35±2.68 23.97±1.51 18.40±1.28 13.16±0.92

RefC
Hamming 62.18±3.23 62.39±2.83 62.43±2.72 62.43±2.72 62.41±3.09 62.57±3.11 62.33±2.98 62.44±2.84

Subset 0/1 48.83±3.12 26.75±2.48 20.86±1.82 20.86±1.82 49.47±3.43 26.85±2.39 21.05±2.50 15.57±1.82

Table 20: Detailed results for Default with Logistic Regression when allowing at most three parents among
discrete variables

Category Metric
Missing rate on discrete features = 80% Missing rate on discrete features = 30%

30% 70% 80% 90% 30% 70% 80% 90%

RanC
Hamming 34.75±0.79 34.76±0.50 34.60±0.34 34.68±0.31 35.02±0.82 34.82±0.46 34.75±0.49 34.70±0.43

Subset 0/1 23.13±0.97 7.31±0.36 4.32±0.41 2.20±0.15 23.68±0.67 7.13±0.43 4.05±0.40 2.24±0.22

MI
Hamming 59.77±0.69 60.04±0.27 59.99±0.39 60.08±0.30 59.97±0.67 60.08±0.36 60.00±0.35 59.95±0.31

Subset 0/1 46.56±0.88 25.25±0.50 19.83±0.38 14.91±0.48 46.73±1.20 25.35±0.38 19.58±0.62 14.94±0.54

BR
Hamming 65.94±0.59 65.95±0.30 66.34±0.50 66.19±0.38 65.99±0.64 66.19±0.54 66.31±0.42 66.24±0.56

Subset 0/1 53.62±0.76 31.88±0.60 26.94±0.91 21.92±0.68 53.52±1.08 32.45±0.63 26.93±0.88 22.21±0.95

HMDC-MI
Hamming 66.20±1.12 66.09±0.57 65.88±0.49 66.02±0.80 66.45±0.81 66.12±0.98 66.38±0.87 65.82±1.32

Subset 0/1 54.33±1.46 32.96±0.77 27.16±0.85 22.45±1.01 54.45±0.98 32.90±0.80 27.55±1.02 22.80±1.13

HMDC-OP
Hamming 66.58±0.96 66.63±0.31 66.56±0.29 66.58±0.45 66.74±0.69 66.67±0.41 66.83±0.47 66.50±0.27

Subset 0/1 54.71±1.22 33.63±0.56 27.94±0.55 22.96±0.80 54.85±0.85 33.42±0.47 28.05±0.79 23.21±0.94

HMDC-AV
Hamming 66.58±0.96 66.63±0.31 66.56±0.29 66.58±0.45 66.74±0.69 66.67±0.41 66.83±0.47 66.50±0.27

Subset 0/1 54.63±1.30 33.64±0.59 27.96±0.58 22.95±0.83 54.85±0.89 33.43±0.47 28.03±0.81 23.20±0.94

RefC
Hamming 66.87±0.95 67.02±0.33 66.82±0.30 66.81±0.57 66.83±0.65 66.78±0.38 66.93±0.49 66.61±0.28

Subset 0/1 54.89±1.20 34.06±0.66 28.26±0.51 23.23±0.93 55.00±0.86 33.58±0.40 28.16±0.77 23.34±0.95

Table 21: Detailed results for Default with Random Forest when allowing at most three parents among discrete
variables

Category Metric
Missing rate on discrete features = 80% Missing rate on discrete features = 30%

30% 70% 80% 90% 30% 70% 80% 90%

RanC
Hamming 35.22±0.64 34.95±0.34 34.85±0.39 34.72±0.33 34.74±0.86 34.79±0.37 34.75±0.35 34.73±0.32

Subset 0/1 23.87±0.57 7.67±0.47 4.29±0.34 2.12±0.10 22.83±1.13 7.21±0.42 4.29±0.32 2.23±0.11

MI
Hamming 60.19±0.40 60.12±0.33 59.97±0.30 59.97±0.24 60.01±0.63 59.81±0.38 60.06±0.33 60.03±0.29

Subset 0/1 47.20±0.65 25.08±0.64 19.61±0.70 15.10±0.41 46.74±1.14 24.65±0.62 19.75±0.53 15.10±0.53

BR
Hamming 63.33±0.61 63.09±0.33 63.12±0.25 63.26±0.30 63.53±0.60 63.23±0.49 63.14±0.38 63.17±0.27

Subset 0/1 50.87±0.88 29.34±0.74 24.32±0.81 19.76±0.66 51.24±0.88 29.23±0.51 24.22±0.62 19.36±0.61

HMDC-MI
Hamming 53.94±0.73 54.45±0.64 55.11±0.61 55.06±0.57 56.98±0.86 57.12±0.63 57.40±0.46 57.78±0.61

Subset 0/1 42.12±1.10 21.85±0.80 17.85±0.52 13.80±0.43 44.53±1.26 23.86±0.74 19.36±0.57 15.53±0.55

HMDC-OP
Hamming 61.62±0.71 62.95±0.40 63.34±0.46 63.39±0.42 61.07±0.87 62.09±0.50 62.27±0.58 62.46±0.38

Subset 0/1 48.54±0.87 28.06±0.70 23.21±0.67 18.58±0.79 48.11±0.93 27.48±0.83 22.38±0.60 18.17±0.42

HMDC-AV
Hamming 61.62±0.71 62.95±0.40 63.34±0.46 63.39±0.42 61.07±0.87 62.09±0.50 62.27±0.58 62.46±0.38

Subset 0/1 48.62±0.88 28.48±0.76 23.57±0.93 19.04±0.74 48.11±0.91 27.44±0.90 22.52±0.58 18.32±0.48

RefC
Hamming 60.14±0.80 61.12±0.50 61.54±0.47 61.75±0.33 60.57±0.78 61.42±0.64 61.57±0.52 61.85±0.47

Subset 0/1 47.13±1.11 26.57±0.76 22.05±0.69 17.45±0.73 47.58±1.02 26.82±0.87 21.84±0.71 17.73±0.58
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Table 22: Detailed results for Default with Naive Bayes when allowing at most three parents among discrete
variables

Category Metric
Missing rate on discrete features = 80% Missing rate on discrete features = 30%

30% 70% 80% 90% 30% 70% 80% 90%

RanC
Hamming 34.78±0.42 34.65±0.47 34.88±0.44 34.84±0.30 34.85±0.78 34.91±0.40 34.64±0.43 34.70±0.45

Subset 0/1 23.36±0.65 7.16±0.36 4.49±0.41 2.19±0.18 23.19±0.92 7.48±0.36 4.17±0.29 2.16±0.15

MI
Hamming 59.81±0.49 60.02±0.52 60.11±0.40 60.03±0.35 60.02±0.64 59.93±0.39 59.90±0.46 59.99±0.34

Subset 0/1 46.65±0.78 25.11±0.96 19.76±0.66 15.01±0.56 46.89±0.93 25.27±0.64 19.63±0.49 15.11±0.46

BR
Hamming 54.61±2.93 54.63±2.93 54.69±3.09 54.54±3.09 54.43±2.68 54.56±3.16 54.51±3.04 54.67±3.05

Subset 0/1 40.52±3.63 17.86±3.71 12.58±3.68 7.77±3.61 40.69±3.26 17.64±4.04 12.25±3.87 8.11±3.63

HMDC-MI
Hamming 56.73±0.87 56.83±0.46 56.73±0.53 56.83±0.41 58.80±0.73 59.03±0.47 59.03±0.56 59.20±0.43

Subset 0/1 43.99±1.17 22.87±0.84 18.01±0.52 13.47±0.66 45.65±0.72 24.32±0.45 19.12±0.73 14.77±0.48

HMDC-OP
Hamming 60.69±0.78 60.68±0.75 60.58±0.59 60.60±0.61 60.42±0.71 60.48±0.65 60.59±0.70 60.61±0.58

Subset 0/1 47.43±0.97 25.17±0.72 20.06±0.65 15.28±0.49 47.12±0.98 25.29±0.57 20.11±0.92 15.41±0.47

HMDC-AV
Hamming 60.69±0.78 60.68±0.75 60.58±0.59 60.60±0.61 60.42±0.71 60.48±0.65 60.59±0.70 60.61±0.58

Subset 0/1 47.44±0.96 25.20±0.71 20.09±0.67 15.29±0.50 47.17±0.95 25.29±0.57 20.09±0.92 15.41±0.47

RefC
Hamming 60.74±0.76 60.68±0.75 60.59±0.59 60.61±0.62 60.41±0.73 60.50±0.65 60.61±0.69 60.62±0.58

Subset 0/1 47.50±0.96 25.18±0.73 20.08±0.65 15.29±0.47 47.18±0.96 25.30±0.53 20.15±0.93 15.41±0.47

Table 23: Detailed results for Thyroid with Logistic Regression when allowing at most three parents among
discrete variables

Category Metric
Missing rate on discrete features = 80% Missing rate on discrete features = 30%

30% 70% 80% 90% 30% 70% 80% 90%

RanC
Hamming 33.38±1.90 33.36±1.22 33.43±1.26 33.57±1.45 33.24±1.49 33.41±1.53 33.59±1.36 33.56±1.54

Subset 0/1 14.04±1.91 1.16±0.22 0.48±0.12 0.12±0.10 13.85±1.17 1.22±0.41 0.38±0.16 0.13±0.08

MI
Hamming 95.89±0.56 95.99±0.27 96.01±0.23 96.00±0.22 96.09±0.38 96.00±0.31 95.99±0.19 96.00±0.23

Subset 0/1 90.86±1.26 81.17±1.36 78.72±1.38 76.26±1.54 91.17±0.89 81.20±1.62 78.62±1.22 76.17±1.54

BR
Hamming 96.47±0.45 96.34±0.19 96.31±0.28 96.31±0.27 96.33±0.35 96.42±0.32 96.34±0.31 96.31±0.26

Subset 0/1 92.11±1.04 82.98±1.04 80.55±1.54 78.31±1.81 91.83±0.79 83.27±1.48 80.74±1.77 78.40±1.64

HMDC-MI
Hamming 96.37±0.44 96.35±0.29 96.40±0.25 96.36±0.22 96.59±0.37 96.55±0.26 96.52±0.25 96.51±0.27

Subset 0/1 91.95±1.06 83.02±1.42 80.94±1.35 78.59±1.57 92.31±0.84 83.98±1.34 81.64±1.55 79.44±1.70

HMDC-AV
Hamming 96.40±0.42 96.37±0.30 96.42±0.25 96.38±0.23 96.62±0.37 96.58±0.25 96.56±0.25 96.53±0.28

Subset 0/1 91.99±1.02 83.14±1.39 81.14±1.35 78.67±1.60 92.38±0.82 84.10±1.28 81.84±1.58 79.58±1.68

RefC
Hamming 96.67±0.43 96.56±0.33 96.58±0.29 96.60±0.25 96.72±0.35 96.63±0.23 96.62±0.26 96.57±0.28

Subset 0/1 92.61±0.99 84.09±1.65 81.97±1.63 80.03±1.62 92.62±0.78 84.41±1.21 82.15±1.64 79.87±1.72

Table 24: Detailed results for Thyroid with Random Forest when allowing at most three parents among discrete
variables

Category Metric
Missing rate on discrete features = 80% Missing rate on discrete features = 30%

30% 70% 80% 90% 30% 70% 80% 90%

RanC
Hamming 33.70±1.74 33.59±1.39 33.52±1.59 33.70±1.51 34.02±1.37 33.71±1.32 33.48±1.47 33.53±1.43

Subset 0/1 13.98±1.35 1.13±0.35 0.38±0.19 0.17±0.16 14.26±1.23 0.76±0.28 0.50±0.25 0.04±0.07

MI
Hamming 96.01±0.24 95.96±0.27 96.01±0.22 95.96±0.22 95.63±0.30 96.03±0.23 96.06±0.29 96.00±0.23

Subset 0/1 91.06±0.51 81.17±1.43 78.78±1.45 76.06±1.57 90.18±0.68 81.53±1.25 79.06±1.78 76.29±1.45

BR
Hamming 97.85±0.34 97.97±0.17 97.98±0.17 97.97±0.20 98.01±0.36 98.05±0.26 97.98±0.20 97.95±0.17

Subset 0/1 95.52±0.69 91.61±0.59 90.73±0.71 89.73±0.93 95.73±0.75 91.82±0.85 90.51±0.78 89.73±0.77

HMDC-MI
Hamming 98.15±0.20 97.95±0.33 97.97±0.23 97.89±0.22 98.41±0.37 98.44±0.20 98.41±0.11 98.38±0.15

Subset 0/1 96.04±0.43 90.98±1.37 90.26±1.15 88.67±1.26 96.55±0.83 93.04±0.89 92.22±0.48 91.02±0.76

HMDC-AV
Hamming 98.40±0.14 98.15±0.27 98.12±0.18 98.14±0.20 98.53±0.33 98.57±0.18 98.51±0.15 98.49±0.13

Subset 0/1 96.66±0.35 92.53±1.04 91.49±0.72 90.39±1.09 96.80±0.74 93.68±0.87 92.86±0.69 92.03±0.64

RefC
Hamming 98.68±0.13 98.62±0.21 98.62±0.13 98.62±0.14 98.67±0.31 98.72±0.15 98.68±0.12 98.68±0.11

Subset 0/1 97.15±0.29 93.93±0.74 93.04±0.67 92.20±0.87 97.13±0.67 94.16±0.71 93.33±0.62 92.65±0.64
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Table 25: Detailed results for Thyroid with Naive Bayes when allowing at most three parents among discrete
variables

Category Metric
Missing rate on discrete features = 80% Missing rate on discrete features = 30%

30% 70% 80% 90% 30% 70% 80% 90%

RanC
Hamming 33.39±1.49 33.41±1.37 33.44±1.50 33.52±1.53 33.42±1.96 33.70±1.56 33.65±1.53 33.51±1.38

Subset 0/1 13.49±1.04 1.26±0.29 0.29±0.22 0.13±0.12 14.11±2.21 1.31±0.39 0.48±0.25 0.10±0.12

MI
Hamming 96.06±0.27 96.04±0.30 96.05±0.25 95.98±0.26 95.76±0.34 95.96±0.32 95.98±0.21 95.99±0.20

Subset 0/1 91.10±0.57 81.56±1.52 79.23±1.66 76.15±1.77 90.45±0.80 81.12±1.65 78.58±1.26 76.25±1.26

BR
Hamming 55.67±3.45 56.32±3.77 56.29±3.67 56.29±3.67 56.26±4.01 56.07±3.68 56.17±3.68 56.30±3.73

Subset 0/1 29.74±2.89 6.17±1.12 3.55±0.70 2.13±0.56 29.92±3.38 6.04±1.05 3.43±0.49 2.00±0.44

HMDC-MI
Hamming 95.45±0.49 95.37±0.36 95.50±0.44 95.65±0.40 96.13±0.32 94.28±1.19 95.24±0.41 95.79±0.36

Subset 0/1 90.52±0.97 81.37±1.53 80.53±1.48 78.74±1.70 91.89±0.56 75.64±5.56 78.25±1.73 78.12±1.86

HMDC-AV
Hamming 96.54±0.37 96.32±0.34 95.98±0.41 96.11±0.35 96.27±0.36 95.10±0.79 95.62±0.44 95.92±0.32

Subset 0/1 92.61±0.74 84.25±1.55 82.63±1.43 80.82±1.54 92.13±0.75 79.56±3.51 80.08±1.77 78.93±1.65

RefC
Hamming 96.33±0.46 96.05±0.29 96.02±0.43 95.94±0.31 96.20±0.39 94.64±1.03 95.56±0.37 95.80±0.42

Subset 0/1 92.05±1.02 82.78±1.26 82.22±1.60 78.96±1.74 91.98±0.84 77.01±4.85 79.64±1.56 77.92±2.14

E.4 Examples of Learned DAGs

The optimal DAGs learned from training data when allowing at most 2 and 3 discrete parents are given in
Section E.4.1 and E.4.2, respectively. For each combination of base classifier, dataset, and missingness levels
on the discrete features (30%, 80%) and the class variables (30%, 70%, 80%, and 90%), we plot the DAG GD

learned from the training data in the last train-test split. Overall, we observe that the DAGs produced by
Random Forest (RF) and Naive Bayes (NB) are, respectively, the sparsest and densest.

As a consequence, using NB as the base classifier tends to increase the cost of performing MAP queries, while
often providing poor classification performance. In contrast, using RF as the base classifier tends to lower the
cost of performing MAP queries. However, this can degrade the classification performance of HMDCs, compared
to the use of LR as the base classifier.

From a practical perspective, we suggest using LR as the base classifier when seeking a trade-off between the
cost of performing MAP queries and the classification performance.

E.4.1 Results with at most 2 parents among discrete variables

Figures 13 to 15 present the DAG structures obtained when allowing at most 2 among discrete variables (palim
= 2). Each DAG displayed is an example taken from the ten DAGs generated during the 10-fold cross-validation
process in the training phase.
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Adult-LR Adult-RF Adult-NB

Figure 13: Adult dataset, class variables are labeled {0, 1, 2, 3}, at most two parents are allowed among discrete
variables

Default-LR Default-RF Default-NB

Figure 14: Default dataset, class variables are labeled {0, 1, 2, 3}, at most two parents are allowed among discrete
variables
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Thyroid–LR Thyroid–NB

Thyroid–RF

Figure 15: Thyroid dataset, class variables are labeled {0, 1, 2, 3, 4, 5, 6}, at most two parents are allowed among
discrete variables



Probabilistic MDC with Incomplete Data at Prediction Time

E.4.2 Results with at most 3 parents among discrete variables

Figures 16 to 18 present the DAG structures when allowing at most 3 parents among discrete variables (palim=3).
Each DAG displayed is an example taken from the ten DAGs generated during the 10-fold cross-validation process
in the training phase.

Adult-LR Adult-RF Adult-NB

Figure 16: Adult dataset, class variables are labeled {0, 1, 2, 3}, at most three parents are allowed among discrete
variables
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Default-LR Default-RF Default-NB

Figure 17: Default dataset, class variables are labeled {0, 1, 2, 3}, at most three parents are allowed among
discrete variables

Thyroid–LR Thyroid–NB

Thyroid–RF

Figure 18: Thyroid dataset, class variables are labeled {0, 1, 2, 3, 4, 5, 6}, at most three parents are allowed among
discrete variables
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