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ABSTRACT

In this paper, we study the representational power of deep neural networks (DNN)
that belong to the family of piecewise-linear (PWL) functions, based on PWL
activation units such as rectifier or maxout. We investigate the complexity of
such networks by studying the number of linear regions of the PWL function.
Typically, a PWL function from a DNN can be seen as a large family of linear
functions acting on millions of such regions. We directly build upon the work
of Montufar et al.| (2014)), Montufar| (2017), and Raghu et al.|(2017)) by refining the
upper and lower bounds on the number of linear regions for rectified and maxout
networks. In addition to achieving tighter bounds, we also develop a novel method
to perform exact enumeration or counting of the number of linear regions with a
mixed-integer linear formulation that maps the input space to output. We use this
new capability to visualize how the number of linear regions change while training
DNN:Gs.

1 INTRODUCTION

We have witnessed an unprecedented success of deep learning algorithms in computer vision,
speech, and other domains (Krizhevsky et al., 2012} (Ciresan et al., 2012} |Goodfellow et al., 2013}
Hinton et al., 2012). While the popular deep learning architectures such as AlexNet (Krizhevsky
et al.| 2012)), GoogleNet (Szegedy et al.,[2015), and residual networks (He et al., 2016) have shown
record beating performance on various image recognition tasks, empirical results still govern the
design of network architecture in terms of depth and activation functions. Two important practical
considerations that are part of most successful architectures are greater depth and the use of PWL
activation functions such as rectified linear units (ReLUs). Due to the large gap between theory
and practice, many researchers have been looking at the theoretical modeling of the representational
power of DNNs (Cybenkol [1989; |Anthony & Bartlett, |1999; [Pascanu et al.| [2014; Montufar et al.|
2014; [Bianchini & Scarselli, 2014; |[Eldan & Shamir, 2016} [Telgarsky, [2015; |Mhaskar et al., 2016;
Raghu et al., 2017; Montufar, 2017).

Any continuous function can be approximated to arbitrary accuracy using a single hidden layer
of sigmoid activation functions (Cybenko, |1989). This does not imply that shallow networks are
sufficient to model all problems in practice. Typically, shallow networks require exponentially more
number of neurons to model functions that can be modeled using much fewer activation functions in
deeper ones (Delalleau & Bengio,|2011). There have been a wide variety of activation functions such
as threshold (f(z) = (¢ > 0)), logistic (f(z) = 1/(1 + exp(—e))), hyperbolic tangent (f(z) =
tanh(z)), rectified linear units (ReLUs f(z) = max{0, z}), and maxouts (f(z1,22,...,2;) =
max{z1, 22, ..., 2k }). The activation functions offer different modeling capabilities. For example,
sigmoid networks are shown to be more expressive than similar-sized threshold networks (Maass
et al.| [1994). It was recently shown that ReLUs are more expressive than similar-sized threshold
networks by deriving transformations from one network to another (Pan & Srikumar, 2016).

The complexity of neural networks belonging to the family of PWL functions can be analyzed by
looking at how the network can partition the input space to an exponential number of linear response
regions (Pascanu et al., 2014; Montufar et al., 2014). The basic idea of a PWL function is simple:
we can divide the input space into several regions and we have individual linear functions for each
of these regions. Functions partitioning the input space to a larger number of linear regions are
considered to be more complex ones, or in other words, possess better representational power. In the
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case of ReLUs, it was shown that deep networks separate their input space into exponentially more
linear response regions than their shallow counterparts despite using the same number of activation
functions (Pascanu et al., |2014). The results were later extended and improved (Montufar et al.,
2014; Raghu et al.l 2017; Montufar, 2017 |Arora et al.| 2016)). In particular, Montufar et al.|(2014)
shows both upper and lower bounds on the maximal number of linear regions for a ReLU DNN
and a single layer maxout network, and a lower bound for a maxout DNN. Furthermore, [Raghu
et al.| (2017) and Montufar| (2017) improve the upper bound for a ReLU DNN. This upper bound
asymptotically matches the lower bound from Montufar et al.| (2014) when the number of layers
and input dimension are constant and all layers have the same width. Finally, |Arora et al.| (2016)
improves the lower bound by providing a family of ReLU DNNS with an exponential number of
regions given fixed size and depth.

In this work, we directly improve on the results of Montifar et al. (Pascanu et al.| [2014; Montufar
et al., 2014 Montufar, [2017) and Raghu et al. (Raghu et al., 2017) in better understanding the
representational power of DNNs employing PWL activation functions.

2  NOTATIONS AND BACKGROUND

We will only consider feedforward neural networks in this paper. Let us assume that the network

has ng input variables given by x = {x1,22,...,2,,}, and m output variables given by y =
{y1,Y2,---,Ym}- Each hidden layer | = il, 2,..., L} has n; hidden neurons whose activations are
given by h! = {h! K}, ..., hlnl }. Let W' be the n; x n;_; matrix where each row corresponds to

the weights of a neuron of layer /. Let b be the bias vector used to obtain the activation functions
of neurons in layer [. Based on the ReLU(z) = max{0, 2} activation function, the activations of
the hidden neurons and the outputs are given below:

h! = max{0,W'x +b'}
h' = max{0, W'h'~! + b1}
y = WL+1hL

As considered in [Pascanu et al.| (2014), the output layer is a linear layer that computes the linear
combination of the activations from the previous layer without any ReLUs.

We can treat the DNN as a piecewise linear (PWL) function F' : R™ — R™ that maps the input x
in R™ to y in R™. This paper primarily deals with investigating the bounds on the linear regions of
this PWL function. There are two subtly different definitions for linear regions in the literature and
we will formally define them.

Definition 1. Given a PWL function F' : R™ — R™, a linear region is defined as a maximal
connected subset of the input space R™, on which F' is linear (Pascanu et al.| [2014; Montifar
et all[2014).

Activation Pattern: Let us consider an input vector x = {x1,a,...,Z,, }. For every layer [ we
define an activation set S' C {1,2,...,m;} such that e € S' if and only if the ReLU e is active,
that is, hl > 0. We aggregate these activation sets into a set S = (S!,...,S), which we call an
activation pattern. Note that we may consider activation patterns up to a layer [ < L. Activation
patterns were previously defined in terms of strings (Raghu et al.,|2017; Montufar, 2017).

We say that an input x corresponds to an activation pattern S in a DNN if feeding x to the DNN
results in the activations in S.

Definition 2. Given a PWL function F' : R™ — R™ represented by a DNN, a linear region is the
set of input vectors x that corresponds to an activation pattern S in the DNN.

We prefer to look at linear regions as activation patterns and we interchangeably refer to S as an
activation pattern or a region. Definitions[T|and[2]are essentially the same, except in a few degenerate
cases. There could be scenarios where two different activation patterns may correspond to two
adjacent regions with the same linear function. In this case, Definition [1| will produce only one
linear region whereas Definition [2] will yield two linear regions. This has no effect on the bounds
that we derive in this paper.

In Fig. a) we show a simple ReLU DNN with two inputs {1, z2} and 3 hidden layers.
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Figure 1: (a) Simple DNN with two inputs and three hidden layers with 2 activation units each. (b),
(c), and (d) Visualization of the hyperplanes from the first, second, and third hidden layers respec-
tively partitioning the input space into several linear regions. The arrows indicate the directions
in which the corresponding neurons are activated. (e), (f), and (g) Visualization of the hyperplanes
from the first, second, and third hidden layers in the space given by the outputs of their respective
previous layers.

The activation units {a, b, ¢, d, e, f} in the hidden layers can be thought of as hyperplanes that each
divide the space in two. On one side of the hyperplane, the unit outputs a positive value. For all
points on the other side of the hyperplane including itself, the unit outputs 0.

One may wonder: into how many regions do n hyperplanes split a space? [Zaslavsky| (1975) shows
that an arrangement of n hyperplanes divides a d-dimensional space into at most ZZ:O (’;) regions,
a bound that is attained when they are in general position. The term general position basically
means that a small perturbation of the hyperplanes does not change the number of regions. This
corresponds to the exact maximal number of regions of a single layer DNN with n ReLUs and input
dimension d.

In Figs. [T{b)—(g), we provide a visualization of how ReLUs partition the input space. Figs. [T[e),
(f), and (g) show the hyperplanes corresponding to the ReL.Us at layers [ = 1, 2, and 3 respectively.
Figs. [T(b), (c), and (d) consider these same hyperplanes in the input space x. In Fig.[I{b), as per
Zaslavsky| (1975), the 2D input space is partitioned into 4 regions ((g) + (f) + (g) = 4). In Figs. [I[c)
and (d), we add the hyperplanes from the second and third layers respectively, which are affected
by the transformations applied in the earlier hidden layers. The regions are further partitioned as we
consider additional layers.

Fig. [T also highlights that activation boundaries behave like hyperplanes when inside a region and
may bend whenever they intersect with a boundary from a previous layer. This has also been pointed
out by Raghu et al.| (2017). In particular, they cannot appear twice in the same region as they are
defined by a single hyperplane if we fix the region. Moreover, these boundaries do not need to be
connected, as illustrated in Fig. @

Main Contributions
We summarize the main contributions of this paper below:
e We achieve tighter upper and lower bounds on the maximal number of linear regions of

the PWL function corresponding to a DNN that employs ReL.Us. As a special case, we
present the exact maximal number of regions when the input dimension is one. We ad-
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Figure 2: (a) A network with one input x1 and three activation units a, b, and c. (b) We show the
hyperplanes 1 = 0 and —x1 + 1 = 0 corresponding to the two activation units in the first hidden
layer. In other words, the activation units are given by h, = max{0,x1} and hy, = max{0, —x; +
1}. (¢) The activation unit in the third layer is given by h, = max{0,4h, + 2hy, — 3}. (d) The
activation boundary for neuron c is disconnected.

ditionally provide the first upper bound on the number of linear regions for multi-layer
maxout networks (See Sections[3]and [).

o We show for ReL.Us that the exact maximal number of linear regions of shallow networks
is larger than that of deep networks if the input dimension exceeds the number of neurons.
This result is particularly interesting, since it cannot be inferred from the bounds derived in
prior work.

e We use a mixed-integer linear formulation to show that exact counting of the linear regions
is indeed possible. For the first time, we show the exact counting of the number of linear
regions for several small-sized DNNs during the training process. This new capability
can be used to evaluate the tightness of the bounds and potentially analyze the correlation
between validation accuracy and the number of linear regions. It also provides new insights
as to how the linear regions vary during the training process (See Section [5]and [6).

3 TIGHTER BOUNDS FOR RECTIFIER NETWORKS

Montifar et al.|(2014) derive an upper bound of 2N for N hidden units, which can be obtained by
mapping linear regions to activation patterns. [Raghu et al.| (2017) improves this result by deriving
an asymptotic upper bound of O(n*"0) to the maximal number of regions, assuming n; = n for

all layers [ and no = O(1). Montifar| (2017) further tightens the upper bound to Hlel Z?l:() (7}’),
where d; = min{ng,n1,...,n}.

Moreover, [Montifar et al.| (2014) prove a lower bound of ( lL;ll [ni/no] "0) Z;‘io ("]L) when
n > ng, or asymptotically Q((n/ng)E=1m0nm0). |Arora et al.| (2016) present a lower bound of

22?;51 (mjfl)wal where 2m = n; and w = n; forall | = 2,..., L. By choosing m and w

appropriately, this lower bound is 2(s™°) where s is the total size of the network. We derive both
upper and lower bounds that improve upon these previous results.

3.1 AN UPPER BOUND ON THE NUMBER OF LINEAR REGIONS

In this section, we prove the following upper bound on the number of regions.
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Theorem 1. Consider a deep rectifier network with L layers, n; rectified linear units at each layer
l, and an input of dimension ng. The maximal number of regions of this neural network is at most

L
nl>
(jl,.%‘:L)eJl]:[l (jl

where J = {(j1,...,j1) € Z¥ : 0 < ji < min{ng,ny — j1,...,n—1 — Ji_1,m} VI =1,..., L}
This bound is tight when L = 1.

Note that this is a stronger upper bound than the one that appeared in [Montufar| (2017)), which can
be derived from this bound by relaxing the terms n; — j; to n; and factoring the expression. When
ng = O(1) and all layers have the same width n, this expression has the same best known asymptotic
bound O(nL™0) first presented in|Raghu et al.|(2017).

Two insights can be extracted from the above expression:

1. Bottleneck effect. The bound is sensitive to the positioning of layers that are small relative
to the others, a property we call the bottleneck effect. If we subtract a neuron from one
of two layers with the same width, choosing the one closer to the input layer will lead to
a larger (or equal) decrease in the bound. This occurs because each index j; is essentially
limited by the widths of the current and previous layers, ng,n1,...,n;. In other words,
smaller widths in the first few layers of the network imply a bottleneck on the bound.

In particular for a 2-layer network, we show in Appendix [A]that if the input dimension is
sufficiently large to not create its own bottleneck, then moving a neuron from the first layer
to the second layer strictly decreases the bound, as it tightens a bottleneck.

Figure [3aillustrates this behavior. For the solid line, we keep the total size of the network
the same but shift from a small-to-large network (i.e., smaller width near the input layer
and larger width near the output layer) to a large-to-small network in terms of width. We
see that the bound monotonically increases as we reduce the bottleneck. If we add a layer
of constant width at the end, represented by the dashed line, the bound decreases when the
layers before the last become too small and create a bottleneck for the last layer.

While this is a property of the upper bound rather than one of the exact maximal number
of regions, we observe in Section [f] that empirical results for the number of regions of a
trained network exhibit a behavior that resembles the bound as the width of the layers vary.

2. Deep vs shallow for large input dimensions. In several applications such as imaging, the
input dimension can be very large. Montifar et al.|(2014) show that if the input dimension
np is constant, then the number of regions of deep networks is asymptotically larger than
that of shallow (single-layer) networks. We complement this picture by establishing that
if the input dimension is large, then shallow networks can attain more regions than deep
networks.

More precisely, we compare a deep network with L layers of equal width n and a shallow
network with one layer of width Ln. In Appendix [A] we show using Theorem [I] that if
the input dimension ng exceeds the size of the network Ln, then the ratio between the
exact maximal number of regions of the deep and of the shallow network goes to zero as L
approaches infinity.

We also show in Appendix [A]that in a 2-layer network, if the input dimension n is larger
than both widths n; and ns, then turning it into a shallow network with a layer of ny + no
ReLUs increases the exact maximal number of regions.

Figure [3b] illustrates this behavior. As we increase the number of layers while keeping
the total size of the network constant, the bound plateaus at a value lower than the exact
maximal number of regions for shallow networks. Moreover, the number of layers that
yields the highest bound decreases as we increase the input dimension ny.

It is important to note that this property cannot be inferred from previous upper bounds
derived in prior work, since they are at least 2V when ng > max{ni,...,nr}, where N
is the total number of neurons.

We remark that asymptotically both deep and shallow networks can attain exponentially
many regions when the input dimension is at least n (see Appendix [B).
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Figure 3: Bounds from Theorem |1} (a) is in semilog scale, has input dimension ng = 32, and the
width of the first five layers is 16 — 2k, 16 — k, 16,16 + k, 16 + 2k; (b) is in linear scale, evenly
distributes 60 neurons in 1 to 6 layers (the single-layer case is exact), and the input dimension varies.

We now build towards the proof of Theorem |1} For a given activation set S’ and a matrix W with
ny rows, let og: (W) be the operation that zeroes out the rows of W that are inactive according
to S!. This represents the effect of the ReLUs. For a region S at layer [ — 1, define W} :=
wt Ogi-1 (Wlil) cee 051 (Wl)

Each region S at layer [ — 1 may be partitioned by a set of hyperplanes defined by the neurons of
layer [. When viewed in the input space, these hyperplanes are the rows of Wéx + b = 0 for some b.
To verify this, note that, if we recursively substitute out the hidden variables h;_1, ..., hy from the
original hyperplane W'h;_ + b; = 0 following S, the resulting weight matrix applied to x is ng

Finally, we define the dimension of a region S at layer [ — 1 as dim(S) :=
rank(ogi—1 (W!=1) ... 0g:(W1)). This can be interpreted as the dimension of the space corre-
sponding to S that W' effectively partitions.

The proof of Theorem I] focuses on the dimension of each region S. A key observation is that once
it falls to a certain value, the regions contained in S cannot recover to a higher dimension.

Zaslavsky| (1975) showed that the maximal number of regions in R? induced by an arrangement of m

hyperplanes is at most Z?:o (T) Moreover, this value is attained if and only if the hyperplanes are
in general position. The lemma below tightens this bound for a special case where the hyperplanes
may not be in general position.

Lemma 2. Consider m hyperplanes in R? defined by the rows of Wz + b = 0. Then the number of

regions induced by the hyperplanes is at most Z;a:rg( W) (Z”)

The proof is given in Appendix [C| Its key idea is that it suffices to count regions within the row
space of W. The next lemma brings Lemma [2]into our context.

Lemma 3. The number of regions induced by the n; neurons at layer | within a certain region S is

at most Zj:ig{"hdim(s)} (7;;)

Proof. The hyperplanes in a region S of the input space are given by the rows of Wf;x +
b = 0 for some b. By the definition of W}, the rank of W} is upper bounded
by min{;rank(Wl),rank(Uslfl(Wl_l) ot (W)} = min{rank(W!),dim(S)}. That is,

O

rank(Wg) < min{n;, dim(S)}. Applying Lemma|2|yields the result.

In the next lemma, we show that the dimension of a region S can be bounded recursively in terms
of the dimension of the region containing S and the number of activated neurons defining S.

Lemma 4. Ler S be a region at layer | and S’ be the region at layer | — 1 that contains it. Then
dim(S) < min{|S!|, dim(S")}.

Proof. dim(S) = rank(og (W) - 051 (W?')) < min{rank(og(W?)),rank(og -1 (W!=1)...
o5 (W1)) < min{|S!|,dim(S’)}. The last inequality comes from the fact that the zeroed out rows
do not count towards the rank of the matrix. O
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In the remainder of the proof of Theorem [I] we combine Lemmas [3|and 4] to construct a recurrence
R(l,d) that bounds the number of regions within a given region of dimension d. Simplifying this
recurrence yields the expression in Theorem [I] We formalize this idea and complete the proof of
Theorem [T]in Appendix

As a side note, Theorem can be further tightened if the weight matrices are known to have small

. 1 .
rank. The bound from Lemma [3|can be rewritten as Z?“:‘%{mnk(w )dim(5)} (") if we do not relax

rank(W?) to n; in the proof. The term rank (') follows through the proof of Theorem |I|and the
index set J in the theorem becomes {(j1,...,jr) € ZF : 0 < j; < min{ng,n1 — j1,..., M1 —
Ji—1,rank(W4H)} vI > 1}.

A key insight from Lemmas [3|and 4] is that the dimensions of the regions are non-increasing as we
move through the layers partitioning it. In other words, if at any layer the dimension of a region
becomes small, then that region will not be able to be further partitioned into a large number of
regions. For instance, if the dimension of a region falls to zero, then that region will never be further
partitioned. This suggests that if we want to have many regions, we need to keep dimensions high.
We use this idea in the next section to construct a DNN with many regions.

3.2 THE CASE OF DIMENSION ONE

If the input dimension ng is equal to 1 and n; = n for all layers [, the upper bound presented in the
previous section reduces to (n + 1)%. On the other hand, the lower bound given by Montifar et al.
(2014) becomes n’—1 (n+1). It is then natural to ask: are either of these bounds tight? The answer
is that the upper bound is tight in the case of ng = 1, assuming there are sufficiently many neurons.

Theorem S. Consider a deep rectifier network with L layers, n; > 3 rectified linear units at each
layer I, and an input of dimension 1. The maximal number of regions of this neural network is

exactly Hle(m +1).

The expression above is a simplified form of the upper bound from Theorem|I]in the case ng = 1.

The proof of this theorem in Appendix [E|has a construction with n + 1 regions that replicate them-
selves as we add layers, instead of n as in |Montufar et al.| (2014). That is motivated by an insight
from the previous section: in order to obtain more regions, we want the dimension of every region
to be as large as possible. When ng = 1, we want all regions to have dimension one. This intuition
leads to a new construction with one additional region that can be replicated with other strategies.

3.3 A LOWER BOUND ON THE MAXIMAL NUMBER OF LINEAR REGIONS

Both the lower bound from Montufar et al|(2014) and from |Arora et al. (2016) can be slightly
improved, since their approaches are based on extending a 1-dimensional construction similar to the
one in Section[3.2] We do both since they are not directly comparable: the former bound is in terms
of the number of neurons in each layer and the latter is in terms of the total size of the network.

Theorem 6. The maximal number of linear regions induced by a rectifier network with ng input
units and L hidden layers with n; > 3ng for all | is lower bounded by

(I ([ +)")E00)

The proof of this theorem is in Appendix [F] For comparison, the differences between the lower
bound theorem (Theorem 5) from |Montufar et al.|(2014) and the above theorem is the replacement
of the condition n; > ng by the more restrictive n; > 3ng, and of |n;/ng| by |n;/ng] + 1.

Theorem 7. For any values of m > 1 and w > 2, there exists a rectifier network with ngy input units
and L hidden layers of size 2m + w(L — 1) that has 2 Z?igl (mjfl) (w + 1)L~ linear regions.
The proof of this theorem is in Appendix [G| The differences between Theorem 2.11(i) from [Arora
et al.| (2016) and the above theorem is the replacement of w by w + 1. They construct a 2m-width
layer with many regions and use a one-dimensional construction for the remaining layers.
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4 AN UPPER BOUND ON THE NUMBER OF LINEAR REGIONS FOR MAXOUT
NETWORKS

We now consider a deep neural network composed of maxout units. Given weights WJZ for j =
1,..., k, the output of a rank-k maxout layer [ is given by

h! = max{Wh'=t +b\ ..., Wih'=! 4L}

In terms of bounding number of regions, a major difference between the next result for maxout units
and the previous one for ReLUs is that reductions in dimensionality due to inactive neurons with
zeroed output become a particular case now. Nevertheless, using techniques similar to the ones from
Section [3.1] the following theorem can be shown (see Appendix [H]for the proof).

Theorem 8. Consider a deep neural network with L layers, n; rank-k maxout units at each layer ,
and an input of dimension ng. The maximal number of regions of this neural network is at most

L d k(lcfl)nl
(")
1=1j=0

where d; = min{ng, ny,...,n;}.

Asymptotically, if ng = nforalll = 1,..., L, n > ng, and ng = O(1), then the maximal number
of regions is at most O((k?*n)Lmo).

5 EXACT COUNTING OF LINEAR REGIONS

If the input space x € R"™ is bounded by minimum and maximum values along each dimension,
or else if x corresponds to a polytope more generally, then we can define a mixed-integer linear
formulation mapping polyhedral regions of x to the output space y € R™. The assumption that x is
bounded and polyhedral is natural in most applications, where each value z; has known lower and
upper bounds (e.g., the value can vary from O to 1 for image pixels). Among other things, we can
use this formulation to count the number of linear regions.

In the formulation that follows, we use continuous variables to represent the input x, which we
can also denote as h®, the output of each neuron i in layer [ as h!, and the output y as hZ+!.
To simplify the representation, we lift this formulation to a space that also contains the output of
a complementary set of neurons, each of which is active when the corresponding neuron is not.

. . =
Namely, for each neuron i in layer [ we also have a variable h; := max{0, —W/h!=* —b!}. We use
binary variables of the form z! to denote if each neuron i in layer [ is active or else if the complement
of such neuron is. Finally, we assume M to be a sufficiently large constant.

For a given neuron : in layer [, the following set of constraints maps the input to the output:

W bl = bl — T, Bl < M2 R <M1 -z, B0, B0, e {01} (1)
Theorem 9. Provided that |w§h?_1 + bl| < M for any possible value of h'~*, a formulation with
the set of constraints (1)) for each neuron of a rectifier network is such that a feasible solution with a
fixed value for x yields the output y of the neural network.

The proof for the statement above is given in Appendix [l More details on the procedure for exact
counting are in Appendix [J] In addition, we show the theory for unrestricted inputs and a mixed-
integer formulation for maxout networks in Appendices [K|and [[] respectively.

These results have important consequences. First, they allow us to tap into the literature of mixed-
integer representability (Jeroslowl |1987) and disjunctive programming (Balas}, |1979) to understand
what can be modeled on rectifier networks with a finite number of neurons and layers. To the best
of our knowledge, that has not been discussed before. Second, they imply that we can use mixed-
integer optimization solvers to analyze the (x, y) mapping of a trained neural network. For example,
Cheng et al| (2017) use another mixed-integer formulation to generate adversarial examples of a
DNN. That is technically feasible due to the linear proportion between the size of the neural network
and that of the mixed-integer formulation. Compared to[Cheng et al.| (2017), we show in Appendix [I]
that formulation (I}) can be implemented with further refinements on the value of the M constants.
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6 EXPERIMENTS

We perform two different experiments for region counting using small-sized networks with ReL.U
activation units on the MNIST benchmark dataset (LeCun et al. [1998)). In the first experiment, we
generate rectifier networks with 1 to 4 hidden layers having 10 neurons each, with final test error
between 6 and 8%. The training was carried out for 20 epochs or training steps, and we count
the number of linear regions during each training step. For those networks, we count the number
of linear regions within 0 < 2 < 1 in which a single neuron is active in the output layer, hence
partitioning these regions in terms of the digits that they classify. In Fig. |4} we show how the number
of regions classifying each digit progresses during training. Some digits have zero linear regions in
the beginning, which explains why they begin later in the plot. The total number of such regions
per training step is presented in Fig. [5[a) and error measures are found in Appendix M} Overall, we
observe that the number of linear regions jumps orders of magnitude are varies more widely for each
added layer. Furthermore, there is an initial jump in the number of linear regions classifying each
digit that seems proportional to the number of layers.

10° |

(lx‘IO) | <2>;10)

100 1w 1 10°F 1 10°F o——

10* - 1 10t 1 10t 1 10*F

102 1 107 1 107 |- 1 107

100 n n n 100 . . . Bl 100 . . . Bl 100

Figure 4: Total number of regions classifying each digit (different colors for 0-9) of MNIST alone as
training progresses, each plot corresponding to a different number of hidden layers.
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Figure 5: (a) Total number of linear regions classifying a single digit of MNIST as training pro-
gresses, each plot corresponding to a different number of hidden layers. (b) Comparison of upper
bounds from Montifar et al|(2014), Montifar(2017), and from Theorem[I|with the total number of
linear regions of a network with two hidden layers totaling 22 neurons.

In the second experiment, we train rectifier networks with two hidden layers summing up to 22
neurons. We train a network for each width configuration under the same conditions as above, with
the test error in half of them ranging from 5 to 6%. In this case, we count all linear regions within
0 < z < 1, hence not restricting by activation in output layer as before. The number of linear regions
of these networks are plotted in Fig. [5(b), along with the upper bound from Theorem I]and the upper
bounds from Montufar et al. (2014} and Montufar| (2017). Error measures of both experiments can
be found in Appendix [M|and runtimes for counting the linear regions in Appendix
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7  DISCUSSION

The representational power of a DNN can be studied by observing the number of linear regions of
the PWL function that the DNN represents. In this work, we improve on the upper and lower bounds
on the linear regions for rectified networks derived in prior work (Montufar et al.,|2014; Raghu et al.,
2017; Montufar, 2017 |Arora et al.,|2016) and introduce a first upper bound for multi-layer maxout
networks. We obtain several valuable insights from our extensions.

Our ReLLU upper bound indicates that small widths in early layers cause a bottleneck effect on the
number of regions. If we reduce the width of an early layer, the dimensions of the linear regions be-
come irrecoverably smaller throughout the network and the regions will not be able to be partitioned
as much. Moreover, the dimensions of the linear regions are not only driven by width, but also
the number of activated ReLUs corresponding to the region. This intuition allowed us to create a
1-dimensional construction with the maximal number of regions by eliminating a zero-dimensional
bottleneck. An unexpected and useful consequence of our result is that shallow networks can attain
more linear regions when the input dimensions exceed the number of neurons of the DNN.

In addition to achieving tighter bounds, we use a mixed-integer linear formulation that maps the
input space to the output to show the exact counting of the number of linear regions for several
small-sized DNNs during the training process. In the first experiment, we observed that the number
of linear regions correctly classifying each digit of the MNIST benchmark increases and vary in
proportion to the depth of the network during the first training epochs. In the second experiment, we
count the total number of linear regions as we vary the width of two layers with a fixed number of
neurons, and we experimentally validate the bottleneck effect by observing that the results follow a
similar pattern to the upper bound that we show.

Our current results suggest new avenues for future research. First, we believe that the study of linear
regions may eventually lead to insights in how to design better DNNs in practice, for example by
further validating the bottleneck effect found in this study. Other properties of the bounds may turn
into actionable insights if confirmed as these bounds get sufficiently close to the actual number of
regions. For example, the plots in Appendix [O] show that there are particular network depths that
maximize our ReLU upper bound for a given input dimension and number of neurons. In a sense,
the number of neurons is a proxy to the computational resources available. We also believe that
analyzing the shape of the linear regions is a promising idea for future work, which could provide
further insight in how to design DNNs. Another important line of research is to understand the exact
relation between the number of linear regions and accuracy, which may also involve the potential
for overfitting. We conjecture that the network training is not likely to generalize well if there are
so many regions that each point can be singled out in a different region, in particular if regions with
similar labels are unlikely to be compositionally related. Second, applying exact counting to larger
networks would depend on more efficient algorithms or on using approximations instead. In any
case, the exact counting at a smaller scale can assess the quality of the current bounds and possibly
derive insights for tighter bounds in future work, hence leading to insights that could be scaled up.
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Appendices

Most of the proofs for theorems and lemmas associated with the upper and lower bounds on the
linear regions are provided below. The theory for mixed-integer formulation for exact counting in
the case of maxouts and unrestricted inputs are also provided below.

A ANALYSIS OF THE BOUND FROM THEOREM [1]

In this section, we present properties of the upper bound for the number of regions of a rectifier
network from Theorem Denote the bound by B(ng,n1,...,nr), where ng is the input dimension
and ny,...,ny, are the widths of layers 1 through L of the network. That is,

B(ng,n1,...,np) := | Z f{(?j)

(J1,--njr)eJ I=1
Instead of expressing J as in Theorem [T} we rearrange it to a more convenient form for the proofs
in this section:
J={(1,-jr) €Z* ji+jp <mpVk=1,...,1—1V¥l=2,...,L
a<noVi=1,...,L
0<ji<mVi=1,...,L}.

Note that whenever we assume ng > max{ni,...,n;}, then the bound inequality for ny becomes
redundant and can be removed.

Some of the results have implications in terms of the exact maximal number of regions. We denote
it by R(ng,n1,...,nr), following the same notation above.

Moreover, the following lemma is useful throughout the section.

i(nl—ﬁ—‘..—ﬁ—nL)_ 5 (n1>(n2)<nL>
i=0 J jitodinsk /A2 JE
0<gi<ny VI

Lemma 10.

Proof. The result comes from taking a generalization of Vandermonde’s identity and adding the
summation of j from 0 to k as above. O

We first examine some properties related to 2-layer networks. The proposition below characterizes
the bound when L = 2 for large input dimensions.

Proposition 11. Consider a 2-layer network with widths ny,no and input dimension ng > ny and
ng > no. Then

B(ng,n1,m2) = Y (nl +n2)
=0~/

Ifng < ny1 orng < na, the above holds with inequality: B(ng,n1,n2) < Z;};O (nl-]{-”?).

Proof. If ng > n1 and ng > no, the bound inequalities for ng in the index set J become redundant.
By applying Lemma|[I0] we obtain

B(ng,na,nz) = ) <n1> (nQ) N i <n1 {rn2>'

0<jitjesny WU/ N2/ g N
02y i v

If ng < my or ng < ng, then its index set J is contained by the one above, and thus the first equal
sign above becomes a less-or-equal sign. [
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Recall that the expression on the right-hand side of Proposition [IT]is equal to the maximal number
of regions of a single-layer network with ny 4+ ny ReLUs and input dimension n1, as discussed in
Section [2] Hence, the proposition implies that for large input dimensions, a two-layer network has
no more regions than a single-layer network with the same number of neurons, as formalized below.

Corollary 12. Consider a 2-layer network with widths ni,no > 1 and input dimension ng > nq
and ng > ng. Then R(ng,n1,n2) < R(ng,n1 + na).

Moreover, this inequality is strict when ng > nj.

Proof. This is a direct consequence of Proposition

ni no
R(ng,n1,n2) < B(ng,ni1,ng) = Z (m +n2> < Z (n1 —0—n2) = R(ng,n1 + nga).

=0~ =0~ Y

Note that if ng > n;, then the second inequality can be turned into a strict inequality. O

The next corollary illustrates the bottleneck effect for two layers. It states that for large input dimen-
sions, moving a neuron from the second layer to the first strictly increases the bound.

Corollary 13. Consider a 2-layer network with widths ny,no and input dimension ny > ny + 1
and ng > no + 1. Then B(no,n1 + 1, TLQ) > B(no,nl,ng + 1)

Proof. By Proposition[TT]

ni+1 ni
n+1)+n ny+ (ne+1
B(n07n1+1»n2) — Z <( 1 J) 2) > ( 1 (]2 )

) = B(no,nl,ng + 1)
7=0 7=0

O

The assumption that ny must be large is required for the above proposition; otherwise, the input
itself may create a bottleneck with respect to the second layer as we decrease its size. Note that the
bottleneck affects all subsequent layers, not only the layer immediately after it.

However, it is not true that moving neurons to earlier layers always increases the bound. For instance,
with three layers, B(4,3,2,1) =47 > 46 = B(4,4,1,1).

In the remainder of this section, we consider deep networks of equal widths n. The next proposition
can be viewed as an extension of Proposition[IT|for multiple layers. It states that for a network with
widths and input dimension n and at least 4 layers, if we halve the number of layers and redistribute
the neurons so that the widths become 2n, then the bound increases. In other words, if we assume
the bound to be close to the maximal number of regions, it suggests that making a deep network
shallower allows for more regions when the input dimension is equal to the width.

Proposition 14. Consider a 2L-layer network with equal widths n and input dimension ny = n.

Then
B(n,n,...,n) < B(n,2n,...,2n).
——— ——
2L times L times

This inequality is met with equality when L = 1 and strict inequality when L > 2.

Proof. When ng = n, the inequalities j; < min{ng,2n — j1,...,2n — j;_1,2n} appearing in .J
(in the form presented in Theorem [I)) can be simplified to j; < n. Therefore, using Lemma([I0] the
bound on the right-hand side becomes

v - S S OSHE) - (S00) - (52 00)
B(n,2n,...,2n) = 1) = , - (7
e - 51=072=0  ji—=0i=1 \J! i—o \J $20 fm0 M1/ \J2

L times

> T ()

(J1,--J2r)€J I=1 2L times
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where J above is the index set from Theorem |l| applied to ng = n; = nforalll = 1,...,2L.
Note that we can turn the inequality into equality when L = 1 (also becoming a consequence of
Proposition[TT) and into strict inequality when L > 2. O

Next, we provide an upper bound that is independent of ny.

Proposition 15. Consider an L-layer network with equal widths n and any input dimension ny > 0.

1 L \L/2
B <oln (2 - 2
(no, s -..,m) < (2 * 2\/7?n> V2

Proof. Since we are deriving an upper bound, we can assume ng > n, as the bound is nondecreasing
on ng. We first assume that L is even. We relax some of the constraints of the index set J from
Theorem T]and apply Vandermonde’s identity on each pair:

s £ 5 (D EE O 55 ()0

j1=0j2=0 J3=0 ja=0 jr—1=0 jrL=0
L/2 L/2 n on L/2
() (e (g
IR AW - 2 = 2
7=0

i2Ln 1+ 1 3
o 2 2ymn ’

The bound on ( ) is a direct application of Stirling’s approximation (Stirling} |1730). If L is odd,
then we can write

. -/, . L/
o= (500) T E0) (56) o2
=0 =0 =0 (Z}L:o (?;L))

L/2 L/2
" /on on "\ /2n
: = V2
2(3) (22n/2)12 ]Z(])
1 1 L/2
<oln (24— 2
- (2 * 2\/7m> V2

where the last inequality is analogous to the even case. Hence, the result follows. O

IN
<.

Corollary 16. Consider an L-layer network with equal widths n and any input dimension ng > 0.

R(ng,n,...,n)
1. b K ) — O
L5 2Ln
Proof. By Proposition u and Theorem ' the ratio between R(ng,n,...,n) and 25" is at most
2 + 2m \f Since the base of the first term is less than 1 for all n > 1 and v/2 is a constant,
the ratio goes to 0 as L goes to infinity. [

In particular, Corollary @implies that if ng exceeds the total size of the network, that is, ng > Ln,
then limy_, o0 % = 0. In other words, the ratio between the maximal number of regions of

a deep network and a shallow network goes to zero as L goes to infinity.

14
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B EXPONENTIAL MAXIMAL NUMBER OF REGIONS WHEN INPUT DIMENSION
IS LARGE

Proposition 17. Consider an L-layer rectifier network with equal widths n and input dimension
no > n/3. Then the maximal number of regions is (2317,

Proof. It suffices to show that a lower bound such as the one from Theorem [6] grows exponentially

large. For simplicity, we consider the lower bound (Hlel(Lnl/ ng] + 1))™°, which is the bound
obtained before the last tightening step in the proof of Theorem [] (see Appendix [F).

Note that replacing n in the above expression by a value nj, smaller than the input dimension still
yields a valid lower bound. This holds because increasing the input dimension of a network from nj,
to ng cannot decrease its maximal number of regions.

Choose ny, = |n/3|, which satisfies nj, < ng and the condition n > 3n(, of Theorem @ The
lower bound can be expressed as (|n/|n/3] | + 1)41"/3] > 4L1n/3] This implies that the maximal
number of regions is (23 £m). O

C PROOF OF LEMMA

Lemma@ Consider m hyperplanes in R? defined by the rows of Wz + b = 0. Then the number of

regions induced by the hyperplanes is at most Z;fé‘ W) (’;I)

Proof. Consider the row space R(W) of W, which is a subspace of R? of dimension rank(W/).
We show that the number of regions Nga in R? is equal to the number of regions Ngwy in R(W)
induced by Wz + b = 0 restricted to R(W). This suffices to prove the lemma since R (W) has at

most Z;‘f&‘ W) (’;L) regions according to Zaslavsky’s theorem.

Since R(W) is a subspace of R, it directly follows that Nz (w) < Nga. To show the converse, we

apply the orthogonal decomposition theorem from linear algebra: any point Z € R? can be expressed
uniquely as 7 = @ + y, where £ € R(W) and y € R(W)*. Here, R(W)+ = Ker(W) := {y €
RY: Wy = 0}, and thus Wz = W2+ Wy = W2. This means Z and £ lie on the same side of each
hyperplane of Wz = b and thus belong to the same region. In other words, given any z € RY, its
region is the same one that Z € R(W) lies in. Therefore, Nga < Ngw). Hence, Nga = Nz
and the result follows.

D PROOF OF THEOREM 1]

Theorem[I} Consider a deep rectifier network with L layers, n; rectified linear units at each layer
l, and an input of dimension ng. The maximal number of regions of this neural network is at most

L
> 1I(7)
Grodn)edi=1 N
where J = {(j1,...,j) € ZY : 0 < ji < min{ng,n1 — j1,...,m—1 — ji_1,m} VI =1,... L}
This bound is tight when L = 1.

Proof. As illustrated in Figure [I] the partitioning can be viewed as a sequential process: at each
layer, we partition the regions obtained from the previous layer. When viewed in the input space,
each region S obtained at layer [ — 1 is potentially partitioned by n; hyperplanes given by the rows
of ng + b = 0 for some bias b. Some of these hyperplanes may fall outside the interior of S and do
not partition the region.

With this process in mind, we recursively bound the number of subregions within a region. More
precisely, we construct a recurrence R(l, d) to be an upper bound to the maximal number of regions
obtained from partitioning a region of dimension d with layers [,/ + 1,..., L. The base case of

15



Under review as a conference paper at ICLR 2018

the recurrence is given by Lemma R(L,d) = Z;?“:i%{”bd} (nL) Based on Lemma@ we can
write the recurrence by grouping together regions with the same activation set size |S'|, as follows:
R(l,d) = Z;”:O Nyp.a;R(U+ 1, min{j,d}) foralll = 1,...,L — 1. Here, Ny, 4 ; represents the
maximum number of regions with |S!| = j obtained by partitioning a space of dimension d with n;
hyperplanes. We bound this value next.

For each j, there are at most ("L) regions with |S!| = j, as they can be viewed as subsets of n;

mln{nl,d} (n,)

neurons of size j. In total, Lemma 3 states that there are at most > ;~ regions. If we

allow these regions to have the highest |S!| possible, for each j from 0 to min{n,;, d} we have at
most (,," ;) = (") regions with [S'| = n; — j.

Therefore, we can write the recurrence as

min{n;,d}
> (n.l>R(z + Lmin{n; —j,d}) if1<I<L-—1,
: j
7=0

R(l,d) =

min{ng,d} n
> ( .L> ifl=L.
= N

The recurrence R(1,ng) can be unpacked to

min{nq,d;} n min{na,d2} n min{ng,dr} n
1 2 L
2 (jl) 2 <j2> 2 (]L)

j1=0 Jj2=0 jrL=0

where d; = min{ng,ny — j1,...,m-1 — ji—1}. This can be made more compact, resulting in the
final expression.

The bound is tight when L = 1 since it becomes me{"o ma} ("'), which is the maximal number
of regions of a single-layer network. O

E PROOF OF THEOREM

Theorem 5} Consider a deep rectifier network with L layers, n; > 3 rectified linear units at each
layer I, and an input of dimension 1. The maximal number of regions of this neural network is

exactly H1L=1(”l +1).

Proof. Section 3| provides us with a helpful insight to construct an example with a large number of
regions. It tells us that we want regions to have large dimension in general. In particular, regions of
dimension zero cannot be further partitioned. This suggests that the one-dimensional construction
from |Montufar et al.| (2014) can be improved, as it contains n regions of dimension one and 1 region
of dimension zero. This is because all ReLUs point to the same direction as depicted in Fig. [6]
leaving one region with an empty activation pattern.

Our construction essentially increases the dimension of this region from zero to one. This is done
by shifting the neurons forward and flipping the direction of the third neuron, as illustrated in Fig.[6]
‘We assume n > 3.

We review the intuition behind the construction strategy from Montufar et al.[|(2014). They construct
a linear function 7 : R — R with a zigzag pattern from [0, 1] to [0,1] that is composed of n
ReLUs. More precisely, h(z) = (1,—1,1,...,£1)T (hy(z), ho(x), . .., hn(z)), where h;(x) for
i = 1,...,n are ReLUs. This linear function can be absorbed in the preactivation function of the
next layer.

The zigzag pattern allows it to replicate in each slope a scaled copy of the function in the domain
[0,1]. Fig.[7|shows an example of this effect. Essentially, when we compose h with itself, each
linear piece in [t1, t2] such that h(tl) =0 and h(tg) — 1 maps the entire function  to the interval
[t1, 2], and each piece such that A(t;) = 1 and h(ty) = 2 does the same in a backward manner.
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Figure 6: (a) The 1D construction from [Montufar et al.[(2014). All units point to the right, leaving
a region with dimension zero before the origin. (b) The 1D construction described in this section.
Within the interval [0, 1] there are five regions instead of the four in (a).

i) e hC(h())y
1 1 1

Figure 7: A function with a zigzag pattern composed with itself. Note that the entire function is
replicated within each linear region, up to a scaling factor.

In our construction, we want to use n ReLUs to create n + 1 regions instead of n. In other words,
we want the construct this zigzag pattern with n + 1 slopes. In order to do that, we take two
steps to give ourselves more freedom. First, observe that we only need each linear piece to go
from zero to one or one to zero; that is, the construction works independently of the length of each
piece. Therefore, we turn the breakpoints into parameters tq,to,...,t,, Where 0 < t; < t5 <
... < t, < 1. Second, we add sign and bias parameters to the function h. That is, h(z) =
(51,82, ++58n)  (h1(z), ho(x),..., hn(z)) + d, where s; € {—1,+1} and d are parameters to be

set. Here, h;(x) = max{0, w;x + b; } since it is a ReLU.

We define w; = s;w; and b; = s;b;, which are the weights and biases we seek in each interval to
form the zigzag pattern. The parameters s; are needed because the signs of w; cannot be arbitrary: it
must match the directions the ReLLUs point towards. In particular, we need a positive slope (w; > 0)
if we want ¢ to point right, and a negative slope (w; < 0) if we want ¢ to point left. Hence, without
loss of generality, we do not need to consider the s;’s any further since they will be directly defined
from the signs of the w;’s and the directions. More precisely, s; = 1 if w; > 0 and s; = —1
otherwise fori = 1,2,4,...,n,and s3 = —1 if wg > 0 and s3 = 1 otherwise.

To summarize, our parameters are the weights w; and biases b; for each ReLU, a global bias d, and
the breakpoints 0 < t; < ... < t, < 1. Our goal is to find values for these parameters such that
each piece in the function h with domain in [0, 1] is linear from zero to one or one to zero.

More precisely, if the domain is [s, ], we want each linear piece to be either im — 5 or— ix +
+, which define linear functions from zero to one and from one to zero respectively. Since we

want a zigzag pattern, the former should happen for the interval [t;, ¢;_1] when ¢ is odd and the latter
should happen when 1 is even.

There is one more set of parameters that we will fix. Each ReLU corresponds to a hyperplane, or
a point in dimension one. In fact, these points are the breakpoints ¢y, ..., t,. They have directions
that define for which inputs the neuron is activated. For instance, if a neuron h; points to the right,
then the neuron h;(x) outputs zero if x < ¢; and the linear function w;x + b; if x > t;.
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As previously discussed, in our construction all neurons point right except for the third neuron hs,
which points left. This is to ensure that the region before ¢; has one activated neuron instead of
zero, which would happen if all neurons pointed left. However, although ensuring every region
has dimension one is necessary to reach the bound, not every set of directions yields valid weights.
These directions are chosen so that they admit valid weights.

The directions of the neurons tells us which neurons are activated in each region. From left to right,
we start with hs activated, then we activate h; and ho as we move forward, we deactivate hg, and
finally we activate hy, ..., h, in sequence. This yields the following system of equations, where
tn1 1s defined as 1 for simplicity:

1
w3z + (by +d) = o (R1)
1
1 to
(w1+w3)x+(b1+b3+d)=— x + (Rs)
to — 11 to — 1
1 t
(w1 +wy +w3)x+ (b +ba+b3+d) = r—— (R3)
ts —ty tz— 1o
t
(w1 + we) @+ (by + by + d) = — T+ — (Ry)
ty — 13 ty — 13
1—1 1—1 1 ti—1 cp e
4 , B e e e if 7 is odd
w1+w2+zw] T b1+b2+zbj+d _{_~ 1. A if 7 is even
j=4 j=4 ti—ti—1 ti—ti_1
(R;)

foralli =5,...,n+1

It is left to show that there exists a solution to this system of linear equations such that 0 < t; <
o<ty < 1.

First, note that all of the biases by, ...,b,,d can be written in terms of ¢q,...,t,. Note that if we
subtract (Ry4) from (R3), we can express bs in terms of the ¢; variables. The remaining equations
become triangular, and therefore given any values for ¢;’s we can back-substitute the remaining bias
variables.

The same subtraction yields ws in terms of ¢;’s. However, both (R;) and (R3) — (R4) define ws in
terms of the ¢; variables, so they must be the same:

1 n 1

t1 ty3—ty  tg—t3
If we find values for ¢;’s satisfying this equation and 0 < ¢; < ... < t,, < 1, all other weights can
be obtained by back-substitution since eliminating w3 yields a triangular set of equations.

In particular, the following values are valid: ¢, = 515 and t; = Fi=5 forall i = 2,...,n. The

remaining weights and biases can be obtained as described above, which completes the desired
construction.

As an example, a construction with four units is depicted in Fig. @ Its breakpoints are ¢; = %
ty = 3,t3 = 3, and ty = I. Its ReLUs are hy(z) = max{0,—Fz + 3}, ho(z) =
max{0,9z — 3}, hs(z) = max{0,9z — 5}, and hy(z) = max{0,9z}. Finally, h(z) =
(—1, 1,-1, I)T(h1(.13), hg(ﬂ?), hg(x), h4(.13)) + 5.

O

F PROOF OF THEOREM [6]

Theorem [6| The maximal number of linear regions induced by a rectifier network with ng input
units and L hidden layers with n; > 3ng for all | is lower bounded by

(T 7))
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Proof. We follow the proof of Theorem 5 from (Montufar et al.,2014) except that we use a different
1-dimensional construction. The main idea of the proof is to organize the network into ny indepen-
dent networks with input dimension 1 each and apply the 1-dimensional construction to each indi-
vidual network. In particular, for each layer [ we assign |n;/no| ReLUs to each network, ignoring

any remainder units. In (Montdfar et al.| 2014), each of these networks have at least [~ 11 /o]
regions. We instead use Theoremlto attain Hz 1(ni/no] + 1) regions in each network.
Since the networks are independent from each other, the number of activation patterns of the com-

pound network is the product of the number of activation patterns of each of the ny networks. Hence,
the same holds for the number of regions. Therefore, the number of regions of this network is at

teast ([T, ([na/no) +1))m.

In addition, we can replace the last layer by a function representing an arrangement of ny, hyper-
planes in general position that partitions (0,1)"° into >_"° 20 ("L) regions. This yields the lower

bound of T, (lnu/no ) + 1)™ 2o ()
[

G PROOF OF THEOREM 7|

Theorem[7, For any values of m > 1 and w > 2, there exists a rectifier network with ng input units
and L hidden layers of size 2m + w(L — 1) that has 2 Z"O ! (mj_l) (w + 1)~ linear regions.

Proof. Theorem 6.1 and Lemma 6.2 in |Arora et al.| (2016) imply that for any m > 1, we can
construct a layer representing a function from R" to R with 2m ReLUs that has 2 Z”” ! (mfl)

J
regions. Consider the network where this layer is the first one and the remaining layers are the one-

dimensional layers from Theorem [3] I, each of size w. Then this network has size 2m +w(L — 1) and
23770 ! (. Y (w 4 1)L~ regions. O

H PROOF OF THEOREM [§]

Theorem (8| Consider a deep neural network with L layers, n; rank-k maxout units at each layer l,
and an input of dimension ng. The maximal number of regions of this neural network is at most

> (75
1=175=0
where d; = min{ng,ny,...,n}.

Asymptotically, ifny = n foralll = 1,...,L, n > ng, and ng = O(1), then the maximal number
of regions is at most O((k?*n)Lmo).

Proof. We denote by WJZ the n; X n;_1 matrix where the rows are given by the j-th weight vectors

of each rank-k maxout unit at layer [, for j = 1,..., k. Similarly, blj is the vector composed of the
j-th biases at layer [.

In the case of maxout, an activation pattern S = (S*, ..., S') is such that S' is a vector that maps
from layer-/ neurons to {1,...,k}. We say that the activation of a neuron is j if w;x + b; attains
the maximum among all of its functions; that is, w;z +b; > wy .z + by forall j/ =1,..., 5. Inthe
case of ties, we assume the function with lowest index is considered as its activation.

Similarly to the ReLU case, denote by ¢g : R *™-1xk _ RmuXni-1 the operator that selects the
rows of W{,. .., W,é that correspond to the activations in S’. More precisely, ¢g: (W7, ..., W,i) is
a matrix W such that its ¢-th row is the 7-th row of le-, where j is the neuron ¢’s activation in St
This essentially applies the maxout effect on the weight matrices given an activation pattern.

Montifar et al.|(2014) provides an upper bound of Z;ﬁo (kj") for the number of regions for a
single rank-k£ maxout layer with n neurons. The reasoning is as follows. For a single maxout unit,
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there is one region per linear function. The boundaries between the regions are composed by pieces
that are each contained in a hyperplane. Each piece is part of the boundary of at least two regions
and conversely each pair of regions corresponds to at most one piece. Extending these pieces into
hyperplanes cannot decrease the number of regions. Therefore, if we now consider n maxout units
in a single layer, we can have at most the number of regions of an arrangement of k?n hyperplanes.
In the results below we replace k2 by (k) , as only pairs of distinct functions need to be considered.

We need to define more precisely these ( )n hyperplanes in order to apply a strategy similar to the
one from the Sectlonn 3.1] In a single layer setting, they are given by w;z + b; = wjs + b/ for each

distinct pair 4, j” within a neuron. In order to extend this to multiple layers, consider a (k)m X ny—1
matrix W, where its rows are given by w; —w; for every distinct pair j, 7/ within a neuron ¢ and for
every neuron ¢ = 1,...,n;. Given a region S, we can now write the weight matrix corresponding to
the hyperplanes described above: W := W' ¢g (Wi ... WY g (W, ..., W), In
other words, the hyperplanes that extend the boundary pieces within region S are given by the rows
of ngw + b = 0 for some bias b.

A main difference between the maxout case and the ReLU case is that the maxout operator ¢ does

not guarantee reductions in rank, unlike the ReLU operator o. We show the analogous of Lemma 3|
for the maxout case. However, we fully relax the rank.

Lemma 18. The number of regions induced by the n; neurons at layer | within a certain region S

. d; k(kfl)nl .
is at most Zj:o ( z ), where d; = min{ng,ny,...,n;}.

Proof. For a fixed region S, an upper bound is given by the number of reglons of the hyperplane
arrangement corresponding to st + b = 0 for some bias b. The rank of Ws is upper bounded by

rank(Wh) = rank(W'! ¢g« (Wi WY e (WL, W)
< min{rank(W*), rank(¢gi—1 (Wit ..., I/V,i_l))7 oy rank(ggr (Wi, ..., W)}
< min{ng, n1,...,n}.

Applying Lemma 2] yields the result. O

Since we can consider the partitioning of regions independently from each other, Lemma[I8]implies
T(k—1)

T”l)

O

that the maximal number of regions of a rank-k maxout network is at most H1L:1 Z?Z:O (

where d; = min{ng, n1,...,n;}.

I PROOF OF THEOREM[9]

Theorem (9, Provided that |w§h§71 + bﬁ| < M for any possible value of k=1, a formulation with
the set of constraints (1)) for each neuron of a rectifier network is such that a feasible solution with a
fixed value for x yields the output y of the neural network.

Proof. For ease of explanation, we expand the set of constraints (1)) as follows:

Wi b = bl — )
hi < Mz 3)

7 < M(1— 2 )
hi>0 )

B> 0 (6)

Zhe{0,1} (7

20
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It suffices to prove that the constraints for each neuron map the input to the output in the same way

that the neural network would. If W/h!=1 + bl > 0, it follows that h! — Eli > 0 according to (2).
Since both variables are non-negative due to @ and (6) whereas one is non-positive due to (3), (),
and (7), then z! = 1and Al = max {0, W/h!=" + b!}. If W/h!=! +b! < 0, then it similarly follows

— + . _ _
that bt — h, < 0, 2! = 0, and thus h; = min {O,thé» Lot} If > Wilhé» ' 4 bl = 0, then

. — . _ 1l
either h! = 0 or h; = 0 due to constraints (§) to (7)) whereas (2) implies that o, = 0 or hl = 0,
respectively. In this case, the value of z! is arbitrary but irrelevant. O

J  EXACT COUNTING FOR RECTIFIER NETWORKS USING A MIXED-INTEGER
FORMULATION

A systematic method to count these solutions is the one-tree approach (Danna et al., [2007), which
resumes the search after an optimal solution has been found using the same branch-and-bound tree.
That method can also be applied to near-optimal solutions by revisiting nodes pruned when solving
for an optimal solution. Note that in constraints (IJ), the variables zf can be either 0 or 1 when they
lie on the activation boundary, whereas we want to consider a neuron active only when its output is
strictly positive. This discrepancy may cause double-counting when activation boundaries overlap.
We can address that by defining an objective function that maximizes the minimum output f of an
active neuron, which is positive in non-degenerate cases. The formulation is as follows:

max f
s.t. (@ for each neuron ¢ in layer [ (8)
f<hi+(1-zhHMm for each neuron ¢ in layer !
reX

Corollary 19. The number of z assignments of vielding a positive objective function value
corresponds to the number of linear regions of the neural network.

Proof. Implicit in the discussion above. O

Corollary 20. If the input X is a polytope, then (x,y) is mixed-integer representable.

Proof. Immediate from the existence of a mixed-integer formulation mapping x to y, which is cor-
rect as long as the input is bounded and therefore a sufficiently large M exists. [

In practice, the value of constant M should be chosen to be as small as possible, which also implies
choosing different values on different places to make the formulation tighter and more stable nu-
merically (Camm et al.| [1990). For the constraints set @), it suffices to choose M to be as large as
either Al or hl can be given the bounds on the input. Hence, we can respectively replace M with H!
and H! in the constraints involving those variables. If we are given lower and upper bounds for X,
which we can use for H? and HY, then we can define subsequent bounds as follows:

H! = max{ 0, Zmax {O,UijHJl'A} + 0}

J

Hi = max ¢ 0, Zmax {O, _w'ﬁjHjl‘_l} o b,lt-
J

For the constraint involving f in formulation (8)), we should choose a slightly larger value than H}
for correctness because some neurons may never be active within the input bounds.
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K COUNTING LINEAR REGIONS OF RELUS WITH UNRESTRICTED INPUTS

More generally, we can represent linear regions as a disjunctive program (Balas}|1979)), which con-
sist of a union of polyhedra. Disjunctive programs are used in the integer programming literature to
generate cutting planes by lift-and-project (Balas et al., [1993). In what follows, we assume that a
neuron can be either active or inactive when the output lies on the activation hyperplane.

For each active neuron, we can use the following constraints to map input to output:

wih'™t 4 b = hl )
hi >0 (10)
For each inactive neuron, we use the following constraint:
wh' =t bl <0 (11)
Rl =0 (12)

Theorem 21. The set of linear regions of a rectifier network is a union of polyhedra.

Proof. First, the activation set S’ for each level I defines the following mapping:

U {0, nY, .. RN | @) — [@0) if i € S% (I — (T2) otherwise } (13)

SUC{1,...,n; },lef{1,...,.L+1}

Consequently, we can project the variables sets k', ..., h%*! out of each of those terms by Fourier-
Motzkin elimination (Fourier, [1826), thereby yielding a polyhedron for each combination of active
sets across the layers. O

Note that the result above is similar in essence to Theorem 2 of |[Raghu et al.|(2017).

Corollary 22. If X is unrestricted, then the number of linear regions can be counted using (8) if M
is large enough.

Proof. To count regions, we only need one point x from each linear region. Since the number of
linear regions is finite, then it suffices if M is large enough to correctly map a single point in each
region. Conversely, each infeasible linear region either corresponds to empty sets of (13)) or else to
a polyhedron P such that {(h!,... hETY) € P|hl >0Vie {1,...,L+1},i € g is empty,
and neither case would yield a solution for the z-projection of (8).

L MIXED-INTEGER REPRESENTABILITY OF MAXOUT UNITS

In what follows, we assume that we are given a neuron ¢ in level [ with output hﬁ For that neuron,
li

we denote the vector of weights as wy’, ..., wfj. Thus, the neuron output corresponds to
hy = max {w{'h'"™" +by,...,wih! T + by}

Hence, we can connect inputs to outputs for that given neuron as follows:

WR bl =gl =1k (14)
hL>gl, =1,k (15)

ho<gi+ M-z j=1,...k (16)
2 ef0,1}y,  j=1,...,k (17)

S (18)

j=1
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The formulation above generalizes that for ReLUs with some small modifications. First, we are
computing the output of each term with constraint (I4). The output of the neuron is lower bounded
by that of each term with constraint (T5). Finally, we have a binary variable 2z per term of each
neuron, which denotes which neuron is active. Constraint (ﬂ;g[) enforces that only one variable is
at one per neuron, whereas constraint (I6) equates the output of the neuron with the active term.
Each constant M should be chosen in a way that the other terms can vary freely, hence effectively

disabling the constraint when the corresponding binary variable is at zero.

M ACCURACY AND ERROR MEASURES OF THE SAMPLE NETWORKS

Figure[§]shows the error during training for different configurations in the first experiment. Figure[J]
shows the errors after training for different configurations in the second experiment. In both, we
observe some relation between accuracy and the order of magnitude of the linear regions, which
suggest that linear regions represent a reasonable proxy to the representational power of DNNs.
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Figure 8: Contrast of cross-entropy along training with number of regions identifying a single digit
in the first experiment: (a) shows training error in green; (b) shows validation error in purple.
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Figure 9: Contrast of final errors with number of regions and bound in the second experiment: (a)
shows training error in green and validation error in purple; (b) shows accuracy in red.
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N RUNTIMES FOR COUNTING THE LINEAR REGIONS
Table[T]reports the runtimes to count different configurations of networks on each experiment.

Experiment Network widths Runtime (s)

1 1x 10 6.0 x 102
2x 10 1.1 x 102
3 x 10 1.8 x 103
4% 10 5.2 x 104

2 1;21;10 1.0 x 1072
2:20; 10 4.5 x 1071
3;19:10 1.9 x 10°
4;18;10 3.8 x 10!
5;17;10 2.0 x 102
6;16;10 4.1 x 102
7:15;10 1.2 x 103
9;13;10 7.5 x 103

10;12;10 1.5 x 104
11;11;10 3.3 x 10*
12;10;10 4.4 x 10*
13:9;10 5.8 x 104
14;8; 10 6.6 x 10*
15;7;10 7.5 x 104
16;6; 10 3.0 x 10°
17:5;10 2.8 x 10°
18;4;10 2.3 x 10°
19;3;10 2.7 x 10°
20:2:10 1.1 x 10°
21:1;10 4.0 x 10*

Table 1: Runtimes for counting the trained networks for each configuration used in the experiments.

O UPPER BOUND BY VARYING THE TOTAL NUMBER OF NEURONS

Figure [T0a] shows that the upper bound from Theorem [I]can only be maximized if more layers are
added as the number of neurons increase. In contrast, Figure [T0b] shows that the smallest depth
preserving such growth is better because there is a secondary, although still exponential, effect that
starts shrinks the bound if the number of layers is too large for the total number of neurons.

10142 100%

10% |- 50%

25%

Upper bound

1050 |- |

Relative upper bound

! ! I I ! ! T ! ! 1 I 1
60 120 180 240 300 360 420 60 120 180 240 300 360

10*

Total number of neurons Total number of neurons

(@) (b)
Figure 10: Bounds from Theorem in semilog scale for ng = 60 as the total number of neurons

increase by evenly distributing such neurons in 1 to 4 layers: (a) actual values showing overall
impact of more depth; and (b) ratio by sum over all layers showing local impact of particular depths.
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