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A B S T R A C T

Operator learning focuses on approximating mappings † ∶  →  between infinite-dimensional
spaces of functions, such as 𝑢 ∶ 𝛺𝑢 → R and 𝑣 ∶ 𝛺𝑣 → R. This makes it particularly suitable
for solving parametric nonlinear partial differential equations (PDEs). Recent advancements in
machine learning (ML) have brought operator learning to the forefront of research. While most
progress in this area has been driven by variants of deep neural networks (NNs), recent studies
have demonstrated that Gaussian process (GP)/kernel-based methods can also be competitive.
These methods offer advantages in terms of interpretability and provide theoretical and
computational guarantees. In this article, we introduce a hybrid GP/NN-based framework for
operator learning, leveraging the strengths of both deep neural networks and kernel methods.
Instead of directly approximating the function-valued operator †, we use a GP to approximate
its associated real-valued bilinear form ̃† ∶  × ∗ → R. This bilinear form is defined by
the dual pairing ̃†(𝑢, 𝜑) ∶= [𝜑,†(𝑢)], which allows us to recover the operator † through
†(𝑢)(𝑦) = ̃†(𝑢, 𝛿𝑦). The mean function of the GP can be set to zero or parameterized by a
neural operator and for each setting we develop a robust and scalable training mechanism based
on maximum likelihood estimation (MLE) that can optionally leverage the physics involved.
Numerical benchmarks demonstrate our method’s scope, scalability, efficiency, and robustness;
showing that (1) it enhances the performance of a base neural operator by using it as the mean
function of a GP, and (2) it enables the construction of zero-shot data-driven models that can
make accurate predictions without any prior training. Additionally, our framework (a) naturally
extends to cases where † ∶  →

∏𝑆
𝑠=1 

𝑠 maps into a vector of functions, and (b) benefits from
computational speed-ups achieved through product kernel structures and Kronecker product
matrix representations of the underlying kernel matrices.1

1. Introduction

Operator learning naturally arises in many applications such as solving partial differential equation (PDE) systems [1], statistical
description and modeling of random functions [2,3], mechanistic reduced order modeling [4], speech inversion and sound
recognition [5], or emulation of expensive simulations [6–8]. Recent advancements in machine learning (ML) have pushed operator
learning to the forefront of research in both academia and industry. While the vast majority of the developments on this topic
leverage variants of deep neural networks (NNs) [9–12], kernel-based methods [13] and feature-map-based methods [14] have also
recently been shown to be competitive. In this paper, we propose a hybrid GP/NN-based framework for approximating mappings
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Fig. 1. Diagram of our framework for operator learning: We convert the operator learning problem to a regression one which can be solved via GPs. For
multi-output operator learning, we use multi-response or multi-task GPs.

between infinite-dimensional function spaces. Our framework provides a first of its kind mechanism for simultaneously leveraging
the strengths of both deep NNs and kernels for operator learning.

1.1. Description of the operator learning problem

Let  and  denote two separable infinite-dimensional Banach spaces of continuous functions and define the nonlinear operator
† as:

† ∶  →  . (1)

Furthermore, let 𝜙 ∶  → R𝑝 and 𝜓 ∶  → R𝑞 be two bounded linear observation operators, that is:
𝜙 ∶ 𝑢 ↦ 𝑢𝑝 ∶=

[

𝑢(𝑥1),… , 𝑢(𝑥𝑝)
]𝑇 and 𝜓 ∶ 𝑣 ↦ 𝑣𝑞 ∶=

[

𝑣(𝑦1),… , 𝑣(𝑦𝑞)
]𝑇 (2)

where {𝑥𝑗}
𝑝
𝑗=1 and {𝑦𝑗}

𝑞
𝑗=1 denote the location of the points where the functions 𝑢 and 𝑣 are observed in their respective domains

𝛺𝑢 and 𝛺𝑣. Our goal is to approximate † using 𝑁 pairs of input–output observations, i.e., we aim to approximate † given
 ∶= {𝜙(𝑢𝑖), 𝜓(𝑣𝑖)}𝑁𝑖=1 where {𝑢𝑖, 𝑣𝑖}𝑁𝑖=1 are elements from  ×  .

1.2. Summary of the proposed approach

We propose to cast the operator learning problem in Eq. (1) as the following equivalent functional learning problem:

̃† ∶  × ∗ → R (3)

where ∗ is the dual space of  , consisting of all continuous linear functionals from  to R. For any pair (𝑢, 𝜑) ∈  × ∗, ̃†(𝑢, 𝜑)
returns the scalar value [𝜑,†(𝑢)] defined as the dual pairing between 𝜑 and †(𝑢). If we specifically choose 𝜑 = 𝛿𝑦, where 𝛿𝑦 is
the delta functional which evaluates the output function at a specific point 𝑦 ∈ 𝛺𝑣 ⊂ R𝑑 , then we can easily retrieve the desired
operator † given that †(𝑢)(𝑦) = ̃†(𝑢, 𝛿𝑦).

In practice, (1) we only have access to a discretization of 𝑢, i.e., 𝜙(𝑢) ∈ R𝑝, and (2) we are only interested in pointwise evaluations
†(𝑢)(𝑦) with 𝑦 ∈ 𝛺𝑣. Hence, the functional learning problem can be reduced to identifying an operator:

̃†𝑝 ∶ R𝑝 ×𝛺𝑣 → R. (4)

such that ̃†𝑝
(

𝜙(𝑢), 𝑦) ≈ †(𝑢)(𝑦).
Since the mapping in Eq. (4) is between finite-dimensional Euclidean spaces, it can be numerically approximated via classical

NN/GP-based regression techniques. This regression-based approach differs from other kernel-based methods such as [13] that
directly approximate the operator rather than its dual action on ∗. The overall articulation of our regression-based approach for
operator learning is schematically shown in Fig. 1 which also applies to other well-known techniques such as DeepONet [10]. In this
paper, we approximate the mapping ̃†𝑝 in Eq. (4) via GPs whose parameters are estimated either in a purely data-driven manner, or
via both data and physics. In the former case, we use maximum likelihood estimation (MLE) for parameter optimization and set the
mean function to be either zero or a deep NN. In the latter case, we rely on GPs whose mean functions are represented via neural
operators (e.g., FNO or DeepONet) whose parameters are estimated via a weighted combination of MLE and mean squared error
(MSE).
2 
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Fig. 2. Data-driven and physics-informed operator learning for the Burgers’ problem with Dirichlet BCs: The training dataset has 400 pairs of {𝑢𝑖 , 𝑣𝑖} that satisfy
Eq. (5). The observation operators 𝜙 and 𝜓 sample 𝑢𝑖 and 𝑣𝑖 at 𝑝 = 100 and 𝑞 = 122 collocation points, respectively. It can be observed that leveraging the
physics reduces the prediction error. A DeepONet is used as the mean function of the GP in both data-driven and physics-informed cases.

As in [13], the diagram in Fig. 1 can be made commutative by introducing two reconstruction (optimal recovery) operators
associated with 𝜙 and 𝜓 that map the observations in R𝑝 and R𝑞 back to  and  , respectively. Since 𝜙 and 𝜓 are bounded and
linear, their elements are in  ∗ and ∗ which are the dual spaces of  and  , respectively. Assuming  and  are reproducing
kernel Hilbert spaces (RKHSs) and the elements of the observation operators are linearly independent, the reconstruction (optimal
recovery) operators can be obtained via the usual representer theorem as detailed in [13].

1.3. Illustrative example

To contextualize the above abstract definitions, we consider the Burgers’ equation with Dirichlet boundary conditions (BCs):
𝑣𝑡 + 𝑣𝑣𝑥 − 𝜁 𝑣𝑥𝑥 = 0, ∀𝑥 ∈ (0, 1), 𝑡 ∈ (0, 1]
𝑣 = 0, ∀𝑥 = 0, 𝑡 ∈ [0, 1]
𝑣 = 1, ∀𝑥 = 1, 𝑡 ∈ [0, 1]
𝑣 = 𝑢, ∀𝑥 ∈ [0, 1], 𝑡 = 0,

(5)

where 𝑥 and 𝑡 denote space and time, 𝑣 is the PDE solution, 𝑢 denotes the initial condition (IC), and 𝜁 = 0.1 is the kinematic viscosity.
We denote the (0, 1)2 domain and its boundaries where IC and BCs are specified by 𝛺, 𝜕 𝛺𝑡, and 𝜕 𝛺𝑥, respectively. The goal in this
problem is to learn the nonlinear operator † that maps 𝑢 to 𝑣, i.e., to the solution field in 𝛺. To approximate †, we consider two
scenarios:

• Data-driven operator learning: We take the linear operators 𝜙 and 𝜓 defined in Section 1.1 to be the function evaluations
at a set of 𝑝 and 𝑞 collocation points (CPs) on 𝜕 𝛺𝑡 and in 𝛺, respectively. This choice provides the training dataset  ∶=
{𝜙(𝑢𝑖), 𝜓(𝑣𝑖)}𝑁𝑖=1 where 𝜙(𝑢𝑖) and 𝜓(𝑣𝑖) are of size 𝑝 and 𝑞, respectively, and the pair {𝑢𝑖, 𝑣𝑖} satisfies the PDE system in Eq. (5).
In this scenario, we follow the diagram in Fig. 1 and approximate † via ̃†𝑝 using .

• Physics-informed operator learning: In this scenario, we leverage the PDE system in Eq. (5) as well as  to approximate †.
That is, we require the 𝑁𝑝𝑖 samples 𝑝𝑖 ∶= {𝑢𝑖, ̂𝑣𝑖}

𝑁𝑝𝑖
𝑖=1 , where the elements of 𝑣𝑖 are predicted by ̃†𝑝, to satisfy the PDE system

in Eq. (5).

We set 𝑁 = 400, 𝑝 = 100, 𝑞 = 122, 𝑁𝑝𝑖 = 50, and consider 𝜙 and 𝜓 to be pointwise function evaluations. The GPs’ training
mechanisms and the experimental setup for both scenarios are detailed in Sections 2 and 3, respectively. We provide example train
and test samples along with our predictions in Fig. 2. It is observed that (1) the predictions achieve small relative 𝐿2 errors which are
7.35% and 1.65% in the data and physics-informed cases, respectively, and (2) leveraging the physics increases the approximation
accuracy.

1.4. Review of related literature

Operator learning aims at approximating mappings between infinite-dimensional function spaces and is particularly well suited
for solving parametric nonlinear PDEs. Extensive research over the past few decades has explored operator learning in the context
of methods such as polynomial chaos expansion [15–17] or the stochastic finite element method (FEM) [18–20]. These methods
3 
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have been widely applied to solving stochastic and parametric PDEs. In essence, they represent both the input function and the
PDE solution via a set of suitable basis functions, and then learn a high-dimensional mapping between the coefficients of these two
sets of bases. Similarly, GP and numerical homogenization methods have been shown to be data efficient and achieve competitive
performance for learning/compressing the solution operator of linear elliptic PDEs with rough coefficients [21–23].

Neural Operators: Fueled by their success in many scientific applications and the advancements in hardware and software, deep
Ns are increasingly used for operator approximation. One of the main distinguishing factors among different methods is the network
rchitecture which may be designed via multi-layer perceptrons, convolution layers, attention mechanism, skip connections, graphs,

or many other alternatives [9,10,12,24]. We review some of the most prominent methods below and refer the interested reader
to [25–27] for more information.

Following the universal approximation theorem for operators [28], a standard DeepONet [29] approximates an operator via a
eep NN that combines two sub-networks that encode the input function (branch net) and the spatiotemporal coordinates (trunk

net). Since their inception, DeepONets have been extended in a few directions and a particular one that is related to our work is
physics-informed DeepONet [30] which aim to reduce the reliance of the network on large training datasets by regularizing the
raining process based on the known PDE system.

Integral neural operators, first introduced in [24,31], express the solution operator as an integral operator of Green’s function.
Their network primarily consist of lifting, iterative kernel integration, and projection layers. To accelerate the kernel evaluations and
increase efficiency, FNO [11] was developed where the integral kernel is parameterized in the Fourier space where the fast Fourier
transform (FFT) and its inverse are used to accelerate the computations. Similar to DeepONets, FNO has been extended in multiple
irections to better capture spatial signal behaviors [32] or to build a physics-informed neural operator (PINO) that leverages the

physics [33] to reduce the reliance on training data.
To build more flexible neural operators that accommodate irregular geometries and sampling grids, [34] introduces a coordinate-

ased model that leverages implicit neural representations to encode functions into low-dimensional latent spaces and, in turn, infer
appings between function representations in the latent space. Another example is GNOT [35] which is a transformer-based model

that leverages attention and geometric gating mechanisms to handle irregular data grids and multiple input functions. Multi-grid
echniques which are ubiquitously used in numerical solvers have also been combined with deep NNs to increase the accuracy and
lexibility of neural operators [36–38].

Operator-valued Kernels: Functional data analysis (FDA) [39] also deals with learning mappings between function spaces and has
been extensively studied in the statistics literature as a natural extension of multi-response (aka multi-task or multi-output function)
learning problems [40–44]. In this context, the focus has primary been on the use of RKHS theory which naturally enables the
construction of optimal recovery maps between function spaces via the representer formula [45–47]. In the context of learning PDE
perators, recently, [13] introduced a framework based on the theory of operator-valued RKHS and GPs where the reconstruction
aps (corresponding to the observation operators) as well as the finite-dimensional map connecting 𝑢𝑝 and 𝑣𝑞 are all formulated as

optimal recovery problems whose solution can be identified by the representer formula. Motivated by this work and FNO, kernel
eural operators [48] are recently developed that use parameterized, closed-form, finitely-smooth, and compactly-supported kernels
ith trainable sparsity parameters in integral operators. A more technical review of [49] and its relation to this article is provided

in Section 2.4.

GP Regression: The mapping in Eq. (4) is between finite-dimensional Euclidean spaces and hence can be numerically approximated
ia GPs which have long been used for probabilistic regression [50–55]. Over the past few years, GPs have attracted some attention

for solving nonlinear PDE systems. The majority of existing works [56–58] employ zero-mean GPs and with this choice, solving a
DE system amounts to designing the GP’s kernel whose hyperparameters are obtained via either MLE or a regularized MLE where
he penalty term quantifies the GP’s error in satisfying the PDE system. Using zero-mean GPs, [46] casts solving nonlinear PDEs as
n optimal recovery problem whose loss function is derived based on the PDE system and aims to estimate the solution at a finite

number of interior nodes in the domain. Once these values are estimated, the PDE solution is approximated anywhere in the domain
via kernel regression. The scalability of this approach can be increased using sparse GPs [58–60]. GPs with non-zero means have
een employed for solving PDEs in a data-driven manner [61] but [62] introduced the first robust mechanism for solving nonlinear
DE systems via NN-mean GPs for both forward and inverse problems. This latter work serves as a foundation for the current article.

1.5. Contributions and article outline

We summarize our main contributions as follows:

• We introduce a hybrid GP/NN-based operator learning framework. Our approach incorporates both zero-mean and NN-mean
GPs both of which provide very competitive performance. The latter option, in particular, leverages the strengths of both
kernel methods and neural operators such as DeepONet and FNO.

• We consider both data-driven and physics-informed operator learning scenarios. In the former case, we use MLE for parameter
optimization and set the mean function to be either zero or a neural operator. In the latter case, we only use NN-mean GPs
whose parameters are estimated via a weighted combination of MLE and PDE residuals.

• We address the computational costs and ill-conditioning issues associated with the covariance matrix of GPs by (1) leveraging
specific kernel structures and (2) proper initialization of the kernel parameters that are either trained (for zero-mean GPs) or
frozen (for NN-mean GPs).
4 
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• We introduce the first zero-shot mechanism for operator learning based on zero-mean GPs whose kernel parameters are properly
initialized.

• We test our approach on single- and multi-output operator learning problems and demonstrate how the prediction accuracy
is affected by (1) replacing MSE via MLE in data-driven operator learning, (2) augmenting MLE with physics in the case of
NN-mean GPs, and (3) using the trained models for extrapolation.

The rest of the paper is organized as follows. We introduce our framework in Section 2 where we consider both data-driven and
physics-informed scenarios in Sections 2.1 and 2.2, respectively. Details on the initialization of the kernel parameters, stability of
the covariance matrix, and inference costs are also included in Section 2. We compare our approach against competing methods
in Section 3 using single- and multi-output operators with and without incorporating physics into the operator learning problem.
Concluding remarks and future research directions are provided in Section 4.

2. Proposed framework for operator learning

We first introduce our approach in the context of data-driven operator learning in Section 2.1 and then consider the physics-
informed version in Section 2.2 to enable augmenting the training data with physical laws. The data-driven scenario in Section 2.1
can leverage either zero-mean or non-zero mean GPs while the physics-informed one in Section 2.2 relies on non-zero mean GPs.

o ensure numerical stability and computational efficiency, in Section 2.3 we study the kernel parameters and provide general
uidance for properly initializing them and potentially updating them in zero-mean and NN-mean GPs. We conclude this section
y comparing our approach to the optimal recovery-based approach of [13] and then commenting on its inference complexity in

Sections 2.4 and 2.5, respectively.

2.1. Data-driven operator learning

2.1.1. Single-output operators
In Section 1.2 we transformed the operator learning problem into an equivalent regression one with the goal of learning

̃†𝑝 ∶ R𝑛 ×𝛺𝑣 → R. To approximate ̃†𝑝 we start by placing a GP prior on it:
̃†𝑝 ∼ 𝐺 𝑃 (

𝑚(𝜙(𝑢), 𝑦; 𝜃), 𝑐 ([𝜙(𝑢), 𝑦] , [𝜙(𝑢′), 𝑦′] ; 𝛽 , 𝜎2)) (6)

where 𝜙(𝑢) is the linear observation operator defined in Eq. (2), 𝑚(𝜙(𝑢), 𝑦; 𝜃) is the prior mean function parameterized by 𝜃, and
𝑐
(

[𝜙(𝑢), 𝑦] , [𝜙(𝑢′), 𝑦′] ; 𝛽 , 𝜎2) is a kernel with hyperparameters 𝛽 and 𝜎2. We elaborate on the choice of the mean function later in
this section. As for the kernel, there are many choices available but in this paper we employ the Gaussian or Matérn covariance
functions defined as:

𝑐(𝑥, 𝑥′; 𝛽 , 𝜎2) = 𝜎2 exp
{

−
(

𝑥 − 𝑥′
)𝑇 diag (𝛽)

(

𝑥 − 𝑥′
)

}

= 𝜎2 exp

{

−
𝑑𝑥
∑

𝑖=1
𝛽𝑖(𝑥𝑖 − 𝑥′𝑖)

2

}

(7a)

𝑐(𝑥, 𝑥′; 𝛽 , 𝜎2) = 𝜎2 2
1−𝜈

𝛤 (𝜈)

(
√

2𝜈
(

𝑥 − 𝑥′
)𝑇 diag (𝛽)

(

𝑥 − 𝑥′
)

)𝜈
𝐾𝜈

(
√

2𝜈
(

𝑥 − 𝑥′
)𝑇 diag (𝛽)

(

𝑥 − 𝑥′
)

)

(7b)

where 𝑥 denotes the feature vector with length 𝑑𝑥, 𝛽 are the length-scale parameters, 𝜎2 is the process variance, 𝐾𝜈 is the modified
essel function of the second kind, and 𝛤 is the gamma function. It is common practice [63,64] to restrict 𝜈 ∈ { 1

2 ,
3
2 ,

5
2 } since these

alues lead to simplified expressions of 𝐾𝜈 and hence a substantial decrease in the computational cost. In addition, 𝜈 is not typically
ptimized but rather chosen a priori to avoid evaluating repeatedly 𝐾𝜈 .

The inductive bias that the kernels in Eq. (7) encode into the learning process is that close-by inputs 𝑥 and 𝑥′ have similar
(i.e., correlated) output values. The degree of this correlation also depends on 𝛽 whose magnitude quantifies the pace at which the
correlations die out as the distance between 𝑥 and 𝑥′ increases.

Predicting †(𝑢∗)(𝑦∗) for an unseen input function 𝑢∗ at unseen output location 𝑦∗ requires the estimation of 𝜃, 𝜎2, and 𝛽. To
his end, we combine the training data  ∶= {𝜙(𝑢𝑖), 𝜓(𝑣𝑖)}𝑁𝑖=1 with maximum likelihood estimation. To accommodate our regression
roblem, we reorganize  as {(𝜙(𝑢𝑖), 𝑦𝑗 ), [𝜓(𝑣𝑖)]𝑗}𝑁 ,𝑞

𝑖,𝑗=1 where 𝜙(𝑢𝑖) ∈ R𝑝 and 𝑦𝑗 ∈ 𝛺𝑣 denote an input pair whose corresponding
calar output is [𝜓(𝑣𝑖)]𝑗 ∈ R. For notational convenience, we denote the inputs and outputs of this dataset by 𝑿 =

{

𝜙(𝑢𝑖), 𝑦𝑗
}𝑁 ,𝑞
𝑖,𝑗=1

nd 𝒗 =
{

[𝜓(𝑣𝑖)]𝑗
}𝑁 ,𝑞
𝑖,𝑗=1, respectively. The MLE process involves the following maximization problem:

[

𝜃 , 𝛽 , ̂𝜎2
]

= ar gmax
𝜃∈𝛩 ,𝛽∈,𝜎2∈R+

(2𝜋)−𝑁 𝑞∕2
|𝑪|

− 1
2 exp

{−1
2

(𝒗 −𝒎)𝑇 𝑪−1 (𝒗 −𝒎)
}

, (8)

or equivalently:
[

𝜃 , 𝛽 , ̂𝜎2
]

= ar gmin
𝜃∈𝛩 ,𝛽∈,𝜎2∈R+

1
2
log |𝑪| + 1

2
(𝒗 −𝒎)𝑇 𝑪−1 (𝒗 −𝒎) , (9)

where 𝑪 = 𝑐
(

𝑿,𝑿; 𝛽 , 𝜎2) is the 𝑁 𝑞 ×𝑁 𝑞 symmetric positive-definite covariance matrix, 𝒎 = 𝑚 (𝑿; 𝜃) is the 𝑁 𝑞 × 1 vector of mean
unction evaluations at 𝑿, 𝛩 and  denote the search spaces for 𝜃 and 𝛽, respectively, and log |𝑪| denotes the log-determinant of
. The 𝒗 − 𝒎 vector quantifies the residuals of the mean function in reproducing the training outputs and is discussed further in
ection 2.1.3.
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The minimization problem in Eq. (9) is almost always solved with a gradient-based optimization technique where the parameters
are first initialized and then iteratively updated until a convergence metric (e.g., maximum number of iterations or function
evaluations) is met. The overall computational cost of this iterative process is dominated by the repeated inversion of the covariance
matrix 𝑪. Specifically, the computational complexity associated with 𝑪−1 is 

(

(𝑁 𝑞)3) which poses a major challenge in operator
learning problems where 𝑁 is typically in the order of thousands. Even with relatively small 𝑁 , inverting 𝑪 can still be very costly
or high-resolution data where 𝑞 is large.

To reduce the computational costs of inverting 𝑪 , we exploit the structure of the data where we assume that the discretization
of 𝑢 and the locations where 𝑣 is observed are fixed across the 𝑁 training samples. This assumption is quite reasonable in many
operator learning problems and allows us to leverage the Kronecker product properties to bypass the construction and inversion of
𝑪. To this end, we adopt a separable kernel of the form:

𝑐([𝜙(𝑢), 𝑦], [𝜙(𝑢′), 𝑦′]; 𝛽 , 𝜎2) = 𝑐𝜙(𝜙(𝑢), 𝜙(𝑢′); 𝛽𝜙, 𝜎2𝜙)𝑐𝑦(𝑦, 𝑦′; 𝛽𝑦, 𝜎2𝑦 ) (10)

where we use Eq. (7) for both kernels on the right-hand side. Without loss of generality, we assume 𝜎2𝑦 = 1 hereafter.1 Using this
formulation and the assumption on the data structure we rewrite the covariance matrix in Eq. (9) as:

𝑪 = 𝑪𝜙 ⊗ 𝑪𝑦, (11)

where 𝑪𝜙 = 𝑐𝜙(𝑼 ,𝑼 ; 𝛽𝜙, 𝜎2𝜙) and 𝑪𝑦 = 𝑐𝑦(𝒀 , 𝒀 ; 𝛽𝑦) with 𝑼 =
{

𝜙(𝑢1),… , 𝜙(𝑢𝑁 )
}

and 𝒀 =
{

𝑦1,… , 𝑦𝑞
}

, 𝛽 =
[

𝛽𝜙, 𝛽𝑦
]

. In this equation,
𝑪𝜙 and 𝑪𝑦 model the correlations among the discretized input functions and the locations where the output function is observed,
respectively. Using the Kronecker product in Eq. (11) we can simplify three of the computationally expensive operations in Eq. (9):

𝑪−1 = 𝑪−1
𝜙 ⊗ 𝑪−1

𝑦 , (12a)

𝑪−1 (𝒗 −𝒎) = vec
(

𝑪−1
𝑦 (𝑽 −𝑴)𝑪−1

𝜙

)

(12b)

|𝑪| = |

|

|

𝑪𝜙
|

|

|

𝑞
|

|

|

𝑪𝑦
|

|

|

𝑁
, (12c)

where 𝑽 and 𝑴 are formed by reshaping 𝒗 and 𝒎 to 𝑞 ×𝑁 matrices, respectively, and vec(⋅) denotes the vectorization operation.
Using Eq. (12) we now rewrite Eq. (9) as:

[

𝜃 , 𝛽 , ̂𝜎2𝜙
]

= ar gmin
𝜃∈𝛩 ,𝛽∈,𝜎2𝜙∈R+

MLE(𝜃 , 𝛽 , 𝜎2𝜙)

= ar gmin
𝜃∈𝛩 ,𝛽∈,𝜎2𝜙∈R+

log
(

|

|

|

𝑪𝜙
|

|

|

𝑞
|

|

|

𝑪𝑦
|

|

|

𝑁
)

+ (𝒗 −𝒎)𝑇 vec
(

𝑪−1
𝑦 (𝑽 −𝑴)𝑪−1

𝜙

)

,
(13)

which can be used to simultaneously estimate the parameters of the mean and covariance functions of the GP.
We highlight that the optimization problems in Eqs. (9) and (13) both correspond to our generic GP-based operator learning

ramework except that the latter one exploits the data structure and the kernel separability assumption in Eq. (10) to decrease the
computational costs and memory demands. If the locations where the output function is observed or the discretization of the input
function vary across the samples, Eq. (13) can still be used by either pre-processing the data (which may introduce some additional
rrors) or sparse GPs.

For a zero-mean GP, Eq. (13) simplifies to:
[

𝛽 , ̂𝜎2𝜙
]

= ar gmin
𝛽∈,𝜎2𝜙∈R

+
0(𝛽 , 𝜎2𝜙)

= ar gmin
𝛽∈,𝜎2𝜙∈R

+
𝑞 log

(

|

|

|

𝑪𝜙
|

|

|

)

+𝑁 log
(

|

|

|

𝑪𝑦
|

|

|

)

+ 𝒗𝑇 vec
(

𝑪−1
𝑦 𝑽 𝑪−1

𝜙

)

,
(14)

which can be solved via a first-order gradient-based optimizer (e.g., Adam) that leverages automatic differentiation to obtain the
gradients of 0(𝛽 , 𝜎2𝜙) with respect to 𝛽 and 𝜎2𝜙. In typical GP regression problems, it is common practice to initialize gradient-based
optimizers multiple times to avoid local optimality. This process substantially increases the cost of minimizing 0(𝛽 , 𝜎2𝜙) due to the
high costs of repeatedly constructing and inverting 𝑪𝜙 and 𝑪𝑦 to calculate 0(𝛽 , 𝜎2𝜙) and its gradients. We address this computational
issue in Section 2.3 where we show that 𝛽𝑦 and 𝛽𝜙 can be, respectively, fixed and initialized to some judiciously chosen values to,
in turn, optimize 0(𝛽𝜙, 𝜎2𝜙) only once.

For a GP whose mean function is parameterized with a deep NN (e.g., FNO or DeepONet), minimizing (𝜃 , 𝛽 , 𝜎2𝜙) can be
prohibitively costly and memory intensive (even if 𝛽 are initialized well and the optimization problem in Eq. (13) is solved only once)
ince differentiating (𝜃 , 𝛽 , 𝜎2𝜙) with respect to 𝜃 involves large matrices. Moreover, we show in Section 2.3 that the simultaneous

estimation of 𝜃 and 𝛽 renders the covariance matrices ill-conditioned. As detailed in Section 2.3, we address these computational
issues by fixing 𝛽 and 𝜎2𝜙 to some values that ensure (1) the covariance matrices are numerically stable, and (2) the posterior

1 Alternatively, we could have also assumed 𝜎2 = 1 and estimate 𝜎2 instead, leading to the same result.
𝜙 𝑦
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distributions in Section 2.1.3 regress the training data. Fixing 𝛽 and 𝜎2𝜙 makes the first term in Eq. (13) a constant and hence
we can estimate 𝜃 via:

𝜃 = ar gmin
𝜃∈𝛩

nn(𝜃) = ar gmin
𝜃∈𝛩

(𝒗 −𝒎)𝑇 vec
(

𝑪−1
𝑦 (𝑽 −𝑴)𝑪−1

𝜙

)

. (15)

where 𝒎 and 𝑴 are the only terms that depend on 𝜃, i.e., we can construct 𝑪−1
𝑦 and 𝑪−1

𝜙 once and store them so that evaluating
nn(𝜃) and its gradients only relies on matrix multiplications.

We notice in Eq. (15) that if 𝑪𝑦 and 𝑪𝜙 are identity matrices (i.e., if the correlations among different 𝑢𝑝 and different query
points 𝑦 are eliminated), nn(𝜃) becomes the mean squared error (MSE) loss function that is typically used in operator learning. We
demonstrate the benefits of using nn(𝜃) instead of MSE in Section 3.

2.1.2. Multi-output operators
Consider now the following multi-output operator

† ∶  →
𝑆
∏

𝑠=1
𝑠 (16)

where 𝑆 is the total number of (possibly related) output functions. In this case, our goal is to approximate † given the training
dataset 𝑆 ∶= {𝑠, 𝜙(𝑢𝑖), 𝜓(𝑣𝑠𝑖 )}𝑁𝑖=1 where {𝑢𝑖, 𝑣𝑠𝑖 }𝑁𝑖=1 are elements from  ×𝑠 with 𝑠 = {1,… , 𝑆}. Analogously to Section 1.2, we cast
the operator learning problem in Eq. (16) as the following regression problem:

̃†𝑝 ∶ R𝑝 × ∗ → R𝑆 . (17)

where now ̃†𝑝 is a multi-output function and ∗ denotes the dual of the product space ∏𝑆
𝑠=1 

𝑠. To approximate ̃†𝑝, we start by
placing a multi-task or 𝑆−dimensional GP prior [65,66] on it:

̃†𝑝 ∼ 𝐺 𝑃 (

𝑚(𝜙(𝑢), 𝑦; 𝜃)(𝑠), 𝑐 ([𝑠, 𝜙(𝑢), 𝑦] , [𝑠, 𝜙(𝑢), 𝑦]′ ; 𝛽 , 𝜎2)) (18)

where 𝑚(𝜙(𝑢), 𝑦; 𝜃) is the 𝑆−dimensional mean function of the GP.
The covariance matrix of the training data cannot be used in training unless 𝑐

(

[𝑠, 𝜙(𝑢), 𝑦] , [𝑠, 𝜙(𝑢), 𝑦]′ ; 𝛽 , 𝜎2) possesses certain
features that eliminate the need to build and invert the 𝑁 𝑆 𝑞 ×𝑁 𝑆 𝑞 covariance matrix. Hence, we invoke the assumptions made on
the data structure in Section 2.1.1 and also presume that all the outputs are observed at the same collocation points (CPs). Following
these assumptions, we formulate the kernel in Eq. (18) as:

𝑐
(

[𝑠, 𝜙(𝑢), 𝑦] , [𝑠, 𝜙(𝑢), 𝑦]′ ; 𝛽 , 𝜎2) = 𝑐𝑠(𝑠, 𝑠′; 𝛽𝑠, 𝜎2𝑠 )𝑐𝑦(𝑦, 𝑦′; 𝛽𝑦, 𝜎2𝑦 )𝑐𝜙(𝜙(𝑢), 𝜙(𝑢′); 𝛽𝜙, 𝜎2𝜙), (19)

where 𝑐𝑦(𝑦, 𝑦′; 𝛽𝑦, 𝜎2𝑦 ) and 𝑐𝜙(𝜙(𝑢), 𝜙(𝑢′); 𝛽𝜙, 𝜎2𝜙) are standard kernels such as the Gaussian or Matérn defined in Eq. (7), 𝛽 = [𝛽𝑠, 𝛽𝑦, 𝛽𝜙],
and 𝑐𝑠(𝑠, 𝑠′; 𝛽𝑠, 𝜎2𝑠 ) captures the average correlations among the responses. Once again, and without loss of generality, we assume
𝜎2𝑦 = 1 and hence only consider 𝜎2𝜙 and 𝜎2𝑠 . The kernel in Eq. (19) has a separable structure and is stationary since all the kernels
on the right-hand side are stationary.

To further simplify the computations we set 𝑐𝑠(𝑠, 𝑠′; 𝛽𝑠) to a diagonal matrix, that is:
𝑐𝑠(𝑠, 𝑠′) = 1

{

𝑠 == 𝑠′
}

𝜎2𝑠 (20)

where 1{⋅} returns 1∕0 if the enclosed statement is true/false and 𝜎2𝑠 is the kernel variance for the 𝑠−th response. With this choice,
he correlations between the different responses are either neglected or captured by the mean function in zero-mean and NN-mean
Ps, respectively.

To estimate 𝜃 , 𝛽, and 𝜎2 we use the training dataset 𝑆 to maximize the likelihood function. We rearrange 𝑆 as {(𝑠, 𝜙(𝑢𝑖), 𝑦𝑗 ),
[𝜓(𝑣𝑠𝑖 )]𝑗}

𝑁 ,𝑞 ,𝑆
𝑖,𝑗 ,𝑠=1 and denote its inputs and outputs via 𝑿 =

{

𝜙(𝑢𝑖), 𝑦𝑗
}𝑁 ,𝑞
𝑖,𝑗=1 and 𝒗 =

{

[𝜓(𝑣𝑠𝑖 )]𝑗
}𝑁 ,𝑞 ,𝑆
𝑖,𝑗 ,𝑠=1, respectively, where we have

used the assumptions that 𝑿 do not depend on 𝑠. The MLE process for our multi-output regression task involves the following
minimization problem:

[

𝜃 , 𝛽 , ̂𝜎2
]

= ar gmin
𝜃∈𝛩 ,𝛽∈,𝜎2∈R+

1
2
log |𝛴 ⊗ 𝑪| + 1

2
(𝒗 −𝒎)𝑇 (𝛴 ⊗ 𝑪)−1 (𝒗 −𝒎)

= ar gmin
𝜃∈𝛩 ,𝛽∈,𝜎2∈R+

1
2
log |𝛴|

𝑁 𝑞 + 1
2
log |𝑪|

𝑆 + 1
2
(𝒗 −𝒎)𝑇

(

𝛴−1 ⊗ 𝑪−1) (𝒗 −𝒎) ,
(21)

where 𝜎2 =
[

𝜎2𝜙, 𝜎21 ,… , 𝜎2𝑆
]

, 𝛴 = diag
{

𝜎21 ,… , 𝜎2𝑆
}

, 𝑪 = 𝑪𝜙 ⊗ 𝑪𝑦 is the 𝑁 𝑞 ×𝑁 𝑞 symmetric positive-definite covariance matrix, and
𝒎 is a column vector of length 𝑁 𝑞 𝑆 that corresponds to the evaluations of the mean function for all the outputs, samples, and query
oints.

Similar to the previous section, we leverage the properties of the Kronecker product in Eq. (12) to simplify Eq. (21) to:
[

𝜃 , 𝛽 , ̂𝜎2
]

= ar gmin
𝜃∈𝛩 ,𝛽∈,𝜎2∈R+

1
2
𝑁 𝑞

𝑆
∑

𝑠=1
log 𝜎2𝑠 +

1
2
log

(

|

|

|

𝑪𝜙
|

|

|

𝑞 𝑆
|

|

|

𝑪𝑦
|

|

|

𝑁 𝑆)

+ 1
𝑆
∑

𝜎−2𝑠 (𝒗𝑠 −𝒎𝑠)𝑇 vec
(

𝑪−1
𝑦 (𝑽 𝑠 −𝑴𝑠)𝑪−1

𝜙

)

,

(22)
2 𝑠=1
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where 𝑽 𝑠 and 𝑴𝑠 are formed by reshaping 𝒗𝑠 and 𝒎𝑠 to 𝑞×𝑁 matrices, respectively, 𝒗𝑠 =
{

[𝜓(𝑣𝑠𝑖 )]𝑗
}𝑁 ,𝑞
𝑖,𝑗 , and 𝒎𝑠 = 𝑚 (𝑠,𝑿; 𝜃) denotes

he evaluations of the mean function for response 𝑠.
Parameter estimation now follows as in Section 2.1.1. Specifically, for a zero-mean GP, Eq. (22) simplifies to:

[

𝛽 , ̂𝜎2
]

= ar gmin
𝛽∈,𝜎2∈R+

0v(𝛽 , 𝜎2)

= ar gmin
𝛽∈,𝜎2∈R+

1
2
𝑁 𝑞

𝑆
∑

𝑠=1
log

(

𝜎2𝑠
)

+ 1
2
log

(

|

|

|

𝑪𝜙
|

|

|

𝑞 𝑆
|

|

|

𝑪𝑦
|

|

|

𝑁 𝑆)
+ 1

2

𝑆
∑

𝑠=1
𝜎−2𝑠 (𝒗𝑠)𝑇 vec

(

𝑪−1
𝑦 𝑽 𝑠𝑪−1

𝜙

)

.
(23)

where we can fix 𝛽𝜙 similar to the scalar case in Section 2.1.1. For an NN-mean GP, we fix the kernel hyperparameters which makes
the first two terms on the right-hand side of Eq. (22) to become constants. Hence, we can estimate 𝜃 via:

𝜃 = ar gmin
𝜃∈𝛩

nnv(𝜃) = ar gmin
𝜃∈𝛩

1
2

𝑆
∑

𝑠=1
(𝒗𝑠 −𝒎𝑠)𝑇 vec

(

𝑪−1
𝑦 (𝑽 𝑠 −𝑴𝑠)𝑪−1

𝜙

)

. (24)

2.1.3. Inference
Once the parameters of the mean and covariance functions are estimated, we obtain the predictive response for a test input

unction 𝑢∗ at the query point 𝑦∗ by computing the expected value of the posterior distribution of the GP conditioned on the training
ata. That is:

𝜂
(

𝜙(𝑢∗), 𝑦∗; 𝜃 , 𝛽 , ̂𝜎2𝜙
)

∶= E[̃†𝑝(𝜙(𝑢
∗), 𝛿𝑦∗ )|]

= 𝑚(𝜙(𝑢∗), 𝑦∗; 𝜃) + 𝑐
(

[

𝜙(𝑢∗), 𝑦∗] ,𝑿; 𝛽 , ̂𝜎2𝜙
)

𝑪−1(𝒗 −𝒎)

= 𝑚(𝜙(𝑢∗), 𝑦∗; 𝜃)+
[

𝑐𝜙
(

𝜙(𝑢∗),𝑼 ; 𝛽𝜙, ̂𝜎2𝜙
)

⊗ 𝑐𝑦
(

𝑦∗, 𝒀 ; 𝛽𝑦
)]

vec
(

𝑪−1
𝑦 (𝑽 −𝑴)𝑪−1

𝜙

)

= 𝑚(𝜙(𝑢∗), 𝑦∗; 𝜃)+
vec

(

𝑐𝑦
(

𝑦∗, 𝒀 ; 𝛽𝑦
)

𝑪−1
𝑦 (𝑽 −𝑴)𝑪−1

𝜙 𝑐𝜙
(

𝑼 , 𝜙(𝑢∗); 𝛽𝜙, ̂𝜎2𝜙
))

,

(25)

where we have leveraged the Kronecker product properties in Eq. (12) to simplify the matrix multiplications. Eq. (25) accommodates
batch computations for accelerated prediction of the output field at the 𝑚 points 𝒀 ∗ =

{

𝑦∗1 ,… , 𝑦∗𝑚
}

:
𝜂
(

𝜙(𝑢∗), 𝒀 ∗; 𝜃 , 𝛽 , ̂𝜎2𝜙
)

= 𝑚(𝜙(𝑢∗), 𝒀 ∗; 𝜃)+

vec
(

𝑐𝑦
(

𝒀 ∗, 𝒀 ; 𝛽𝑦
)

𝑪−1
𝑦 (𝑽 −𝑴)𝑪−1

𝜙 𝑐𝜙
(

𝑼 , 𝜙(𝑢∗); 𝛽𝜙, ̂𝜎2𝜙
)) (26)

where 𝑼 =
{

𝜙(𝑢1),… , 𝜙(𝑢𝑁 )
}

and 𝒀 =
{

𝑦1,… , 𝑦𝑞
}

as defined previously. In the case of multi-output operators, our predictor for
output 𝑠 is:

𝜂
(

𝑠, 𝜙(𝑢∗), 𝒀 ∗; 𝜃 , 𝛽 , ̂𝜎2𝜙
)

= 𝑚(𝜙(𝑢∗), 𝒀 ∗; 𝜃)(𝑠)

+ vec
(

𝑐𝑦(𝒀 ∗, 𝒀 ; 𝛽𝑦)𝑪−1
𝑦 (𝑽 𝑠 −𝑴𝑠)𝑪−1

𝜙 𝑐𝜙(𝑼 , 𝜙(𝑢∗); 𝛽𝜙, ̂𝜎2𝜙)
)

.
(27)

For a zero-mean GP, Eqs. (25)–(27) can be simplified by removing the mean function and the associated matrices 𝑴 and 𝑴𝑠.
The predictor in Eq. (25) is a differentiable function with respect to 𝑦∗. We use this property in Section 2.2 for physics-informed

operator learning where the training process leverages the known differential operators that govern the problem. This predictor also
interpolates the training data which is a feature that most neural operators do not provide. To see this, we use Eq. (26) to predict
the output function at 𝒀 for the 𝑁 input functions 𝑼 that are observed during training:

𝜂
(

𝑼 , 𝒀 ; 𝜃 , 𝛽 , ̂𝜎2𝜙
)

= 𝑚(𝑼 , 𝒀 ; 𝜃) + vec
(

𝑐𝑦(𝒀 , 𝒀 ; 𝛽𝑦)𝑪−1
𝑦 (𝑽 −𝑴)𝑪−1

𝜙 𝑐𝜙(𝑼 ,𝑼 ; 𝛽𝜙, ̂𝜎2𝜙)
)

= 𝒎 + vec
(

𝐼𝑦 (𝑽 −𝑴) 𝐼𝜙
)

= 𝒎 + 𝒗 −𝒎 = 𝒗.
(28)

Lastly, we highlight that both terms on the right-hand side of Eq. (25) capture the correlations not only in  , but also in the support
of  , i.e., 𝛺𝑣. That is, our predictor leverages the strengths of both neural operators and kernel methods for operator learning.

2.2. Physics-informed operator learning

Consider the general differential operator  acting upon 𝑢 ∈  and 𝑣 ∈  such that  ∶  ×  → , where  is the null space,
𝑢 is the input function, and 𝑣 denotes the unknown solution. Then, a general family of (possibly nonlinear) time-dependent PDEs
can be expressed as:

 (𝑢, 𝑣) = 0 in 𝛺𝑣 × (0,∞), (29a)

𝑣 = 𝑓 on 𝜕 𝛺𝑣 × (0,∞), (29b)

𝑣 = 𝑔 in 𝛺̄ × 0 . (29c)
𝑣 { }
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Given Eq. (29) and𝑁 pairs of {𝜙(𝑢𝑖), 𝜓(𝑣𝑖)} that satisfy it, our goal is to approximate the operator † ∶  →  . In this context,  may
represent a family of PDE coefficients 𝑎(𝑦, 𝑡) ∶ 𝛺𝑣 × (0,∞) → R where 𝑡 denotes time, boundary conditions 𝑣(𝑦, 𝑡) ∶ 𝜕 𝛺𝑣 × (0,∞) → R,
or initial conditions 𝑣(𝑦, 𝑡) ∶ 𝛺̄𝑣 × {0} → R.

To improve the approximation accuracy of the predictor in Eq. (25), we regularize the parameter estimation process via Eq. (29).
To this end, we use a batch of 𝑁𝑝𝑖 samples with inputs

{

𝜙(𝑢𝑖)
}𝑁𝑝𝑖
𝑖=1 which may or may not be unique from the 𝑁 training samples

used throughout Section 2.1. For each of the 𝑁𝑝𝑖 samples, we consider 𝑛PDE, 𝑛BC, and 𝑛IC collocation points in the domain, on the
boundaries, and at 𝑡 = 0, respectively, to obtain the following losses:

PDE(𝜃) = 1
𝑁𝑝𝑖𝑛PDE

𝑁𝑝𝑖
∑

𝑗=1

𝑛PDE
∑

𝑖=1

(

 (𝑢𝑗 , 𝜂(𝜙(𝑢𝑗 ), 𝛿𝑦𝑖 ))
)2
, (30a)

BC(𝜃) = 1
𝑁𝑝𝑖𝑛BC

𝑁𝑝𝑖
∑

𝑗=1

𝑛BC
∑

𝑖=1

(

𝜂(𝜙(𝑢𝑗 ), 𝛿𝑦𝑖 ) − 𝑓 (𝑦𝑖)
)2
, (30b)

IC(𝜃) = 1
𝑁𝑝𝑖𝑛IC

𝑁𝑝𝑖
∑

𝑗=1

𝑛IC
∑

𝑖=1

(

𝜂(𝜙(𝑢𝑗 ), 𝛿𝑦𝑖 ) − 𝑔(𝑦𝑖)
)2
, (30c)

which quantify the errors of Eq. (25) in satisfying Eq. (29). Note that we calculate BC and IC(𝜃) since the 𝑁𝑝𝑖 samples may be
different from the 𝑁 labeled training samples. But if these two sets of samples have identical ICs/BCs, BC and IC(𝜃) in Eq. (30)
will be zero due to the reproducing property of the predictor, see Eq. (28).

To estimate 𝜃, we combine the loss terms in Eq. (30) with Eq. (15):

(𝜃) = PDE(𝜃) + 𝛼BCBC(𝜃) + 𝛼ICIC(𝜃) + 𝛼MLEnn(𝜃), (31)

where 𝛼BC, 𝛼IC, and 𝛼MLE are weights that ensure none of the loss terms in Eq. (31) dominates the optimization process. Specifically,
we choose PDE as a reference and assign the unit weight to it. Then, we determine the weights of the other loss terms via an Adam-
nspired approach [67,68] such that their gradients with respect to 𝜃 have comparable magnitudes at all optimization iterations.
or example, we obtain 𝛼BC at epoch 𝑘 + 1 via:

𝛼𝑘+1BC = (1 − 𝜆)𝛼𝑘BC + 𝜆
max |

|

∇𝜃PDE(𝜃)||
mean |

|

∇𝜃BC(𝜃)||
, (32)

where PDE(𝜃) is chosen as the reference term, ∇𝜃BC(𝜃) denotes the gradient of BC(𝜃) with respect to 𝜃, and 𝜆 is typically set to
.9.

We conclude this section by highlighting three points. First, if the regularized loss function in Eq. (31) involves nonlinear
functions of the predictor (i.e., if the PDE system in Eq. (29) is nonlinear), then the posterior in Eq. (25) is not a Gaussian and the
predictor is merely a maximum a posteriori (MAP) estimator. Second, for physics-informed operator learning we only use NN-mean
GPs with fixed kernel parameters because (1) optimizing the kernel parameters requires the repeated inversion of the covariance
matrices which is computationally expensive and prone to ill-conditioning, and (2) our kernels are quite simple and have insufficient
parameters to accommodate residual minimization. Third, for multi-output operators we replace nn(𝜃) by nnv(𝜃) in Eq. (24).

2.3. Parameter initialization and stability

For a zero-mean GP we fix 𝛽𝑦 to some large values and only optimize 𝛽𝜙 and 𝜎2𝜙 in Eq. (14) or Eq. (23). We rationalize this
decision in Section 2.3.1 and then in Section 2.3.2 we elaborate on our logic for initializing 𝛽𝜙 to some small values before they are
ptimized. For an NN-mean GP, we optimize 𝜃 while 𝛽 =

[

𝛽𝑦, 𝛽𝜙
]

and 𝜎2𝜙 are all fixed to their initial values which are the same as
hose for a zero-mean GP. As detailed in Section 2.3.3 this approach dramatically accelerates the computations while reducing the

numerical instabilities.

2.3.1. Effect of observation operator
In many operator learning problems 𝜓(𝑣) provides dense observations, i.e., 𝑞 in Eq. (2) is a relatively large number. To

emonstrate the effect of dense observations on the optimum kernel parameters of a zero-mean GP, we consider the simple task of
interpolating 𝑢(𝑥) = sin (2𝜋 𝑥) , 𝑥 ∈ [0, 1] using a zero-mean GP with the Gaussian kernel 𝑐(𝑥, 𝑥′; 𝛽 , 𝜎2). We set 𝜎2 = 1 without loss of
generality and sample 𝑁 ≫ 1 points from 𝑢(𝑥). Instead of optimizing 𝛽 via MLE, we vary it in the

[

0, 106
]

range and for each value
we calculate the error of the corresponding conditional predictor in Eq. (28) on a large set of test samples.

The results of this study are summarized in Fig. 3 which clearly shows two pathological regimes for 𝛽 → 0 and 𝛽 → ∞ (i.e., not
ll values of 𝛽 result in accurate interpolation of the test samples, even when abundant data is available). This trend is expected

since 1∕𝛽 is proportional to the correlation length. For this particular example, 𝛽 < 1 renders the covariance matrix ill-conditioned
while 𝛽 > 104 prevents the GP from modeling the spatial correlations. For instance, consider points A and B on the curve which

ark 𝛽 = 10−1 and 𝛽 = 103, respectively, and the corresponding insets illustrate the predictions of the resulting GPs. We observe in
nset A that the prediction curve with 𝛽 = 10−1 is quite rough which is due to the ill-conditioning of the GP’s covariance matrix. In
ontrast, for 𝛽 ∈

[

101, 3.50 × 103] the resulting GP interpolates unseen data very accurately and provides a smooth prediction curve.
urther increasing 𝛽 reduces the prediction accuracy as the posterior mean cannot leverage the spatial correlations at all.

Our studies indicate that the trends in Fig. 3 extend to not only higher dimensions, but also the profile of the likelihood function
(we further elaborate on the latter point in Section 2.3.2). Following these observations, in all of our studies we set 𝛽 to large
𝑦
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Fig. 3. Effect of 𝛽𝑦 on test accuracy with dense observations: Very small and large 𝛽 values provide poor performance as they cause numerical issues and cannot
capture spatial correlations, respectively. However, a relatively large range of values such as 103 provide high accuracy and numerical stability.

values, e.g., 3, regardless of 𝑑 (i.e., the dimensionality of the output space 𝛺𝑣) and the choice of the GP’s mean function (NN or
zero). This decision ensures that 𝐶𝑦 is numerically stable and the GP can faithfully interpolate the dense observations in 𝛺𝑣.

2.3.2. High-dimensional features in GPs
The performance of GPs deteriorates in very high feature spaces [69] due to the so-called curse of dimensionality: kernels capture

the correlations between the samples based on their distance in the feature space. Most kernels such as those in Eq. (7) poorly
characterize these correlations in high-dimensional feature spaces as the quantified distances quickly increase and, in turn, render
the correlations among samples to become zero. To illustrate this, consider the kernel in Eq. (7a) with 𝜎2 = 1. Assuming the same
ength-scale parameter 𝛽 is used across all 𝑑𝑥 dimensions, we can express 𝑐(𝑥, 𝑥′; 𝛽) as a function of the distance between two feature
ectors 𝑥 and 𝑥′:

𝑐(𝑥, 𝑥′; 𝛽) = exp
{

−𝛽 |
|

|

|

𝑥 − 𝑥′|
|

|

|

2
}

, (33)

which can be solved for 𝛽:

𝛽 = − log 𝑐(𝑥, 𝑥′)
||𝑥 − 𝑥′||2

. (34)

To explore the interaction between 𝑑𝑥 and 𝛽, we perform the following experiment. Given fixed covariance values 𝑐(𝑥, 𝑥′) = 0.2
and 𝑐(𝑥, 𝑥′) = 0.8, we generate 10,000 random samples in the 𝑑𝑥−dimensional unit hypercube where the norm of each sample is
used as the denominator of Eq. (34). Then, we calculate 𝛽 corresponding to each sample and repeat this process for various values
of 𝑑𝑥. The corresponding histograms are provided in Fig. 4 and demonstrate that as 𝑑𝑥 increases, the range of 𝛽 values that achieve
the specified covariances not only shrinks (compare the width of the histograms for 𝑑𝑥 = 2 and 𝑑𝑥 = 2000), but also includes smaller
alues.

Following the above experiment, we initialize 𝛽𝜙 at 10−2 in all of our studies in this paper since the input function is typically
discretized at a large number of points. This value is obviously not an optimal choice so in the case of zero-mean GPs we associate
ach input feature with its own 𝛽 and then fine tune them via MLE. In the case of NN-mean GPs, we do not optimize these initial
alues (due to computational costs and numerical instabilities) and rely on the neural operator part of the GP to correct (if needed)
ow the correlations between 𝜙(𝑢) and 𝜙(𝑢′) are quantified.

Our rationale for initializing 𝛽𝜙 at a small value, e.g., 10−2, can also be explained as follows. Consider the Gaussian kernel
𝑐(𝑢, 𝑢′; 𝛽 , 𝜎2 = 1):

𝑐(𝑢, 𝑢′; 𝛽 , 𝜎2 = 1) = exp
{

−𝛽 |
|

|

|

𝑢 − 𝑢′|
|

|

|

2
}

, (35)

where 𝑢(𝑥) and 𝑢′(𝑥) are one-dimensional functions and ||⋅|| is the 𝐿2 norm that can be approximated as:

|

|

|

|

𝑢 − 𝑢′|
|

|

|

2 = ∫𝛺
(𝑢(𝑥) − 𝑢′(𝑥))2𝑑 𝑥 ≈

𝑝
∑

𝑖=1
(𝑢(𝑥𝑖) − 𝑢′(𝑥𝑖))2𝛥𝑥𝑖, (36)

where 𝛥𝑥𝑖 is the discretization step. Assuming the points are equally spaced, Eq. (35) simplifies to:

𝑐(𝑢, 𝑢′; 𝛽 , 𝜎2 = 1) = exp
⎧

⎪

⎨

⎪

− 𝛽 𝛥𝑥
⏟⏟⏟

𝑝
∑

𝑖=1
(𝑢(𝑥𝑖) − 𝑢′(𝑥𝑖))2

⎫

⎪

⎬

⎪

. (37)
⎩ 𝛽𝑢 ⎭
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Fig. 4. Interaction between 𝛽 and feature space dimensionality: Smaller 𝛽 values are needed to achieve a desired correlation value in high-dimensional feature
spaces.

We observe that for function inputs the effective length-scale parameter 𝛽𝑢 corresponds to the product of the length-scale 𝛽 and the
discretization step 𝛥𝑥, which is generally small. So, compared to the case where the features are scalars by nature, smaller values
should be chosen for the effective length-scale parameter if the features are obtained by finely discretizing a function.

Once again, these findings are also validated in Fig. 5(a.2) and (b.2), where we plot the test relative 𝐿2 errors as functions of
𝛽𝑦 and 𝛽𝜙 for the Burgers’ and Darcy benchmarks. Our experiments suggest that the range of values for 𝛽𝜙 (corresponding to the
unctional input) that minimize the test error is comparably smaller to 𝛽𝑦 (corresponding to scalar inputs). An interesting observation
rom Fig. 5(a.2) and (b.2) is that the test error is minimized across a broad range of 𝛽𝑦 and 𝛽𝜙 values. This suggests that a zero-mean
P, when properly initialized, can achieve high accuracy without requiring any training.

To examine the interaction between the initialization of 𝛽𝑦 and 𝛽𝜙, we consider the Burgers’ and Darcy problems studied in
ection 3. Applying zero-mean GPs to these two problems, we visualize the training loss and test error maps as a function of the

kernel parameters in Fig. 5. We observe that in all cases our suggested initial values provide minimal values for these metrics in
both problems. Interestingly, we notice that many parameter combinations effectively minimize the loss and error maps in both
problems, indicating that a high accuracy is obtained by a zero-shot zero-mean GP whose kernel parameters are properly initialized
but never optimized. We examine the performance of zero-shot and one-shot zero-mean GPs in Section 3 which benefit from zero
and one optimization iterations, respectively.

2.3.3. Parameter optimization in NN-mean GPs
Non-zero mean functions have the potential to increase the extrapolation capabilities of GPs [57] and they have been effectively

employed for materials modeling [70] or to solve forward and inverse problems in PDEs [62]. Specifically, parameterizing the mean
function of a GP by a deep NN provides the means to leverage the strengths of both kernels and NNs as the former effectively learns
local trends by interpolating neighboring points in regions with abundant data, while the latter improves generalization by learning
omplex distributed representations for unseen inputs. However, this added model complexity increases the risk of overfitting and
an lead to numerical instability during optimization [57]. We demonstrate these issues with a simple regression example which

motivates our decision for fixing the kernel parameters while optimizing 𝜃.
We again consider the function 𝑢(𝑥) = sin(2𝜋 𝑥), 𝑥 ∈ [0, 1] and sample 𝑁 = 20 points from it such that the samples are concentrated

close to the lower- and upper-bounds of 𝑥, see the red crosses in Fig. 6. We fit three GPs to this dataset:

• Zero-mean GP: We set the kernel to 𝑐(𝑥, 𝑥′; 𝛽 , 𝜎2 = 1) and use MLE to optimize 𝛽.
• NN-mean GP: We set the kernel and the mean function to, respectively, 𝑐(𝑥, 𝑥′; 𝛽 , 𝜎2 = 1) and a fully-connected feed-forward

NN with 4 layers of 20 neurons. We use MLE to jointly optimize the parameters of the kernel and the NN.
• Physics-informed NN-mean GP: We set the kernel to 𝑐(𝑥, 𝑥′; 𝛽 = 103, 𝜎2 = 1) and optimize the NN parameters to minimize a

weighted combination of MLE and MSE where the latter encourages the GP-based predictor to satisfy the ordinary differential
equation 𝑑 𝑢

𝑑 𝑥 = 2𝜋 cos (2𝜋 𝑥).

In all cases the Adam optimizer with a learning rate scheduler is used where the initial learning rate and maximum number
f epochs are set to 10−3 and 20,000, respectively. The results of our studies are summarized in Fig. 6 and demonstrate that the
11 
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Fig. 5. Loss and error profiles as functions of kernel parameters in zero-mean GPs: A wide range of parameter combinations provide optimal loss and error
values, indicating that proper initialization is relatively easy and results in good performance even without training. 𝛽𝑦 = 103 is used for the two loss profiles on
the left-hand side of (a) and (b). Note that we do not show the dependency of the test relative 𝐿2 error with respect to 𝜎2𝜙 since this does not affect Eq. (25).
For Darcy, 𝛽𝑦 has two components and so for plotting the error map we presume that these components are equal (a similar assumption is made for 𝛽𝜙).

zero-mean GP (left plot) expectedly fails to generalize to regions where there are no training samples. This issue is slightly alleviated
in the case of the NN-mean GP (middle plot) at the expense of worsening the condition number, 𝜅, of the covariance matrix. The
increase in 𝜅 is due to the fact that the NN mean has sufficient parameters to interpolate the data which causes the kernel to model
very small residuals and, in turn, be numerically ill-conditioned. The magnitude of 𝜅 is directly related to the number of parameters
of the mean function which is typically a very large number in neural operators.

The results of the third scenario are provided in Fig. 6(c) where we observe that the physics of the problem is effectively
used to learn 𝑢(𝑥) with high accuracy without increasing the condition number of the covariance matrix. The training mechanism
corresponding to this scenario is similar to the one explained in Section 2.2 for operator learning.

2.4. Comparison to optimal recovery-based operator learning

The optimal recovery method of [13] approximates the operator † via the following explicit representer formula:

̄(𝑢∗)(𝑦) = 𝑐𝜈 (𝑦, 𝒀 )𝑐𝜈 (𝒀 , 𝒀 )−1𝛬(𝜙(𝑢∗),𝑼 )𝛬(𝑼 ,𝑼 )−1𝑽 (38)

where 𝛬(𝑼 ,𝑼 ′) is a matrix-valued kernel in the space of 𝑚 ×𝑚 matrices, 𝑐𝜈 (⋅, ⋅) is the kernel associated with the RKHS of functions
in  , and 𝑦 denotes a location in the output space where observations are made. [13] assumes a diagonal kernel of the form
𝛬(𝑼 ,𝑼 ′) = 𝑐𝜆(𝑼 ,𝑼 ′)𝐼 where 𝐼 is the 𝑚×𝑚 identity matrix and 𝑐𝜆 ∶ R𝑛×R𝑛 → R is a real-valued kernel. Following these assumptions
and using the Kronecker product, we can rewrite Eq. (38) as:

̄(𝑢∗)(𝑦) = 𝑐𝜈 (𝑦, 𝒀 )𝑐𝜈 (𝒀 , 𝒀 )−1
[

𝑐𝜆
(

𝜙(𝑢∗),𝑼
)

⊗ 𝐼] [𝑐𝜆(𝑼 ,𝑼 )⊗ 𝐼]−1 𝑽 . (39)

To directly compare Eq. (39) with our approach, we drop the mean function in our GP predictor to obtain:

E[̃†𝑝(𝜙(𝑢
∗), 𝛿𝑦∗ )|] = [

𝑐𝜙(𝜙(𝑢∗),𝑼 )⊗ 𝑐𝑦(𝒀 ∗, 𝒀 )
] [
𝑐𝜙(𝑼 ,𝑼 )⊗ 𝑐𝑦(𝒀 , 𝒀 )

]−1 𝑽 . (40)

Comparing Eqs. (39) and (40) highlights the main differences between the two approaches:
12 
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Fig. 6. Parameter optimization in GPs: We consider three scenarios with a zero-mean GP in (a) and NN-mean GPs in (b) and (c). The differences in training
settings across these three cases are detailed in the text. The relative 𝐿2 errors for cases (a), (b) and (c) are 64.77%, 60.38%, and 0.09%, respectively. (For
nterpretation of the references to color in this figure legend, the reader is referred to the web version of this article.)

• Unlike the optimal recovery method of [13], we account for the correlations in the output function space through 𝑐𝑦(⋅, ⋅).
Hence, we solve a single regression problem as opposed to solving 𝑚 independent optimal recovery ones at the expense of (1)
using all the data at once, and (2) having far fewer hyperparameters (and hence flexibility).

• Eq. (39) directly approximates † which explains the presence of the operator-valued kernels. Instead, our method approx-
imates †(𝑢∗)(𝑦∗), i.e., the evaluation of the output function at the arbitrary query point 𝑦∗ for the given input function 𝑢∗,
see Fig. 1. This feature enables us to incorporate additional physical constraints into the approximation process as detailed in
Section 2.2.

We also note that our approach can also use deep NNs as the mean function which has the advantage of reducing the sole reliance
of the predictor on the kernel whose misspecification can substantially reduce the performance of zero-mean GPs.

2.5. Inference complexity

We quantify the evaluation costs of our predictor by computing the floating point operators (FLOPs) per a test sample [71]. We
assume that the product between two matrices 𝑨 ∈ R𝑛×𝑚 and 𝑩 ∈ R𝑚×𝑞 has a cost of 𝑛𝑞(2𝑚− 1) flops, vectorization has no costs, and
hat a nonlinear function acting upon an input vector of size 𝑛 (e.g., activation function in NNs or kernel evaluation in GPs) costs 𝑛
lops. Additionally, we assume the cost of constructing the 𝑚 × 𝑛 covariance matrix between two matrices 𝑨 ∈ R𝑚×𝑞 and 𝑩 ∈ R𝑛×𝑞

using the Gaussian kernel in Eq. (7a) is 𝑚𝑛(4𝑞 + 2).
We observe in Eq. (25) that the 𝑚 ×𝑁 matrix 𝑪−1

𝑦 (𝑽 −𝑴)𝑪−1
𝜙 can be stored from training and therefore we do not attribute

any associated cost to that operation at the inference stage. Hence, the cost of evaluating the learned operator in our framework
consists of (1) evaluation cost of the mean function which is either zero for a zero-mean GP, or 𝑚 for a non-zero mean GP, (2)
building 𝑐𝑦(𝒀 ∗, 𝒀 ; 𝛽𝑦) ∈ R𝑚×𝑚 and 𝑐𝜙(𝜙(𝑢∗), 𝜙(𝑼 ); 𝛽𝜙, ̂𝜎2𝜙) ∈ R𝑁×1, which have costs of 𝑚2(4𝑑 + 2) and 𝑁(4𝑛 + 2), respectively, and
(3) matrix multiplication costs in vec

(

𝑐𝑦(𝒀 ∗, 𝒀 ; 𝛽𝑦)𝑪−1
𝑦 (𝑽 𝑠 −𝑴𝑠)𝑪−1

𝜙 𝑐𝜙(𝜙(𝑢∗),𝑼 ; 𝛽𝜙, ̂𝜎2𝜙)
)

which sum up to 𝑚(2𝑁 − 1) + 𝑚(2 𝑚 − 1).
Given these cost components, the total inference cost of predicting the output function at 𝑚 points for a given test input function
discretized at 𝑛 points is:

 = 𝑚 + 𝑚2(4𝑑 + 2) +𝑁(4𝑛 + 2) + 𝑚(2𝑁 − 1) + 𝑚(2 𝑚 − 1)
= 𝑚 + 4𝑚2(𝑑 + 1) − 2 𝑚 + 2𝑁(2𝑛 + 2 𝑚 + 1), (41)

where 𝑁 is the number of training samples and 𝑚 can be calculated as detailed in [71] if neural operators such as DeepONet or
NO are used as the mean function in our approach.

Eq. (41) indicates the price that one has to pay for embedding a neural operator in our framework. This additional cost scales
linearly in 𝑁 but incurring it, as argued in Section 3 based on our comparative studies, is justified since GPs with neural operators
as their mean function provide higher accuracy than the base neural operators especially in extrapolation.

3. Numerical studies and discussions

We evaluate the performance of our approach in data-driven and physics-informed operator learning problems in Sections 3.1
to 3.3 where we consider both single- and multi-output operators. While we can leverage any neural operator as the mean function
13 
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in our approach, herein we only consider FNO [11] and DeepONet [10] which are two of the most popular neural operators.
hroughout, we use the relative 𝐿2 metric defined below to quantify the accuracy on test data:

𝐿2 = 1
𝑁test

𝑁test
∑

𝑖=1

‖

‖

‖

†(𝑢𝑖) − ̃†𝑝(𝑢𝑖)
‖

‖

‖
‖

‖

†(𝑢𝑖)‖
‖

(42)

where 𝑁test is the number of test samples, † is the target operator and ̃†𝑝 is the predicted operator. We conclude our studies in
Section 3.4 by commenting on the training cost of different approaches.

3.1. Data-driven operator learning: Single-output operators

We consider four canonical examples that are routinely studied in the relevant literature [11,13,71,72]. These examples are
defined below and used to compare our approach to DeepONet [10], FNO [11], and GP-OR which is the GP-based optimal recovery
pproach of [13]. We take the training data from [72] and use the reported accuracy metrics in [13] for these three baselines. In

our approach, we consider three cases: a zero-mean GP, DeepONet-mean GP, and FNO-mean GP. In the latter two cases, we set up
he architecture of the neural operators to match those of the baselines.2 We also train our models with the same data used for

training the baselines. We train our GP-based models via Adam for 3000 training epochs and set the learning rate to 10−3 and 10−2

for NN-mean and zero-mean cases, respectively.

Burgers’ Equation: We consider the 1𝐷 Burgers’ equation with periodic BCs:
𝑢𝑡 + 𝑢𝑢𝑥 = 𝜁 𝑢𝑥𝑥, ∀(𝑥, 𝑡) ∈ (0, 1) × (0, 1],
𝑢(𝑥, 0) = 𝑢0(𝑥), ∀𝑥 ∈ (0, 1) (43)

with 𝜁 = 0.1. The operator that we aim to learn is † ∶ 𝑢(𝑥, 0) → 𝑢(𝑥, 1), i.e., the mapping from the IC to the solution at time 𝑡 = 1.
he dataset is originally generated in [11] where the IC is sampled from a Gaussian random field with a Riesz kernel. As in [72],

we use 1000 samples for training and 200 for testing with a spatial resolution of 128 points, i.e., 𝑝 = 𝑞 = 128.

Darcy Flow: The 2𝐷 Darcy flow problem with zero BCs is formulated as:
− ∇ ⋅ (𝑎(𝑥, 𝑦)∇𝑢(𝑥, 𝑦)) = 𝑓 (𝑥, 𝑦), ∀(𝑥, 𝑦) × (0, 1)2
𝑢(𝑥, 𝑦) = 0, ∀(𝑥, 𝑦) ∈ 𝜕(0, 1)2

(44)

where 𝑎(𝑥, 𝑦) is the permeability field and 𝑓 (𝑥, 𝑦) is a source term. For a fixed 𝑓 (𝑥, 𝑦), we aim to learn † ∶ 𝑎(𝑥, 𝑦) → 𝑢(𝑥, 𝑦), i.e.,
he mapping from the permeability field to the solution in the entire domain. The dataset is extracted from [72] and we use 1000

samples for training and 200 for testing where the input and output functions are available on a 29 × 29 grid. The coefficient field
(𝑥, 𝑦) is obtained via 𝑎 = 𝜉(𝜇) where 𝜇 ∼ (0, (−𝛥 + 9𝐼)−2) is a Gaussian random field with zero Neumann BCs on the Laplacian
nd 𝜉 is a function that maps positive values to 12 and negative values to 3 [72].

Advection Equation: We consider the 1𝐷 advection equation with periodic BCs:
𝑢𝑡 + 𝑢𝑥 = 0, ∀(𝑥, 𝑡) ∈ (0, 1) × (0, 1],
𝑢(𝑥, 0) = 𝑢0(𝑥), ∀𝑥 ∈ (0, 1) (45)

where 𝜁 = 0.1 and our goal is to approximate † ∶ 𝑢(𝑥, 0) → 𝑢(𝑥, 0.5), i.e., the mapping from the IC to the solution at time 𝑡 = 0.5. The
dataset is originally generated by [72] where the IC is designed as a square wave centered at 𝑥 = 𝑐 with width 𝑤 and height ℎ, i.e.,
𝑢0(𝑥) = ℎ𝟏{

𝑐− 𝑤
2

}

,
{

𝑐+ 𝑤
2

}. The parameters 𝑐 , 𝑤 and ℎ are randomly drawn from the uniform distribution 𝑈 ([0.3, 0.7] × [0.3, 0.6] × [1, 2]).

We use 1000 samples for training and 200 for testing whose input and output functions are discretized via 40 equally-spaced grid
points.

Structural Mechanics: We consider the equation governing the displacement field 𝑢 of an elastic solid under small deformations:
∇ ⋅ 𝜎 = 0, in 𝐷 ,
𝑢 = 𝑢̄, on 𝛤𝑢,

∇ ⋅ 𝑛 = 𝑡, on 𝛤𝑡,

(46)

where 𝐷 = (0, 1)2 and the boundary 𝜕 𝐷 is divided into 𝛤𝑡 = [0, 1] × 1 and 𝛤𝑢 = 𝜕 𝐷 ⧵ 𝛤𝑡, i.e., 𝛤𝑢 is the compliment of 𝛤𝑡. We aim to
learn the operator † ∶ 𝑡 → 𝜎, i.e., the mapping between the 1𝐷 load 𝑡 applied on 𝛤𝑡 to the von Misses stress field 𝜎. The dataset
s extracted from [71] where 𝑡 is drawn from a Gaussian random field (100, 4002(−∇ + 32𝐼)−1) where ∇ is the Laplacian with
eumann BCs applied to the space of functions with a spatial mean of zero. The output function 𝜎 is obtained via the FEM. We use
250 samples for training and 20,000 for testing. The input function is sampled on 41 discretized points and the output function is
nterpolated on a regular 41 × 41 grid.

2 In some cases, insufficient information about the architecture is available so we highlight the potential differences when applicable.
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Table 1
Summary results on four benchmark problems: We report the 𝐿2 relative test error for four different operator learning methods. The errors in the first three
ows are directly taken from the literature [13,71,72]. In our approach, we set the mean function to either (1) zero in which case we also provide the error
etrics without training and after one optimization iteration, or (2) DeepONet and FNO whose architectures are exactly the same as those in rows 1 and 2. In

he case of Darcy, we follow the references and apply PCA to the discretized input function and keep the first 200 PCs as the features for the kernel part of
ur GP-based methods.

Burgers’
𝑁 = 1000, 𝑝 = 128, 𝑞 = 128

Darcy
𝑁 = 1000, 𝑝 = 292 , 𝑞 = 292

Advection
𝑁 = 1000, 𝑝 = 40, 𝑞 = 40

Structural mechanics
𝑁 = 1250, 𝑝 = 41, 𝑞 = 412

Error # of Parameters Error # of Parameters Error # of Parameters Error # of Parameters

DeepONet 2.15% 148,864 2.91% 715,776 0.22% 471,552 8.70% 137,856
FNO 1.93% 320,705 2.41% 6,304,257 0.66% 320,705 6.62% 888,001
GP-OR 2.15% 1280 2.75% 169,882 𝟐.𝟕𝟓𝐞−𝟑% 1600 6.95% 68,921

Our GP

0-shot Zero-mean 2.90% 129 5.14% 201 0.17% 41 7.13% 42
1-shot Zero-mean 2.90% 129 5.01% 201 0.17% 41 7.13% 42
Zero-mean 2.99% 129 2.89% 201 4.11e−3% 41 6.74% 42
DeepONet-mean 1.84% 148,864 3.44% 715,776 0.18% 471,552 7.12% 137,856
FNO-mean 0.08% 320,705 2.19% 6,304,257 0.23% 320,705 6.49% 888,001

The results of our comparative studies are summarized in Table 1 and indicate that our approach provides very competitive
esults. We observe that except for the Darcy example with DeepONet,3 the performance of FNO and DeepONet consistently improves

if they are used as the mean function of a GP. We attribute this desirable property to two features. First, due to the second term
n the right-hand side of Eq. (28) our predictor naturally interpolates the data and hence (a) its mean function (i.e., the neural

operator) can focus more on learning the sample-to-sample correlations that are not captured by the kernel, see the loss function
in Eq. (15), and (b) the irregular part of the target operator (that is hard to approximate with a smooth kernel) can be captured
y the neural operator. Second, our use of kernels provides a natural regularization scheme that improves generalizability. To see
his, we analyze Eq. (9) within a regularization framework which is also used in contexts such as kernel ridge regression [73]. The

second term in Eq. (9) measures the data fit while the first term is a regularizer whose magnitude can be calculated based on the
eigenvalues of 𝑪 . Since we freeze the kernel parameters in our NN-mean GPs, these eigenvalues are essentially fixed which imposes
a smoothness condition on the underlying function space which is controlled by the decay rate of the sequence of eigenvalues.

We also observe in Table 1 that our zero-mean GP is highly efficient in that it achieves small errors with orders of magnitude
fewer hyperparameters. Due to the proper initialization of the kernel parameters, these GPs provide quite competitive results even
prior to parameter optimization or just after one training epoch (referred to as 0−shot and 1−shot, respectively, in the table).

In Fig. 7 we visualize example test inputs, outputs, and predictions with associated error maps. In these plots we use the best
version of our approach, i.e., a zero-mean GP in the case of Advection problem and an FNO-mean GP for the other three cases.
We observe that the majority of the errors are concentrated at regions with sharp gradients which correspond to the jumps in the
Advection example and the large traction regions at the top left corner in the Structural Mechanics problem. To further examine
the performance of our framework in learning solution maps that exhibit large gradients, in Appendix A we study the 1D Burgers’
quation with 𝜁 = 0.01 and show that our approach provides accurate results in such settings as well.

3.2. Data-driven operator learning: Multi-output operators

To benchmark our approach for learning multi-output operators we use the 2𝐷 lid-driven cavity (LDC) problem which is governed
y the incompressible Navier–Stokes equations:

𝑢𝑥 + 𝑣𝑦 = 0, ∀(𝑥, 𝑦) ∈ (0, 1)2

𝑢𝑢𝑥 + 𝑣𝑢𝑦 = −1
𝜌
𝑝𝑥 + 𝜁

(

𝑢𝑥𝑥 + 𝑢𝑦𝑦
)

, ∀(𝑥, 𝑦) ∈ (0, 1)2

𝑢𝑣𝑥 + 𝑣𝑣𝑦 = −1
𝜌
𝑝𝑦 + 𝜁

(

𝑣𝑥𝑥 + 𝑣𝑦𝑦
)

, ∀(𝑥, 𝑦) ∈ (0, 1)2

𝑣(𝑥, 0) = 𝑣(𝑥, 1) = 𝑣(0, 𝑦) = 𝑣(1, 𝑦) = 0, ∀𝑥, 𝑦 ∈ [0, 1]
𝑢(𝑥, 0) = 𝑢(0, 𝑦) = 𝑢(1, 𝑦) = 0, ∀𝑥, 𝑦 ∈ [0, 1]
𝑢(𝑥, 1) = 𝑓 (𝑥), ∀𝑥 ∈ [0, 1]
𝑝(0, 0) = 0

(47)

where 𝜁 = 0.002 is the kinematic viscosity, 𝜌 = 1.0 denotes the density, and 𝑓 (𝑥) is the lid velocity profile. To generate the data, we
ollow [74] and first solve Eq. (47) via the FEM for a variety of lid velocity profiles4 and then sweep the flow field via a window of
ize 0.25 × 0.25 to collect samples, see Fig. 8. We divide the resulting data into two parts: if the window is above the horizontal dashed

3 This may be due to the fact that we could not exactly replicate the training settings and model architecture since the corresponding Ref. [72] lacks sufficient
details.

4 The velocity profiles are taken from [74] who use GPs to generate them and solve Eq. (47) via OpenFOAM [75].
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Fig. 7. Example test inputs, outputs, and predictions: We provide one example from each problem where the predicted outputs correspond to the best version
of our approach in Table 1, i.e., a zero-mean GP in the case of Advection problem and an FNO-mean GP for the other three problems.

Fig. 8. Train and test data generation in the LDC problem: (a) The [0, 1]2 domain is swept with a smaller window to collect data. (b) If the center of the window
is above the dashed line, the sample is used to assess the extrapolation error. Otherwise, the sample is used either for training or obtaining the interpolation
error.

line in Fig. 8(b) the corresponding sample is used to assess the extrapolation test error. Otherwise, the sample is used for either
training or obtaining the interpolation test error. The samples positioned on the top part of the domain provide good candidates for
evaluating the extrapolation capabilities of the models since the solution fields inside them contain much larger velocity magnitudes
and gradients than those in the bottom part of the domain.
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Table 2
Summary of results for Section 3.2: We use DeepONet and FNO with two architectures that differ significantly in their parameter counts, referred to as small
and large, for comparison in both interpolation and extrapolation tests. In our approach, we either employ these neural operators as the mean function or utilize
a zero-mean GP. For the former case, we train the GPs using maximum likelihood estimation (MLE) and mean squared error (MSE) to assess the impact of the
loss function on model performance. For the zero-mean GP, we also report errors before parameter optimization (denoted as 0-shot) and after one training epoch
(denoted as 1-shot). All errors are reported for the velocity magnitude.

Number of parameters Interpolation error Extrapolation error

Training via MLE Training via MSE Training via MLE Training via MSE

DeepONet (small) 13,536 N/A 4.46% N/A 42.60%
DeepONet (large) 235,800 N/A 3.49% N/A 35.14%

FNO (small) 6235 N/A 7.80% N/A 62.66%
FNO (large) 223,155 N/A 1.76% N/A 44.20%

Ours

0-shot Zero-mean 361 7.10e−3% N/A 24.48% N/A
1-shot Zero-mean 361 7.10e−3% N/A 24.48% N/A
Zero-mean 361 𝟒.𝟑𝟕𝐞−𝟒% N/A 41.00% N/A

DeepONet-mean (small) 13,536 5.02e−3% 1.43e−2% 31.13% 34.25%
DeepONet-mean (large) 235,800 2.73e−3% 𝟕.𝟏𝟐𝐞−𝟑% 22.77% 23.00%

FNO-mean (small) 6235 3.76e−3% 9.53e−3% 26.86% 34.41%
FNO-mean (large) 223,155 1.48e−3% 7.31e−3% 39.15% 26.70%

The above procedure generates a total of 961 samples with observations on a 30 × 30 regular grid in the 0.25 × 0.25 subdomain.
he operator learning problems involves mapping the arbitrary set of subdomain BCs (pressure and velocity components) to
he solution inside the 0.25 × 0.25 subdomain, i.e., † ∶ [𝑢BC, 𝑣BC, 𝑝BC] → [𝑢, 𝑣, 𝑝]. We use velocity magnitude to calculate the

interpolation/extrapolation errors and train all models via Adam with 2000 epochs and learning rates of 10−2 and 10−3 for the
0-mean and NN-mean GPs, respectively. We use two different architectures for all models with DeepONet and FNO that differ
significantly in their parameter counts (denoted as small or large). Specifically, DeepONet-based models either have a 4− layer branch
and trunk nets (each layer with 150 neurons) or a 4− layer branch and trunk nets (each layer with 24 neurons). FNO-based models
either have 4 layers with a width of 4 and 8 modes, or 4 layers with a width of 24 and 8 modes. We note that we intentionally did not
conduct an exhaustive search to optimize the architecture of these models because we aim to determine whether even sub-optimal
architectures can benefit from being integrated within our GP framework. We use 500 samples for training while 151 and 31 samples
are used to obtain the interpolation and extrapolation errors, respectively.

The results of our studies are summarized in Table 2 and indicate that our GP-based approach consistently outperforms FNO and
DeepONet in this example. The best results in interpolation are achieved with the zero-mean GP, whereas the DeepONet-mean GP
rained using MLE yields the lowest errors in extrapolation. Switching to MSE from MLE reduces the accuracy in both extrapolation
nd interpolation regardless of whether FNO or DeepONet is used as the mean function in our approach since MSE does not take the
ample-to-sample correlations into account while MLE does, see Eq. (24). Once again, we observe that the performance of the neural

operator significantly improves when it is incorporated as the mean function of our GP framework, regardless of its architecture.
To visually compare the accuracy of different methods in extrapolation and interpolation, in Fig. 9 we provide the error maps

corresponding to the velocity magnitude for two test cases. We observe in Fig. 9(a) that all methods performs quite well but our
GP-based approach achieves two orders of magnitude smaller errors compared to FNO and DeepONet. However, the performance
of all methods expectedly decreases in Fig. 9(b) as the imposed BCs are substantially different than the ones that the models are
rained on.

3.3. Physics-informed operator learning

We now consider the effect of augmenting data with physics in two examples, the Burger’s equation introduced in Section 1.2
and the LDC problem in Section 2.1.2. In the former example, we discretize the input function via 100 points and record the output
at a very coarse grid of size 12 × 12 and use 𝑁𝑝𝑖 = 50, 𝑛𝑃 𝐷 𝐸 = 1002, 𝑛𝐵 𝐶 = 100, and, 𝑛𝐼 𝐶 = 100. In the LDC problem, each variable
is discretized via 120 points on the boundaries (30 points on each edge of the square subdomain in Fig. 8(a)) and the PDE solution
s recorded at a fine mesh of size 30 × 30, and use 𝑁𝑝𝑖 = 100, 𝑛𝑃 𝐷 𝐸 = 302, 𝑛𝐵 𝐶 = 30.

We solve these two problems via FNO, DeepONet, and their physics-informed versions denoted by PI-DeepONet [30] and
PINO [76]. For our approach, we consider both zero-mean and NN-mean GPs where the latter is trained either with data or with
oth data and physics. In our NN-mean GP we only use DeepONet as we were unable to successfully integrate our code with PINO.
ll the models are trained via Adam with a learning rate of 10−3 which, similar to the previous sections, is increased to 10−2 for

a zero-mean GP. We use 1000 training epochs in all cases except for the physics-informed models of the LDC problem where the
number of epochs is reduced to 500 to decrease the computational costs. Since the density of the observations is very low in the
Burgers’ equation, we optimize 𝛽𝑦 along with 𝛽𝜙 and 𝜎2 via MLE.

The results of our studies are summarized in Fig. 10 where the errors on unseen data are reported for each model as 𝑁 increases.
For the Burgers’ equation where the observations are sparse, augmenting the training data with the physics substantially helps in
the case of GP and DeepONet but not FNO (compare the dashed and solid lines with the same color). This difference is much smaller
in the case of LDC where adding physics slightly improves GP and DeepONet when 𝑁 is very small. We also notice that even in the
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Fig. 9. Example input, output, and error maps on the velocity magnitudes in the LDC problem: The test samples in extrapolation look substantially different
than those in interpolation (compare the scales of the velocity magnitude profiles in the two test outputs). Our GP-based approach provides smaller errors in
both scenarios especially in the interpolation case.

Burgers’ problem where the output function is recorded at a coarse resolution, our purely data-driven models, i.e., without physics,
achieve lower errors than the vanilla implementations of DeepONet and FNO. In the case of the zero-mean GP for the Burgers’
problem, we also optimized 𝛽𝑦 to relax the assumption on having dense observations, as opposed to other problems in Section 3.1.
More details on this choice can be found in Appendix B. In the DeepONet-mean case, we still fix 𝛽𝑦 as suggested in Section 2.3 and
leverage the neural operator to learn the irregular part of the target operator.

We notice as 𝑁 increases that the errors associated with the data-only models in the left panel of Fig. 10 slightly fluctuate while
those in the right panel either decrease (in our approach) or negligibly change (FNO and DeepONet). The former trend is due to
the fact that we observe the PDE solution at a very coarse grid and that the architecture and training mechanisms are not altered as
𝑁 increases. We attribute the latter trend to FNO and DeepONet’s inability to effectively use data. However, once the exact same
DeepONet is used as the mean function of a GP, the prediction accuracy dramatically improves (compare the solid green and blue
lines in the right panel). See Section 3.1 for our reasoning behind this trend.
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Fig. 10. Convergence studies: We study the effect of data set size 𝑁 and augmenting the data with physics on the errors for various models in the case of
Burgers’ (left) and LDC (right) problems. (For interpretation of the references to color in this figure legend, the reader is referred to the web version of this
article.)

Table 3
Training time in seconds per epoch: We report the costs for DeepONet, FNO, and our method with three different mean functions.
The training time of each approach varies across the different problems based on the dimensionality of the input/output functions
and their respective resolutions. For example, the zero-mean GP appears to be the slowest in problems where the input and output
functions are one-dimensional, such as in the Burgers’ or Advection equations, but becomes the fastest in the Structural Mechanics
problem, where the input and output functions are one- and two-dimensional, respectively. Incorporating neural operators within
our GP framework increases the training time per epoch with respect to their vanilla implementations due to the additional
computations involved in the loss function (see Eq. (15) versus MSE). However, this results in higher overall accuracy, as shown
in Tables 1 and 2.

Burgers’ Darcy Advection Structural mechanics Lid-driven cavity

DeepONet 0.04 0.17 0.03 12.7 0.22
FNO 0.06 0.53 0.03 3.53 0.03

Ours
Zero-mean 0.12 0.24 0.12 1.74 0.20
DeepONet-mean 0.06 0.25 0.05 13.4 0.27
FNO-mean 0.07 1.17 0.05 3.66 0.04

3.4. Training cost

We compare the training costs of our approach to those of FNO and DeepONet in Table 3 where the costs are reported for one
poch of parameter optimization. We observe that the training cost of each approach varies depending on the dimensionality and
esolution of the input/output functions in each problem. For instance, the zero-mean GP appears to have the highest training time
er epoch for the Burgers’ and Advection problems where the input and output functions are one-dimensional. However, it has

the lowest training cost for the Structural Mechanics problem where the input and output functions are one- and two-dimensional,
respectively. Incorporating neural operators within our GP framework increases the training time per epoch with respect to their
baseline implementations, due to the additional computations involved in the loss function (compare Eq. (15) to MSE). We believe
this additional cost is justified since the non-zero mean GPs achieve higher accuracy compared to the standalone neural operators,
s shown in Tables 1 and 2.

4. Conclusions

We introduce a framework based on GPs for approximating single- or multi-output operators in either a purely data-driven
ontext, or by using both data and physics. In the former case, we use MLE for parameter optimization and set the mean function
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of the GP to be either zero or a neural operator. In the physics-informed case, we employ GPs with neural operator mean functions
whose parameters are estimated via a weighted combination of MLE and PDE residuals.

We emphasize that our framework is general, but we have devised several strategies to (1) ensure scalability to large data
and high-dimensional feature spaces, and (2) minimize computational costs and numerical issues associated with inverting the
GP’s covariance matrix. While these strategies have proven effective for the problems tested in this paper, we recommend that
practitioners explore alternative initialization settings, using our insights and guidelines as a basis for developing strong baseline
models. That is, they may choose to use the framework in its generic form, i.e., Eqs. (9) and (13), or develop tailored mechanisms
to train the model for their specific problem.

Our suggested training strategies rely on the assumption that both input and output functions are richly sampled at the same
ocations across samples. This allows us to (1) leverage the data structure together with the separability assumption on the kernel
o formulate the GP’s covariance matrix using the Kronecker product, and (2) initialize the kernel parameters such that they require

little to no tuning. In data-driven applications, these strategies enable us to build zero-mean GPs that provide high approximation
accuracy in both single- and multi-output cases while having orders of magnitude fewer parameters than competing methods such
as neural operators. In fact, we demonstrate that our zero-mean GPs provide competitive results even without training, i.e., we build
the first zero-shot mechanism for operator learning. With NN-mean GPs, either in data-driven or physics-informed applications, our
strategies eliminate the need for optimizing the kernel hyperparameters and result in a model that augments neural operators with
the strengths of kernels. Using FNO and DeepONet as examples, we show that such an integrated model improves the performance
of neural operators.

Dense observations may not always be available, especially when data is collected from physical experiments rather than
imulations. Our GP framework is flexible enough to accommodate these situations and relax the assumptions we have made on
aving dense data. For instance, if a specific problem does not allow for a dense set of observations of the output function, one can
hoose to optimize 𝛽𝑦 with a zero-mean GP to leverage correlations in the support of the output function. Alternatively, in the case
f a neural-operator-mean GP, one can fix 𝛽𝑦 and leverage the mean function to learn such correlations. These strategies have been
uccessfully applied in Section 3.3 to problems where the output function is observed at a coarse resolution.

In all the examples in Section 3 we use the simple kernels in Eq. (7) that have at most a few hundred parameters and, hence,
imited learning capacity. We studied various kernels including deep ones [77] but did not observe consistent and significant

performance improvements. We believe a promising future direction is designing special kernels whose parameters can be efficiently
estimated via cross-validation which is more robust to model misspecification compared to MLE. Another interesting direction is
to extend the proposed GP framework in order to relax the assumption that input and output functions are sampled at the same
ocations across samples. We believe this could potentially be achieved by leveraging sparse GPs [78–83] which were originally

developed to increase the scalability of GPs for large datasets.
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Appendix A. 1D Burgers’ equation with high-gradients

To evaluate the performance of the proposed method when the solution maps exhibit large gradients, we consider the 1D Burgers’
problem with zero Dirichlet BCs and 𝜁 = 0.01:

𝑣𝑡 + 𝑣𝑣𝑥 − 𝜁 𝑣𝑥𝑥 = 0, ∀𝑥 ∈ (0, 1), 𝑡 ∈ (0, 1]
𝑣 = 0, ∀𝑥 = {0, 1} , 𝑡 ∈ [0, 1]
𝑣 = 𝑢, ∀𝑥 ∈ [0, 1], 𝑡 = 0.

(A.1)

We use 𝑁 = 800 samples and set 𝑝 = 100 and 𝑞 = 34 × 34. We employ both zero- and DeepONet-mean GPs in our framework which
chieve 𝐿2 relative test errors of 2.84% and 3.03%, respectively. Fig. 11 shows the results obtained for a random test sample. As

illustrated, both the zero- and DeepONet-mean GP are able to accurately learn the sharp gradients in the solution map.
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Fig. 11. Example test input, output, predictions and pointwise error: We provide the results obtained with our zero-mean and DeepONet-mean GP for one test
example for the 1D Burgers’ equation with zero Dirichlet BCs and 𝜁 = 0.01. The 𝐿2 test relative error across 200 test samples for each model is 2.84% and 3.03%
respectively.

Fig. 12. Optimizing versus fixing 𝛽𝑦 in training with our zero-mean GP for the Burgers’ equation with Dirichlet BCs: Fixing 𝛽𝑦 achieves comparable or slightly
better performance as the output function is observed at finer resolutions. Optimizing 𝛽𝑦 is the better choice when the output function is not observed at a fine
enough resolution.

Appendix B. Fixing versus optimizing 𝜷𝒚

In Section 2.3.1, we propose a training strategy that involves fixing 𝛽𝑦 to a large value, e.g., 103, based on the assumption that
output functions are typically richly sampled for operator learning purposes. This approach enables the GP to effectively capture
correlations in 𝛺𝑣 without any training, while ensuring the numerical stability of 𝑪𝑦 and eliminating the need to invert it in
every optimization iteration. However, dense observations may not always be available, especially when data is collected from
physical experiments rather than simulations. Fortunately, our GP framework is flexible enough to accommodate these situations
by optimizing 𝛽𝑦 instead of fixing it.

To demonstrate the effect of fixing 𝛽𝑦 versus optimizing it, we conduct an experiment on the Burgers’ equation with Dirichlet
BCs, i.e., Eq. (5). We report the test relative L2 error of our zero-mean GP as a function of the output function resolution 𝑞 under
two scenarios: (1) fixing 𝛽𝑦 at 103 and following the proposed strategy, and (2) optimizing 𝛽𝑦 alongside the other parameters. For
this study, we set 𝑁 = 800 and 𝑝 = 100. The results of these studies are summarized in Fig. 12. We observe that fixing 𝛽𝑦 achieves
comparable or even better performance as the output function resolution increases. In contrast, when the output function is sampled
at coarser resolutions, optimizing 𝛽 yields better results since it allows the GP to more accurately capture correlations within 𝛺 .
𝑦 𝑣
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Therefore, practitioners always have the option of optimizing 𝛽𝑦 if they suspect the observation density is low. Additionally, given
he low computational cost of our approach, one can experiment with both strategies and choose the one that performs best.

Data availability

All data and code are available at https://github.com/Bostanabad-Research-Group/GP-for-Operator-Learning.
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